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RATIONAL SOLUTIONS OF PAIRS OF DIAGONAL
EQUATIONS, ONE CUBIC AND ONE QUADRATIC

TREVOR D. WOOLEY

ABSTRACT. We obtain an essentially optimal estimate for the moment of
order 32/3 of the exponential sum having argument az® + Bz2. Subject
to modest local solubility hypotheses, we thereby establish that pairs of
diagonal Diophantine equations, one cubic and one quadratic, possess non-
trivial integral solutions whenever the number of variables exceeds 10.

1. INTRODUCTION

Investigations concerning the integral solubility of simultaneous equations by
means of the circle method are in general limited to variable regimes beyond the
convexity barrier, so that the underlying number of variables must exceed twice
the total degree of the system. This technical limitation has been attained or
surmounted in very few cases, almost all quadratic in nature. Thus, one has
conclusions for a single quadratic form in 3 or 4 variables (see [10, 11}, 12]),
and for systems of r diagonal quadratic forms in 4r + 1 variables (see [3], [8,[9]).
Most recently, work of the author joint with Briidern [5, [0, [7] analyses systems
of r diagonal cubic equations in 67 4 1 variables in general position, and pairs
of such equations in 11 or 12 variables possessing a block structure. In this
memoir we attain this technical limit in the previously inaccessible case of two
diagonal equations, one cubic and one quadratic, in 11 variables. It transpires
that progress is possible here owing to the author’s recent proof [21] of the
cubic case of the main conjecture in Vinogradov’s mean value theorem, though
wielding the latter to achieve our present purpose entails further innovations
beyond the conventional repertoire of Hardy-Littlewood artisans.

By relabelling variables as necessary, there is no loss of generality in sup-
posing that the simultaneous equations central to this paper take the form

O(x,y) = ¢(x,2) =0, (1.1)
where we write
Ox,y) =aa} + ...+ qz} + ayl + ...+ cnyl,
®(x,2) =biz? + ...+ b} +dy2 ..+ dnzfl} ’

with the coefficients a;, b;, ¢;, dj, all non-zero integers. We write s =1 +m +n
for the total number of variables in the system, and we consider the solubility,
in rational integers x;,y;, zi, of the simultaneous diagonal equations (IL.TJ).
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Theorem 1.1. The simultaneous equations ©(x,y) = ®(x,z) = 0 possess a
non-zero integral solution provided only that the following conditions hold:

(a) the system O(x,y) = ®(x,2z) = 0 has a non-trivial real solution, and
(b) the polynomial ®(x,z) is indefinite, and

(c) one hasl+m =7 andl+n > 5, and

(d) one has s =1+ m+n > 11.

The discussion of [I7, §5] provides examples that demonstrate conditions
(a), (b) and (c) of Theorem [[I] to be necessary. Thus, by virtue of condi-
tion (d), we see that this theorem establishes a conclusion tantamount to the
Hasse Principle for pairs of diagonal equations, one cubic and one quadratic,
whenever the system has 11 or more variables. We note in this context that
((LI]) possesses non-trivial solutions in every p-adic field Q, provided only that
s > 11 (see the main theorem of [16]). When p is a prime number with
p = 1 (mod 3), moreover, there are examples of the shape (ILI]) with s = 10
that possess only the trivial p-adic solution (x,y,z) = 0 (see [16, Lemma 7.2]).

It seems that the system (LII) was first discussed in [I7, Theorem 1], where
a conclusion analogous to that of Theorem [[LTlwas obtained with the condition
s = 11 replaced by the more stringent constraint s > 14. In subsequent work
[19, Theorem 1], the latter was replaced by the condition s > 13. Not only
is our new conclusion superior to these earlier results, but it also attains the
technical limit imposed by the convexity barrier for the problem of analysing
the integral solubility of the system (L.IJ).

In most circumstances, one can say much more concerning the density of
solutions of the system (LI]) than is apparent from Theorem [[LT. When B is
a large positive number, let N(B) denote the number of integral solutions of
the system (L)) with |x| < B.

Theorem 1.2. Suppose that the system O(x,y) = ®(x,z) = 0 has a non-
singular solution in the real field R, and also in each p-adic field Q,. Then
provided that s > 11, m < 5 and n < 3, one has N(B) > B*7°.

A formal application of the circle method suggests the conjectural asymp-
totic formula N(B) ~ C'B*~® in which C is given by a product of real and
p-adic densities. Thus, the conclusion of Theorem shows that N(B) grows
asymptotically at the expected rate. We remark that our methods would per-
mit the proof of this conjectural formula for N(B) whenever s > 11, and
m=mn=0orn € {1,2} (see (C4) below for a slightly more restrictive as-
ymptotic formula). Hitherto, such an asymptotic formula was available only
for s > 15, though this conclusion was apparently absent from the literature.

The proof of Theorems [Tl and depend on new mean value estimates for
Weyl sums, only now available as a consequence of the proof [21] of the cubic
case of the main conjecture in Vinogradov’s mean value theorem. In order to
describe these estimates, we define §(«, ) = §(a, B; X) by putting

S, 6; X) = Z e(ax® + Ba?), (1.2)

I<z<X



PAIRS OF DIAGONAL EQUATIONS 3

where e(z) denotes €*™*. Then, when s is a positive real number, we put

T,(X) = /0 1 /0 180, 8)* dards. (1.3)

Theorem 1.3. When 1 < s < 4, one has T,(X) < X**¢. In addition,
To(X) < X35t and T,(X) < X*7° (s> 16/3). (1.4)

The bound Ty(X) < X**¢ establishes strongly diagonal behaviour for the
exponential sum §(c, B) for the first time for moments exceeding the sixth. We
direct the reader to [I7, Theorem 4.1] for the bound T3(X) < X3¢, and [I8|
Theorem 1] for the sharper conclusion T3(X) = 6X3 + O(X7/?+¢). Meanwhile,
the estimate T,(X) < X%7° follows for s > 7 by applying an argument based
on that underlying the proof of Hua’s lemma, in combination with [I7, The-
orem 4.1]. A classical approach to bounding T5(X), using Holder’s inequality
to interpolate between the estimates T3(X) < X?™ and T7(X) < X% just
cited, yields T5(X) < X% in place of the first estimate of (I.4)).

We remark that Theorem also improves on the sharpest estimates pre-
viously available for moments incorporating smooth Weyl sums. Denote the
set of R-smooth integers not exceeding X by

AX,R)={n€[1,X]|NZ: p prime and p|n = p < R}, (1.5)

and put
Ha,B)= > elaa® + pa?),
z€A(X,R)

Then [19, Theorem 2] shows that whenever 1 > 0 is sufficiently small in terms
of e, and R < X", then

[ [ eyt daas < x5
0 0

As is clear, however, the exponent 17/3 here may be replaced by 31/6, by
virtue of the estimate T5(X) < X?/6+¢ made available in Theorem

The proof of Theorem depends on two auxiliary mean value estimates
established in §2, these being exploited in §3 by means of an argument moti-
vated by the translation invariance of a related Vinogradov system. We then
turn to the proof of Theorems [Tl and [L.2] attending to some preliminary
simplifications in §4, and establishing the former theorem as a consequence of
the latter. The proof of Theorem [[.2] using the Hardy-Littlewood method, is
accomplished in §§5-13 in three parts according to a classification of systems
of type (1)) depending on the values of m and n. Each such part proceeds
in three phases, the first discussing such auxiliary estimates as are required in
the argument, the second addressing the minor arcs of the Hardy-Littlewood
dissection, and the third disposing of the major arc contribution.

Throughout, the letter s will denote a positive integer, and € and n will
denote sufficiently small positive numbers. We take X and P to be large pos-
itive real numbers depending at most on s, € and 7. The implicit constants
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in Vinogradov’s notation < and > will depend at most on s, € and 7, un-
less otherwise indicated. We adopt the following convention concerning the
numbers € and R. Whenever € or R appear in a statement, we assert that for
each ¢ > 0, there exists a positive number 1 = n(e, s) such that the statement
holds whenever R < P". Finally, we employ the convention that whenever
G : [0,1)F — C is integrable, then

fG(a) da = /[o,l)k G(a)dao.

Here and elsewhere, we use vector notation in the natural way.

2. AUXILIARY MEAN VALUE ESTIMATES

In this section we establish estimates for certain auxiliary mean values re-
quired in our proof of Theorem [[L3. We begin by introducing some notation
with which to describe these mean values. Let Y and H be positive numbers,
and consider the exponential sum g(a) = g(a; Y, H) defined by

g(a; Y, H) Z Z (hay + hyas + hy*as). (2.1)

0<|h|<H 1<ysY

We seek to obtain estimates for mean values of the shape

L) = § lg(@)* da. (2.2)
Lemma 2.1. For each e > 0, one has I,(Y, H) < H3Y + (HY)**=.

