View metadata, citation and similar papers at core.ac.uk T

brought to you by .. CORE

provided by Yamagata University Academic Repository

Hardy-type inequalities for the generalized
Mehler transform

#o o m

(SOREE BIWRZRI AR T2A5R)

e H R

(IR B AR se Rt 500 o )

HIE RS (AR 4517 855 4 55k
PR 25 4F(2013) 2 H


https://core.ac.uk/display/72859632?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Bull. of Yamagata Univ., Nat Sci.,, Vol.17, No4, Feb. 2013

Hardy-type inequalities for the generalized
Mehler transform

Yuichi KANJIN and Kunio SATO

Abstract

We establish Hardy-type inequalities for the generalized Mehler
transform on the real Hardy space H?,0 <p < 1.

1. Introduction and Results

Let 0 < p < 1 and HP(R) be the real Hardy space, that is, the space of the bound-
ary distributions f(xz) = RF(z) of the real parts RF(z) of functions F(z) in the
Hardy space HP(R?%) = {F(z); analytic inR? and 1E N pre 2y = sup,o ([ 7 |F(z+
it)[Pdx)Y/P < 0o} on the upper half plane R2 = {z = x +it; t > 0}, with the norm
[fllz> = [[F'l o (w2 )- Then, the Fourier transform f of f € HP(R) is a continuous
function and satisfies the inequality

| 1i©Pir2de < 1
which is well-known as Hardy’s inequality for HP(R) (cf. [7, Corollary 7.23|, [21,
p.128] ).

The aim of this paper is to establish an analogue of this inequality for the gen-
eralized Mehler transform.

The generalized Mehler transform is defined as follows. Let m be a real number
such that m < 1/2, and define

K™ (2,y) = ki (2)(sinhy) 2 P 5 5, (coshy),

where

0 (i) = | P2,

and P , ;. (2) is the Legendre function of order m and degree —1/2 + iz, which
is given by using the hypergeometric function as follows:

1 241\
P orin(2) = T m) (z — 1) F(1/2 —iz,1/2+ix;1 —m;1/2 — 2/2).
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The following transforms
g"(fi) = | H@)K"(wp)do.
0

H™ (g5 x) = /Ooog(y)Km(m,y) dy.

are called the generalized Mehler transform. We remark that if f,g € L'[0,0),
then the values G™(f;y), H™(g;x) exist for every x,y > 0 since |[K™(x,y)| <
C,z >0,y > 0,m < 1/2 (cf. [20]). Let us call G™ and H™ the G-type transform
of order m and the H-type transform of order m, respectively. It is known that

K'Y2(z,y) = \/2/mcoszy and K~/2(x,y) = \/2/msinzy. Thus the H-type and
G-type transforms of order 1/2 are the cosine transform and, those transforms of
order —1/2 are the sine transform. The above classical Hardy inequality leads to
the following inequalities

|Gy < ey

/0 HEV2(f, )Py~ dy < C|| 1|,

where f € HP(R) with supp f C [0,00) and 0 < p < 1.
In this paper, we shall investigate Hardy-type inequalities for the G-type and
H-type transforms of arbitrary order m < 1/2 on the space

HP[0,00) ={ f € HP(R) :supp f C [0,00) }, 0<p<l1,
and obtain the following:

Theorem 1. (i) Let —m+1/2 >0 and 0 < p < 1. Then, there exists a constant
C' such that

/ G (fi) Py dy < Cllfllmsioney,  f € HP[0,00).
1

(ii) Let —m+1/2 >0 and 0 < p < 1. Suppose that [1/p| < [-m + 1/2]. Then,
there there exists a constant C' such that

1
/0 G (fi ) PyP > dy < Cllflisioney,  f € HP[0,00).

