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ON NEW SUM-PRODUCT-TYPE ESTIMATES*

SERGEI V. KONYAGINT AND MISHA RUDNEV?

Abstract. New lower bounds involving sum, difference, product, and ratio sets of a set A C C
are given. The estimates involving the sum set match, up to constants, the state-of-the-art estimates,
proven by Solymosi for the reals and are obtained by generalizing his approach to the complex plane.
The bounds involving the difference set improve the currently best known ones, also due to Solymosi,
in both the real and complex cases by means of combining the Szemerédi—Trotter theorem with an
arithmetic combinatorics technique.
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1. Introduction. Erdds and Szemerédi [4] conjectured that if A is a finite set
of integers, then for any € > 0, as the cardinality |A| — oo,

A+ Al +]A- A > |AP~=.
Above,
A+A={a1+az: a1,a2 € A}

is called the sum set of A, the product A - A, difference A — A, and ratio A : A sets
being similarly defined. (In the latter case one should not divide by zero.)

Variations of the Erd6s—Szemerédi conjecture address subsets of other rings or
fields—see [18] for a general discussion and [1] for a new quantitative sum-product
estimate in function fields—as well as replacing, e.g., the sum set with the difference
set A — A. The conjecture is far from being settled, and therefore current “world
records” vary with such variations of the problem.

The best result for A C R, for instance, is due to Solymosi [16], claiming

| A|1+%
(1.1) [A+A|+|A Al > ——,
log? | A|
and without the logarithmic term if A- A is replaced by A : A. The notation <, > is
being used throughout to suppress absolute constants in inequalities, that is, constants
which do not depend on the parameter |A|.

At first glance, the construction in [16] appears to be specific for reals, and it does
not seem to allow for replacing the sum set A + A with the difference set A — A. So,
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if A C Corif A+ A for reals gets replaced by A — A, the best known result comes
from an older paper of Solymosi [15], claiming

A
log™™ |4]
and without the logarithmic term if A - A gets replaced by A : A.

In this paper we show, first, that the order-based observation which allowed Soly-
mosi to prove (1.1), namely the fact that for real positive a, b, ¢, d

a c a a+c c
G<a) = (b<b+d<d)’
admits a natural extension to the complex case. We therefore extend the estimate
(1.1) to the case A C C. This is the content of the forthcoming Theorem 1.1.

Second, we prove new estimates involving the difference set, for A C C, which
improve on (1.2). For this we use rather different arguments, relying on the Szemerédi—
Trotter theorem combined with an arithmetic technique. This is the content of the
forthcoming Theorem 1.2.

We remark that Theorems 1.1 and 1.2, even though they apply to the case A C C,
both rely crucially on the metric properties of the Euclidean space, and we presently
do not see how the ideas behind them could apply to the case when A is a small subset
of a prime residue field Z, of large characteristic, where the best known exponent in
the sum-product inequality is 12, up to a logarithmic factor in |A[; see [10].

We now formulate our main results.

THEOREM 1.1. For any finite A C C with at least two elements, one has the
following estimates:

(1.2) |A—Al+]A- Al >

A+ Al +|A: Al > |A]'F3,

(1.3) |A|1+%
A+ Al+]A-A > AT
log? |A

THEOREM 1.2. For any finite A C C with at least two elements, one has the
following estimates:

I+5%

A—A|+]A:4 > AT

(1.4) log3T 4|
' 1+4
A—Al+]4-4 > AT

log™s | A

2. Preliminary setup. In this section we develop the preliminary setup and
notation to be used in the forthcoming proofs of Theorems 1.1 and 1.2.

Since we do not pursue best possible values of the constants, hidden in the in-
equalities (1.3), (1.4), we further assume that 0 ¢ A and |A| > C for some absolute
constant C, which is as large as necessary.

Observe that Theorems 1.1 and 1.2 each claim two different estimates: one in-
volving the ratio set A : A and the other involving the product set A - A. In order
to prove these estimates, we deal with a certain “popular” subset P of the point set
A x A C C? Note that if | € A : A is a ratio, it can be identified with a straight line,
passing through the origin in C? and supporting n(l) points of the point set A x A,

Y

where n([) is the number of realizations of the ratio [ = £ : z,y € A. As we often refer
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to “lines” throughout the paper, we use the symbol [ to denote individual members
of the ratio set.

Even though the proofs of Theorems 1.1 and 1.2 are essentially different, the
popular subset P C A x A is defined in the same way for both theorems. Yet P
denotes different point sets apropos of the ratio and product set cases, which figure
within each theorem and are described next. The same holds for the notations L, N
pertaining to the point set P. In particular, the notation L refers to the set of the
corresponding popular ratios, or lines through the origin.

Ratio set case. In order to establish the estimates involving the ratio set, the
notation L will stand for the set of lines through the origin in C2, supporting at least
$IA?|A :+ A]7! points of A x A each. The subset P of A x A supported on these
“popular” lines is then such that |P| > 2|A|?. (Indeed, the lines outside L support
at most $|A[*|A: A1 |A: Al = 1|AJ? points.)

The notation N will be used for the maximum number of points per line in L.
Trivially, N < |A], and one has |A|/2 < |L| < |A: Al

Product set case. In order to establish the estimates involving the product set,
the same notations P, L, N will be used for slightly differently defined, multiplicative,
energy-based quantities.