Proof. By orthogonality, the mean value I5(Y, H) counts the number of integral
solutions of the simultaneous equations

4
Zhiyi’ =0 (0<j<2), (2.3)

with 0 < |h;] < Hand 1 < y; <Y (1 < ¢ < 4). We divide the solutions
counted by IQ(Y H) into three classes. Denote by 7 the number of solutions
of the system (23] counted by (Y, H) in which y; = yo = y3 = y4, by T}
the corresponding number with hsy2 + hyy; = 0, and by T, the number with
ys # ys4 and hay3 + hyys # 0. Then by symmetry, it follows that

L(Y,H) < To+ T + Ts. (2.4)

Observe first that, by considering the linear equation in h in (Z.3)), one finds
that the number of possible choices for h is O(H?), and consequently

Ty < H?Y. (2.5)

Given a solution h,y of (Z.3]) counted by 77, meanwhile, it follows from the
equation with j = 2 that

hayi + hays = 0 = hays + hays.
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Given fixed choices of ho, Y2, hy, y4, it follows that h; and y; are divisors of the
fixed non-zero integer hoy2, and that hs and y3 are divisors of the fixed non-
zero integer hyyi. An elementary estimate for the divisor function therefore
shows that there are O((HY)¢) possible choices for hy,y1, hs, y3, and hence

Ty < (HY)*=. (2.6)
In order to estimate 75, we begin by considering the polynomial identity
(a+ b)(az® + by?) — (az + by)* = ab(z — y)*.
Given any solution y, h of the system (23]), one therefore has
hiho(y1 — y2)° = haha(ys — ya)*. (2.7)

Consider a fixed choice of hg, hy, y3, y4 corresponding to a solution h,y counted
by T5. Since y3 # yq, it follows from (2.7)) that hy, he and z = y; — y, are each
divisors of the fixed non-zero integer hshy(ys — y4)?. A standard estimate for
the divisor function shows that there are O((HY)¢) possible such choices. Fix
any one choice, and consider the equation with j = 2 in (2.3). One has

hl(z + y2)2 + thg = —h3y§ — h4yZ 7é 0. (28)

Since the integer h,z? + 2hizys + (hy + h2)y§ is non-zero, it follows that the
equation (2.8)) is non-trivial in terms of y,. For if one were to have hy + hy =
2hyz = 0, then one would have also h;2% = 0, yielding a contradiction. There
are consequently at most 2 solutions for the remaining undetermined variable
Yo, and then y; = z + yo is also determined. We therefore conclude that

T, < (HY)*=. (2.9)

By substituting the estimates (2.5), (2.6) and (2.9) into (2.4]), we conclude
that I,(Y, H) < H3Y + (HY)**¢, thereby completing the proof of the lemma.
U

We employ Lemma 2] to establish a bound for I3(Y, H) via the Hardy-
Littlewood method.

Lemma 2.2. For each € > 0, one has I5(Y, H) < (HY)*(H®Y? + H'Y3).

Proof. We begin by obtaining an estimate of Weyl-type for the exponential
sum g(a). By applying Cauchy’s inequality to (2.1]), one obtains the bound

s@)? < H )

0<|h|<H

Z e(hay + hyas + hy’as)

1<y<y

< 2H?Y +2H Z

0<|h|<H

Z e(h(yr — y2)os + h(y; — y3)as)

1<y2<y1<Y

Thus, by substituting z = y; — y» and w = y; + ¥, we find that

g <HY +H > Y

1<h<H 1<2<Y

Z e(hzay 4+ hzwas)

wel(z)
2(w+2)

?
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where [(z) is an interval of integers lying in [1,2Y]. Consequently, one finds
that

(@) < HY + H Y > min{Y,|2hzas] "'}

1<h<H 1<2<Y

SHY + (HY)'H ) win{HY?/m, |[mas]||~'}.

1<m<2HY

An application of [I5, Lemma 2.2] therefore shows that whenever a € Z and
q € N satisfy (a,q) =1 and |asz — a/q| < ¢”2, then

lg(a))? < (HY)*™ (¢ '+ Y1 +q(HY?) ™). (2.10)

Thus, a standard transference principle (see Lemma [[4.]] below) reveals that
whenever az € [0,1), b € Z and r € N satisfy (b,r) = 1, then

g(a)| < (HY)' (A + YL+ NHY?)HY2, (2.11)

where A = r + HY?|raz — b|.
We now apply the Hardy-Littlewood method. Denote by ) the union of
the intervals

M(q,a) ={0€[0,1): g0 —a|] < (HY) '},

with 0 < a < ¢ < Y and (a,q) = 1. In addition, put m = [0,1) \ 9.
Given a3 € m, an application of Dirichlet’s approximation theorem shows
that there exist ¢ € N and @ € N with 0 < a < ¢ < HY, (a,q) = 1 and
lqas — a| < (HY)™!. Since a3 € m, one therefore has ¢ > Y, and so it follows

from (2.10) that
lg(a)| < HFey/2+e, (2.12)

Thus, we infer from (Z2) that

1,1
// / |g(a)|6da1 day das < (sup lg(a ) 7{|g |4da
mJO 0 azem

< (H*Y)'L(Y, H).

An application of Lemma [2.1] consequently delivers the bound

1l
/ / / l9(a)|® day das das < (H?Y)'° (HPY + (HY)*™)
mJO JO
< (HY)* (H°Y? + H'Y?). (2.13)
Next, define the function Y () for 5 € [0,1) by taking

Y(8) = (¢ + HY?|gB — a|) ™,

when 5 € M(q,a) C M, and by taking Y(5) = 0 otherwise. Then it follows
from (2.I1]) that when as € M(q,a) C M, one has

|g(a>| < Hl+sy1/2+s+ (HY)1+ET(C(3>1/2. (2.14>
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A comparison of (212)) and (214 therefore leads via the argument underlying
(ZI3) to the estimate

1 1
/ / / l6()[® day day das < (HY)*(H?Y? + HYY?) + (HY)** ),
mJo 0

(2.15)
where
1l
Jo = Z Z / / / T (as3)|g(a)[* doy das das.
1<q<Y a=1 vYM(ga) JO JO
(a,g)=1
Write
1 gl
v(p) _/ / lo(ar, sz, B)]* devy davs,
o Jo
so that U(/) has the Fourier expansion
> wuelBn),
[n|<2HY?2
with
7{ lg(a)|*e(—nas) de.
Then it follows from [2, Lemma 2| that
Jo < (HY?) ! (on + Y1) (2.16)

n#0
On the one hand, we find from (Z2) that

Yo = 74 a(e)|! daw = L,(Y, H).

Meanwhile, one has

Sl <X flatele(- na3>da—/ / 9(on, a2, 0)|* dov, do,

n#0 nez
We therefore deduce from (2.16), Lemma 2.1 and orthogonality that
Jo < (HY? Y HPY? + H*Y? + ), (2.17)
where J; denotes the number of integral solutions of the simultaneous equations

hiyr + hoyz = hsys + h4y4} ’ (2.18)
hl + hg = hg + h4

with 0 < |hy| < Hand 1 <y <Y (1 <i<4). A crude estimate for J; is

obtained by simply observmg that for each fixed choice of h; and y; (1 < i < 3),

the equations (2.I8) uniquely determine h;, and hence also y;. Thus we find

that J; < (HY)3, so that (ZI7) yields the bound Jy, < H?*™Y1*¢. On

substituting this estimate into (2.I5]), we therefore deduce that

1 1
///|9(a)|6da1da2da3<<(HY)E(H5Y2+H4Y3).
nmJo 0
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Since M Um = [0, 1), it therefore follows from (Z.I3)) that
f ()P der < (HY)(H?Y? + HY),
and the conclusion of the lemma follows at once on recalling (2.2). O

3. NEW MEAN VALUE ESTIMATES FOR EXPONENTIAL SUMS

The mean value estimates for g(a) obtained in the previous section can be
applied to convert estimates associated with the cubic case of Vinogradov’s
mean value theorem into estimates for mean values of the exponential sum
(o, B) defined in ([C2)). In this section we discuss this conversion, and hence
establish the bounds recorded in Theorem [I.3l We recall the exponential sum
g(a; Y, H) defined in (2.1]), and write

0 (a;Y, H) = g(a1, 209,303, Y, H).
In addition, we define the exponential sum h(a) = h(a; X) by putting
hla; X) = Z e(anx + anr® + aza?).