Theorem 2. (i) Let —m +1/2 > 0 and 0 < p < 1. Suppose that 1/p — 1 <
—m + 1/2. Then, there exists a constant C such that

| 1 gorar 2 de < Clalumios: 9 € H0,0).
1

If —-m+1/2 =1,2,3,..., then the above inequality holds for every p with 0 <
p<1l

(ii) Let —m +1/2 > 0 and 1/2 < p < 1. Suppose that 1/p —1 < —m + 1/2.
Then, there there exists a constant C' such that

1
/ H™ (g 0)PaP 2 d < Cllgllimpomeys 9 € HP[0, 00).
0



Hardy-type inequalities for the generalized Mehler transform

Collorary 1. Let 1/2 < p < 1 and —-m + 1/2 = 1,2,3,.... Then, there exist
constants C' such that

/ G (F )Py 2 dy < Cllflmsiomeys | € HP[0,00),
0

and
/ H™ (g;2)Pa? dy < Clgllmroneys 9 € HP[0,00).
0

There are several results related to Hardy’s inequality. A Hardy-type inequality
for the Hankel transform is in [11], and the inequalities for Hermite and Laguerre
expansions are in [10] and [12]. Hardy’s inequality associated with the n — 1 di-
mensional unit sphere in R™,n > 3 is in [4], and the ones for higher-dimensional
Hermite and special Hermite expansions are in [18]. Some other inequalities of
Hardy-type will be found in Colzani and Travaglini [5], Thangavelu [22], Betancor
and Rodriguez-Mesa [2], Guadalupe and Kolyada [8], Kanjin and Sato [13], Sato
[19], Balasubramanian and Radha [1].

We give some facts about the generalized Mehler transform. The usual general-
ized Meheler transform pair is the following:

o) = [ @P sy 0)da,
f(z) =7 tzsinh7z T(1/2 — m +iz)T(1/2 — m — ix)

[ P
Conditions for the inversion of this pair will be found, for example, in [15]. Accord-
ing to [20], we reformulate this pair. We note that
k2 (z) = 7 'wsinhwa T(1/2 — m + iz)['(1/2 — m — ix),

and then we have
g(coshy)(sinhy)t/2 = /
0

f(x)

Rewriting g(coshy)(sinhy)'/? and f(x)/k.(x) with g(y) and f(z), again, we have
H-type and G-type transforms.

The generalized Mehler transform is a special case of the Jacobi transform. We
follow the notations of Koornwinder [14]. Let QSE\O"B )(t) be the Jacobi functions:

f(?;z K™(x,y) dx,

km (2)

= / g(coshy)(sinhy)' /2 K™ (x,y) dy.
0

P () = F((a+B+1—iN)/2, (a4 B+1+i))/2;a + 1;sinh? ).

Put
Bas(t) = (25812 2 cosh 2551

The Jacobi transform of a function f is defined by

HOE /0 h FO) (1) Ag 5 (t) dt.

Let G be a connected noncompact semisimple Lie group with finite center, and
fix a maximal compact subgroup K. Associated to G there are constants p,q =

3
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0,1,2,... determined by the geometry of the symmetric space G/K such that
n=dim(G/K)=p+q+1. Let
p+q—1 n-—-2
o = =
2 2

that is,
p=2(a—p), ¢q=28+1, n=2a+2.

Then the Jacobi functions qﬁg\a’ﬁ ) (t) and the Jacobi transform appear as the spherical
functions and the spherical transform on G/K. The Plancherel theorem for the
Jacobi transform is as follows:

| @raas = 5 [T IR0
ifa>—1and a+f+12>0. Here,
() = 207 A0 (e + 1)L (3N)
(A +p)/2)T((IA+a—B+1)/2)

There are relations between the generalized Mehler transform and the Jacobi trans-
form. Let

p=a+p+1.

a=f=—m, x=N2, y=2t.
Then we have the following.
A, p(t) = (2sinhy)2mH
(1) = 27" (—m + 1) (sinh y)™ P™ .1, (coshy),
27D (—m + 1)

foy = ), ey = 27" (sinhy) "2 f(y/2),
eI = ok @)

In this case, the Plancherel theorem is as follows: If m < 1/2, then

/0 ()P dy = /O H™(gi2) 2z, g € L2((0,00), dy),
and

/ @) dy = / Tl (Fy) Py, f € L2((0,00), da).

