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Many students struggle with the use of mathematics in physics courses. Although typically well trained
in rote mathematical calculation, they often lack the ability to apply their acquired skills to physical
contexts. Such student difficulties are particularly apparent in undergraduate electrodynamics, which relies
heavily on the use of vector calculus. To gain insight into student reasoning when solving problems
involving divergence and curl, we conducted eight semistructured individual student interviews. During
these interviews, students discussed the divergence and curl of electromagnetic fields using graphical
representations, mathematical calculations, and the differential form of Maxwell’s equations. We observed
that while many students attempt to clarify the problem by making a sketch of the electromagnetic field,
they struggle to interpret graphical representations of vector fields in terms of divergence and curl. In
addition, some students confuse the characteristics of field line diagrams and field vector plots. By
interpreting our results within the conceptual blending framework, we show how a lack of conceptual
understanding of the vector operators and difficulties with graphical representations can account for an
improper understanding of Maxwell’s equations in differential form. Consequently, specific learning
materials based on a multiple representation approach are required to clarify Maxwell’s equations.
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I. INTRODUCTION

Undergraduate physics students are often expected to
already be proficient with requisite mathematical tools.
However, education research has shown that many students
struggle to apply their acquired mathematical skills in
physics contexts [1–11]. Consequently, the investigation of
how physics students use mathematics has been a promi-
nent topic in recent literature [12–25]. It is also well
established that students have difficulty coordinating infor-
mation drawn from texts, equations, symbols, graphs, and
figures when formulating a solution to a given problem.
Nevertheless, it has been argued that the use of multiple
representations can aid students in problem solving and
with learning concepts [26–34].
Our research project addresses student difficulties with

vector calculus before, during, and after an intermediate
undergraduate electrodynamics course. In previous explor-
atory studies, we used a pre- and post-test approach to

gauge student understanding of vector calculus in both
mathematics and electromagnetism contexts [1,3]. We
demonstrated that most students could adequately carry
out rote calculations, but lacked structural understanding of
vector operators, struggled with interpreting graphical
representations, and often failed to apply Maxwell’s equa-
tions in differential form correctly.
The qualitative study presented here extends this

research by investigating the reasoning processes used
by students when solving problems involving divergence
and curl of electromagnetic fields. Using a think-aloud
protocol, we conducted eight semistructured individual
interviews with students who had recently completed an
intermediate-level electrodynamics course. The overall
aims of this study are threefold: (i) to acquire insight into
student reasoning surrounding the use of vector operators
in electromagnetism; (ii) to identify specific cues that help
students develop an appreciation for the role of divergence
and curl in Maxwell’s equations; and (iii) to analyze and
interpret student interview responses within the cognitive
framework of conceptual blending.
In Sec. II, we describe the conceptual blending frame-

work and explain how it can be adapted to make sense of
the way students use mathematical knowledge in a physics
context. The methodology of the qualitative study is
discussed in Sec. III, including descriptions of the data
collection, interview protocol, and analysis procedure.
Three case studies are presented in Sec IV to demonstrate
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how the analysis procedure is applied in practice, and to
give some specific examples of student reasoning
employed during the interviews. The results of the study
and our observations are discussed in Sec. V, where we also
consider to what extent the conceptual blending framework
is suitable for interpreting the results. Sec. VI summarizes
our conclusions and potential implications for instruction.

II. THE CONCEPTUAL BLENDING FRAMEWORK

In the same way that we try to make sense of natural
phenomena through models in physics, it is useful to
organize findings in education research by using a cogni-
tive model. There are several frameworks that can be used
by researchers to gain insight into how students use
mathematics in physics. [17–25] These frameworks are
often not mutually exclusive and may even strongly over-
lap. Therefore, there is not a single best or most suitable
model to describe how students use vector calculus in
electrodynamics. In this paper, we look at the results from
student interviews through the lens of the conceptual
blending framework.
Conceptual blending, sometimes called mental space

integration, was introduced by Fauconnier and Turner to
model how people create new meaning in linguistic
contexts by selectively combining information garnered
from previous experiences [35–39]. A mental space is
comprised of conceptual packets or knowledge elements
that tend to be activated together, and has an organizing
frame that specifies the relationships among the elements
within the mental space. It has been suggested that from a
neurobiological perspective, mental spaces are built up and
interconnected in the working memory by activating
structures from the long-term memory, and can be modified
as thought and discourse unfold [37]. According to the
conceptual blending framework, two or more input mental
spaces that share content or structure can be combined into
a new, blended space. Since the elements and organizing
frames of the input spaces can be blended in a variety of
combinations, the projection is a selective one. This implies
that the construction of a blended space may strongly
depend on cues and context, and that not all elements of
each input space necessarily go into the blend.
Consequently, the blended space may partially inherit
the structure of the input spaces, but also has its own
emergent structure. The blending process does not only
construct new meaning in the blended space, but may also
affect the information in the input spaces.
In the context of physics education research, the con-

ceptual blending theory was first used by Bing and Redish
to describe relations between mathematics and physics
knowledge during problem solving [22]. Since then, the
framework has been applied in other physics contexts to
explain how students create new meaning by combining
separate mental spaces that share similar content or
structure [14,18,40–42]. The study conducted by Hu and

