
OPTIMAL DELEGATION AND DECOUPLING
 IN THE DESIGN OF LIABILITY RULES

by

IAN AYRES* AND PAUL M. GOLDBART**

Abstract.  The central allocative decision confronting a judge in a nuisance dispute
should not concern the identity of the initial entitlement recipient but rather the
identity of the more efficient chooser—the litigant who can more efficiently allocate
the entitlement.  We show that liability rules can produce four basic allocations
which differ centrally in the ways in which courts delegate to litigants the authority
to ultimately allocate the entitlement.  Two classes concern “single chooser” rules
that vest (in the absence of an agreement to the contrary) the allocative decision
solely in one of the litigants.  The other two classes concern a new type of rule,  “dual
chooser” rules, that allow either party to veto the transfer of an entitlement.  Dual-
chooser rules are more than a theoretical curiosity both because they exist in our
current law and because at times they produce systematically greater allocative
efficiency than either type of single-chooser rule.  Two heads are sometimes better
than one.

A central result of the paper is that in choosing among different liability rules
allocative concerns can be decoupled from distributive concerns.  There exist an
infinite number of liability rules which produce each of the four basic allocations,
but every rule within a particular class divides differently between the litigants the
expected value of the allocation.  To successfully decouple, courts should at times
impose "call option," "put option,” "Pay or be Paid," and "Pay or Pay" rules.
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1Guido Calabresi & Douglas Melamed, Property Rules, Liability Rules, and Inalienability:
One View of the Cathedral, 85 HARV. L. REV. 1089 (1972).

2Entitlements are often protected from intentional takings by property rules, but from
negligent takings with liability rules.  Hence, it is a criminal offense to intentionally break your
neighbor’s arm (i.e., her arm is protected by a property rule with regard to your intentional taking),
but the neighbor is entitled to compensatory damages if you break her arm through mere negligence
(i.e., her arm is protected by a liability rule with regard to your negligent taking).

OPTIMAL DELEGATION AND DECOUPLING IN THE DESIGN OF LIABILITY RULES

INTRODUCTION

Calabresi and Melamed began a scholarly revolution by seeing that legal entitlements have

two readily distinguishable types of protection:  property rules and liability rules.1  These two

archetypal forms protect an entitlement holder’s interest in markedly different ways -- via deterrence

and compensation.  Property rules protect entitlements by trying to deter others from taking.

Liability rules protect entitlements not by deterring but by trying to compensate the victims of non-

consensual takings.2  Accordingly, the compensatory impetus behind liability rules causes such

remedies to focus on the takee’s welfare, while the deterrence impetus behind property rules causes

such remedies to focus on the potential taker’s welfare.  Thus, disgorgement and prison terms are

traditional property rule remedies, while expectation and other compensatory damages fall squarely

in the liability rule camp.

Seeing liability rules as a distinct category of entitlement allowed Calabresi and Melamed

to see that there was a missing category in the ways courts resolved nuisance disputes.  Consider the

classic, if somewhat idealized, nuisance dispute between a single “Polluter” and a single “Resident”

who is discomforted by the pollution.  Prior to One View of the Cathedral, courts had traditionally

chosen among three different judgments:

Rule 1: a court might issue an injunction against a Polluter;
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3The term “initial” entitlement is used to convey the idea that because of a subsequent taking
the ultimate entitlement to control whether or not pollution will take place may belong to a taker.

4Rule 1, for example, represents a decision in which the initial entitlement is granted to the
resident and this entitlement is protected by a property rule.  The polluter is deterred from a non-
consensual taking by the prospect of being held in contempt.  In contrast, Rule 2 represents a
decision in which the initial entitlement is granted to the resident, but it is only protected by a less-
stringent, compensation-based liability rule.  Under Rule 2, the polluter might non-consensually take
the resident’s entitlement and pay compensatory damages.  Rule 2 was famously deployed in Boomer
v. Atlantic Cement Co., 257 N.E.2d 870, 875 (N.Y. 1970).  Finally, Rule 3, by finding the pollution
not to be a nuisance, effectively grants the initial entitlement to the polluter and protects it by a
property rule.

2

Rule 2: a court might find nuisance but permit pollution to continue if the Polluter
chose to pay damages; or 

Rule 3: a court might find the pollution not to be a nuisance and permit the Polluter
to continue without paying damages.

Appreciating the difference between liability and property rules, the authors saw that these three

approaches naturally fit into a two-by-two box.  In this stylized box (shown in Table 1), the court

determines (i) whether the resident or the polluter has the initial entitlement (to control whether or

not there will be pollution),3 and (ii) whether this entitlement is protected by property or a liability

rule.4
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5In a recent symposium honoring the twenty-fifth anniversary of One View of the Cathedral,
see 106 YALE L.J. 2083-2213 (1997), Calabresi pointed out that James Atwood had discussed the
possibility of a Rule 4-like outcome in a student note that he published in the Stanford Law Review
three years before Calabresi and Melamed’s analysis.  See Guido Calabresi, Remarks:  The Simple
Virtues of the Cathedral, 106 YALE L.J. 2201, 2204 (1997) (citing James R. Atwood, Note, An
Economic Analysis of Land Use Conflicts, 21 STAN. L. REV. 293, 315 (1969)).

6Spur Indus., Inc. v. Del E. Webb Dev. Co., 494 P.2d 700, 708 (Ariz. 1972) (Cameron,
V.C.J).  The court’s unconditional order seems different than the definition of Rule 4 in the text
which gives the Resident the choice of whether (a) to pay to stop further pollution or (b) not to pay

3

Table 1: Calabresi and Melamed’s Two-By-Two Box with the Missing Category

Method of Protection

Property Rule Liability Rule

  I
ni

tia
l E

nt
itl

em
en

t
Resident Rule 1 Rule 2

Polluter Rule 3 [Rule 4]

The problem with the traditional tripartite approach to resolving nuisance disputes is that one of the

boxes was empty.  Calabresi and Melamed’s theory suggested a fourth approach:

Rule 4: a court might permit a Polluter to continue unless the Resident chose to pay
the Polluter damages in order to enjoin further pollution.5

As fate would have it, the fourth box would not long stay empty.  In Spur Industries v. Del Webb,

Justice James D. Cameron of the Arizona Supreme Court—in what has probably become the most

cited “coming to the nuisance” decision—found that pollution could be enjoined, but that a

developer representing residents had to “indemnify [the Polluter] for a reasonable amount of the cost

of moving or shutting down.”6  Calabresi and Melamed’s good fortune in identifying a vacuum that
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and to allow the Polluter to continue polluting.  To harmonize the case with the definition, it is
necessary to speculate about what would have happened if Del Webb had petitioned the court to void
its order enjoining the pollution as well as its order that Del Webb indemnify Spur.  If we believe
that the court would have in effect allowed Del Webb to withdraw its initial complaint, it would have
in effect been giving Del Webb the Rule 4 choice—that is, the choice of paying to stop pollution or
not paying and allowing the pollution to continue.  Alternatively, at a minimum, future developers
will realize that suing in this jurisdiction may be choosing to pay for an injunction.

7Indeed, there are probably a dozen other articles that aver in one way or another to this
history.  See, e.g., Robert C. Ellickson, Alternatives to Zoning:  Covenants, Nuisance Rules and
Fines as Land Use Controls, 40 U. CHI. L. REV. 681 (1973); James E. Krier & Stewart J. Schwab,
Property Rules and Liability Rules: The Cathedral in Another Light, 70 N.Y.U. L. REV. 440, 442
(1995).

8Madeline Morris, The Structure of Entitlements, 78 CORNELL L. REV. 822, 854-56 (1993).
9Ian Ayres & Eric Talley, Solomonic Bargaining: Dividing a Legal Entitlement to Facilitate

Coasean Trade, 104 YALE L.J. 1027 (1995); Krier & Schwab, supra note 7, at 470-75; Ian Ayres &
J.M. Balkin, Legal Entitlements as Auctions:  Property Rules, Liability Rules and Beyond, 106
YALE. L.J. 703, 729-33 (1996); Richard Epstein, A Clear View of the Cathedral:  The Dominance
of Property Rules, 106 YALE L.J. 2091 (1997); Saul Levmore, Unifying Remedies:  Property Rules,
Liability Rules and Startling Rules, 106 YALE L.J. 2149 (1997); Carol M. Rose, The Shadow of the
Cathedral, 106 YALE L.J. 2175 (1997); Ian Ayres, The 1998 Monsanto Lecture:  Protecting Property
with Puts, 32 VAL. U. L. REV. 793 (1998).

4

was almost simultaneously filled helped solidify their article’s well-deserved fame.

This narrative is well known to the vast majority of tort (and property) professors.7  However,

the legal academy seems to be much less aware of an analogous phenomenon that has been

developing over the last decade.  Starting  in 1993 with Madeline Morris’s article, The Structure of

Entitlement,8 a group of about a half dozen scholars have started to see “liability rule” protection as

a type of call option.9  Just as the property/liability rule distinction helped Calabresi and Melamed

discover the missing Rule 4, the call option reconceptualization of the two liability rules (Rules 2

and 4) naturally led to consideration of two additional “put option” liability rules.

A call option is an option to buy.  The option holder can force a sale at the exercise price
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10Property rules (Rules 1 and 3) can also be easily fitted into option framework.  From an
option perspective, the only difference between protecting an entitlement with a property rule and
a liability rule is a difference in the potential taker’s exercise price.  Property rules set the exercise
price so high that no option holder would choose to exercise the option.  See Ayres & Talley, supra
note 9, at 1048.

11Boomer v. Atlantic Cement Co., 257 N.E.2d 870, 875 (N.Y. 1970).
12Spur Indus., Inc. v. Del E. Webb Dev. Co., 494 P.2d 700, 708 (Ariz. 1972).

5

even if the seller does not want to sell.  Rules 2 and 4 have just this “call” quality.  Under Rule 2,

the Polluter has a call option—the choice to pay damages—the choice, in effect, to buy the

Resident’s right to clean air and, therefore, to be able to continue polluting.  The Resident begins

with the initial entitlement (to stop pollution), but the Polluter can force the Resident to sell this right

for a judicially determined amount.  Rule 4 reverses the identity of the Polluter and Resident.  Under

Rule 4, the Polluter has the initial entitlement, and the Resident has the call option.  The Resident

can force the Polluter to sell this right to pollute for a judicially determined amount.10

Once the traditional liability rules were reconceived as granting a potential taker a call option,

it became almost inevitable that scholars would wonder whether “put option” rules might not also

be desirable.  A put option is an option to sell.  While call options give the option holder the choice

of whether to pay a non-negotiated amount (the exercise price), put options give the option holder

the choice of whether to be paid a non-negotiated amount.  Call options when exercised give rise to

“forced sales”; put options give rise to “forced purchases.”

Rule 2 gives the Polluter the choice of whether to pay; Rule 4 gives the Resident the choice

of whether to pay.  Scholars thinking about the classic Rule 2 and Rule 4 cases—Boomer11 and

Spur12—have often focused only on the difference between who pays, but a second dimension exists
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of who chooses to force the payment.  Rules 2 and 4 concern a choice to pay, while the put options

concern the choice to be paid.  

Applied to nuisance disputes, the possibility of put options suggests two additional rules.

Each rule gives the initial entitlement holder a put option—the option to force a non-consensual

purchase by the other side:

Rule 5: a court might allow a Polluter to continue polluting, but also give the Polluter
the choice to stop polluting and to receive damages from the Resident; and

Rule 6: a court might allow a Resident to enjoin pollution, but also give the Resident
the option of waiving his injunctive rights in return for damages from the
Polluter.

These “put option” rules—like their “call option” counterparts—are still “liability rules,” the  goal

of which is to compensate the initial entitlement holder for any non-consensual transfer, rather than

to deter such a transfer in the first place.  The only difference is that with put options the initial

entitlement holder can force the non-consensual transfer, whereas with the more traditional (call

option) liability rule the non-entitlement holder can force the transfer.

Table 1 can be expanded as shown in Table 2 to help flesh out the underlying structure of the

six rules:



DELEGATION AND DECOUPLING

13Some authors have reversed the labels of Rules 5 and 6, see, e.g., Levmore, supra note 9,
at 2163; Ayres, supra note 9, at 797 n.9, but to do so destroys the symmetry of Calabresi and
Melamed’s original categorization.

7

Table 2: Incorporating the Possibility of “Put Options” Rules
Method of Protection

Property Rule

Liability Rule
(Initial Entitlement

Held Subject To
Other Side’s Call

Option to Pay)

“Put Option” or “Force
Purchase” Rule

(Initial Entitlement
Holder Also Has Put
Option to Be Paid)

  I
ni

tia
l E

nt
itl

em
en

t H
el

d 
B

y

Resident Rule 1 Rule 2 Rule 6

Polluter Rule 3 Rule 4 Rule 5

The two new “put option” rules—Rules 5 and 6—are similar, except that under Rule 5 the Polluter

has the initial entitlement and a put option, whereas under Rule 6 the Resident has the initial

entitlement and a put option.13  The rules in the three columns of the table differ only as to which

party has the option to force a non-consensual transfer of the initial entitlement:  under a property

rule, neither side has an option to force a transfer; under a traditional liability rule, the non-

entitlement holder has an option to force the initial entitlement holder to sell; and under a “put

option” rule, the entitlement holder has the option to force the non-entitlement holder to purchase.

While “put option” rules have not been used to resolve nuisance disputes, put option awards
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14Ayres, supra note 9, at 800.
15See Louis Kaplow & Steven Shavell, Property Rules Versus Liability Rules:  An Economic

Analysis, 109 HARV. L. REV. 713 (1996); Ayres, supra note 9.
16See Levmore, supra note 9, at 2168-72; Ayres, supra note 9, at 801-13; Krier & Schwab,

supra note 7.

8

are a standard response to intentional taking in other areas of tort law:

Contrary to accepted wisdom, the common law does use “put options”—the right to
force a non-consensual purchase—as a mechanism for protecting entitlements:  (1)
if Calabresi steals Melamed’s watch, Melamed has the option of suing to recover the
watch (replevin) or suing to receive the watch’s value (trover); (2) if Calabresi is a
holdover tenant in Melamed’s apartment, Melamed has the option of suing to enjoin
Calabresi’s continuing trespass or (at least in some jurisdictions) suing to force
Calabresi to rent for up to an entire additional year; and (3) if Calabresi builds an
encroaching wall on Melamed’s land, Melamed has the option of suing to force
Calabresi to remove the wall or suing to force Calabresi to permanently buy the
encroached land.  In each of these examples, after Calabresi takes Melamed’s
entitlement, the common law gives Melamed a put option—the option to choose
court-determined damages (for permanently ceding the entitlement to the defendant)
or injunctive relief (to reacquire the entitlement).14

In the nuisance context, instead of giving an Atlantic Cement the (call option) choice of deciding

whether to pay to pollute [Rule 2], a court might give a Boomer the (put option) choice of whether

to be paid (and bear continued pollution) or to refuse payment (and win an injunction against

continued pollution) [Rule 6].

Scholars have already made some important progress in identifying and analyzing these four

liability rules.  We now know, for example, that courts should set damages under any of four liability

rules (2, 4, 5 or 6) equal to the court’s best estimate of the non-option holder’s value.15  And authors

have put forward a series of reasons why “put option” rules might at times dominate “call option”

rules.16  But to date there has been very little analysis of a very basic question:  who should be given
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17RESTATEMENT (SECOND) OF TORTS § 826(a) (1979).
18See infra at 33.
19The separate and important question of whether and under what conditions liability rules

dominate (or are dominated by) property rules has recently been discussed by Ayres & Talley, supra
note 9; Kaplow & Shavell, supra note 15; Louis Kaplow & Steven Shavell, Do Liability Rules
Facilitate Bargaining? A Reply to Ayres and Talley, 105 YALE L.J. 221 (1995); Ian Ayres & Eric
Talley, Distinguishing Between Concensual and Nonconsensual Advantages of Liability Rules, 105
YALE L.J. 235 (1995); Epstein, supra note 9.

In the conclusion, we return to this issue and show how the analysis of this article also
enriches our knowledge of when property rules are likely to be superior to liability rules.  See infra
at 111.

9

the initial entitlement?  Most authors—if they address this question at all—suggest that courts should

grant the initial entitlement to the litigant it believes to have the higher valuation.  This standard is

codified in the Restatement (Second) of Torts, which expressly directs courts in deciding whether

or not an act constitutes a nuisance to consider whether “the gravity of the harm outweighs the utility

of the actor’s conduct.”17  As we will see,18 the idea of simply giving the entitlement to the higher

valuer—while making eminent sense in terms of maximizing allocative efficiency when choosing

between property rule regimes (Rules 1 and 3) —does not make sense when choosing among the

four liability rules (Rules 2, 4, 5, and 6).

At its core, this article uses mathematical reasoning in an attempt to provide practical advice

on how judges should choose among liability rules.19  We both expand and simplify the range of

judicial choice.  We expand judicial choice by showing that there exist an infinite number of

implementations within two foundational classes of liability rules that can produce the same

allocative efficiency as those four liability rules.  While any rule within a particular class identically

allocates the entitlement among the litigants, this proliferation of rules is far from redundant because
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the liability rules divide the expected total payoff differently.   A central finding of this article is to

show how judges can decouple allocative and distributive concerns.  A court's decisions about which

type of rule will maximize ex post allocative efficiency does not need to affect its decision about

which distribution will best promote equity or ex ante investment.

Our analysis also simplifies judicial choice by revealing a deeper structure to liability rules.

Maximizing allocative efficiency has nothing to do with a court’s decision about who is given an

initial entitlement.  We will show, for example, that Rule 2—which gives the initial entitlement to

the Resident (subject to the Polluter’s call option)—produces identical allocations for every possible

realization of Polluter and Resident valuations as Rule 5—which gives the initial entitlement to the

Polluter (along with a put option).  To maximize allocative efficiency, courts should focus instead

on delegating the allocation choice to the litigant who is the more efficient chooser.  

While from the perspective of the initial entitlement holder, liability rules seem to have

compensation as its central aim, from an efficiency perspective liability rules are a means by which

an imperfectly informed court can delegate allocative choice to private litigants who potentially have

superior allocative information.  For example, a traditional liability rule (Rule 2) can be seen as the

court delegating the allocative choice to the polluter.  The Polluter chooses whether to allocate the

entitlement to itself (and to pay damages to the Resident) or to allocate the entitlement to the

Resident (and pay nothing).  In this article, we provide a theory of how courts might optimally

delegate allocative choice. 

 The four liability rules of Table 2 (Rules 2, 4, 5, and 6) give rise to just two allocative

equilibria corresponding to the identity of the chooser.  For convenience, we call these “single
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20Under Rule 2, it is the Polluter’s (call option) choice either to pollute and pay damages or
to refrain from polluting and pay nothing; under Rule 5 it is the Polluter’s (put option) choice either
to refrain from polluting and receive damages or to pollute and receive nothing.  Under either rule,
the Resident is powerless to affect the ultimate allocation except by bargaining with the Polluter in
the shadow of these Polluter choice laws.

21Jack Balkin and Ian Ayres have previously analyzed second-order liability rules which, like
dual-chooser liability rules, give both litigants a say in the ultimate allocation.  See Ayres & Balkin,
supra note 9.  But unlike second (or higher) order rules which require successively higher exercise
prices, the dual-chooser rules that are the focus of this article concern judges setting a single exercise
price that both litigants react to.  The relationship between the dual-chooser rules and second order
rules is discussed more fully infra Part III.
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chooser” rules because a single litigant determines the entitlement’s final allocation.  Rules 2 and

5 are “defendant choice” rules because they give the polluter the allocative choice,20 while Rules 4

and 6 are “plaintiff choice” rules that give the Resident the allocative choice.  There is a continuum

of defendant-choice rules and a continuum of plaintiff-choice rules, but all the defendant-choice rules

(including Rules 2 and 5) allocate the entitlement identically and only differ in the amount of the side

payments that are made between the parties.  Likewise, there is a continuum of plaintiff-choice rules

(including Rules 4 and 6) that identically allocate the entitlement, albeit with different side payments.

But we also show that there are two further foundational classes of liability rules.  We dub

these “dual chooser” rules in contradistinction to the single-chooser rules, because both the plaintiff

and the defendant have a potential impact on how the entitlement is ultimately allocated.21  One class

of allocation rules gives the entitlement to the plaintiff unless both parties agree to shift it (for a

court-determined price) to the defendant—in other words, either party has the power to veto the

defendant being allocated the entitlement.  We will call this class of rules “defendant-joint-veto”

rules.  The other class of allocations concern rules that allow either party unilaterally to veto the
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22Madeline Morris is the only other person to have considered “dual chooser” regimes.  See
Morris, supra note 8, at 854.  She mentions in passing the theoretical possibility of such rules, but
she does not identify circumstances when they might be advisable nor does she suggest their
arguable existence in current legal practice.  

12

plaintiff being allocated the entitlement—which we will analogously label “plaintiff-joint-veto”

rules.  As with the single-chooser rules, we will give multiple option interpretations of these dual-

chooser rules and show that there are an infinite number of rules within each of these classes that

produce identical entitlement allocations, but which affect how the disputants divide the

entitlement’s value.

In one sense, these dual-chooser rules represent a kind of centralized planning writ small.

Under them, the government (i.e., a judge) sets a price for the entitlement and then asks both litigants

whether they want to trade at that price.  While this characterization makes the dual-chooser rules

seem esoteric and unworldly, we argue that these rules are already being used in some legal contexts.

Moreover, we show conditions under which a dual-chooser rule systematically produces greater

allocative efficiency than either class of single-chooser rules.22
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23See Kaplow & Shavell, supra note 15, at 725.
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Our four core allocative equilibria are graphically depicted in the stylized panels of Figure

1.  The panels show the range of possible plaintiff valuations on the horizontal axis and the range

of potential defendant valuations on the vertical axis.  If a judge had perfect information about the

litigants’ valuations, she

could achieve first-best

allocative efficiency by

allocating the entitlement to

the defendant whenever the

defendant’s value was

higher than the plaintiff’s

value.  A fully informed

judge would accordingly

use a decision rule

corresponding to the

dashed diagonal lines in the

panels.

But an imperfectly

informed judge instead can resort to liability rules to harness the litigants’ superior private

information about at least their own values.23  As shown in panel (a), the class of plaintiff-choice

rules allows the plaintiff to vertically partition the valuation space.  Under these rules, when the
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plaintiff values the entitlement more than the damage amount, it will allocate the entitlement to

itself; when the plaintiff values the entitlement less than the damage amount, it will allocate the

entitlement to the defendant.

The analogous horizontal allocative partition produced by defendant-choice rules is shown

in panel (b).  For this class of rules, the defendant is vested with the power to allocate the entitlement

to itself when its valuation exceeds the damage amount, or to allocate the entitlement to the plaintiff

when its valuation falls short of judicially chosen damages.  While not achieving first-best (perfect

information) allocative efficiency, these single-chooser rules can enhance allocative efficiency by

giving the chooser an incentive to make the most efficient allocation given her available information

(i.e., that she knows her own valuation precisely but only, like the court, knows the probability

distribution of her rival’s valuation).

The allocations for the dual-chooser rules are depicted in panels (c) and (d).  Panel (c) shows

the defendant-joint-veto allocation, in which the entitlement is allocated to the plaintiff unless both

parties opt for a defendant allocation.  A defendant allocation will only take place if the plaintiff’s

valuation is less than the damage amount and the defendant valuation is greater than the damage

amount.  This is because if the plaintiff’s valuation is above the damage amount then the plaintiff

will choose to allocate the entitlement to itself and forego the payment of damages it would have

received if the entitlement were allocated to the defendant.  If the defendant’s valuation is below the

damage amount the defendant will allocate the entitlement to the plaintiff rather than pay the higher

damage amount.  Panel (d) shows the analogous plaintiff-joint-veto allocation, which allocates the

entitlement to the defendant unless the both parties opt for a plaintiff allocation.
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24In this article, we generally distinguish between “allocation” of the entitlement at hand and
“distribution” of wealth or value.
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All four equilibria allocate the upper left quadrant to the defendant and the lower right

quadrant to the plaintiff.  But there are two crucial differences.  First, the optimal damage amounts

for the particular classes of rules may differ.  We will show that the optimal damages for all the rules

within a class are the same, but that optimal damages may differ among the classes.  One of our tasks

in this article will be to derive the optimal damages for each of the four classes.

Second, a crucial difference between allocative equilibria concern the off-diagonal quadrants

(i.e., the lower-left and upper-right quadrants).  The dual-chooser rules allocate both of these off-

diagonal quadrants to the same litigant, while the single-chooser rules split ownership by quadrant.

To determine which of the four basic liability classes maximizes allocative efficiency, a court in

effect will need to determine which litigant is likely to be the more efficient entitlement holder

within these off-diagonal quadrants.  Accordingly, a second task of the article is to provide guidance

for judges determining which of the four equilibria depicted in Figure 1 maximizes allocative

efficiency (conditional on the judges’ imperfect information).

Our finding that there are an infinite number of rules within each class that vary in how the

expected total payoffs are divided between the litigants allows courts to decouple the allocative and

distributive decisions.24  Courts deciding among this expanded set of liability rules should first

choose the class of rule that maximizes ex post allocative efficiency and then choose the

implementation within the class that best comports with the distributive demands of equity or the

need to produce ex ante investment incentives.  
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25Even after the parties have produced evidence of their respective valuations, we imagine
that the court will still have residual uncertainty about the true valuations of the entitlement.  Some
of this uncertainty may relate to inevitable uncertainty about the future (e.g., will the factory’s new
machine work?), while other uncertainty may simply be the by-product of litigants’ strategic
incentive to misrepresent their valuations (e.g., “I really value this land because my dog is buried
here”).
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The core allocative decision is for a judge to decide the optimal number and identity of the

choosers.  The choice among these four allocative equilibria will turn on judicial beliefs about how

much the litigants value the entitlement at issue.  But instead of being based simply on which litigant

has the higher mean value, we show that the allocation decision should turn more broadly on judicial

beliefs as to how these values are distributed.25

We will show that dual-chooser allocations will at times dominate single-chooser allocations

and at other times be dominated by them.  Dual-chooser rules can dominate if neither litigant is well

placed to make a "nuanced" decision by herself. When single-chooser rules tend to always allocate

the entitlement to the same litigant (what we term a "non-nuanced" decision), there is a greater

opportunity for dual-chooser rules to improve allocative efficiency.  Even though it may seem from

the perspective of an individual litigant, that the plaintiff or the defendant is always likely to be the

higher valuer, dual chooser rules may allow the litigants together to identify instances when the other

side ends up with a higher value.  Under these circumstances, two heads can be better than one.

Single-chooser rules can dominate, however, when the court has relatively good information

about one of the litigant’s valuation.  A court should delegate allocative authority to litigants who

have an informational advantage over the imperfectly informed court.  Somewhat counter-intuitively,

it is the litigant who—from the court’s perspective—has a less speculative valuation that is the less
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26James Krier and Stewart Schwab have the best modern discussion of how courts should
respond to numerosity problems in choosing among liability rules.  See Krier & Schwab, supra note
7.

27See, e.g., Copart Indus. v. Consolidated Edison Co., 362 N.E.2d 968 (N.Y. 1977) (pollution
from ConEd plant disrupted adjacent new car preparation business); Estancias Dallas Corp v. Shultz,
500 S.W.2d 217 (Tex. App. 1973) (air conditioner noise reduced value of single adjacent residence).
The class of cases dealing with visual nuisances is particularly likely to involve a single plaintiff and
a single defendant.  See, e.g., Fontainebleau Hotel Corp. v. Forty-Five Twenty-Five, Inc. 114 So. 2d
357 (Fla. Dist. Ct. App. 1959) (hotel addition obstructed view of adjacent hotel); Amphitheaters, Inc.
v. Portland Meadows, 198 P.2d 847 (Or. 1948) (light from night-time dog track interfered with
adjacent drive-in movie).
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able to make an allocative choice.  A litigant with less-speculative value has a smaller informational

advantage vis-à-vis both the court and her rival (who has the more speculative damages).  Single-

chooser rules can dominate dual-chooser rules when it is inefficient to give a litigant who knows

little more than court partial control over who will end up with the entitlement.  When a single-

chooser rule is optimal, judges should give the choice to the litigant who has from the court’s

perspective more speculative valuation.  We will show that the choice between the two single-

chooser rules tends to turn not on which litigant’s valuation has a higher mean, but rather on which

litigant’s valuation has, from the judges’ perspective, a higher variance.

Before proceeding, however, it is important to emphasize four qualifications to our option

approach concerning numerosity, autarky, intentionality, and value correlation.  First, we model

disputes between only two litigants.  Many nuisance examples concern a single source whose

pollution adversely affects multiple residents (à la Boomer or Spur).26  Still, there are scores of cases

in which the nuisance centrally involves a dispute between only two people.27  And even multiple

plaintiff cases can be modeled in a bilateral fashion if the plaintiff class is sufficiently unified.  More
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28Rose characteristically hits the nail on the head when she explains that:  “Ayres [is]
interested in situations in which two parties are stuck with each other, ‘thin’ markets instead of
‘thick’ ones.  Neighboring landowners seem to fit that bill.”  Rose, supra note 9, at 2183.

29See Ward Farnsworth, Do Parties to Nuisance Cases Bargain After Judgment? A Glimpse
Inside the Cathedral, 66 U. Chi. L. Rev. 373 (1999).

30See Kaplow & Shavell, supra note 19, at 228-29.  The persistence conjecture predicts that
a liability rule that has a non-consensual efficiency advantage under conditions of autarky (i.e., high
bargaining costs) will continue to be more efficient when the costs of bargaining are lower. 
According to Kaplow and Shavell, non-consensual headstarts in efficiency will tend to persist when
bargaining is possible.  Id.  However, while not denying a persistence effect, we believe that different
liability rules themselves can induce different types of information disclosure and thereby affect the
relative efficiency of rules independent of the autarkic or non-consensual effect on allocative
efficiency.  See Ayres & Talley, supra note 19.
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fundamentally, our models assume that the litigants are the only relevant contenders for the role of

highest valuer of the entitlement.  Our option approach is a powerful way to analyze what economists

call "bilateral monopoly,"28 but it is important to remember that in many circumstances there will

be third parties who will want to enter the notional bidding to possess the entitlement.

Second, our analysis investigates the allocative efficiency of different liability rules in the

absence of bargaining (i.e. under conditions of “autarky”).  This is a restrictive assumption because

we should expect that in many instances the litigants will bargain in the shadow of the law.  Still,

our autarky assumption is supported by recent empiricism which suggests that real world nuisance

disputants almost never bargain after courts render judgment.29  Moreover, as argued by Louis

Kaplow and Steve Shavell, there are reasons to expect that the relative efficiency of different liability

regimes when bargaining is not allowed will tend to persist even when bargaining is allowed.30

Third, the option model is primarily concerned with circumstances of intentional taking.

While this often (if not usually) describes nuisance disputes, it is important to remember that liability
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31However, with regard to visual nuisance, correlated valuations are more likely.  For
example, new structures often derive much of their value from the good views they obstruct.  See,
e.g., Fontainebleau Hotel, 114 So. 2d at 357.

32See infra at 103.
33Carol Rose has acutely observed that Ayres’s previous option analysis has a contractual

shadow as its paradigmatic example:  “The contractual relationship has only a discrete number of
parties—paradigmatically two—who . . . are stuck with each other.”  Rose, supra note 9, at 2187.
Rose is clearly right that contractual renegotiations often involve limited numbers and a bilateral
monopoly. 

34See Ayres & Balkin, supra note 9, at 745.  But while contract renegotiations may serve as
a paradigm case of bilateral monopoly, they are not the only example. 
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rules are often (if not usually) applied in circumstances of negligent taking.  And, finally, we assume

that the litigants’ valuations are uncorrelated—meaning that an unusually high entitlement valuation

for the plaintiff does not entail an unusually high entitlement valuation for the defendant.  This is

often true in nuisance suits where the economic benefit to the polluter is orthogonal to the non-

economic detriment to the resident.31

These restrictive assumptions somewhat limit the applicability of our analysis.  But as

stressed below,32 there are still a rich set of circumstances in which our assumptions fit the stylized

facts.  While to keep faith with Calabresi and Melamed we highlight nuisance examples, we believe

that contractual disputes provide an even larger class where our analysis is relevant.  Contractual

entitlements are also traditionally protected by liability rules (expectation damages); the decision to

breach (i.e. to take the promisee's entitlement) is often intentional; and contractual disputes are often

unavoidably bilateral.33  For example, once Epstein agrees to cut Rose’s hair, Rose is the only one

with whom Epstein can bargain if he wants to buy back his promise.34  While our article does not

provide a view of the entire legal "cathedral," the problem of how imperfectly informed courts
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35See Ayres & Balkin, supra note 9.
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should resolve bilateral disputes with intentional taking is much more than a theoretical curioso.

The article is divided into four parts.  Parts I and II analyze single- and dual-chooser rules,

respectively.  These parts derive the optimal damages for the four basic classes and analyze the

conditions under which a particular allocative equilibrium is most likely to be efficient.  Part III then

relates the dual-chooser rule to the higher-order rules previously analyzed by Ayres and Balkin.35

Finally, Part IV investigates how the preceding results are affected when we relax the most restrictive

assumptions of the model.  The conclusion shows how our analysis could be applied to improve

contract law and also how our analysis illuminates the issue of when liability rules should be used

instead of property rules.

I.  SINGLE-CHOOSER RULES

The original pair of liability rules analyzed by Calabresi and Melamed provide examples of

the two foundational single-chooser rules.  Rule 2 represents a defendant-choice rule because the

defendant (polluter) chooses who the ultimate entitlement holder will be by deciding whether or not

to pay to pollute.  And Rule 4 represents a plaintiff-choice rule because the plaintiff (resident)

chooses who the ultimate entitlement holder will be by deciding whether or not to pay to stop the

pollution.

The option recharacterization not only allows us to see the possibility of two more rules, but

also clarifies that liability rules (including “put option” rules) are not merely different ways of

protecting an entitlement.  They can also be thought of as different ways of dividing the parties’

claims to the entitlement.  As Carol Rose has written,
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36Rose, supra note 9, at 2178-79.  See generally Ayres & Talley, supra note 9, at 1062-65
(discussing dimensions into which an entitlement might be divided, including put and call divisions).

37Hohfeld long ago recognized that rights are relational.  See Wesley Newcomb Hohfeld,
Fundamental Legal Conceptions as Applied in Judicial Reasoning, 26 YALE L.J. 710 (1917); Welsey
Newcomb Hohfeld, Some Fundamental Legal Conceptions as Applied in Judicial Reasoning, 23
YALE L.J. 16 (1913).  One’s right (or asset) can be seen as an obligation (or liability) on someone
else’s part.  The puts and call options in any row of Table 3 sum to zero, reflecting this Hohfeldian
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[under a property rule regime], the entitlement holder has the whole meatball, so to
speak, and the other party has nothing—one has property, the other has zip.  Under
either of the two [call option] liability rules, on the other hand, the meatball gets split:
The factory has an option to pollute (or once exercised, an easement), while the
homeowner has a property right subject to an option (or easement).  For the sake of
simplicity, I will refer to this kind of right as a PRSTO (or PRSTE) for “property
right subject to an option (or easement).”36

Under this view, options merely divide the claims to an entitlement in a different way than, say, a

physical or temporal partition.

Table 3: Possible “Derivative” Divisions of an Entitlement

How Different Rules Divide Parties’ Claims to an Asset

Resident’s Claim Polluter’s Claim

Rule 1 Asset 0

Rule 2 Asset - Call Call

Rule 3 0 Asset

Rule 4 Call Asset - Call

Rule 5 - Put Asset + Put

Rule 6 Asset + Put - Put

Table 3 shows how each of the six rules represents a different way in which the finite claims

to an entitlement might be divided.  Each of the rules maintains conservation of “matter,”37 in that
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38Seeing liability rules as “derivative” divisions that partition the claims to an entitlement into

two parts makes explicit the idea that changing the types of “protection” actually changes the content
of the entitlement.  See Jules L. Coleman & Jody Kraus, Rethinking the Theory of Legal Rights, 95
YALE L.J. 1335, 1338-39 (1986).  Seeing liability rules as merely asset divisions also calls into
question Richard Epstein’s claim for the dominance of ‘property rules.’  Because both the PRSTO
and the call option are themselves protected by property rules, see Ayres & Balkin, supra note 9, at
707, Epstein’s claim must not be just a claim about how entitlements should be protected but a claim
about what collection of strongly protected claims must be bundled together.
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the sum of the Polluter’s and Resident’s assets and liabilities under each rule nets out to “Asset.”

As Rose noted, a property rule (such as Rule 1 or 3) gives one party everything and the other person

“zip.”  But other divisions are possible.  Rose saw that having a “PRSTO” is the same as owning the

asset subject to a liability (depicted by the “- Call”) in that one might be forced to sell against one’s

will (for a price less than the actual value to one’s self).38  In contrast, the “put option” rules (Rules

5 and 6) give the initial entitlement holder everything that she would have under a property rule plus

a put option.  This necessarily implies that the non-entitlement holder has a liability (denoted by “-

Put”)—i.e., she might be forced to purchase against her will (for a price that is more than her true

value).

From the perspective of allocative efficiency, the four liability rules collapse into a choice

between just two potential allocations.  For any given damage amount and for any given litigant

valuations, Rule 2 will allocate the entitlement to the same litigant as Rule 5, and Rule 4 will allocate

the entitlement to the same litigant as Rule 6.

