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AN INTRINSIC CONSTRUCTION OF FEFFERMAN’S
CR METRIC

FRANK A. FARRIS

We construct a conformal class of Lorentz metrics naturally associ-
ated with an abstract definite CR structure. If the CR structure is that of
a pseudoconvex boundary in C"” we prove that the intrinsically con-
structed metric is the same as that discovered by Fefferman using a
solution to a complex Monge-Ampeére equation. The construction pre-
sented here relies on formal solutions of a linear equation, d{ = 0, and
provides a relatively simple procedure for computing the metric.

L Introduction. It is known that two strictly pseudoconvex domains of
holomorphy in C"*! are biholomorphically equivalent if and only if the
CR structures of their boundaries coincide (see [F1] and [CM]), but
current methods for distinguishing among these structures are computa-
tionally difficult. Fefferman, in [F2], simplified the situation by construct-
ing a conformal class of Lorentz metrics on a circle bundle over the
boundary of a strictly pseudoconvex domain which is invariant under
biholomorphism. This was done using a formal approximation to a
solution of a complex Monge-Ampére equation near the boundary. Burns
et al. [BDS] used the work of Chern and Moser [CM] to show that
knowledge of Fefferman’s conformal class is enough to discover all the
biholomorphic invariants of a boundary.

In this paper we construct a conformal class of Lorentz metrics
associated with an abstract definite CR structure. In the case where the
CR structure is that of a hypersurface in C"*! the metric is shown to
coincide with Fefferman’s. Since the construction defines the metric in
terms of formal solutions to a differential equation of the form d{ =0
(simpler than the complex Monge-Ampére equation) it should provide a
conceptual and computational tool useful in the future study of CR

geometry.
The following notations are used:
If w=w!A --- Awkisa k-form on a vector space V and Wi eoo s Wy

are vectors in V then

w(W, A - AW,) = det{ wi(W))).

J
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34 FRANK A. FARRIS

Interior multiplication is defined by
(XIwW)(Wy N - AW )=w(XAW,A - AW,).
If w! and w? are 1-forms on V' we use the symmetric product
whow?2=wleow?+w?ew.

C* is the multiplicative group C \ {0}, and if B is a bundle over M,
C*(M, B) is its set of smooth sections.

The author wishes to thank Richard Melrose for his patient encoura-
gement and Jack Lee, who helped considerably in simplifying the argu-
ments of §V.

IL. Abstract CR Structures. Here we tell what is meant by an integra-
ble, definite CR structure and show how such a structure arises on the
boundary of a smoothly bounded strictly pseudoconvex domain in C"*1,
It is observed that the CR structure induced on such a boundary near a
point p is invariant under a holomorphic change of coordinates near p, so
that features of the CR structure are biholomorphic invariants of the
domain.

A CR structure on a smooth manifold M of real dimension 2n + 1
consists of

(i) a subbundle HM of TM of codimension one, and

(i) a complex structure map J: H,M — H,M, smooth in p, with
J*=-L

J induces a splitting of the complexified bundle H°M into the
eigenspaces of J with eigenvalues i and —i, called H'°M and H%'M
respectively.

A CR structure on M is said to be integrable if H'°M is a subalgebra
of TCM under the Lie bracket, that is
(2.1) [V, W] e C®(M,H'°M) whenever V, W < C*(M, H'°M).

Dual to HM is a real line bundle E ¢ T*M whose sections are forms
6 with HM C kerd. We say a CR structure is definite at p if, whenever 4
is a nonzero section of E near p, d0(Z A JZ) is nonzero and of fixed
sign for any nonzero Z~ €EH I}’OM . This ena_bles us to identify a “positive”
half-line bundle E € E so that d0(Z A JZ) > 0 whenever 6 is a section
of E near p and Z is non-zero in H,°M. Then the Levi form
(2.2) (X, Y)=do(X AJY)
is positive-definite on HM and well-defined up to a positive multiple
whatever section of E is used.