Rebello is closely related to our own research project: they
adapted the conceptual blending framework to make sense
of the ways in which students combine their knowledge
from calculus and physics to set up integrals [18].
According to Hu and Rebello, using mathematics in

physics requires the blending of mathematical ideas and
symbols with physical situations. They conducted and
analyzed group teaching and learning interviews, asking
students to calculate the total resistance of a cylindrical
wire with a varying resistivity. The conceptual blending
framework provided them with more insight into what
elements from the input spaces students perceive as
relevant and how new meaning is created. An example
of such a blend is shown in Fig. 1 [18].
In this paper, the conceptual blending framework is used

to gain insight into how students make sense of Maxwell’s
equations in differential form by combining knowledge
from electromagnetism and vector calculus. As will be seen
in Sec. V C, there is a direct analogy between the diagrams
presented by Hu and Rebello and the classification of
resources that students need to solve questions about
divergence and curl in electrodynamics. Therefore, the
chosen arrangement of the input mental spaces is copied
from the work of Hu and Rebello, although we share their
opinion that there may be other possible classifications.
Following their approach, we distinguish between the math
notion space, symbolic space, and physics space. The math
notion space comprises information and ideas related to
mathematical concepts, and so contains all the conceptual
ideas a student has about divergence and curl of a vector
field, including how these manifest in graphical represen-
tations. The symbolic space consists of symbols, notations,
and equations that are common to both electromagnetism
and vector calculus, including specific formulas for calcu-
lating divergence and curl, along with Maxwell’s equations
in differential form. The physics space is a collection of
relevant physical quantities, such as electric and magnetic
fields, charge densities, and currents. When students
encounter divergence and curl in an electromagnetic

FIG. 1. Example of a blending diagram from the analysis by Hu
and Rebello [18].
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context, they will selectively use information from these
input spaces to create new meaning about Maxwell’s
equations in differential form.

III. METHODOLOGY

A. Participants and data collection

The individual semistructured interviews were con-
ducted in November and December 2014, with eight
students majoring in physics or mathematics who had
successfully completed the electrodynamics course during
their second Bachelor year. The participants were only
aware of the subject of the interview, but not of the exact
purpose and were not asked to prepare in any way. Not all
of the students took the course in the same academic year or
at the same university campus. Consequently, the eight
interviewees were taught by four different instructors, all of
whom followed the textbook by Griffiths [43]. We did not
have access to their final grades, but it was clear from their
responses that both high and low achieving students took
part. Excerpts from three separate interviews (students A,
B, and C) are discussed in detail below. Any quote given
without reference to one of the aforementioned pseud-
onyms is a statement from one of the other five interview-
ees. The gender of each participant has been maintained.
Each interview lasted approximately one hour, during

which the participants were encouraged to “think aloud” as
they worked. The interviewer is the first author of the paper,
and was at that time not involved in the electrodynamics
course. The conversations were audio taped, and video
recordings were used to keep track of the drawings and
calculations produced by students as they explained their
reasoning. Written notes were also drawn up after each
interview.
Similar to our approach in the previous study [1], the

interviews were used to first identify students’ concept
images of the divergence and curl operators. A concept
image is a unique collection of all the mental pictures,
associated properties, and processes that are activated when
a person encounters a particular concept [44]. Each
participant was then asked to solve physics problems
involving the divergence and curl of electromagnetic fields,
using a variety of representations. When necessary, hints
were provided in order to facilitate discussion.

B. Interview protocol

Following a preliminary background discussion, each
interviewee was asked to give a conceptual description of
the divergence and curl operators, then solve several
problems that entailed identifying where the divergence
and curl of an electromagnetic field might be zero or
nonzero. The questions are listed below in the same
sequence as they were asked. Clarifications were provided
to students when necessary. Follow-up questions allowed

us to explore the reasoning process of each participant
more fully.
(1) Discuss “the divergence”: formulas, descriptions,

definitions, etc.
(2) Discuss where the divergence of the electric field is

zero and where it is nonzero in the following
situations:
(a) the electric field due to a charged infinite

insulating cylinder,
(b) the electric field due to a charged spherical shell,
(c) the electric field due to an electric dipole,
(d) the electric field due to a changing magnetic

field.
(3) Discuss “the curl”: formulas, descriptions, defini-

tions, etc.
(4) Discuss where the curl of the electric field due to an

electric dipole is zero and where it is nonzero.
(5) Discuss where the divergence or curl of the magnetic

field is zero and where it is nonzero in the following
situations:
(a) the magnetic field due to a thin infinite current

carrying plate,
(b) the magnetic field due to a charging parallel-

plate capacitor, if the current in the circuit is
assumed to be constant,

(c) the magnetic field due to a solenoid carrying a
constant current.

The qualitative nature of the interviews allowed us to
further explore the reasoning behind student responses to
questions discussed in previous studies. Questions 1 and 3
are extended versions of the first question on our written
pretest; the situations in questions 2, 4, and 5 are very
similar to those described in the last question on the written
post-test [1]. Pepper et al. asked a midterm exam question
that was analogous to question 2(b) [4].
Participants initially attempted to answer each question

completely, including all subparts [e.g., questions 2(a)–2(d)],
without any intervention from the interviewer. After students
had summarized their solution, or made clear they were
unsure of how to continue, participants were asked to verify
or revise their answers using one or more alternative solution
strategies involving different representations: performing an
algebraic calculation; interpreting a field vector plot; or
applying Maxwell’s equations in differential form. For
example, after the interviewees had given their initial
response to question 2(a), the interviewer showed students
a vector plot of the electric field due to the charged cylinder
[Fig. 2(a)] and then asked them to perform a calculation.
Hints were provided if a student was not acquainted with a
particular strategy, or got stuck at any point. If a student
struggled to interpret a particular field vector plot for
example, a simpler field was discussed, such as Fig. 2(b).
The interviewer then drew a square box at an arbitrary
location in the field, and explained how one can conclude
there is a source somewhere inside this box if the net flux is
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positive, i.e., more “comes out” than “goes in,” without
mentioning field lines. Since the size of the box is arbitrary,
the correct answer is that the divergence is nonzero every-
where.Afterwards, the intervieweewas asked to use the same
approach in an electromagnetic context. If a student encoun-
tered difficulties while performing a calculation, the inter-
viewer, for example, assisted by pointing out the importance
of symmetry in the problem. All necessary formulas,
includingMaxwell’s equations, were provided upon request.
Responses to questions 1 and 3 pertain primarily to a

student’s math notion space. Questions 2, 4, and 5 intend to
gain insight into elements from all mental spaces, including
the blended space. Asking students to interpret graphical
representations of vector fields can reveal information
about their math notion spaces, whereas their performance
on calculations can indicate the composition of the sym-
bolic space. In answering questions 2, 4, and 5, students
discuss multiple physics concepts included in the physics
space, such as charges, currents, and fields. We take a
student’s ability to interpret and apply Maxwell’s equations
in differential form as an indicator for how this information
has been blended.
During the interviews, we tried not to provide any verbal

or nonverbal hints about the correctness of a student’s
solutions. Feedback on the correctness of their responses
was provided only once the interview was over.
Afterwards, we reflected back on the interview together
with the student; their performance and the aim of the
research project were discussed informally. At this stage,
most students indicated that they had initially underesti-
mated the difficulty of the questions, but appreciated
having gained insight into Maxwell’s equations from the
experience.