To see this, consider an entitlement dispute between two litigants -- a plaintiff and a

defendant.  Let vΠ be the plaintiff’s valuation, and let v∆ be the defendant’s.  We assume that each
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39See infra at 82.
40How to arrive such as this will be shown in the Appendix, infra at 111.
41If v∆ = D, the defendant is indifferent as to whether it exercises either its put or its call

options.  But regardless of how the defendant treats such ties, the expected total payoffs of the
litigants is unaffected.  The inequalities in the text implicitly assume that the defendant’s willingness
to pay equals its willingness to accept.  See Ayres, supra note 9, and infra at 90 for discussion of why
this assumption might not hold.
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litigant knows her own valuation but—like the court—only knows the probability distribution of her

adversary’s value. We will refer to the probability density function of the plaintiff and defendant,

respectively, as fΠ(v) and f∆(v), and their means as µΠ and µ∆.  Although we will later relax the

following assumptions,39 we also begin by assuming  that the litigants' valuations are distributed

independently of one another and that the transaction costs (or enmity) are sufficiently high to

prevent the litigants from consensually resolving their dispute. 

If we let the court awarded damages equal D, then it is straightforward to see40 that under

Rule 2 the defendant will exercise its call option to force the plaintiff’s non-consensual sale (in

exchange for D damages) if and only if:

v∆ > D.

Similarly, under Rule 5, the defendant will exercise its put option to force the plaintiff’s non-

consensual purchase (at a price of D damages) if and only if:

v∆ < D.41

These inequalities indicate that under either of the defendant-choice rules, the defendant will allocate

the entitlement to itself when its value is greater than the damage amount and will allocate the

entitlement to the plaintiff when its value is less than the damage amount.  Thus, for defendant-
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42The payoffs of the individual litigant is merely equal to her valuation of the entitlement if
she ends up owning it, plus any side payments that she makes to or receives from the other litigants.
Since the side payments must sum to zero, the total payoff for the plaintiff and defendant simply
equals the value ascribed to the entitlement by the litigant who ultimately owns it.

43Note the parallel to the Coase Theorem.  In a world without transaction costs, the judicial
assignment of entitlements does not affect the allocative equilibrium but does affect the distribution
of payoffs.  It should not be surprising that an autarkic model (where high transaction costs make
bargaining prohibitive) of liability rules can produce a similar result.  Ayres and Balkin showed that
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choice rules, the ultimate allocation is independent of the plaintiff’s value.  And because the

defendant-choice rules produce identical allocations, they perforce must produce identical total

payoffs.42   This means that, given any particular values of D, vΠ, and  v∆, the defendant-choice rules

(Rule 2 and 5) produce equal allocative efficiency.

An analogous result obtains for plaintiff-choice rules—Rules 4 and 6.  When the plaintiff’s

value exceeds the damage amount, the plaintiff will choose to allocate the entitlement to itself; when

the plaintiff’s value is less than the damage amount, the plaintiff will allocate the entitlement to the

defendant.  And because the physical allocations are identical for any possible realization of litigants’

value, the allocative efficiency of Rules 4 and 6 are equal.

We can now see that the judicial choice of an initial entitlement holder is not a significant

determinant of allocative efficiency.  Rule 2 is allocatively equivalent to Rule 5, and Rule 4 is

allocatively equivalent to Rule 6—even though the two rules within each of these pairs give the

initial entitlement to different litigants.  Instead, allocative efficiency turns crucially on which litigant

gets to decide the ultimate allocation.

But the judicial choice of the initial entitlement holder does importantly affect how the total

payoff is distributed between the plaintiff and the defendant.43  Looking again at Table 3, it should
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liability rules formed a kind of auction mechanism which would mimic the results of Coasean
negotiations.  See Ayres & Balkin, supra note 9, at 727-29.

44For example, if the plaintiffs and defendants valuations are independently and uniformly
distributed between $0 and $100, and if damages are set equal to $50 (which we later show is the
optimal amount), then Rule 5 will yield an expected defendant payoff of $62.50, while Rule 2 will
yield the defendant only $12.50.  See Ayres, supra note 9, at 806.

45See Kaplow & Shavell, supra note 15 (deriving this result with regard to call option rules
2 and 4).
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be clear that defendants are better off with the defendant-choice rule, which gives them the

entitlement plus a put  (Rule 5), than with the defendant-choice rule, which gives them merely a call

(Rule 2).44

The foregoing suggests that judges in choosing among the four liability rules can separate

allocative and distributive concerns.  Selecting the chooser determines the allocative equilibrium,

while selecting the initial entitlement holder determines the distributive equilibrium.  To establish

a single-chooser regime, judges must (i) select the more allocatively efficient chooser, (ii) select a

damage amount, and (iii) select how the expected total payoff will be distributed (for example,

choose between Rules 2 and 5).  The remainder of this section is organized around these three tasks.

A.  Selecting Optimal Damages

While selecting the optimal chooser seems logically prior to selecting the optimal damages,

as is often the case in game-theory, it is more convenient to solve the model backwards -- deriving

first the optimal damage amount for a particular chooser and then comparing which chooser is the

more efficient.  The task of selecting optimal damages is conceptually straightforward.  The

allocative efficiency of single-chooser rules is maximized when damages are set equal to the non-

chooser’s expected value.45  This means that the (allocatively) optimal damage amount for the
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46If the distributions are correlated, then the optimal single chooser damages will still be set
at the non-choosers mean value -- but because the mean value is now a function of chooser's value
optimal damages will find the fixed point at which damages equal the non-chooser's value such that
the chooser's value also equal this amount.  See infra at 94.

47As discussed in the next section, infra at 36, the single-chooser rules give the non-chooser
a fixed expected payoff whether or not the chooser exercises her option.  For example, under Rule
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defendant-choice rules will be

D∆ = µΠ,

and for the plaintiff-choice rules will be

DΠ = µ∆.

These results are quite general—holding true regardless of the ways in which the valuations of

litigants are distributed (so long as the litigants' distributions are independent).46  While courts may

also have legitimate concerns about equity and other aspects of efficiency (such as inducing adequate

ex ante incentives to create the entitlement in question), courts’ separate ability to establish almost

any desired distributive equilibrium strongly counsels in favor of the courts choosing damages that

will maximize the size of the pie to be divided.

Setting damages equal to the non-chooser’s expected valuation maximizes the allocative

efficiency of a single-chooser rule because it gives the chooser the incentive to allocate the

entitlement to herself only when her value is higher than the mean value of the non-chooser (and the

incentive to allocate the entitlement to the non-chooser only when the chooser’s value is lower than

the mean value of the non-chooser).  Setting damages at the non-chooser’s mean value thus

harnesses the private information of the chooser (who is reasonably assumed to know her own value)

and induces a choice of ultimate asset allocation that is, on average, correct.47  For example, if the
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2, the plaintiff as non-chooser receives an expected value equal to her mean valuation if the
defendant does not exercise its call option (because the plaintiff will retain the entitlement) and it
will receive its expected value in cash if the defendant does exercise its call option (and pays
damages set equal to the expected value).  Fixing the expected payoff of the non-chooser makes the
chooser the residual claimant of gains from exercising its choice.  The non-chooser is like the
bondholder in corporate law who is a fixed claimant on the assets of the firm, while the chooser is
like the shareholders who is granted the residual claim.  Because the chooser internalizes all the
marginal effects of her choice, single-chooser rules give the chooser (like the shareholder) an
incentive to choose the allocation which—conditional on her knowledge (which is assumed to be
superior to that of the judge)—maximizes allocative efficiency.

48The defendant under Rule 2 will choose to pollute and pay $50, only if its valuation exceeds
the plaintiff's mean value; and the defendant under Rule 5 will forego receiving $50, only if its
valuation exceeds $50.

49See Krier & Schwab, supra note 7 (suggesting that more efficient chooser is the side of the
litigation that is less numerous).
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plaintiff's mean valuation is $50, then setting damages for either Rule 2 or Rule 5 equal to this

amount will induce the defendant only to allocate the entitlement to itself when such an allocation

is on average efficient.48  Even when the judge does not know as much as the individual litigants,

liability rules allow the judge to exploit the private information of one of the litigants.

B.  Selecting the Chooser

The second judicial task that affects allocative efficiency is to choose the chooser.  For while

the put and call implementations of a given single-chooser rule produce identical allocations, there

is no guarantee that a plaintiff-chooser rule will produce the same allocation as a defendant-chooser

rule.  In this section, we provide some guidance to courts determining which party is the more

efficient chooser -- i.e., which chooser will produce the highest total expected payoff..49

The first step to identifying the more efficient chooser is to express the total (that is,

combined plaintiff and defendant) expected payoff for a given single chooser rule.  These profits can
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be expressed analytically as follows:

E Total Payoff q f q dqnc c nc c c c
nc

[ ] ( ) ( )= + −
∞

∫µ µ
µ

where the subscripts c and nc refer to the chooser and non-chooser, respectively.  We derive the

foregoing expression in the appendix, but, for now, it can be expressed in more stylized terms as:

Expected Total Payoff = non-chooser’s mean + chooser’s call. (A)

Intuitively, the chooser has the choice of allocating the entitlement to the non-chooser (in which case

the total payoff will equal the non-chooser’s mean) or exercising its option of allocating the

entitlement to itself (in which case the total payoff will equal the non-chooser's mean plus the

expected amount by which chooser's mean exceeds the non-chooser's mean).  This option (which we

label “chooser’s call”) of allocating the entitlement to itself when the chooser’s privately known

value exceeds the non-chooser’s mean is the reason that liability rules systematically dominate

property rules in the absence of bargaining.  

But it turns out that the expected total payoff can be alternatively expressed as:

Expected Total Payoff = chooser’s mean + chooser’s put. (B)

We can also think of the single-chooser rule as allowing the chooser to keep the entitlement (yielding

an allocation the value of which, on average, equals the chooser’s mean) or to put the entitlement

to the non-chooser when the chooser’s privately known value is less than the non-chooser’s mean.

Finance cognoscenti will recognize the equivalence of these two payoff expressions as an implication

of the “put-call parity formula”—which teaches that whenever a value can be expressed in terms of
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50See RICHARD A. BREALEY & STEWART C. MYERS, PRINCIPLES OF CORPORATE FINANCE 557
(5th ed. 1996) (defining put-call parity); Ayres & Talley, supra note 9, at 1047 (applying put-call
parity to liability rules).  The put-call parity formula is often stated in the following form:

Call + Exercise Price = Put + Underlying Asset.

As applied to single-chooser rules, since the exercise price of the options is set equal to the non-
chooser’s mean value, the left-hand side of this equation equals the first expression (equation A) for
the expected total payoff.  And since the expected value of the underlying asset to the chooser is its
mean, the right-hand side of this equation equals the second expression (equation B) for the expected
total payoff.

51Analogously, “putΠ(µ∆)” represents the expected value of a put option for a defendant when
the exercise price of the put is set at the plaintiff’s mean valuation
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an implicit call, there must be an equivalent way of expressing the same value in terms of an implicit

put.50

These two expressions for the expected total payoff when applied to both plaintiff- and

defendant-choice rules give rise to 4 equivalent comparisons for determining which litigant is the

better chooser.  Plaintiff-choice rules (either Rule 4 or 6) will be more efficient than defendant-

choice rules (either Rules 2 or 5) if and only if the following equivalent conditions hold:

(i)  callΠ(µ∆) > put∆(µΠ),

(ii)  putΠ(µ∆) > call∆(µΠ),

(iii)  µΠ -µ∆ > put∆(µΠ) - putΠ(µ∆), and

(iv)  callΠ(µ∆) - call∆(µΠ) > µΠ - µ∆,

where, for example, “callΠ(µ∆)” represents the expected value of a call option for a plaintiff when

the exercise price of the call (reported in the parentheses) is set at the defendant’s mean valuation.51

Two points are immediately worth emphasizing.  First, these four inequalities merely restate one
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52It should be stressed that we are using the word "speculative" in a special sense.  Our model
assumes that each litigant places a non-speculative, certain dollar value on its ownership of the
entitlement while the court and the adversaries must speculate (via a probability distribution) about
how much the entitlement is valued by the litigant.  But in many real-world contexts, the litigants
themselves may not know their precise valuations.  A polluter, for example, may also have to
speculate about how profitable a polluting factory would be in the future.  We will later relax the
assumption that litigants are perfectly informed about their own valuation, see infra at 82, but for
now it is sufficient to say that our core qualitative results go through.  The more efficient chooser
will continue to be the litigant with the larger informational advantage.

53See infra at 111.
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another so that probability distributions which satisfy one of the inequalities must automatically

satisfy the others.  Second, the exercise price of the options are always set at the mean valuation of

non-option holder (i.e. the non-chooser).  This latter point is just an implication of the last section’s

finding that optimal damages should be set at the non-chooser’s mean value.

The most important implication of these comparisons—which is particularly evident in the

first two inequalities—is that the litigant with the more speculative52 valuation will tend to be the

more efficient chooser.  This again will not surprise finance cognoscenti.  A central result of

derivative theory is that options tend to be more valuable as the value of the underlying asset

becomes more volatile.  The litigant which the court perceives to have the more speculative value

is the litigant with the greater informational advantage.

Indeed, we show in the Appendix that when the court is choosing between a litigant whose

value is commonly known and another litigant whose value is only commonly known to fall within

a particular probability distribution, the litigant with the known value is never the efficient chooser.53

This makes intuitive sense.  The litigant whose non-random value is commonly known has no

private information to bring to the allocative table.  Given the allocative choice, such a litigant would
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54See infra at 111.
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always allocate the entitlement to herself (i.e., her value were higher than the other litigant’s mean)

or always allocate the entitlement to her adversary (i.e., her value were lower than the other litigant’s

mean).  A court selecting a litigant with a non-random value and setting the damage amount would

effectively be choosing the ultimate entitlement holder.  If the actual value placed on the entitlement

by the other litigant were different than expected, the entitlement could end up in the wrong hands.

In contrast, if the court selected the litigant with the random valuation as the chooser (and set

damages equal to the non-random value of the other litigant), first-best allocative efficiency would

always be achieved.  The random litigant would only allocate the entitlement to herself when she

knew that her value was higher than that of the non-random litigant, and she would only allocate the

entitlement to the other when her value was lower.

Inspecting the latter two inequalities—(iii) and (iv)—one might at first think that the relative

means of the litigants were also relevant in selecting the more efficient chooser.  But this turns out

not to be true.  First, as an algebraic matter, notice that in the third inequality the plaintiff having a

higher mean relative to the defendant seems to increase the likelihood that the plaintiff is the efficient

chooser, while in the fourth inequality the plaintiff having a higher mean seems to decrease the

likelihood that the plaintiff is the more efficient chooser.  Both cannot be true because, as we prove

in the Appendix,54 these inequalities are mathematically equivalent.  As it turns out, neither intuition

is true because the values of the puts and the calls also change in ways that offset the direct impact

of the change in litigants’ mean values.  For example, if the plaintiff’s mean becomes higher relative

to the defendant’s mean (holding the variance of both litigants’ values constant), both the plaintiff’s
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55From a court's perspective, a plaintiff whose mean value is higher than the defendant's mean
value is more likely to exercise its call (because more of the probability weight in plaintiff’s
distribution will exceed the call’s exercise price, which is set at the defendant’s mean); and the
defendant is more likely to exercise its put (because more of the probability weight in the defendant’s
distribution will fall below the put’s exercise price, which is set at the plaintiff’s mean).

56These effects are at play with inequalities (iii) and (iv) as well.  An increase in the plaintiff
mean relative to the defendant mean increases both sides of inequalities (iii) and (iv).  With regard
to (iii), for example, it is easy to directly see that the left-hand side (µΠ - µ∆) increases, but the right-
hand side also increases as the shift in mean causes “put∆(µΠ)” to increase and “putΠ(µ∆)” to
decreases.
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call and the defendant’s put should become more valuable.  This shift in means drives both these

options further “in the money.”55

As a general matter, option value is a function of both a “volatility” effect and an “in the

money” effect—meaning that options are generally more valuable (a) the more volatile the option

holder’s value and (b) the further the option holder’s expected value exceeds (for call ) or falls short

of (for puts) the exercise price.  But in working through the four inequalities, one can see that the “in

the money” effect on option value equally affects both sides of each inequality.  An increase in the

plaintiff’s mean relative to the defendant’s mean, increases both sides of inequality (i) and decreases

both sides of inequality (ii).  In inequality (i), for example, the “in the money” effect on the

plaintiff’s call is exactly the same as for defendant’s put.56  Consequently, a shift in means should

not—holding volatility constant—push a court toward either favoring or disfavoring a particular

litigant as the more efficient chooser.

Courts in selecting the more efficient chooser should focus on the second moment of the

distribution (the variance), not the first moment (the mean)—and select the litigant who from the

court’s perspective has a higher variance of value.  This finding suggests that the Restatement
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(Second) of Torts is misguided in suggesting that courts should assign the initial entitlement in

nuisance disputes to the party which it perceives to have the higher value.  This allocation principle

makes eminent sense if the court were merely choosing between the two possible property rules

(Rule 1 and 3).  But the principle fails to maximize allocative efficiency when the court is

contemplating a choice between the call option versions of the liability rules (Rules 2 and 4).

Although we demonstrated above that selecting the initial entitlement holder need not affect the

ultimate allocation, this is only true in a world in which put-option as well as call-option liability

rules are employed—so that the choice of the initial entitlement holder can be decoupled from the

choice of the more efficient chooser.  But the world contemplated by the Restatement does not

decouple these two choices.  In the Restatement’s world (where the only liability rules that judges

award are the call option versions—Rules 2 and 4), a rule that the litigant with the higher perceived

value should be the initial entitlement holder is tantamount to a rule that the litigant with the lower

perceived value should be the chooser—via the call-option Rule 2 or 4.  Our model does not support

the Restatement’s position.  Rather, we propose that when there are two litigants, the more efficient

chooser will tend to be the chooser who from the court’s perspective has the greater variance of

potential private valuations. 

From a pragmatic perspective, our two allocative rules work together to allow the court to

avoid calculating speculative damages.  We have suggested that courts should select as chooser the

litigant with the more speculative value and then set damages equal to the less speculative mean of
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57We agree with Kaplow and Shavell that the speculative nature of damages is not a reason
for excluding them from the court’s assessment, see Kaplow & Shavell, supra note 15, at 728-32,
but our approach simplifies the judicial task by only requiring the court to make an assessment of
how much the less speculative litigant on average values the entitlement.

58See Ayres, supra note 9, at 812-13, 821 & n.81.  For example, if the litigants’ values are
both uniformly distributed between $0 and $100, then a single-chooser rule will give the chooser a
fixed amount 50% of the time, and a $50 range of values the other 50% of the time, but the rule will
give the non-chooser a fixed payoff 50% of the time and a $100 dollar range of values the other 50%
of the time.  We derive this more formally in the Appendix, infra, at 111.

59See Krier & Schwab, supra note 7, at 471-72.
60See infra at 87.
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the non-chooser.57

In a less reductive model, the court’s selection of the more efficient chooser will turn on more

than just an assessment of relative volatility of the litigants’ values.  For example, considerations of

the litigants’ relative risk aversion might affect a court’s choice.  The variance of the choosers’

expected payoffs will tend to be lower than the non-choosers’ because choosers have greater control

over their destiny.58  Thus, besides selecting the chooser with the more speculative damages,

efficiency-minded courts, other things held equal, might also favor selecting as chooser the more risk

averse litigant.  

At other times, the more efficient chooser will be the litigant that is less numerous.59  If a

single source of pollution harms multiple residents it may be difficult to implement a plaintiff choice

rule for the plaintiff class.  We will return to this issue infra when we include a more extended

discussion of how numerosity affects our analysis.60

C.  Selecting the Distribution

The first two judicial tasks—selecting the chooser and selecting the damages—are sufficient
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61In analyzing the distributive consequences of different rules, it is important to distinguish
between two different informational perspectives.  The ex ante perspective assesses the litigants'
expected payoffs before they acquire information about their own valuation of the entitlement.  The
interim perspective assesses the litigants' expected payoffs after they learn their own valuations of
the entitlement but before learning the other side's valuation.  From the ex ante perspective, the
possibility of being subject to the other side's put option does not produce a negative expected
payoff.  Under Rule 6, a Polluter may be forced to purchase the right to pollute, but if the price is set
at the Polluter's expected valuation, the Polluter's expected payoff is zero.  In contrast, from the
interim perspective, the possibility of being subject to the other side's put option can produce a
negative expected payoff -- if for example under Rule 6 you are a Polluter who happens to have a
lower than average valuation.  The ex ante perspective is also the perspective of the court -- in
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to determine the allocative equilibrium -- that is, who will end up with ultimate entitlement for

particular realizations of the litigants’ value.  For example, we may have determined that a defendant

choice rule is efficient, but we would still need to select between Rules 2 and 5 in deciding how the

pie should be divided between the litigants. In this section, we show that a court has an unfettered

control to divide the expected total payoff as it likes between the two litigants—without affecting

the allocative efficiency.  In other words, the court can decouple questions of distribution from

questions of allocation 

It is intuitively obvious that a chooser who is granted the entitlement plus a put option will

have a higher payoff than a chooser who merely has a call option to buy the entitlement for a price.

Accordingly, the put implementations of the single-chooser rules yield a relatively larger payoff for

the chooser (and a relatively smaller payoff for the non-chooser) than the call implementations of

the single-chooser rules.

But we can go further in describing the relative payoffs of the litigants.  The single-chooser

rules have the interesting feature that the non-chooser’s expected payoff does not depend on whether

the chooser allocates the entitlement to itself or the non-chooser.61  The non-chooser’s expected
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deciding how to divide the expected payoffs between sets of observationally equivalent litigants.
This perspective may at times also be relevant in creating efficient investment incentives -- if the
parties don't know their actualized valuation until after an entitlement has been created.  But in other
contexts the interim perspective will drive potentially both investment and allocation decisions.  

62If a chooser exercises her call option, the non-chooser receives µNC with certainty.  If a
chooser does not exercise her call option, the non-chooser simply retains the entitlement which she
values on average at µNC.

Of course, once non-choosers come to know their private value of the entitlement, they will
not be indifferent about whether the chooser exercises her option or not.  But the court (and other
policy makers) will never be privy to this privately held information, so the best that a distributively-
concerned court can do is to adopt the type of implementation that tends, on average, to produce a
preferred distribution.
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payoff is invariant with respect to the chooser’s actual choice.  More particularly,

(1) in put implementations of the single-chooser rules, the non-chooser’s expected payoff
is fixed at $0—whether or not the chooser exercises her put option; and,

(2) in call implementations of the single-chooser rules, the non-chooser’s expected
payoff is fixed at her mean value (µNC)—whether or not the chooser exercises her call
option.

First, consider a put implementation (i.e., where the chooser has both the entitlement and a put

option).  If the chooser does not exercise the put, the non-chooser’s payoff is zero with certainty

because she neither receives the entitlement nor makes a payment.  Alternatively, if the chooser

exercises the put, the non-chooser’s expected payoff is zero because she must pay µNC for something

that she values on average at µNC.  Similar reasoning shows that call implementations fix the non-

chooser’s expected payoff at µNC.62

Thus, call implementations give the non-chooser an expected payoff that is µNC higher than

put implementations of single-chooser rules.  And since we know that put and call implementations

of the single-chooser rules produce the same expected total payoff (equal to µNC + callC), it must be
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63For example, imagine that the plaintiff is the less efficient chooser.  Then the court, in
making the defendant the chooser, could give the plaintiff an expected payoff of zero (through a
defendant put implementation—Rule 5) or µΠ (through a defendant call implementation—Rule 4).
But if the court felt that the plaintiff deserved an expected payoff between zero and µΠ, it might
decide to make the plaintiff the chooser via a call implementation—so that the plaintiff’s expected
payoff would fall in this intermediate level (0 < callΠ < µΠ).

64Other authors have suggested a proliferation of liability rules on different grounds, see, e.g.,
Levmore, supra note 7, at 2171 (showing how liability rules could require different levels of
negligence before taking), but, with our convexity result, we are the first to focus on distributive
flexibility.
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true 

(1) that chooser’s expected payoff in put implementations equals the total expected
payoff (µNC + callC); and

(2) that chooser’s expected payoff in call implementations equals the value of a
chooser’s call (callC).

The varying distributions of the put and the call implementations give policymakers more flexibility

in pursuing non-allocative goals, but, if there were only two implementations, we would still be left

with a rather crudely hewn distributive instrument.  And distributively-minded lawmakers might at

times want to tradeoff ex post allocative efficiency, in favor of more preferred distribution, by

selecting an inefficient chooser in order to produce an expected payoff between what would be

possible if either the call or put implementations of the efficient single-chooser rule were selected.63

Fortunately, it is possible to radically expand the class of single-chooser rules by, in a sense,

“convexifying” the payoffs between the call and the put implementations.  We refer to this as our

convexity result.  It turns out that the two single-chooser allocations can be implemented not just by

four rules but by a double continuum of rules which give policymakers the option of smoothly

distributing the expected joint surplus between the litigants as they see fit.64 
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The key here is to distinguish between the damages that a chooser must pay if it allocates the

entitlement to itself (which we will call DC) from the damages that a chooser must pay if it allocates

the entitlement to the non-choosing litigant (which we will call DNC).  As shown in Table 4, a call

implementation of a single-chooser rule sets DC equal to the non-chooser’s mean (µNC) and sets DNC

equal to zero, which means that the chooser must pay to nonconsensually take the entitlement, but

pays nothing if she leaves the entitlement in the hands of the non-chooser.  In contrast, a put

implementation sets DC = 0 and sets DNC = - µNC,  which means that the chooser pays nothing to

retain the entitlement, and receives the non-chooser’s mean (pays negative µNC) if she puts the

entitlement to the non-chooser.

Table 4: Expanding the Class of Single-chooser Implementations

Implementation

Damages Expected Payoff

DC DNC Chooser Non-Chooser

Call µNC 0 callC µNC

Put 0 -µNC callC + µNC 0

“Pay or Be Paid” µNC/2 -µNC/2 callC + (µNC/2) µNC/2

“Pay or Pay” µNC + callC callC 0 callC +µNC

Alpha
(for all 0 # α #1) α (µNC + callC) α (µNC + callC) - µNC (1-α) (µNC + callC) α (µNC + callC)

We normally think of an option as requiring a monetary payment only if the option holder exercises

the option.  But when the puts and calls are described in terms of the amounts paid by the option

holder contingent on either choice, it is possible to see a range of new single-chooser rules that

induce the chooser to make identical allocations.
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65Opportunity cost is “the price that you pay for things that you might have done.”  Ian Ayres,
Analyzing Stock Lock-Ups:  Do Target Treasury Sales Foreclose or Facilitate Takeover Auctions?,
90 COLUM. L. REV. 682, 688 n.19 (1990) (quoting Billy Joel, Only the Good Die Young (1977)).
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For example, as shown in Table 4, by merely averaging the damages in the put and the call

implementations we can create a new rule—which requires the chooser to pay (to the non-chooser)

half the non-chooser’s mean value if it allocates the entitlement to itself, but entitles the chooser to

a payment (from the non-chooser) of half the non-chooser’s mean value if it allocates the entitlement

to the non-chooser.  We refer to this implementation as a “Pay or be Paid” rule.  This rule induces

identical allocations as the put and the call rules.  For example, instead of asking the plaintiff (under

Spur-like application of Rule 4) whether she is willing to pay $1 million to enjoin defendant's

pollution, a "Pay or be Paid" rule might ask the plaintiff to elect whether she prefers to pay half a

million dollars to stop pollution or receive half a million dollars from defendant to put up with

continued pollution.  In either case, the chooser will only allocate the entitlement to herself if its

private value is greater than the non-chooser’s mean value, because self-allocation requires the

chooser to incur a direct cost of half the non-chooser’s mean value and an opportunity cost of half

the non-chooser’s value.65  Indeed, any implementation with damages such that:

DC - DNC = µNC

will produce an identical allocation.

It is possible to create allocations that produce even more lopsided distributions than either

the put or the call implementations without undermining the chooser’s incentive to make the efficient

choice (i.e., reveal her private information).  For example, Table 4 shows that by setting DC equal

to µNC + callC and setting DNC equal to callC, a court could grant the chooser a zero expected
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66To verify this result, just consider the non-chooser’s expected payoff.  If the chooser
allocates the entitlement to itself, the non-chooser receives (µNC+callC) with certainty; and if the
chooser allocates the entitlement to the non-chooser, the non-chooser receives callC plus retains the
entitlement which on average it values at µNC.

67See infra at 82.
68Even more lopsided distributions are possible, if the court shifted the DC and DNC damages

amount up above the "Pay or Pay" or down below the Put amounts. 
69See Ayres & Talley, supra note 9, at 1062-65, & Rose, supra note 9, at 2178-79.
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payoff—thus giving the entire expected total payoff to the non-chooser.66  We call this a “Pay or

Pay” rule, because the chooser must pay the non-chooser regardless of whether she allocates the

entitlement to herself or to the non-chooser—allocating to the non-chooser merely reduces the

amount which the chooser needs to pay.  For example, instead of asking a defendant (under Rule 2)

whether it is willing to pay $1 million for the right to pollute, a "Pay or Pay" rule might ask the

polluter to elect between paying $1.2 million for the right to pollute and paying $.2 million if it

decides to forego polluting.  As with the foregoing "Pay or be Paid" rule, the chooser (absent wealth

and framing effects)67 will under either rule only allocate the entitlement to itself if its private value

is greater than the non-chooser's mean value.

The Put and the "Pay or Pay" implementations are of particular interest because they

represent alternatives that would allow judges to retain the allocative efficiency of a single-chooser

rule and still allocate all of the expected value to one litigant.  The put implementation gives all of

the total expected payoff to the chooser, while the "Pay or Pay" gives all of the total expected payoff

to the non-chooser.68  In the absence of bargaining, the property rules (Rules 1 and 3) also allocate

all of the payoffs to one litigant or the other,69 but the distributionally extreme liability rules (the Put
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and “Pay or Pay” implementations) systematically dominate their property rule counterparts because

they produce larger expected total payoffs.

By creating convex combinations of these damages under two rules, we can allow a court to

adopt any intermediate division of the expected total payoff.  As shown in Table 4 (in the row

labeled “Alpha”), by setting

DC = α (µNC + callC), and

DNC = α (µNC + callC) - µNC,

the court effectively distributes a fraction α of the expected total payoff to the non-chooser (and the

remaining fraction (1 - α) to the chooser).  Thus, by choosing the number α between zero and one,

this “alpha” implementation gives the court unfettered flexibility in dividing the pie between the

litigants without undermining the chooser’s incentives to maximize the pie’s size.   For example, by

setting α equal to 0.9, the court could can effectively distribute 90% of the expected total payoff to

the non-chooser (and only 10% to the chooser) without affecting the chooser’s incentive to allocate

the entitlement to the litigant with the higher valuation.  This alpha class includes both Pay-or-be-

Paid rules (when α takes on low values) as well as Pay-or-Pay rules (when α is sufficiently high).

It will have no doubt occurred to the reader that these new-fangled (Pay-or-be-Paid and Pay-

or-Pay) distributive rules are identical to rules in which the court simply implements a traditional call

option rule—but in addition requires a lump sum payment between the litigants regardless of what

allocation the chooser made.  Under this alternative, the court would set two prices -- an allocative

price (say, DA) which would determine the amount the chooser would pay if it allocated the

entitlement to itself and a distributive price (say, DD) which would determine the amount the chooser
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70Law and economic scholars have analyzed reasons decoupling the amount the defendant
pays from the amount that the plaintiff receives.  See A. Mitchell Polinsky and Yeon-Koo Che,
Decoupling liability: optimal incentives for care and litigation, 22 RAND J Econ 562 (1991).  But
this type of decoupling analyzed in this article is different because the side payments of the litigants
always net to zero.

71Rule 6, for example, is a put option rule which gives the plaintiff both the initial entitlement
and the option to put the entitlement to the defendant at a price equal to defendant's mean valuation.
But the same allocation and distribution could be implemented by a Spur-like Rule 4 (which gives
the initial entitlement to the defendant but gives the plaintiff a call option to buy at the defendant's
mean valuation) if in addition the court also ordered the defendant to pay her mean valuation to the
plaintiff regardless of the plaintiff's choice (DD = - µNC).  Under the call implementation with the
lump-sum mean side payment, the plaintiff would end up with (i) the entitlement and no net dollar
transfer if she allocates the entitlement to herself and (ii) a net dollar transfer equaling the defendant's
mean value, if she allocates the entitlement to the defendant.  This is, of course, the same outcome
as under the put implementation.
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would pay (or be paid if DD was negative) regardless of the allocative choice.  While these alternative

implementations are mathematically equivalent, we conjecture that netting the allocative and

distribute prices together into for example a "Pay or be Paid" rule will be less jarring to judges then

carving out and naming an explicitly separate distributive lump sum amount.70  Indeed, even readers

who caught on to this lump sum alternative may not have seen that the put option rules that we

discussed in the introduction are mathematically nothing more than call option rules in which DD is

set equal to - µNC.71  The very novelty of the put-option implementations suggest that the foregoing

distributive analysis has not always been obvious to legal scholars. Indeed, one of the payoffs of this

article is to show that put option rules are not esoterica but merely implementations of call option

rules with a lump sum side payment.

In the past, courts may have been tempted to accommodate distributive considerations by

raising the simple exercise price of the traditional call.  This might be accomplished, for example,
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72At some point, however, an additional increase in the exercise price of the defendant’s call
would not increase the plaintiff’s expected payoff.
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by requiring Atlantic Cement to pay more than the residents’ expected value (as a condition for

acquiring a pollution right) if for some reason the court felt that the residents deserved a higher

expected payoff.72  But the foregoing analysis shows that such an award would needlessly sacrifice

allocative efficiency (by inducing Atlantic Cement to take too infrequently) on the alter of equity.

In this example, a better way to increase the residents’ payoff would be to institute a Pay-or-Pay

rule—which would simultaneously increase the amount that Atlantic Cement would pay even if it

chose not to pollute (DNC) and increase the price it must pay if it chose to pollute (DC).  More

generally, we have shown that it is misguided for courts to deviate from setting damages at the non-

chooser’s mean valuation as a way to improve distributive equity.

None of these implementations—including the infinity of alpha implementations— affect

the variance of expected payoff for either the chooser or the non-chooser.  Accordingly, a court’s

decision to select a chooser on the basis of the litigants’ relative risk aversion would not be affected

by the adoption of any of the different distribution implementations within a particular class of

single-chooser rules.  A court’s selection of the more efficient chooser—whether it be motivated by

considerations of numerosity, variance or risk aversion—is independent of the court’s distributive

choice.

This convexity result allows lawmakers to decouple distributive concerns from concerns

about ex post allocative efficiency, and thus frees courts to divide the expected total payoff in order

to further either equity or to generate better ex ante investment incentives.  From an equity
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73See Ayres & Balkin, supra note 9, at 733; Ayres, supra note 9, at 807.
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perspective, courts might, for example, fine tune the extent to which a plaintiff’s coming-to-a-

nuisance claim should be awarded a particular expected payoff.  And the option perspective makes

clear that the court has more than the mean value of the higher valuing party to distribute.  Single-

chooser rules produce an expected total payoff that systematically exceeds the expected value of

either party—and a court concerned as a matter of equity in how the expected total payoff is

distributed can now make a more explicit decision about which litigant has a stronger equitable claim

to this option value.

From an efficiency perspective, the way that the court divides the expected total payoff of

the single-chooser rules can have important effects on the parties’ ex ante investment incentives.

If lawmakers think that it is particularly important to give the Resident an incentive to invest in her

land, then giving the Resident the initial entitlement plus a put (thereby distributing all of the

expected total payoff to her) will give her a much stronger incentive to invest than merely giving her

a call.73  Thus, expanding the class of plaintiff-chooser and defendant-chooser rules not only allows

lawmakers to better accommodate competing equity and efficiency concerns, but can also help

lawmakers better accommodate competing efficiency concerns—that is, the concern with ex ante

investment efficiency and the concern with ex post allocative efficiency.

While we have shown in our simple model that the courts distributive choice need not affect

the chooser’s allocative decision making, there is a sense in which the distributive rules may affect

the non-chooser’s decision making.  In some litigation contexts, the non-chooser may take an initial

action that triggers the chooser’s subsequent (put or call) option.  For example, the next section will
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show that a common law put rule can be seen as a two-stage process whereby the defendant, by

intentionally taking in the first stage, signals its willingness to be subjected to the plaintiff’s

subsequent put option.  Such two-stage liability regimes are examples of what we call dual-chooser

rules because both litigants have an impact on the potential ultimate allocation.  The goal of the next

section is to analyze what damages maximize the allocative efficiency of such rules, and to assess

the conditions under which dual-chooser rules dominate (or are dominated by) single-chooser rules.

II.  DUAL-CHOOSER RULES

As mentioned in the introduction, there are two more foundational allocative equilibria that

judges might choose in resolving disputes.  We refer to the legal regimes that give rise to these

allocations as “dual chooser” rules as opposed to “single chooser” rules because both litigants have

a potential impact on how the entitlement is allocated.   As with the single-chooser rules, there turn

out to be two dual-chooser allocations.  In what we call the “defendant-joint-veto” allocation either

litigant can veto the allocation of the entitlement to the defendant.  If either the plaintiff or the

defendant prefers that the entitlement be allocated to the plaintiff (with the associated court-

determined side-payment), then the plaintiff receives the entitlement.  Because both litigants must

agree to a defendant allocation, but either litigant is sufficient to ensure a plaintiff allocation, the

defendant-joint-veto equilibrium disproportionately allocates the entitlement to the plaintiff.  This

pro-plaintiff allocation bias can be observed in Panel (c) of earlier Figure 1, where three out of four

quadrants are allocated to the plaintiff.

The plaintiff-joint-veto rule conversely allocates the entitlement to the defendant unless both

plaintiff and defendant choose to allocate the good to the plaintiff (along with the associated court-
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74There is a sense, of course, in which the court in setting both DC and DNC is setting two
prices.  But from an option perspective there is only one relevant allocative price and that is the
difference between these amounts (DC - DNC).  As discussed above, the decoupling of allocative and
distributive concerns can alternatively be implemented by the court explicitly seting a single
allocative price (DA ) and a single distributive price (DD ).  See supra at 41.
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determined side-payment).  Because either litigant can veto a plaintiff allocation, this type of rule

disproportionately allocates the entitlement to the defendant (see Panel (d) of Figure 1).

