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Abstract

We present a derivation of the Kullback Leibler (KL)-Divergence (also
known as Relative Entropy) for the von Mises Fisher (VMF) Distribution
in d—dimensions.

1 Introduction

The von Mises Fisher (VMF) Distribution (also known as the Langevin Distri-
bution [g]) is a probability distribution on the (d — 1)-dimensional hypersphere
8§41 in RY [3]. If d = 2 the distribution reduces to the von Mises distribution
on the circle, and if d = 3 it reduces to the Fisher distribution on a sphere.
It was introduced by [3] and has been studied extensively by [6, [7]. The first
Bayesian analysis was in [5] and recently it has been used for clustering on a

hypersphere by [2].

Figure 1: Three sets of 1000 points sampled from three VMF distributions on
the 3D sphere with x = 1 (blue), k = 10 (green) and x = 100 (red), respectively.
The mean directions are indicated with arrows.



2 Preliminaries

2.1 Definitions

We will use log(z) to denote the natural logarithm of z throughout this article.
Before continuing it will be useful to define the Gamma function T'(z),

I'(z) = /OO t*"te~tdt, z€C,Re(z) >0 (1)
0
I(z)=(z—-1), z€Z" (2)

and its relation, the incomplete Gamma function I'(z, ),
z
_ -z +
[(z,5) = (s—1)! g ol z€Z (3)

and the Modified Bessel Function of the First Kind I, (z),

oo
(2/2)2m+o¢
Lx)=S 22 4
which also has the following integral representations [I],
(2/2)" /Tr + 0 in2d
I — Z COos R
«(2) Je+1/2) J, e sin““ 6 db, (e eR) (5)
(2/2)* /1 2\ (a—1/2) =zt
= — 1—¢t)\@ =t dt. R —0.
T a1 1/2) ( ) e (e eR,a>—-0.5) (6)

Also of interest is the logarithm of this quantity (using the second integral
definition @),

log (I,(2)) = log {Ea;)) /1 (1 — 2)(a=1/2) st dt}

Vil(a+1/2) ) 4
(5)* ! Loy 4
log2— + log / (1 —2)e-1/2et=t gy
Vrl(a+1/2) -1
o 1
= log (%) —log v/l (o +1/2) + log {/ (1 — t?)lam1/2)tst dt} .
-1
(7)
Note that the second term does not depend on z.
The Exponential Integral function F,(z) is given by,
oo —zt
Bu(z) = /  ar,
1™
=271 — a, 2). (8)
An identity that will be useful is,
1
/ (1 t)lets — —91-15_(2)e". d >0 )
-1



2.2 The von Mises Fisher (VMF) distribution
The probability density function (PDF) of the VMF distribution for a random
d-dimensional unit vector x(||x||, = 1) is given by:
Ma(p, k) = ca(k)e™ ™, x e g1, (10)
where the normalisation constant c4(k) is given by,
o d/2—1

2m)4214/5_1(kK)

ci(k) = ( (11)

The (non-symmetric) Kullback Leibler (KL)-Divergence from one probability
distributions ¢(x) to another probability distribution p(x) is defined as,

KL 160) = [ 010 2 ax. (12)
o 10
=E, {1 gp(x)] . (13)

Although this is general to any two distributions, we will assume that p(x) is
the “prior” distribution and ¢(x) is the “posterior” distribution as commonly
used in Bayesian analysis.

3 KL-Divergence for the VMF Distribution

3.1 General Case
We will assume that we have prior and posterior distributions defined over
vectors x € R%, ||x||, = 1 as follows,

p(x) ~ Ma(py, fp),

q(x) ~ Ma(py, Kq)- (14)

We will now derive the KL-Divergence for two VMF distributions. The main
problem in doing so will be the the normalisation constants cq(k,) and cq(xq).