C. Data analysis

Shortly after the interviews were conducted, the audio
tapes were transcribed. Relevant information from the
videos, such as students indicating something on a diagram

or references to formulas, was added as commentary in the
document. The drawings and calculations made by a
student, together with the written notes of the interviewer
were used as supplementary material during the analysis.
In our previous work we identified four different skills

and competencies students need to acquire concerning
vector calculus in electrodynamics: structural understand-
ing [19,45] of the vector operators; interpreting graphical
representations of vector fields in terms of divergence and
curl; calculating divergence and curl; and conceptual
understanding of Maxwell’s equations in differential form
[1]. Questions 1 and 3 are used to examine the students’
structural understanding of the vector operators; questions
2, 4, and 5 are geared towards providing insight into the
other skills.
To analyze the interviewees’ concept images of diver-

gence and curl, we applied the categorization scheme that
emerged from the written pretest data in our previous work
[1]. Students’interpretations of the expressions ∇ ·A and
∇ ×A were used as evidence for conceptual understanding
of the vector operators, in addition to their ability to recall
correct formulas and the vector or scalar character of
divergence and curl. Unlike our previous study, the inter-
views have allowed us to probe all of these elements in
depth, including aspects not initially volunteered by the
student. Additionally, the qualitative approach allowed us
to investigate to what extent students describe divergence
and curl as operators that provide local rather than global
information about vector fields.
Questions 2, 4, and 5 presented in Sec. III B can be

solved by interpreting a graphical representation, perform-
ing a calculation, or applying Maxwell’s equations in
differential form. We initially only used vector plots as
visual representations of the fields, but it became clear
during the interviews that many students spontaneously
draw field line diagrams instead. We therefore distinguish
between the two graphical representations in the analysis
below.
We first establish to what extent the interviewees were

able to correctly solve problems using the aforementioned
approaches. The coding scheme presented in Table I is used
to indicate whether a student gave a correct answer straight
away, needed some hints, or was not able to arrive at a
correct solution. If the student made an error or was unable

x

y

(a)

x

y

(b)

FIG. 2. Field vector plots that were shown to students during
the interview: (a) the electric field corresponding to the charged
cylinder of question 2(a); (b) a field used to explain to students
how they can decide whether the divergence is zero or not at a
certain location.

TABLE I. The coding scheme used to analyze the correctness
of student answers to the questions in Sec. III B.

Code Description

þ Correct without any help at all
−þ Incorrect at first but correct after explanation
− Incorrect without further hints, explanation, or revision
−− Incorrect after explanation
0 Mention the strategy without pursuing
◯ Initial idea of the student
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to progress, a simpler example was given followed by some
discussion. The student then attempted to solve the original
question a second time using this information. In the coding
scheme, the approach initially used by the student has been
circled; an encircled “0” indicates that a student mentioned
a particular strategy but did not follow up on it.
The coding scheme has been applied for each inter-

viewee to all the questions concerning the divergence and
curl of electromagnetic fields presented previously in
Sec. III B. These data are used to qualitatively discuss
the students’ ability to switch between approaches, without
reference to the correctness of their answers. The next
section provides specific examples of conclusions regard-
ing student understanding that can be drawn through the
application of this scheme.

IV. CASE STUDIES: PUTTING THE ANALYSIS
PROCEDURE INTO PRACTICE

To illustrate the coding scheme in practice, we present
excerpts from interviews with three representative students.
These examples provide context for our discussion of how
students blend information to make sense of Maxwell’s
equations in differential form, and indicate specific cues
that may help students improve their understanding. In
every case, students attempted each of the subquestions
individually before any interventions took place.

A. Student A

When solving the question about the charged cylinder
[2(a)], student A initially drew a field line diagram and
explained

“I would need to calculate the electric field and the
divergence of the field to get the exact result, but since
the divergence of the electric field equals the charge
density, it will be zero everywhere except for inside the
cylinder.”

Because student A produced a drawing and mentioned he
could perform a calculation, but used Gauss’s law to obtain
the correct answer, his response is coded as for the field line
and calculation approaches, and ; in the Maxwell’s
equations category. The coded answers to questions 2(b)–2
(d) are shown in Table II. Because of time constraints, not
every question was solved using every approach.
Table II shows that student A was capable of applying

multiple solution methods successfully, including a correct
use of Gauss’s law in differential form. This indicates that
selectively blending elements from different input mental
spaces presented no conceptual or technical difficulties for
this student. Throughout the interview, student A proved to
be an examplar for how we would like our students to think
about divergence and curl in electrodynamics.

B. Student B

Student B is a typical example of someone using a
number of approaches in an apparently ad hoc manner. He
initially sketched a field line diagram of a charged cylinder
[question 2(a)], as shown in Fig. 3, but had difficulty
interpreting it correctly.

“The divergence will be positive in this case, I think,
since it is a source with field lines coming out of it.”

After the interviewer made sure the student meant the
divergence is positive everywhere in the field, he added

“I’m not sure if it is positive everywhere, since I lack
intuition about this. I should probably calculate it to be
sure.”

However, when student B answered the other divergence
questions 2(b)–2(d), he used a different approach

“Maybe I can apply the theory about the divergence of the
electric field here… Like Maxwell’s formulas for exam-
ple… What I’m saying here seems a bit ridiculous.”

TABLE II. Analysis of responses given by student A regarding
the divergence of electric fields [questions 2(a)–2(d)].

Graphical

Question Field vector Field line Calculation Maxwell’s Eq.