0
A main tool for the proof of the theorems is the atomic decomposition charac-
terization of the real Hardy spaces. Let 0 < p < 1 and

N =[1/p] -1

where the notation [x] means that the greatest integer not exceeding z. An HP
atom is a real valued function a(z) on R so that (i) a(z) is supported in an in-
terval [c,c + R, (i) |a(z)] < h™YP ae. =, and (iii) [pa(z)z¥dz = 0 for all
k = 0,1,2,--- ,N. The elements f € HP[0,00) are characterized as follows:

f € HP(R) and suppf C [0,00) if and only if f = Z;‘io Aja;, where every a;
is an H? atom with suppa; C [0,00) and > 7% |A;[P < oo. Moreover, the norm
[ £1l z77[0,00) 18 equivalent to inf (377 |A; |P)1/P_ the infimum being taken over all such
decompositions, and the series Z;io Ajaj converges in HP norm, consequently, also
in the sense of tempered distributions. For this characterization, we refer to [17].

4
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The case p = 1 is in [7, IIL.7]. Related results are in [21, II1.5.22], [3], [6], [9] and
[16].

Because of the above characterization, we will be able to deduce the theorems
from estimation of higher derivatives of the kernel K™ (z,y). The estimation will
be stated in the following section, and the proof of the theorems will be give in the
section 4.

2. MAIN ESTIMATES

For the proof of the theorems, we need to know about asymptotic behavior of
the higher order derivatives 0/ K™ (z,y)/0x7 and &7 K™ (x,y)/0y’, 7 = 0,1,2,...
in variables x and y. Schindler [20] has obtained precise asymptotic formulas of
K™(z,y) and the first order derivatives 0K (x,y)/0x and K™ (x,y)/dy. These
formulas are enough to obtain our theorems in the case p = 1. We would like to
consider Hardy-type inequalities for all p with 0 < p < 1. This forces us to estimate
the higher order derivatives. Our main estimates are the following Lemma 1 and
Lemma 2 in which the letter C' means positive constants independent of x and y
not necessarily the same at each occurrence.

Lemma 1. Let —m + 1/2 > 0, and put M = [-m + 1/2]. Then the following
inequalities hold:
For0<ax<1l,0<y<1:

o7
@) aszm(w,w’ <oy =012,
For0<axz<1,1<y:
oo P
(3) @y <0y, =012

For1 <z, 1<y:

By ,
(4) 9 ]Km(x y)| < Cy’, j=0,1,2,....
Fori1<az, O<y<l1:

1 =0,1,2,.... M
(5) 7Km <C s .] 9 Ly “y ) )
y_m+/ j=M+1,....

Lemma 2. Let —m +1/2 > 0, and put M = [-m +1/2], § = —m +1/2 - M
Then the followig inequalities hold:
For0<z<1,0<y<1:

(6) 'Kmmy‘<0m, j=0,1,2,..., M,
8M
™) 1 K" ) — K" a.€)| < Caly - €. 0<g<.

For0<ax<1,1<y:

oI
(8) "Km(m,y)‘ng, j=1,2,3,....

0yJ

5
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Forl1 <z, 1<y:
9) ‘ Km(:v y)' < Cad, j=0,1,2,....

For1<z,0<y<l1:
(10) K™ (2,y) = km (2)(29)" /2 I (2y) + Ep(2,y),

i@l <C. | Bl

and if —m+1/2=1,2,3,..., then

<02l 0<j<—m+3/2,

(11) ‘ Km(:c y)| < Ca?, j=0,1,2,....

The above estimates are obtained by reexamining and refining the arguments
that Schindler [20] used to get the asymptotic formulas for K™ (z,y), 0K™ (x,y)/0x
and OK™(x,y)/0y. The work is routine, but a little hard. The details are omitted
in this paper.

3. THE GENERALIZED MEHLER TRANSFORM FOR HP WITH 0 < p <1

Let 0 < p < 1and —m + 1/2 > 0. We shall discuss defining the transforms
G"(f;y) and H™(f;x) of f € HP[0,00). We use the fact that an element of the
Lipschitz space A;/,_1(R) defines a continuous linear functional of HP(R) (cf. [7,
I1L.5)).