1<e<X

Then, with the standard notation associated with Vinogradov’s mean value
theorem in mind, we put

1a(X) = e X dox. (3.1)

Finally, we recall the definition of the mean value Ty(X) from (L3).

Lemma 3.1. When s is a natural number, one has
To(X) < Jo3(X)+ X! f |h(c; 2X)|*g* (—a; X, sX) dax.

Proof. Define 6; to be 1 when j = 1, and to be 0 otherwise. Our starting point
for the proof of this lemma is the observation that, by orthogonality, the mean
value T5(X) counts the number of integral solutions of the system of equations

i(l’f —yl) =0k (1<j<3), (3.2)

.
Il
—

with 1 < z;,y; < X (1 <4< s) and |h| < sX. Here, the constraint on
Z(% — Yi) (3.3)
i=1
imposed by the linear equation in (B2) is redundant, since the range for h
automatically accommodates all possible values of (B:3)) within (3:2]).
Let T¥(X) denote the number of integral solutions of the system (B.2)
counted by T5(X) in which A # 0. Then on considering the underlying Dio-
phantine systems, we see that

Ty(X) = TH(X) + Jos(X). (3.4)
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Next, we consider the effect of shifting all of the variables by an integer z. By
applying the binomial theorem, one finds that x,y is a solution of (8.2]) if and
only if x,y is a solution of the system

s

> (@i+2) —(i+2)) =42 'h (1<5<3).

i=1

We therefore infer that for each fixed integer z with 1 < 2z < X, the mean
value T (X)) is bounded above by the number of integral solutions of the system

S

>l -l =g (1< <3)

i=1

with 1 < w;,v; < 2X (1 <4< s)and 0 < |h| < sX. Thus, on recalling the
deﬁmtlon (21) and applymg orthogonality, one finds that

Z XX 7{“‘) o; 2X)|* Z e(—hay — 2hzay — 3hz*as) da

1<2<X 1<2<X 0<|h|<sX
- ]f (0 2X)"g" (~ax: X, 5X) da
We therefore arrive at the relation
7:(6) < X1 Ih(es 20" (-0 X, 5X) da
The conclusion of the lemma follows by combining this estimate with ([3.4). O

We are now equipped to establish estimates for the moments of §(a, 3).

The proof of Theorem [L.3. We first establish the estimate Ty(X) < X**¢. We
therefore apply Lemma [3.1], with s = 4, in combination with Holder’s inequal-
ity. On recalling (2.2) and [B.0]), we obtain Ty(X) < Jy3(X) + X1, where

I = (J55(2X)) " (Js5(23)) V! (I(X, 4X)) 2.

But [21, Theorem 1.1] establishes the main conjecture in the cubic case of
Vinogradov’s mean value theorem, and thus

Je3(2X) < X°* (1< s<6). (3.5)
Meanwhile, Lemma 2] establishes the bound I»(X,4X) < X***. Hence
T4(X) < X4+€ _'_X*l(X5+E>1/2(X6+E)1/4(X4+€)1/4 < X4+E.

This confirms the first estimate of Theorem in the case s = 4. Meanwhile,
when 1 < s < 4, an application of Hdélder’s inequality provides the bound
To(X) < (Tu(X ))S/ !« Xt yielding the first estimate of the theorem in full.
We next take s = 5, and apply Lemma B.1] together with Holder’s inequality.
Again recalling (2.2) and (B.]), we obtain T5(X) < J53(X) + X ~'1,, where

L = (Jos(2X)) ™ (I5(x, 5X))°.
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Making use of Lemma [2.2] together with the main conjecture (B3] once again,
we conclude that

T5(X) <<X5+s+X71(X6+5>5/6(X7+5)1/6 < X31/6+€. (3.6)

This completes the proof of the second estimate of the theorem.

The final estimate of the theorem is confirmed via the Hardy-Littlewood
method. When ¢ € N and as, ag € Z, denote a typical major arc by

M(q, as,a3) = {a € [0,1)*: |go; — a;] < (18X 17! (i =2,3)}.

We take 90t to be the union of these major arcs with 0 < a; < ¢ < P (i = 2,3)
and (q,as,az) = 1, and then put m = [0,1)? \ 9. Then it follows from [17,
Lemma 9.2] that whenever ¢ > 9, one has

/ F(a, B) dardf < X'7°. (3.7)

Meanwhile, the argument leading to [I7, equation (7.9)] shows that

sup [ F(a, B)] < X4,
(a,8)EM

We consequently deduce from (B.6]) that for ¢ > 10, one has
/ ‘S; |tdC( dﬁ < (X3/4+E>t 10T (X) < th5+(3273t)/12+t€.

By combining this estimate with (B1), we conclude that whenever ¢t > 32/3
and ¢ is sufficiently small, then

/|{§' |tdozd/3+/ 1F(a, B)|'dadB < X2,

This completes the proof of the final estimate of the theorem. O

4. PRELIMINARY SIMPLIFICATION OF THE DIAGONAL EQUATIONS

In the remainder of this memoir we focus on the system of equations (I.TI)
and seek to prove Theorem [LIl Our application of the Hardy-Littlewood
method to this system is simplified by some preliminary observations, much of
the necessary work having been accomplished previously in [17, §6] and [19,
§3]. We start by showing that the conditions of Theorem [[I] permit us to
assume that (LI has non-singular real solutions, and also non-singular p-adic
solutions for each prime p. Thus, in our application of the circle method, we
can expect both the singular series and singular integral to be non-zero.

Lemma 4.1. Suppose that conditions (a), (b) and (c¢) of Theorem[I1 hold for
the system of equations (I.1). Then, either:

(i) the system has a real solution (x,y,z) = 0 with the property that no 6;
is zero, and for which, locally, there is an (s — 2)-dimensional subspace S of
positive (s — 2)-volume in the neighbourhood of @ on which © = ® =0, or else
(ii) the system has a non-zero rational solution.
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Proof. The conclusion of the lemma follows by combining [I7, Lemmata 6.1
and 6.2], just as in [19, Lemma 3.1]. O

Let M(q) denote the number of solutions of the simultaneous congruences
O(x,y) = ®(x,z) =0 (mod q) with (x,y,2z) € (Z/qZ)".
Lemma 4.2. Suppose that s > 11 and the conditions (a), (b) and (c) of
Theorem [1.1] hold for the system of equations (I1.1). Then, either:
(i) for each rational prime p, there is a natural number w = w(p) with the
property that for all t > w, one has M(pt) = pt=)=2) or else
(ii) the system has a non-zero rational solution.

Proof. This is [I7, Lemma 6.7]. We note that the conclusion (i) follows from
the existence of a non-singular p-adic solution of the system (LTI). 0

Solubility is easily established when there are many vanishing coefficients.

Lemma 4.3. Suppose that s > 11 and the conditions (a), (b) and (c) of
Theorem [I1] hold for the system of equations (I1]). Then the system has a
non-zero solution in rational integers when either m > 6 orn > 4.

Proof. The respective conclusions follow from [I7, Lemmata 6.3 and 6.5]. O

In view of Lemma 3] we may assume henceforth that s > 11, 0 < m < 5
and 0 < n < 3, whence [ = s —m —n > s — 8. Also, by Lemma [.1] together
with the homogeneity of the system (1), we may suppose that the latter
equations have a non-singular real solution (x,y,z) = (§,1,{) = 6 with the
property that 0 < [6;] < 4 (1 < < s). Since whenever necessary the a; can be
replaced by —a; by interchanging x; and —x;, and similarly ¢; may be replaced
by —c; by interchanging y; and —y;, we may suppose without loss that in fact
0; > 0 (1 < i< s). Finally, as a consequence of Lemma [1.2] we may suppose
that for every rational prime p, there is a natural number w = w(p) with the
property that for all ¢ > w, one has M (p*) > pt=w)(5=2) " The latter bound also
holds whenever () has a non-singular p-adic solution for each prime p.