2(a) þ
2(b)

2(c) þ
2(d)

FIG. 3. Student sketch of the electric field of a charged cylinder
[question 2(a)].
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In his first attempt at questions 2(a)–2(d), student B
identified all three solution strategies, as seen in
Table III. However, unlike student A, he could not get
started on a solution to any of the questions without
assistance.
The charged cylinder in question 2(a) was discussed in

further detail using a field vector plot of the electric field
provided by the interviewer [Fig. 2(a)]. However, even
after successfully discussing a few simpler examples [e.g.,
Fig. 2(b)], student B struggled to interpret this particular
graphical representation of the electric field due to a
charged cylinder. His focus appeared to be on the magni-
tude of the field rather than on the presence of a field source
or sink:

“I might have to compare the length of every arrow to
decide about the divergence. That means the divergence
will be zero inside the cylinder since all the arrows have
the same length, and nonzero outside the cylinder since
the length of the arrows increases toward the center.”

Student B was then asked to calculate the divergence of
this electric field explicitly. At first, he struggled to come up
with a correct expression for the field, then with applying
the appropriate formula for the divergence. After the
interviewer hinted at the cylindrical symmetry of the
situation, student B successfully calculated the divergence
of the electric field both inside and outside the charged
cylinder, and was surprised to find a result that was
different from his previous answer. When asked to verify
that his result was consistent with Gauss’s law, he first
turned to the integral forms but struggled to connect this
with the divergence of the field. When presented with the
differential form of Gauss’s law, he said

“Wait, is my calculation correct? […] So if the charge
density is zero, the divergence is zero… But there is a
charge in the center, then… I am confused.”

An in-depth discussion revealed that student B struggled
with the local character of Gauss’s law in differential form.
At this point, he seemed to think that the charge density
being nonzero inside the cylinder implied the field’s
divergence should be nonzero everywhere, including loca-
tions outside the cylinder. When this error was pointed out,
he replied that he had once again confused the integral and
differential form of Gauss’s law. Following this clarifica-
tion, student B then realized that the divergence of the
electric field is zero outside the cylinder because the charge
density is also zero there. In addition, he was now able to
use Gauss’s law to determine where the divergence of each
of the other electric fields 2(b)–2(d) was zero. This
development in students B’s reasoning is indicated by
the −þ signs in the last column of Table III. However, even
after this discussion the student still had difficulty under-
standing why his solution was consistent with the graphical

representations of the field, as indicated by the −− under
both graphical representation strategies.
It is valuable to highlight that student B arrived at

different results depending on which approach he used.
When confronted with his contradictory solutions, he
acknowledged that his initial responses must have been
based on incorrect ideas. In the conceptual blending
framework, this can be described as selecting incorrect
information from the input mental spaces to make sense of
Gauss’s law in differential form. While student B could not
identify any specific misunderstandings himself, discussing
the differential form of Gauss’s law cued an improved
understanding of its local nature and, consequently,
affected the blending process. When student B sub-
sequently correctly applied Gauss’s law to decide where
the divergence was zero in three other situations, he used
other elements from the input spaces to reorganize his
blended space. Nevertheless, despite multiple discussions,
his revised blend did not include a correct understanding of
how information about the divergence of a field can be
deduced from graphical representations. The incorrect and
commonly seen student notion of divergence as a measure
for how much field lines spread apart, or for how the
strength of the field changes with distance, proved to be
persistent and was not resolved.

C. Student C

In this last example we discuss how student C solved
questions 5(a)–5(c), which involve the curl of a magnetic
field. He did not draw a diagram in response to question
5(a), but immediately argued that the magnetic field due to
an infinite current carrying plate should be constant, similar
to the electric field of an infinite charged plate. Without
referencing Maxwell’s equations, student C then reasoned
that all derivatives of the field should be zero, and therefore
its curl must be zero as well. The charging capacitor and
current carrying solenoid questions [5(b)and 5(c)] cued a
different approach: in each case he started by drawing a
field line diagram and correctly applied Maxwell-Ampère’s
law in differential form to decide about the curl of the
magnetic field. While we have no evidence that unverbal-
ized ideas were not cued at all, it is remarkable that the
student used different approaches depending on the

TABLE III. Analysis of answers given by student B regarding
the divergence of electric fields [questions 2(a)–2(d)].

Question

Graphical

Calculation Maxwell’s Eq.Field vector Field line

2(a) −− −þ
2(b) −−
2(c)

2(d)
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problem presented to him. The corresponding coding can
be found in Table IV.
Initially student C did not give special attention to the

actual location of the current carrying plate. When showing
him a field vector plot of the situation, he realized the curl is
nonzero at the location of the plate using a paddle wheel
approach. He then confirmed this idea by taking a closer
look at Maxwell-Ampère’s law.
While student C correctly applied Maxwell-Ampère’s

law in other situations, he indicated that the field line
diagrams he had sketched caused him some confusion
because they seemed to contradict his conclusions:

“Maxwell’s formula is about the current density, but I
don’t think there is a current density outside of the wires.
However, my drawings seem to suggest that there is
some kind of curl.”

At this point, student C could not draw a connection
between the symbolic and graphical representations, and
was unsure as to which of his ideas were correct. To help
him, the interviewer suggested to calculate the curl of the
magnetic field due to a charging capacitor [question 5(b)],
both between the plates and at an arbitrary location outside
of the system. A fluent calculation made him realize that his
initial interpretation of Maxwell-Ampère’s law was correct,
and without further intervention he could identify how an
interpretation of a field vector plot would produce the same
result:

“This makes sense, if the changing electric field van-
ishes, the curl of the magnetic field should vanish as
well. However, the magnetic field itself is of course
nonzero. […] The drawing confused me at first, but now
I can see that a paddle wheel would not rotate here.”