Fix y > 0. We take a function ;" in = such that

Ky € Ayyp_1(R), ky'(r) = K™ (z,y), x>0,
and the transform G™(f;y) of f € HP[0,00) (C HP(R)) is defined by

G"(fiy) =<Ky, [>  y>0,
where the existence of such a function Ky will be discussed below. Then for an
atom a € HP[0,00), we have

G"(a;y) =< Ky’ a >= / a(x)K™(z,y) dx,
0

and for the atomic decomposition f = Z;‘io Ajaj(x) of f e HP[0,00),

(fiy) = Z)\ </<oy,a]> Z)\g (aj;y

We see that the transform gm( fiy) is mdependent of the choice of an extension
Ky' € A1jp—1(R). In the same way, for fix z > 0, we take a function x}' in y such
that
K’ZL GAI/P—I(R>7 ern(y) :Km(x)y)v y>07
and the transform H™(f;x) of f € H?[0, 00) is defined by
Hm(f;x) =< K/?vf >, x>0,

where we shall show that it is possible to take a function sI'. Then for an atom
a € HP[0,00), we have

H™(a;x) =< K'Y a >= / a(y) K™ (x,y) dy,
0

6
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and for the atomic decomposition f = Z;io Ajaj(y) of f e HP[0,00),

oo o0
x) = Z)\j <KDL a; >= Z)\me(aj;x
=0 =0

The transform H™ (f;y) is independent of the choice of an extension ' € Ay /,_1(R)
Let us discuss the existence of extensions ry' and ky'. Fix a positive y. We
examine the kernel

Km(wv y) k ( )(Sll’lh y) / 1/2+7,a: (COSh y)
1 (coshy +1)™
:km
(x)F(l —m) (sinhy)m—1/2
F(1/2 —iz,1/2 +ix;1 —m; (1 — coshy)/2)

as a function in z. We note here that for fixed z in the plane C cut along [1, oo],
the hyper geometric function F(«, 3;7;z) is an entire function of o and 3, and a

meromorphic function of v, with simple poles at the points v =0, —1, —2,.... Thus
we see that the function (sinhy)!/2pP™ Ja4iz(cOShy) is an entire function in . The

function k,,(x) satisfies

(2) = ' (1 —ix)(—iz)[(1/2 — m —ix)
m T2 — i)
= (1 )i | )
\/27'11(1/2_ —Z.T)
+ (2 —iz) ; x> 0.

Since I'(1/2—m—ix)/I'(2—iz) is a holomorphic function with no zeros in |z| < 3/2,
it follows that |I'(1/2—m—iz)/T'(2—iz)| € C*°(—3/2,3/2). By these considerations,
we can take xy" € C°°(R) such that

m K™(z,y), x>0,
(@) = {O r<-—n

where 7 is a positive constant. By Lemma 1, we see that ;' € A,(R) for every
p > 0.

Fix a positive z. By the properties of the hyper geometric functions, we see that
there exists a function h,(y) € C*°(R) such that

(sinhy)l/QPTI/QHx(cosh y) = (sinh y)_m+1/2hz(y), y > 0,

and then for a positive constant 7 > 0 there exists a function p}* such that

m sinhy) ="/ 2h, (y), > -1,
Py = (sinhy) v), y>-n
O) Yy < _2/'77

and pI' € C*(R\{0}) if —-m +1/2+#0,1,2,..., and pJ' € C*R) if —-m+1/2 =
0,1,2,.... By Lemma 2, we see that

o
7(Slnhy)1/2p 1/24ix COShy)‘ < Cjﬂﬂ(x)’ y > 07 ,7 = Oa 15 23 s

7
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Thus we have that for —m +1/2=1,2,3,...,
‘p?<y)’ SCJI’m(JJ), —00 <y <o, j:071727"'7

and that x]' € A,(R) for every p > 0, where

Ky (Y) = km(2)py' (y),  —o00 <y < oo.

Here, Cjm(z),C%,,(z) are constants independent of y and depending on m, j and
x. In the case —m +1/2 #1,2,3,..., we see that

o7

/ o -
12 'dyjp?(y)‘<{0j,m(o:), n<y<m j=012...M,

1" .
Cj,m(x)? 77§ |y|7 3_071727--~7

where M = [-m +1/2]. Put 6 = —m +1/2 — M > 0. Then it is easy to see that

8M M

m 8 m
(13) i) = g )| < Cly =yl yy € (nm).