Note that the orientation given by 8 A (d8)" is well-defined if 8 is a
section of E.
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An abstract CR structure on M allows a decomposition by type of
the exterior algebra of M in which, unlike the analogous decomposition
for complex manifolds, the type of certain forms is not unique; for
instance, any section of E will be of both types (1,0) and (0, 1). This will
not be pursued in general; the required definitions are

A°M = {complex 1-forms v with v(Z) = 0 for Z € H*'M },
and
A"+1OM = {complex n + 1-forms { with Z_I{ = 0 for Z € H>'M }.

Deleting the zero section of A”*1°M we obtain K, the canonical bundle
of M. This C*-bundle is central to the spirit of our approach to CR
geometry.

For a motivating context in which these structures arise suppose M is
a smooth hypersurface in C"*!. At a point p of M let

(2.3) HM=TMnNJ(T,M)

where J is the complex structure map of C"*!. Since J restricts to H,M
this induces a CR structure on M. Both T €M and the vector fields of type
(1,0) in C"*! form subalgebras of T€C"*! and so H'?, belonging to
each, is a subalgebra of T°M. Thus the CR structures on hypersurfaces in
C"*! are all integrable. Also because of the coordinate-free definition of
the induced CR structure, we see that any local holomorphic coordinates
near p induce the same CR structure on M near p.

The induced CR structure on M is definite at a point p whenever one
side of M is strictly pseudoconvex near p, as follows: Let u be a smooth
defining function for M near p (that is, du # 0 along M and M near p is
the set where u is zero), and let

idu — idu
(2.4) 0= —
since @ = @, 0 is real, and if X and JX are both tangent to M
(2.5) 0(X) = o(X"z’JX + X+2’JX) = —du(JX) =0,

so 6 is a section of E. The side of M where u is negative is strictly
pseudoconvex if and only if d8(Z A JZ) = 30u(Z A Z) is positive so
that @ is in fact a section of E. If M were definite and the form @ of (2.4)
were in the other half of £ then the other side of M would be strictly
pseudoconvex.

Observe that if M is a smooth hypersurface in C"*! the coordinate
volume form dz =dz' A dz* A --- Adz"*! restricts to M to give a
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closed section of K. There are various results concerning the natural
question of whether an abstract CR structure on M always arises from an
embedding of M into C"*! (see [B], [K], [J]). Perhaps alternative proofs
and additional results can be obtained by first investigating the existence
of a closed section of K.

III. First-order CR geometry. In this section we show that a plane
tangent to any closed section of K, when projected to C = K/R™, is
tangent to a member of a certain one-parameter family of cones. Analyti-
cally speaking, given the differential of a closed section of K, a Lorentz
metric on C is constructed and shown to belong to a small class of metrics
whose light cones make up the one-parameter family mentioned above.
The identification of the conformal class of Fefferman’s metrics within the
family is accomplished in later sections.

Although the Levi metric of §II is well-defined only on HM, there is
a reasonable way to extend it to TM given the values of  and df at a
point, that is, given the 1-jet of a section of E.

PROPOSITION 3.1. Given 0 and d@ at a point p, there is a unique
T € T,M such that 6(T) = 1 and T 1d6 = 0.

The proof follows simply from the nondegeneracy of df| ;.

Such a T defines a projection 7,: TM — HM with 7,(T)=0. A
natural extension of the Levi metric / to TM 1is then h, = 7¥(/). Note
that it is degenerate and that the metrics arising in this way are in
one-to-one correspondence with H, M.

To gain intuition about the following construction recall the restric-
tion of a Lorentz metric to a hyperplane tangent to its light cone is
degenerate in one direction and positive in others.

This family of degenerate metrics arises in our construction because
of a natural way to associate a section 8, of E to a section { of K. 6, can
be thought of as a quantity describing the modulus of {. One ingredient in
the construction is the metric on 7,M obtained from the 1-jet of this
modulus.

PROPOSITION 3.2. If { € C*(M, K) there is a unique 8, € C*(M, E)
such that whenever 8,(T) = 1

(3.1) ¢, 0, AT I8) AN(TE) = 6, A(d6,)"
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where ¢, = n'i"(-1)°""Y and o(n — 1) = (n — 1)n/2. Furthermore if
n = f§ with f non-zero then 6, = | f|*/"*8,.