He then explained that a paddle wheel would remain
stationary in a purely azimuthal 1=s field because the field
would “push” on either side with equal strength. While his
argumentation was not rigorous, student C had gained
insight into the determination of where the curl is non-
zero in a graphical representation of a vector field by
improving his understanding of Maxwell-Ampère’s law. In
the context of the conceptual blending framework, this
serves as an example of how a student can acquire a deeper

understanding of the elements in the input space by refining
the blending process.
Reasoning through these questions with some in-depth

guidance significantly enhanced this student’s ability to
switch between the differential form of Maxwell-Ampère’s
law, graphical representations, and calculations, and clari-
fied the physical meaning of vector operators in electro-
dynamics. It also shows how making the student aware of
contradicting responses can cue him to reconsider his
reasoning and thereby lead to an improved understanding.

V. RESULTS AND DISCUSSION

As mentioned in Sec. III B, all eight participants
answered three questions, comprised of multiple parts,
about divergence and curl of electric and magnetic fields.
This resulted in a total of 32 tables similar to the examples
discussed above. In this section, we discuss our observa-
tions and recurring student difficulties that became apparent
through our analysis of the interview data. The first
subsection contains information about the concept image
of the students (questions 1 and 3). The outcomes of the
analysis of the other questions are discussed in the second
subsection. In the last subsection, we explain to what extent
the conceptual blending framework is suitable to interpret
these results.

A. Concept image of the divergence and curl

When the interviewees were asked to discuss divergence
or curl, they typically first tried to write down a formula.
Almost every student was able to reproduce a correct
mathematical expression for both vector operators in
Cartesian coordinates, and concluded from these that both
operators are defined locally. However, the argumentation
to support this conclusion was typically rather weak or
incorrect, for example,

“The components in the formula will not be the same
everywhere in the field, so the divergence will change as
well… Does that make sense?”
“The divergence depends on the location, since it is
bigger where field lines are closer to each other.”

This indicates that while most students realize divergence
and curl are local operators, many of them may not fully
understand what this implies.
The divergence is formally defined as the limit of the net

flux across the closed boundary of a volume divided by that
volume, as the volume shrinks to zero. The magnitude of
the curl is defined as the limit of the circulation along the
boundary of an area divided by that area, as the area shrinks
to zero. However, in textbooks divergence is often intro-
duced by calculating the dot product of the Nabla operator
with a vector field, and the curl is presented as the cross
product of the Nabla operator with a vector field. These

TABLE IV. Analysis of answers given by student C regarding
the curl of magnetic fields [questions 5(a)–5(c)].

Question

Graphical

Calculation Maxwell’s Eq.Field vector Field line

5(a) −þ þ
5(b) þ
5(c) −
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operations result in the mathematical expressions for
divergence and curl in Cartesian coordinates.
Consequently, students generally treat these expressions
as the definitions for the vector operators, and make no
notice of the formal definition of divergence and curl.
Nevertheless, the formal definitions contain a lot of con-
ceptual information; for example, how the divergence at a
certain location in a vector field can be found by determin-
ing the flux through a shrinking box. In addition, the partial
derivatives in the expression in Cartesian coordinates may
support the idea that divergence is a measure for how the
magnitude of the field changes with distance. Therefore,
we argue it is valuable to discuss the distinction between
the formal definition and the mathematical expression
explicitly during instruction.
For the remainder of the interview students would often

talk about the divergence and the curl. This specific use of
wording, that can also be found in many textbooks, can
unintentionally contribute to the incorrect idea that these
vector operators have a single value that characterizes all of
the field. Therefore, it is an example of how one’s choice of
language can impact student thinking, and so it pays for
instructors to be conscious of this and to explicitly attend to
this particular misunderstanding. It may also help to omit
“the” where possible, as we tried to do in this manuscript.
We think it cannot be stressed enough that both divergence
and curl generally have different values at different
locations.
Most of the interviewees struggled when asked to

describe divergence in words. One participant confused
the divergence with the gradient, and therefore thought it
should be a vector quantity. While the others acknowledged
that the divergence is a scalar quantity, they found it
difficult to give an accurate description of the actual
concept. Some of the explanations contained ideas that
were mostly correct, such as the following:

“I remember from the course that this is a measure for
what is added or removed from the field at a certain
point.”
“The divergence is a scalar that measures how much the
field changes at a certain point, like derivatives usually
do. So in every point I will look how big the change is in
the x, y and z direction.”

Other students gave completely incorrect descriptions, for
example,

“This measures how strongly field lines spread apart.
When you have a charge that generates an electric field,
there will be a strong divergence since the field lines
spread apart as you go further from the charge. In a
homogeneous field you will have no divergence. So the
divergence is larger where field lines are closer to each
other.”

While the formula for the curl is rather involved
compared to the divergence, most students could reproduce
it with the help of a determinant. They also stated that the
curl is a vector quantity. All the interviewees gave similar
descriptions of the curl, e.g.,

“The curl is a measure for how much the field rotates
around a certain point.”

While this is not necessarily incorrect, we observed that
students often misunderstood the concept when applied in
an electromagnetic context. For example, one of the
participants made an indication on Fig. 2(a) and explained

“Here the curl is zero, because the vectors are in a
straight line. So when you follow the vectors they will
never make a turn. But if you look at an electric dipole,
the vectors will make a turn, and then there might be a
curl… however I’m not sure if that is correct.”

During the interviews, only a few students mentioned
Stokes’theorem or the divergence theorem. Since inves-
tigating students’understanding of these theorems was
beyond the research goals, we did not ask them to elaborate
about their statements. However, both are important the-
orems that are closely linked to the formal definition of the
vector operators, and it is therefore important to discuss it
during instruction. In addition, it may help students to
understand how to treat divergence and curl at singularities,
for example, at the location of point charges. While an
extended discussion on this subject is valuable, it is beyond
the scope of this paper.
The data show that many participants relied on vague

descriptions of divergence and curl that may or may not
contain correct information. These results are in agreement
with both the findings from the written pre- and post-tests
[1,3] and other studies that report on students’ under-
standing of vector operators [2,4,46,47]. This incomplete
conceptual understanding of divergence and curl seems to
be persistent, since all the interviewees had successfully
finished the second year course on electrodynamics. In
addition, the remainder of this section will show how
misinterpreting vector operators may result in a lack of
insight into Maxwell’s equations in differential form.