All four of these basic allocations—the two single-chooser allocations and the two dual-

chooser allocations—are the product of what we label “single price” rules.  In all the rules that give

rise to these allocations, the court sets a single allocative price74 and the identity of the chooser or

choosers, and then the court sits back and lets the chooser(s) allocate the entitlement.

There are a number of different option interpretations that give rise to these dual-chooser

allocations.  Here we examine two rules that implement the defendant-joint-veto allocation, but

analogous rules that implement the plaintiff-joint-veto allocation can be created by transposing the

identity of the plaintiff and defendants in the division of assets and liabilities.  Consider the

following two divisions of entitlements:

(A) Π: E + put(D∆JV) - put(D∆JV) ∆: - put(D∆JV) + put(D∆JV)

(B) Π: call(D∆JV) - put(D∆JV) ∆: E - call(D∆JV) + put(D∆JV) .

In the first ("put-put") regime (A), the plaintiff is given the initial entitlement plus a put

option to sell the entitlement to the defendant (and receive a price of $D∆JV), but is subject to the

defendant’s put option, which gives the defendant the option of selling the entitlement back to

plaintiff also for $D∆JV.  This rules allows either litigant to veto the transfer of the entitlement to the

defendant.  The plaintiff can veto the transfer of the entitlement by refusing to exercise its initial put,
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75Another option scheme that would allow either party to veto a transfer of the entitlement
to the defendant could be implemented by:

Π:  E - call(D∆JV) + call(D∆JV) ∆: + call(D∆JV) - call(D∆JV).

In the text’s double put rule, the plaintiff in a sense can offer to sell the entitlement for $D∆JV by
initially putting, and the defendant can accept this offer by choosing not to put the entitlement back.
In contrast, this footnote’s double call rule allows the defendant to figuratively offer to buy the
entitlement by exercising its initial call option, and the plaintiff can accept this offer by choosing not
to call the entitlement back.
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and even if this put is exercised the defendant can veto the transfer by putting the entitlement back

to the plaintiff.  The equilibrium choices (strategies) that this rule induces are easy to derive.  The

plaintiff will only put the entitlement if:

vΠ < D∆JV,

and the defendant will only put the entitlement back if:

v∆ < D∆JV.

Together this means (as illustrated in panel (c) of Figure 1) that in equilibrium, defendant will be

allocated the entitlement if and only if:

vΠ < D∆JV < v∆.75

Alternatively, under the second regime (B), the plaintiff is given a call option to buy the

entitlement (which is initially allocated to the defendant), but is simultaneously subject to

defendant’s put option to sell.  This rule allows either litigant to force a transfer of the entitlement

from the defendant to the plaintiff (in return for a payment of $D∆JV from plaintiff to defendant).  As

with regime (A), the defendant will retain the entitlement if and only if:

vΠ < D∆JV < v∆.
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76The option interpretation of these dual-chooser rules makes clear that they are constrained
versions of what one of us has previously referred to as “second-order rules,” see Ayres & Balkin,
supra note 9.  The dual-chooser rules constrain the exercise price of the first and second options to
be the same ($D).  Part III of this paper analyzes and compares the unconstrained analog to dual-
chooser rules.

77An encroacher may thus be forced to compensate the landowner not just for the temporary
(past) encroachment, but to purchase a "permenant" right to encroach on the land (even if the
encroacher would prefer to remove the encroachment).

78See Pile v. Pedrick, 31 A. 646, 647 (1895) (after finding that defendant’s brick wall
encroached 1 and 3/8th inches underneath the plaintiff’s property, the court granted plaintiff the
choice of damages for “permanent tresspass” or an injunction to remove the “offending ends of the
stones”).
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This assures that the allocations of these two rules will be identical for any possible private

valuations of the plaintiff and defendant.  But as with the single-chooser rules, these different

implementations of the defendant-joint-veto allocation produce very different distributions.  By

inspecting the initial entitlement division, it is apparent that the plaintiff’s expected payoff is higher

if it is initially allocated its entitlement (and is compensated for its transfer) than if the plaintiff is

not initially allocated the entitlement (and can only gain it by paying a court-determined amount).76

These dual-chooser rules at first blush seem esoteric and other worldly, but as intimated at

the end of the last section, several common law settings provide at least the potential for joint-

chooser allocations.  For example, if Laurel intentionally encroaches on Hardy’s land, Hardy

traditionally has (in addition to damages for the prior encroachment) the choice of ejectment (an

injunction forcing Laurel to remove the encroachment) or permanent damages (forcing Laurel to

permanently purchase77 the encroaching property at a court-determined amount).78  Instead of

beginning the analysis with Hardy’s allocative choice (of taking back the land or forcing a sale to

Laurel), it may be more useful—at least with regard to deliberate encroachment—to think of the law
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79Accordingly, a similar two-stage analysis might be applied to (i) the tenant’s choice to hold
over followed by the landlord’s choice to force an additional term lease, see JESSE DUKEMINIER &
JAMES E. KRIER, PROPERTY 431 (3d. ed. 1993); RESTATEMENT (SECOND) OF PROPERTY § 14.4 cmt.
F (1977), or (ii) the intentional taking of chattel followed by the owner’s choice of trover (i.e.,
compensatory damages) or replevin (i.e., an injunction ordering chattel’s return).  See DUKEMINIER
& KRIER, supra, at 105. 

80In contrast, it is usually possible to implement single chooser rules in which the defendant
has the sole allocative choice.  For example, the defendant’s choice both to commence pollution and
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as implementing a dual-chooser rule.  The encroacher signals his willingness to buy at a court-

determined price by intentionally encroaching and the plaintiff indicates his willingness to sell at this

same price by electing damages instead of ejectment.  More generally, in property law, the temporary

taking (or impairment) of someone else’s right often has the effect of triggering a put option.79  When

a deliberate taking (with the prospect of paying compensatory damages) is followed by a plaintiff’s

choice between compensation and restoration of the entitlement, these dual choices of the litigants

implement a defendant-joint-veto allocation—in that the entitlement will only be allocated to the

defendant if the defendant’s private value is higher than the expected court-awarded damages and

if the plaintiff’s private value is less than expected court-awarded damages.

Indeed, under current law it may be difficult for courts to implement true plaintiff-choice

rules—i.e., single-chooser rules that do not effectively include an element of defendant choice.

Plaintiffs are traditionally given a put option only after a defendant temporally impairs their initial

entitlements.  An intentional taking by the defendant converts such single-chooser put options into

dual-chooser allocations.  Only if the defendant unintentionally takes (as in some encroachment

examples) or if the plaintiff comes to a pre-existing nuisance might we have a circumstance in which

a true plaintiff-choice allocation is produced.80  But our motivation for studying dual-chooser
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to exercise its call option amount to a unitary decision to take the entitlement and pay damages. Of
course, plaintiffs often make deliberate choices about whether to produce the entitlement in the first
place -- so the plaintiff's initial investment decision may introduce elements of plaintiff choice into
what otherwise would be a defendant chooser rule.  

There may, however, also be some limits on the ability of courts to vary how the payoff is
distributed.  If polluting potentially exposes the polluter to a “Pay or Pay” allocation, then a polluter
who will ultimately choose not to allocate the entitlement to itself will prefer not to pollute in the
first place.  See Levmore, supra note 9, at 2168-70  (discussing impact of expected damages on
litigants’ initial incentive to pollute or bring suit).

81See infra Appendix at 111.  Solving an analogous implicit formula for D yields the optimal
damages for the plaintiff-joint-veto allocation:

fΠ(vΠ = D∆JV)E[DΠJV - v∆*DΠJV > v∆] =  f∆(v∆ = DΠJV)E[vΠ - DJΠV *vΠ > DΠJV].
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allocations is not based solely on their current common law existence—rather, we intend to show

that dual-chooser rules at times are more allocatively efficient than single-chooser rules and should

accordingly be added more consciously to policymakers’ toolkits.

A.  Selecting Optimal Damages

In the appendix, we show that the damages that maximize allocative efficiency of a

defendant-joint-veto allocation are those D∆JV such that:

fΠ(vΠ =D∆JV)E[v∆ - D∆JV*v∆ > D∆JV] =  f∆(v∆ = D∆JV)E[D∆JV - vΠ*D∆JV > vΠ],

remembering that vΠ and v∆ represent the plaintiff's and defendant's respective valuation,  fΠ(vΠ) and

f∆(v∆) represent the plaintiff's and defendant's respective probability distribution of these valuations

and E represents an expectations operator.81  While this optimization equation (what economists call

a “first-order condition”) initially seems forbidding, it has a straightforward intuition.  By setting

damages, the court is simultaneously determining two allocative margins:  the margin on which the

plaintiff will veto allocations of the entitlement to the defendant, and the margin on which the
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82With higher damage amounts, the plaintiff is less likely to veto a defendant allocation
because the plaintiff is willing to allocate the entitlement to the defendant so long as:

vΠ < D∆JV.

Higher damage amounts increase defendant’s likelihood of vetoing defendant allocations because
it makes it less likely that:

D∆JV < v∆.
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defendant will veto allocations of the entitlement to the defendant.  The court’s task is to find the

single damage amount that optimally trades-off these two veto effects.  The damage amount that

solves the foregoing equation accomplishes precisely this task.

A small increase in the size of D∆JV—say from D' to D''—has the simultaneous effect of (i)

decreasing the plaintiff’s willingness to veto defendant allocations, and (ii) increasing the

defendant’s willingness to veto defendant allocations.82  The marginal impact on allocative efficiency

of decreasing the plaintiff’s willingness to veto is given by the left-hand side of the optimization

equation.  It represents the changed likelihood that the plaintiff will veto {fΠ(D∆JV)} multiplied by

the expected  change in allocative efficiency affected by the veto change {E[v∆ - D∆JV*v∆ > D∆JV]}.

The right-hand side of the equation analogously represents the marginal impact on allocative

efficiency of increasing the defendant’s willingness to veto defendant allocations.  Solving the

equation for D∆JV therefore yields the damage amount that equates the marginal improvements from

decreasing the plaintiff’s veto (increasing the plaintiff’s willingness to allocate to the defendant) with

the marginal reduction in allocative efficiency from increasing the defendant’s veto (decreasing the

defendant’s willingness to allocate the entitlement to itself).

In practice, the optimal damage amount will often be a weighted average of the plaintiff’s
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83See Ayres, supra note 9, at 827 (discussing possibility of “joint veto” regime with damages
that “will approximately split the difference between the Resident’s and the Polluter’s mean
valuations”).

84Applying our earlier equation for determining optimal dual chooser damages, see supra at
50, to the particular uniform distributions in this example implies that optimal damages will solve
the following equation:

 which when solved yields D = $62.50.
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and the defendant’s mean values.  This makes some intuitive sense. Remember that the litigants’

mean values are the optimal amounts when a single litigant can veto the allocation of the entitlement

-- so it should not be surprising that the optimal joint veto amount will be some value in between the

optimal damages of the two single-chooser rules.  And while it outstrips the quality of the evidence

(as well as judicial temperament and training) to ask judges to explicitly solve the foregoing equation

for an optimal D, the idea that optimal defendant-joint-veto damages will often be close to the

average of the litigants' mean valuations provides some pragmatic guidance in setting damages.83

However, it is possible to construct examples where the optimal dual-chooser damages do

not lie between the mean valuations of the litigants.  For example, if the court perceives that the

plaintiff’s valuation is uniformly distributed between $25 and $75, while the defendant’s is

uniformly distributed between $0 and $100, it can be shown that the optimal defendant-joint-veto

damages equal $62.50—which is higher than the litigants’ mean valuation of $50.84  The reason for

this result is that the plaintiff is a systematically poorer chooser than the defendant.  Because the

variation in the plaintiff’s valuation is smaller than in the defendant’s valuation, the defendant’s

informational advantage (vis-à-vis the court) is greater than the plaintiff’s.  This means—harkening

back to the last section—that a defendant single-chooser allocation would dominate a plaintiff
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single-chooser allocation.  But it also affects how a court will want to distribute the allocative power

between the litigants in tailoring a dual-chooser rule.  Increasing the damage amount (above both

parties’ means) when the plaintiff is a relatively poor chooser decreases the likelihood that the

plaintiff will exercise its allocative power by vetoing a defendant allocation. It turns out that it is

more efficient to cause the more efficient chooser (the defendant) to veto too many defendant

allocations because doing so tends to limit the veto power of the less efficient chooser (the plaintiff).

We will return to this example again when we compare the four basic allocative equilibria—because,

as we will see, the same thing that causes dual-chooser damages to take on extreme, and seemingly

counterintuitive, values also causes single-chooser rules to dominate dual-chooser rules.

B.  Selecting the Distribution

Before comparing the relative allocative efficiency of the different rules, we pause here to

reiterate that, as with the single-chooser rules, it is possible to proliferate the implementations of

dual-chooser rules in ways that leave allocative efficiency unaffected, but which vary the expected

relative payoffs of the individual litigants.  Just as we distinguished between the price that the

chooser would pay if she allocated the entitlement to herself (DC) and the price that the chooser

would pay if she allocated the entitlement to the nonchooser (DNC), it is possible with regard to

defendant-joint-veto allocation to distinguish between:

DNo Veto = the price the defendant pays the plaintiff if neither litigant vetoes the
allocation of the entitlement to the defendant; and,

DVeto = the price the defendant pays the plaintiff if one of the litigants vetoes so that
the entitlement is allocated to the plaintiff.

If we label the damage amount that solves the foregoing optimization equation as D∆JV, then a
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85For example, assume that D∆JV equals the optimal damages for the defendant-joint-veto
allocation, see supra 50, and that under the straightforward "put-put" regime (discussed supra at 46,
in which DNo Veto = D∆JV  and DVeto = 0) the expected payoffs of the plaintiff and the defendant are
respectively, EP∆ and EPΠ..  Then it can be shown that an implementation that sets DNoVeto = D∆JV -
EPΠ and DVeto = -EPΠ would distribute all of the joint expected payoff to the defendant; and an
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continuous variety of allocatively identical defendant-joint-veto rules can be created that take the

form:

DNo Veto - DVeto = D∆JV.

For example, if the allocatively optimal damages equal $50, then a dual-chooser rule that required

the defendant to pay $25 to the plaintiff when the entitlement is allocated to the defendant (DNo Veto

= $25), and required the plaintiff to pay $25 to the defendant when the entitlement is allocated to the

plaintiff (DVeto = -$25) would produce exactly the same allocative choices by the litigants as a simpler

rule that required a payment of $50 by the defendant if the parties jointly chose to allocate the

entitlement to the defendant.  In either case, the plaintiff would only choose to allocate the

entitlement to the defendant if the plaintiff’s value was less than $50, and the defendant would only

choose to allocate the entitlement to itself if its value was greater than $50. 

As before, a lock-step increase (or decrease) in DNo Veto and DVeto does not affect the litigants’

allocative choice and a fortiori the allocative efficiency, but instead has the effect of increasing (or

decreasing) the proportion of the expected total payoff that will go on average to the plaintiff.  Courts

are free to distribute the total expected payoff between the litigants as they see fit.  While

computationally more difficult, courts could create a dual chooser analog to the earlier "alpha" single

chooser rules which would allow them to give a fraction α of the expected joint payoffs to the

plaintiff and a fraction (1- α) to the defendant.85
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implementation that sets DNoVeto = D∆JV + EP∆ and DVeto = EP∆ would distribute all of the joint
expected payoff to the plaintiff.  More generally, an implementation that sets DNoVeto = D∆JV  - αEPΠ
+ (1-α)EP∆ and DVeto = - αEPΠ + (1-α)EP∆ would distribute a fraction α of the joint expected payoff
to the plaintiff and a fraction (1-α) to the defendant.

86Besides this “off diagonal” effect, the two types of dual-chooser rules can produce
marginally different optimal damages, see supra note 70 and accompanying text, which might affect
which equilibrium is more allocatively efficient.
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C.  Selecting the Choosers

An initial judicial task in selecting the allocatively efficient chooser is to determine which

of the two dual-chooser allocations is the more efficient—the defendant-joint-veto rule or the

plaintiff-joint-veto rule.  Graphically, this comes down to a determination of whether the off-

diagonal quadrants of Figure 2 are better allocated to the plaintiff or to the defendant.  Both

allocations generate identical allocations of the first quadrant (which is allocated to the defendant)

and the fourth quadrant (which is allocated to

the plaintiff), but a defendant-joint-veto regime

allocates the off-diagonal quadrants (II and III)

to the plaintiff, while a plaintiff-joint-veto

regime allocates the off-diagonal quadrants to

the defendant.86

It turns out that the defendant-joint-veto

equilibrium will tend to dominate the plaintiff-

joint-veto equilibrium when:



DELEGATION AND DECOUPLING

87For example, it can be shown that when the litigants’ valuations are uniformly distributed,
that a higher plaintiff mean implies that defendant-joint-veto equilibrium will produce a higher
expected joint payoff than the plaintiff-joint-veto equilibrium.

88Applying our earlier equation for determining optimal dual chooser damages, see supra at
50, to the particular uniform distributions in this example implies that optimal damages will solve
the following equation:

 which when solved yields D = $90.00.
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µΠ > µ∆.87

For example, imagine that the defendant’s valuation is uniformly distributed between $0 and $100,

and that the plaintiff’s valuation is uniformly distributed between $80 and $180.  It can be shown

that the optimal damages for either a defendant-joint-veto or a plaintiff-joint-veto rule are equal to

$90 (the average of the litigants’ mean valuations).88  But, as shown in Figure 3, a defendant-joint-

veto rule is much more efficient than a plaintiff-joint-veto rule because the off-diagonal quadrants

are more efficiently allocated to the plaintiff.  The 45-degree diagonal line represents the first-best

(perfect information) allocation—and it is evident in the figure that much more of the probability

mass in the off-diagonal quadrants lies below the first-best allocation line than above it.  In other

words, there is a greater probability that the plaintiff’s valuation will be larger than the defendants’

in these off-diagonal quadrants.  This simple example gives intuitive support for the claim that the

defendant-joint-veto allocation will tend to dominate the plaintiff-joint-veto equilibrium when the
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plaintiff’s mean is higher than the

defendant’s.  The converse also tends to be

true (when the defendant’s mean exceeds

the plaintiff’s).

Appreciating the theoretical and

practical possibility of dual-chooser rules

in the law resuscitates the Restatement’s

focus on the parties’ relative valuations.

Although the relative size of the litigants’

mean valuations is not of primary importance in choosing between the two single-chooser

allocations, it is relevant not only to the choice between dual-chooser allocations, but also (as we are

about to see) to a choice between dual- and single-chooser allocations themselves.

D.  Selecting Among the Four Foundational Single-price Allocations

To summarize our results thus far, we have shown that there are four basic allocative

equilibria—two single-chooser and two dual-chooser allocations.  We have derived the optimal

damages for each, and shown that courts can divide the expected total payoff between the litigants

as it wishes, without affecting the allocative efficiency of any of the four classes of rules.  Finally,

as to selecting the optimal chooser or choosers, we have shown that:

(1) as between the two single-chooser rules, the litigant whose valuation has the higher
variance will tend to be the better single-chooser, and

 
(2) as between the two dual-chooser rules, courts should tend to allow either party to

veto allocations to the party with the lower mean.
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These last two results can be restated more mathematically as follows:

(1') when σΠ > σ∆, E[TP]Π > E[TP]∆, and

(2') when µΠ > µ∆, E[TP]∆JV > E[TP]ΠJV,

where E[TP] represents the expected total payoff, and the subscripts Π, ∆,  ∆JV, and ΠJV refer

respectively to the plaintiff-choice, defendant-choice, defendant-joint-veto and plaintiff-joint-veto

allocations.  In what follows we will refer to the first result as the “different variance” effect, and to

the second result as the “different mean” effect.  

Our final task is to try to identify which of the four rules is likely (for particular distributions

of litigant value) to maximize allocative efficiency.  In other words, we need to assess when the

better single-chooser rule dominates (or is dominated by) the better dual-chooser rule.  As an initial

matter, there are many circumstances in which the four basic equilibria will be allocatively

equivalent.  For example, if the litigants have identical and symmetric probability distributions of

valuations, then the four classes of rules will generate identical damages and identical expected total

payoffs.  Under such circumstances allocating the off-diagonal quadrants to either litigant will be

equally efficient—so the four different permutations of quadrant allocations generated by the four

basic allocations will be equivalent. 

But it turns out for more general probability distributions that the dual-chooser rules are

sometimes better than, and at other times inferior to, single-chooser rules.  Two heads can be better

than one; but sometimes one head—that is, a single allocative chooser—can be better than two.  

The optimal allocative rule will turn on the relative size of the “different mean” and

“different variance” effects discussed above.  When the difference in the litigants’ means is large
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89For example, for uncorrelated, uniform distributions it can be shown that when there is no
mean difference but only a variance difference, the better single-chooser rule dominates the better
dual-chooser rule and hence the better single-chooser rule is globally optimal (within the class of
single-price liability rules).  Conversely, when there is no variance difference, but only a mean
difference, it can be shown that the better dual-chooser rule dominates the better single-chooser rule
and hence the better dual-chooser rule is globally optimal.
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relative to the difference in the litigants’ variances, the dual-chooser rule that allows either party to

veto an allocation to the litigant with the lower mean will tend to dominate the other three basic

allocations.  In contrast, when the difference in the litigants’ variances is large relative to the

difference in the litigants’ means, then the single-chooser rule which allows the higher variance

litigant to allocate the entitlement will tend to allocatively dominate the other three basic

allocations.89

Put more intuitively, two choosers will tend to be better than one when the litigants have

relatively different means but relatively similar variances.  A sufficiently wide divergence in the

litigants’ means undermines the importance of a single-chooser rule because no single-chooser has

sufficient information to make a nuanced allocation.  By a "nuanced allocation," we mean nothing

more than an equilibrium in which the chooser makes more refined decisions about who will be

allocated the entitlement -- and at times allocates the entitlement to each litigant.  As the different-

mean effect comes to dominate the different-variance effect, single choosers will tend to make "un-

nuanced" decisions -- allocating the entitlement 100% of the time to a particular litigant.  Under such

conditions, a dual-chooser rule can increase allocative efficiency because the litigants’ combined

choices can identify circumstances when allocations to the litigant disfavored by single-chooser rules

are nonetheless efficient.
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90The example can also be easily converted to show how a plaintiff-joint-veto rule can
dominate any of the other three foundational allocations by simply reversing the identity of the
plaintiff and defendant probability distributions—so that the plaintiff’s value would be distributed
uniformly between $0 and $100, and the defendant’s value between $80 and $180.

91This is because the plaintiff’s valuation ranges from $80 to $180 and thus will always
exceed the $50 damage amount it would receive if it allocated the entitlement to the defendant.

92This is because the defendant’s valuation ranges from $0 to $100 and thus the $130 damage
amount it would have to pay if it chose to allocate the entitlment to the plaintiff would always exceed
the defendant’s valuation.
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For example, consider again a defendant whose value is uniformly distributed between $0

and $100 and a plaintiff whose value is uniformly distributed between $80 and $180 (see Figure 3).

Notice that the example is intentionally constructed so that the different-mean effect will dominate

the different-variance effect — the variances of the litigants’ values are equal (σ2
Π = σ2

∆ = $833.33),

but their means are different (µΠ = $130 > µ∆ = $50).  Our prior analysis shows that the equality of

variances will tend to make the plaintiff-choice rule allocatively equivalent to the defendant-choice

rule.  And the inequality in means tends to favor the defendant-joint-veto rule over the plaintiff-joint-

veto rule.90  But what still needs to be determined is whether the defendant-joint-veto rule dominates

either of the equivalent single-chooser rules.

As suggested above, it does, and here’s why.  Either of the single-chooser rules produces a

un-nuanced equilibrium -- allocating the entitlement exclusively to the plaintiff.  If the plaintiff is

the chooser and damages are set at the defendant’s (i.e., the non-chooser’s) mean of $50, then the

plaintiff will always allocate the entitlement to itself.91  And if the defendant is the chooser and

damages are set at the plaintiff’s mean value of $130, then the defendant will never allocate the

entitlement to itself.92  When the difference in means becomes sufficiently large, neither chooser has
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93See supra note 88 and accompanying text.
94Expected joint profits under a defendant-joint-veto allocation are equal to $130.10

(compared to the single-chooser analog of $130.00) When the single-chooser rules allocate the
entitlement exclusively to one litigant, the dual-chooser rules can never produce a lower expected
total payoff, because dual-chooser damages can be set so as to always produce an unnuanced
equilibrium.  For example, if the defendant-joint-veto damages were set at $130, then the defendant
would always veto allocating the entitlement to itself.
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sufficient information to make a nuanced allocation. 

But a dual-chooser rule improves allocative efficiency because the joint choice of the litigants

allows the entitlement to go to the defendant when this allocation is more efficient.  The dual-

chooser rule allows the low mean litigant (here, the defendant) to end up with the entitlement when

she actually has an unusually high value and when the high mean litigant (the plaintiff) has an

unusually low value.  As discussed above,93 the optimal dual-chooser damages for this example equal

$90.  With a single-chooser rule, it would be inefficient to allow either the defendant or the plaintiff

as a single chooser to confront a damage amount of $90, because such an amount would cause the

single chooser to inefficiently allocate the entitlement to the defendant too often.  But the defendant-

joint-veto rule can effectively use $90 damages because under this rule the defendant will only be

allocated the entitlement when the defendant’s value exceeds $90 and when the plaintiff’s value falls

short of $90.  This more nuanced equilibrium is depicted in Figure 3.  Giving both litigants a say in

the ultimate allocation increases the expected total payoff.94

The dominance of the dual chooser rules when there is a large difference in the court's

estimate of the litigants' mean valuations resolves an embarrassing disconnect between the previous

analysis of liability rules and cases like Boomer, where the defendant's value of pollution was
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95See Boomer v. Atlantic Cement Co., 257 N.E.2d 870, 875 (N.Y. 1970).  Whalen v. Union
Bag & Paper Co., 101 N.E. 805 (N.Y. 1913), provides an extreme example of some courts'
willingness to issue injunctions where the cost to the defendant far exceeds the plaintiff's benefit.
In the Union Bag case (discussed later in Boomer, 257 N.E.2d at 872) the plaintiff's harm was
assessed at $100 per year while the cost of complying with the injunction was the permanent closing
of a mill representing an investment of more than $1,000,000.  See 101 N.E. at 805.  The New York
Court of Appeals concluded: "Although the damage to the plaintiff may be slight as compared with
the defendant's expense of abating the condition, that is not a good reason for refusing an injunction."
Id. at 806.   See Ian Ayres & Kristin Madison, Threatening Inefficient Performance of Injunctions
and Contracts, 148 UNIVERSITY OF PENNSYLVANIA LAW REVIEW 45 (1999).

96The single chooser rules can also be distributively embarrassing when there is a great
disparity in the litigants' mean valuations.  Such rules can force the policy makers at times to
confront unpalatable divisions.  For example, if a court decided that the residents in Boomer were
the more efficient choosers, it would have to choose between a call rule which might force resident's
to pay a large sum to stop the pollution and a put rule which might force the polluter to disgorge all
of its expected profits from polluting.  Our foregoing convexity result, however, resolves the
distributive embarrassment under either the single- or dual-chooser implementations.
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estimated by the court to be much greater than the residents' value of non-pollution.95  Simple single-

chooser rules of either the call or put varieties (Rules 2, 4, 5 and 6) are allocatively embarrassing,

because setting the damages equal to the non-chooser's mean would produce un-nuanced equilibria

that are allocatively indistinguishable from simply giving the polluter a property rule interest in the

entitlement (Rule 3).  A Boomer-like resident confronting an allocative price set equal to the

polluter's high mean value would never allocate the entitlement to her self, and an Atlantic Cement-

like polluter confronting an allocative price set equal to the resident's low mean value would never

fail to allocate the entitlement to itself.  When the litigants' means vary greatly, single chooser rules

are allocatively a non-event.96  In contrast, the dual chooser rules intentionally seek out a damage

amount in between the litigant's mean valuations -- where the litigant's probability distributions

overlap -- so as to produce more efficient nuanced equilibria.  Unlike with single chooser rules, the
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97Of course, if the divergence in means is too large (or more particularly, if there is no overlap
in the litigants' probability functions), then a more nuanced equilibrium is neither feasible (nor
desirable) even under the dual chooser rules.  

98See Michael A. Heller, The Tragedy of the Anticommons:  Property in the Transition from
Marx to Markets, 111 HARV. L. REV. 621 (1998).
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court is not forced to set damages at either the plaintiff's or the defendant's divergent mean values.97

Dual-chooser rules, however, are not always preferable.  When the litigants have relatively

different variances but similar means, it will instead be allocatively optimal for the court to

implement a single-chooser rule—granting the allocative choice to the chooser with the larger

variance.  The intuition here is that one head can be better than two when one of the heads is

relatively ignorant.  When there is a large difference in the litigants’ value variances, it may be better

to exclude the low variance litigant from having any influence on the ultimate allocation.  A litigant

with a relatively small variance has very little of an informational advantage over the court or her

adversary.  When the different variance effect dominates the different mean effect, it is better to have

a single chooser than to allow a second litigant with very little private information to muck up the

allocation.  

Michael Heller in recent writing on the “anti-commons” has persuasively argued that there

is an efficient number of vetoers to the deployment of entitlements.98 The traditional commons

problem is when the number of potential vetoers is too small—no one can veto the deployment of

the entitlement.  But an analogous anti-commons problem exists when there are too many vetoers

who can block the deployment of an entitlement.  Heller's favorite examples concern modern Russia,

where an entrepreneur may need the approval of dozens of organizations before being able to open
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99See id. at 633-42.
100The example can also be easily converted to show how a plaintiff-joint-veto rule can

dominate any of the other three foundational allocations by simply reversing the identity of the
plaintiff and defendant probability distributions—so that the plaintiff’s value was distributed
uniformly between $0 and $100, and the defendant’s value between $80 and $180.
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a business.99  Our finding that single-chooser rules can dominate dual-chooser (joint veto) rules

suggests that the anti-commons inefficiency can kick-in even when the number of vetoers is just two.

To see this possibility in a concrete example, consider again a defendant whose value is

uniformly distributed between $0 and $100 and a plaintiff whose value is distributed between $25

and $75.  Notice now that this example is intentionally constructed so that the different variance

effect will dominate the different mean effect—the means of litigants’ value are equal (µΠ = µ∆ =

$50), but that their variances are different  (σ2
∆ = $833.33 > σ2

Π = $208.33).  As our prior analysis

showed, the equality of means will tend to make the two dual-chooser rules allocatively equivalent.

And the inequality in variances suggests that the defendant-choice rule will dominate the plaintiff-

choice rule.100  But what still needs to be shown is why the defendant-choice (single-chooser) rule

dominates either of the equivalent dual-chooser rules.

The problem with the dual-chooser regime when there is a large difference in the litigant

variances is that it allows the poorly informed chooser (the chooser with a low variance) to have too

much control over the entitlement’s ultimate allocation.  For example, as shown in Figure 4's

depiction of the defendant-joint-veto rule, even when the plaintiff’s value is higher than the nominal

damage price, this does not provide very good assurance that the plaintiff’s value is higher than the

defendant’s (higher variance) valuation.
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Indeed, as discussed above, the relative inferiority of the plaintiff as a chooser in this example

causes the optimal damages for the defendant-joint-veto rule to exceed the means of both parties

(D∆JV = $62.50 > µΠ = µ∆ = $50).  Because the problem with the defendant-joint-veto rule is that it

gives the plaintiff too much power to allocate the entitlement to itself, the optimal damages under

this rule are raised to reduce the plaintiff’s incentives to allocate the entitlement to itself.  Because

of the litigants’ difference in information, it is better to induce the defendant to inefficiently under-

take (that is, to allocate the entitlement too often to the plaintiff) in order to restrict the poorly

informed plaintiff’s incentive to over-take (that is, to

allocate the entitlement too often to itself).  The fact that

optimal joint veto damages are set outside the litigants’

mean valuations is evidence that one of the choosers is

more inefficient than the other—and therefore evidence

that dual-chooser rules will tend to be inefficient relative

to single-chooser allocations.

The graphical difference between these rules

concerns which litigant will be allocated the entitlement

in quadrant II.  The defendant-choice rule allocates this quadrant to the defendant, which enhances

allocative efficiency.  Witness Figure 4, which shows that more of the probability space in this

quadrant is filled by situations in which the defendant’s valuation exceeds the plaintiff’s (as seen

from the fact that in this quadrant the area above the 45-degree first-best efficiency line is greater

than the area below this line).  Divesting the plaintiff of allocative power through the use of the
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101An analogous argument also shows why in this example a defendant-choice allocation
dominates the plaintiff-joint-veto regime.  Under a plaintiff-joint-veto rule, the defendant cannot
prevent the plaintiff from under-taking—putting the entitlement to the defendant even though the
high-mean defendant has a seriously low valuation (as in much of the lower-left quadrant). The
optimal damages under a plaintiff-joint-veto rule are lowered below the litigants’ mean value in
order to increase the poorly informed plaintiff’s incentive to unilaterally allocate the entitlement to
the defendant, but it turns out to be even better to give all of the allocative power to the
defendant—through a single-chooser rule—than to shift the relative allocative decision making
through a dual-chooser rule with distorted damages.
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simpler defendant-choice rule lowers the optimal damages back down to $50 and increases the

expected joint pay off from $60.54 (induced by the defendant-joint-veto rule) to $62.50 (induced by

the defendant-choice rule).101

The foregoing two examples were intentionally constructed to highlight the impacts of the

different mean and different variance effects by alternatively assuming one or the other of these

differences to be zero.  But, more likely, the litigants’ distributions will display a mixture of both

mean and variance differences.  In such cases the choice of the most efficient allocation will turn on

which of these difference effects dominates.  Figure 5 graphically shows which of the four basic

allocations will dominate—holding the difference in variance constant—as we change the relative

means of the two litigants.  For example, in panel (a), imagine that the plaintiff’s valuation is

uniformly distributed over a $100 range, while the defendant’s valuation is uniformly distributed

over only a $50 range.  This assumption of course implies that the variance of the plaintiff’s value

is greater than the variance of the defendant’s value.  The relative means of the litigants can then be

added to the figure by drawing in a particular 45-degree locus of points in which the litigants’ values

are equal.  Thus, the 45-degree line toward the upper left-hand corner depicts an example in which

the plaintiff’s mean is greater than the defendant’s, while the 45-degree line toward the lower-right
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102If µΠ - µ∆ > $25, then (given the $50 dollar assumed difference in litigants' uniform
distribution supports) the defendant-joint-veto allocation produces the highest payoffs.  If -$25 < µΠ -
µ∆ < $25, then the plaintiff-joint-veto allocation produces the highest payoffs.   And if µΠ - µ∆ < -
$25, then the plaintiff joint veto produces the highest payoffs.
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hand corner depicts an example in which the defendant’s mean is greater than the plaintiff’s.  

Panel (a) shows that—holding the variance difference constant—as the mean difference

varies (from a higher plaintiff mean to a higher defendant mean), three different foundational

allocations become alternatively the most efficient.  For sufficiently large mean differences in the

plaintiff’s favor, the different mean effect dominates the variance effect and the defendant-joint-veto

allocation is most efficient.102  For intermediate differences in the litigant means, the different

variance effect dominates, so that the plaintiff-choice rule dominates.  And for sufficiently large
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103See Ayres & Balkin, supra note 9.
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mean differences in the defendant’s favor, the different mean effect again dominates the variance

effect—this time rendering the plaintiff-joint-veto allocation the most efficient.

Panel (b) works out the optimal allocations for an example in which the variance of the

defendant’s valuations is greater than the plaintiff’s.  When the different mean effect dominates, one

of the dual-chooser rules is most efficient; when the difference in the litigants’ means is not as large,

the variance effect dominates and the defendant-choice rule is most efficient.

In sum, we have now provided a complete analysis of the four basic single-price allocations.

We have shown what damages optimize allocative efficiency for each type of allocation.  We have

shown when each type of the four allocations will tend to be allocatively optimal.  And we have

shown how courts are free to independently distribute the expected payoff between the litigants. 

III.  SECOND (AND HIGHER) ORDER RULES

In a previous article, Ian Ayres and Jack Balkin analyzed a type of regime that was governed

by what they called a “second-order” liability rule.103  Second-order rules are types of dual-chooser

rules because each litigant makes successive allocative  choices.  But unlike the dual-chooser rules

analyzed above, the second-order rules do not rely on a single judicially-determined allocative price.

Instead, second-order rules force one litigant in making an allocative choice to confront one

allocative (exercise) price, and force the other litigant to confront a different allocative (exercise)

price.

For example, if both of the plaintiff and defendant values are uniformly distributed between

$0 and $100, one type of optimal second-order liability rule would induce the defendant to exercise
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104See id. at 727-28. Unlike traditional auctions, however, in which the proceeds of the
auction go to a non-bidder, the internal auction produced by second (and higher-) order rules is one
in which the proceeds from the winning bidder are paid to the losing bidder.
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an option to take when its value is higher than $33.33, but would induce the plaintiff to take back

the entitlement when its entitlement is greater than $66.66.  Ayres and Balkin showed that second-

order rules mimicked the allocations of an auction with minimum bid increments.104  This allocative

equilibrium is graphically displayed in Figure 6.  The defendant-joint-veto allocation is a type of

second-order liability rule, but one in

which the first- and second-order exercise

prices are constrained to be the same.  

Ayres and Balkin also showed that

allowing the exercise prices to vary

induces strategic taking behavior by the

initial decision maker.  For example, in the

foregoing hypothetical, a defendant with a

private valuation of only $33 would find it

advantageous to exercise an initial call

option to take an entitlement for $33.33

(thus, paying more than her value) because doing so might induce the plaintiff to take back and pay

$66.66.  In order to induce the optimal taking strategies (of $33.33 and $66.66), the nominal damage

amounts would need to be set at $44.44 (for the defendant’s call option) and $66.66 (for the

plaintiff’s take-back call option).  Because of this incentive for strategic exercise, the exercise prices
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105The same allocation might also be induced by:

(3) Π: - put(Low) + call(High) ∆: E + put(Low) - call(High)

Under the third implementation (3), the defendant has the initial entitlement and a put with a low
exercise price, while the plaintiff is given a call with a high exercise (which the plaintiff and
defendant might be called upon to exercise simultaneously).  The entitlement would only end up with
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of second-order rules do not induce transparently obvious player strategies.

