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Abstract

First, it is introduced that the number of labeled n-colored trees (Taja;--+

., ) with n distinctly-colored point-subsets is determined by

n
where @ = 2 a;. Next, several theorems and lemmata on these trees are proved
Tl

and lastly their practical examples for electrical networks are described.

1. INTRODUCTION

An n-colord graph® is one of the most convenient concepts for social and
technical matching-problems, and a tree being the subgraph in this graph is
called the n-colored tree. Generally the concept of trees in a graph is the most
fundamental one for graph theory and its applications, and also it is very
important that the numbers of labeled n-colored graphs and trees are determined
algebraically. Already the numbers of all the labeled n-colored graphs and all
the labeled 2-colored trees have been introduced by F. Harary V. Here are
introduced the numeration of the labeled n-colorred trees, on which the several
theorems are described with some applications of them for electrical network

analysis.

2. N-COLORED GRAPH
A graph
G=(P, B) . L

with the point set P is a family B of pairings
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k=(a, b), a, beP @

which indicates which points shall be considered to be connected. In keeping
with the geometric image of a graph, each pairing defined in Eq. (2) shall be
called a branch of the graph: the points a and b are called the endpoints of the
branch . Especially in this paper, it is defined that parallel branches do not
exist in a graph, unless otherwise provided. Here, the parallel branches are
branches with same endpoints. In case that all the branches in a graph have the
directions, the graph is called a directed graph and shortly a digraph.
An n-colored graph? (or n-partite graph)

Gy =(P, B) ©))
consists of n sets of points

P={Pi}: 1=1,2,0r n (4)
together with a specified branch set

B={B,;}, i, j=1,2,0 , n, (5)
Where each branch subset B;; is a family of connected pairings

k.5=C(as, a;), a;EP;, a;€P;, 1] (6)

and #;; (1=j) does not exist.
Here, an n-colored graph with point subsets P;

consisting of «a, points is denoted by
G o =G,y a, )

and the point sets P; are respectively painted in different colors. In Fig. I, its

examples are found.

a;=3 a|= 4

W W -2
=3 a,=2
G3,3 Ga,2 Gs,2,1,2

Fig. 1 N-colored graphs

Generally, the well-known graph of importance is the complete graph K,
(with n points) whose branches are all the pairs a and b (€P). Similarly, a
complete n-colored graph is the n-colored graph whese branches are all the pairs
of possible associations for two different points a; and a; respectively in

different point subsets P; and P;.
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A complete n-colored graph is denoted by Kaoe-- @, as shown in Fig. 2.
Obviously, the complete n-colored graph Kj, e+ 5, with n differently-colored
points is equal to a complete graph K,.

Kl,l K2,2 Ks,z,s

Fig. 2 Complete n-colored graphs

Denoting the series of i numbers m, m, «-, m by m’, it follows that
Kiov _gon=K. (®
n

Provided that neglecting all the branches in a subgraph G’ (cG) is denoted
by G- G, the following relations are proved easily:

K,—K;=K,>i, i, nyiyl €))

And further, denoting j complete subgraphs K; without common parts by jK;,
we have

K, —jK; =K, i (10)

From the definition of the complete n-colored graph, we shall show:
THEOREM 1 ““The number of branches in a complete n-colored graph

b (Kayayeesee &y )= -Z a,a;, /2 an
where n

= % a2

&i=a—ai ” (13)

From the above THEOREM 1, the well-known ‘> LEMMA Ila is introduccd
as follows : Putting that ;= 1, a;=(n— 1) in Eq. (11), we have :
LEMMA. la “The number of branches in a complete graph K, (=Kin) is

b(K,)=n(n—-1)/27 (14)

Denoting the number of Eq. (11) by b, the number of the n-colored graphs

without parallel branches is determined by

N (Galaz ...... Ap) = g (?) (15)
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Here, on the polynomial equation

(1+0= 31 (D %, | (16)
putting x= 1, then

2@ =2 an

N (Gayayeea,) =2° (18)

Therefore we have :
THEOREM 2 ““The number of n—colored graphs Go@ye++++ a, is determincd by

i:a,. & /2" (19

LEMMA 2a “The number of n-graphs Ga. of order n is determined by
N (G,) =270/ » (20)

I A
Yove A
SN A A A
ANAAN AN A A
e LILANALANAAANAA

Fig. 3 3-colored graphs Ga,qy

The 3-colored graphs G,,;,, are shown in Fig. 3, and the number of them
is given by
N (Gyypyy) =2 @risri9) /2= 9532
=(DHDOHDHO+D (D=1 +5+10+10+ 5+ 1 =32
The branch in a digraph is called a directed branch and shortly a dibranch.