Our initial simplifications complete, we now record some notation to assist
in our later deliberations. Let P be a positive number sufficiently large in
terms of ¢, a, b, ¢, d and 0, and let «; (i = 2,3) be real variables. Also, write

t = max{|ai|, |bil, ¢, |di}-
1,5,k

We take 71 to be a positive number sufficiently small in terms of ¢, put R = P",
and then define A(P, R) via (L5]). We define the exponential sums

filaz, a3) = Z e(a;a32” + bianz®) (1 <i <),
16 P<ag2g;P
gilas) = Y elgasy’) (1<j<m),
1nP<y<on; P
hilag) = > e(dronz®) (1< k< n),

1 P<2<2(, P
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and, when we wish to make use of analogous exponential sums in which the
variable of summation is restricted to lie in the set of smooth numbers A(P, R),
we decorate this notation with a tilde. Thus, the exponential sum f;(as, a3)
denotes such a smooth Weyl sum. For the sake of concision, we abbreviate

|fila)| to fi, |gj(as)| to g;, and  |hy(az)| to Ay,

with similar conventions for other generating functions. We also write

flag X) = Z e(asr® + apz®) and g(a; X) = Z e(az?).

I<e<X 1<e<X

Our aim is to estimate the number R(P) of solutions of the Diophantine
system (LI)) in rational integers z;,y;, 2; satisfying the conditions

T€P <x <26P, inP <y <2nP, (P <z<2(P. (4.1)

Recall that there is no loss of generality in assuming in our proof of Theorem
[Tl that, in general, we have 0 < m < 5 and 0 < n < 3. The technical
difficulties associated with our application of the Hardy-Littlewood method
force us to divide systems of the shape (1) into three classes:

(A) m=n=0orne{l1,2},
(B) 1<m <5 andne{0,3},
(C) m=0andn = 3.

We adopt a different strategy for each class. For systems of type A, we obtain
an asymptotic formula for R(P). For systems of type B we instead count the
number R*(P) of solutions of ((ILT]) subject to (A1), and in addition constrained
by the condition y; € A(P,R) (1 < j < m). Finally, for systems of type C
we count the number RT(P) of solutions of (L) subject to (@), but now
constrained by the condition z; € A(P, R).

Plainly, one has R(P) > R*(P) and R(P) > R'(P), and so if we show in the
respective cases that R(P), or R*(P), or R(P), grows in proportion to P*~2 as
P — o0, then in all cases we will be able to conclude that R(P) > P*~3. This
establishes the conclusion of Theorem [I.2] and hence, in view of our earlier
discussion, also the conclusion of Theorem [Tl

Next, we must describe the apparatus required for our application of the
Hardy-Littlewood method. Write

l

F(Q)ZH 042,@31_[ (a3 Hhk ).

i=1

Also, denote by F*(a) the analogous generating function in which g; is dec-
orated with a tilde for 1 < j < m, and F'(a) that in which instead f; is
decorated with a tilde. Then it follows from orthogonality that

—j{}"(a doa

and likewise when this relation is adorned with asterisks or obelisks.



PAIRS OF DIAGONAL EQUATIONS 13

Finally, we describe the Hardy-Littlewood dissection. Let @) be a real
number with 1 < Q < P, and put Z; = 18tP" (i = 2,3). Then, when
0<7m<q¢<@Q (i=2,3)and (¢, re,73) = 1, we denote a typical major arc by

M(q,r;Q) = {a€0,1)?:|qa; — 1y < E;l (1=2,3)}.

Note that the arcs M(q,r) are disjoint whenever 1 < @ < P. Let M(Q)
be the union of these arcs M(q,r; Q), and put m(Q) = [0,1)* \ M(Q). For
the sake of convenience, we put M = M(P3*) and m = m(P¥4). Also,
when 0 < 7, < ¢ < Q (i = 2,3) and (q,72,73) = 1, we denote a typical
inhomogeneous major arc by

Pla.1;Q) ={e € [0,1)”: |oy —13/q] < Q=" (i = 2,3)}.
Let P3(Q) be the union of these arcs B(q,r; Q), and put p(Q) = [0,1)*\BP(Q).
With § = 1075, we then put S = P(P3?) and p = p(P3?).
Henceforth, implicit constants in the notations of Landau and Vinogradov
will depend at most on s, €, 1, a, b, ¢, d and 0, unless stated otherwise.

5. AUXILIARY ESTIMATES FOR SYSTEMS OF TYPE A

Our initial focus is on estimating R(P) when m =n =0 or n € {1,2}. We
begin in this section by introducing several auxiliary mean value estimates,
as well as an estimate of Weyl-type, useful both in estimating the minor arc
contribution for systems of type A, as well as in later sections.

Lemma 5.1. For all 7,5, k, one has

(i j’{ff’” Pda < P
(ii) j{ fohi da < P,
(iii) 7{ figihy da < P72,
() § £ig}da < PTH
(v) 7{ g5hy da < PT.
Proof. We begin with the estimate (i). The definition of f;(a) implies that

fila) = fla; 26 P) — f(a; & P/2),

and so whenever w > 16/3, it follows from Theorem [L.3] that
f 7 da < T, (26 P) + T,,(6:P/2) < P?°.

Thus, we deduce from Hoélder’s inequality that when v = €/5, one has

1/(1+v)
]{ 2P0 < ( ]{ fRaEs da) < PlT/3te,
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We turn next to the estimate (ii). By orthogonality, the mean value I in
question is bounded above by the number of integral solutions of the system

4 )
a; » () —yi) =0
u=1
- , (5.1)
bi Y (22— yp) = di(x5 — 5)

u=1 )

with 1 < x,y < P. Denote by I the number of these solutions with xq = yo,
and I; the corresponding number with xq # 3. Then, on considering the
underlying systems of Diophantine equations, it follows via Theorem that
Iy < PTy(P) < P°**. Suppose next that x,y is a solution of (5.I]) counted
by I,. By applying Hua’s lemmall to the cubic equation in (B.0]), one sees that
the number I of choices for x,, y, (1 < u < 4) satisfies I, = O(P*¢). Fix any
one such choice. Since xy # yo, the integer

4
N=0b) (x7—y)
u=1

is fixed and non-zero. Both xq — yg and zy + 1y are divisors of NV, and so there
are O(N¢) possible choices for zy and yo. Hence I} < N°I, < P On
combining these estimates, we obtain the desired bound I = I, + I; < P°*=.
The argument for part (iii) is similar. By orthogonality, the mean value I in
question is bounded above by the number of integral solutions of the system

2 4 )
a; Y (ah —yh) +e; Yy (o —yl) =0
u=1 u=3
. , (5.2)
bi Y (ah — ) = dp(z5 — y3)
u=1 V,

with 1 < x,y < P. Denote by I3 the number of these solutions with xq = y,
and I the corresponding number with xy # yo. Suppose first that x,y is a
solution of (5.2) counted by I3, so that xy = yo. By applying Hua’s lemma
to the quadratic equation in (5.2]), one finds that the number I5 of possible
choices for y, Ta, Y1, Yo satisfies I = O(P?*¢). Fix any one such choice. Then
it follows from the cubic equation in (5.2) that ¢;(23 + z3 — y3 — y}) = N,
where N is now the fixed integer —a;(z3 + =5 — v — vy3). Hence, by the
triangle inequality in combination with Hua’s lemma, one see that the number
I of choices for w3, x4, ys3,y4 satisfies Iy = O(P*"). Thus we conclude that
I3 < P(P*¢)* <« P°>™¢. The argument required to bound I, is identical with
that applied in case (ii), and thus we discern that I, < P°™¢. By combining
these estimates, we obtain the bound I = I3+ I; < P°"¢ asserted in case (iii).

ISee [15, Lemma 2.5].
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By orthogonality, the mean value I in case (iv) is bounded above by the
number of integral solutions of the system

2 6 )

ai Yy (rn =) = ¢ )~ ui)

u=1 u=3
5 , (5.3)
bi Y (xk—y2) =0
u=1

with 1 < x,y < P. Suppose that x,y is a solution of (5.3]) counted by I. By
applying Hua’s lemma to the quadratic equation in (5.3]), one sees that the
number [; of possible choices for zy,xo,y1, Y2 satisfies I[; = O(P?™¢). Fix any
one such choice. We now apply the triangle inequality in combination with
Hua’s lemma to the cubic equation of (B.3)) in a manner similar to that of the
previous case. Thus, the number Ig of possible choices for z,,y, (3 < u < 6)
satisfies Iy = O(P5"¢). We therefore conclude that I < (P?*¢)(P5¢) = P7+2,
confirming the estimate asserted in case (iv) of the lemma.