Proof. 0, is found by starting with any section § of E and modifying
it to satisfy (3.1). Note that both sides are real 2n + 1-forms.

Form a real 2n + 1-vector by wedging together the members of the
frame T, Z,, Z, with §(T) =1, T 1d8 = 0, [(Z,, Zz) = O unless a = B,
and [(Z,, Z;) =1 where [ is the Levi form for . Computation shows
V = ()"(-1)"""T A Z, AN Z, is real. Since c,0 A (T ) A
(T 28)V)=n(T A Z)(T A Z,) while 8 A (df)"(V)=n! the first
2n + 1-form must be a positive multiple of the second. Say

¢, 0 AT ) A(TIE) =M A(dF)"  where A > 0.

g, = N/"* 20 can be seen to satisfy (3.1). The transformation law is
similarly verified.

Note that the value of 6, at p depends only on the value of { at p
and that ¢ and e”{ give rise to the same sections of E. This last
observation makes it plausible to think of #, as a quantity representative
of the modulus of {. Because 6, is determined through a comparison of
volume forms in (3.1) it is called the volume-normalized section of E
corresponding to {.

The last ingredient in the construction of the metric related to { is the
plane tangent to the closed section {. The analytic object involved is a
function F on C whose level set is the image of the map {: M — C. The
same notation is used for the maps {: M — K and {: M — C. When a
distinction is necessary [{] will denote the equivalence class of { in the
quotient K/R™. F is defined by

F([e'*¢(p)]) = a for -7 < a < 7 and p € M. The tangent to the S*
action on C({ — e'*{) is called S. Clearly if o = dF, o(S) = 1.

Now let # denote 6,, the volume-normalized section of E and find T
as in Proposition 1. Let A, be the extended Levi metric and let =:
T,C — T, M be the natural projection. Then g, is defined by

2

a3 200

(3.2) g = m*hy +
(@ and 7*6 are identified.)

THEOREM. If { is a closed section of K and m = f{ is also closed with
f(p)=1then

(3.3) g, — & = cb;.
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Moreover if df = al + a 8% where 8, 0°, 8% is the coframe dual to the
frame of Proposition 3.2, then

a,a, i(a —a)
(n+2) n+2

Proof. Both sides of (3.3) will be evaluated on all pairs of vectors in a
basis for T,C. A convenient basis consists of S together with the frame 7,
Z,, Z. of Proposition 3.2 lifted without renaming to the plane tangent to
the section .

It is immediate from (3.2) that both sides of (3.3) are zero on the lift
of H, since both g, and g, are essentially the Levi form there. Also § is
perpendicular to Z,, Z;, and S in both metrics g, and g, so (3.3) is true
on these pairs. Similarly g.(7, S) = g,(7,S) = 2/(n + 2).

It remains to show that (3.3) evaluated on the pairs (7, Z,) and
(T, Z,) gives zero on both sides and that (g, — g X7, T) = 2c.

To verify these differentiate 6, = | f|>/"*?6, and find that

T,=1tT, +t°Z, + t°Z,,

where

(3.4) t=|f

—ldg

T+ DA

satisfies the conditions of Proposition 3.1 for 4,.

and “

-2/(n+2)
l 2/(n+2)°

Computation shows that since F, = F, — arg f
0, =0, + —;—{aoﬂ" —af*+(a—a)d} atp.

Thus the term gained in 7*h,(T, Z,) cancels that in o, - (T, Z,) in the
expression g, (7T, Z,).
Finally compute that
a.a, (a—a) _
(n+2)° (n+2)

Since g.(T,T) = 0 and 6*(T, T) = 2 this establishes the theorem.

Even at this stage the construction may be useful in investigating the
behavior of the chains, which are the light rays of the metric of §IV. The
dynamical system for the light rays of g, is easy to compute. If any
property of this simple dynamical system could be shown invariant under
the addition of a 62 term to the metric, it would necessarily be a property
of the chains.