Since this dibranch can be given one of two directions, the number of n-colored

digraphs Gaaye-e+- @, is determined by

N (Gayayoan) = 37 2% (1) (2D

T
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Here, we know that
3 .
(140"= 33 (Dx°

Supposing that x= 2 in the above equation,

JQA

37=232°(D (22)

e

=

Therefore, it follows :
LEMMA. 2b “The number of n-colored digraphs E}alag ------ «, is determined by

G SV, @, /27 ,
N (Gayagereees a,) =3 1;: o; & / 23

LEMMA 2c ““The number of digraphs G, af order n is determined by
N (6,1) = gulr-Dy/z » (24)

B Xo Xo v v
e

0{ of V v
Fig. 4 2-colored digraphs G,,,

For example, the 2-colored digraphs G,,y are shown in Fig. 4, and the .number
of them is given by

N (Gyy) =3 ®ixiD/22g
=20+ 2 (DH+2¥(D=1+4+4=9

3. ENUMERATION OF TREES BY DETERMINANT METHOD

A tree is a connected graph that has no loop. The number of the spanning

trees in a graph G is determined by ‘¥

T=det (D D’) =det [D*] (25)

where D : the connection matrix [(@~ 1) x f—matrix]
D’ : the transposed matrix of D
a : number of points in the graph G
8 : number of branches in G
Here, element D in the ath row and the bth column of T is shown as
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o

the degree of point a (or the number of branches incident to point a),
when a=0b

and as
the negative of the number of branches incident to pair a and b, when

a#+ b.
For example, the determinant T namely the number of trees in graph G of

Fig. 5 is given by

Ny

Fig. 5 Graph G

Dii Dié Dfs' 3 -1 -1
T= | DN D®DE|=|-1 3 -1]|=16
D D D¥ -1 -1 3

By the aforementioned calculation, we have the well-known theorem as

follews :

THEOREM 3 “The number of trees in a complete graph K, of order n is
given by

n-1 =1 «eeeee -1
Tn = =1 n=1 «seeee -1 — nn—-z 33
........................ (26)
~1 =1 eeeees n-1

This theorem already has been introduced by Cayley > and the several proofs

of it have been given by Cayley, Priifer, Harary, Kirchhoff > and Okada

etc. (2 (3

4. N-COLORED TREES

The trees in a n-colord graph are called n-colored trees, and the number of

them in a complete one Ka; aje+++- a, is given by
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Talag ...... &, =
@0 e 0 =1 =1 «eeees -1
0 & O =1 =1 ecoeeer -1
0 0 «veee @ | -1 =1 s -1
“l =] eeeene ~1 @ 0 e 0
w1 =1 e -1 0 Gy ovoer 0
=1 =1 seeens -1 O 0 «eeeen @,
[-1] [-1]
(-1] (-1]
@y &y
1 O reereenarnns 0
1T @y eerverninene 0 [-1]
.................. 0
1 [{ @y
1 @y O creneenne 0
} [-1] 0 Gy veeerener 0
1 O 0 coveerens @y
1
1
. [-1] [-1]
1
0
0 (-1 [-1]
0
a—1 as
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[-1] [-1]
(-1 (-1
Fney O coeees O -1 =1 eevnes -1
0 &nogeeeere 0] =1 =1 «conver -1
O O ceeren Bnog| =1 =1 eere -1
1 =1 eeeees “1 1 &n 0 e 0
[ T -1 0 @n oo 0
-1 -1 - -1 O 0 «oeees &n
Ay @n-1
[-1] (-1]
(-1] [-1]
Gnog O ovenes 0
0 Epogeoreee 0 [-1]
O 0 eeeeen Fn-1
Gn 0 e 0
[-1] 0 &p oreee- 0
0O 0 oo Gn
Xn-1 an-1

@y

an—-1
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1 O errernneinns O 1 0 cevrernreeen
1| @y ereeerernes 0
..................... fo] [o]
S I R TTIT IO G| 0 e
1 @s+1 1 oeeen
? [-1] 1 @&+1 eveeer (0] (0]
1 1 1 a;+1
1 CZn_1+1 1 -1
1 1 n-1+1 1
S (o] e o]
1 1 1 @n.,+1
0 B O eveeeeens 0
(.) [-1] [-1] 1] 0 Gpeereeren 0
0 O 0 vereeenes @
@+l 1 1 @i+l 1o 1 By O e 0
=1 -&, @1, 1 a+1 1 1 @poq+1e-1 0 By eeeeer 0
1 1T aptl 1 1@+l 0 0 eere- @,
@, &, 1 @, - 1
o 1 eeeeee 1 a 1 eeeees 1
=1 .alal_l. o &z"“‘l 1 24 an—1+1 1 . &nan"l
a 1 - ap+l @ 1+ @py+l
11 e 1 1 1 e 1
=1 'alal"l - 1 a,+1 1 o 1 &, +11 . &"a,,-l
11 @+l 1 1@y 1
1 eeeene 0 1 O eeeens 0
== 1 .&1“1_1.“ 1 &2 ...... 0 o (X 1 &71—1 ...... O . &"an_l
1 O seeees &2 1 0 - &n-—l

=1 o &1(11"1 °

a&zaz“l .0
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=an-2g,a-lg, 015 a1
=an—2 (a_a1>a1—1 (a——az) a-1...... (a_an> a,-1
where a=a;+a;+ - +a,

Ay=a—a; (i=1, 2, , 1)