The inequalities (12) and (13) lead to k7' € A,(R) for every p with 0 < p <
—m+1/2.
Summarizing the above discussion, we have the following.

Lemma 3. (i) Let 0 < p <1 and —m + 1/2 > 0. Then, the G-transform G™ is
well-defined on HP[0,0).

(ii—1) Let 0 < p <1 and suppose 1/p —1 < —m +1/2. Then, the H-transform
H™ is well-defined on HP[0,0).

(ii—2) If —-m+1/2 =0,1,2,..., then the H-transform H™ is well-defined on
HP[0,00) for every p with 0 < p < 1.

4. PROOFS OF THEOREMS

We shall turn to proofs of the theorems. Let f € HP[0,00),0 < p < 1.
Then we have f = Z;io Ajaj, where every a; is an HP atom with suppa; C
[0,00) and Y77 [N;[P < oo. Moreover, the norm |[|f||gr,e0) is equivalent to
inf(3272, |A;[P)}/P, the infimum being taken over all such decompositions. Because
of the decomposition, to prove the theorems it is enough to show that for HP-atoms
a with suppa C [0, 00),

B B
1y [eraape <o [ pr@ape i <c
A A

with constants C'; and C5 independent of atoms a under the conditions we need
for p and m, where (A, B) = (0,1) or (A, B) = (1,00). For the continuity of the
transforms leads to

(15) G"(fiy) =D NG (aziy),  H(fi2) =Y AH (ag; ),
§=0 §=0

8
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and if (14) holds, then we have that

B oo B
/A G P2 dy < 3 PP /A 1G™ (a3 ) Py~ dy

Jj=0
o0

<G YN < CLIEIR,
Jj=0

and ff |H™(f;9)|PyP~2 dy < Ch|| f||%;,, where Cf and C} are constants independent
of f € HP[0,00).

Proof of Theorem 1 (i). Let 0 < p <1 and —m+1/2 > 0. Let a be an HP-atom
with the support interval [¢ —h, '] C [0,00). We put N = [1/p] — 1. The vanishing
mean property of atoms leads to

c aN-ﬁ-l

’a(m)‘ ‘&EMKm(Cl)y) ‘1: - Cl Nt d.ﬁl?,

(16) 6™ (a;)] < /

c’'—h
where ¢ — h < x < ¢; < ¢’. We are supposing y > 1 and so by Lemma 2, (8) and
(9) we have

C/
0" (@) <C [ fala)ly e~V do

522 (A
(17) <CPMaly PP =N,

where C' and C’ are constants independent of @ and 3. The last inequality follows
from the following small lemma which will be given for later convenience, and three
more simple lemmas will be also stated here.

Lemma 4. Let a be an HP-atom with the support interval [c,c + h] C [0, 00).
Let A > 0. Then the following inequality holds:

- —2p
/ la(@)|(yle — 1) dz < g afly TP
0

where ¢’ is an arbitrary point with ¢ < ¢ < c+ h.

Proof. Tt follows from |la||s < h~'/P+1/2 that is, h < HaH;Qp/(QﬂJ) that

00 cth 1/2
| @l - ) e < Plale [ o - P do
0 c

=2P(N\41/2
< yMaflah M2 < g afy T,

O
Lemma 5. Let 0 < p < 1. Then for an arbitrary A\ with 1/p — 1 < X and any

a € L?[0,00),
R _2 p
A 1+277p()\+1/2) p—2 1
P dy = ’
/0 (y llally ) vy = T o

where R satisfies

(18) JallgR 2 <1,
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Proof. 1t follows that

R o P _ap R
[ (1l 5O Y 2y = g [ o
0 0

1 p(1+ 522 (A+1/2)) _
=tk R

! {lallgRPO+D-1/0+ 250172 }”%““/”
1

p(A+1) -
- 1
Cp(A+1) -1
Here, we used the fact that the power to the last R is equal to —(2 — p)/2. O

Lemma 6. Let 0 < p <1 and —m +1/2 > 0. Then for any a € L*[0,00) and a
constant R satisfying (18),