Like the constrained dual-chooser rules, there are multiple option variations that will induce

allocatively equivalent second order allocations.  For example, what we will call the “defendant

unconstrained joint veto” rule might be produced by either:

(1) Π: E - call(Low) + call(High) ∆: + call(Low) - call(High)

(2) Π: E + put(High) - put(Low) ∆: - put(High) + put(Low),

where the parenthetical Low’s and High’s are used merely to indicate the ordinal size of the two

exercise prices.

In the first implementation (1), the plaintiff (a) is given the initial entitlement, (b) is subject

to a defendant’s call option, but (c) also has a call option to take back at a higher price.  Like the

earlier defendant-joint-veto allocation, this rules allows either litigant to veto the transfer of the

entitlement to the defendant.  The defendant can veto the transfer of the entitlement to itself by

refusing to exercise its initial call option; and even if the defendant’s call is exercised, the plaintiff

can veto the transfer by exercising its take-back call option.  Alternatively, under the second

implementation (2), the plaintiff is given (a) the initial entitlement and (b) an option to put at a high

exercise price, but (c) the defendant is given an option to put the entitlement back to the plaintiff at

a lower exercise price.105  An analogous second-order allocation can be implemented by what we call
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the defendant if neither litigant vetoed such an allocation by exercising its option.  While these
options might be simultaneously exercised, we would still expect non-transparent strategies, as each
party would hedge on its decision to exercise hoping that the other litigant would exercise at a more
favorable price.

106124 N.W. 221 (Minn. 1910).
107Ayres & Balkin, supra note 9, at 716.  Jon Hanson and Matt Stowe were the first to see this

unusual aspect of Vincent.  See Jon Hanson & Matt Stowe, Lecture Notes, Torts, Harvard Law
School (Fall 1996) (on file with The Yale Law Journal).  Robert Ellickson long ago also proposed
a modification of nuisance rules that would amount to a common law implementation of a second-
order rule.  See Robert C. Ellickson, Alternatives to Zoning:  Covenants, Nuisance Rules, and Fines
as Land Use Controls, 40 U. CHI. L. REV. 681 (1973).
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“plaintiff unconstrained joint veto” rules simply by reversing the foregoing plaintiff and defendant

allocations.  

While these second-order rules may seem the most bizarre of an ever expanding universe of

“liability” rules, Ayres and Balkin showed that a second-order rule was implicitly implemented in

the venerable common law chestnut, Vincent v. Lake Erie Transportation Co.106  In that case, the

Minnesota Supreme Court held a shipowner liable when his ship damaged a dock while he attempted

to moor the ship during a storm—but the court simultaneously acknowledged that the dock owner

would have had to pay damages to the ship owner if the dock owner had subsequently unmoored the

defendant’s ship, causing it to be damaged.  As Ayres and Balkin note:

Vincent [is] a vivid example of how the common law protects an option to take an
entitlement (a liability rule) with another liability rule.  The dock owner holds the
initial entitlement to the physical security of the dock.  The shipowner (because of
the exigencies of the storm) has a first-stage option to “take” the dock by mooring the
ship to it and by paying damages for any injury that results.  The dock owner has a
second-stage option to unmoor the ship, but at a cost: The dock owner gives up a
cause of action against the shipowner for damages and exposes himself to tort
liability for any damages to the ship and its crew.107

Under Vincent, both the ship and dock owners have a say in the ultimate allocation of the dock, and



DELEGATION AND DECOUPLING

108The real difficulty will be for a judge to reduce her assessments of valuation to a
probability density function.  If this is accomplished (and there are interactive software that already
help quantiphobes undertake just this task by asking a series of yes/no questions), it is fairly trivial
for a piece of software to numerically calculate the optimal damages.  We guess that more
complicated computational problems are surmounted everytime someone dials a phone number.
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while there was no indication that the court intended to set allocatively optimal rules, the potential

damages in the first and second stages were certainly not constrained to be the same number (in

contrast with the foregoing single-price, dual-chooser rules).

This section extends Ayres and Balkin’s previous analysis by showing more generally how

courts should tailor second-order damages, as well as by showing that our convexity result can be

applied to second-order rules to again decouple a court’s distributive and allocative concerns.

Finally, our goal in this section is to compare these unconstrained dual-chooser allocations to the

four single-price allocations.  Intuitively, it should not be surprising that a less constrained rule

should dominate more constrained rules, and indeed we find that, absent transaction costs, second-

order rules dominate.

A.  Selecting Optimal Damages

Calculating optimal damages is computationally difficult —even more so than solving the

dual-chooser optimization equation outlined above.  We readily admit that it will outstrip the

computational capacity and temperament of judges.  Still, it is possible to make some progress on

the underlying process that would guide a judge inclined to make such an allocation (possibly with

the aid of a fairly simple piece of computer software).108  First, it is useful to break the task into two

parts: (1) identifying the optimal “pivot values” that define when a chooser will optimally allocate

the entitlement to itself or the other litigant; and (2) identifying the nominal damages that induce the
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109Ayres & Balkin, supra note 9, at 717, proved that the dispositive taking principal
maximized allocative efficiency when the litigants's valuations were uniformly distributed and
conjectured that the principal would also hold true for more general distributions.  In the Appendix,
infra at 111, we prove this to be true.
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litigants to adopt particular pivot values as their equilibrium strategies.

The first task, identifying the optimal pivot value, has a surprisingly simple intuition, which

we call the “dispositive takings principle.”  To see how this principle might work, consider again a

second-order regime in which the defendant has a first-stage call option to take, and the plaintiff has

a second-stage option to take back at a higher price.  While it makes superficial sense for a court to

want to induce takings when the taker thinks her value is greater than the expected value of the takee,

this approach ignores the fact that, in a second-order regime, many of the first-stage takings will not

be dispositive.  Some of the first-stage takees will have values higher than the expected value of the

taker, and they will protect their interests by taking back.  The optimal pivot values should focus on

the allocations of particular choosers that will be final, or dispositive.  Hence, optimal exercise prices

for second-order rules should induce the first-stage taker to take whenever the taker’s private

valuation is greater than the expected valuation of takees who will not take back.109  The dispositive

takings principle requires that dispositive takings must on average increase welfare.

While the dispositive takings principle has intuitive appeal, implementing it would require

a judge to simultaneously solve a system of two equations for the two unknown pivot values:
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110The equations can be restated in terms of the explicit integrals and probability density
functions as well:
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where Pivot∆ and PivotΠ represent the pivot values at which defendants and plaintiffs choose to

exercise their taking and take-back options respectively.110  The first pivot equation asks what is the

plaintiff’s expected value given that the plaintiff will not take back.  It is this class of plaintiffs for

whom the defendant’s taking will be dispositive.  The second pivot equation asks what is the

defendant’s expected value given that she initially exercised her option to take.  It is this class of

defendant for whom the plaintiff’s taking back will be dispositive.

But even after undertaking the arduous task of calculating the optimal pivot values, a court

would then still —because of the first-stage strategic exercise incentive—need to solve a second

system of equations to determine what nominal damage amounts will induce the desired pivot

strategies.  Because second-stage takings are non-strategic, the second-stage damages are identical

to the second-stage pivot value:

 D Pivotπ π= .

But the first-stage damages (because of the problem of strategic first-stage taking) are more

complicated:

D P v Pivot Pivot P v Pivot Pivot∆ ∆= < + >( ) ( ) .π π π π π

Notice that first-stage damages are a weighted average of the two optimal pivot values (with the
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111Formally the density functions would be of the form: f(v) = 6v(1-v).
112An example with the much simpler uniform distribution is derived in Ayres & Balkin,

supra note 15, at 422.
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weights concerning the probability of the plaintiff’s value being above or below the plaintiff’s take-

back pivot value).  

For example, if plaintiff and defendant have identical probability density functions that take

on a quadratic form with zero probability mass at $0 and $100,111 then it can be shown applying the

foregoing dispositive takings equations that the players’ joint payoffs are maximized if the defendant

to take when its valuation is greater than $37.80 and the plaintiff takes back when it’s valuation is

greater than $62.20.  And to induce these pivot values, it is necessary for a court to set first stage

damages for defendant taking equal to $45.62 and second-stage damages for plaintiff taking back

equal to $62.20.112

Thus, while optimal damages for second-order liability rules are tractable for any possible

value distributions, they are (even) less likely than any of the foregoing variants to be accurately

implemented by the present-day judiciary.

B.  Selecting the Distribution

Continuing bravely on, we find that if a court could determine the allocatively optimal

damages, it would again be possible to vary the litigants’ individual expected payoffs without

affecting the litigants’ allocative choice.  In other words, it is possible to extend our previous

convexity result.

Consider, for instance, the familiar example of two litigants whose valuations are uniformly
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distributed between $0 and $100.  As discussed earlier, one example of a second-order rule with

optimal damages would give the defendant a first-stage taking (call) option with a $44.44 exercise

price and the plaintiff a second-stage take-back (call) option with a $66.66 exercise price.  These

nominal damages will induce the optimal pivot strategies in that the defendant will take when its

value is greater than $33.33 and the plaintiff will take back when its value is greater than $66.66.113

But the same pivot strategies can be induced by a regime that gives the defendant the first-

stage choice of paying $24.44 to the plaintiff to take the entitlement (DC= $24.44) or receiving $20

from the plaintiff if it does not take (DNC = -$20), and giving the plaintiff the same second-stage

choice of paying $66.66 to take back the entitlement (DC = $66.66; DNC = $0).  Under such a rule,

the defendant will still perceive a $44.44 cost to taking in the first stage, and thus will continue find

it worthwhile to strategically take whenever its value is greater than $33.33.  But (again) by changing

the first-stage option into a “Pay or be Paid” rule, this implementation effectively shifts some of the

expected total payoff from the plaintiff and toward the defendant.  All that is allocatively important

is that the difference between DC and DNC be equal to the nominal damages that would be optimal

under a more traditional call (or put) rule.  As emphasized above, it is computationally awkward to

calculate this initial number, but it is not difficult for a court by moving DC and DNC in lockstep to
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create “Pay or be Paid” or “Pay or Pay” rules that produce distributively different, but allocatively

identical, equilibria.  Even when implementing second-order rules, a court’s distributive decision

can be independent of its allocative decision.  So just as there is an infinite class of rules that

implement two single-chooser allocations, and an infinite class of rules that implement two dual-

chooser allocations, there turns out to be an infinite class of rules that implement the two

foundational second-order allocations—the defendant-unconstrained-joint-veto allocation and the

plaintiff-unconstrained-joint-veto allocation.

C.  Selecting the Chooser 

Which of these two second-order equilibria will be allocatively superior -- the "unconstrained

plaintiff-joint-veto" rule or the "unconstrained defendant-joint-veto" rule?  The answer parallels our

analysis of the constrained dual-chooser rules—it depends on the litigants’ relative means.  The

overarching principle continues to be that as between the two second-order rules, courts should tend

to allow either party to veto allocations to the party with the lower mean.  This means that the

"unconstrained defendant-joint-veto" equilibrium will tend to dominate the "unconstrained plaintiff-

joint-veto" equilibrium when

µΠ > µ∆.

For example, imagine that the defendant’s valuation is uniformly distributed between $0 and $100,

and that the plaintiff’s valuation is uniformly distributed between $80 and $180.  It can be shown

that the optimal pivot values for a defendant-unconstrained-joint-veto rule are equal to $86.66 and
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$93.33 for the defendant and plaintiff, respectively.114  In contrast, the optimal pivot values for a

plaintiff-unconstrained-joint-veto rule are equal to $60 for the plaintiff  and $120 for the defendant

respectively.115  Each of these pivot values are outside the range of the litigant’s valuation

distribution and as a result the plaintiff-unconstrained-joint veto rule with optimal damages would

always allocate the entitlement to the plaintiff.  The two allocative equilibria induced by the two

rules (with optimal pivot values) are graphically depicted in Figure 7.116  As shown in the figure, the

"unconstrained defendant-joint-veto" rule is more efficient than an "unconstrained plaintiff-joint-

veto" rule (as can be seen by the relative difference in misallocatted entitlements).  The defendant-

unconstrained-joint veto rule on net does a better job of allocating the entitlement to the defendant

in the unusual circumstances when the defendant has the higher value, whereas the plaintiff-

unconstrained-joint-veto can do no better than allocating the entitlement solely to the plaintiff.
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D.  Selecting Among the Six Foundational Allocations

Finally, it is useful to compare the relative efficiency of all six foundational allocations.  If

courts could accurately calculate optimal damages for second-order rules, the better second-order

rule would always dominate all other rules—in the sense of producing at least as high an expected

total payoff for the litigants as any of the other five allocations.  This is intuitively obvious because

the second-order rules are less constrained than either single chooser or dual chooser rules.  The

court sets not one, but two allocative prices and thus has more freedom to harness the private

information of both litigants.  Setting two (or more) allocative prices allows a court to implement

an internal auction -- where each taking at a sequentially higher (or with puts lower) price effectively

allows the individual litigants to credibly signal more information about their private valuation.117

Heuristically, these less constrained liability rules allow the court to make more nuanced assignments

of allocative authority.  Just as the convexity result allows the courts to distribute the expected

payoffs as they see fit, the higher-order liability rules allow the court to distribute the allocative

power as they see fit -- instead of giving one side or the other the sole allocative authority (as with

single chooser rules) or giving the two parties symmetric allocative authority (as with the constrained

dual chooser rules).

More prosaically, second order rules can never be dominated because with the appropriate

choice of damages these rules can themselves implement the literal equilibria of either the single-

chooser or the dual-chooser rules.  Second-order rules could be made to implement single-chooser

allocations by setting the first-stage exercise price at the non-chooser’s value and then setting the
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second-stage price at a sufficiently prohibitive amount so that it would not be exercised.  And

second-order rules could be made to implement dual-chooser allocations by simply setting the first-

and second-stage exercise prices equal to one another.118

But much as we are attracted to the elegant way in which second-order rules harness the

information of both litigants—even when one litigant is relatively poorly informed, we believe that

there are many pragmatic drawbacks to implementing second-order rules that rightly refocus our

attention on the single-price dual-chooser rules as the best pragmatic alternative that courts will often

have for harnessing both litigants’ private information to allocate an entitlement.119  The rules, by

definition, only require the courts to calculate a single allocative price—which in the normal case

will be something close to the average of the litigants’ mean values.  And the single-price dual-

chooser rules analyzed above induce transparent, dominant strategies that both the court and the

litigants can readily understand.  If dual-chooser damages are set at $D∆JV under a defendant-joint-

veto rule, then the entitlement will be allocated to the defendant only if vΠ < D∆JV < v∆.  The relative

simplicity and transparency of such rules suggest that the theoretical dominance of second-order

regimes does not undermine our initial efforts to identify how courts should select within an

admittedly constrained class of single-price rules.
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IV.  EXTENDING THE ANALYSIS

In this section, we relax many of the more stringent assumptions of the foregoing analysis

and assess the extent to which the assumptions limit the model's applicability or its normative

implications.  

A.  Administrative Costs

The foregoing analysis ignored costs of administering the liability rules.  Taking these costs

into account is likely to drive efficiency-minded lawmakers toward simpler rules.  Ayres and Balkin

have previously shown, for example, that if as the transaction costs of taking or calculating damages

increase, single price rules will tend to dominate higher-order liability rules (which entail the

calculation of multiple allocative prices).120  Indeed, when bargaining is not possible, the costs of

administering liability rule regimes militate toward the use of property rules.  Property rules tend to

deter nonconsensual takings and thus avoid the costs of administering a liability rule regime.  But

when transaction costs are relatively low, the litigation costs involved in administering a liability rule

regime can somewhat counterintuitively facilitate greater allocative efficiency.121  Under a liability

regime, litigation costs give the parties an additional impetus to negotiate and hence can be a but-for

cause of making liability rules more efficient than property rules.

Carol Rose has also stressed that courts may need to incur non-trivial costs in determining

which parties should have a potential claim to ultimate ownership of particular entitlements.122  Costs
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of determining who owns what entitlements will again militate in favor of property rules, but should

not greatly impact the type of liability rules.  The foregoing suggests that the optimal tailoring of

liability regime will turn on an assessment of how the litigants' valuations are distributed.  We will

return to these issues again when we consider the associated problems of "numerosity."

B.  Alternative Informational Assumptions

The foregoing analysis made imperfect information assumptions that are standard in the law

and economics literature -- namely that the probability distributions of the litigants is (after trial)

common knowledge, but that only litigants known their own valuation.123   Here, we consider three

variations on these assumptions: (a) the litigants are imperfectly informed about their own

valuations: (b) the litigants' probability functions are not common knowledge; and (c) courts

systematically mis-estimate the probability distributions of the litigants' value.

The possibility that litigants do not precisely know their own valuation is not a major

limitation to our analysis.  While it is possible that the prospective value of owning an entitlement

may not be known by a litigant with precision, the litigant nonetheless may be able to estimate a

certain equivalent amount of cash that would leave her indifferent between owning the entitlement

or having this additional cash amount.  Just as individuals often buy and sell entitlements for discrete

cash amounts when they do not precisely know what the future value of ownership to them will be.

As long as the individual litigants are better informed than the court, liability rules -- by

privatizing the ultimate allocative authority -- can enhance ex post efficiency.  In mathematical
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terms, as long as a litigant's beliefs about her valuation probability function are less volatile than the

court's belief's about the litigant's valuation, the litigant will have an informational advantage over

the court in ultimately allocating the entitlement.124

Even if litigants know their own valuation, one might worry that they might not (contrary to

our model's assumption) be able to assess the probability distribution of the other party.  We believe

that this is also not a large concern.  Liability rules do not require a chooser to directly assess the

probability functions of her adversary -- rather a chooser needs to confront the court-determined

damage amount (what we have called the allocative price).  Court-appointed choosers do not need

to observe non-chooser valuations as long as a court, after discovery and trial can estimate a

valuation distribution sufficiently to determine optimal single or dual chooser damages.125  And as

stressed above, single-chooser rules will tend to simplify the court's decision by only asking the court

to estimate the mean of the litigant with the less speculative valuation.  Of course, the less

speculative valuation may still, from the court's perspective, be quite speculative, but courts only

need to be able to make an unbiased estimate in order to harness the litigant's private information

in allocating the entitlement.

A more serious informational concern would be if courts' estimates of the litigants' valuation
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distributions were for some reason systematically biased.  For example, if courts in implementing

single chooser rules systematically underestimated (overestimated) the non-chooser means, then they

would set damages too low (high) and would induce the chooser to inefficiently allocate the

entitlement too often (rarely) to itself.  If higher branches of government (appellate courts or the

legislature) realize that lower branches (trial courts/juries) systematically underestimate the mean

value of residents, a standard response is that the higher branch might force the lower branch to

eschew liability rules altogether and instead give the residents the pollution entitlement protected by

a property rule.  But the foregoing analysis suggests that an alternative response may be more

efficient and that is for the higher branch to force the lower branch to eschew defendant-choice rules

-- which turn on the court's assessment of the residents' mean value -- and instead to use plaintiff-

choice rules -- which turn on the trial court's potentially better assessment of the polluter's mean

value.  

If the valuation assessments of the more authoritative branches of government are also

biased, the allocation problem becomes truly intractable.  We readily admit that our model will not

perform well, but neither will most other allocative regimes. 

C.  Unintentional Taking

Our option model has quintessentially been about intentional takings.  One or both litigants

makes an intentional choice to exercise a particular option or not.  In many contexts, this assumption

is reasonable.  Potential defendants at times make deliberate decisions to impair plaintiffs'

entitlements.  And the election of remedies by plaintiffs to seek an injunction or monetary damages

is almost always appropriately modeled as deliberate.
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However, many (if not most) torts concern unintentional takings.  It is reasonable to ask

whether our models have anything to say to this large class settings.  We believe they do.  First,

unintentional takings increase the ability of courts to implement single chooser rules -- especially

plaintiff choice rules.  If Calabresi inadvertently and non-strategically encroaches on Melamed's land,

then courts have additional freedom to implement a true plaintiff choice rule -- by giving Melamed

the unilateral allocative decision based on a single allocative price.  In contrast, with regard to

deliberate encroachments, courts may not be able to implement a pure plaintiff choice rule because

eventually potential encroachers will take into account the second-stage plaintiff choice when

deciding whether or not in the first stage to encroach.

Second, and more speculatively, an options model of deliberate taking may have something

to tell us about negligence regimes.  Even when a potential defendant does not make a deliberate

decision to take a plaintiff's entitlement, the defendant often does make a deliberate choice to take

a certain amount of care.  Choosing a level of care in some contexts can be thought of as being

tantamount to choosing the probability that an accident will occur.  Or put more in the argot of

finance, by choosing a level of care, potential defendants are choosing the probability that they will

exercise their takings option.  Setting damages equal to the non-chooser's mean value (i.e., the

plaintiff's mean value of impairment) will induce the takings only when the value of probabilistic

takings (in saved due care costs) is greater than the plaintiff's average loss.  Thus, it is possible to

restate the Learned Hand rule in option terms -- but often not much is gained from the translation.

Many torts are not amenable to plaintiff choice, because once an entitlement has been destroyed there

is no prospect of asking the plaintiff whether she would prefer the thing itself (e.g., her arm) instead
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of cash.

But even with regard to negligent taking there may be some circumstances where a second-

stage plaintiff election of remedy is possible and the foregoing analysis may be relevant.  If Epstein

negligently takes Calabresi’s galoshes at the theater, common law courts can give (and traditionally

have given) Calabresi the option of whether he wants the shoes or the money.126  The court in setting

the damage amount may be creating a kind of dual chooser rule which will impact both the due care

with which Epstein examines galoshes at the theater and Calabresi’s decision whether to seek

injunctive of damage relief.

D.  Numerosity

Our previous discussion has relentlessly concerned bilateral disputes.  We have assumed that

there is only one plaintiff and one defendant; and we have assumed that there are no third-parties

who might contend for being the highest valuer of the entitlement.  Both of these assumptions

characterize a non-trivial amount of real-world litigation.  For example, in Copart Industries v.

Consolidated Edison, a particular type of pollution from a ConEd plant disrupted the ability of a

single plaintiff to continue its new car preparation business.127  However, there are many nuisance

disputes in which one or both sides of the litigation will involve multiple litigants.  In particular, the

tendency of a pollution to spread means that multiple plaintiffs may be affected by a single

defendant's effluence.128  Krier and Schwab have seized on the difference in numerosity to argue that
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defendant's will tend to be the more efficient chooser because they are less numerous.129  As applied

to our analysis, Krier and Schwab would be arguing that defendant choice rules -- including the Rule

2 call-option implementation and the Rule 5 put-option implementation -- would tend to dominate

plaintiff choice rules.  We agree that the additional collective action difficulties of a diffuse plaintiff

class will -- all else equal -- tend to militate toward the use of defendant choice rules.  And our

decoupling result improves upon Krier and Schwab by showing that there is a continuum of

defendant choice rules that can equally harness the defendant's private information while providing

more nuanced distributive possibilities.  

But we disagree with Krier and Schwab's seemingly exclusive focus on numerosity as the

determinant of the more efficient chooser.  Instead, we believe that the more efficient chooser will

also turn importantly on which party has a greater informational advantage relative to the court.  All

else equal, the party who from the court's perspective has the more volatile valuation will be the

more efficient chooser.  

In many nuisance disputes numerosity and volatility will push the court in different

directions.  The plaintiffs in nuisance disputes are often more numerous than the defendant/polluter,

but these plaintiffs also are likely to have more speculative valuations.  It is often easier for courts

to measure the economic costs of abating or discontinuing pollution than it is for courts to assess the

non-economic damages of pollution to surrounding residents.  Even though multiple residents will

often have high costs of collective decision-making, they will also often have more relevant private
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information available (knowing how much pollution really harms them).130

At times, it will be better for courts to give the choice to multiple residents and accept the

resultant collective-action problems than to give the polluter the choice and disregard the residents’

private information.  For example, we believe that the residents in Boomer v. Atlantic Cement might

have been the better chooser than the polluter—notwithstanding their relative numerosity—because

the court had a more difficult time estimating the value of the entitlement to the residents.  While

we concede that numerosity will often militate against giving the choice to multiple residents, the

variance effect will often militate in favor of giving the residents precisely this choice.

A second way in which our two player models limits the applicability of our analysis

concerns the exclusion of potential third party claimants for ultimate ownership of the entitlement

in question.  In a world in which three or more different parties are potentially the most efficient

ultimate owner of the entitlement, it will become more difficult to implement a liability rule regime.

Absent bargaining, property rules will, however, also do badly in allocating the entitlement to the

most efficient owner -- unless the imperfectly informed court by chance can allocate the entitlement

to the highest valuer.  When bargaining is feasible, the multiplicity of potential highest valuers

militates toward property rules.  Liability rules (a) by failing to allocate claims to potentially high

valuers or (b) by allocating claims to people who are not high valuers can increase the cost of

contracting.  For example, when a partial entitlement is given to a person who is not the efficient

owner, she will only be a potential seller, and her traditional incentive to seek an inflated price can
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impede negotiations among the class of potentially highest valuers.  The low entitlement valuers who

are mistakenly granted a claim on the entitlement can inefficiently hold up the transaction.131  This

is another example of what Heller called the anti-commons problem -- where too many people can

block the transfer of an entitlement to its highest valuing owner.132  As the pool of potentially high

valuers increases, liability rules (of both the single chooser and dual chooser varieties) can

exacerbate this hold up or anti-commons problem.

E.  Cognitive Bias and Wealth Effects

A central finding of the previous analysis concerned the allocative invariance of all

implementations within a particular foundational allocative class.  For example, we claimed that any

defendant choice rule with a particular allocative price (D∆) would produce identical allocations for

any possible sets of private plaintiff and defendant valuations.  This invariance results only holds

true, however, in the absence of wealth and cognitive framing effects.

As with the Coase theorem's invariance prediction,133 our allocative invariance finding will

not hold true if the chooser's willingness to pay is affected by her overall wealth.134  Defendant

choice rules that allocate larger expected payoffs to the defendant might make the defendant more
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or less willing to pay a particular allocative price in allocating the entitlement to itself.

More generally, the allocative invariance result will be qualified to the extent that the

chooser's willingness to pay is different than the chooser's willingness to accept.  For both cognitive

and wealth effect reasons, it is often the case that a particular chooser will demand a higher price

when selling an entitlement than she would be willing to pay if forced to buy.135  As Saul Levmore

has noted in discussing put options:

Armed with the legal right to be free of pollution, [a Resident] might have demanded
$1,000,000, for example before allowing [a Polluter] to send effluents her way, so
that [the Resident's] damages from [the Polluter's] operation can fairly be said to
amount to $1,000,000; but this does not mean that [the Resident] could or would pay
this amount to stop [the Polluter], if the law requires [the Resident] to pay in order
to [stop pollution].136

This suggests that there will be a range of prices (in Levmore’s example, say, between $700,000 and

$1,000,000) in which the plaintiff-resident would allocate the entitlement to itself under a put-option

implementation (Rule 6) but would allocate the entitlement to the defendant under a call-option

implementation (Rule 4).  For these intermediate damage amounts, the law's determination of an

initial entitlement holder will tend to be sticky.  This should not be surprising.  It has long been

known that endowment effects impede trade in the shadow of property rules; this result carries over

to option regimes as well.
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What is more controversial is whether lawmakers should privilege endowment effects in

cost-benefit calculus.  If a Resident values an entitlement (more than a Polluter) merely because she

is initially endowed with it, lawmakers might want to set a low call-option price to allow the Polluter

to take control of the entitlement and benefit from its own endowment effect.  One goal -- to be

traded off against other equity goals -- would be to produce a legal regime where the entitlement

flowed to the person who would have the highest willingness to accept.137  From an efficiency

standpoint, this standard would rank people by their value of "having" rather than their value of "not

having."  Other things being equal, this standard would lead toward giving the initial entitlement to

the party with the larger endowment effect.

The proliferation of different single chooser rules -- including the call, put, "Pay or be Paid,"

and "Pay or Pay" implementations -- is, again, that they can help lawmakers accommodate competing

concerns.  When cognitive or wealth effect reasons cause these implementations to be allocatively

different, policymakers will at least have more flexibility for trading off a variety of efficiency and

equity concerns.  Efficiency consideration might militate toward giving the initial entitlement to the

party with the larger endowment effect.  But if this is the party that the court believes is also the more
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efficient chooser, then the court can accommodate both efficiency concerns by giving the party both

the initial entitlement and a put option.

But most basically, more work needs to be done to see the extent to which an endowment

effect persists under the various implementations of single chooser (and dual chooser) rules.  The

path-breaking mug experiments of Kahneman, Knetsh and Thaler only tested whether entitlements

protected by property rules gave rise to endowment effects.138  It is much less clear whether

endowments protected by liability rules–i.e., subject to someone else's call option–give rise to the

same effect.  In the shadow of a call option, the initial entitlement holder has a more transient, less

secure claim to the entitlement and, thus, may not establish the cognitive bond that in part may give

rise to the effect.  In fact, Jeff Rachlinski and Forest Jourden have recently conducted experiments

showing that the endowment effect is largely extinguished in the shadow of traditional liability (call

option) rules.139  However, put options or other intermediate implementations (such as the "Pay or

be Paid" rule) may produce different endowment effects.  One possibility is that put option rules

would heighten the endowment effect.  Put-option implementations give the initial entitlement

holder even more control over her "endowment" than traditional property rules, and this may enhance

the solidity of ownership.140  If the endowment effect is seen as a source of real value that we want
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bred dog has puppies that a mother tells her daughter she can keep the puppies or, after they are
weaned, can sell them for $50 to a neighbor (who has made a firm offer).  The daughter's knowledge
that she has a put option might stop her from bonding as closely with the puppies during the weaning
period and hence mitigate the endowment effect.

141See Russell Korobkin, The Status Quo Bias and Contract Default rules, 83 Cornell L. Rev.
608 (1998).

142For example, in many nuisance contexts it is plausible to assume that a polluter’s value
from polluting will be independent to a resident’s value of non-pollution. 

143Kaplow & Shavell, supra note 15, at 759.
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to nurture -- as opposed to a "status quo bias" or "framing effect" that we want to overcome141 – then

put options may be a way to overcome the inefficiencies of the holdup problem in bilateral monopoly

settings without destroying the "value of having."  More generally, the infinity of single choice rules

discovered here gives policymakers more flexibility in testing for and managing the pros and cons

of cognitive bias.

F.  Correlated Valuations

Our foregoing analysis has assumed that the litigants’ valuations are independently

distributed.  While this assumption is plausible in some contexts,142 Kaplow and Shavell have

pointed out that a plaintiff’s and defendant’s valuation of physical objects may be correlated.143  If

a plaintiff places a high value on an oilfield or laptop computer, there are good reasons to think that

a defendant’s value may be positively correlated.  

Correlated valuations make it more difficult for courts to use liability rules to harness the

parties’ private information.  For example, Kaplow and Shavell have shown that if the litigants’

overall valuation can be decomposed into a “common-value” and an “idiosyncratic-value”
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144Kaplow & Shavell, supra note 15, at 759-60 (“First, suppose that things have a significant
common value, that is, a component of value that is the same for both the owner and any taker. . .
.Second, assume that things also have idiosyncratic value to individuals.  Idiosyncratic value derives
from characteristics of a thing that different individuals evaluate differently, such as the design of
a home.”).

145Kaplow & Shavell, supra note 15, at 760.
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component,144 then it will be difficult for courts to set a damage amount that induces takings that tend

to increase social welfare.  For example, suppose that (i) the litigants’ common-value component is

uniformly distributed between $0 and $100; (ii) the plaintiff’s idiosyncratic-value component is

uniformly and independently distributed between $0 and $100; and, (iii) the defendant’s

idiosyncratic-value component is uniformly and independently distributed between $0 and $75.  A

traditional liability rule (Rule 2) with damages set equal to the plaintiff’s mean valuation of $100

($50 mean common value plus $50 mean idiosyncratic value) will be less efficient than giving the

plaintiff the entitlement protected by a property rule (Rule 1).  

When the litigants’ valuations are positively correlated it is difficult for the court’s allocative

price to distinguish between unexpectedly high realizations of the common-value component versus

unexpectedly high realizations of the idiosyncratic-value component.  Rule 2 with $100 damages

would induce the defendant in the foregoing example to take too often.  For example when the

common-value component turned out to be $80, a defendant would take if its idiosyncratic value

were as low as $20 – even though such takings would be inefficient (as the defendant’s mean

idiosyncratic value is $50).145  

Restated in the terms of this article, Kaplow and Shavell have suggested that when the

litigants’ valuations are substantially correlated the optimal delegation is no delegation.  It is better
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146See Ian Ayres & Paul M. Goldbart, Correlated Values and the Law (working paper 2001).
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for the courts to allocate the entitlement via a property rule rather than to delegate the allocative

decision to the litigants via a liability rule.

But while Kaplow and Shavell are correct that correlated valuations make it more difficult

to harness private valuations, they are wrong to conclude that property rules dominate liability rules

when valuations are positively correlated.  In a separate essay, we show that the examples in their

original article systematically overstate the advantages of property rules by comparing the more

efficient property rule to a liability rule that has non-optimal damages and the less efficient

chooser.146  But for now, it is useful to see how nicely dual chooser rules can respond to the

correlated value problem. 

Remember that the problem with a traditional liability rule (Rule 2) is that the defendant may

take – not because she has a high idiosyncratic value – but merely because both litigants’ have an

unexpectedly high common-value realization.  The court would like the defendant only to take if its

idiosyncratic value is unexpectedly high, but the court can’t observe either the common or

idiosyncratic-value components. It can only set a single damage figure which might induce a

defendant to take either because it has an unexpectedly high idiosyncratic value (efficient takings)

or because both it and the plaintiff have an unexpectedly high common value (inefficient taking).

But while the court cannot observe whether the defendant is taking because of a high common value,

the plaintiff can.  

Dual chooser rules are well suited to respond to the problem of correlated valuations because

these rules allow the other side to veto takings that are driven by common-value realizations.  The
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147In the foregoing example, Rule 1 produces an expected payoff of $100, while the optimal
defendant-joint-veto rule produces an expected payoff of $101.39.
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problem with Rule 2 in the foregoing example was that defendants might take merely because the

common-value component was unexpectedly high.  But a defendant-joint-veto rule eliminates this

problem by allowing the plaintiff to veto takings that are driven by both parties having a high

common value.  Under a defendant-joint-veto rule, the entitlement will only be allocated to the

defendant if the plaintiff’s total value (common plus idiosyncratic) is less than the damage amount

and if the defendant’s total (common plus idiosyncratic) is greater than the damage amount.  Indeed,

in the foregoing example it can be shown that the optimal dual-chooser rule produces systematically

higher expected joint payoffs than the optimal property rule.147  Thus, while correlated valuations

make optimal delegation a more difficult judicial task, one or two private heads can still be better

than none. 

G.  Bargaining

Probably the most serious qualification to our foregoing analysis concerns our assumption

of autarky.  Our formal model assumes that the litigants cannot bargain with each other -- and

considers instead the equilibrium allocation and distribution absent negotiations.  This assumption

can be given two partial defenses, but ultimately much more work needs to be done to understand

how liability rules should be strucutred in a world where transaction costs are relatively small.  In

this section, we sketch these two partial defenses for our autarky assumption and then show how dual

chooser rules induce a new type of information forcing that may militate toward their use when

transaction costs are relatively low.
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148Farnsworth, supra note 29.
149See Jennifer Gerarda Brown & Ian Ayres, Economic Rationales for Mediation, 80 Va. L.

Rev. 323, 325-26 (1994).
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The first partial defense of an autarky assumption is basically empirical.  There are at least

some bilateral contexts in which the disputants seem extremely reluctant to even negotiate much less

agree to contract.  Ward Farnsworth, for example, surveyed the interactions between nuisance

disputants after an initial trial decision and found almost without exception that the litigants and their

attorneys failed to even consider negotiating in the shadow of the law.148  Enmity between the

litigants may produce an important barrier to trade -- an thus inhibit private contract as a means of

allocation.

Secondly, an understanding of how liability rules perform when trade is not feasible may

provide valuable insights into the relative efficiency of these rules when bargaining is possible.  The

autarkic payoffs that we have analyzed above become the threat points that will deeply influence the

litigants' bargaining strategies.  Negotiation theorists also at times refer to such autarkic payoffs of

the individual litigants as representing their “reservation prices” for trade or their “BATNAs” (“best

alternative to negotiated agreement”).149  Because litigants can’t be forced through consensual trade

to accept less than their BATNA, our previous showings of how judges can vary the distribution of

payoffs will continue to hold true in a world where bargaining is feasible.  For example, by adopting

a defendant choice rule that is implemented with a relatively high alpha (a “Pay or be Paid” rule),

the court can, even with bargaining, assure the plaintiff a higher expected return and the defendant

a lower expected return than a defendant choice rule implemented with a put option (Rule 5).
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150Kaplow & Shavell, supra note 15, at 421.
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Kaplow and Shavell, however, have gone further to argue that legal regimes that are

relatively more efficient in allocating the entitlement when bargaining is not possible are likely to

continue to be more efficient as transaction costs subside and bargaining becomes feasible. Of

course, the Coase theorem teaches that all contractible legal regimes (property, single chooser, dual

chooser, etc.) will be equally efficient in allocating when transaction costs are nil.  But Kaplow and

Shavell have argued that the relative efficiency of different rules when bargaining is not possible will

tend to persist when bargaining is possible (but not perfect).150  Under this persistence conjecture,

the non-consensual advantage that, say, a defendant choice rule might have (when the litigants’ mean

valuations are similar and the variance of the defendant’s valuation is greater than the plaintiff’s)

relative to the other three single-price allocations would be likely to persist if the parties could

bargain.  For Kaplow and Shavell, the non-consensual headstart that a particular rule has over others

in promoting allocative efficiency is likely on average to persist as transaction costs recede and trade

becomes possible.