Then we have the following theorem :
THEOREM 4 “The number of trees in a complete n—colored graph Kaj oy«

a, is given by

Talaz..-a”=an‘2 oy -1 azaz"l ...... ®n a,~-1
=an-2 IT (a—a;)% 1 | @n
im1

s

n
where a= >, a;

gl

Q=2

o X NMWX
Qp=2

@ Ty =4"2020 =y
a1=2

wo XUKN XY L XN

Q=] Qz=1

) Ty, = 4203930 = 8

Fig. 6 Number of trees in complete n-colored graphs

Qi=t Ayl

Ka=Ki,i,1,1

stals

Qp=1 az =
@ To=Tipa,1=473%3%3%3" = 4% = Ig




WA (%) 148 H28 WS4 2 j

() Tg,6,2 = 8 -10° 14116 = 469762048 x 10°

Fig. 7 Number of trees in complete n-colored graphs

Provided that @,=1, theorem 3 is introduced. See examples in Fig. 6 and Fig, 7.

A comlete graph without the arbitrary branch is called a semicomplete graph,
and is denoted by K. Similarly a complete n-colored graph without the arditrary
branch is called a semicomplete n-colored graph, and denoted by

K’ay-+-a,, « Especially the one without the branch spanning the points in last

two point sets is denoted by Kea, a,---- X *
The numder of trees in the semicomplete n-coloreb graph Kajay - X 18
written as Taayee-- Qn_1&,, then we have Taya,-e+- @y
Gy 0 eeeeeeens 01| -1 -1 -1
T D, 1] -1 o
O Q coeeeeren @ | -1 -1 -1
2] =] eeeee 1@ 0 e 0
Y DR 1 I
-1 -1 Sl 0 0 e A
@py 0 -+ 0 0} -1 -1 -1
0 Gnog «+ 0 0] =1 =1 s -1
[-1] L1 | e | Qi
00 @noy 0] =1 ~1 «over -1
00 0 an-y=1j -1 =1 -1
1ol e =l =1 | @n O e 0
[-1] [-1] ~1 -1 <+ =1 =1 Q0 @p *veeer 0 @l
~1 -1 -1 ~1 O Q -ceeen &n
ay ag Qp-y ay—1
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—aa-lg,a-1.... By On2l@,  Oa1=2,%n" 2

° an—-s {aC&n.—l an""a"*' 1 )"’an-—l an+a7zan—l+a—'aﬂ-1 an}
n=2 =

= II (&; 1) e @y Bnet2 @, 8072 0 @78 4 @0 — (0 An+ 2)
Tl

+o (an_.), Aty a4+ 2 )"‘an—-l'—aN}

Therefore we have as follows :
THEOREM 5 ‘‘The number of trees in the semicomplete n—colored graph

Kooty a1, is given by
, —— 2 2
Tlaag @, @ = I (@2 o, X125, %02 g3
Y

. {as"az <a7z—-1+an+ 2)+0€ (an~10~'n +an—1+an+ 2 )"‘an-—l—'an}

= (a—ay) @l (a—a,) @1 (a—oty_)%n-1"14

(a—an ) Fn-12 (a—a,)t"2 e q"
A= (ot 2D+ a( @ Ot 1Ot 2) = —&n Y, 28

3

where a= i a,

Te=1
LEMMA 5a “The number of trees in the semicomplete graph K’ (=K,—K,=
Ky 17) is given by

T,=(n—2)n""% 7 (29)

5. PRACTICAL FXAMPLFS

On electrical network theory, we know that the current response i* flowing
in a voltage source e, is graphically given by ‘¥

X cotree products of impedances in grabh G’ (30)

<

W= S otree products of impedances in graph G
where G is the graph of the given electrical network, G’ is the graph G without

the branch «, and the cotree product is z z .-+ z , which branch & &+ Ky
Ky Ky Kk

consist of a cotree being the complement of a tree.
Provided that each impedance equals z, Eq. (30) is given as

z  number of trees in G =z T

e, number of trees in G e T (31

i =

See the following examples.
EXAMPLE 1 (Fig. 8): When the voltage source e, exists in branch « of a
complete graph K, with the same impedance z, the current i in branch & is

shown as
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Qn-y
i~ g

€ Kn €« Kaya,--- ay

Qn

Fig. 8 Electrical complete network K, Fig. 9 Electrical network Ka,a,a,

e, T, e, (n-2)n™"° e, , (n-2)
z  T. Tz n®"? Tz n

(32)

EXAMPLE 2 (Fig. 9) : When the voltage source e, exists in branch & of a
complete n-colored graph Ka a,-+-«, with the same impedances z, the current i~

in branch & [£=(an_1, an), an-1EPn_y, 2,&P, ] is determined as

an-z H (a _ ai>ai_1
=1

° {a3__a2 (an-1+an+ 2>+a Can_xan+an_1+a7z+ 2 )"“an_l"’an}

€y a:)__az (an—l+an+ 2 >+a(an—lan+an—l+an+ 2 ) &y &y

z a(a—an_y) (@—ay)
(33)
If a;=ay, it follows that
ot e 2
And further if n=2, it follows that
T 35)
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