B. Divergence and curl of electromagnetic fields

In this section we discuss the main difficulties our
interviewees encountered when solving problems involving
divergence and curl of electromagnetic fields, using one or
more of the approaches discussed above. In addition, we
explain how certain cues can help students improve their
reasoning and understanding. We hope this information
will be valuable when designing specific learning materials
on vector calculus in electrodynamics.
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Before formulating an answer to questions 2, 4, and 5,
most of the interviewees sketched a field line diagram.
Every participant used this approach at least once during
the interview, but only student A did so successfully. The
other seven students often made inaccurate drawings and
found it difficult to explain their ideas. Typically they
would pay little or no attention to the local character of
divergence and curl, like student B in Sec. IV B. Another
participant initially sketched a field line diagram and had
similar difficulties when trying to interpret it:

“You can see that there certainly is a divergence, both
inside and outside the cylinder. The further you move to
the center of the cylinder, the higher the density of the
field lines becomes. Therefore, the divergence must be
nonzero.”

It appears that, just like student B, this student confused the
derivative of a function with its value. Instead of discussing
the change in number of field lines, he only commented on
the strength of the field. Many interviewees made similar
errors and ended up describing divergence as a measure for
spreading field lines and curl as a measure for bending field
lines. The following quotes illustrate how these ideas
resulted in incorrect statements about the divergence and
curl of an electric dipole field [questions 2(c) and 4]. In
these cases, students commented on a sketch they made,
similar to the one in Fig. 4(a),

“Oh well… I think it should be something like this. You
can see that when you are closer to the poles, the field
lines are denser. And here they are further from each
other… Or my drawing is inaccurate… So I think the
divergence will not be equal to zero.”
“The curl will be zero where the charges are, but I’m not
sure about the rest of the field. I would probably say that
where the field lines bend, the curl would be nonzero.”

In general, students struggled with similar issues when
trying to make sense of field vector plots, e.g.,

“When the vector arrows all point in the same direction,
there is not much of a curl I would say. However, if the
direction of the field changes, the curl must be quite
strong.”

The divergence and curl as measures for the spreading
and curvature of a field, respectively, were the most
prevalent sources of mistakes when interpreting graphical
representations.
It was rather surprising that the interviewees sketched

field line diagrams so often, since most instructional
materials use field vector plots when graphical examples
are provided. However, some students drew arrows that
were neither field lines nor field vectors and made incorrect
conclusions based on these representations; one such
sketch is shown in Fig. 4(b). This may indicate that
students are not aware of the differences between field
lines and field vectors and do not fully appreciate the
strengths and weaknesses of both representations, as
suggested in earlier studies [42,48,49]. However, during
the interviews it was difficult to deduce whether students
were confused by the difference between field vector plots
and field line diagrams or if they simply had problems to
decide about divergence and curl in both representations.
Therefore, we plan to investigate to what extent students
can switch from field line diagrams to field vector plots and
vice versa, and how they determine where the divergence
and curl are nonzero in both representations.
Since making a sketch of the situation is an important

heuristic in physics problem solving, it is not surprising that
students strongly rely on diagrams and drawings.
Nevertheless, it is remarkable that the interviewees made
drawings despite their difficulties with interpreting graphi-
cal representations. Consequently, we want to encourage
the use of graphical representations when teaching about
vector calculus in electrodynamics, in agreement with the
conclusions from other studies [1,2,4,46,50].
As expected, the participants were adequately skilled in

doing calculations with the vector operators. However, all
interviewees except student A had difficulties setting up an
equation for the field when attempting to calculate diver-
gence or curl. These problems were mostly related to the
correct use of the symmetry of the situation. Some students
confused spherical and cylindrical symmetry, causing
uncertainty about the distance dependence of the discussed
electromagnetic fields. In addition, they were unsure which
“formula” for div and curl should be used. Nevertheless,
after some help, all students were able to calculate the
divergence and curl of the electromagnetic fields given.
In general, the interviewees did not remember Maxwell’s

equations in differential form by heart, so all four laws were
eventually provided. Many of the interviewees struggled
when asked to interpret these equations. Mistakes were
often due to an incorrect interpretation of the locality of the
laws, despite all students saying that divergence and curl

field of a dipole [question 2(c) and 4].
(a) Student sketch of the electric (b) Inaccurate student sketch of

the electric field of a charged
cylinder [question 2(a)].

FIG. 4. Examples of student drawings of electric fields.
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are defined locally. Some of these incorrect ideas are
possibly caused by confusing the integral and differential
forms of Maxwell’s equations. Such issues were already
pointed out in Sec. IV B, when discussing how student B
made sense of Gauss’s law. Another illustration of such a
problem was observed when student C explained that he
prefers the integral form of Maxwell’s equations:

“Personally, I think it is easier to look at an area and
see that it changes. […] The differential form is local
and then it is possible that it cancels out at some other
points and so on, or at least that is my intuition about it.
If you consider the complete region at once, you don’t
risk forgetting something.”

Clearly, student C also struggled with an incorrect idea
related to the local character of Maxwell’s equations in
differential form. He appeared to assume that while the
divergence can have different values in different spatial
locations, there should still be some influence from the field
in other locations as well. As discussed in Sec. IV C, he had
similar issues when tackling questions about the curl of a
magnetic field. Such problems with Maxwell-Ampère’s
law were rather prevalent, as another participant also
incorrectly concluded that the curl of a magnetic field
should be nonzero everywhere if there is a current density
somewhere:

“The curl will be nonzero everywhere here, since the
current density J is constant and not zero here (points at
the location of the current carrying plate), and there is
no changing electric field. So the curl of the magnetic
field must be nonzero.”