The multiplicative energy F,(A) of A is defined as follows:

E*(A) = |{(a1,...,a4) EAX---xA: al/ag = a3/a4}|.

Since the equation defining F, (A) can be rearranged as a1a4 = azas, by the Cauchy—
Schwarz inequality one has

(2.1) gy > AL

. . Z Al
Geometrically, E, (A) is the number of ordered pairs of points of Ax A C C2, supported
on straight lines through the origin, whose slopes [ are members of the ratio set A : A.
A line is identified by its slope ! (which is well defined, since 0 ¢ A) and supports
some number n(l) points of A x A.

By the pigeonhole principle, there exists some N € [1,...,|A|] such that if L

denotes the set of all lines with & < n(l) < N, then

EJA) _ A
log [4] = [A- Allog [A]

(2.2) |L|IN? >

(Indeed, it suffices to consider only dyadic values of N = 1,2,...,27 ... with j =
O(log | Al), since trivially n(l) < |A].)

Now, in the product set case, let P be a “popular multiplicative energy” subset of
A x A, containing all points of A X A, supported on the lines in the above defined set
L, satistying (2.2). The quantity N gives the maximum, as well as the approximate
number of points of P per line [ € L, that is, |P| ~ |L|N. (This approximate equality
means that |P| < |L|N and |L|N < |P|.)

3. Proof of Theorem 1.1. Without loss of generality, as we are not pursuing
optimal constants in the estimates, we may assume that the set A C C\ {0} is located
in a reasonably small angular sector, of angular half-width |tan(2argz)| < ¢ around
the real axis, with the vertex at 0, so that in particular 0 ¢ A+ A. The constant € > 0
does not go to zero: it needs only to be small enough for the geometric argument in

the end of the proof of the forthcoming claim to be valid. One can amply set € = Wlo'

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Theorem 1.1 will follow from the following claim.
CrAIM. Let l1,ls be two distinct members of the ratio set (A: A) C C =2 R?, with

some realizations 11 = zi and ly = y2 for x1,y1,22,y2 € A. Consider ly,ly as points
in R2. Then the point z = % lzes in C = R? in some open set M, 1,), containing

the open straight line interval (I1,12) = {tli + (1 —t)l2, t € (0,1)} and symmetric with
respect to this line interval. Furthermore, consider the ratio set as a vertex set of a
tree T in R?, and let the sum of the Euclidean lengths of the edges of T be minimum;

e., let T be a minimum spanning tree on the vertex set A : A. Then, if (I1,1l2) runs
over the edges of T' (we further write simply (l1,12) € T'), the sets M(;, ;,) are pairwise
disjoint.

The above claim represents a bona fide generalization of the construction of Soly-
mosi [16] for the positive reals. Here is how the claim applies to the positive real case.
The set A : A lies on the positive real axis. The edges of its minimum spanning tree
are consecutive open line intervals between the vertices, and the sets M(;, ;,) are these
intervals themselves.

In the forthcoming proof of the claim we will describe the open sets M, ;.
precisely. Through the rest of this section we assume the claim and show how it
results in Theorem 1.1, by essentially repeating the argument in [16].

Indeed, suppose that there are respectively n(l;) and n(l3) distinct representa-

i xqz c A7 yiz c A’

—
27t ?

tions of some two fixed ratios l1,lo € A : A; that is, I; =

for i = 1,2 and j; = 1,...,n(l;). From basic linear algelbra, the vector sums
(x1" + x2 , y1 +y5?) € C? attain n(l1)n(l2) distinct values for distinet (j1,72). As-
J J
suming the claim, on the other hand, tells one that for all (ji,j2) the ratio %
1 2
C = R? lies in the set M, 4,).

Now the fact that the open sets M, ;,) are pairwise disjoint implies that the map

S

(x1,91) X (22,92) = (21 + 22,91 +y2)

(3.1) -

for ﬂil,yl,ﬂiz,yQEA: 3([1,12)€T, wit le,—:lg,
T2

T
is an injection. Indeed, assuming the contrary suggests that there is a pair of distinct
edges, (I1,12) and (I1,15) of the tree T, such that (z1+x2,y1+y2) = (2] + 25, y] +95),

’ ’
where I; = 2, I, = 2 [} = o , U= ‘z—z Then, clearly, “ligz = ;’iizz, which

Yitys "/1+y2
t x1+x2 d x! +z

and M 1), which are pairwise dlsJomt
The injectivity of the map (3.1) accounts for the following inequality:

contradicts the claim tha lie, respectively, in the open sets M(ll,l2)

N~

(32) A+ AP > Z n(ly)n(ly) > Z (n(ly) + n(l2)) min(n(ly), n(l2)).

(lhlg)eT (l1712)€T

The inequality (3.2) clearly remains true if one restricts the vertex set of T to any
subset of A : A with more than one element, in which case T" will be a minimum
spanning tree built on these vertices.