2c.

gn(T, T)=2
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IV. Second-order CR geometry. A particular conformal class within
the small family of Lorentz metrics from §III is determined using a small
part of the 2-jet of any closed section of K. Actually there need not be any
closed section for the construction to work: to find the Fefferman metric
at p the reconstruction from formal power series of a closed 2-jet of
section of K over p is sufficient. for simplicity of language, in this section
the required 2-jets are referred to as closed sections, although in the most
general case such sections may not exist.

PROPOSITION 4.1. If { is a closed section of K, 8 its volume-normalized
section of E, and T the vector field with §(T) = 1, T _1d@ = 0, then there is
a real function a, € C*(M) such that

(4.1) Lr$ AT L) = iad A(TIE) A(T ).

The mapping { = a is a second-order non-linear differential operator.

Proof. Interior multiplication of (3.1) by T gives ¢, (T 1) A (T I8) =
(d8)". Exterior differentiation of this equation gives

(4.2) Lt AT 28) +(T28) AL = 0.

The complex conjugate of the first term is equal to the second term,
so the left-hand side of (4.1) is a purely imaginary multiple of the positive
volume form @ A (d8)". This establishes the existence of the function a,
as claimed.

To see that the correspondence { — «; is the work of a second-order
differential operator, observe that 7" and 7 _I{ depend on the 1-jet of { so
that another differentiation depends on the 2-jet of {. Of course, wedging
with T ¢ eliminates much of the information from the 2-jet of ¢; a;
involves only a small part of this. Non-linearity follows from the formula
a, = |c|”* " Va,, when c is constant.

The proof that &, can be used to fix the undetermined 6 term in the
metrics of §I1I is facilitated by the choice of a special frame for TM near
p, similar to the frame of Proposition 3.2, but enjoying special bracket
relations identical at p to the celebrated ones on the Heisenberg group.

PROPOSITION 4.2. Given 8§ € C*(M, E), near any point of p of M there
are vector fields T, Z, such that

(@) (T)=1,T 1df = 0,

b (Z,Z,)= -iT atp, and

(c) all other bracket relations among the vector fields T, Z , Z_ are zero
atp.
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Proof. (a) is established by taking T as in Proposition 3.1. To find the
vector fields Z , start with any vector fields Z’ matching at p the frame of
Proposition 3.2 so that at p

dO(Za A ZE) = iSaE.

These will be modified by finding n> smooth complex functions r?
vanishing at p so that the vector fields

(4.3) Z,=Z,+ 1z,

satisfy the given conditions. Note that the type of Z_ is still (1,0) and that
the condition rf(p) =0 preserves the orthonormality of these vectors
with respect to the Levi form at p, which in turn guarantees that (b) and
(c) hold modulo vectors in H.
Writing
[Z,,Z;] = cyyT+d5pZ. and [T,Z,] =e, T+ fEZ,,

where 4, B, and dC take on the values 1, 2,...,n,1,2,..., 7, it’s easy to
see that

~i fA=a, B=«
cp=1\1i fd=a B=a
0  otherwise

and e, = 0. Thus the T components of the left-hand side of the bracket
relations are already correct.

The quantities d4, and f/ must be elminated by the choice of the
functions 2. At first it seems that too many terms are to be cancelled by
too few choices, but calculation shows that if the equations

(4.4) b = Z.rb
di = Zrf - Zr?

It = 1t

are satisfied at p, then all the desired bracket relations will hold there. But
these are 4n> + 2n? real equations for the 2n?(2n + 1) derivatives of the
real and imaginary parts of the functions r? at p. Since these may be
specified at will the functions r# may be found as claimed. Note how the
proof relies on the integrability of the CR structure since this ensures that
a’gy =dg, = 0. If these were non-zero too many conditions would be
imposed on the functions 75,
Now the metric will be constructed.
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THEOREM. Let g, be the metric on C associated with a closed section §
of K. Let
&
n+1
Then the conformal class of g is independent of §.

(4.5) g=g; + 6;.