These are just a few examples of many interview excerpts
that show how students improperly use the differential form
of Maxwell’s equations by making an error related to the
locality of divergence or curl. Often students realized that
the right-hand side of the equations (e.g., ∇ × B ¼
μ0J þ μ0ϵ0∂E=∂t) is local, but they do not treat the left-
hand side as local. Therefore, they often conclude that the
divergence or curl is nonzero everywhere if there is a
nonzero charge density or current density somewhere. Even
when students explicitly stated that the magnitude of
divergence and curl depends on the location, they still
had some problems concerning the local character of
Maxwell’s equations in differential form.
During the interviews, participants often answered ques-

tions differently depending on the approach they used. For
example, student B was able to calculate the divergence of
the electric field due to a charged insulating cylinder and
understood how this was in agreement with Gauss’s law,
but he did not see the link with graphical representations
of the vector field. Similarly, another participant could
find some correct answers after a couple of hints about

Maxwell-Ampère’s law, but had difficulties explaining
these solutions when a field vector plot was presented to
him. One of the most disturbing observations was that
students not only have difficulties interpreting graphical
representations, but sometimes prefer their invalid reason-
ing above an interpretation of Maxwell’s equations or their
calculations:

“If you look at the figure, it seems evident that there is a
divergence, so I rather think that there is something
wrong with the use of the formula than with my
interpretation of the sketched figure.”

This is remarkable, since most of the participants seemed to
be more confident performing a calculation. However, after
recalculating and revising their reasoning, most of the
interviewees realized their initial interpretation of a field
line diagram or field vector plot was incorrect. In about
50% of the cases, they were able to correct their initial
answer and could successfully explain how the graphical
representations made sense given their responses based on
the other approaches, like student C in Sec. IV C. This
indicates that working with multiple representations can
cue an improved understanding of Maxwell’s equations in
differential form.
Students often benefited from situations where the

interviewer showed them how different responses contra-
dicted, certainly when they were able to revise their
reasoning.While certainly not all the interviewees managed
to eventually find correct answers, all of them indicated
gaining a lot of insight into Maxwell’s equations after the
interview. Since the most persistent difficulties are linked to
interpreting graphical representations, these should be
included in instruction on divergence and curl in electro-
dynamics. It is also of great importance to teach students
how to switch from one representation to another. In our
opinion this is key in understanding Maxwell’s equations in
differential form.

C. Interpretation of results using
the conceptual blending framework

Using the results in the previous sections and the case
studies in Sec. IV, we now model some of the identified
problems with the help of the cognitive framework of
conceptual blending. As explained in Sec. II, this frame-
work describes how one selectively blends elements from
input mental spaces to create new meaning. Interpreting
our results within the conceptual blending framework helps
us to gain insight into the causes of student difficulties and
can therefore be valuable when developing specific learn-
ing materials that aim to clarify Maxwell’s equations in
differential form.
In Sec. IVA we pointed out that student A showed a

good understanding of the vector operators and performed a
flawless calculation of the divergence. In addition, he
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demonstrated a high degree of acquaintance with physical
concepts and quantities. Consequently, the information in
his math notion space, symbolic space, and physics space
was both complete and correct. The blending diagram in
Fig. 5(a) shows how he used certain elements of these input
spaces to blend a new space containing a local version of
Gauss’s law: the divergence of the electric field is nonzero
at a certain location if and only if the charge density is
nonzero at this location. To emphasize that a student might
gain reciprocal insight into the input spaces, the arrows in
the blending diagram are bidirectional.
Most interviewees showed a very satisfying familiarity

with the physical concepts throughout the interview and
performed calculations with the vector operators fairly
well. Therefore, the information in the symbolic and
physics space was very similar for all participants.
However, as discussed before, some students think of
divergence as a measure of spreading field lines, which
is generally incorrect. Such ideas also showed up during the
interview with student B, an excerpt of which was
discussed in Sec. IV B. In a blending diagram, this is
presented as selecting incorrect information from the math

notion space and mapping it into the structure of the
symbolic space. The blending diagram that represents how
student B initially made sense of Gauss’s law in differential
form is shown in Fig. 5(a). Since student B’s math notion
space contained elements different from that of student A,
the blended space in Fig. 5(b) differs from the one in
Fig. 5(a). More precisely, student B interpreted Gauss’s law
as follows: if there is a charge distribution somewhere in
space, the divergence should be nonzero everywhere since
the field “spreads out.”
The diagram in in Fig. 5(b) helps us to understand how

students may misinterpret Gauss’s law in differential form
when lacking a good understanding of the concept diver-
gence, including a notion of how divergence is represented
in field line diagrams and field vector plots. Analogous
mistakes, and thus blending diagrams, appear in the case of
Maxwell-Ampère’s law. When magnetic field lines circle
around a current carrying wire for example, students often
think the curl should be nonzero everywhere since the field
is generated by a current density. Such an example was
already discussed in Sec. IV C. However, after a conversa-
tion with the interviewer, student C revised the information
in the blended space and improved his understanding of both
curl and Maxwell-Ampère’s law. This indicates that stu-
dents’ blending processes can partly be guided, which is in
line with the idea that blending depends on certain cues and
contexts. Therefore, instruction on vector calculus should
include the interpretation of the vector operators in graphical
representations of vector fields. In addition, it shows how
students can benefit from an increased focus on the relation
between field line diagrams, field vector plots, calculations,
and the differential form of Maxwell’s equations.
The distinction between single-scope blends and double-

scope blends is often made in the literature [18,22,36,42].
Single-scope blends import elements from one or more
input spaces into the organizing frame of another, for
example, when a student maps physical quantities to an
existing mathematical equation. On the other hand, double-
scope blending involves an integration of organizing
frames of input spaces. In the latter case a student would
not only use mathematical expressions to map the physical
quantities, but would also describe the physical context
using a mathematical relation. During the interviews, most
of the students, if not all, seemed to use single-scope
blends. A clear example of such one-way mapping was
shown in student B’s blending diagram: he projected the
information from the math notion space into the structure of
the symbolic space. As Bing and Redish stated, single-
scope blends may be typical for mathematically dominated
topics, and are not more or less appropriate than double-
scoped blends [22]. Nevertheless, a double-scope blend is
often related to a deeper understanding of the link between
mathematics and physics.
As discussed in the previous paragraphs, the conceptual

blending framework is helpful to describe how students use

(a)