It is at this point when one has to distinguish between the ratio and product set
cases by considering as vertices of T" only the ratios from the “popular” set L, defined
relative to the ratio or product set case in section 2. Given the set of vertices L, let T’
be a minimum spanning tree built on the vertex set L in R%. Thus T has |L| vertices
and |L| — 1 edges.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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In the ratio set case, one has 2“1‘2:‘; <n(l) <|A|Vl € L, and thus, from (3.2),

(3.3) |A+AP?> AP > (n(h) +n(l2)) AP > 4"
' 1A A ! 2) 2 A A T A A

(l1,l2)€T leL

In the product set case, where & < n(l) < N < |A| VI € L, the claim implies, by
(3.2) and (2.2), that

N?  E.(4) Al

3.4 A+ AP > (L] -1)— > ,

(34) A+ AP = (L = D= > 00T Z A ANog 4]

thus proving the second inequality in (1.3). (In view of (2.2), one can assume that
|L| > 1, for otherwise A - A is large enough to ensure (1.3) immediately.)

This completes the proof of Theorem 1.1, conditional on the claim. ad
3.1. Proof of the claim. Suppose that x1,22,y1,y2 € A, zi =1, & =l
Then, with u = 25 /x1, we have
Y1 +y2 Y1+ Y2 by u
3.5 = = +1 =l + (21
(3.5) o tae o(l+u) 14w l+u (2 1)1+

Since we have assumed that tan |2 arg x|, tan |2 argzs| < ¢, clearly w lies in the open
angular wedge W, = {z : tan|arg z| < €}, and therefore
further denoted as M., under the Mobius map 2" = 5 +Z

A straightforward calculation shows that M, is an open meniscus around the real
line interval (0,1). The meniscus is formed by the intersection of two open discs
centred respectively at z4 = (%, +5-), with equal radii |z4|. It is clearly symmetric
around its major axis, that is, the real line interval (0,1). The boundary of each disc
intersects the major axis at the angle whose tangent equals ¢, the half-width of W-.
Clearly, M, is amply contained in the open rhombus, whose major diagonal connects
the zero with 1, and the minor diagonal has length e.

The meniscus M. defines an open set M, ;,) mentioned in the claim as a com-
position of a dilation and a translation of M.: by (3.5),

€9

u
14+u

Y1+ Y2
1 + X9

E M(ll,lz) = {ll + (12 - ll)Mﬁ},

Thus, the set M(;, ;,) is contained in the open rhombus with main diagonal denoted as
e = (l1,12) and minor diagonal length €|l —I;|. This rhombus will be further denoted
as Re = R(l17l2)'

Through the rest of this section, let L be any nonempty subset with more than
one element of the ratio set A : A. Let T be a minimum spanning tree built on the
vertex set L. That is, T has the minimum net Euclidean length of the edges over
all the trees with the vertex set L. The tree T has |L| — 1 edges, which are open
straight line segments connecting some pairs of distinct vertices in the set L. There
are no loops in 7', and for any pair of distinct vertices Iy, [y € L there is a unique path
connecting them.

Through the rest of this section, we will use the uppercase Latin letters
A, B,C,D,... for the vertices of T, in contrast to the rest of the paper, where A, B, . ..
are sets.

First, note the well-known fact that 7" may not contain intersecting edges. Indeed,
suppose that (AB) and (CD) are edges of T and (AB) N (CD) # (. In the tree T
there is a unique path from B to C and a unique path from B to D. Since T has no

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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loops, one of these two paths, without loss of generality the one from B to D, must
contain the edge (CD) (for if (CD) is not contained in either of the two paths, there
is a path from C to D other than (CD), via B). Then the path from either A or B
to D contains both edges (AB) and (C'D). Without loss of generality, let it be the
path connecting A and D.

Thus, if (AB) N (CD) # 0, these edges can be deleted and replaced by the edges
(AC) and (BD), without violating connectivity or creating loops. On the other hand,
[AC] and [BD] are a pair of opposite sides of the convex quadrilateral ACBD, while
[AB] and [C'D] are its diagonals. But the sum of the lengths of either pair of opposite
sides of a convex quadrilateral is smaller than the sum of the lengths of the diagonals.
This contradicts the minimality of T'.

In a minimum spanning tree the angle between adjacent edges is at least 5. To see
this fact, suppose that there are two edges (AB) and (AC), with the angle between
them at A smaller than 5. Then one of the two remaining angles in the triangle
ABC exceeds %, and the edge opposite to it in T' can be deleted and replaced by the
shorter edge (BC') without violating connectivity or creating loops. This contradicts
the minimality of T

Therefore, the rhombi around adjacent edges cannot intersect, because the tan-
gent of the half-angle of R(4p) at A or B is just e. The supposition that the rhombi
around a pair of adjacent edges (AB) and (AC) intersect would contradict the fact
that the angle between them at A is smaller than 7.

Finally, suppose that there is a pair of nonadjacent and nonintersecting edges
(AB) and (CD) such that Rapy N Ricpy # 0. Let us show that this also leads to
a contradiction if e is small enough. The key observation is the following
lemma.

LEMMA 3.1. The vertices C, D cannot lie in the open disk with diameter (AB).

Proof. Suppose that, say, C lies inside the open disk with the diameter (AB).
Then the angle ACB is obtuse. Hence, the edge (AB) can be deleted and replaced
in the tree T' by one of the shorter line segments (AC) or (BC), without violating
connectivity or creating loops. More precisely, if the unique path from A to C in T
incorporates (AB), then (AB) should be replaced by (AC), and otherwise by (BC).
This contradicts the minimality of T'. O

Let us use Lemma 3.1 together with the fact that (AB) N (CD) =  for the proof
of the following lemma.