J

The mean value [ in case (v) counts the number of integral solutions of

2 6

diy (@ =) =¢ ) (2l —y) =0,

u=1 u=3

with 1 < x,y < P. A comparison with (53] reveals that an argument identical
to that applied in case (iv) may be used to confirm the bound I < P7*¢. This
completes the proof of the lemma. O

Finally, we recall a Weyl estimate for f;(a) sensitive to both ay and as.
Lemma 5.2. Suppose that Q < P3/*. Then for all i, one has

sup |fi(@)] < sup |fila)| < PireQ=1/3,
aep(Q) acem(Q)

Proof. Let 7 > 0, so that (P/(PHTQ*U?’))HE < P. It |fi(e)| = PHTQ73,
then we see from [, Theorem 5.1] that there exist ¢ € N and r € Z? such that
(q,?"g,T’g) = 17 q< PiTQ and |q&j_rj| < QP?T?J' (] = 273) Thus a € m(@)a
and so it follows that whenever @ € m(Q), then |fi(a)| < P*7Q~1/3. Since
p(Q) € m(Q), the conclusion of the lemma follows. O

6. THE MINOR ARC CONTRIBUTION FOR SYSTEMS OF TYPE A

We now estimate the contribution of the minor arcs p within the integral
giving R(P) for systems of type A. Thus we may suppose that either m =n =0
orelse 0 < m < 5andn € {1,2}. Here and later we make use of the inequality

|z120 .. zn] <"+ oo 2za|™ (6.1)

Lemma 6.1. One has /|]-"(a)\ da < P70,
p
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Proof. On recalling the definition of F(a) and applying (6.1I), we deduce that
for some integers ¢, j and k, one has

/|J—" |da<</flgmh"da (6.2)

In view of our hypotheses concerning m and n, by repeated application of
(610, as in the proof of [I7, Lemma 7.3], one obtains the bound

/fl hnda<</(fis+fis_2h2 fs 7 fs 6 ) Q.
p
Thus it follows from (6.2)) that

5—65/6
/|]-"(a)| da < <sup fi> (Too + Top + Is2 + I51), (6.3)
p

acy

where
Ly = f £/ gept da

The trivial estimate f; < P combines with Lemma [B5.1I(i) to give
Ioo < P1/6j[fi32/3 da < P33/6+
In a similar manner, one finds from Lemma [5.1](ii) that
I < P/° 7{ fEhg dow < PP/OFE,

Next, by applying first Hélder’s inequality, and then Lemma [B.1i), (iii), (iv)
and (v), one obtains the bound

1/8 1/2 1/8 1/4
Iy < ( f Fe da) ( 7{ flgin? da) ( 7{ figt da) ( 7{ gh da)

< P P17/3)1/8(P5 1/2 P? 1/8(P7)1/4 < P35/6+5

Similarly, but now using Lemma [5.1{(i),(iii) and (iv), one finds that

1/8 1/2 3/8
Is1 < (f f;’?/g da) (7{ ffg;‘hﬁ da> (7{ fz‘49? da)

< Ps(P17/3)1/8(P5)1/2(P7)3/8 < P35/6+€.
Finally, Lemma supplies the bound
sup fz < P1+€(P306)—1/3 < Pl_%.

oach

Thus, we conclude from (63)) that

\/\|‘F(a>| do < (P1*96)S*65/6P35/6+E < P375,5’
p

and the proof of the lemma is complete. O
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7. THE MAJOR ARC CONTRIBUTION FOR SYSTEMS OF TYPE A

We next estimate the contribution of the major arcs within R(P) for systems
of type A, beginning with some additional notation. For each i, j, k, we write

q 28, P
Syilgr) = Z eqairsu® + biryu®),  vpi(B) = / e(aiflsy’ + biffay”) dv,
3

u=1 iP/Q

q 277jP
Soslat) = 3 eqlegrsn®),  vy5(8) = / i)

u=1 n; P/2

20, P
Shk Q7 Z m7“2u ) Uh,k(ﬂ) _/ €(dm52”¥2) dv,
¢

u=1 kP/2

where, as usual, we write e,(2) for e?™2/4. We then define

l m
T(q,v) = q* [[ Srila.x) [ [ Sesila.x H Sn(q, T
i=1 j=1
and
l m n
=103 [T vesB ][ onr(8)
i—1 j=1 k=1

We recall some estimates for these generating functions recorded in [17].
Lemma 7.1. Suppose that ¢ € N and r € Z satisfy (q,r2,73) = 1. Then
Spila.x) < ¢, Sy (ar) < ¢ (q,ms)",
Sui(a,T) < q2 (g, 12) V2.
When p is a prime number with (p,rs,73) = 1, and h € {1,2}, moreover, then

Spi(p",x) < p"? S, (0" r) < p"ME(p", ),

Snr(p", ) < P2 (", 1) 2.

Proof. The first batch of estimates follow from [I5, Theorem 7.1]. Meanwhile,
the first of the second batch follows from [I3], Corollary 2F of Chapter II] in
the case h = 1, and from the argument of the proof of [I5, Theorem 7.1} in the
case h = 2. The final two estimates are immediate from [15, Lemmata 4.3 and
4.4]. Implicit constants here may depend on the coefficients a;, b;, ¢;, dy. O

Lemma 7.2. One has

v4(B) < P(L+ P?|Bs| + P*|B3]) 73, w,;(B) < P(1+ P?|Bs])7 /%,
uni(B) < P(1+ P?|By|) 712,

Proof. The respective estimates follow from [I5] Theorem 7.3]. O
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We define the function ff(a) for e € [0,1)? by taking

file) = q 'Spilg. v)vpile — /), (7.1)
when a € M(q,r; P) € M(P), and by taking f(a) = 0 when o ¢ M(P).

We define gi(a) and hj(a) in an analogous manner.

Lemma 7.3. Suppose that ¢ € N and r € Z satisfy (q,r2,73) = 1. Then, when
o € M(q,r; P) CM(P), one has

fila) = fi(a) < P, gjlas) — g (o) < 35 (q,r5)'?3,
hi(z) = (@) < q'/**(q,r2) "%,
Proof. This is immediate from [I, Lemma 4.4]. O

Next we introduce the incomplete singular series and integral

= iiT(q,r) and  3(Q /QPB/QPQ 8)dg,

1<¢<Q r2=1r3=1 QP~3 QP2
(g,r2,m3)=1

and their completed counterparts

6= 3 Y T(gr) and i= [[ v

q=1 ro=1r3=1
(q,r2,r3)=1

The truncated singular integral J(Q) is easily estimated via Lemma

Lemma 7.4. Provided that s > 11, n < 3 and m < b, there is a positive
constant C with the property that J(Q) = CP*™° + O(P*°Q~1/?).

Proof. An application of Lemma reveals that
V(B) < P(L+ P2|Bs) 721+ P?[3a)"2(1 + P?| 3ol + PP|s]) .
Our hypotheses s =1+ m +n > 11, m < 5 and n < 3 therefore ensure that
V(B) < P*(1+ P?|Bs))""/0(1+ P?|Ba])"1/°.
When g3 lies outside the box [-QP~2, QP72 x [-QP~3,QP~3], one has either
P?|Bs] = Q or P3|33] > Q. Hence we deduce that
3-3(@) < P [ (@ Pl Pl s,

so that J(Q) = J + O(P*°Q~1/?).

In view of Lemma [£.Il we may assume that the equations © = ® = 0 define
an (s — 2)-dimensional manifold S in the box B = [361,20:] X ... x [36,,26,],
passing through the point 8 and having positive (s — 2)-volume. By making a
change of variables one sees that

- /R 2 /B e(B50(7) + o8 (7)) dy dB.
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Applying Fourier’s integral formula twice to the latter integral, in the form

lim/ / e(yw) dwdy =V (0),
A—00 rJ_

we therefore see that § = CP*~°, where C > 0 is the (s —2)-volume of S within
B. Thus we deduce that J = CP*°, and hence J(Q) = CP*°>+O(P*=°Q~1/?).
This completes the proof of the lemma. 0

Next we consider the truncated singular series &(Q).

Lemma 7.5. Provided that s > 11, n < 3 and m < 5, the singular series G
converges absolutely, one has & > O, and G(Q) = & + 0(QY9).