If the persistence conjecture is true, then the foregoing analysis would be the end of the story.

By knowing how best to tailor rules when bargaining was prohibited, judges would perforce know

how best to tailor rules when bargaining was allowed.  Unfortunately, we are not convinced that the

persistence conjecture is the entire story.  While it is surely the case that the most efficient liability

rule under autarchy has a headstart when bargaining is permitted, it is at least possible that other,

consensual attributes of the rules may come to dominate the non-consensual attributes.  We know,

for example, that the persistence conjecture is at most a tendency because Ayres and Talley have
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151Ayres & Talley, supra note 9, a1104.
152Under a put implementation of a defendant choice rule, the plaintiff would only offer to

pay the defendant not to exercise its put when the plaintiff’s value was lower than the court’s
estimate of her mean valuation, and the plaintiff would only offer to pay the defendant for the
underlying entitlement when the plaintiff’s value was higher  than the court’s estimate of her mean
valuation.
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provided a numerical counterexample in which the non-consensual advantage of property rules over

liability did not persist once bargaining was allowed.151  Moreover, these authors showed that

liability rules have a much stronger “information-forcing” effect than property rules.  This

information forcing represents a potential “consensual advantage” of liability rules that may be much

more important in determining the relative efficiency of different legal regimes when bargaining

costs are low than the non-consensual advantage that Kaplow and Shavell have emphasized.

In terms of the foregoing analysis, single-chooser rules give the non-chooser a robust

incentive to reveal through bargaining whether her value is above or below her mean valuation.  For

example, imagine that a court announces a defendant choice (call option) rule in which the defendant

can allocate the entitlement to itself if it pays the plaintiff $1 million (the plaintiff’s estimated mean

valuation).  The plaintiff can respond by either trying to (a) sell the entitlement (for less than $1

million) or (b) buy the defendant’s call option (in essence trying to bribe the defendant not to take

non-consensually).  The plaintiff as a non-chooser will only offer to pay the defendant money not

to take if its valuation is higher than the court’s estimate of its valuation, and it will only offer to sell

the underlying entitlement if it’s valuation is lower than the court’s estimate of its mean valuation.

By merely expressing an interest in one type of trade or the other, the non-chooser can credibly signal

whether her value is higher or lower than the court’s estimate of her mean.152  Plaintiff-choice rules
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analogously give the defendant as non-chooser a robust incentive to credibly signal whether its

valuation is higher or lower than it’s mean by again merely signaling in which type of trade it is

interested.

If the parties' imperfect information is the primary barrier to trade, it is at least possible that

these information-forcing effects will dominate the non-consensual advantages of different liability

rules outlined above.  In particular, it is clear that in the absence of bargaining the more efficient

chooser will tend to be the litigant with the more speculative valuation.  But when bargaining is

allowed, it is at least possible that the more efficient chooser will be the party with the less

speculative valuation -- as the negotiation will quickly allow the high variance litigant to narrow her

distribution by credibly signaling whether she has a relatively high or low valuation.  To date, we

have not succeeded in producing an example in which, when bargaining was allowed, the litigant

with the less speculative valuation became the more efficient chooser.  But at a minimum, the

information-forcing effect on the non-chooser systematically narrows the allocative efficiency

difference between the two single-choice rules. 

The question of whether our autarkic results persist with bargaining, becomes all the more

interesting when we add to the mix the possibility of dual chooser rules.  It turns out that dual

chooser rules have arguably an even stronger information-forcing effect than single chooser rules.

While single chooser rules give one of the litigants (the non-chooser) an ability to signal whether it

has a relatively high or low valuation, dual chooser rules give both litigants an opportunity to

credibly signal whether they have a high or a low value by merely signaling their interest in a

particular type of trade.
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153The defendant could also credibly signal its high value by exercising its first-stage call
option.  But the information forcing stressed in the text allows the defendant to signal its high
valuation even before it is called upon to exercise its first stage option.
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Consider, for example, a defendant-joint-veto situation implemented through a call/call

option regime in which the plaintiff receives (a) the initial entitlement plaintiff (b) subject to a

defendant’s call option (with an exercise price of D∆JV) but (c) also has an option to take back the

entitlement (a call option with an exercise price of D∆JV).  In the absence of bargaining, the

defendant-joint-veto allocation gives rise to two types of inefficiencies.  The first type of inefficiency

occurs when the defendant has the higher valuation but the plaintiff nonetheless vetoes a defendant

allocation by exercising its take back option.  This occurs when v∆ > vΠ >D∆JV.  And the Coasean

solution would be for the defendant to buy the plaintiff’s take back (call) option.  The second type

of inefficiency occurs when the defendant has the higher valuation but the defendant nonetheless

vetoes a defendant allocation by not exercising its initial call option.  This occurs when D∆JV > v∆

> vΠ.  And the Coasean solution for this inefficiency would be for the defendant to buy the

underlying entitlement (for some price less than D∆JV).

The defendant, when negotiating in the shadow of this legal rule, can credibly signal that it

has a relatively high value (v∆ > D∆JV) by merely expressing an interest in being willing to pay the

plaintiff not to exercise its take back option.153  Conversely, the plaintiff could credibly signal that

it has a relatively low value (vΠ < D∆JV) by merely expressing an interest in selling it’s entitlement

for a price less than D∆JV.  Low value defendants would never have a strategic reason for expressing

an interest in buying – much less actually offering to buy -- the plaintiff’s take back option.  And

high value plaintiffs would never have a strategic reason for expressing an interest in selling – much
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less actually offering to sell – their entitlement for a price less than D∆JV.  Thus dual chooser rules

create some opportunity for both litigants to credibly communicate their relative valuations through

the process of negotiation.  

Just as the possibility of correlated litigant valuations expanded the set of circumstances in

which dual chooser rules were allocatively dominant, the arguably stronger information-forcing

properties of dual chooser rules may further militate toward their use as trade, in the shadow of these

rules, becomes more feasible.  A full analysis of liability rules when transaction costs (including

imperfect information) are low but not zero has eluded scholars.  It may be that the particular ranking

of rules’ efficiency will turn not just on the general characteristics of the litigants’ value distributions

but on the specifics of the bargaining procedures that are assumed.

In this section, we have tried to argue that autarkic results are of interest because (a)

empirically some bilateral disputants face high transaction costs, (b) the non-consensual headstart

that we have identified may tend to persist when bargaining is possible, and (c) the autarkic payoffs

that we have derived become the threat points that will deeply inform the bargaining behavior of the

parties.  Our finding that dual chooser rules have different and arguably stronger information-forcing

effects than those previously identified for single chooser rules suggests, however, that the autarkic

analysis may not be the complete story.  On this dimension we are forced to repeat the hackneyed

and unsatisfactory conclusion that more research on this issue is warranted. 

CONCLUSION

While we have often motivated our analysis with a nuisance example, this article is really

about a deeper and more canonical problem about how courts should allocate rivalrous entitlements



DELEGATION AND DECOUPLING

104

when the court has poorer information than the litigants about who is the higher-valuing owner.

Most basically, we have been envisioning a conflict in which the court -- even after discovery and

an adversarial trial -- only has a probabilistic assessment of each litigant's value, whereas each

litigant knows (or at least has better information) about how much she values the entitlement.  In

such a basic bilateral dispute with imperfect judicial information, the court faces a non-trivial

problem of how to best allocate claims to the entitlement.

When the private litigants are better informed than the court, it will be useful for the court

to adopt an allocative rule that harnesses some of the litigants’ private information.   This article has

shown that there are four basic allocations from which courts may choose.  The traditional liability

rules -- Rules 2 and 4 -- exemplify two of these equilibria -- the plaintiff choice and defendant choice

rules.  But we have shown that there are two other dual chooser rules which not only have common

law analogs but which, under specific circumstances, can produce greater allocative efficiency than

single chooser rules.

Moreover, we have shown there are infinite number of implementations of each type of rule

which are allocatively equivalent but which allow the court to distribute the total expected payoff

of the litigants as it sees fit.  This means that courts, in resolving bilateral disputes, can decouple

allocative and distributive concerns.  By selecting the more efficient chooser or choosers and by

setting the efficient allocative price, a court can maximize ex post allocative efficiency.  And

independent of these core allocative decisions the court has a free hand to distribute the expected

payoffs as it wants.  Thus, distributively-concerned courts are free to pursue equity or promote ex

ante efficiency without sacrificing the natural desire to see that the entitlement ends up in the hands
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154See Epstein, supra note 7; Rose, supra note 7; Ayres & Talley, supra note 7.
155Ayres & Talley, supra note 7, at 1743.
156Even under the call implementation, its not clear why this argument makes sense.  If Krier

at the time of investment does not yet know what his valuation will be, then promising him his mean
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of the highest valuing user (the ex post allocative efficiency concern).  We take this decoupling result

and our analysis of dual chooser rules to be our central findings.

 While we have focused on how courts should structure liability rules, our analysis does have

implications for the equally important choice of when courts should opt for liability rules over

property rules.  Legal scholars have generated a number of rationales for why property rules might

dominate liability rules.154  We focus here on three rationales for property rules that are qualified by

the foregoing analysis.  One of the oldest rationales was that property rules are better at inducing

trade than liability rules when transaction costs were relatively low.  Ayres and Talley seriously

undermined this rationale by showing that liability rules have a greater information-forcing effect

than property rules and providing examples in which liability rules were more effective in inducing

trade.  And this article has furthered this criticism by showing that dual chooser rules also have new

and potentially stronger information-forcing qualities that may give dual chooser rules a consensual

advantage over property rules.

As a second rationale, many authors (including Ayres and Talley)155 have argued that property

rules give individuals better ex ante investment incentives to create the disputed entitlement to begin

with.  The idea here is that Krier is less likely to build a new house if Schwab has the option to take

non-consensually and pay Krier’s mean valuation.  But this result only makes sense if we limit our

attention to the call implementations of liability rules.156  The foregoing decoupling result shows that
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valuation should not deter his investment – indeed, if he is risk averse it may decrease the variance
in his payoffs and make him more willing to invest.  However, if Krier at the time of investing
knows what his future valuation will be, then promising him his mean valuation (should Schwab
take) may deter him from some valuable types of investment when his actual value will turn out to
be higher than the court’s perceived mean value.

157Conversely, choosers may allocate the entitlement to the non-chooser, not because their
idiosyncratic value for the entitlement is low, but because the common-value element of the
entitlement's value takes on an unexpectedly low value which falls short of the court's allocative
price.

158Even though, as we note above, supra at 94, Kaplow and Shavell fail to compare the
property rule to the most efficient single chooser rule -- because their example uses the less efficient
chooser and non-optimal damages.
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there are both single chooser and dual chooser implementations that can allocate even greater

expected payoffs to either litigant than can be allocated in the absence of bargaining under a property

rule regime.  The decoupling result seriously qualifies the investment rationale for using property

rules because it suggests that courts both retain the ex post (information-harnessing) benefits of

liability rules without undermining ex ante investment incentives.

Finally, and most recently, Kaplow and Shavell have argued that property rules will tend to

dominate liability rules when the litigants’ valuations are correlated.  They argue that liability rules

will tend to be less efficient because chooser will allocate the entitlement to themselves not because

their idiosyncratic value for the entitlement is high, but because the common-value element of the

entitlement's value takes on an unexpectedly high value which exceeds the court’s allocative price.157

Their analysis makes eminent sense in comparing the relative efficiency of property rules to single

chooser rules,158 but as we showed above, there analysis was limited because it did not consider the

possibility of dual choice rules.  Dual choice rules, by giving both litigants a veto over certain

allocations, can better select for circumstances when the idiosyncratic and not common value is
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159Ayres & Talley, supra note 9, at 214;  Epstein, supra note 9, at 2195; and Rose, supra note
9, at 2180.

160To begin, the absence of contract law from Calabresi and Melamed’s view of the cathedral
is striking.  The subject might have been omitted because contracts didn’t fit their theory well.
Calabresi and Melamed have been understood by subsequent scholars to have argued that liability
rules tend to dominate when transaction costs are high, but that property rules dominate when
transaction costs are low.  Contractual entitlements don’t fit because they are protected by liability
rules even though transaction costs were sufficiently low for the parties to enter into an initial
contract.
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driving the allocative choice.  

In sum, the option analysis of liability rules tends to increasingly tilt as a theoretical matter

toward the use of liability rules.  In some sense this is a natural byproduct of entering more liability

rule horses in the race to compete against the two property rule stalwarts (Rules 1 and 3).  Still, there

are strong reasons why property rules will at times dominate,159 but this article and other recent

efforts have made progress on identifying narrower but firmer grounds on which property rules can

stake their dominance.  But when liability rules dominate, lawmakers would be well advised to

consider the fuller panoply of implementations than merely the call option rules of Calabresi and

Melamed.  

To get a fuller sense of why other implementations of the four basic allocations might be

useful, it is useful in closing to speculate on how the foregoing analysis might be applied to breach

of contract.160  Contractual entitlements are normally protected by a single type of liability rule.  The

promisor has a call option on the promisee’s entitlement to performance.  The promisor by breaching

can take the promisee’s entitlement to performance and merely pay compensatory damages set at the

court’s best estimate of the promisee’s value of performance.  Thus, unless the extraordinary damage
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161Ayres & Balkin, supra note 15, at 746.
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of specific performance is due, the standard remedy implements (in nuisance terminology) a kind

of Rule 2.  Recharacterized in this way, we can see that contract law lags behind the state of nuisance

law because while at least one court (in Spur) has implemented Calabresi and Melamed’s Rule 4,

contract courts do not give promisees the choice of whether they prefer performance or to receive

damages.

Contract remedies are infirm for placing the allocative authority solely in the hands of the

promisor.  True expectations damages, as an implementation of a defendant choice rule, can induce

the defendant to breach efficiently – given her private information about the costs of breach.  But the

foregoing analysis suggests that, at times, the plaintiff will be the better chooser to decide whether

performance should take place, or at still other times both the plaintiff and the defendant will make

better allocative decisions (than either one or the other could do by herself).  The traditional

expectation damage rule does a good job of harnessing the defendant/promisor’s private information,

but does not harness the information of the plaintiff/promisee.  At times (particularly when the

litigants have similar variances but different means) the court would do better to implement a dual

chooser rule by announcing an allocative price and then giving each party the opportunity to veto the

defendant’s breach.  

Or, as an alternative, it might be useful to give the promisee the option of increasing the

damages she would receive for the promisor’s breach by making a firm offer to pay more for

performance.161  Thus, after a seller anticipatorilly repudiated a contract, a court might give the buyer

the option of offering the seller an additional amount to perform.  The seller could either accept this
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162Buyer’s ability to enhance the seller’s potential damages should be limited to
circumstances in which performance was feasible.  Otherwise, buyers might make an inflated offer
(i.e., an offer that exceeds their private values for performance) if they know that changed
circumstances have rendered the seller’s performance impossible.  See id, at 747 n. 137.

163Buyers deciding how much to offer to induce performance would have a powerful
incentive not to offer too much.  If the offer were too generous, the seller would simply accept it and
perform.

164See Gianna Julian-Arnold, International Compulsory Licensing: The Rationales and the
Reality, 33 Idea 349 (1987) (noting that blocking patents are one of the three most common
conditions for compulsory licensing abroad).  Countries that have compulsory licenses for blocking
patents include Australia, China, France, Japan, the Netherlands, New Zealand and Switzerland.  See
Robert Merges, Intellectual Property Rights and Bargaining Breakdown: The Case of Improvement
Inventions and Blocking Patents 30-31 (1994).  U.S. patent law also mandates compulsory licenses
with regard to nuclear power and environmental engineering technologies.  See Ayres & Talley,
supra note 15, at 1093.
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amount and perform, or breach the contract and pay ordinary damages plus the additional amount

that the buyer offered to pay.162  Judges could implement this scheme by instructing a jury to

determine ordinary expectation damages (without knowledge of the attempted modification), and

then simply adding the enhancement to the jury’s award.  This mechanism would allow the

plaintiff/buyer to credibly signal when her value of performance was higher than the provable mean

valuation.163  The defendant/seller would then face a truer allocative price in deciding whether to

breach.  

Both contract and nuisance law provide rich settings in which to apply our analysis, but there

are others as well.  For example, many countries use “compulsory licensing” schemes to mitigate the

bilateral monopoly problems of “blocking patents.”164  Compulsory licenses of course amount to a

call-option implementation of a single choice rule.  But by now it should be obvious that giving the

allocative choice to the other side or to two both sides in a block patent dispute might be superior
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(and that it might be useful to consider “Pay or be Paid” implementations to adjust the expected

distribution). At the end of the day, bilateral disputes over rivalrous entitlements do not come close

to describing the "cathedral" of allocative dilemmas facing courts, but they represent a substantial

enough proportion of the world to justify our inquiry.



�����������
	���
������
������	��������
���
����	 �"!���	��#�$��%'&(��)*�+�,%-�����.����&(/
����&102�#��&(	��
�������$	��3�����4)$!5	��6���2���

7�8�9;:=<
>@?�ACBED@<�9F?�:
G�H�I@J�K�LMJONQP�I�NSR,T�H�UVP�WSJ�JXIZY�[�U]\�U]P�TMN=IZ\(J�^_W`U]Y�H�N`a.T�N=[�IFbL�U]cQIdWEPMIZ^]IZeZTMUVNQY�N`R�T�H�I@LMIZP�K�^]TMP�K�PMIZ[fU]Y�T�H�I@g-WSU]Y=T�IZ\(Tihkj5\QbW`glJ�^]IZP�NSRmT�H�IZP�IlL�IZPMK�^]T�P�U]Y�eZ^]K�[�IERnNoLMg=K�^_W`PkRnNQLqprNoL�W`T@^]IiWSP�TNosXIZtQIZ[Cs(t�u�NoJ�TMU]g-W`^`[XW`g-WSvoIZP2K�Y�[�IZL�coWSL�U]NoK�P�^]U_W`s�U]^]U]T�t�L�K�^]IZPwhxyI�PMHOW`^]^�z�RnNQLCTMH�I�P;W`{QI�N`R�eZNQg�J�^]IZTMIZY�IZPMPiz�W`[�NQJ�T|RnNoLMg=K�^_WwbT�U]NQY�P=T�HOWST�W`^]^]N`a}RnNoL=J�LMNosOWSs�U]^]UVT�ty[�UVPMT�LMUVs�K�T�U]NoY�PERnNoLEJ�^_W`U]Y(bT�U�~�W`Y�[y[�I�RnIZY�[OWSY(TCcoWS^VKXW`T�U]NQY�P@T�HOWSTCW`LMI=eZNoLML�IZ^_W`TMIZ[�U]YyT�H�Ig�NQP�T=vQIZY�IZLFW`^�a�Wwt�h���N`akIZcoIZLwz�akI�P�HOWS^V^
�(K�U]e;{(^]t�J�L�N(eZI�IZ[T�NyU]glJONQL�T;WSY(T�P�JXIZeZU_W`^
eiW`PMIZPiz�P�K�eFH�W`P=TMH�NoPMIfU]Y�a�H�U]eFH�T�H�IcoW`^]KOWST�U]NoY�P�WSL�I�K�Y�eZNoLML�IZ^_W`TMIZ[�RnLMNog3NoY�IEW`Y�NQT�H�IZL
NoL�g�Wwt=sOI[�IZe�Nog�JXNoPMIZ[�U]Y(T�N�NQY�I�eZNQg�g�NQY�WSY�[@T�amN
UV[�UVNQP�t(Y�eZLFW`TMUVe#eZNog�bJXNoY�IZY(TMPiz`TMH�IZP�I�TMH�L�I�ImeZNQg�JXNoY�I�Y�TMP�sXIZU]Y�v�K�Y�eZNoLML�IZ^_WST�IZ[|RnL�NQgNoY�IdWSY�NoTMH�IZLwh� K�L�W`U]g�U]PET�NysXIfJOI�[OW`vQNovoU]eiWS^�W`Y�[�U]^V^]K�PMT�LFW`T�U]cQI�L;WST�H�I�LT�HXW`YfIZ\(HOWSK�P�TMU]coIoz2W`Y�[famIEH�NQJOI�TMHOW`T@LMIiW`[�I�L�P@a�U]^V^��OY�[fNQK�L[�IZLMU]coW`T�U]NQY�P�[�U]voIZPMT�U]s�^]Ioh#��^]NoY�vET�H�I�a�Wwt=akI�PMHOW`^]^2U]Y(T�L�N([�K�eZIP�NQg�I�TMIZeFH�Y�U]eiW`^2[�IZc(UVe�IZPiz�P�K�eFH-WSPmTMH�I��
UVLFW`e�[�I�^VTFW@R�K�Y�eZTMUVNQY�PW`Y�[1TMH�I=��IiWwc(U]P�U][�IET�H�IZT;W�z�a�H�U]eFH�amIE�OY�[1LFW`T�H�IZL�K�PMIFRnK�^kU]YT�H�I�J�L�IZPMIZY(T�e�NoY(T�IZ\(Twh

� 8����o�Z�]���_�X���F�`��� �o��¡F�
xyICPMHOW`^]^5[�IZY�NoT�Ils(t�¢£T�H�I�WSP�PMIZTCa�H�NoP�I=K�^VTMU]g-W`TMI�N`a�Y(bIZLMP�H�U]JyU]P@sOIZU]Y�v¤IZP�TFW`s�^]U]P�H�I�[�h=xyIEP�HOWS^V^5[�I�Y�NoTMI=s�t�¥6sONQT�HT�H�I�J�^_W`U]Y(T�U�~¦WSY�[f�(KOW`Y(TMUVTMU]IZP�W`PMP�N(eZU_W`TMIZ[1a�U]TMH-TMH�IEJ�^_W`U]Y(T�U�~"§P�U]glUV^_WSL�^]tCakI@[�IZY�NQT�IEs(t-¨*sONQT�HfTMH�I�[�IFR�IZY�[OWSY�T@W`Y�[¤��KXW`Y(bT�U]TMUVI�P-W`PMP�N(eZU_W`TMIZ[.a�UVTMH�T�H�I1[�I�RnIZY�[OWSY(Tih6xyIfPMHOW`^]^�[�IZY�NoTMIT�H�IfcoW`^]K�IlT�HOWST=¥£W`P�e�L�U]sOI�P�T�NyTMH�I1WSP�P�I�T=¢�s(t�©(ªm§�PMUVglU�b^_W`LM^Vt(z�akIfPMHOW`^]^�[�IZY�NoTMI1TMH�I�coW`^]K�I�T�HOWST-¨«W`PMeZL�U]sXIZPl¢¬s(t©�­@h�G�H�IE�(KOW`Y(T�U]TMUVI�PC©(ª�WSY�[�©�­.coW`LMtfL;WSY�[�NQg�^]t=RnLMNog®U]Y(bP�TFW`Y�e�IfT�NyU]Y�PMT;W`Y�eZIoh�¯�Y�WSY�t�P�JXIZeZU��OefU]Y�PMT;WSY�eZIoz�TMH�IfcoWS^VK�IN`R�© ª UVP
{(Y�N`a�YfNoY�^VtlT�Nl¥°W`Y�[fT�H�IEcoW`^]K�I@NSR�© ­ U]P
{�Y�N`a�YNoY�^Vt¤T�N1¨�h=�
^]^�JOW`LMT�U]IZPwz5H�N`amI�coIZLwz�{(Y�N`a}T�H�I@±FNoU]Y(T�J�LMNosOW²bs�U]^]U]T�t=[�U]P�T�LMU]s�K�T�U]NQY'³ ª�­ p © ª�´ © ­ u�vQN`coIZLMY�U]Y�vET�H�I�coWS^]K�IZP@© ªW`Y�[µ© ­ N`R�¢¶W`PMeZL�U]sXIZ[.s�t4¥·WSY�[�¨�h6G�H�I�±�NoU]Y(T=J�L�NQs(bW`s�UV^]U]T�tf[�U]PMT�L�U]s�K�T�U]NoY�³�ª�­�p�©(ª ´ ©�­mu|U]PC[�I��OY�IZ[�P�N�T�HXW`Tiz�R�NoLcoW`Y�UVPMH�U]Y�vo^]tfPMg-WS^V^#L;W`Y�voIZP=¸(©(ªµW`Y�[�¸(©¹­@z#T�H�I�J�LMNosOWSs�U]^]UVT�tT�HXW`Tk¢°a�U]^]^XHOWwcoI�W|coW`^]K�I�TMNC¥�U]YlT�H�I@L;WSY�voIE©(ªyT�N�©(ª�¸(©(ªW`Y�['WEcoWS^]K�I@T�N�¨*UVY�TMH�I�L;WSY�voI�©¹­4T�N�©�­=¸(©�­�U]P�vQUVcQIZY�s(t³ ª�­ p�© ª�´ © ­ u(¸(© ª ¸(© ­ h

�@8,ºX»�¼l�q�X»(¡F�o¡Z�]»��¤���X��¼l�o¡Z½X�o¼l�o¡Z�]�`�(¾��2�`¿O�]�`�`�
À`Á�Â2ÃMÄ�ÅMÆZÇ_È`Ç_É]Ê`Ë�ÌZÈwÍÏÎQÅFÐ

¯�T@UVP|eZNoY(coI�Y�U]IZY(T�T�NfU]Y(T�LMN([�K�eZI=TMH�I�Y�NQT;WST�U]NoYOWS^5[�IZc(U]eZI�NSRL�I�J�L�IZPMIZY(T�U]Y�v�I�\�JXIZeZTFW`TMUVNQY=coW`^]K�IZP�N`RO�(KOWSY(T�U]T�U]IZP�T�HOWST,[�IZJOI�Y�[NoY4L;W`Y�[�NogÑcoWSL�U_W`s�^]IZPlP�K�eFH�W`P�© ª WSY�[}© ­ s(t�IZY�eZ^]NQP�U]Y�v

TMH�NoPMI1�(KOWSY(T�U]T�U]IZP�U]Y�W`Y�vo^]Ifs�LFW`eF{oIZTMPyÒ;ÓwÓwÓ ÔZh3Õ(K�eFH.Noso±FIZe�T�PHXWwcoI=T�H�I=g�IiWSY�U]Y�v�NSR�TMH�I�coWS^VK�ICNSR�TMH�I�IZY�eZ^]NoP�I�[��(KOW`Y(TMUVT�tWwcQIZL;WSvoIZ[EN`coI�L,LFW`Y�[�NogµcoWSL�U_W`s�^VI�P�NoYEa�H�U]eFHCU]T5[�IZJXIZY�[�Piz(T�H�UVPWwcQIZL;WSvoI=sXIZU]Y�v�amI�UVvQH(T�IZ[ys(t�T�H�I�WSJ�J�L�NQJ�L�U_WST�I�±FNQUVY(T
J�L�NQsOWwbs�UV^]U]T�t�[�U]PMT�L�U]s�K�T�U]NoY�h5xyI�PMHOW`^]^X�OY�[�U]T�K�PMIFRnK�^�T�N�U]Y�[�U]eiWST�I
T�H�ILFW`Y�[�Nog£coWSL�U_W`s�^VI�P�T�HXW`TCWSL�I=sXIZU]Y�vfWwcoIZLFW`voI�[yN`coIZL@c(U_W�PMK�s(bPMeZL�U]J�TMPCNQY1TMH�I-WSY�vo^]IEs�L;WSeF{oIZTMPihfÖ�NoL@IZ\�W`glJ�^]Ioz5Ò�©(ªl©¹­kÔ�ª�­[�IZY�NoTMIZP�T�H�I�IZ\(JXIZeZT;WST�U]NoYlcoW`^]K�I�NSR×TMH�I�J�LMN([�K�eZT@© ª © ­ a�U]TMHLMIZP�JXIZeZT�TMNC³�ª�­�p ©�ª ´ ©¹­kuZ§(W`Y�[�Ò�©�Øª Ô�ª�[�IZY�NQT�IZPkT�H�I�IZ\(JXIZeZT;W²bTMU]NoY�coWS^]K�I�NSR�©@Øª a�U]T�H�LMIZP�JXIZeZT@TMNµÙ³=p�© ª u
ÚoÁ#Û�ÅMÈ`ÌZÉ�Ð;É]Ü`Å5ÐFÇ_Å�Ä�ÝFÎoË(ÆZÇrÉVÊ`Ë

¯�T=U]P�W`^]P�N�eZNoY(cQIZY�U]IZY(TCTMNyU]Y�TML�N([�K�e�I-TMH�I���IiWwc(U]P�U][�I�PMT�IZJR�K�Y�eZTMUVNQY-Þ(p�ßOu�z�a�H�U]eFH�UVP�[�IF�OY�IZ[¤c�U_W
Þ(pnßXumà�á�â RnNQL�ßlã â §äåRnNQL â|æ ß�h p â hVäwu

G�H�UVPlRnK�Y�eZT�U]NQY�g-W`{QIZP�U]T�P�TML;WSUVvQH(T�RnNQL�a�W`L�[.T�N�LMIZP�TML�U]eZT�T�H�ILFW`Y�vQI=N`R�coW`^]K�IZP|N`coIZL�a�H�UVeFH�W�LFW`Y�[�Nog£coWSL�U_W`s�^VI�p_IQh vXh5©(ª"uLMK�Y�Pwh � Y�I�N`R�T�IZY�Y�IZIZ[�PlT�N�g-WS{oI=P�K�e;H�LMIZP�TML�U]eZT�U]NQY�P�a�H�I�YTMH�IZLMI=UVP
IZ\(T�LFW�U]Y(RnNoLMg-WST�U]NoY={(Y�N`a�Y�pnWSY�[fH�IZY�eZI=eZNoY�[�U]T�U]NoY�PNQsOI�toIZ[Ou
s(t�L;WSY�[�Nog®coWSL�U_W`s�^VI�PizXIoh vOh]z�TMHOW`T@TMH�ICcoWSL�U_W`s�^VI@IZ\Qbe�IZIZ[�PEP�NQg�I�PMJOIZe�UÏ�XeZIZ[�coW`^]K�IohE¯�Y�g�NQP�T�e�UVLMeZK�glP�T;WSY�eZIZP|T�H�IJ�L�IZeZU]PMICcoWS^VK�I�N`RmÞ=WST�ß�à â U]P�Y�NoT�PMU]voY�U��OeiWSY(TizOWS^]T�H�NQK�voHlUVTU]P�NSRnT�I�Y�eZNQY�cQIZY�U]IZY(TET�NfTFW`{oIlU]T�T�NfsXI�NoY�I=HXW`^�R;h�ç�NQT�IlT�H�II�^VI�g�IZY(T;WSL�t�WSY�[�K�P�IFR�K�^�J�LMNoJXIZL�T�t2èkÞ(pnßXu�é�Þ(p ê�ßOukà�äoh
ëoÁ�ì�É]ínÈ`Æ
Ü`ÅFÍÏÇ_È5ÝFÎoË(ÆZÇ_É]Ê`Ë

xyI�W`^]P�N@U]Y(T�LMN�[�K�eZI�T�H�I��
U]L;W`ek[�IZ^]TFW
RnK�Y�e�T�U]NoYE¸�pnßXuZzQa�H�U]eFHNQY�I@g-WwtE[�IF�OY�I
¸�p�ßOu#àïîî ß Þ(p�ßOu�ð p â h ñQu

Õ¹T�L�U]eZTM^]t�P�JXIiWS{�U]Y�vXzwT�H�U]P2U]P�W@òoó]ôZõ�öZó_÷wø(õnó_ùQú@L;WST�H�IZL�T�HOWSYCW5ûZø(ú�ü�ýõ�ó_ùQú�W`Y�[�z�WSP�P�K�eFH�z(U]T�Y�IZIZ[�P�TMN�sOI�HXW`Y�[�^]IZ[=a�U]TMH=P�NoglI�eiW`LMIoh�
IZPMJ�U]T�IET�H�U]PwzO^]U]{oI|T�H�IE��IiWwc(U]P�U][�IEP�TMIZJ¤RnK�Y�eZTMU]NoY�zXT�H�Iq�
U]L;WSe[�IZ^]T;WlRnK�Y�eZT�U]NQYyUVPEW�coIZLMtyK�P�I�RnK�^�g-WST�H�I�g-W`TMU]eiW`^�[�IZc(U]eZIohf¯�Tg�W`{QIZP�U]T�P�T�LFW`U]voH(T RnNoLMa�WSL�[�T�NlUVglJONQP�I@T�H�I�eZNoY�[�U]T�U]NoY�T�HXW`T�WLFW`Y�[�Nog$coWSL�U_W`s�^]I
T;W`{QIZP�NoYfWEeZI�L�T;WSU]Y-coWS^]K�IohÖ�NQLCLMIiW`[�IZL�P�a�H�NyW`LMI-K�Y(RþW`glU]^VU]W`L@a�U]T�H�T�H�If�
U]L;W`el[�IZ^]T;WR�K�Y�eZTMUVNQY=¸�pnßXu5akI�g�IZY(T�U]NQY�T�HOWST�NoY�I�p_N`R�g�W`Y(t�u2K�PMIFRnK�^Xa�Wwt�PTMN�T�H�UVY�{qWSsONQK�T�U]T5UVPkW`P�W@Y�NoLMg-WS^VU]ÿZI�[���W`K�P�P�U_WSY=J�L�NQsOW`s�U]^]U]T�t[�UVPMT�LMUVs�K�T�U]NoY|RnNQL�T�H�I
L;WSY�[�Nog}coW`LMU WSs�^]I�ß�zQT;W`{QIZY=U]Y=T�H�I
^]UVglU]TTMHOW`TkT�H�I�a�U][�T�HfprU�h IQhoTMH�I@P�T;WSY�[OWSL�[�[�IZc(U WST�U]NoYXu5N`R�TMH�I�[�U]PMT�L�U�bs�K�T�U]NoYEU]P�coW`Y�UVPMH�U]Y�vo^]t@P�g�W`^]^2p_U�h Ioh`U]P�g=K�eFH�PMg-WS^V^]IZL5TMHOW`Y=W`Y(teFHOWSL;WSeZT�IZLMU]P�T�U]e�coWS^]K�I�NSR"TMH�I@coW`LMU WSs�^]I�U]Y��(K�I�P�T�U]NQYOuZhx�U]T�H�T�H�UVP
T�H�NQK�voH(T
UVY�glUVY�[�z(L�IiWS[�IZLMP�glU]voH(Tma�U]PMH-TMN�TML�tPM{oIZTMeFH�U]Y�v�Þ(pnßXu�cQIZL�PMK�PmßEW`Y�[ET�H�IZYCU]TMP,PM^]NoJXI î Þ(pnßXu�� î ß�h2G�H�UVPI�\�I�L�eZU]P�I@PMH�NoK�^][EP�H�N`a�TMHOW`T�U]T5U]PmW`T#^VIwW`P�T#J�^_W`K�PMUVs�^VI@pnWSY�[=eiWSY
ä



U]Y@RþWSeZT�sXImPMH�N`a�YOu�T�HOWST2RnNQL�P�K�UVTFW`s�^]t
amIZ^]^�b�sOIZHXWwcoIZ[@R�K�Y�eZTMUVNQY�P� pnßXu�akI�TMH�IZY�HOWwcQI� î ß�¸�p�ßOu � p�ßOu�à � p â u � î ß�¸�p�ßOu5à � p â u ´ p â h��ou
a�H�IZLMI�TMH�I=^]N`amIZL�WSY�[yK�J�JXIZL�^]U]g�U]T�P�NSR�U]Y(T�I�voL;WST�U]NoY�L�I�P�JXIZeFbT�U]cQIZ^]t-^]U]I�sXIZ^]N`aµW`Y�[�W`sXN`coI�TMH�ICNQL�U]voU]Y�prU�h IQhOßfà â uZh�Ö�L�NQgT�H�UVP�LMIZP�K�^VT
NoY�I@eiWSY�L�IiWS[�U]^Vt=PMH�N`a�z�IQh vXh]zoTMHOW`T� î ß�¸�p�ß�ê	�Qu � p�ßOukà � p
�ou ´ p â h ��u
J�LMN`c�U][�I�[�T�HXW`TkT�H�I@L;WSY�voI
N`R5UVY(TMIZvoLFW`T�U]NQY=IZY�eZ^]NoPMIZP�TMH�I@JONQU]Y�Tß=à���W`Y�[�T�HXW`T � pnßXu�U]P�P�K�U]TFW`s�^]t=akIZ^]^Ïb�sXIZHOWwcoI�[�h
�NoLMICU]Y(R�NoL�g�W`TMUVNQY�eZNoY�e�IZL�Y�U]Y�v¤T�H�I=�
IiWwc(UVPM[�I=P�TMIZJ�RnK�Y�eFbT�U]NQY£W`Y�[®TMH�I°�
U]L;WSe�[�IZ^]T;W}R�K�Y�eZTMUVNQY®eiW`Y sOI�RnNoK�Y�[®U]Yg-WSY(t�P�NQK�L�e�IZPiz5U]Y�eZ^]K�[�UVY�vOz2Ioh vXhVè@WlY�NoY�L�U]voNQL�NoK�PdWSeZeZNQK�Y(T�U]Y�=h�Ökh���U]^]IZt�z�
yh��5hX��NQs�P�NQY�W`Y�[�Õ2h��Oh��mIZY�eZIoz���������� �!�"�$#%$& �(')�!�*����+","-/.0+*132��546- %$& -��87�,:9�7"; % 7��<� 1 % 7"; p
=�W`g=s�LMUV[�voI>�Y�UVcQIZL�PMU]T�t?�5LMIZP�Pwz@ä(@A@5Bou�z,Õ(I�eoh�äoäQhVäQh���§5W`Y�[yglNoL�IEL�U]vQNoL�NQK�PW`e�eZNoK�Y(TMP=UVY:
yhC�OhED2U]vQH�TMH�U]^]^þz�FG+6H*1 % �I1�JK7��('L46- % -M�87�,ONP�I76#� 1<�(' % -Q�R,OFCH*7 & � % +*76-�p0=�W`g=s�L�U][�voIS>�Y�U]cQIZL�PMUVT�tO�5LMIZP�Pwz=ä(@5ToñouW`Y�[��Ch`�Eh*UXIZg-WSY�U_W`Y�z8V % -8�$1 %XW HY� % +*73Z��G�R+*1[43�(7�,\Z�1<�(76-].0+*1]�JP7��('L46- % -Cp���N`cQIZLiz�ä(@5^ABou�h