LEMMA 3.2. If Riap) N Ricpy # 0 and a is the angle between (AB) and (CD),

2e
1—e2"

Proof. First we assume that (C'D) intersects the rthombus R(4p). By Lemma
3.1, neither C' nor D belongs to the closure of R(4p). Hence, (CD) intersects the
boundary of the thombus R(4p) at two points, say E and F. Next, since [EF] C
(CD) does not intersect (AB), we conclude that the angle o between [EF] and (AB)
satisfies the inequality tan o < € as required. Similarly, we prove our assertion if (AB)
intersects R(cp)-

Now we consider the case where (CD) does not intersect R 4py and (AB) does
not intersect R(cp). Then the boundaries of the thombi R(4p) and R(cp) have two
common points, say E and F. The segment [EF] does not intersect the edges (AB)
and (CD). Therefore, the angle o between [EF] and (AB) and the angle o between
[EF] and (CD) satistfy the inequalities tan oy < € and tanas < €. Let « be the angle
between (AB) and (CD). Then we have o < a1 + aa, and the assertion of the lemma
follows. O

then tan o <

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Finally, to refute the assumption R4p) N Rcp) # (), assume, without loss of
generality, that |[AB| = 1, |AB| > |CDJ|, A = 0, and B = 1. Let us now use the
conclusion that (AB) and (CD) are close to being parallel, along with Lemma 3.1
for a rough estimate as to where the vertices C, D can be located. They may not lie
inside the open disc with the diameter (AB). Since R apyNRcp) # 0, |CD| < |AB|,
and tana < 125, where « is the angle between (AB) and (CD), neither C nor D
may possess an imaginary part whose absolute value is in excess of 4e. If € is small
enough, the real part of the leftmost points, where horizontal lines with |Sz| = 4e
intersect the circle with the diameter |AB| = 1, is O(e?). Hence, since |CD| < |AB|,
conclude that one of the endpoints of (CD), say C, must lie inside the open square
box {max(|Rz|, |Sz|) < 4e} around A, and D inside the same box translated by 1, so
that its center is now B.

This, once again, implies contradiction with the minimality of T'. Indeed, now if
€ is small enough, the edge (AB), whose length is 1, can be deleted in T and replaced
by a shorter edge (AC) or (BD), without violating connectivity or creating loops. As
in the proof of Lemma 3.1, the replacement will be (AC) if the unique path from A
to C in T incorporates (AB), and (BD) otherwise.

We have exhausted all the possibilities for the mutual alignment of a pair of edges
(AB) and (CD). Thus for two distinct edges e1,es € T, the open rhombi R, and
R., are disjoint. This completes the proof of the claim. O

4. Proof of Theorem 1.2.

4.1. Lemmata. The main tool to prove Theorem 1.2 is the Szemerédi—Trotter
incidence theorem. For any set P of points and any set £ of straight lines in a plane
let

I(P.L)Y={(pl) ePxL: pel}

be the set of incidences.
THEOREM 4.1 (Szemerédi and Trotter [17]). The mazimum number of incidences
in R? is bounded as follows:

(4.1) [1(P, L) < (IPIIL))F +[P] +|£].

As a result, if Py (or L) denotes the sets of points (or lines) incident to at least t > 1
lines (or points) of L (or P), then

I£* L]
|Pt| < t—3 + T,

PP [P
|£t| < t—3 + T

(4.2)

Let us note that the linear in |P|, |£| terms in the estimates (4.1), (4.2) are essentially
trivial and usually of no interest in the sense of being dominated by the nonlinear
ones, whenever these estimates are being used. This is also the case in this paper.
The Szemerédi—Trotter theorem is also true in full generality in the plane over C.
This was proved by Téth [19]. A more modern proof came out in a recent paper of
Zahl [20]. In a particular case, where the point set is a Cartesian product, Solymosi
[15, Lemma 1], observed that the proof of the C? version of the Szemerédi-Trotter
theorem is considerably more straightforward than dealing with arbitrary point sets
in C2. Although the geometric part of the forthcoming proof closely follows the
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construction in [15], the point sets to which we apply the theorem are not necessarily
Cartesian products, so strictly speaking, we are using here the general version of
the Szemerédi-Trotter theorem in C? of Téth and Zahl. The estimates (4.2) will be
further used in the C2 setting without additional comments.

One can easily develop a weighted version of the estimates of the Szemerédi—
Trotter theorem, quoted next (see Iosevich et al. [5]). Suppose that each line I € £
has been assigned a weight m(l) > 1. The number of weighted incidences i,,(P, L) is
obtained by summing over the set I(P, L), each pair (p,l) € I(P, L) being counted
m(l) times. Suppose that the total weight of all lines is W and the maximum weight
per line is p > 0.

THEOREM 4.2. The mazximum number of weighted incidences between a point set
P and a set of lines L, with the total weight W and mazimum weight per line u, is
bounded as follows:

(4.3) im(P, L) < 3 (|P|W)3 + pu|P| + W.

The second main ingredient for proving Theorem 1.2 comes from a purely additive-
combinatorial observation by Schoen and Shkredov [11, Lemma 3.1], which has re-
cently allowed for several incremental improvements towards a number of open ques-
tions in field combinatorics in [11], [12], [14].