/ G (a;y) Py dy < 1, / 1™ ()PP~ dy < 1.
R R

Proof. By Plancherel’s theorem, we have that

o 0o /2 0o (2—p)/2
/ |gm<a;y>|pyp—2dyg(/ rgm<a;y>|2dy) (/ y—Qdy)
R R R

< laf5R™7P2 = 1.
In the same way, we have the H-transform case. O

Lemma 7. Let I(x),J(x) be nonnegative functions on (0,00).
(i) If I(x) < J(x) for 0 < x < 1, then the inequality

/Oll(x)da:S/ORJ(x)d:c—i—/ROOI(a:)dx

holds for every R > 0.
(ii) If I(z) < J(x) for 1 < x, then the inequality

/100[(x)d33g/ORJ(:E)dx—l-/OOI(x)d:E

R
holds for every R > 0.

We go back to the proof. By (17) and Lemma 7, we have that for every R > 0,

[e’e] R _2 P
m _ 1+7204 1)\ -
/ G (a; y)|Py” 2dyS/ (C’yAlalz : ) Y dy
1 0

+/ G™ (a;y)|PyP 2 dy.

R
Taking R with (18), we have by Lemma 5 and Lemma 6 that

| 1o @oreay<c.

1

where C' is a constant independent of a. Here, we need the condition
I/p—1<A=N+1=][1/p],

and it is trivially satisfied. This completes the proof of Theorem 1 (i).

10
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Proof of Theorem 1 (ii). Let 0 < p < 1 and —m + 1/2 > 0. In the same way
as the above, we have (16). Now we are dealing with the case 0 < y < 1, and our
assumption is that N +1 < M = [—m + 1/2]. Thus by the estimates (2) and (5),
we have (17) for 0 <y < 1. It follows from Lemma 7 that

' - 14522 (A+1/2)
[ 1o @rea< [ (el N
0

and taking R with (18), by Lemma 5 and 6 we have

1
/ G™ (a3 )Py~ dy < C,
[0}

where C'is a constant independent of a. The condition 1/p —1 < N +1 = [1/p] is
automatically satisfied.

Proof of Theorem 2 (i). Let 0 < p < 1 and —m + 1/2 > 0, and put N =
[1/p] — 1, M = [-m + 1/2]. We divide a matter into two cases N +1 < M and
M <N +1.

Let us deal with the case N +1 < M. Let a be an HP-atom with the support
interval [c¢ — h, ¢](C [0,00)). We first suppose that ¢ —h < 1 < ¢. By the vanishing
mean property of atoms, we have that

@l < [ a5

{/ [ et ’81;1 ™ (.c2)

- Jl + J2($) say,

aN-{—l

K™(x,c)| |y — 1|V dy

ly — 1[N+ dy

where c —h <y <cy <lorl<cy <y<c. Wearenow treating the case 1 < z.
It follows from Lemma 2 (9) and Lemma 4 that

¢ 14522 (A+1/2)
(19) Ja(e) <€ [ lalwl(aly — 1)V dy < €2 all S A=N+L
1

where C' is independent of z and a. For Jy(z), since N +1 < M, Lemma 2 (10)
with 7 = N + 1 leads to

ly — 1[N+ dy

1 N+1
Ji(z) <Ch /_h la(y)] ‘ aayNH {(@y)" /2T m(2y)}

Yy=cz
1
" 02/ la(y)|(zly = 1)N 1 dy = CrJwo(x) + Cadui(z),  say,
c—h

2p
and Jy1(7) < 2*|a H1+2 p(AH1/2) , A= N + 1, where C; and C5 are independent of

x and a. For the term Jyp(x), by using the estimate

J
sup a,tl/zja(t)'<oo, §=0,1,2,... [a+1/2], a>-1/2
t>0 | Ot

([11, Lemma 1, (8)]), we have that

14522 (A+1/2)
Mally

1
Jm<x>sc/ la(y)|(ely — 1)V dy < Ca L A=N+1,
c—h

1
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where C is independent of x and a. Therefore we have

m 1+ 722 (A+1/2)
(20) 1™ (a;2)| < Ca?all

with a constant C' independent of x and a for an HP-atom a with the support
interval [c — h, ¢] satisfying ¢ — h < 1 < c. For the case 1 < ¢ — h, we also have the
above estimate (20) in the same way as the argument for Jy(x), and for the case
¢ <1, we have (20) in the same way as the argument for J;(z). Lemma 7 leads to