(b)

FIG. 5. Examples of blends concerning the understanding of
the divergence of an electric field.
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divergence and curl in electrodynamics. We explained how
the discrepancy in the math notion space of student B
caused him to initially misinterpret Gauss’s law in differ-
ential form. After a second try, however, student B did
come up with a satisfying interpretation of Gauss’s law in
differential form. Nevertheless, as explained in Sec. IV B,
he could not link it to the graphical representations of the
electric fields. This indicates that the presence of correct
elements in the blended space does not necessarily imply a
deep understanding of these concepts, since not all the
relevant information in the input spaces may have been
selected during the blending process. On the other hand,
complete and correct information in the input spaces does
not automatically result in the intended new meaning after
blending. There were multiple participants who gave
reasonably accurate descriptions of divergence and curl,
but used a very contradictory approach when applying the
vector operators in a physics context. This shows that
student difficulties may often not be due to a lack of prior
knowledge, but may stem from improperly blending the
knowledge of mathematics with the symbolic expressions
and physics context. Even if all pieces are present, students
still need time and resources to finish the jigsaw. In other
words, the dynamics of the blending process itself should
not be underestimated, as they are not entirely understood
yet. In addition, the importance of the learning context in
which blending occurs remains uncertain. While this is not
denied in literature about the conceptual blending frame-
work [18,22,35,36,38], it might be undervalued when
applied to physics problem-solving contexts.
Another element that can partly account for students

misinterpreting the locality of the differential form of
Maxwell’s equations has to do with confusing the integral
and differential forms of the laws. In the previous sections,
we already discussed in detail how students struggle to
make a clear distinction between the two forms. While
some participants’ reasoning was influenced by the differ-
ence between the integral and differential form, it is unclear
in which input space this information should be included
when interpreting results in the conceptual blending frame-
work. Possibly, these misunderstandings stem from incor-
rect connections between resources from various mental
spaces, but further research is needed to interpret this in the
conceptual blending framework.
In conclusion, we believe it is valuable to use the

cognitive framework of conceptual blending to describe
students’ reasoning about divergence and curl of electro-
magnetic fields, but are aware that certain limitations of the
framework may cause student difficulties to be oversim-
plified or misinterpreted.

VI. CONCLUSIONS AND IMPLICATIONS

We have presented and discussed the results obtained by
conducting semi-structured student interviews about the
use of vector operators in electrodynamics. We have shown

that most of the interviewees could write down correct
formulas for divergence and curl and realized that both
operators are defined locally. However, they lacked con-
ceptual understanding, did not distinguish between the
mathematical expressions and the formal definitions of the
vector operators and encountered difficulties when these
concepts had to be applied in an electrodynamic context.
During the interviews, students were asked to discuss the

divergence and curl of several electromagnetic fields. Most
students initially sketched diagrams of vector fields rather
than performing a calculation or applying Maxwell’s
equations in differential form. However, students’sketches
were often incomplete or, drawn without great care, and
contained elements from both field line and field vector
diagrams, which made it hard for them to decide where
divergence and curl are nonzero. In addition, many students
struggled to interpret graphical representations because
they described divergence as a quantity related to the
spreading of field lines, and curl as a measure of how
much field lines bend. Whether these problems are caused
by misunderstanding the characteristics of field vector plots
and field line diagrams or rather the interpretation of
divergence and curl in graphical representations is a subject
for further research.
While the interpretation of graphical representation was

a relatively difficult task for the interviewees, they were
generally well trained in performing calculations with the
vector operators. Nevertheless, some participants struggled
to use the symmetry of the physics context in the questions
correctly. When the interviewees applied the differential
form of Maxwell’s equations to make decisions about
divergence and curl, they often made mistakes related to the
locality of the laws. This shows that students encounter
difficulties with the use of divergence and curl in electro-
dynamics, regardless of which approach is used. Therefore,
it is valuable to discuss all three approaches when teaching
about the use of vector calculus in an electromagnetic
context.
Frequently, students would obtain different answers

depending on which approach they used and had difficul-
ties deciding which solution was correct. Even after a
correct calculation or an appropriate use of Maxwell’s
equations, for example, the interviewees were not easily
convinced that their contradicting solutions obtained by
misinterpreting graphical representations were incorrect. In
addition, they would give more credence to their intuitive
ideas than to results based on mathematical principles.
Confronting students with these contradictory responses
often cued an improved reasoning and understanding of
Maxwell’s equations in differential form. Therefore, more
focus should be put on teaching students how to switch
between representations.
Using the conceptual blending framework, we showed

how lack of conceptual understanding of the vector
operators and misinterpreting graphical representations
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can cause students to misunderstand Maxwell’s equations.
However, we also pointed out that the blending process
itself and additional factors that are difficult to include in
the input spaces can have an important influence in the way
students think about Maxwell’s equations in differential
form. This shows that one should be careful not to over-
simplify the cognitive processes involved in creating new
meaning when applying the conceptual blending frame-
work. Nevertheless, describing students’ use of divergence
and curl in an electromagnetic context with the conceptual
blending framework may help instructors to understand
student difficulties in this topic.
Based on these findings, we are designing, implement-

ing, and evaluating learning materials that clarify the use of
divergence and curl in electromagnetism. While some
available works contain valuable ideas and are excellent
choices to use during instruction on vector calculus in
electrodynamics [51–53], we opt for a guided-inquiry
approach that comprises of worksheets which explicitly

tackle the difficulties that were identified in our research
project. More specifically, we focus on the conceptual
meaning of divergence and curl and use a multiple repre-
sentation approach to explain Maxwell’s equations in differ-
ential form. Graphical representations are a vital ingredient
in these tutorials, since students heavily rely on vector
field visualizations. Learning about the relations between
graphical representations, straightforward calculations and
Maxwell’s equations may equip students to blend their
acquired understanding into an unambiguous story retelling
the divergence and curl of electromagnetic fields.
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