This observation is the content of the following Lemma 4.3, the quoting of which
requires some notation also to be used in what follows. Through the rest of this
section A, B denote any sets in an Abelian group (G, +). In the context of the field
C, Lemma 4.3 will apply to the addition operation, so the notation E will stand for
the additive energy, rather that the multiplicative energy F., which has been used in
the proof of the sum-product estimate in Theorem 1.1.

For any d € A — A, set

(4.4) Ag={acA: a+de A}
The quantity
E(A,B)Z |{(a1,a2,b1,b2) €EAXxAxBxB: al—agzbl—b2}|

is referred to as the additive energy of A, B. By the Cauchy—Schwarz inequality,
rearranging the terms in the above definition of E(A, B), one has

(4.5) E(A,B)|A+ B| > |AP’|B|*.

Indeed, if d or z is, respectively, an element of A — B or A 4+ B, and n(d) or n(z) is
the number of its realizations as a difference or sum of a pair of elements from A x B,
ie.,

n(d) = |{(a,b) € Ax B: d=a—b}|,

the estimate (4.5) follows from the fact that

(4.6) E(AB)= Y n’d= Y n’(2).

deA—B r€A+B

The quantity E(A, A) = E(A) is referred to as the (additive) energy of A. Note that,
according to (4.4), n(d) = |Aq4| for d € A — A.
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We will also need the “cubic energy” of A, defined as follows:
(47) Eg(A) = |{(a1,...,a6) EAX---xXA: a1 —as :ag—a4:a5—a6}|.

This definition implies (see [12, Lemma 2]) that

(4.8) Es(A) = Y E(A Ay).
deA—A

To see this, let us write Vd € A — A all quadruples satisfying
(49) a1 — a3z = a2 — a4

with a1,a2 € A az,as € Ag. The list will contain » , ., , E(A, Ag) quadruples.
Any quadruple is repeated as many times as there are many different values of d with
as,ay € Ag. This number is the number of pairs (as, ag) with as,as € A and

(4.10) as — a3 = ag — a4.

But the number of collections (a1, ...,as) of elements from A satisfying both (4.9)
and (4.10) is just E3(A).

The following statement is part of Corollary 3 in [12]. Since the formulation we
use is slightly different from the original one and in an effort to make this paper
self-contained, we have chosen to include its proof as well.

LEMMA 4.3. Let A be a finite nonempty additive set. For any D' C A — A, one
has

AP (Saep 1Aal?)

deD’

Proof. To verify (4.11) observe that, by the inequality (4.5) applied to the sets
A, Ayq for a fixed d, we have

VIA— A4V E(A, Ag) > |Al|Adl.

Multiplying both sides by +/|A4| and summing over d € D’, then applying once again
the Cauchy—Schwarz inequality to the left-hand side, yields

\/Z AdllA— Ad |3 B4 A0 > A S Al

deD’ deD’ deD’

Squaring both sides and using (4.8) completes the proof of Lemma 4.3. O
COROLLARY 4.4. Let A be a finite nonempty additive set. For any D' C A — A,
one has

2
(4.12) E(A, A~ A)By(A) > |A]? (Z |Ad|%> .
deD’

Proof. The proof is based on an observation that [12] credits to Katz and Koester
(see [7]) that the left-hand side of (4.11) provides a lower bound for E(A, A — A).
Indeed, each d € A — A has |Ay| representations d = u — v with u € A,v € Ayq. The
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same d also has at least | A — Aq4| representations d = u —v with u,v € A— A. Indeed,
given d, for any v € Ay and a € A one can find u € A so that d = (u — a) — (v — a),
with |A — Ag4| distinct values for the second bracket. Hence, if n(d) is the number
of representations of d as an element of A — A and n/(d) is its representations as an
element of (A — A) — (A — A), then

E(A,A—A) = "n(dn/(d) > |Adl|A - Ag|.
d d
This, together with (4.11) completes the proof of Corollary 4.4. O
Remark 4.5. In the forthcoming main body of the proof of Theorem 1.2 we will
use the Szemerédi—Trotter theorem to yield upper bounds for the two energy terms
in the left-hand side of the estimate (4.12) for the additive point set P C C?, defined
in section 2 for the ratio and product set cases.

From now on, let the above D’ C A — A be a popular subset of the difference set
A — A, defined as follows:

(4.13) D = deA—A:Mﬂ>1Jﬂi—.
= 2]A— 4]

Then, since - pr)- [Aa| < 3147,

s A|2 % 1 |A|2 %
E Ayl® > L E Ayl > = Al2.
144 —(2|A—A|) | d'—4<|A—A|> 14

deD’ deD’

Substituting this into the statement of Corollary 4.4, let us formulate the result as
our final corollary, which summarizes the above-mentioned arithmetic component of
the argument.

COROLLARY 4.6. Let A be a finite nonempty additive set. Then

A

(4.14) Es(A)B(A, A= A) > o=

We conclude this preliminary section with a remark discussing some recent ap-
plications of Lemma 4.3 and its corollaries. The content of the remark is not used
directly in the main body of the proof of Theorem 1.2.