/ |Hm(a;x)|Pxp—2 dx S/ <CJ}/\|| ||1+2_ ) ’\+1/2)> p—2 dx
1 0

+/ |H™ (a; ) [P2P~2 da, A=N+1
R

, A=N+1, 1<z

for any R > 0 and every HP-atom a with the support interval contained in [0, c0).
Noting 1/p — 1 < X and taking R with (18), we have by Lemma 5 and Lemma 6
that

(21) / |H™(a;2)PaP 2 de <C, N+1<M
1

with a constant C independent of a.

Next we treat the case M < N + 1. We first examine the case —m + 1/2 =
1,2,3,.... Because of (9) and (11), we have by the vanishing mean properties and
Lemma 4 that

oN+1

i) < [ o)l |5 K o)y = e+ dy

‘ 14+ 5722 (A+1/2)
< [ leltaly= )N dy < s all, O A=
-

where c—h < y < ¢a < ¢ and a is an HP-atom with the support interval [c— h, ¢](C
[0,00)). In the same way as the above argument, we have

(22) / |H™(a;2)|PaP?de <C, M<N+1, —-m+1/2=1,23,...,
1

where C' is independent of a.

Let us consider the case —m + 1/2 # 1,2,3,.... In this case we suppose that
1/p—1< —m+1/2. Since M < N + 1, it follows that —m +1/2 < N + 1. By
the assumption 1/p — 1 < —m + 1/2, we have N < —m + 1/2. Thus, in this case,
N<-m+1/2<N+1and M = N hold. Let a be an HP-atom with the support
interval [c — h,c](C [0,00)). We first deal with the case ¢ — h < 1 < ¢. We have

that
)= [ at) (%@ - T ) (- 10" d

and that

< { [+ [ o |0 - 2 | -1 ay
c—h 1 Y

= Js(x) + Ju(x), say,
where c—h<y<é&<lorl<é<y<c Since M = N, it follows that

c N+1m
3w = [ lawl| (o €)

— 1Ny, 1<€¢<y<e

12
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We are now dealing with the case 1 < z. By Lemma 2 (9), we have that

A@OSCLWM@NMy—UN“dy

with a constant C' independent of x and a, and by Lemma 4 that

—2p
Ja(x) < CaMall T AP A =N 41

For J3(x), it follows from Lemma 2 (10) that

I < Cr [ a5 g ()T}

y=¢£

aM 1/2 M
= gy @ Tyl = 1M dy

y=1

C 1 8M+1Em , 1 M+1d
+ Oy - la(y)] W(%S) ly — 1 Y
= Cljgo(x) + CQJ31(x)7 say,

where C7 and Cy are independent of x and a. Since M = N, it follows from Lemma
4 that

1 —2
1+5-2(A+1/2)
kmw<c/‘hm»uy—uW“dy<aﬁwmz S A=N+1
c—h

with a constant C' independent x and a. By using the estimate [11, Lemma 1, (9)],
we have

oM 1/2 oM 1/2
ay7M~{(xy) J_m(zy)} —W{(fﬂy) Jom(zy)}

y=¢ y=1

< CCL’M|$§ o $|—m+1/2—M’
where c —h <y < ¢ <1 and C is independent of x. Thus it follows Lemma 4 that

1+ 522 (N +1/2)
b)

1
Ja@) <€ [ Ja(w)l(aly—1) "2 dy < Co¥ al, N = —m+1/2
c—h

with a constant C' independent of z and a. Thus for an HP-atom a with the support
interval [¢ — h, ] satisfying ¢ — h < 1 < ¢ we have
/ 14+ 722 (N +1/2 14522 (A+1/2
@3) @) < G al, T 5 Cor fal, T,
A=N+1, N=-m+1/2 1<x

with constants C and C5 independent of x and a. For the case 1 < ¢— h, we make
the same argument for Jy(x), and have

—=2p ()
™ (a2)] < CaMlally T A=N 41, 1<

For the case ¢ < 1, the same argument for J3(z) leads to

1+ 722 (N +1/2)
)