Theorem 3.1 For prior and posterior distributions as defined above over vec-
tors x € R x|, = 1,d < 00,d od we have

do m
K
KL(q(x)|[p(x)) < fqg — Kppptty + d* log(rg) + Y =
m=1 '
d? —2d+1
- <4+> log(rip) + d°(d° + 1) logd® — d°® + 1

(15)
Proof From , letting d* = g —1,d° = %, and d® = %, we have,

KL ) = [ 4 1ogj)§§3dx,

1For even d we can simply add a “null” dimension




4(x) [log Cd(”q)enq”;x — log Cd(/ﬁp)emp”;x} dx,

q(x) [log cq(rq) —log ca(kp) + KqpyX — Kpp,X| dx,

|
— T

q(x) [d" log(rq) — (d/2)log(2m) — log la- (kq)

—d*log(kp) + (d/2)log(2m) 4 log I (kp) + KqhtyX — Kppt,X| dx,

/Q( {d* IOg( > log 14+ (kiq) +1og I+ (Kp) + Kgpryx npu;x} dx

:/q( {d*log( >+mquq mp,up

1 ! |
— log ( + log /7T’ (d* + 2> — log/ (1 — )@ =12 hrat gy

—1
K 1 ! «
+log (7” —log+/aT (d* + 2) + log/ (1 — ¢2)(d"=1/2) gt dt] dx
-1
(Using (7)) (16)

:/x q(x )[d*log( p)—i—fiquq ﬁpupx—d*log(2)+d*10g(2)

1 1
—1og/ (1- t2)doei““t dt + log/ (1- t2)doei"‘vt dt} dx

-1 —1

=

kq
2

)
.

T

q(x) [’{qﬂfzx — KphyX

1 1
—1og/ (1 — )% gtrat dt+log/ (1 — )% g*rnt dt} dx

1 —1
/xq [KqllgX — Kppt,X
—log {—20[2;3E,do(2/~@q)e”‘1] + log [—2%E,do (2@)6”"’” dx
(Using (9)) (17)

= / q(x) [Rqox — KpptnX — kg + kp — log [E_g0 (2k4)] + log [E_ge (26,)]] dx

= [ ) sy = 1) = = 1)
—log (QKq_d.F (de, 2/-@,1)) +log (zn;d‘r (de, 2%))] dx
(Using the definition of the Exponential Integral function (8)) (18)
— [ 60 [l = 1) = sy x = 1) + " log(2w,) — & og(2r,)
) —log (I (d*, 2k4)) + log (I (d®, 2ky))] dx
= / 0(%) [iqpalx — 1) — ry(pux — 1) + d* log(2k,) — d* log(2,)

d® m d® m
—log (do!e_“q S ’;;) +log <d°!e"‘? 3 fnp'ﬂ dx

m=0 m=0



(Using and that d* —1 = d°) (19)
- / q(x) [rq(pyx — 1) — kp(ppx — 1) + d* log (k) — d® log(kp) + kg — Ky

e m e m
Rq Kp
—log (Z m') + log <Z m')] dx

m=0 m=0

- / q(x) [Rqpyx — Kpppx + d® log(kg) — d* log(k,)

e m e m
Rq Kp
—log (Z m') + log (Z m')] dx

m=0 m=0

Further simplifications: (20)
< [ o0 [ratix = mppx + 4" Tog(y) — " lo(,)
d® KM d° KM
q P
(£33 (£
(by Jensen’s inequality) (21)
= / 4(x) [Kqpox — Kppyx + d* log(kg) — d® log(kp)

e m d°
+ log (Z n§'> . Z (mlog(kp) — logm!)] dx

m=0 : m=0

< / q(x) [Kqpgx — Kppyx + d* log(rkq) — d® log(kp)

e m d°
K
+ log ( E n§'> - E (mlog(kp) —mlogm +m — 1)] dx
m=0 ’ m=1

(using nlog 2 + 1 < logn! < (n+1)log %L + 1) (22)

= /x q(x)

d® m
K
KqltyX — KpptnX + d® log(kq) — d* log(k,) + log ( > )

m=0
do
— Z (mlog(kp,) — mlogm) —d°(d® +1) + (d° +1)| dx
m=1

= /x q(x)

— Z (mlog(k,) — mlogm) —d°* + 1

m!