Remark 4.7. The estimate (4.14) enabled Schoen and Shkredov [12] to achieve
progress on the sum set of a convex set problem, see [3]. They proved that if
A= f([1,...,N]), where f is a strictly convex real-valued function, then |A — A| >

|A|5 log*% |A|, having improved the previously known exponent . The conjectured
exponent in the sum set of a convex set problem is 2, modulo a factor of log |A|. Li
[8]—see also his recent work with Roche-Newton [9]—pointed out that the approach
of [12] can be adapted to the sum-product problem, using a variant of the well-known
sum-product construction by Elekes [2]. This improves the exponent % obtained by
Elekes within his construction to 11, modulo a factor of log |A|. The same exponent
%, modulo a factor of log|A|, had been coincidentally obtained in Solymosi’s work
[16], as stated in (1.2) above. Also recently Jones and Roche-Newton [6] applied the
estimate (4.14) to improve the best known lower bound on the size of A(A+1) in the
real setting. (The latter paper also contains a new lower bound on |A(A 4 1)] in a

finite field setting, obtained via a different technique.)

4.2. The main body of the proof of Theorem 1.2. Recall the definition
of the point set P, as well as the quantities L, N in the end of section 2, relative to
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either the ratio or product set case. In either case, let us consider the vector sum
set of the set P C C? with some point set @ such that |Q| > |P|. (In what follows
we will set Q = —P or P — P.) Recall that the set P contains all points of A x A
supported on a popular set of lines through the origin L. To obtain the vector sums,
one translates the lines from L to each point of @), getting thereby some set £ of lines
with |£] < |L]|Q).

In both the ratio and product set cases, it can be assumed that

(4.15) L] > %N.

The estimate (4.15) is clear in the ratio set case, where N < |A4| < 2|L|.

As to the product set case |P| & |L|N, we will need the following lemma, which
will be used once more in the end of the proof of Theorem 1.2.

LEMMA 4.8. There exist L, N satisfying (2.2) and such that

[A—AP|A- A
(4.16) N« AP .
A variant of Lemma 4.8 can be found in the recent papers [9], [13] and represents
a slight generalization of the well-known approach to the sum-product problem due
to Elekes [2]. The proof of Lemma 4.8 is given in the final section of the paper.
The bound (4.16) for N and the fact that LN? is bounded from below by (2.2)
would yield under the assumption |L| < N that

|[A—A°]A- AP 2 Al
— > LN _—
AR T A A log 4]
Therefore,
13
A_AﬁA_A4 | |
| FlA-AR>

which is better than (1.4). Thus we assume the estimate (4.15) henceforth.

We return to analyzing the set of lines £. The Szemerédi—Trotter theorem enables
one to estimate |£| from below. We have the following estimate for the number of
incidences

(4.17) ILIQI < [1(Q, £)| < |£15]QIF + |£] + Q|-

Since it can be assumed that |L| is bigger than some absolute constant (as the target
estimates (1.4) are up to absolute constants), the term |Q| in (4.17) cannot domi-
nate the estimate. Nor can the term |£|, for otherwise |£| > |Q|>. This, since by
construction of £ one has |£] < |L||Q|, would imply |L| > |Q|, but in our setup
Q1> |P| > |L].

Thus it follows from (4.17) that

(4.18) £| > |LIZ|Q]z.

Let us call the number of points of ) on a particular line [ € £, the weight m(l) of [.
The total weight W of all lines in the collection £ is by construction equal to |L||Q].
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Let us now study the set P + Q). The vector sums in P 4 ) are obtained by the
parallelogram rule; hence we observe that P + @ is supported on the union of the
lines from £, as subsets of C2:

(4.19) rP+Qc |t

el

Our goal now is to obtain upper bounds, in terms of ¢ > 1, on the number of
elements of P+(@, whose number of realizationsasasump+q: p € P,q € () is at least
t. The same line [ € L can contribute to the same vector sumx =p+q € P+Q,q €,
at most min(N, m(l)) times. In view of this, we can lower the weights of lines which
are “too heavy”: whenever m(l) > N, let us redefine it as N. After this has been
done, W denoting the total weight of the lines in £, one has

(4.20) W < [L]|Q].

Also, we define

=,/
(4.21) m—\/;.

The Szemerédi-Trotter theorem, namely (4.2), tells one that the weight distribu-
tion over £ obeys the inverse cube law; i.e., for ¢ < N one has

2 2
(4.22) L] ={leL: m(l)Zt}|<<%+L?|<< |?—3|

as since N < 4/2|LIN < 24/|P| < 2,/|Q], the trivial term @ gets dominated by the
first term. It also follows from (4.22), via the standard dyadic summation in ¢, that

the total weight W (L;) supported on the lines from £; is bounded by

2
(4.23) W (L) < '%

(To see this one partitions £; into “dyadic subsets” of lines whose weights 7 < N are
. . 2 .
29t <7 < 271t for j > 0. It follows from (4.22) that W(L;) < 9=y 27 %+1)

Suppose, in view of (4.19), that some x € P + @ is incident to k& > 1 lines
li,..., 1 € L. We then have an inequality