Proof. We begin by investigating the quantity

=Y ) IT(q.r)

ro=1rz=1
(g,r2,r3)=1

when ¢ = p" is a power of the prime number p. First, when h > 2, it follows
from Lemma [Z.T] and our hypotheses concerning s, m and n that

ph ph
A(ph) < (ph)a—s/3 Z Z p—nh/6(ph’ Tg)n/2(ph, T3)m/3

ro=1r3=1
h

€ 5/322 h— a a n/3 (ph—b(pb)m/?))

a=0 b=0
h h
h)2+sfs/3 Z Z p2b/3 < h(ph)sil. (72)
a=0 b=0

When h = 1 we proceed similarly, applying Lemma [7.T] to obtain

p p
Alp) <p Y ) (prs)™ 2 (pyra)"?

ro=1rz=1
(pyra,r3)=1

< pfs/Q(pQ 4 pitm/? +p1+n/2) < p 2 (7.3)

The standard theory associated with singular series shows that A(g) is mul-
tiplicative (compare [17, Lemmata 10.4 and 10.5]). Then we deduce from (7.2))
and ((L.3) that for some constant C' depending only on a, b, ¢, d, one has

Z e < Tl cz )

< H(l +Cp ) < 1

p
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Both the absolute convergence of & and the final conclusion of the lemma
follow by applying this bound to show that

6 -6(Q) <D (¢/Q)"°Alg) < Q7.
>Q

Furthermore, the argument underlying the proof of [I7, Lemmata 10.8] com-
bines with the bounds (7.2)) and (Z.3]) to confirm that the quantity

o pt ph
w=2 2 > Tk
h=0 ro=1r3=1

(pyra,r3)=1

satisfies x, < 1, and that & = Hp Xp- In view of Lemma [£.2] we are at liberty
to assume that, for each prime p, there is a natural number w = w(p) with the
property that M(p') > p® =2 for ¢+ > w. The conclusion of [I7, Lemma
10.9] therefore establishes that y, > 0 for each prime number p, and hence
that G = Hp Xp > 0. This completes the proof of the lemma. O

We now complete the analysis of the major arcs for systems of type A. From
Lemma we see that when a € P(q,r) C P, one has

fila) = fi(a) < PP, gji(as) — gl (o) < PPV, hy(o) — hy(a) < PPV,
and hence
Fla) = T(q,x)V(a —r/q) < P13
The measure of the set of arcs P is O((P305)5P*5), and thus we conclude that

/B]_-(a) da — G(P309)J(P30%) « (ps=1+310)(pls0i=5)  ps—5-=3,
We therefore infer from Lemmata [7.4] and [Z.5] that
/qB F(a)da = GCP*™ 4+ O(P*7°).
Since [0, 1)? is the union of 3 and p, we conclude from Lemma that
R(P) = / o Fla)da =CE&P™ + O(P579). (7.4)

Since C& > 0, we deduce that R(P) > P*°. The conclusion of Theorem [[.2]
and hence also Theorem [T therefore follows for systems of type A.

8. AUXILIARY ESTIMATES FOR SYSTEMS OF TYPE B

In the next phase of our argument, we focus on estimating R*(P) when
1 <m <5 andn € {0,3}. We again begin by introducing several auxiliary
mean value estimates useful both here and later. The value of 7 is chosen in
accordance with the following lemma.
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Lemma 8.1. Suppose that n > 0 is sufficiently small. Then for all j, one has

1
/ d6<<P13/4 36 and / §?1/4dﬂ <<P19/4.
0

Proof. The definition of g;(f) implies that
9;(8) = g(6; 2n;P) — g(8:n; P/2),
and so it follows from [20, Theorem 1.2] and [4, Theorem 2] that
1
| s < m / 3(8; X)|"dB < P,
0

where g = 3.2495, and p, = u— 3 whenever u > 7.691. The conclusion of the
lemma follows at once. O

Lemma 8.2. For all 1,7, k, one has

() ff'll o < P21/4 25
(ii j{ h4 da < P4~ 26

(iii) f§?1/4h17/4 da < P7.

Proof. We begin with the estimate (i). By orthogonality, the mean value I in
question is bounded above by the number of integral solutions of the system

a; Y (@ —yh) = ¢ ) (2 — i)
u;l u=3 7 (81)
bi Z(li ~¥,) =0

with 1 < x,y < P and z,,y, € A(P,R) (3 < u < 5). Suppose that x,y is a
solution of (8J]) counted by I. By applying Hua’s lemma to the quadratic equa-
tion in (8]), one sees that the number [; of possible choices for xi, xs, y1, Yo
satisfies [; = O(P?**¢). Fix any one such choice Then it follows from the cubic
equation in (8) that ¢; (2§ + a3 + 23 —y3s —yi —y2) = N, where N is the fixed
integer a;(z3 + x3 — y? — y3). Hence, by the trlangle mequahty in combination
with Lemma BJ], one sees that the number /5 of choices for z,,y, (3 < u < 5)
satisfies I, = O(P/4739). Thus [ < (P?+¢)(P¥/473%) <« PH/4=%  confirming
the estimate (i) asserted in the lemma.

We turn next to the estimate (ii). Here, Lemma 8.1 combines with Hua’s
lemma to show that the mean value in question is equal to

1 1
/ g das / hi doy < (P3/4739)(p2e),
0 0

and hence the estimate (ii) follows.
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In order to establish the estimate (iii), we begin by noting that a straight-
forward application of the circle method shows that whenever u > 4, one has

1
/ hy day < P72 (8.2)
0
Thus, Lemma R shows that the mean value now in question is equal to
1 1
/ 7 dag / h* day < (P (P < PT.
0 0

This completes the proof of the estimate (iii). O

We define the multiplicative function x(q) = rc(q) for prime powers p* by
taking x(p") to be Cp~"/2 when h € {1,2}, and to be Cp*~"/3, when h > 2.

Lemma 8.3. For all 1,7, k, one has

(i)  sup |fi(@)| < PV (Q<P),
acM(P)\M(Q)

(i) § 1A da< P20 (> T)

(i) 7{ T dae < PRIV (0> 4),

(iv) 7{ |frh]" da < P**7° (u > 4).
Proof. We begin with the estimate (i). Suppose that o € M(q,r) C M(P).
Then on recalling (), we find from Lemmata [.T] and [T.2] that

f(a)) < Pq+ P?lqay — o + PPlgas — 1)) /%,

When a ¢ 9(Q), one of the lower bounds ¢ > @, or |qas — 13| > QP~2, or
|gas — 73] > QP~3 must hold, and hence |f;(a)| < PQ~/4.

We next turn to the estimate (ii), and assume throughout that « > 7. On
recalling (1)), we deduce from Lemma [T.2] that

fwwm<awmmm, (3.3)

where

/2 p1/2 , , ,
auv—/ /11”O+PWﬂ+Pme”d@
—1/2J-1/2

Wu(P)= > Auq) and Aq)= D> lg7'Spilq.r)|"

1<q<P ro=1rz=1
(g,r2,r3)=1

On the one hand,
)< P [ [ Pl Pl s < P

Meanwhile, when p is prime, it follows from Lemma [[I]that for A > 2, one has
A (p") < p*(ph)e3 < pM377, for some v > 0, and for h € {1,2}, instead



PAIRS OF DIAGONAL EQUATIONS 23

Au(ph) < p(ph)~? < p~3/2. Since the standard theory of singular series
shows that A(q) is multiplicative, we deduce that for some C' > 0, one has

WPy < J[(t+Cp™?+Cp ') < 1.
p<P

The estimate (ii) is confirmed by substituting these estimates into (83)).
Considering next the estimate (iii), we may assume that v > 4. From [I7,
Lemma 10.4], one finds that Sy;(¢,r) possesses the usual quasi-multiplicative
property. Hence it follows from Lemma [7.T] that there is a number C' > 0 with
the property that whenever (q,7s,73) = 1, then Sf;(q,r) < k(¢g). Thus, we
deduce from (1)) via Lemma [T.2] that whenever ac € 9(q,r) C M(P), then

|fr ()] < K(q)P(1+ P?lag — ra/q|) /2.
Hence

fWﬁwﬁ?“da<<¢a0ﬂ S5 ko) (8.4)

1<q<P ra=1

where Lo
.MH—W//1@+W%DWM%WH%M&
0 J-12

Since u > 4, on the one hand, one finds by means of Lemma [R.1] that

1
ju(P> < Pu—2/ 551/4(1043 < Pu+11/4.
0

Provided that C' is chosen sufficiently large, on the other hand, it follows from
the multiplicative property of k(q) that there is a number v > 0 such that

Y gl < JJa+ ) < 1 (8.5)
1<g<P P

The estimate (iii) follows by substituting these bounds into (8.4)).

Finally, we turn to the estimate (iv), and again assume that v > 4. Then, as
in the discussion leading to (8.4)), one sees that whenever a € M(q,r) C M(P),
there is a number C' > 0 such that

£ ()] < k(g)P(1+ PPlag —r3/q]) ">,
Thus we find that whenever u > 4, one has

fUﬂ%&M<anw>§j§jMWK (3.6)

1<q<P r3=1

where Ve
\mm=”/ /WMMW+W%WWMN&
-1/2J0

On the one hand, an estimate of the shape (8.2]) shows that

1
Ju(P) < P73 / Ry day < P75,
0
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Provided that C' is chosen sufficiently large, on the other hand, it follows from
the multiplicative property of x(q) that the estimate (8H) again holds. The
conclusion of the lemma follows by substituting these estimates into (8.6). O

9. THE MINOR ARC CONTRIBUTION FOR SYSTEMS OF TYPE B

Owing to the presence of smooth Weyl sums within the generating function
F*(ax), our treatment of the minor arcs for systems of type B involves some
pruning exercises. We begin by examining a set of minor arcs of large height.