D|8`_�»��2�o¾���� �;¡Z�Z��a�bX¡�� »¹�X�
xyICe�No^]^]IZeZT�H�I�L�I�PMNoglI=UV[�IiW`P�e�NoY�eZI�L�Y�U]Y�vfcoWSL�U]NoK�P�g�N([�IZ^J�LMNosOWSs�U]^VU]T�t�[�U]P�T�LMU]s�K�T�U]NQY�P�vQN`coIZLMY�U]Y�v�TMH�I1coWS^]KOW`TMUVNQY�P=T�HXW`TT�H�I�J�^_W`U]Y(T�U�~�¥�W`Y�[lT�H�I
[�IFRnI�Y�[OW`Y(T�¨6W`P�e�L�U]sOI@TMH�I�TMH�I�WSP�P�I�T¢-h

À`ÁKc�ÅZË(ÅZínÈwÍ]Íed�ÆMÊ`í�í�ÅFÍÏÈ`Ç_Å�Ü@ÈwÐMÐ;ÅZÇ2ÌZÈwÍÏÎQÈ`Ç_É]Ê`ËQÐ
¯�YfT�H�I=g�NoPMT�voIZY�IZL;WS^�eiW`PMIoz�T�H�IEL;WSY�[�Nog coW`^]K�IZP@W`PMeZL�U]sXIZ[T�Nl¢�p_c(U]ÿoh5© ª W`Y�[�© ­ u@WSL�I�ü;ùQöZö�f<gihQõ0fFò2h|G�H�U]P�glIiW`Y�P�T�HXW`TT�H�I=J�L�NQsOW`s�U]^]U]T�t�[�IZY�PMUVT�t¤RnNQLCWlP�JXIZeZU��Oe�coWS^]K�ICNSR�© ª TMNfN(eFbeZK�LwzovQU]coIZYCW
coWS^VK�ImNSR�© ­ zS[�IZJXIZY�[�P�NQYCTMH�I�coW`^]K�I#N`R5© ­ p�W`Y�[c(U]eZI@coIZLMP;Wou�h�¯�YfPMK�eFH�eiW`PMIZPizXT�H�Im±FNoU]Y(TkJ�L�NQsOW`s�U]^]U]T�tC[�UVPMT�LMUVs�K(bT�U]NQYC³ ª�­ p © ª�´ © ­ u2[�N(IZP#Y�NoT�RþWSeZT�NQL�U]ÿZIkUVY(TMN�T�akN�RþWSeZT�NQL�PizQW`Y�[Y�IZU]TMH�IZL�[�NCIZ\(JXIZeZTFW`T�U]NQYfcoW`^]K�IZP�NSR,J�LMN([�K�eZTMP�N`R�RþW`e�T�NoLMPiz�NoY�I[�IZJXIZY�[�UVY�v=NoY�©�ª�W`Y�[lNoY�I|[�IZJXIZY�[�U]Y�v=NQY1©�­
h

ÚoÁkj2Ë(Æ�Ê`íMínÅFÍÏÈ`ÇrÅ�Ü�ÈwÐMÐ;ÅZÇ2Ì�ÈwÍÏÎoÈ`Ç_É]Ê`ËQÐ=kNoY�PMU][�IZL;WSs�^]ImPMU]g�J�^]U��OeiWST�U]NoY�P2W`LMU]P�Ioz(W`P5akImPMHOW`^]^(P�IZIQz(UÏRXamIW`[�NoJ�T5W�P�JXIZeZU_WS^�g�N([�IZ^`U]Y�a�H�UVeFHET�H�I#L;W`Y�[�Nog�coWS^VK�IZP�© ª W`Y�[© ­ W`LMI=K�Y�eZNQL�LMIZ^_W`T�I�[�h�¯�YyT�H�U]P�ewW`P�IQz5T�H�I�±FNQU]Y�T@J�LMNosOWSs�U]^]UVT�t[�U]P�TML�U]s�K�TMU]NoY-³�ª�­
p�©(ª ´ ©�­mu#R�W`eZTMNoL�U]ÿZI�P�UVY(TMN=T�amN|RþW`e�T�NoLMPiè
³ ª�­ p�© ª�´ © ­ u,à Ù³ ª p © ª uEÙ³ ­ p�© ­ u ´ p â h�lou

U]Y�a�H�U]eFH�NQY�I¤RþW`eZTMNoLwz Ù³ ª p�© ª uZz
voN`coI�L�Y�P�T�H�Iy[�U]P�T�LMU]s�K�T�U]NQYN`R@© ª z�WSY�[yT�H�I=NoT�H�IZLiz Ù³ ­ p�© ª u�z5voN`cQIZL�Y�P|T�H�Il[�U]P�T�LMU]s�K�T�U]NQY

NSR�©(ª�h)>
Y�[�IZL@PMK�eFHyeZU]L�eZK�glP�TFW`Y�eZI�Piz2IZ\(JXIZeZTFW`T�U]NQY1coWS^VK�IZP@N`RJ�L�N([�K�eZTMPCNSRmT�I�L�g�Pwz�NQY�I=[�IZJXIZY�[�UVY�vfP�NQ^VI�^Vt¤NoY�©�ª�WSY�[�T�H�INQT�H�I�LCPMNo^]IZ^]tfNoY�© ­ z�RþW`eZTMNoLMUVÿ�I=UVY(TMN-U]Y�[�IZJOI�Y�[�IZY(T=IZ\(JXIZeZT;W²bTMU]NoY�coWS^]K�IZPiè
Ònm ª p © ª u6m ­ p�© ­ u�Ô ª�­ à�Ònm ª p © ª u�Ô ª ÒXm ­ p © ­ uMÔ ­
´ p â h TQu

a�H�IZL�I3m�ª�W`Y�[�m,­�WSL�I=W`LMs�U]T�L;WSL�t�R�K�Y�eZTMUVNQY�P@N`RmTMH�IZU]L�W`LMvoK(bglIZY(T�Pwz×WSY�[�Ò;ÓwÓiÓ Ô ª W`Y�[�Ò;ÓwÓwÓ Ô ­ [�IZY�NoTMI=IZ\(JOI�eZT;WST�U]NoY�coW`^]K�IZPa�U]TMHCLMIZP�JXIZeZT
T�N@T�H�I
L�IZPMJOI�eZT�U]coI@[�U]PMT�L�U]s�K�T�U]NoY�P Ù³.W`Y�[po³�h��
YU]glJONQL�T;WSY(T�[�U WSvoY�NQP�TMUVelN`R�eZNQL�LMIZ^_W`T�U]NQY�P=U]PCJ�LMN`c(UV[�IZ[�s(t�T�H�Iq K�eZT�KXW`T�U]NQY-e�NoL�LMIZ^_W`TMNoL
ÒFp�© ª ê�Ò�© ª Ô ª�­ u2p�© ­ ê�Ò�© ­ Ô ª�­ u�Ô ª�­�´ p â h BQu

a�H�UVeFH=eFHOWSL;W`e�T�IZLMUVÿ�IZP�T�H�I�I�\�TMIZY(TmTMN�a�H�U]eFH=[�IZJOWSL�TMK�L�IZP�NSR,© ªR�L�Nog«U]T�P=IZ\(JXIZeZTFW`T�U]NQY�coWS^VK�IfÒ�© ª Ô ª�­ W`LMIfeZNoLML�IZ^_WST�IZ[�a�U]TMHprU�h IQhON(eZe�K�LCU]YfTMH�I=P;WSg�IEP�IZY�P�I-WSP;u
[�IZJXW`L�TMK�L�I�PCNSR�©�­.RnLMNogU]TMP�IZ\(JOIZe�T;W`TMU]NoY�coW`^]K�IEÒ�©�­kÔ�ª�­
h
ëoÁ�ì�Å�ÆMÊ*r5Ä�ÊwÐFÈ*sFÍÏÅ�ÆMÊ`í�í�ÅFÍÏÈ`Ç_Å�Ü@ÈwÐMÐ;ÅZÇ2ÌZÈwÍÏÎQÈ`Ç_É]Ê`ËQÐ

��P�NQK�L5P�IZe�NoY�[=PMJOIZe�U WS^�eiWSP�IozQ^]IZT5K�P5P�K�J�JXNoPMI�TMHOW`T5T�H�ImLFW`Y(b[�NogµcoWS^]K�IZP�© ª W`Y�[�© ­ W`L�I�e�NoL�LMIZ^_W`TMIZ[�z(s�K�T#Y�NoTmWSL�s�U]TML;W`LMU]^VtPMNOh5¯�Y�PMT�IiWS[�z�akI@P�HOWS^]^2T;W`{QI@T�H�I@eZNQL�L�I�^ WST�U]NoY�P�T�NEHOWwcoI�W|P�JXIFbe�U WS^�ziLMIZ^_W`TMUVcQIZ^]t@P�U]g�J�^]Ioz�RnNoLMg1h�Õ¹JOIZe�UÏ�XeiW`^]^]t�zw^]IZT5K�P5L�I�v�W`LM[�© ªWSY�[�©¹­.W`P
sOI�UVY�v=eZNoglJONQP�IZ[�R�L�Nog*T�H�I�K�Y�[�IZLM^Vt(U]Y�vlL;W`Y�[�NogcoWSL�U_W`s�^VI�PPt/u�zGt ª WSY�[�t ­ c�U_W
©(ª1àvt u éwt�ª ´ p â h�^oWQu©�­�àvt u éwtf­ ´ p â h�^SsOu

TMH�I�coW`LMU WSs�^]IZPMt/u�zxt ª WSY�[Ot ­ sXIZU]Y�v�voN`coI�L�Y�IZ[�s(tyT�H�IR�W`eZTMNoL�U]ÿZI�[�z�W`Y�[�H�I�Y�eZI�K�Y�eZNoLML�IZ^_W`TMIZ[�zw±FNoU]Y(T�J�LMNosOWSs�U]^VU]T�tE[�U]P�bTML�U]s�K�TMU]NoY
³=p[t u ´ t�ª ´ t'­ku�àyo³ u pXt u uMo³�ªkpXt�ª"uSo³,­
pXtf­�uZð p â h @Qu

G�H�UVP�[�U]PMT�L�U]s�K�T�U]NoY�HXW`P�T�H�I¤RnNQ^V^]N`a�U]Y�v�U]Y�TMIZL�J�L�IZTFW`T�U]NQY�è�© ªWSY�[f©�­�HOWwcQI�W|eZNoglg�NQY�L;WSY�[�Nog*eZNoglJONQY�IZY(TPt u W`Y�[�W`LMILMIZP�JXIZeZTMU]coIZ^]t�P�K�J�J�^]IZg�I�Y�TMIZ[.s�t4T�H�IyLFW`Y�[�NQgÑeZNoglJONQY�IZY(T�Pt�ªµW`Y�[Otf­�z#a�UVTMH+WS^V^kT�H�L�IZIfU]Y�vQL�IZ[�UVI�Y�TMP-p[t u zzt�ªµW`Y�[tf­ku�sXIZU]Y�vlP�T;WST�U]P�TMU]eiW`^]^]t�UVY�[�IZJXIZY�[�IZY(T@N`RkNoY�I=W`Y�NQT�H�I�Lih@G5NWSeZ�(K�U]L�IfPMNoglI=RnIZI�^VU]Y�v�R�NoL�TMH�U]P=[�U]P�TML�U]s�K�TMUVNQY�zkeZNoY�P�U][�IZLlT�H�Iq K�eZT�KXW`T�U]NQY-e�NoL�LMIZ^_W`TMNoL��(KOW`Y(TMUVT�t
ÒFp�©(ªfê�Ò�©(ª"ÔMu@pM©¹­�ê�ÒM©¹­�ÔMu�Ô�ª�­
ð p â h]ä â u¯�Y�TMIZL�glPmNSR"TMH�I@eZNoglJONQY�IZY(TkcoW`L�U_WSs�^]IZPiz(TMH�U]P�sOIZe�Nog�I�P

ÒFp�t u é{t-ª¤ê+Ò]t u Ô�ê�Ò�t�ª�Ô�u| pXt u é:tf­yê�Ò]t u Ô�ê�Ò]t'­�ÔMu�Ô u ª�­ ´ p â h]äoäwua�H�UVeFH=LMIZ[�K�eZI�P�prvoU]coIZY=TMH�I�P�TFW`TMUVPMT�U]eiWS^OU]Y�[�I�JOIZY�[�IZY�eZI@NSR}t/u�zt�ª+WSY�[!tf­�ukT�N
Ò;p]t u ê�Ò]t u Ô�u Ø Ô u ´ p â h]äiñQuU�h Ioh]z�PMU]g�J�^]t�TMN�TMH�ICglIiW`Y¹bþPM��KXW`L�I q K�eZTMKOW`TMUVNQY�P�U]YfTMH�IEeZNog�bglNoY�e�Nog�JXNoY�IZY(T~t u Wwa�Wwt RnL�NQg¶U]T�P�IZ\(JOI�eZT;WST�U]NoY}coW`^]K�IÒ]t�u�ÔZh G�H�U]PfL�IZPMK�^]TfIZ\(IZglJ�^]UÏ�XIZP�T�H�I�RþWSeZTfTMHOW`TfU]T�U]P�T�H�Ie�Nog�glNoY�eZNoglJONQY�IZY(T�TMHOW`T�U]Y�[�K�e�IZPfeZNQL�L�I�^ WST�U]NoY�P-sXIZT�akIZIZY© ª WSY�[f© ­ h

ñ



9�8�º29F:M�M�}���;D)�=?�?�º��k>�>@B����kº
xyI�Y�N`a�IZ\(J�^]NoL�I�W`YEIZ\�W`glJ�^]I�N`R2T�H�ImPMUVY�vo^]IFb�e;H�N�NQP�IZL#L�K�^]IZPwzP�JXIZeZU��OewW`^]^]t®T�H�I}P�eZIZYXW`L�U]N3J�L�I�P�IZY(T�I�[ s(t®Õ(U]Y�vo^]IFb�=kH�N(NoPMIZL��K�^VIEñ�h)>�Y�[�IZL@T�H�U]P@L�K�^VIQz2T�H�IEJ�^_W`U]Y(T�U�~1¥}sOI�voU]Y�P@a�U]T�H�T�H�IIZY(T�U]TM^VI�g�IZY(T@T�N�T�H�I�W`P�PMIZT|¢ W`Y�[�T�H�I=[�IFRnIZY�[XW`Y(Tq¨ sOI�voU]Y�Pa�U]T�H�WfeiWS^]^mNQJ�T�U]NoY�pra�H�U]eFH+akI�PMHOW`^]^k[�IZY�NQT�I�s(t~�×u�hyG�H�U]PRnK�LMY�U]P�H�I�P�¨µa�U]TMH�NoJ�T�U]NoY=TMNCs�K�tE¢µRnLMNog6¥�K�JONQY-JXWwt�glIZY(TN`RXeZIZL�TFW`U]Y=[OWSg-W`vQIZPizwa�H�U]eFHEamIkP�HOWS^]^�[�IZY�NoTMI�s(t���h�xyIkg-WwtU]Y�[�U]eiWST�I@T�H�U]P�PMeZIZYOWSL�U]N=P�eFH�IZg�W`TMUVewW`^]^]tCs(t

¥µè ¢�ê~� ´ p�äQh]äiWou
¨*è é��,ð pMäoh]äZsOu

� 8�?k�X¡Z�_¼l��¾��2��¼l�Q���`�
xyI�Y�N`a�PMIZTCW`sXNoK�T�[�IZT�IZLMg�U]Y�U]Y�vlT�H�IEcoW`^]K�I�NSRmT�H�I=[OW`g�bW`vQIZP}�.TMHOW`T2U]glJONQP�I5T�H�I#^VIwW`P�T�eZNoY�P�T�LFW`U]Y(T2NoY!�MT�H�I#IZeZNoY�Nog=t2h�G�H�U]PkcoW`^]K�I�N`RE�6HOWSP�T�H�I
J�L�NQJOIZLMT�t�TMHOW`TkU]g�JXNoP�U]Y�v@U]TkamNQK�^][IZY�PMK�L�I.T�HXW`TyT�H�I�IZ\(JOI�eZT;WST�U]NoY$coWS^]K�I�NSR'TMH�I�T�NQT;W`^lJ�L�NS�OT� U�h IQh�T�H�IyPMK�g N`R�TMH�I�J�LMN`�OTMPfg-WS[�I�s�t.¥¬WSY�[µ¨�z�WwcoIZL bW`vQIZ[�a�U]T�H�LMIZP�JXIZeZT�T�N�³ ª�­ p © ª�´ © ­ u
��z�a�H�UVeFH�U]Pf[�I�Y�NoTMIZ[s(tyÒ0��Ô ª�­�z�sXI�W`P@^_W`L�vQIqWSP�JXNoP�PMU]s�^]Ioh=��P|amIEP�HOWS^]^�P�IZIQz5T�H�IeZNQg�J�K�TFW`TMUVNQYCNSR��$WSY�[�TMH�I@eZNoLML�IZPMJONQY�[�U]Y�v=eiWS^]K�I@N`R�Ò0��Ô ª�­[�N(IZP�Y�NoT@L�IZ�(K�U]LMI�W`Y(tf{(Y�N`a�^]IZ[�vQICNSRmT�H�I=coWS^]K�IZP@N`RmTMH�I�W`P bP�I�T�P�U]Y1WSY�t¤P�JXIZeZU��Oe=U]Y�P�TFW`Y�e�IZPiz�sOI�UVY�v-[�IZT�IZLMg�U]Y�IZ[¤s�t¤NoY�^]tT�H�I-PMeZIZYOWSL�U]NysXIZU]Y�v�W`J�J�^VU]IZ[�WSY�[�³ ª�­ p�© ª�´ © ­ u�h�G�H(K�Pwz�U]TU]Piz(W`T�^]IiWSP�T�U]Y=J�LMU]Y�eZU]J�^]IozQeZNoglJ�K�T;WSs�^]Ims(t=W`Y(tEJOW`LMT�t�zQU]Y�eZ^]K�[(bU]Y�v1W¤T�H�U]LM[�JOWSL�T�t(z5P�K�eFH�W`P=WC±�K�[�voIQz5a�H�N1HXW`PE{�Y�N`a�^VI�[�voIN`R�³ ª�­ p © ª�´ © ­ uZh�¯�YyTMH�I-WSs�P�I�Y�eZI�N`R�U]Y(RnNQL�g�W`T�U]NQY-sXIZtQNoY�[³ ª�­ p�© ª�´ © ­ uZz�TMH�I�coW`^]K�I=NSR�� T�HOWSTCg�W`\(U]g=UVÿ�IZPEÒ0��Ô ª�­ U]PT�H�I�eFH�NQU]eZI�T�HXW`T�P�I�T�P�TMH�I@^]IiW`PMT�eZNQY�P�TML;W`U]Y(T�NoY¤Ò0��Ô ª�­@h

À`ÁKc�ÅZË(ÅZínÈwÍ]Íed�ÆMÊ`í�í�ÅFÍÏÈ`Ç_Å�Ü@ÈwÐMÐ;ÅZÇ2ÌZÈwÍÏÎQÈ`Ç_É]Ê`ËQÐ
G5N=[�IZT�I�L�g�U]Y�I|T�H�IENoJ�TMU]g-W`^2coWS^]K�I@N`R���z2NQs�P�I�L�coIET�HXW`T�¨a�U]^]^OIZ\(IZLMeZU]P�I�TMH�I�ewW`^]^2NoJ�TMU]NoY=U]Y-WS^V^XU]Y�P�TFW`Y�e�IZP�U]Y�a�H�U]eFH�U]T�U]PJ�LMN`�OTFW`s�^]I|RnNoL
H�IZL@T�N�[�NlP�Nyp_U�h IohXU]Y1W`^]^�U]Y�PMT;WSY�eZIZP�U]Yfa�H�UVeFHH�IZL
coW`^]KOWST�U]NoYlN`R�T�H�IEW`P�PMIZTE© ­ IZ\(eZIZI�[�P�W=eZIZLMT;WSUVY¤coW`^]K�Ik�=za�H�U]eFH�akI�P�HOWS^]^�LMIFRnIZL5TMN�W`P�T�H�IkJ�U]coNQT2coW`^]K�ImWSY�[�PMHOW`^]^o[�UVPMeZK�PMPU]Y�[�IZT;WSU]^þz�sOI�^VN`a�u�hPD2I�T�K�P
Y�N`a�P�IZT@W`sXNoK�T
[�IZTMIZL�glUVY�UVY�v=T�H�IJ�U]coNQTmcoWS^]K�Ik�°WSY�[�eZNoY(TML�K�eZTMU]Y�v-WEPMe;H�IZg�I
RnNQL�[�IZT�I�L�g�U]Y�U]Y�vT�H�I�coWS^]K�I@N`R��D2IZT@K�P@U]Y�[�U]eiWST�IEs(tfT�H�IEJOWSUVL=p��Oª ´ �×­ku
T�H�I=J�LMN`�OT@g�W`[�IozL�I�P�JXIZeZT�U]cQIZ^]t�z5s(t�¥ WSY�[�¨®U]Y�W�PMJOIZe�UÏ�Xe�U]Y�P�TFW`Y�e�I1p_U�h IohXR�NoLP�JXIZeZU��Oe
coW`^]KOWST�U]NoY�Pk©(ª¦WSY�[l©¹­�N`R2T�H�I�W`PMP�IZTkL�I�P�JXIZeZT�U]cQIZ^]t=T�N¥µW`Y�[-¨=uZh5�
eZeZNQL�[�U]Y�v=TMNCTMH�I�P�e�IZYOW`LMU]N=NoK�TM^VU]Y�I�[-W`sXN`coIQz(amIHOWwcQI

p��Oª ´ �×­ku�à�� p�© ª�´ â u R�NoL@© ­ æ �=§
p0� ´ © ­ ê?�=u R�NoL@© ­:� �=h pMäoh ñou

¯�Y�JOW`LMT�U]eZK�^_WSLizQRnNQL�T�H�I@T�NQT;WS^2J�L�NS�OTz��akI@T�H�I�YfHOWwcoI

�O�w� ª é~� ­ à�� ©�ª RnNoL@©�­ æ �=§
©¹­ RnNoL@©�­ � �=h p�äQh �Qu

Õ�W`U][�g�NQL�I�U]Y(R�NoL�g�W`^]^]tozFU�R,© ­ æ ��TMH�IZY�¨�[�N�I�P,Y�NoT5IZ\(IZL�e�UVPMITMH�I�NoJ�T�U]NoYET�N�s�K�t�T�H�I�W`PMP�IZTwzoPMN�¥�LMIZT;WSUVY�P�T�H�I�WSP�PMIZT�pra�H�U]eFHHXW`P�coWS^VK�I�©�ª.T�NfH�IZL;u=WSY�[�¨ HOW`P�Y�NoT�H�UVY�vOh/�ktyeZNoY(T�LFW`PMTizU�R@©¹­ � �3TMH�IZY+¨ [�N(IZPEIZ\(IZLMeZU]P�I�T�H�IlNoJ�TMU]NoYyT�N¤s�K�t�T�H�IWSP�PMIZTiz5PMNf¥6Y�Nf^]NoY�vQIZL@HOW`P|T�H�I�WSP�P�I�TCs�K�T�U]Y�P�TMIiW`[yHOWSP@T�H�I[XW`g-WSvoIZP���z�W`Y�[f¨6HOWSPmTMH�I�W`PMP�IZTEp_a�H�U]eFH�HOWSP�coW`^]K�I@© ­ T�NH�IZL;u�s�K�T�HOWSP�HOW`[lT�N=JOWwt/�$TMN=IZ\(IZL�eZU]PMI�T�H�U]P�NQJ�T�U]NoY�hç�N`a�zXs(tfWwcoIZLFW`voU]Y�vlT�H�I|T�NoTFW`^5J�LMN`�OT)��N`coI�L�© ª WSY�[�© ­a�U]TMHfL�IZPMJOI�eZT�T�N�³ ª�­ p © ª�´ © ­ u�akIqWSL�LMUVcQICW`T@W`YfI�\�J�L�IZPMP�U]NoYR�NoLkT�H�I�I�\�JXIZeZTFW`TMUVNQYfcoW`^]K�I
N`R���z�c(U]ÿoh]z�6�*����� î © ª î © ­ ³ ª�­ p�© ª�´ © ­ uX© ª
é �6�*����� î ©(ª î ©�­�³�ª�­�p�©(ª ´ ©�­kuX©¹­@ð pMäoh ��WQu

¯�Y�TMIZL�glP=N`R�T�H�I¤��IiWwc(U]P�U][�I�P�TMIZJ4RnK�Y�eZTMU]NoY�Þf[�UVPMeZK�PMP�IZ[.U]YÕ¹IZeoh â hX�fñ�akI@g-WwtEL�IZa�LMU]T�I�TMH�U]P�IZ\(JOIZe�T;W`TMU]NoYfcoWS^VK�I�W`P� î © ª î © ­ ³ ª�­ p�© ª�´ © ­ u×© ª Þ(p0�4ê�© ­ u
é � î © ª î © ­ ³ ª�­ p�© ª�´ © ­ uX© ­ Þ(p�© ­ ê	��u�ð p�äoh �QsOu

¯�Y4T�IZLMg�P=N`R�TMH�I1W`Y�vo^]IFb�s�L;WSe;{QIZT�Y�NoT;WST�U]NoY�RnNQL=IZ\(JOI�eZT;WST�U]NoYcoWS^]K�IZP�akI�HXWwcoI�TMH�I�eZNQY(coIZY�U]IZY(T�WSY�[�eZNoglJOW`eZTkIZ\(J�LMIZP�PMUVNQY
Ò0��Ô ª�­ à�Ò
� ª é~� ­ Ô ª�­

à�ÒM© ª Þ(p0�4ê�© ­ uMÔ ª�­ é�Ò�© ­ Þ(p�© ­ ê?��uMÔ ª�­ ðyp�äQh lQu
G�H�I@�OL�PMT@T�IZLMg£NoY�TMH�ICLMU]voH(T�HOWSY�[fPMUV[�I�eiW`Y¤sOIET�H�NQK�voH(T
N`RWSP�T�H�I@J�LMN([�K�eZT
N`R,T�akNERþWSeZT�NQL�PièÒM© ª Þ(p0� ê�© ­ u�Ô ª�­ �(Ò�Þ(p0�.ê�© ­ u�Ô ª�­ W`Y�[�Ò�Þ(p0�.ê�© ­ u�Ô ª�­ hG�H�I�R�NoL�glIZL�U]PkT�H�I@IZ\(JXIZeZT;WST�U]NoY�coWS^VK�I�N`R�© ª P�K�so±FIZeZT
T�NET�H�Ie�NoY�[�U]TMUVNQY1TMHOW`Tl© ­ ã�� � §5T�H�Il^_W`T�TMIZLEUVP|T�H�IlJ�L�NQsOW`s�U]^]U]T�tTMHOW`Tl©�­3ã��=hyÕ(U]g�U]^_W`LM^VtQz2T�H�IlP�IZe�NoY�[�T�I�L�g�NQY�T�H�I�L�U]vQH�THXW`Y�[�P�U][�I@eiWSY�sOI@T�H�NoK�vQH�T�NSR"WSP�W�J�LMN([�K�eZT
N`R,T�akN|RþW`eZTMNoLMPièÒM©¹­�Þ(p ©¹­�ê	��uMÔ�ª�­��(ÒþÞ(p ©¹­�ê	��uMÔ�ª�­.W`Y�[�Ò�Þ(p�©�­�ê ��u�Ô ª�­�hG�H�I�R�NoL�glIZL�U]PkT�H�I@IZ\(JXIZeZT;WST�U]NoY�coWS^VK�I�N`R�©(ªyP�K�so±FIZeZT
T�NET�H�Ie�NoY�[�U]TMUVNQY�TMHOW`T
©¹­{¡{��§(T�H�I@^_W`TMT�IZLkU]PmTMH�I@J�L�NQsOW`s�U]^]U]T�tCTMHOW`T©�­:¡O�=h� K�L�Y�IZ\(T�TFW`P�{�U]P=T�N�L�IZ^_WST�IfTMH�IfJ�U]coNQT=coW`^]K�I!� TMNyT�H�I[XW`g-WSvoIZPM��h�G5Ny[�N�T�H�U]PizkakI�Y�NoTMIfT�HOWSTizkU]Y+WSY�t�P�JXIZeZU��OeU]Y�PMT;WSY�eZIoz�UVYlIZ\(IZL�e�UVPMU]Y�v=H�IZL�NQJ�T�U]NoY�¨6akNoK�^][�g�W`{QI�W�J�LMN`�OTNSR-p�© ­ ê¢�=ula�H�IZLMIiW`P¤UVY4Y�NoTlIZ\(IZL�eZU]PMUVY�v+H�IZL�NoJ�TMUVNQY�P�H�IakNoK�^V[yg�W`{QIqW�J�L�N`�XT�N`R â hfG�H(K�Piz5U]YyTMH�I�eZNQY(T�IZ\(TEN`R�T�H�UVPPMU]Y�vo^]IFb�eFH�N(NoP�I�L�L�K�^VIQz�¨�a�U]^]^�I�^VI�eZT�TMN�IZ\(IZLMeZU]P�I�H�IZL�NoJ�TMU]NoYa�H�IZY�IZY(coI�LC© ­v� �£WSY�[�zXH�IZY�eZIoz2TMH�ICJ�UVcQNoT
coW`^]K�I�W`Y�[¤T�H�I[XW`g-WSvoIZPkW`L�I|IZ�(KOW`^�è���à¢��hç�N`a}T�HOWST�akIEHOWwcoIEIZP�TFW`s�^]U]P�H�IZ[1TMHOW`T@TMH�ICJ�UVcQNoT
coW`^]K�IEN`R© ­ U]P@UVY¤RþWSeZT@T�H�IE[OW`g�W`vQIZP£��z2a�HXW`T@L�IZg�W`U]Y�P
UVP@TMN-[�IZT�IZL bglU]Y�I�T�H�IfcoWS^]K�IfN`RET�H�If[XW`g-WSvoIZP3� T�HOWST�g�W`\(U]g�UÏPMIZPET�H�II�\�JXIZeZTFW`TMUVNQY1coWS^]K�I�N`R�TMH�ICTMNoTFW`^5J�L�NS�OT�Ò
��Ô ª�­ h
G5N=[�N�TMH�U]PizakI�I�\¹WSg�U]Y�IkT�H�I
eZNoY�[�U]T�U]NoY=TMHOW`T�Ò
��Ô ª�­ sXI�P�TFW`TMUVNQYOW`LMtCa�U]TMHLMIZP�JXIZeZT@TMN=coW`L�U_WST�U]NoY�P#N`R¤��è�



â à ¥¥ � Ò0��Ô ª�­ pMäoh�Tou
à ¥¥ ��¦ Ò�©(ªqÞ(p
�6ê�©�­�u�Ô ª�­fé4Ò�©�­�Þ(p ©¹­�ê~�=u�Ô�ª�­�§�ð�ktfK�P�U]Y�vlT�H�I=J�L�NoJXIZLMT�U]IZP�NSR�Þ(pnßXu@W`Y�[�¸�pnßXu
UVY¤T�H�IEeZNoglJ�K(bT;WST�U]NoY=NSR×TMH�I�[�IZL�U]coW`TMU]coI�a�U]T�H=LMIZP�JXIZeZT
T�N��6U]Y=j5�2hOpMäoh�Tou"amIW`LML�U]coI�WST�T�H�I@eZNQY�[�U]T�U]NoY
ÒM©¹­l¸�p�©�­�ê	�=u�Ô ª�­�à�Ò�©(ªC¸�p
�}ê�©�­�u�Ô ª�­ pMäoh�Bou

ç�I�\�Twz(s(tCNQs�P�IZLMc(UVY�v�T�HOWST�T�H�I�IZY(T�U]T�tEsOI�UVY�vCWwcoIZLFW`vQIZ[�NQY=T�H�IL�U]vQH�TEHOWSY�[�PMUV[�I-U]PEY�NoY�ÿZIZL�N�NoY�^]t�a�H�IZY.© ­ à¨��akI�eiW`YIZ\(T�LFW`eZT�WqRþW`eZTMNoL
N`R¤�®W`Y�[¤L�IiWSL�L;WSY�voIET�NlNos�TFW`U]YfWERnNQL�g=K�^_WRnNQL�T�H�I�coWS^]K�I=p_NoL�JXNoPMP�U]s�^]I�coWS^VK�IZP;ukNSR©�3TMHOW`T�g�W`{QI�Ò0��Ô ª�­P�TFW`TMUVNQYOW`LMt2è �°à Ò�©(ª�¸�p ©¹­ ê	�=u�Ô�ª�­Ò�¸�p�©�­�ê?�=u�Ô ª�­ ´ pMäoh�^ou
a�H�U]eFH=[�IZTMIZL�glUVY�IZP¤�}U]g�J�^]U]eZU]T�^]t�U]Y=T�IZLMg�P5N`R2T�H�I,±FNQUVY(T�J�L�NQs(bW`s�UV^]U]T�t�[�UVPMT�LMUVs�K�T�U]NoYy³ ª�­ hMD2IZT|K�P@JOW`K�PMI=T�N�U]Y(T�IZLMJ�L�IZT|T�H�U]PRnNQL�g=K�^_W�hX¯�T�PFWwt�P�TMHOW`T�TMHOW`TkR�NoLz�3T�NEg-W`{QI�Ò
��Ô ª�­ PMT;W`TMU]NoY(bW`LMt�U]Tkg=K�P�TkIZ�(KOW`^2TMH�I�IZ\(JXIZeZTFW`T�U]NQY-coWS^]K�I�NSRm© ª P�K�so±FIZeZT
T�NT�H�IfeZNoY�[�U]T�U]NoY�T�HXW`T�© ­ TFW`{oI�P�T�H�IfcoW`^]K�I/��h�ç
N`a ^]IZTlK�PIZ\(J�^]NoLMI@P�NoglI�PMJOIZe�U WS^�eiWSP�IZP@NSR"j5�2h2p�äQh�^ouZh

ÚoÁkj2Ë(Æ�Ê`íMínÅFÍÏÈ`ÇrÅ�Ü�ÈwÐMÐ;ÅZÇ2Ì�ÈwÍÏÎoÈ`Ç_É]Ê`ËQÐ
G�H�I=^]IiW`PMTCe�Nog�J�^VU]eiWST�IZ[�P�I�T�T�U]Y�v¤H�No^][�P�U�R�³ ª�­ U]PCW`YyK�Y(beZNQL�L�I�^ WST�IZ[EJ�LMNosOWSs�U]^VU]T�t�[�U]PMT�L�U]s�K�T�U]NoY�h�G�H�IZYET�H�I�I�\�JXIZeZTFW`TMUVNQYcoW`^]K�IkU]YCTMH�I�Y(K�g�I�L;W`TMNoL5N`R2T�H�I�L�U]vQH�T bþHXW`Y�[�PMU][�I�NSR�j5�2h�pMäoh�^ouRþWSeZT�NQL�U]ÿZIZP@U]Y(T�Nf© ªCª [�I�JOIZY�[�IZY(T;WSY�[�© ­�ª [�IZJOI�Y�[�IZY(T@RþWSeZT�NQL�PwzT�H�I�^_WST�T�I�LmTMH�IZY�ewW`Y�eZI�^V^]U]Y�vEa�U]T�H-WdP�U]g�U]^_W`L�RþWSeZT�NQLmU]Y=T�H�I�[�IFbY�NQg�U]YOW`TMNoL�TMNCt(U]IZ^][�T�H�I@PMUVglJ�^]I�LMIZP�K�^]T�6à�ÒM© ª Ô ªk´ pMäoh�@ou

U�h Ioh]z2T�H�IlNoJ�TMU]g-W`^�[OW`g�W`vQIZP@P�H�NQK�^][1sXI�PMIZTCTMN�T�H�Ilg�IiWSY1NSR¥�« P�coWS^VKXW`T�U]NQYfp_U�h Ioh(T�H�I@Y�NQY(b�e;H�N�NQP�IZL8« P�g�IwW`YOu�hG5NCW`PMeZIZL�TFW`U]YfTMH�I@YOW`TMK�L�I�NSR,TMH�I@NoJ�TMUVg�W`^�coWS^]K�I�NSRmÒ0��Ô ª�­a�U]T�HyLMIZP�JXIZeZTlT�NfcoWSL�U_W`TMUVNQY�P@N`R£��WST�T�H�I-PMT;WST�U]NoYOWSL�t�JONQU]Y�T[�IZTMIZL�glU]Y�IZ[�s�t�j5�2h�p�äQh @Qu
amIEeZNoY�P�U][�IZLET�H�IlôRfFü;ùQú�òy[�I�L�U]coWwbT�U]cQIoè¥ Ø`Ò
��Ô ª�­¥ � Ø à ¥ Ø¥ � Ø ¦ ÒM©�ª�Ô�ªlÒþÞ(p
�}ê�©¹­ku�ÔM­
é�ÒM©¹­�Þ(p ©¹­ ê	�=u�Ô�­�§ p�äoh]ä â Wou