(4.24) n(z) < m(x),

where

k

(4.25) n(@) ={(pa) € PxQ:z=p+q}, mx)=1Y m)
i=1

Observe now that if n(x) > N, then x € P + @ must be incident to more than
one line from L. Indeed, each line [ € £ may contribute at most IV to the quantity
Hence, let P(L) denote the set of all pairwise intersections of lines from £. We
can therefore bound the maximum number of points in P + @), whose number of
realizations n(x) is at least ¢ > N, in terms of ¢, by way of bounding the number of
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x € P(L), with m(z) > t. The latter bound will follow from Theorem 4.2 together
with the inverse cube weight distribution bounds (4.22), (4.23) over the set of lines L.
Namely, we have the following lemma, which also has its prototype in [5, Lemma 6].
LEMMA 4.9. Suppose that |Q| > |P|. Then for some absolute C and t : CN <
t<|Pl,
IL3|Q2
(4.26) Hxe P+Q: n(z) >t} < — s
Proof. Observe that for any point set P the number of weighted incidences

tm(P, L) of L with P can be bounded from above using dyadic decomposition of
L by weight in excess of m, as follows:

[logy N/m]

(4.27) in(P,L)< D im(P, Loim)-

Jj=0

Above, the notation L, corresponding to j = 0, stands for the subset of £ containing
all those lines whose weight does not exceed m, and

Loim={l€L: 27 'm<m(l) <2'm}, j>1

To estimate each individual term i, (P, Loj7) in the sum (4.27), one can use the
estimate (4.3) of Theorem 4.2. The quantity 2/m then replaces the maximum weight
win (4.3). The total weight W in (4.3) will be replaced by the total weight Wy, 7 of
the line set Lgj5. In view of (4.23), the quantity Ws; 5 is bounded as follows:

QP QL
(4.28) Waim < 5353 = ~oar
Thus
(4.29) im(P, Loim) < (290)3 (|P|Q||LI2"%)3 + 27m|P| + Was .

Using (4.28), it follows that in the summation (4.27), the term j = 0 dominates
the net contribution of the first and the third terms in the estimate (4.29) for j >
0. Conversely, the dominant value of the second term in (4.29) corresponds to the
maximum value N of the lines’ weight. Thus

im(P, L) < m3(|P|W)i + N|P|+ W
(4.30)
< |PI3|L|2|Q]s + N|P|+ |L||Q],

using (4.20).
Recall that in view of (4.24), for t > N we have the inclusion

(4.31) {reP+Q: n(x) >t} C(Pi={pePL): m(p) >t}).

Hence, we apply the incidence bound (4.30) to the point set Py, together with the
lower bound

(4.32) tPY < i (Pr, L).
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It follows that for t > C' N, where the constant C' is determined by the constants
hidden in the < symbol in the estimate (4.30), the second term on the right-hand side
of the estimate (4.30), applied to the set P;, cannot possibly dominate the estimate.
Thus, for t > CN > N, one has

L3013 |L
|L]Z]Q) +| IIQI.

4.
(4.33) [Py < 3 "

It follows that

(4.34) 7y < 1R 'Q| for CN < t < /IL]IQP.

For larger ¢, one has to be slightly more careful with the term ‘L‘JQ‘ in (4.33),
which, in fact, can be refined for

(4.35) t > 2| Llm = 2V/]QIL] < 23/TEIQP.

Note that the lines in £ come in |L| possible directions, and therefore no more
than |L| lines can be incident to a single point in P(£). Hence, lines from a dyadic set
Lyj.5 cannot contribute more than a small proportion to the total number of weighted
incidences supported on the sets P; if ¢ is much greater than |L| - (29m).

More precisely, suppose that ¢t = |L| - (2%m), i > 1. It follows that for such ¢ the
estimate (4.27) can be restated for the set P; as follows:

. llog, N/m]
(4.36) P < > im(Pr L)
j=i

Indeed, the total contribution of the dyadic sets Ly to the quantity m(z) for
@ € Py and j <iis at most 207 Ljm = 3.

We now repeat the argument estimating the right-hand side, which has led from
(4.27) to (4.30), having in mind that it is only the last term W in the first line of
(4.30) that needs to be changed. Namely, W should get replaced by the total weight
of the lines, contributing to the right-hand side of (4.36). These are the lines whose
individual weight is at least B LI Let W denote the total weight supported on
these lines. By (4.23) we can estimate

i

W2tL\ < 12

Thus for ¢ > 2|L|m the estimate (4.33) can be improved as follows:
LI1QI? | |QPILI”
t3 3

Since |Q| > |P| > |L|, the first term in (4.37) dominates the estimate, and in view of
(4.35), one has

(4.38) P < LLEIQE 'Q' for t > Y/IL]IQP.

The estimates (4.34) and (4.38) and the inclusion (4.31) now complete the proof of
Lemma 4.9. d

(4.37) |P| <« +
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All the key ingredients for finishing the proof of Theorem 1.2 have been developed.
We now use Lemma 4.9 to yield an upper bound for the left-hand side in the estimate
(4.14) of Corollary 4.6, applied to the additive set P.

Using Lemma 4.9 with @ = —P, we can bound the quantity E5(P) as follows:

log [A|
(4.39) Bs(P)= Y ni(x) < N?PP+[LIF[P]? D 1.
zEP—P j=0

Above, the first term deals with the set of all x € P — P, whose number of realizations
n(x) is less than the applicability threshold ¢ = C'N of Lemma 4.9, with some absolute
constant C. In other words,

Z n3(z) < N? Z n(z) < N?|PJ%
zeEP—P:n(z)<CN zEP—P

The second term in (4.39) results from applying Lemma 4.9 to the part of the
cubic energy supported on {x € P—P : CN < n(z) < |P|}, using dyadic summation.
Namely, for j > 0let X; = {z: 27CN < n(z) < 27"'CN < |P|}. Then

> n®(x) <Y 1XG - (PHON),
z€EP—P:CN<n(z)<|P| j=>0

and since X; is nonempty for j = O(log |A|) only, the bound (4.26) for |X;|, where
one sets t = 2/C'N, results in the second term in (4.39).