Proof. Consider changing { to f{ where d;f = 0 and f(p) = 1. As
before write

df = al + a 8°,
where now the forms 6, 8¢, 6% are dual to the frame T, Z, Z_ of

Proposition 4.2, which is modified by a constant multiple of modulus 1, if
necessary, so that

T A, Z,)=1at p.
Since the transformation law relating g, to g, is known from §III it
remains to find & in terms of a; and f. This is straightforward using our

special frame. Evaluate both sides of the equation defining a, on the
(2n + 1)-vector T A, Z, N, Z to find
“2/(n+2) .=

(4.5) d(TRAfENT Ay Z,) = oyl f | -

The left-hand side will be expanded using Lie-brackets. This is simple
because the vector fields T, Z, all commute. We find

o £ = d( 1IN T) + 1P A(T (T A 2,)
~Z iag] )
\(n +2)f| 717"

The term involving Z,a, = Z,Z_f can be simplified using the brac-
ket relations:

2, Z.f=(~iT+ Z,Z,)f = -ia foreacha.
Computing the other terms and setting f = 1 after differentiating gives

+1
(46) Qe = —i'(:/lz_i_—z)(a—c_l)——rl—t—l—"a a&+a§

Combining this with the transformation law for g (3.6) shows

02

Qe 0 ¢
gf§+n+10 —g‘°+n+1

so the metric is well-defined at p using either { or f{ provided f(p) = 1.
To include more general changes of section observe that changing { to ¢¢,



42 FRANK A. FARRIS

where ¢ is constant, changes g to |c|*>/("*?g. Then changing { to f{ where
f(p) = ¢ can be accomplished by first changing { to ¢{ and then to
(f/c)(ct), leaving the conformal class of g invariant.

Since the class of closed 2-jets of sections of K depends only on the
CR structure of M, and since the construction above assigns the same
conformal class of metrics to each of these, this conformal class of metrics
on C is seen to be a natural feature of the CR structure of M.

Those familiar with Chern’s construction of an invariant connection
on a principal fiber bundle over a CR manifold from which the same
conformal class of Lorentz metrics can be derived may observe that the
construction here involves fewer normalizations and differentiations. The
author believes that locating the construction on K rather than E leads to
this simplicity.

Finally we summarize the construction. To compute the metric choose
{ a closed section of K and find 6, the volume normalized section of E.
Use df, and o, to compute the metric g, which may differ from the true
metric by a term 6°. To fix this term differentiate { again to determine a;
and write down the metric as in (4.5).

V. The complex Monge-Ampére equation. Fefferman, in [F2], defines
a conformal class of Lorentz metrics on S' X 9Q where @ is a smoothly
bounded strictly pseudoconvex domain in C"*!, using a second-order
approximation of a solution to the complex Monge-Ampeére equation in
. Here we show that the conformal class of Lorentz metrics defined in
§IV is the same as Fefferman’s in the case where M is embedded near p
as part of 3{. This is done by means of a reformulation of the Monge-
Ampere equation in terms of volume forms.

The equation studied by Fefferman is

(5.1) J(u) = (-1)"“det( 5/_ fok) =1,

where
_duo o du
ARFYVAR azk’ “r 3z/9z%
Cheng and Yau [CY] showed the existence and uniqueness of a
function u satisfying (5.1) in £ and the boundary condition
(5.2) u=0 ondQ
so that u is a special defining function for €. This result is not necessary

to Fefferman’s construction, which uses a second-order approximation
along 38 of u satisfying (5.1) and (5.2).
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Equation (5.1) can be written as a comparison of two volume forms in

C X Q, where we take (29, z1,..., z"*!) as coordinates. Introduce the real
(1,1) form
(5.3) ¢ = iudz® A dz® +idu A dz® +idz® A du + iddu.