à}p�ÒM©�ª�Ô ªfê?�=u ¥¥ � Ù³5­�p
�=u5ê£Ù³5­
p0�=u�ð$p�äQhVä â sOu
��T�T�H�I�PMT;WST�U]NoYOWSL�t$JXNoU]Y(T�U]Y �(K�IZPMT�U]NoY�z¬� U]P+vQU]coIZY3s(tj5�2h5p�äQh @Qu�W`Y�[�z�H�IZY�eZIoz2TMH�ICPMIZeZNQY�[1[�IZL�U]coW`TMU]coI@T;WS{oIZP@NoY¤T�H�IcoW`^]K�I�ê+Ù³5­
p0�=u5a�H�UVeFH�zSs�t@c(U]L�TMK�I�N`R=Ù³5­¤sOI�UVY�vdW
J�LMNosOWSs�U]^]UVT�t[�U]P�TML�U]s�K�TMU]NoY�zQU]P�Y�IZv(W`T�U]cQIoh5G�H(K�PmakI�WSP�eZI�L�T;WSU]Y�T�HXW`TkT�H�I
P�T;W²bT�U]NQYOW`LMt�JONQU]Y�T5U]YE��K�IZP�TMUVNQY=U]P,U]Y�[�IZIZ[�W
g-WS\�U]gEK�g.N`R�Ò
��Ô ª�­ zP�N=TMHOW`T�TMH�I@[OW`g�W`vQIZP�WSL�I@U]Y�[�IZI�[fNoJ�TMU]g-W`^�h

xyIfW`L�I�W`^]P�N�WSs�^]I-TMNyvoU]coIfWSY+I�\�J�^VU]eZU]TERnNQL�g=K�^_W�RnNQL=T�H�ITMNoTFW`^2g�IwW`Y�J�L�N`�XT�UVYlT�IZLMg�P�NSR���è
Ò0��Ô ª�­ à�ÒM© ª Ô ª ÒþÞ(p
�}ê�© ­ uMÔ ­ é4Ò�© ­ Þ(p�© ­ ê	�=uMÔ ­ ð

pMäoh]äoäwu
G�H�I�g�IiWSY�U]Y�vEN`R�T�H�U]P�RnNoLMg=K�^_W�U]P�W`P�RnNo^]^]N`a�Piè#T�H�Id�OL�PMT�e�NoY(bTML�U]s�K�TMU]NoYEUVP5TMH�I�IZ\(JOI�eZT;WST�U]NoY=coWS^VK�I�N`R2¥�« P5coW`^]KOWST�U]NoY�zwg=K�^]TMUÏbJ�^VU]IZ[|s�t|T�H�IkJ�L�NQsOW`s�UV^]U]T�t�TMHOW`T�¨/« P�coWS^]KOW`TMUVNQY@UVP5^]IZPMP,TMHOW`YM��§TMH�I�PMIZeZNQY�[�eZNQY(T�L�U]s�K�T�U]NoY�U]P�T�H�IlIZ\(JOI�eZT;WST�U]NoY�coW`^]K�IEN`R�¨/« PcoWS^]KOW`TMUVNQY�P�K�so±FIZeZT�TMN�TMH�I�e�NoY�[�U]TMUVNQYCTMHOW`TkT�H�UVP#coW`^]KOW`TMU]NoY�IZ\Qbe�IZIZ[�Pz��zog=K�^VTMU]J�^]UVI�[�s(t�T�H�I�J�L�NQsOW`s�U]^]U]T�t@T�HOWST"¨/« P5coW`^]KOWST�U]NoYI�\�e�IZIZ[�P¤��h���P5akI�P�HXW`^]^(P�N(NoY�PMIZIoz(j5�2hopMäoh]äoäwuXeiW`YEsOIkL�I�a�L�U]T�bTMIZY�UVY�P�I�coIZLFW`^�IZ�(K�U]coWS^VI�Y�T
a�Wwt(P@s(tfU]Y(coNo{(U]Y�v=TMH�ICJ�L�NoJXIZLMT�tU�R2T�H�I��
IiWwc(U]P�[�I�PMT�IZJ�RnK�Y�eZTMU]NoYEg�IZY(T�U]NQY�IZ[=Õ(IZeoh â �'ñ@WSP�amI�^V^WSP�j5�2h2p�äQh @QuZh¯�T=U]P=P�T�LFW`U]voH(T RnNoLMa�WSL�[�TMN�W`J�J�^VtyTMH�U]PCTMIZeFH�Y�NQ^VNQvot�T�N�T�H�INQT�H�I�L-TMH�L�I�IyN`R=T�H�I¤RnNoK�L�P�U]Y�vQ^]IFbþeFH�N(NQP�IZLfLMK�^]IZPyp_U�h Iohz��K�^]IZP�Xz}l¤W`Y�[	TQuZh�¯�Y�[�NoU]Y�v�P�N�NoY�IE�XY�[�Piz�±�K�P�T=W`P�akI�akI=HOWwcQIR�NoL3��K�^VI�ñ�z�TMHOW`TlT�H�IfJ�UVcQNoT=coWS^VK�I-U]PlvoU]coIZY4s�t�T�H�I�[OWSg=bWSvoIZPwz�W`Y�[fT�HOWST@K�Y�[�IZL|IiW`eFH�L�K�^]IET�H�IENoJ�TMU]g-W`^2coWS^]K�I�N`RkT�H�I[XW`g-WSvoIZPEU]P=voU]coI�Y+s(t�T�H�I�Y�NoY¹bþeFH�N(NoPMIZL(« Plg�IiWSY�coW`^]KOWST�U]NoYNSR�TMH�I-WSP�PMIZTih � Y�I=eiW`Y�W`^]P�N�IZPMT;W`s�^VU]PMH�z�RnNoL@IiWSeFH�L�K�^VIQz�RnNoL bg=K�^ WSP=RnNQL�T�H�I�IZ\(JOIZe�T�IZ[6T�NQT;WS^�J�L�NS�OT1WSYOW`^]NovQNoK�PlT�N�TMHOW`TvQU]coIZY RnNoL3��K�^]I'ñ¤U]Y�j5�2h�p�äoh]äQäiuZh�¯�Y�RþWSeZTizkU]TEUVP=K�P�IFRnK�^�T�NLMIZa�L�U]TMICTMH�IZP�IER�NoL�g=K�^ WSPmU]YfT�akN�I���K�UVcoWS^]IZY(T�a�Wwt�P
s(t-U]Y(coNQ{QbU]Y�v|T�H�I
J�L�NQJOIZLMT�t=U�R�T�H�I
��IiWwc(U]P�[�I
P�TMIZJ=RnK�Y�eZT�U]NQY=g�IZY(T�U]NQY�IZ[Õ¹IZeoh â �-ñ�h�¯�YE[�NoU]Y�v@PMN�NoY�I#�OY�[�P�T�H�I�RnNo^]^]N`a�U]Y�vkIZ\(J�L�IZPMP�U]NoY�PR�NoL5T�H�I
T�NQT;W`^�g�IiWSY�J�L�NS�OTiz(W`J�J�L�NQJ�L�U_W`TMIkRnNoL5IiWSeFH�N`R2T�H�IkRnNoK�LPMU]Y�vo^]IFb�eFH�N(NoP�I�L=L�K�^]IZPfpra�H�U]e;H�LMK�^]I-sXIZU]Y�v�U]Y�[�U]eiW`TMIZ[�s(tyT�H�IJ�L�IFb�P�K�JXIZLMP�eZLMUVJ�T;uZè

Ø Ò0��Ô ª�­�à�Ò�©(ª,Ô�ª�é4Ò;p�©�­ ê�Ò�©(ª�Ô�ª�u�Þ(p ©¹­�ê�Ò�©(ª"Ô ª�u�Ô�­
à�Ò�©�­mÔM­1é Ò;p�ÒM©�ªkÔ�ªfê�©¹­�u�Þ(p�Ò�©(ª�Ô�ª¤ê+©�­ku�Ô�­ ´­ Ò0��Ô ª�­ à�Ò�© ­ Ô ­ é Ò;p�© ª ê�ÒM© ­ Ô ­ u�Þ(p © ª ê�Ò�© ­ Ô ­ u�Ô ª
à�Ò�©(ª,Ô�ª�é4Ò;p�ÒM©¹­�ÔM­yê�©�ª�u�Þ(p Ò�©�­�Ô�­ ê�©�ª5u�Ô�ª ´® Ò0��Ô ª�­ à�Ò�© ª Ô ª é4Ò;p�© ­ ê�Ò�© ª Ô ª u�Þ(p © ­ ê�Ò�© ª Ô ª u�Ô ­
à�Ò�© ­ Ô ­ é Ò;p�ÒM© ª Ô ª ê�© ­ u�Þ(p�Ò�© ª Ô ª ê+© ­ u�Ô ­@´¯ Ò0��Ô ª�­ à�Ò�© ­ Ô ­ é Ò;p�© ª ê�ÒM© ­ Ô ­ u�Þ(p © ª ê�Ò�© ­ Ô ­ u�Ô ª
à�Ò�© ª Ô ª é4Ò;p�ÒM© ­ Ô ­ ê�© ª u�Þ(p Ò�© ­ Ô ­ ê�© ª u�Ô ª ð

Ö�NoL|IiW`eFH�LMK�^]I�TMH�I=RnNQL�glIZL@N`R�T�H�I�IZ�(K�U]coW`^]IZY(T�cQIZL�PMU]NoY�PEHOW`PTMH�I@P�TML�K�eZTMK�L�IQèmY�NoY(b�eFH�N(NoP�I�L(« P�IZ\(JXIZeZTMIZ[1coWS^]KOW`TMUVNQY=J�^]K�PkT�H�IeFH�N(NQP�IZL8« PkIZ\(JXIZeZT�I�[feiW`^]^�NQJ�T�U]NQY=coW`^]KOW`TMU]NoY�p_U]Y�eZ^]K�[�U]Y�v�W
R�W`eFbTMNoL�NQL�T�H�I�J�L�NQsOW`s�U]^]U]T�t@T�HOWST�T�H�U]P�NQJ�T�U]NQYCsXI�IZ\(IZL�e�UVPMIZ[Ou�hmG�H�I^_WST�T�I�L-HXW`PfTMH�IyP�TML�K�eZTMK�L�IQè�eFH�N(NQP�IZL8« P¤IZ\(JOIZe�T�IZ[6coW`^]KOWST�U]NoYJ�^VK�P�T�H�I�eFH�N(NQP�IZL8« PkIZ\(JXIZeZT�I�[-J�K�T�NoJ�T�U]NoYEcoW`^]KOWST�U]NoY�prU]Y�eZ^]K�[(bU]Y�v�WERþWSeZT�NQL@NoL@T�H�IEJ�LMNosOWSs�U]^VU]T�tlT�HOWST�TMH�U]P@NoJ�TMUVNQYfsXICIZ\(IZL be�UVPMIZ[Ou�h5G�H�I�WSL�IozSL�IZPMJOIZe�T�U]coIZ^]t(z`T�H�I�RnNQL�glP�p_��u5WSY�[�p$��u5vQUVcQIZYU]Y�Õ(IZeohX¯X��NSR,T�H�I�g-WSUVYET�I�\�Twhç�NQT�U]eZI�TMHOW`T|T�H�IlJ�^_W`U]Y(T�U�~¦eFH�NQU]eZI�LMK�^]IZP�p0��K�^]IZP°�'WSY�[	Tout(U]IZ^][@U][�IZY(T�U]eiWS^o[OWSg-W`vQIZP�p_U�h IohwÒM©¹­�ÔM­�u2W`Y�[�TMH(K�P�U][�IZY(TMUVewW`^oTMN`bTFW`^�I�\�JXIZeZTMIZ[�J�L�N`�XT�Pih�Õ¹UVglU]^ WSL�^�t�zFTMH�I�[�IFRnI�Y�[OW`Y(T�eFH�NQU]eZImLMK�^]IZPp
��K�^]IZP�ñEW`Y�[±lQukt(UVI�^V[lU][�IZY(T�U]eiWS^2[OW`g�W`voI�P�prUþh IohXÒM© ª Ô ª u�W`Y�[TMH(K�P�U][�IZY(TMUVewW`^2T�NQT;WS^�IZ\(JXIZeZT�I�[1J�LMN`�OTMPihkG�H(K�Piz2WSPkRþW`L�WSP�T�H�I�



T�NQT;WS^�IZ\(JXIZeZT�I�[yJ�L�NS�OT�W`Y�[�[OWSg-W`vQIZP�W`LMICe�NoY�eZI�L�Y�IZ[�z2K�Y�[�I�LP�U]Y�vQ^]IFbþeFH�N(NQP�IZL5L�K�^VI�P"WS^]^�TMHOW`T�g-WST�T�I�L�P�U]P5a�H�N
UVP�T�H�I�eFH�N(NQP�IZLwhG�H(K�P�akI5g-Wwt�[�I�Y�NoTMI ­ Ò0��Ô ª�­ WSY�[ ¯ Ò
��Ô ª�­ s(t ª Ò
��Ô ª�­ §`W`Y�[akI�g�WwtC[�IZY�NoTMICØwÒ
��Ô ª�­ WSY�[ ® Ò
��Ô ª�­ s(t ­ Ò0��Ô ª�­ hxyI�Y�N`ayIZ\�WSg�U]Y�I5T�H�IkU]P�PMK�ImNSROa�H�U]eFH�P�U]Y�vQ^]IFbþeFH�N(NQP�IZL5L�K�^VI�P[�NQg�U]YOW`TMIyp_U�h Ioh�t(U]IZ^][�voLMIiW`TMIZLfTMNoT;WS^@IZ\(JOIZe�T�IZ[�J�LMN`�OTMPfW`Y�[W`LMIoz�TMH�IZLMIFRnNoLMIoz�glNoL�I=II²�eZU]IZY(T;uZzkTMH�I�J�^_W`U]Y(T�U�~+eFH�NQUVe�I�L�K�^VI�Pp0��K�^]IZP°�1W`Y�[:Tou@NQLCTMH�I�[�IFRnIZY�[XW`Y(TCeFH�NQU]eZI�LMK�^]IZPfp0��K�^]IZPCñW`Y�[±lQuZh5G�H�U]P�W`glNoK�Y(T�PkT�N=W`PMeZIZLMT;W`U]Y�U]Y�v=TMH�I�eZNQY�[�U]T�U]NQY�PmK�Y(b[�IZLEa�H�U]eFH ª Ò
��Ô�ª�­ � ­ Ò
��Ô�ª�­@z5W`Y�[¤RnL�NQg£TMH�I�IZ�(K�U]coWS^VI�Y�TRnNQL�g=K�^_W`P"RnNoL�TMH�I�T�NQT;WS^�IZ\(JXIZeZT�I�[1J�LMN`�OTMPizXvoU]cQIZYfW`sXN`coIoz�NoY�IW`LML�U]coI�P�W`T
T�H�I|RnNQ^V^]N`a�U]Y�v@R�NoK�L
IZ�(K�U]coW`^]IZY(T�coIZLMP�U]NoY�P�N`RkT�H�IZPMIeZNQY�[�U]T�U]NoY�Piè
Ò;p © ª ê�Ò�© ­ Ô ­ u�Þ(p�© ª ê�Ò�© ­ Ô ­ u�Ô ª p�äoh]ä8�oWou� ÒFp�Ò�© ª Ô ª ê�© ­ u�Þ(p�ÒM© ª Ô ª ê�© ­ uMÔ ­
´
Ò;p Ò�© ­ Ô ­ ê�© ª u�Þ(p�Ò�© ­ Ô ­ ê�© ª u�Ô ª p�äQhVä8�`sOu� ÒFp�© ­ ê�Ò�© ª Ô ª u�Þ(p�© ­ ê�ÒM© ª Ô ª uMÔ ­
´
Ò�© ª Ô ª ê�Ò�© ­ Ô ­{� ÒFp�Ò�© ª Ô ª ê�© ­ u�Þ(p�ÒM© ª Ô ª ê�© ­ uMÔ ­

ê@ÒFp�Ò�© ­ Ô ­ ê�© ª u�Þ(p�ÒM© ­ Ô ­ ê�© ª u�Ô ª�´ p�äQhVä8�`eiu
Ò;p © ª ê�Ò�© ­ Ô ­ u�Þ(p�© ª ê�Ò�© ­ Ô ­ u�Ô ª p�äQhVä8�`[Ou

ê@Ò;p © ­ ê�Ò�© ª Ô ª u�Þ(p�© ­ ê+ÒM© ª Ô ª u�Ô ­w� Ò�© ª Ô ª ê�ÒM© ­ Ô ­ ð
G�H�IZPMI¦WSL�I�T�H�IfU]Y�IZ�(KOW`^]U]T�U]IZP=[�UVPMeZK�PMP�IZ[.U]Y+Õ(IZeQhm¯M¯X� NSR�T�H�Ig-WSU]Y�T�I�\�Twh�¯�Y�PMJOIZe�T�U]Y�v�T�H�I�IZ\(JXIZP�PMUVNQY�PlRnNoL ª Ò
��Ô ª�­ W`Y�[­ Ò0��Ô�ª�­@zwU]T2U]P,WS^VPMN�IiW`PMt@T�N�PMIZIkT�HOWST�T�H�ImIZ\(JXIZeZTMIZ[�±FNoU]Y(T2J�LMN`R_bU]T�P
RnNQL�WlP�U]Y�vQ^VI|e;H�N�NQP�IZL|L�K�^]IEa�UV^]^�sOIEvoLMIiW`TMIZL�T�HXW`Y�T�H�IEIZ\QbJXIZeZT�I�[�±FNQUVY(T5J�LMN`�OTMP�K�Y�[�I�L�IZU]T�H�I�LmJ�LMNoJXIZL�T�tEL�K�^VI�prU�h IQh(Ò�©(ª,Ô ªW`Y�[�ÒM©¹­�ÔM­mu5PMN@^VNQY�v�W`P5Y�NQY(bþeFH�N(NQP�IZL8« P#g�IiWSYC^]U]IZP5a�U]T�H�U]YET�H�IP�K�J�JONQL�T
N`R,TMH�I@eFH�N(NoP�I�L(« P�J�LMNosOWSs�U]^]UVT�t=[�UVPMT�LMUVs�K�T�U]NoY�hG5N�PMH�IZ[�W@^]UVTMT�^]Ikg�NoLMIm^]U]voH(T5NoY=TMH�I�U]P�PMK�I�NSR�a�H�U]e;H=PMU]Y�vo^]IFbeFH�N(NoPMIZL@L�K�^]IZPMIC[�NQg�U]YOWST�IozQ^]IZT�K�P
eZNoY�P�U][�IZL@T�H�ICPMUVTMKOW`TMU]NoY�U]Ya�H�U]eFH�T�H�I�[�U]P�T�LMU]s�K�T�U]NQY�N`ROJ�^ WSU]Y�TMU�~CcoW`^]KOWST�U]NoY�P2U]P�P�HOWSL�J�zQU�h IQhVzÙ³ ª p © ª uEà$¸�p © ª ê´³© ª u�h�¯�Y�TMH�U]P�eiW`PMI�NQY�I=�OY�[�PCTMH�I=Y�NQY(bY�IZv(W`TMUVcQI@L�IZPMK�^]T

­ Ò
��Ô�ª�­ ê ª Ò0��Ô ª�­yà p�äQh]äR��u
Þ(pK³©(ª�ê+ÒM©¹­kÔ�­�u×Ò;p�©�­ êy³©(ª"u�Þ(p�©�­�êy³©(ª"uMÔ�­

é@Þ(p�ÒM©¹­
Ô�­�ê ³©(ª"u×Ò;p ³©(ªfê�©�­mu�Þ(p ³©(ª1ê�©�­muMÔ�­ ´
a�H�U]eFHCU]Y�[�UVewW`T�I�P�T�HOWST�U]T5UVP5J�LMIFRnIZLFW`s�^]IkRnNQL5T�H�I�K�Y�eZIZL�TFW`U]Y=coW`^�bK�IZLEp_U]Y�TMH�U]P�eiW`PMIC¨=ukT�NEsXI�T�H�I@eFH�N(NoPMIZLih

ëoÁ#ì�Å�Æ�Ê*r"Ä�ÊwÐ;È*s�ÍÏÅ�Æ�Ê`íMínÅFÍÏÈ`ÇrÅ�Ü@ÈwÐ�ÐFÅZÇ2ÌZÈwÍÏÎoÈ`ÇrÉVÊ`ËQÐ
Ö�NQL�TMH�U]P�eZNQL�L�I�^ WST�IZ[=[�UVPMT�LMUVs�K�T�U]NoY=pra�H�NoPMIkRnNoLMg WSY�[�g�IwW`Y(bU]Y�vEamIZLMI@[�U]P�eZK�PMP�IZ[�U]Y-Õ(I�eoh â h�=/�ouZz(TMH�I@P�TFW`T�U]NQYOW`LMUVT�tEeZNQY�[�U�bT�U]NQY1p�äQh�^ou#T;W`{QIZP�TMH�I
RnNoLMg�°à�Ò�t�ª�Ô�ª�é Ò�t/u�¸�p[t�u�éOt ­ ê?�=u�Ô ª�­Ò�¸�pXt/u1éwt ­ ê	�=uMÔ ª�­ ´ p�äoh]ä8loWou

à�Ò�t�ª�Ô�ª�é Ò�t u o³ u p
�}ê:t u u�Ô u
Ò}o³ u p0�}ê	t u u�Ô u ´ p�äQhVä8l`sOu

U�h Ioh]z(W`Y�U]g�J�^]U]eZU]T5IZ�(KOW`TMUVNQYlRnNoLz��hj5coI�Yya�UVTMH�U]Y1TMH�I=eZNQY�TMIZ\(TCNSRmT�H�UVP|P�JXIZeZU_W`^keFH�NoU]eZI=NSR�eZNQL�bLMIZ^_W`TMIZ[�[�U]PMT�L�U]s�K�T�U]NoY=U]T�U]PkY�NoT�JXNoPMP�U]s�^]I�TMN�J�LMNovoLMIZP�P�TMN`a�WSL�[�PglNoLMI�IZ\(J�^]U]eZU]T=L�IZPMK�^]T�Pla�UVTMH�NoK�T=g-W`{(U]Y�v�g�NQL�IlIZ\(J�^]UVe�UVT�WSP�bPMK�g�J�T�U]NoY�PkeZNQY�eZIZLMY�U]Y�v�T�H�I@R�NoL�g3N`R�TMH�I�J�LMNosOWSs�U]^VU]T�t=[�U]PMT�L�U�bs�K�T�U]NoY�Pih
9Z9�8�AEB � ���;D£�=?|?�º��m>6>@B°�}�kºD2IZT¤K�P�Y�N`a®IZ\(J�^]NoLMI1PMNog�I¤J�L�NQJOIZLMT�U]IZP�N`RC[�KOW`^�b�e;H�N�NQP�IZLLMK�^]IZPih
Ö�NQL�T�H�I�P;WS{oI�NSRmeZNoY�eZL�IZTMIZY�IZPMPCakI@RnN(eZK�P�NoY¤T�H�I�ewW`^]^�bNQJ�T�U]NQY�U]glJ�^]IZg�IZY(TFW`T�U]N`Y�NSR¹TMH�I���I�RnIZY�[OWSY(T�bX�oNoU]Y(T�bXµ�IZTMNP��K�^]IohxyI|eiW`YyIZY(c(U]P;WSvoIET�H�U]P@L�K�^]IEU]YfT�IZLMg�P@N`R�W�PMIZ�(K�IZY�e�I�N`RkNoJ(bTMU]NoY�Pwè2¥�sXIZvoU]Y�P5a�U]T�HET�H�I�WSP�PMIZT5¢-§o¨�HOW`P�W
eiWS^V^(NQJ�T�U]NoY°�=T�NNQs�T;WSU]Y�¢6K�JONQY=JOWwt(g�IZY(T5N`R�[XW`g-WSvoIZPE��§�WSY�[=¥�HOWSP�W@ewW`^]^�bsXW`eF{fNoJ�T�U]NoY*Ù�yTMN�Nos�TFW`U]Y�¢£K�JXNoY�L�IZJXWwt�glIZY(T�NSRm[OW`g�W`vQIZP��h�G�H�K�Piz�K�Y�^]IZP�P@sXNoT�H¤¥µW`Y�[1¨3W`vQL�IZIQzOTMH�ICWSP�P�I�T�LMIZg-WSU]Y�Pa�U]TMH�T�H�I�NoLMU]voU]YOW`^XIZY(T�U]TM^VI�g�IZY(T�H�NQ^][�IZLiz(c(U]ÿoh]zQ¥Ch�Õ�WSUV[=I���K�UVcQbWS^]IZY(T�^]t�z�IZU]T�H�IZL|¥$N`R�¨ eiW`YycQIZT�NfTMH�I=T�LFW`Y�P RnIZLEN`Rk¢£T�N1¨�§H�IZY�eZI�TMH�ImYXW`g�IQè��
IFRnIZY�[XW`Y(T�bX�oNQUVY(T bnµ�I�T�NOh�xyI�g-Wwt
UVY�[�U]eiW`TMITMH�U]P�P�eZI�YOW`LMUVN=PMeFH�IZg-WST�U]eiWS^V^]t=s(t

¥�è ¢}ê¬�=é®Ù� ´ p�ñ�h]äiWQu
¨$è é~�lê Ù�5ð pnñ�h]ä�sOu

¯�T�U]P�[�I�J�U]eZT�IZ[¤P�eFH�IZg�W`T�U]eiWS^]^VtEU]Y�JOWSY�IZ^kp_eiu�N`R"Ö�U]vOh2äQh
� 8�?k�X¡Z�_¼l�(¾��2�(¼l�o�(�`�

xyI�Y�N`a PMIZT-WSsONQK�T=[�IZTMIZL�glU]Y�U]Y�vyT�H�I�NQJ�T�U]g-WS^mcoWS^]K�I�N`RTMH�If[OWSg-WSvoIZP3�«K�Y�[�IZL�T�H�U]P���I�RnIZY�[OWSY(T�bX�oNoU]Y(T�bXµ�IZTMN	��K�^]IohG5N�[�NyT�H�UVPwz�akI�g=K�P�T|�OL�PMT-WSP�eZIZLMT;WSUVY�TMH�IfJ�U]coNQTCcoWS^]K�IZPM�WSY�[ Ù�=hkG�H�IZPMIqWSL�IozXL�I�JOIZe�T�U]coIZ^]t(zXT�H�I�coWS^]K�I@N`R�©¹­�WST�a�H�U]eFH¨·a�UV^]^�I�\�I�L�eZU]P�I¤NoJ�TMUVNQY~��W`Y�[�T�H�I�coW`^]K�IlN`R�©(ªµW`TEa�H�U]eFH¥6a�U]^]^5IZ\(IZL�eZU]PMI=NoJ�TMUVNQY$Ù�5h��
Piz�a�H�IZY�IZ\(IZL�e�UVPMU]Y�vfNoJ�T�U]NoY!�5z¨·UVP=W`e���K�UVLMU]Y�vfT�H�I'WSP�PMIZT-WSTCTMH�I�eZNoPMT3��z�U]TCa�U]^]^kNoY�^]t�sOIJ�L�N`�XT;W`s�^VIER�NoLC¨ T�N�IZ\(IZLMeZU]P�I�T�H�U]P�NQJ�T�U]NQYyUVYyU]Y�PMT;WSY�eZIZP|RnNoLa�H�UVeFHy© ­�� ��§OH�IZY�eZI3�}à���h@Õ(U]g�U]^_W`L�^�t�z(W`PwzXa�H�IZYfIZ\(IZL be�UVPMU]Y�v�NoJ�TMUVNQY3Ù�5z�¥$U]PdWSeZ�(K�U]L�U]Y�v�T�H�I�W`P�PMIZT=W`T@T�H�IleZNoPMT���zU]T�a�U]^]^2NoY�^]tlsOIEJ�L�NS�OT;WSs�^]I
RnNoL
¥µT�N=I�\�I�L�eZU]P�I=TMH�U]P�NoJ�TMU]NoY�U]YU]Y�PMT;WSY�eZIZP@R�NoL�a�H�UVeFH�© ªw� ��§�H�I�Y�eZI Ù�6à���hk�@Y�N`a�^]IZ[�vQINSR�T�H�I�J�UVcQNoT�coWS^]K�IZPmWS^V^]N`a�P5K�P�TMNC[�IZT�IZLMg�U]Y�I�TMH�I�TMNoT;WS^�g�IwW`YJ�L�N`�XTizOWSP�amI@Y�N`a4[�NOh
À`ÁKc�ÅZË(ÅZí�ÈwÍ]Íed�Æ�Ê`í�í�ÅFÍÏÈ`Ç_ÅMÜ@ÈwÐ�Ð;Å�Ç2ÌZÈwÍÏÎoÈ`Ç_É]Ê`ËSÐ

��v(W`U]Y=U]Y�[�U]eiW`TMU]Y�v@s�tET�H�I�JOWSUVL
p$�Xª ´ �2­mu#T�H�I
J�L�NS�OTkg-W`[�IozLMIZP�JXIZeZTMU]coIZ^]t(z2s(t-¥$WSY�[1¨3U]Y1W=PMJOI�eZU��Oe=U]Y�P�TFW`Y�eZIQz2T�H�IEP�e�IFbYXW`L�U]N=NQK�T�^]U]Y�IZ[1WST�T�H�IEsXIZvoU]Y�U]Y�v=NSR�Õ(IZeohX¯M¯�W`g�NQK�Y(T�P�TMN=T�H�IR�No^]^]N`a�UVY�v�PMJOI�eZU��OeiW`TMU]NoYfNSR,J�LMN`�OTMP�RnNQLmcoWSL�U]NoK�PkcoW`^]KOWST�U]NoY�Piè
p�� ª�´ � ­ u5à� p0� ´ ©¹­ ê?�=u R�NoL@©�­ � � WSY�[�©�ªyãO��§

p�©(ª ´ â u NQT�H�I�L�a�U]P�Ioh pnñ�h ñQu

l



¯�Y�JXW`L�TMU]eZK�^_W`Lwz`RnNQLmTMH�I�[�IZJOI�Y�[�IZY�e�ICNSR�T�H�I
T�NoTFW`^XJ�L�NS�OTz��NoY�*amI@HOWwcQI��àw� ª é~� ­ à � © ­ RnNQL@© ­{� �3W`Y�[�© ª ãO��§
© ª NoTMH�IZLMa�UVPMIoh p�ñ�h��ou

x�HOWSTyL�IZg�W`U]Y�PyU]PyRnNQLyK�P�TMNµIZPMT;WSs�^]UVPMH$T�H�I�eZNQY�[�U]T�U]NQYNosXIZtQIZ[fs(t�T�H�I�coWS^]K�I�N`R�TMH�I�[OWSg-W`vQIZP�T�HXW`T�g�W`\(U]g=UÏÿZI�P�T�H�IIZ\(JXIZeZT;WST�U]NoY�coW`^]K�I|N`R�T�H�IET�NQT;WS^,J�L�N`�XTCÒ
��Ô ª�­ h�G5N=[�N�TMH�U]PizNos�P�IZLMcoI�TMHOW`T@Ò
��Ô ª�­ g�WwtCsXI@IZ\(J�L�IZPMP�IZ[�WSP
Ò0��Ô ª�­ à Ò0� ª é�� ­ Ô ª�­

à Ò�© ª Þ(p
�}ê�© ­ u�Ô ª�­
é|Ò�© ­ Þ(p�© ­ ê	�=u�Þ(p
�6ê�© ª u�Ô ª�­
é|Ò�©(ªqÞ(p ©¹­ ê	�=u�Þ(p�©(ª�ê	�=u�Ô�ª�­

à Ò�©(ª�Ô�ª�­
é|Ò;p ©¹­ ê�©�ª5u�Þ(p�©�­�ê?�=u�Þ(p
�*ê�©(ª"uMÔ�ª�­
ð1p�ñ�h ��u

ç�N`a IZ\�W`glUVY�I-TMH�IyeZNQY�[�U]T�U]NoY.T�HXW`T�Ò0��Ô ª�­ sOI�P�TFW`T�U]NQYOW`LMta�U]T�H�L�I�P�JXIZeZT@T�NEcoW`LMU WST�U]NoY�PmNSR���è
â à ¥¥ � Ò0��Ô ª�­ p�ñ�h�lou

à ¥¥ � ¦ Ò�©(ª�Ô�ª�­
é|ÒFp�©�­yê�©(ª,u�Þ(p ©¹­�ê~�=u�Þ(p0�*ê�©(ª�u�Ô ª�­E§�ð�p�ñ�h�Tou�kt�K�PMUVY�v�j5�2h�p â h ñou�W`Y�[-NQs�P�I�L�c(U]Y�v=T�HOWST��(KOW`Y(T�U]TMUVI�P�UVY(cQNo^]cQbU]Y�v��
U]L;W`e|[�IZ^]T;WqRnK�Y�eZTMU]NoY�P@W`L�IENoY�^VtlY�NoY�ÿZIZL�N�a�H�I�Y1TMH�ICW`L bvoK�g�IZY(TEN`R�TMH�I�[�IZ^]T;W'RnK�Y�eZT�U]NoY�U]PEY�NoY�ÿ�IZL�N�amI�Nos�T;W`U]Y�T�H�IRnNQ^V^]N`a�U]Y�vkRnNQL�g=K�^_W"RnNoL5TMH�I�coW`^]K�IoprP;u�N`R��µTMHOW`T5g�W`{oI�P�Ò0��Ô ª�­P�TFW`TMUVNQYOW`LMt2è

Ò;p�© ­ ê¶�=u�Þ(p�© ­ ê?�=u(¸�p © ª ê	�=u�Ô ª�­
à�Ò;p0�}ê�© ª u�Þ(p
�6ê�© ª u(¸�p © ­ ê	�=u�Ô ª�­ ð¶p�ñ�h�Bou

G�H�U]P�[�IZTMIZL�glU]Y�IZP£�3U]glJ�^]UVe�UVTM^]t�U]Y-TMIZL�glP�N`R�T�H�Im±FNoU]Y(TkJ�L�NQs(bW`s�UV^]U]T�t�[�UVPMT�LMUVs�K�T�U]NoYy³ ª�­ hMD2IZT|K�P@JOW`K�PMI=T�N�U]Y(T�IZLMJ�L�IZT|T�H�U]PRnNQL�g=K�^_W�h|¯�T�P;Wwt(P�TMHOW`T|T�HOWST�s(tfP�IZ^]IZe�T�U]Y�v�T�H�I=TMH�I�NQJ�T�U]g-WS^coW`^]K�I|N`RP��z�TMH�ICI�\�JXIZeZTFW`TMUVNQYycoW`^]K�IEN`R��*ê�©(ª�PMK�so±FIZeZT|T�NT�H�ICeZNQY�[�U]T�U]NQY�P�T�HOWSTE©�ª�ã·�®W`Y�[y©(ª+à¸��zXg=K�^]T�U]J�^]U]IZ[=s(tT�H�I�J�LMNosOWSs�U]^VU]T�t@T�HXW`T�©(ª�ãO�6W`Y�[�©(ª1à���z(U]P�IZ�(KOW`^XT�N|T�H�IIZ\(JXIZeZT;WST�U]NoY�coWS^VK�I�N`RE© ­ êO��PMK�so±FIZe�T�T�N�T�H�I-e�NoY�[�U]TMUVNQY�PT�HXW`T@© ­:� � WSY�[�© ª àO��z�g=K�^VTMU]J�^]UVI�[=s�t=TMH�I�J�LMNosOWSs�U]^]UVT�tT�HXW`T�© ­¹� �¬WSY�[.© ª àº��h�ç�N`a*^VI�T=K�P=IZ\(J�^]NoLMI-PMNoglIP�JXIZeZU_WS^�eiWSP�IZP
N`Rmj5�2h2pnñ�h BQuZh
ÚoÁkj2Ë(Æ�Ê`íMínÅFÍÏÈ`ÇrÅ�Ü�ÈwÐMÐ;ÅZÇ2Ì�ÈwÍÏÎoÈ`Ç_É]Ê`ËQÐ

Ö�NQLïK�Y�eZNoLML�IZ^_W`TMIZ[ ±FNQUVY(T J�LMNosOWSs�U]^]UVT�t [�U]P�TML�U]s�K�TMUVNQY�P³�ª�­�p�©(ª ´ ©�­kuyT�H�I+TMNoTFW`^�glIiW`Y}J�L�NS�OT�Ò0��Ô ª�­�K�Y�[�IZL�T�H�I�
IFRnIZY�[OW`Y(T�bX�oNQU]Y�T bnµ#IZT�NEP�eZI�YOW`LMUVNlsOI�eZNoglIZP
Ò0��Ô ª�­ à Ò0� ª é�� ­ Ô ª�­

à Ò�© ª Þ(p
�}ê�© ­ u�Ô ª�­

é|ÒM©¹­lÞ(p�©�­�ê¶�=u�Þ(p0�6ê�©�ª�uMÔ�ª�­
é|ÒM© ª Þ(p�© ­ ê	�=u�Þ(p © ª ê	�=u�Ô ª�­

à ÒM© ª Ô ª�­
é|ÒFp�© ­ ê�© ª u�Þ(p © ­ ê~�=u�Þ(p0� ê+© ª u�Ô ª�­�´ pnñ�h ^Qu

WSY�[�T�H�I�eZNQY�[�U]T�U]NQY+NQsOI�toIZ[�s(t�TMH�IfNoJ�T�U]g-WS^�[OW`g�W`vQIZPCsXIFbe�Nog�I�P
ÒFp�© ­ ê~�=u�Þ(p�© ­ ê~�=u�Ô ­ Ò�¸�p�© ª ê	�=u�Ô ª