In both the ratio and product set cases, by (4.15), N2 < 4L? < 4,/|P||L}3. Thus
the second term dominates the estimate (4.39); that is,
(4.40) Es(P) < |L|%|P|3 log |Al.

Substituting the estimate (4.40) into (4.14) yields

liki

|LIZ|P — P|log |A|

(4.41) E(P,P—P)>

Now one can also use Lemma 4.9 with Q = P — P to estimate the quantity
E(P,P — P) from above. It follows from (4.26) that for any ¢ > C'N one has

L3P P}

(4.42) E(P,P - P) < |P||P - P|t + -

Above, the first term gives a trivial bound for the contribution to E(P, P — P) of all
those x € P+ P — P which have fewer than ¢ realizations n(z). The second term
uses (4.26) and bounds the contribution to E(P, P — P) of the terms with ¢ or more
realizations: this contribution is bounded by the dyadic sum

|L|?|P — P|?

> fzeP+P-P:nx)>2t}|(21)? < -

=0
Now we can choose
P PRI

N

t=C"
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where the constant C’ is large enough to ensure that ¢ > CN, the applicability
threshold of Lemma 4.9. Such a C’ exists, since [P — P| > |P| > [L| > &.
The above choice of ¢ in (4.42) yields

(4.43) E(P,P — P) < +/[P||P - P|7|L|%.
Combining this with (4.41) results in the following inequality:
TR |P[°
4.44 P — P|7|L|4 .
(.44 P-PRILE >

It remains to eliminate |L| from the latter estimate, relative to the ratio or the
product set case.

To obtain the first estimate of (1.4) as to the ratio set case, it suffices to note that
|P| > 3|A]%, |L| < |A: Al as well as [P — P| < |[A— A%

In the product set case, where |P| & |L|N, the estimate (4.44) becomes

(LN
VNlog|A|
The quantity LN? is bounded from below by (2.2), and Lemma 4.8 provides a

nontrivial upper bound (4.16) for N. Substituting these bounds into (4.45) yields
the second estimate of (1.4) and completes the proof of Theorem 1.2. O

(4.45) |A— A7 >

4.3. Proof of Lemma 4.8. A variant of Lemma 4.8 can be found in the recent
papers [9], [13] and represents a slight generalization of the well-known approach to
the sum-product problem due to Elekes [2]. For completeness sake, we further present
a simple proof. The notation in the forthcoming argument is somewhat independent
from the rest of the paper.

Consider a set A, not containing zero, and a set of lines £ = {y = dfT””}, where
d is an element of the difference set A — A and a € A. Clearly there are |A — A|| 4]
lines. Therefore, the number of points in a set P, where more than ¢ lines from L
intersect, is, by (4.2), bounded as follows:

M—AWM?HA—MMI
t3 t '

(4.46) 1P| <

Suppose now that
Li={le A: A n(l) >t}

For each ! € L; one has [ = Z—;, where the index i runs over n(l) distinct values. Given
l € Ly, for every a € A one has | = (a,_a# fori =1,...,n(l); i.e., the point in the
plane with coordinates (a,!) is incident to at least n(l) lines from L, these lines being
identified by the pairs (d; = a} — a,a;), with i =1,...,n(l).

Hence A x Ly C Py, and it follows from (4.46) that
[A-APlA] ]A- 4

t3 t

Let us use (4.47) to estimate the contribution of the set L; C A : A to the
multiplicative energy E.(A). For j = 0,1,..., with the upper bound 271t < |AJ, the
set of ratios {l € A: A, 29t < n(l) < 29+t < |A|} contributes to E,(A) at most
[A— AP|A]

27t

(4.47) IL| <

4] Lyt |(278)* < + A= A|(27).
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Summing the right-hand side over j yields a bound for the contribution of the set L
to the multiplicative energy E,.(A), as follows:

|A— AP|A]

A— A]2|A
> n2(1)<<w+|A—A||A| < -

leA:A t<n(l)<|A| t
Comparing this with the lower bound (2.1) for E,(A) shows that for some C one can
set

|A-A||A - A2

4.4 =
(4.48) 1=

and have the following inequality:

leA:A, n(l)<t

Thus, there exists a dyadic subset of {{ € A : A, n(l) < t}, namely the set

L={leA:A & <n(l) <N}, for some N < t, such that this set L contributes
lAL*

——L—. Since t satisfies

to the multiplicative energy E,(A) at least the amount m A

(4.48), this proves Lemma 4.8. O

Remark 4.10. The argument in the above proof of Lemma 4.8 is symmetric with
respect to the two field operations in C: by defining the set of lines as £ = {y = lx—a},
where (I,a) € (A : A)x A, one can get a similar upper bound on the maximum number
of realizations of popular differences (or sums, by a trivial modification) contributing
to the additive energy F(A), via the ratio or product set.

5. Acknowledgment. The second author thanks Oliver Roche-Newton for help-
ful discussions and remarks.
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