m=0

@ m
K
KqlbgX — fippty,X + d* log(kg) — d® log(k,) 4 log ( E 1 )

dx

m=0

d m
K
KqlbgX — fippty,X + d* log(kg) — d® log(k,) 4 log ( E rrj )

— Z (mlog(kp)) + d°(d° 4+ 1) logd® — d°* + 1

m=

dx

—



e m
K
= / (%) | KqttgX — pppX + d® log(rg) — d® log(k,) + log ( E 773')
x m=0 ’

fdo(dQA%])log(np)#*do(dOA%l)longA—d°24f1}dx

& m
K
= /xq(x) KqlbgX — fippty,X + d* log(kg) — d® log(k,) 4 log ( E T;;)

m=0

d—3)° d-3
_-<( 4 ) +_2)](’g(“p)+d®(d°+1)logcl°——d°2+1 dx
&
= / q(x) fin;X — npu;x +d®log(kq) + log <Z ni')
X 0 !
d> —2d+1
B (4+> log(rp) +d°(d° + 1) log d® — d** + 1} dx
& m
= / q(x) | KqpgX — kpp,x + d* log(kg) + log (1 + Z n;l'>
* m=1 '
d>—2d+1
B <4+> log(rp) +d°(d” + 1) log d® — d** + 1} dx
& m
< /XQ(X) FqllyX — Kppty,X + d® log(kg) + mzzzl %
d>—2d+1
~ () ot + 0+ Vo = 1 e
(using n > log(1+n) > i, (n> —1)) (23)
e m
K
= / q(x) fiq#flx — KpN;,X +d®log(kq) + Z ﬁ
x m=1 '
d>—2d+1
do m
= Ry = Fpbtpptg + d*log(kg) + Y 1
m=1 :
d>—2d+1
(st @ o a1
(as fxq(x) =1, and E[x] = g, and N;Nq =1) (24)

The term pgp, can be seen as the cosine distance between the prior and
postieror mean vectors. For 0 < k4 < 1, the term Ziz:l % > kgq. However for
large x4 and large d this term can grow very large.

Special case: uniform prior

Since the VMF distribution is defined on the S%~1, hypersphere, which is actu-
ally a specific case of a Stiefel manifold where 7 = 1 is the radius. The Stiefel



manifold has finite area,

and so,

7(d,1) = (26)

For the special case of the uniform prior (more precisely lim,, o), the prior
PDF reduces to,

Md(p’v ’%) = Cd(O) 0

= 5.1 (27)

which is simply one over the area on the manifold. This leads to a simpler form
for the KL-divergence.

Corollary 3.2 For prior and posterior distributions as defined above over vec-
tors x € R, ||x||, = 1,d < oo, we have

KL(g(x)|[p(x)) = g — d* log 2
(28)

Proof

= X) 10 q(X) X
KL(g(x)[p(x)) = / afx) g 420 ax

/q [log ca(kq)e RakgX _ Jog cd(O)] dx,
’ d 4
= [ q(x) |Kqiyx +logca(ky) —logT 3 + log (27r2> dx,
q [nqu;x + log cq(kq) — log(d*)! + (d/2) log (27)] dx,

q(x) [Rqpyx + d*log(kg) — (d/2) log(2m)

—log I4+ (kq) — log(d*)! + (d/2) log (2m)] dx,

%

q ) [Kqpgx + d* log(kg) — log I+ (kq) — log(d*)!] dx,

'x+d* 1 tog (%2)" +10gT () — tog(a*)]
q ) |KqttgX + d* log(kg) — log (;) + log 5] og(d)!| dx,
q [K]q/l,;X + d*log(ky) — d* log ( )} dx,

q(x) [rqmyx — d*log 2] dx,

— d*log 2,

Ix\\\\



For this special case, it can be seen that the dependence on the dimension

is much more benign. This could prove useful for further computation (e.g. if
the KL-divergence were to be used in a probably approximately correct (PAC)-
Bayes bound []).

4

Conclusions

We have presented a derivation of the Kullback Leibler (KL)-divergence for the
von Mises Fisher (VMF)-distribution, including the special case of a uniform
prior over the hypersphere.
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