Then ¢"*2 is calculated in two ways. First, directly from (5.3),
(5.4) ¢"*2=i""2(n + 2)udz® A dz® A(30u)""!
—i"*2(n+2)(n + 1) dz® A dz° Adu A du A (83u)".
But it is also true that if
n=nzdz/ A dz¥ inCrt?

p"t2 = (=1)"TPD 2 42 det(n,z) dz° A dz A dz° Ndz
where here, as below, dz = dz' A --- Adz"*!. Applying this to ¢ shows
(5.5) ¢ 2= (=)D £ Wi 2 (u) dz® A d20 Adz A dz
Contracting with 0/3z° and 9,/0z° and cancelling i(n + 2) we see that u
satisfies (5.1) if and only if
(5.6) i'“”(u(aﬁu)"ﬁt1 —(n+1)3u A du /\(aﬁu)")

= (<) 4 DNt dz A d.

Now assuming that (5.6) holds on 92 we find that (idu — idu)/2 is
volume normalized with respect to dz. Then taking { = dz, «; is com-
puted, assuming that (5.6) can be differentiated in a certain direction
transverse to the boundary; since this direction is found by differentiating
u this assumption amounts to requiring that (5.6) holds to second order
along 0. Then the metric constructed in §§III and IV can be shown to
belong to Fefferman’s conformal class

Some extrinsic quantities useful in this computation are defined by
the following proposition.

PROPOSITION 5.1. For any defining function u there are near 32 a
smooth real function r and a vector field £ of type (1, 0) such that

(5.7) du(¢)=1 and £_1id0u = irdu.
The proof is straightforward using the nondegeneracy of i90u on H.

Note that » may be 0 if i90u is degenerate.

PROPOSITION 5.2. If J(u) = 1 on 3R, then 0 = (idu — idu)/2 is the
volume normalized section of E corresponding to dz and 3%Q.
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Proof. Contracting (5.6) with ¢ and £, setting u = 0 and ignoring
terms which vanish on M gives

(5.8)  —(iddu)" = (-1)"PUID2pin(£28) A(ELE) on TM.

Set T = i(¢ — £) so that T is as in Proposition 3.1. Then wedge (5.8)
with 6 and replace £_1{ by —iT ¢ to find

(5.9) 0 A(dB)" = (=1)""""2nti"g A(T28) AT E)

which is exactly the volume normalization.
Next the Lie derivative of (5.6) with respect to £, which is transverse
to 92, is used to compute « in terms of r.

PROPOSITION 5.3. If { = dz, ay = (n + 1)r.

Proof. Since « is defined by a comparison of 2n + 1-forms on 9§
(5.6) will be contracted with § before differentiation. This gives

(5.10) " Yur — 1)ou A(30u)" = (=1)" 2D it (¢ Jdz) A dz).

Lie differentiation with respect to £ of the left-hand side gives —i" " 'nrou
A (39u)".

To differentiate the other side introduce n = § 1dz so that { = du A 7.
Differentiating this formula, multiplying in £, and wedging with 7 gives

(5.11) (§2dn) A$=(-1)"{rduAn Aq+dy AT},
Therefore the Lie derivative of the right-hand side 1s
(-1)"" %y W rdu Am AG +dn AR,
Since «a is defined by
dp A =iad Aq AT
equating the two Lie derivatives gives
—nr A(d)" = (—1)"("41)/2n!i”(r —a)(6 A ATY).

Using (5.9) gives @ = (n + 1)r.
The metric defined on S' X 02 by Fefferman is

f= +2(8u— du) - ds + uzdz/ - - dz*,

where s is the angular variable on S'. To compare this with the metric g
consider { as trivializing the circle bundle C over 9§ so that s is the
function F of §IV.
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THEOREM. g = f. Therefore the conformal class constructed in §§II1
and 1V coincides with that constructed by Fefferman.

Proof. First observe that the metrics agree on the maximal complex
tangent space H, since each agrees with the Levi form corresponding to
i00u there. Also both S and T are perpendicular to H in each metric. S is
null in each and g(S,7T) = 2/(n + 2) = f(S, T). It remains to show that

g(T,T) = ((T,T).
(5.2) f(T,T) = iddu(T AJT) = 2r.

On the other hand g(7,T) = 2a/(n + 1); but a =(n + 1)r so the
metric agree on a set of basis vectors and are therefore equal.
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