Lemma 9.1. One has / | F*(a)] dae < PF77°.

Proof. We divide into two cases according to whether n = 0 or n = 3. Suppose
first that n = 0. Then on recalling the definition of 7*(a) and applying (6.1)),
we deduce that for some integers ¢ and j, one has

/|f*(a)|da<</fis_m§;”da. (9.1)

In view of our hypotheses concerning m, by repeated application of (6.1I), as
in the proof of [I7, Lemma 7.3], one obtains the bound

l/j?”ﬁ?da<</kﬁ%1ﬁ*ﬁﬂda. (9.2)
Thus it follows from (@.1)) that

/ | F (o) da < <sup fi)s_32/311 + (sup fi> 8_91/9[2, (9.3)

acm acm

where

h:fﬁmuxmdbzfﬁwfm.

Lemma B.(i) shows that I; < PY7/3*¢. Meanwhile, by applying Holder’s
inequality in combination with Lemmata [5.1)(i) and R2)(i), one sees that

1/6 5/6
I < (% fi32/3 da) (% ff@f da) < (P17/3+€)1/6(P21/4726>5/6.
Lemma 5.2 shows that f; = O(P%/%+%) for a € m, and thus (@.3) yields
/ ‘.F*(O()‘ da < P* ((P3/4>sf32/3pl7/3 + (P3/4)5791/9P383/72) < Psf576.
This completes the proof of the lemma when n = 0.

Suppose next that n = 3. Then on recalling the definition of F*(ax) and
applying (6.1]), we deduce that for some integers i, j, k, one has

/|.7:*(a)|da<</ff_m_?’gjmhida. (9.4)
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In view of our hypotheses concerning m, by repeated application of (6.1I), as
in the proof of [I7, Lemma 7.3], one obtains the bound

/fs m— 3 h3 da <</(fi84§jh3 f's 8 5h3) (95>
Thus it follows from (@) that
s—32/3 s—91/9
/ |F ()| dax < <sup fz) L + <sup fz> Iy, (9.6)
m aem aem

where

I, = f FOPgn} dae and I = 7{ £°5083 da.

Applying Holder’s inequality with Lemmata [5.1(ii) and B2(ii), one obtains

Meanwhile, by applying Holder’s inequality now with Lemmata B.J(i) and
R.2(i), (ii), we obtain the estimate

e (f00e) " (faapin) ™ (fapitaa)”

« (PYT/3+e)1/6( p21/4=20)1/12( p21/4-28)3/1
Lemma [5.2 shows that f; = O(P%**¢) for a € m, and thus (@.0) yields
/ ‘.F*(O()‘ da < (P3/4)3732/3P677/24 + (P3/4>5791/9P6749/72 < Psf576.
m

This completes the proof of the lemma when n = 3. 0

We next prune down to a narrow set of major arcs. Take W = (loglog P)*®,
and then put Q = P(W) and q = p(W). We seek to estimate the contribution
of the set 9t \ Q within the integral giving R*(P).

Lemma 9.2. One has / |F*(a)| dae < P**(loglog P)™*
MO

Proof. We again divide into two cases according to whether n = 0 or n = 3.
Suppose first that n = 0. The procedure leading to (9.2]) shows that for some
7 and j, one has

IM\Q
where
I = fidao and I, = / 770 da
M\Q M

On recalling (7.1]), we see from Lemma that whenever a € 91, one has
fila) = fr(a) + O(PY?*). Thus we deduce that

Il<<<sup [ f|f ®do + P3/%te,
aceM\Q
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Since s > 11, we infer from Lemma B3(i), (ii) that
]1 < (PW71/4>578P3_'_P5/2+5 < P575W73/4 < P375(10g10gp)71.

In a similar manner, we obtain the bound I, < I3 + P=%/2%¢[, where

13 = / |fi*|s_5§? da and I4 = f@? da.
M\Q

Holder’s inequality leads via Lemma [B3)i), (ii), (iii) to the bound
11/31 20/31
e (e (fppiaa) (fleraaa)

< (PW—1/4)5—1339/124(P9/4)11/31(P31/4)20/31 < PSSy Y20,

Meanwhile, Holder’s inequality combines with Lemma Rl to give

1 5/6
I, < (/0 'g”?doq;) < (P13/4—25)5/6 < P/,

Thus we deduce that
I, < P*~®(loglog P)~! + PZ*1/4 « Ps=5(loglog P)~ L.

When n = 0, the lemma now follows by substituting these estimates into (9.7).

Suppose next that n = 3. Then the procedure leading to (@.0) shows that
for some 1, j, k, one has

M\Q

where
I = STghida and I = fE8g0h da.

i

M\Q M\Q
On recalling (7.I]), we see from Lemma [7.3] that whenever a € 91, one has
fila) = f7(a)+O(PY?%). Thus we deduce that I} < I3+ P®=9/2+< [, where

I3 = j[ |fFFghidae and Iy = f’gjhi da.

An application of Holder’s inequality yields

s—4640/527 5/17
o (s (@l)” " (f 1 aa)

aceM\Q

4/31 304/527
x ( F3 da) ( Floimg ™ da) ,

and thus we deduce from Lemmata R2(iii) and B3(i), (ii), (iv) that
[3 < (pW71/4)sf4640/527(P3)5/17(P7>4/31 (P7/2)304/527 < P375W,1/2.

Meanwhile, Hua’s lemma combines with Holder’s inequality to give

1 1/4 1 3/4
Iy < ( / g;%da3> ( / hi daQ) < Pt
0 0
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Thus we conclude that
I, < P*®(loglog P)™! + P*/*** <« P*~(loglog P)~".
We find in like manner that I, < I + P®=8/24< [, where

15:/ 1SR der and I6zf§]5hida‘
M\Q

An application of Holder’s inequality yields

s—5592/527 5/17
< (s 1p26el) (15 da)

aceM\Q

20/31 32/527
x ( Fan da) ( ¢ 1semg da) ,

and thus we deduce from Lemmata R2(iii) and B3(i), (ii), (iv) that
I, < (pw—1/4)8—5592/527(p3)5/17(p7)20/31 (P7/2)32/527 < PSSy

Since Lemma R and Hua’s lemma combine with Holder’s inequality to give

1 5/6 1 3/4
Is < (/ ﬁ?dag) (/ h; da2) < (P13/4_25)5/6(P2+5)3/4,
0 0

we thus conclude that
I, < P*75(loglog P) ™ 4+ P@*V/4 « P*=5(loglog P) .
When n = 3, the lemma now follows by inserting these estimates into (0.8). O
Since ¢ = m U (M \ Q), the estimates supplied by Lemmata and

combine to give the following conclusion.

Lemma 9.3. One has /\.7:*(04)| da < P¥°(loglog P)~*.
q

10. THE MAJOR ARC CONTRIBUTION FOR SYSTEMS OF TYPE B

The discussion of the major arcs £ for systems of type B requires an as-
ymptotic analysis of the generating function g;(5).

Lemma 10.1. There is a positive number c, with the property that, whenever
a € M(q,r; R) CM(R), then
ﬁ(a) — ¢, ff(a) < P(log P)"'(q + P?|qag — 12| + P?|qas — 73]) (10.1)
and
Jj(as) — cyg; (@) < P(log P)™'(q + P|qag — 13)). (10.2)

Proof. On writing p(t) for the Dickman function, one sees that
P (logy 3 2
p e(aifzy” +0ifay7) dy = p(1/n)vsi(B) + O(P/ log P).
&P/2 log R

Thus, by reference to [I7, Lemma 8.5], we see that the relation (I0.T]) follows
with ¢, = p(1/n) > 0. The second conclusion (I0.2) follows in like manner. O
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We now complete the analysis of the major arcs for systems of type B. From
Lemmata [7.3] and 0], we see that when o € Q(¢,r) C 9, one has

fila) = fila) < W, gj(as) — cpg) (o) < PW,
hi(az) = hi(a) < W,
whence
F(a) — T (q,r)V (e —r/q) < PPW10.
The measure of the set of arcs Q is O(W?P~°), and thus we conclude that
/ Fa)da —'S(W)J(W) < P°W°.
Q
We therefore deduce from Lemmata [74] and [T.H that
/ FHa)da = fSCP*> + O(P*°W1/0),
Q
But [0,1)? is the union of Q and q, and so we infer from Lemma [0.3] that
R*(P) = / F*(a)da = ¢'&CP*~° + O(P**(loglog P)™').
[0,1)

Since C& > 0, we deduce that R*(P) > P*°. The conclusion of Theorem
L2, and hence also Theorem [[.1], therefore follows for systems of type B.