H™ (a3 2)] < Ca'[al A=-m+1/2, 1<z

13
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Therefore for any atoms we have (23). It follows that for every R > 0,

e o] R —2p v/ p
/ |Hm(a;m>‘pxp—2 d.’f S / <Cll’>\ Ha||;+ 2—17()\ +1/2)> xp—2 dx
1 0
R —2p p
# [ (Car ol T ) a2
0

+/ |H™(a; x)|PaP 2 de, A=N+1, N =—-m+1/2.
R

Taking R with (18) and noting 1/p—1 < A(= N+1 = [1/p]) and 1/p—1 < —m+1/2,
we have by Lemma 5 and Lemma 6 that

(24) / H™ (a3 )PaP 2 de < C,
1

M<N+1, 1/p—1<-m+1/2#1,2,3,...

with a constant C' independent of a. The inequalities (21), (22) and (24) complete
the proof of Theorem 2 (i).

Proof of Theorem 2 (ii). Assume that —m +1/2 > 0 and 1/2 < p < 1. It is
clear that N = [1/p] =1 = 0. Let a be an HP-atom with the support interval
[c — h,c](C [0,00)).

We treat the case ¢ — h < 1 < ¢, first. Noting that

i) = [ al) (K™ op) - K" (o 1) dy

we have
C

@) < [ Jll|K™ @) — K] dy

U+ [ ) - w0 njay
— Jy(x) + Jolx), say.

We are now supposing that 0 < x < 1. For Js(x), it follows from Lemma 2 (8) and
Lemma 4 that

i) = [ K™ (@, y) - K™ (2, 1)) dy = / C|a<y>|\a§ym<x,g>'|y—1|dy

c 14522 (A+1/2)
zc/ ()l (zly — 1) dy < CeMjafstF 2 A=,
1

where 1 < £ < y < ¢ and C is independent of x and a. For Js(z), we divide a
matter into two cases M = [-m +1/2] =0 and M > 1. Let M > 1. Because of
Lemma 2 (6), the same argument for Jg(x) leads to

Toa) = [l ) = K™ ()] dy

1
oK™
= [l
/ch Jy
22 (A+1/2)

1 1+
sc/h|a<y>|<x|y—1|>dysc:ck||a||2 : oA=L

<x,§>\|y—1\dy

14
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We next deal with the case M = 0. We remark 0 < —m + 1/2 < 1. It follows from
Lemma 2 (7) and Lemma 4 that

Ta) = [ )K" @) = K@Dl dy = [ Jalw)] aly =17 dy

1 -2
1+fg(>\+1/2)
<C ) la(y)|(2ly = 1])° dy < CzMal,

We used that z < 2% (0 <z < 1)since 1 >0 =-m+1/2— M = —m+1/2 > 0.
Thus for an HP-atom a with the support interval [c — h, ¢] satisfying c—h <1 < ¢
we have

, A=-m+1/2.

’ =20 (y\/ —2p
25)  [H" (@) < OVl T oyt a)y O

A=1, N =-m+1/2, 0<z<l1

with constants C; and C5 independent of z and a.
For the case 1 < ¢ — h, by the same argument for Js(x) we have

)

—2p
M (a:2)] < CaPlally, = TP A= 0<a<a

with a constant C' independent of  and a. For the case ¢ < 1, in a similar way
of the argument for J5(x) we have (25). Therefore we have (25) for any atom. It
follows from Lemma 7 that for every R > 0,

1
/ |H™ (a; ) |PoP~2 dx
0
R —2 ’ P R —2 p
, —=2p () —2p ()
S/ <01£B>\ ||a||;+2—p( +1/2)> :L,p—Z dl’—f—/ <C2:L,/\||a||;+2—p( +1/2)> mp—2 dr
0 0

+/ |H™ (a; x)|PxP 2 du, A=1, N =—-m+1/2.
R

We take R as it satisfies (18). Noting that 1/p—1 < —m+1/2and 1/p—1< 1,
we have by Lemma 5 and Lemma 6 that

1
/ |H™(a; )PP~ 2 dx < C
0

with a constant C' independent a, which completes the proof of Theorem 2 (ii), and
the proofs of the theorems complete.
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