11. AUXILIARY ESTIMATES FOR SYSTEMS OF TYPE C

Finally, we estimate Rf(P) when n = 3 and m = 0. We begin with some
auxiliary estimates.

Lemma 11.1. For all i and k, one has
i) j[ FOhida < PPV
(i) j[ h "t da < PP,

Proof. We begin with the estimate (i). By orthogonality, the mean value I in
question is bounded above by the number of integral solutions of the system

3 3
aiZ(ﬂfi —y,) =0
o . , (11.1)
=4
with 1 < x,y < P and z,,y, € A(P, R) (1 <u< 3). Suppose that x,y

is a solution of G]:D]) counted by I. By applymg Lemma [Tl to the cubic
equation in (II.1]), one sees that the number I; of possible choices for x,, y,
(1 < u < 3) satisfies I; = O(P¥/4739). Fix any one such choice. Then it
follows from the quadratic equation in (ILI)) that dy(z% + 22 — y? — y2) = N.
Hence, by the triangle inequality in combination with Hua’s lemma, one sees
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that the number I, of choices for x4, x5, ys, ys satisfies I, = O(P?*™¢). Thus
I < (P¥¥/4=30)(p?+e) « P2YV/4=2 confirming the estimate (i).

We turn next to the estimate (ii). By orthogonality combined with [14]
Theorem 1], one obtains the bound

1 1
/ | fi(a, a3) [P dag < / lg(a; P)|*da < PP,
0 0

We therefore deduce from an estimate of the type (8.2) that

1 1 1
[ intaa)t [P dasday < P [ 17 oy < P
0 0 0

confirming the estimate (ii). O

12. THE MINOR ARC ESTIMATE FOR SYSTEMS OF TYPE C

The presence of the smooth Weyl sum ﬁ(a) in the generating function
FT(a) involves us again in some pruning exercises. We adopt the notation of
89, and begin by examining a set of minor arcs of large height.

Lemma 12.1. One has / |Fi(a)| da < P50,

Proof. Recall that in systems of type C, one has m = 0 and n = 3. Thus, on
recalling the definition of F'(a) and applying (6.1)), we deduce that for some
integers ¢ and k, one has

/\FT(a)|da <</f;4ﬁh2da. (12.1)

Then it follows from Holder’s inequality and the trivial estimate h, < P that

s—32/3 5/6 N 1/6
/ |IFi(a)] da < P2/3<81ép fi> ( 7{ fon; da> ( 7{ fin; da> :

Lemma shows that f; = O(P3**%) for @ € m, and hence by applying
Lemmata [B.I)(ii) and [T.J(i), one obtains

/ |.7-"T(a)| da < P2/3+e(P3/4)s—32/3(P5+5)5/6(P21/4—25)1/6 < PS_S_(S.
This completes the proof of the lemma. O

We next prune down to the narrow set of arcs Q.

Lemma 12.2. One has / | Fi(a)| da < P**(loglog P) .
M

Proof. The procedure leading to ([I2.1]) shows that for some i and k, one has

/ |IF(a)]| da < / f;—4ﬁhgda.
IM\Q

M\Q



30 TREVOR D. WOOLEY

On recalling (7)), we see from Lemma that whenever a € 91, one has
fila) = f7(a) + O(PY?*). Thus we deduce that

/ |Fi(a)| da < I + PE=9/2+e],,
M\Q
where
I = / 1FF 5 fihd dae and I, = fﬁhi da.
M9

An application of Holder’s inequality yields

. s—4799/544 s 5/17
no (s (el) " (f1rraa)

aceM\Q

79/136 N 1/8
<(frampriaa) - (f R aa)

and thus we deduce from Lemmata B3|(i), (ii), (iv) and [I.I|(ii) that
I < (PW71/4>874799/544(P3)5/17(P7/2)79/136(P29/4>1/8 < P575W71/2.

A second application of Holder’s inequality leads via Hua’s lemma to the bound

1 3/4 _ 1/4
I < ( / h;, da) ( j[ fit da) < p*e
0

Then we may conclude that
/ |Fi(a)| da < P*~(loglog P)™ + P*/?*¢ < P*~5(loglog P)~".
IM\Q

This completes the proof of the lemma. O

Since ¢ = m U (9 \ ), the estimates supplied by Lemmata [2.1] and [2.2}
combine to give the following conclusion.

Lemma 12.3. One has /|.7-"T(a)| da < P*(loglog P) .
q

13. THE MAJOR ARC CONTRIBUTION FOR SYSTEMS OF TYPE C

The analysis of the major arcs may be completed for systems of type C by
adapting the corresponding discussion of §10. First, by applying Lemmata [7.3]
and [[0.J] we see that when av € Q(¢,r) C Q, then

FHa) — e, T(q,v)V(a —1/q) < PSW,
and hence one deduces that
/ Fla)da = ¢,&CP* + O(P*°W~1/%).
Q
But [0, 1)? is the union of Q and g, and so we infer from Lemma that

R'(P) = / Flla)da = ¢,6CP*° + O(P*(loglog P) ™).
[0,1)2
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Since C& > 0, we deduce that RT(P) > P*=5. The conclusion of Theorem [[.2]
and hence also Theorem [Tl therefore follows for systems of the final type C.

14. APPENDIX: A TRANSFERENCE PRINCIPLE

We take the opportunity here of establishing a standard transference princi-
ple. The version of this principle described in Exercise 2 of [15, §2.8] restricts
attention to the situation relevant to Weyl’s inequality, and contains an addi-
tional condition on the relevant Diophantine approximation, and so it seems
worthwhile to provide in the literature a complete account for future reference.

Lemma 14.1. Let 0, X, Y, Z be positive real numbers. Suppose that ¥ : R — C
satisfies the property that whenever a € Z and q € N satisfy (a,q) = 1 and
la —a/ql < q7?, then

U(a) < X(g + Yt +qz7h (14.1)
Then, whenever b € Z and r € N satisfy (b,r) = 1, one has
Ula) < XA+ Yt az7h, (14.2)

where A =r + Z|ra — b|.

Proof. Suppose that b € Z and r € N satisfy (b,r) = 1. By Dirichlet’s theorem
on Diophantine approximation, there exist a € Z and ¢ € N with 1 < ¢ < 2r

and |qa — a| < (2r)~!. Suppose in the first instance that a/q # b/r. Then
a b b
q T r q

Hence ¢! < 2|ra — b], and so we deduce from (I4.]) that

a
<

(gr) ' < + <

~

b
a— ;’ + (2qr) 71

V() < X (fra—b|+ Y +rZ2 0 <« X(Y L+ 2271,

confirming the estimate (I4.2]).

If, on the other hand, one has a/q = b/r, then since (a,q) = (b,r) = 1, one
has ¢ = r and a = b, and hence |ra —b] < (2r)"'. If a = b/r, then A\ = r,
and the desired conclusion (I4.2]) is immediate from (I4.1]). When a # b/r,
meanwhile, one has 0 < |a — b/r| < r~2. In this situation, by Dirichlet’s
theorem on Diophantine approximation, there exist a € Z and ¢ € N with
1 < ¢ <2[ra—b|~" and |go — a| < |ra — b|. If one were to have a/q = b/r,
then since (a,q) = (b,r) = 1, one finds that ¢ = r and a = b, and hence
0 < |ra —b| < i|ra — b], giving a contradiction. Thus a/q # b/r, and one has
a b b

q r T

a
a__
q

(gr)~' < +

b
< a— =+ (2¢r).
r

a—9'+<2q>-1|m—b| <
T

We therefore see that ¢~! < 2|ra — b|, and we deduce from (I4.1]) that
V() < X (Zlra=b) " + Y+ |ra—b))’ .
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Alternatively, since |a — b/r| < r2, one may apply (IZ]) to give

V(o)< X(r Yt +rz7h)Y,

Thus, in any case, one obtains the bound ¥(a) < XA\t + Y1+ Z71)f

where A = r + Z|ra — b|. This completes the proof of the lemma. 0
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