à�ÒFp0�}ê�©(ª�u�Þ(p0� ê�©(ª�u�Ô�ªlÒn¸�p ©¹­ ê?�=uMÔ�­@ð�pnñ�h @Qu
G�H�Im^_W`TMT�IZL#eZNoY�[�UVTMU]NoY�HOWSP�T�H�ImU]Y(T�IZLMJ�L�I�T;W`TMU]NoY=N`RXeiW`K�PMU]Y�v@T�H�IR�No^]^]N`a�UVY�v��(KOW`Y(TMUVTMU]IZP�T�N|sOW`^_W`Y�eZIoè�p_U_u5TMH�I�I�\�JXIZeZTFW`TMUVNQY�coW`^]K�INSR�©�­�ê � P�K�so±FIZeZT�TMN�T�H�I=eZNQY�[�U]T�U]NQY1TMHOW`TE©�­ � ��z�g=K�^�bTMU]J�^]UVI�[1s(t�T�H�IlJ�L�NQsOW`s�U]^]U]T�U]IZP@T�HXW`T=©�­ � ��W`Y�[�©(ª à»��§prU]U ukTMH�I�IZ\(JXIZeZTFW`T�U]NQY1coWS^VK�I�NSR¤�}ê+©(ª�P�K�so±�IZeZT@T�NlT�H�I�e�NoY(b[�UVTMU]NoY�TMHOW`T|©�ª ã¢��z�g=K�^]T�U]J�^]U]IZ[=s(t�TMH�I�J�LMNosOWSs�U]^]UVTMU]IZPmTMHOW`T© ª ãO� WSY�[�© ­ ê?��h
ëoÁP¼6½(ÊZÊwÐFÉ]Ë¿¾Ks�Å�Ç$À2Å�ÅZË°Á�É]Ë*¾wÍÏÅ Â ¼6½(ÊZÊwÐ�ÅZí5È`Ë(Ü�ì�ÎoÈwÍ�Â ¼6½(ÊZÊwÐ;Å�í,íMÎ`ÍÏÅFÐ

G�H�I�TMIZY�[�I�Y�eZtyR�NoLET�H�IlNoJ�TMUVg�W`^5eFH�NoU]eZI�W`glNoY�vlT�H�I�RnNoK�LPMU]Y�vo^]ICWSY�[f[�KOWS^�eFH�N(NoPMIZL�W`^]^]N(eiW`TMUVNQY�P�T�NlsOIE[�IZTMIZL�glU]Y�IZ[fs(tTMH�I�LMIZ^_W`T�U]cQI�[�UÏ~2IZLMIZY�eZIEU]Y-TMH�I�glIiW`Y�P�WSY�[�coW`LMU WSY�eZIZP
N`R5T�H�I[�UVPMT�LMUVs�K�T�U]NoY�P�eiW`Y=sXI�PMIZIZYls�tEakNoL�{(U]Y�v@T�H�L�NoK�voH=P�JXIZeZU��Oe@IZ\QbWSg�J�^]Ioh�Ö�NQLCK�Y�eZNoLML�IZ^_WST�IZ[�W`PMP�IZT=coWS^]KOW`TMUVNQY�P�TMHOW`T=W`LMI-K�Y�U�bR�NoL�gl^]tf[�U]P�TML�U]s�K�TMIZ[�NoY�TMH�I�U]Y�TMIZL�coWS^]P � Ã ª êOÄ ª�´ Ã ª é·Ä ª �WSY�[ � Ã ­�ê?ÄX­ ´ Ã ­¤é	ÄX­©� z(U]TkeiW`Y�sXI�P�H�N`a�Y-TMHOW`TwèpMäiu�TMH�I�[�IFRnIZY�[XW`Y(T1eFH�NQU]eZI�LMK�^]Iya�UV^]^�J�L�N([�K�eZI�H�U]vQH�IZLfIZ\QbJXIZeZTMIZ[=±FNoU]Y(T�JOWwtoNS~×P�TMHOW`Y¤T�H�I�J�^ WSU]Y�TMU�~1eFH�NoU]eZI�LMK�^]Ioz�U�RmW`Y�[NQY�^]t=U�R�Ä ­:� Ä ª §p�ñoukTMH�I�[�IFR�IZY�[OWSY�T5±FNoU]Y(TkcoIZTMN�L�K�^VI@a�U]^]^2J�L�N([�K�eZI�H�U]voH�IZL�IZ\QbJXIZeZTMIZ[-±�NoU]Y(T�JXWwtoN`~2P@T�HOWSY1TMH�I�J�^ WSU]Y�TMU�~�±FNQU]Y�T
coIZTMNfL�K�^VIQz�U�RWSY�[�NoY�^]t=U�R Ã ª � Ã ­
§�W`Y�[p
�ou�TMH�I�[�IFRnIZY�[XW`Y(T1eFH�NQU]eZI�LMK�^]Iya�UV^]^�J�L�N([�K�eZI�H�U]vQH�IZLfIZ\QbJXIZeZTMIZ[�±FNoU]Y(T�JOWwtQN`~2P�T�HXW`Y=T�H�I�[�IFR�IZY�[OWSY�T2±FNQUVY(T�cQIZT�N|L�K�^]Ioz(U�RWSY�[�NoY�^]t=U�R�ÄX­ ê?Ä�ª � Ã ª¤ê Ã ­�hÖ�NoLET�H�I-K�Y�U�RnNoLMg [�UVPMT�LMUVs�K�T�U]NoY�z�T�H�I-^_WSP�TEUVY�IZ�(KOW`^]U]T�tyP�H�N`a�PTMHOW`T@PMUVY�vo^]ICeFH�N(NQP�IZLEL�K�^]IZP|a�UV^]^5[�NQg�U]YOW`TMI�a�H�IZYyTMH�I=[�U�~2IZL�bI�Y�eZI�U]Y�coW`LMU WSY�eZI
UVP�^_WSL�voI�L�T�HOWSY-TMH�I@[�U�~×I�L�IZY�e�ICU]Y�glIiW`Y�Pih
9Z9Z9�8��=9 �M�M�k>K�;?�>�A°�k>µ>@B����kº

� 8����o�Z�]�=�F¡Z�RbX�`¡Rb2�F�
xyI�Y�N`a e�NoY�PMUV[�IZL-WSY+I�\¹WSg�J�^]I=NSR|W¤H�U]voH�IZL�b�NoLM[�IZL�LMK�^]IozPMJOI�eZU��OeiW`^]^]t-WEPMeZIZYOWSL�U]N=a�H�U]eFH�g-WwtEsOI@U]Y�[�U]eiWST�IZ[�P�eFH�I�g-W`TMU�bewW`^]^]t=s�t

¥ è²¢µê¬�GÅ,é Ù�GÅ5ê?� Ø é Ù� Ø ê+ÓwÓiÓZé Ù�"ÆPÇCÅ ´ p
��h]äiWQu
¨$è é~�GÅ�ê3Ù�GÅ�é	� Ø ê®Ù� Ø é�ÓwÓiÓwê3Ù�"ÆPÇCÅ²ð p0��h]ä�sOu

¯�Y�TMH�U]PmPMeZIZYOWSL�U]NOz�¥�sOIZvQU]Y�P�a�U]T�H�T�H�I�WSP�P�I�T�¢-z�¨6HXW`P�WEeiWS^V^NQJ�T�U]NQYk�GÅ�a�UVTMHC[XW`g-WSvoIZP��MÅ�a�H�UVeFHEP�H�I�I�\�I�L�eZU]P�I�P�a�H�IZY�IZcQIZLH�IZL@coW`^]KOW`TMU]NoY�© ª IZ\(eZI�IZ[�P�TMH�I=J�U]coNQT�coW`^]K�I��°Åwh@¯�R�¨3[�N(IZPT



IZ\(IZLMeZU]P�I�H�IZLENoJ�TMU]NoYyT�H�IZY�PMH�I�U]PEP�K�so±FI�eZTCTMN1¥°« P�eiW`^]^�b�sOW`eF{NoJ�T�U]NoY3Ù� Å a�U]T�Hy[OWSg-WSvoIZP.Ù� Å z�a�H�U]eFHyP�H�IlIZ\(IZL�eZU]PMIZP�a�H�I�Y(bIZcQIZL�H�IZL|coW`^]KOW`TMU]NoY�© ­ I�\�e�IZIZ[�PET�H�I=J�UVcQNoT
coW`^]K�I Ù�°Åih�¯�R�¥[�N(IZPkIZ\(IZL�e�UVPMI@H�IZLkNoJ�TMUVNQY=T�H�I�Y=P�H�I@U]P�P�K�so±FIZeZT�¨/« P�eiW`^]^�b�sOW`eF{NoJ�T�U]NoY�� Ø a�U]T�H�[OWSg-WSvoIZP�� Ø a�H�U]eFH�PMH�IfIZ\(IZLMeZU]P�IZP�a�H�I�Y(bIZcQIZL�H�IZL@coWS^VKXW`T�U]NQY1© ª IZ\(eZIZIZ[�PCTMH�ICJ�UVcQNoT
coW`^]K�I�� Ø h@G�H�U]PIZ\(IZLMeZU]P�U]Y�v�NSR,NQJ�T�U]NoY�P�eiW`Y�eZNQY�TMU]Y�K�IdWSP�RþWSL�WSP�T�amNE�XYOW`^�NoJ(bT�U]NQY�Piz�� ÆKÇ`Å WSY�[ Ù� ÆKÇ`Å p_a�U]T�H:ÈÑà®ñ ´ � ´ � ´ ðiðwð udRnNoL�a�H�UVeFHT�H�IC[OWSg-WSvoIZP�W`Y�[¤J�U]coNoT�coWS^]K�IZP�WSL�I��ÉÆKÇ`Å�W`Y�[®Ù�ÉÆKÇ`Å�W`Y�[�)ÆKÇ`Å�WSY�[®Ù�)ÆKÇ`Å`hkG�H(K�P�TMH�ICPMeZIZYOWSL�U]N�U]P
e;HXW`L;WSeZT�I�L�U]ÿZIZ[�s(tWEP�I�T�N`R�J�U]cQNoTkcoW`^]K�IZP)Ê*�)Ë ´ Ù�)Ë6Ì ÆPÇCÅË�ÍCÅ W`Y�[�WEP�IZT
N`R,[XW`g-WSvoIZPcoW`^]K�I�P�Ê*� Ë ´ Ù� Ë Ì ÆKÇ`ÅË�ÍCÅ h�Ö�NQL@T�H�I=PFW`{oI=NSR�Y�NoT;WST�U]NoYXW`^5eZNoY(cQIFbY�U]IZY�e�I�amIkU]Y�TML�N([�K�e�I�T�H�I�WS[�[�U]T�U]NoYXW`^`�MJ�U]coNQT�coW`^]K�I�P � �kÎkW`Y�[Ù�kÎ`z#a�H�U]eFHyamIlL�IZPMJOIZe�T�U]coIZ^]t�T;WS{oIlT�NfsXI�P�g-WS^]^VI�L�TMHOW`Y�W`Y(tJXNoP�PMU]s�^]I�coW`^]K�I
N`R�©�­�W`Y�[�©�ª�z�W`Y�[�� Æ W`Y�[6Ù� Æ z(a�H�UVeFHlamIL�I�P�JXIZeZT�U]cQIZ^]tfT;WS{oI�TMN�sXI�^_W`L�vQIZL�TMHOW`YfWSY�t�JXNoPMP�U]s�^]I�coW`^]K�I@NSR© ­ W`Y�[�© ª hCxyI=W`^]PMN�U]Y(T�L�N([�K�eZI�W`YyW`[�[�UVTMU]NoYOWS^£�M[OW`g�W`vQIZPcoW`^]K�I � Ù� Î � â h

Q5

Q4

Q3

Q2

Q1

Q0

~
Q1

~
Q2

~
Q3

~ ~
Q5

∆
4

4
(D

  
,V

  
−

D
  

)

~
Q4

~ ~
Π 4 4

(V  −D  ,D  )

VΠ

~ ~
Π 2

(V  −D  ,D  )
2

~ ~
Π 3

(V  −D  ,D  )
3

~ ~

Π Π∆

∆
3

3

1
1

∆
(D

  
,V

  
−

D
  

) ∆
2

2
(D

  
,V

  
−

D
  

)

(D
  

,V
  

−
D

  
)

Q0

V∆

Π 1
(V  −D  ,D  )

1

(T  ,T  )=(V   ,0)

Ï`Ð
ÑKÒ�Ó8Ò¤Ô�Õ]Ö$Õ�×"ØAÙ<×AÚPÙ<×�Ø\ÛAÜeÙ<Ý�×AÚ
Ý�Þ¬Û5ß�àRá"ÚXâPã"ä¬Ù<×�ØSã"å¤æ6Ù8âzØAÕ]çÚXÕ]ß�èKÝ�×�Õ ØMéAê°Ú
ë�Õ]Ý�ßPìRÙ<Ü�í�Ù8Ú
ÝeàR×"âkîAäïÙR×"Ø�î5å�æ"Öðà<ßzÚ
ë�Õ£ñ�ò:ó)ô Ù8âXÕà<Ö`Ú
ë�Õ�ëAÝeõ<ë�Õ]ßXç0à<ß�ØAÕ]ßzßXí5ÜeÕPØ*ÝeâXô]í"âXâXÕQØ\Ý�×öÚ
ë"ÕPÚXÕ ÷*Ú Ò
Ö�NQL�WSY�t¤JONQP�P�U]s�^]IEU]Y�P�TFW`Y�eZI=NSR�¥°« PdWSY�[y¨/« P@W`PMP�IZTEcoW`^]KOW²bT�U]NQY�P�p�© ª�´ © ­ u#T�H�IZU]L�L�I�P�JXIZeZT�U]cQI�J�L�NS�OT�PEp$� ª�´ � ­ u�WSL�I@P�JXIZeFbU��OIZ[�s(tfT�H�I=I�Y�TML�U]IZP�U]YyÖ�UVvXh5äozXa�H�U]eFH1eiWSYyL�IiWS[�U]^]t-sXI=voI�Y(bIZLFW`^]U]ÿZIZ[lRnL�NQg6T�H�I@[�IZJ�UVe�T�IZ[�eiWSP�I@N`REÈ à�l�TMNqWSL�s�U]TML;W`LMt3ÈyhÖ�NoL�IZ\�WSg�J�^]Ioz2a�H�IZY	� Ø ã3© ­ ãø�)ù�W`Y�[ Ù� Ø ã © ª T�H�IZYp$�Xª ´ �2­ku�à«p�©(ª�ê¬Ù� Ø ´ Ù� Ø u�§�W`Y�[�a�H�IZY«Ù� Ø ã ©�ª3ã Ù� ùW`Y�[{� ù ã�©�­*T�H�IZY}p$�Xª ´ �2­mu�àÑp
� ù ´ ©�­4ê¢� ù uZh·
�NQL�IvoI�Y�IZL;WS^]^Vt2è#RnNQL âlæûú æ p
È3ê�äwu�a�H�IZY~�)Ë¤ãµ© ­ ã·�)Ë�üCÅW`Y�[£Ù� Ë ã3©�ª�TMH�IZY�p��Oª ´ �×­�u@à®p ©�ªyê«Ù� Ë ´ Ù� Ë uZ§�WSY�[fR�NoL

â|æ{ú¤æ p
È�ê�ñou5a�H�I�Y6Ù�)Ë=ã.© ª ã�Ù��Ë�üCÅ�WSY�[3�)Ë"üCÅ�ã�© ­T�H�IZY�p$� ª�´ � ­ u,à}p0�ÉË�üCÅ ´ © ­ ê	�ÉË�üCÅZuZhx�U]T�H�U]YET�H�U]PkP�eZI�YOW`LMUVNET�H�I�I�\�JXIZeZTFW`TMUVNQY�coWS^VK�I�N`R�T�H�I�TMNoTFW`^J�LMN`�OT�U]P�voU]cQIZY�s(t

Ò0��Ô ª�­yà�Ò
�Oª�é	�2­�Ô�ª�­yà p0��h ñQuÆKÇ`ÅýË"Í Î ÒM©�ª=Þ(p0� Ë"üCÅ ê�©¹­ku�Þ(p ©¹­�ê~� Ë u�Þ(p ©�ª�ê£Ù� Ë u�Ô ª�­
é ÆKÇ ØýË"Í Î ÒM©¹­lÞ(p�Ù� Ë"üCÅ ê�©�ª�u�Þ(p ©�ª�ê£Ù� Ë u�Þ(p�©�­�ê?� Ë�üCÅ u�Ô�ª�­ ´
a�H�UVeFH�[�IZJXIZY�[�PENoY�T�H�IC[OWSg-WSvoIZP
UVglJ�^]U]eZU]T�^]t�z(c(U_W=TMH�I=J�U]coNQTcoWS^]K�IZPmpra�H�U]eFH�T�H�I�g�P�I�^VcQIZP,WSL�I�[�IZT�IZLMg�U]Y�IZ[|s�t@TMH�Im[XW`g-WSvoIZPwzWSPm[�UVPMeZK�PMP�IZ[fsXIZ^]N`a�uZh5G�H�UVP#RnNQL�g=K�^_W�RnNoL
Ò0��Ô ª�­�IZY�eZN([�IZP�RnNoLvQIZY�IZLFW`^PÈ J�L�IZe�UVPMIZ^]t�TMH�I�J�L�NS�OTCPMT�LMK�eZT�K�L�I�UVY�[�U]eiW`TMIZ[yRnLMNogÈ3à�lEUVY�Ö�UVvXh2äoh¯�Y�T�H�ICWSs�P�I�Y�eZIEN`R,e�NoL�LMIZ^_W`TMUVNQY�P�sXIZT�akIZIZYy©(ª+WSY�[�©¹­ T�H�IR�NoL�g=K�^ W�RnNQL�T�H�I@TMNoT;WS^2IZ\(JOI�eZT�IZ[�J�LMN`�OT�LMIZ[�K�eZI�P�TMN
Ò
��Ô ª�­ à�Ò0� ª é�� ­ Ô ª�­ àÆPÇCÅýË�Í Î Ò�© ª Þ(p © ª ê£Ù��Ë¹uMÔ ª ÒþÞ(p
�)Ë�üCÅkê�© ­ u�Þ(p�© ­ ê?��Ë¹uMÔ ­

é ÆKÇ ØýË"Í Î Ò�Þ(p�Ù�)Ë"üCÅmê�© ª u�Þ(p © ª ê£Ù�)Ë�u�Ô ª| ÒM©¹­�Þ(p ©¹­�ê~� Ë�üCÅ u�ÔM­�ð«p0��h �Qu
xyICY�N`a�P�IZTCWSsONQK�T@T�H�IET;WSP�{fNSRm[�IZTMIZL�glU]Y�U]Y�v�TMH�ICe�NoY�[�U�bTMU]NoY�P�NQsOI�toIZ[�s(t1TMH�I�coW`^]K�IZP|N`R�T�H�I�[OWSg-W`vQIZP�TMHOW`TEL�IZY�[�IZLÒ
��Ô ª�­ P�TFW`TMUVNQYOW`LMtCU]YlT�H�I
voIZY�I�L;W`^2ewW`P�I@NSR,eZNQL�L�I�^ WST�IZ[�coWS^VKXWwbTMU]NoY�Pwh

�d8�?k�X¡Z�_¼l��¾��2�]¿(»(¡�¿o�(¾$bX�`�
Õ(IZ^]IZeZTMU]Y�v�TMH�I�[OW`g�W`voI�PCTMHOW`T=g�W`\(U]g=UVÿ�I=T�NoTFW`^�IZ\(JXIZeZTMIZ[J�L�N`�XT�eiW`Y=sXI�WSeZeZNQg�J�^]U]P�H�I�[�s(t��OLMP�Tk[�IZTMIZL�glUVY�UVY�v�T�H�I�J�U]coNQTcoWS^]K�IZP@T�HOWST�NoJ�T�U]g�U]ÿZI�TMH�I=T�NQT;WS^�IZ\(JOI�eZT�IZ[�J�L�NS�OTCWSY�[1TMH�IZYK�P�U]Y�v�TMH�IZPMI�J�U]coNQT�coWS^VK�IZP�TMN-[�IZT�IZLMg�U]Y�IET�H�IE[OWSg-W`vQIZP�TMHOW`TI�^VU]eZU]T�TMH�I�^]U]T�U]v(W`Y(T�P�TMN�IZ\(IZLMeZU]P�I�TMH�IZU]LmNQJ�T�U]NQY�PmW`TkT�H�I�[�IZPMU]L�IZ[J�UVcQNoTkcoW`^]K�IZPwhG�H(K�P�amI
�OLMP�T
eZNoY�PMU][�IZL�T�H�I�e�NoY�PMIZ�(K�IZY�eZI�P�N`R5[�IZg-WSY�[�U]Y�vTMHOW`T
T�H�I|T�NoTFW`^5g�IwW`Y�J�L�N`�XT�sXICPMT;W`TMU]NoYOWSL�t�a�U]TMHfL�IZPMJOI�eZT�T�NcoWSL�U_W`TMU]NoY�P�NSR�T�H�I@J�U]coNQTmcoWS^]K�IZPiè¥ Ò0��Ô ª�­¥ �)Ë à â ´ ¥ Ò0��Ô ª�­¥ Ù��Ë à â p]RnNQL ú à}ä ´ ðiðwð ´ È*ê+äwuZð�p0��h �(u=kNQg�J�K�T�U]Y�v�TMH�IZP�I|[�IZL�U]coWST�U]coIZP�^]IiWS[�P�T�NET�H�I�eZNoY�[�U]T�U]NoY�P

â à Ò�© ª ¸�p�© ­ ê~�)Ë�u�Þ(p�© ª ê Ù��Ë6Ç`ÅFu�Ô ª�­ p
��h�loWQu
ê�ÒM© ª ¸�p�© ­ ê¶��Ë¹u�Þ(p�© ª ê Ù�)Ë�uMÔ ª�­
êx��Ë@ÒþÞ(p2Ù��Ë=ê�© ª u�Þ(p�© ª ê£Ù�)ËYÇ`Å;u(¸�p © ­ ê	�)Ë�u�Ô ª�­�´

â à.ê�Ù� Ë ÒþÞ(p
� Ë�üCÅ ê�©�­�u�Þ(p�©�­ ê¶� Ë u¹¸�p�©(ª1ê Ù� Ë u�Ô ª�­
é�ÒM©¹­l¸�p ©�ª¤ê£Ù� Ë u�Þ(p�©�­�ê¶� Ë uMÔ�ª�­
ê�ÒM©¹­l¸�p ©�ª¤ê£Ù� Ë u�Þ(p�©�­�ê¶� Ë�üCÅ uMÔ�ª�­ ´ p0��h�lSsOu

R�NoL ú à ä ´ ðiðwð ´ È3ê�äQz2U]Yfa�H�U]eFH1TMH�IC^_WSP�T@T�IZLMg£NQY1IiWSeFHyN`RTMH�I�J�L�I�eZIZIZ[�U]Y�v�T�amN�L�U]vQH�T bþHXW`Y�[�P�U][�IZPlP�H�NQK�^][�sXI-NQg�U]T�TMIZ[B



a�H�IZY ú àOÈ}ê¦äQh5¯�Y-WSL�L�U]c(U]Y�v�W`TkT�H�I�P�I@eZNoY�[�U]T�U]NoY�P#amI
HOWwcoIL�I�g�N`coI�[�T�LMU]c�U_WS^�RþWSeZT�NQL�P�PMK�eFH'WSP�Þ(p0� Ë ê?� ËYÇ`Å u�z(a�H�U]eFH'WSL�IK�Y�U]T�t�sXIZeiWSK�P�Ik�)ËS¡O�)Ë6ÇCÅih�G�H�IZP�I
P�T;WST�U]NoYXW`L�U]T�t�e�NoY�[�U]TMUVNQY�Pg-WwtlsOI=PMT�LFW`U]voH(T�R�NoL�a�W`LM[�^]t�L�IZNQL�v�WSY�U]ÿZIZ[�T�N�t(U]IZ^][1TMH�ICglNoLMIIZ^]IZv(W`Y(TkRnNoLMg�P
â à�Ò;p © ª ê	�)Ë�u�Þ(p Ù�)Ë�ê�© ª u| Þ(p © ª ê Ù�)ËYÇ`Å;u(¸�p © ­ ê?��ËOu�Ô ª�­�´ p0��h�ToWou
â à�Ò;p © ­ ê£Ù��ËOu�Þ(p0��Ë�üCÅ�ê�© ­ u| Þ(p © ­ ê	�)Ë�u(¸�p © ª ê£Ù�)Ë�u�Ô ª�­
´ p
��h�T`sOu

RnNQL ú à}ä ´ ðiðwð ´ È*ê¦ñ�zXW`^]NoY�v�a�U]T�H
â à¤Ò�©(ªqÞ(p�Ù� ÆKÇ`Å ê�©(ª"u�Þ(p�©(ª1ê Ù� ÆKÇ`Å u(¸�p�©�­yê	� ÆKÇ`Å u�Ô ª�­ ´
â à¤Ò;p ©¹­ ê£Ù� ÆPÇCÅ u�Þ(p�©�­yê	� ÆKÇ`Å u(¸�p�©(ªfê Ù� ÆKÇ`Å u�Ô�ª�­
ð

¯�Y�T�H�I@eiWSP�I�NSR"K�Y�eZNoLML�IZ^_WST�IZ[fcoWS^]KOW`TMUVNQY�PkT�H�IZPMICPMT;WST�U]NoYOWSL�bU]T�t=eZNoY�[�U]T�U]NoY�P�sXIZeZNQg�I
â à�Ò;p�© ª ê	�)Ë�u�Þ(p�Ù�)Ë=ê�© ª u�Þ(p © ª ê£Ù��Ë6Ç`ÅFu�Ô ª�´ p0��h�BoWou
â à�Ò;p�© ­ ê£Ù�)ËOu�Þ(p0�)Ë"üCÅ�ê�© ­ u�Þ(p�© ­ ê	�)Ë�u�Ô ­@´ p
��h�B`sOu

RnNQL ú à}ä ´ ðiðwð ´ È*ê¦ñ�zXW`^]NoY�v�a�U]T�H
â à�Ò�© ª Þ(p�Ù�)ÆKÇ`Åkê�© ª u�Þ(p�© ª ê Ù�)ÆKÇ`ÅZu�Ô ª�´ p0��h BSeiu
â à�Ò;p © ­ ê£Ù�)ÆPÇCÅ;u�Þ(p © ­ ê	�)ÆKÇ`Å;uMÔ ­ ð p
��h�B`[Ou

j5�(KOWST�U]NoY�P
p0��h�BQWwbZp0��h�BS[Ou�WSL�I�T�H�IkRnNoLMg-W`^(IZg=sXN([�U]g�IZY(T2NSR�T�H�I��[�UVPMJONQP�U]T�U]cQICTFW`{(U]Y�voP�J�L�U]Y�eZU]JOWS^n«« � J�TMUVg�W`^5J�U]coNQT@coW`^]K�IZPCWSL�IP�I�TCIZ�(KOWS^mTMNfT�H�I�g�IwW`Y�N`R�Y�NQY(bþeFH�N(NQP�IZLMP=a�H�Nfa�U]^]^,sXI�[�UVP bJXNoP�U]TMUVcQIZ^]t�Ww~2IZeZTMIZ[fs(t�TMH�I�JOWSL�T�U]eZK�^ WSLmTFW`{(U]Y�vOh
D|8�?k�X¡Z�_¼l��¾��2��¼l�o�(�`�D2IZTkK�P�U]g-WSvoU]Y�I�TMHOW`TkakI�HXWwcoI�PMK�eZeZI�IZ[�IZ[�U]Y=[�IZT�I�L�g�U]Y�U]Y�vJ�U]coNQT�coW`^]K�IZPÉÊ¿�)Ë ´ Ù�)ËGÌ ÆKÇ`ÅË"ÍCÅ TMHOW`T
NoJ�TMU]g�U]ÿZI@T�H�I|T�NoTFW`^�g�IiWSYJ�LMN`�OTwziU�h Ioh]zwT�HOWST2voU]coI�YCW2±FNoU]Y(T2J�LMNosOWSs�U]^VU]T�t�[�U]PMT�L�U]s�K�T�U]NoYC³ ª�­akI�HXWwcoI@P�NQ^VcQIZ[fj5�(Pih�p0��h�lQW�z���h�l`sXu�RnNoL�WEPMIZT�NSR�J�U]coNoTkcoW`^]K�I�PihxyIfY�N`a£WS[�[�LMIZP�P�T�H�I1TFW`P�{�NSRC[�IZTMIZL�glUVY�UVY�vyT�H�If[XW`g-WSvoIZPcoW`^]K�I�P)Ê¿� Ë ´ Ù� Ë Ì ÆKÇ`ÅË"ÍCÅ T�HXW`T�IZ^]U]eZU]T�T�H�I�P�I�J�U]cQNoTkcoW`^]K�IZPwhG5NC[�NlT�H�U]PwzONQs�P�I�L�coI|T�HOWST�T�H�I�J�U]coNQT�coW`^]K�Ik� Å UVP�TMH�I=W`Y(bP�akIZL�TMNCTMH�I��(K�IZPMT�U]NoY�è�Ö�NQLmNSR�voU]coIZYlP�IZT�NSR�[OW`g�W`vQIZP�coW`^]K�I�PizsXIZtoNQY�[�a�HOW`T�coWS^VK�I�NSRm©�­�U]P�U]Tiz(NQYfWwcoIZLFW`voIQz(J�L�NS�OT;WSs�^]I�R�NoL¨ TMN1IZ\(IZLMeZU]P�IfNQJ�T�U]NQY~��ÅRþ®G�H�I'WwcQIZL;WSvoU]Y�vfH�IZL�IfW`e�eZNoK�Y(TMPRnNQLq¨/« P=U]voY�NQL;WSY�eZI�NSR�¥�« PCcoWS^]KOW`TMUVNQYyN`R@T�H�I1WSP�PMIZTih�G�H(K�PwzT�N�[�I�T�IZLMg�U]Y�IM�°Å�akIEP�IZIZ{�T�H�ICcoWS^VK�ICNSR�© ­ PMK�eFHyT�HOWST�¨/« PIZ\(JXIZeZT�I�[fJ�L�NS�OTkT;W`{QIZP�T�H�I�PFW`glI�coW`^]K�IozQa�H�IZTMH�IZL�NoLkY�NQTmPMH�IIZ\(IZLMeZU]P�IZP@T�H�I�NoJ�TMU]NoY�h�G�H�U]P�coW`^]K�I
NosXIZt(P

â à Ù�\Å�Òn¸�p © ­ ê	�°Å;u�Þ(p © ª ê Ù�°Å�uMÔ ª�­
éEp0�°Å�ê~�MÅZuXÒ�¸�p�© ­ ê	�°Å;u�Þ(p Ù�°Åkê�© ª u�Ô ª�­ ðïp
��h�^ou

G�H�Ik^]IFRnT�HXW`Y�[�PMU][�I�U]P,¨/« P�I�\�JXIZeZTMIZ[=J�LMN`�OT5U�R�P�H�IkamI�L�IkY�NoT�T�NIZ\(IZLMeZU]P�I�H�IZL�NoJ�T�U]NoY�§�T�H�I=L�U]voH(T@HOW`Y�[1PMUV[�I=UVP@H�I�L�IZ\(JOI�eZT�IZ[J�LMN`�OT=U�R�PMH�IfakIZL�I¤T�NOh�ç
NoTMUVe�I-TMHOW`T=TMH�I�^_W`T�TMIZL=eZNQg�J�LMUVPMIZP

T�akN�eZNoY(TML�U]s�K�TMUVNQY�Piz�T�H�I=RnNQL�g�I�L�W`e�eZNoK�Y(TMUVY�v�RnNoL@coWS^VKXW`T�U]NQY�P©(ªyU]Y�a�H�U]eFH�¥�[�N(IZP�Y�NQT�IZ\(IZL�eZU]PMI�H�IZL�eiWS^]^Ïb�sOWSe;{=NQJ�T�U]NQYµÙ� Å zTMH�I�^_W`T�TMIZL�W`e�eZNoK�Y(TMUVY�vfRnNQLCcoWS^]KOW`TMUVNQY�P�U]Y�a�H�UVeFH�P�H�If[�N�I�PihG�H(K�P
amI|P�IZI=TMHOW`TwzOU]YfW`[�[�U]T�U]NoY�T�Nl[�IZJXIZY�[�U]Y�v�NQY-TMH�I�±FNoU]Y(TJ�L�NosXW`s�U]^]U]T�t1[�U]PMT�L�U]s�K�T�U]NoY�³ ª�­ WSY�[�T�H�I�[OWSg-W`vQIZPM�MÅ�W`Y�[Ù�\Å`z(T�H�U]PkRnNQL�g=K�^_W@^]U]Y�{(PyÙ�öÅ�WSY�[!�°Åihç�N`a®^]IZTlK�P�eZNQY�P�U][�I�L-[�IZT�IZLMg�U]Y�U]Y�v Ù� Å z�a�H�U]eFH�W`Y�PMamI�L�PTMH�I��(K�I�P�T�U]NQY�è�Ö�NQLmNSR�voU]coI�Y�P�I�TmNSR,[OWSg-W`vQIZP5coW`^]K�IZPwz(sOI�toNoY�[a�HXW`T�coWS^VK�I�N`R�©(ªyUVP#UVTwzoNQY�WwcoIZLFW`vQIoz(J�L�NS�OT;WSs�^]IkRnNoLk¥�TMNCIZ\QbI�L�eZU]P�I@NQJ�T�U]NoY.Ù�GÅQþ'��v�WSU]Y=amI
P�IZIZ{lT�H�I
J�U]coNQT�coW`^]K�I�WST�a�H�U]eFHTMH�I�NoJ�T�U]NoY�H�No^][�IZL8« P5J�LMN`�OTMP�eZNQUVY�eZU][�Ioz`LMIZv�WSL�[�^]IZPMP�N`R2a�H�IZTMH�IZLNQL�Y�NoT�TMH�I�NQJ�T�U]NoY�U]P�IZ\(IZLMeZU]P�IZ[�z�T�H(K�P�W`LML�U]c(U]Y�v�W`T�TMH�I�J�U]coNQTe�NoY�[�U]TMUVNQY�\Å�Òn¸�p © ª ê Ù�°Å�u�Þ(p�© ­ ê	�°Å;uMÔ ª�­ p0��h @Qu
à¢� Ø Ò�¸�p�© ª ê Ù�°Å;u�Þ(p © ­ ê~� Ø u�Ô ª�­
éEp Ù�°Å�ê Ù�MÅZuXÒ�¸�p�© ª ê Ù�°ÅZu�Þ(p0� Ø ê+© ­ u�Þ(p�© ­ ê	�°Å;u�Ô ª�­ ð

¯�Y�W`[�[�U]TMUVNQY�T�N=[�IZJXIZY�[�UVY�v-NQYfT�H�Im±FNoU]Y(T�J�LMNosOWSs�U]^VU]T�t=[�U]PMT�L�U�bs�K�T�U]NoY�³ ª�­ WSY�[�TMH�I�J�U]coNQT�coW`^]K�IZPM� Ø z Ù�°Å=W`Y�[O�°Åwz�T�H�UVPR�NoL�g=K�^ W
^]U]Y�{(P�[OW`g�W`vQIZP¤�\Å²z Ù�MÅ�WSY�[�� Ø h�j5\(T�IZY�[�UVY�v�T�H�IZP�IWSL�vQK�g�IZY(TMP�T�N@TMH�I�voIZY�IZL;WS^�eiW`PMIozQamI#�OY�[ET�HOWST�U]Y�P�I�IZ{(UVY�v��)ËWSY�[.Ù�)Ë@TMH�I�[�IZe�UVPMU]NoY�P�N`ROa�H�I�T�H�IZL5NQL2Y�NoT�T�N�I�\�I�L�eZU]P�IkNoJ�T�U]NoY�P�"Ë�W`Y�[ Ù��ËlL�IZPMJOI�eZT�U]coI�^Vt�^]IiWS[-TMNCTMH�I
RnNo^]^]N`a�U]Y�v@eZNoY�[�U]T�U]NoY�Pwè
Ù� Ë6ÇCÅ Ò�¸�p�©�­yê~� Ë u�Þ(p ©�ª�ê£Ù� Ë6Ç`Å u�Ô�ª�­ p0��h]ä â WQuà Ù� Ë Òn¸�p�©�­ ê¶� Ë u�Þ(p�©(ª1ê Ù� Ë uMÔ�ª�­
éEp
� Ë ê¶� Ë u�Òn¸�p�©�­ ê¶� Ë u�Þ(p2Ù� Ë ê�©�ª�u�Þ(p ©�ª�ê Ù� Ë6ÇCÅ u�Ô ª�­ ´�ÉË@Òn¸�p © ª ê Ù�)Ë�u�Þ(p�© ­ ê	�)Ë�u�Ô ª�­ p
��h]ä â sOu
à��ÉË�üCÅ�Ò�¸�p�© ª ê Ù�)Ë�u�Þ(p © ­ ê~�)Ë�üCÅZu�Ô ª�­
éEp Ù�)ËEê Ù�ÉËOu�Òn¸�p�© ª ê Ù�)Ë�u�Þ(p
�)Ë�üCÅkê�© ­ u�Þ(p © ­ ê	�)Ë�u�Ô ª�­@´
sXNoTMH�H�No^][�U]Y�v@R�NoL ú à}ä ´ ñ ´ ðwðið ´ È*ê+äQhxyI�g�IZY(T�U]NQYyT�HOWST�RnNQL=T�H�I�eiWSP�IfNSR�K�Y�eZNoLML�IZ^_W`TMIZ[�coWS^VKXWwbTMU]NoY�P�TMH�IZP�I|J�U]coNoTkeZNQY�[�U]T�U]NoY�P�sOIZe�Nog�I

Ù�kËYÇ`Å�ÒþÞ(p�© ª ê Ù�)ËYÇ`Å;uMÔ ª p0��h]äoäiWQu
à Ù�kË@Ò�Þ(p�© ª ê Ù�)Ë�uMÔ ª

éCp
�)ËEê?�ÉËOuXÒ�Þ(p�Ù�)Ë=ê�© ª u�Þ(p © ª ê Ù�)Ë6ÇCÅ;u�Ô ª�´� Ë Ò�Þ(p�©�­�ê	� Ë u�Ô�­ p
��h]äoä�sOu
à�� Ë"üCÅ ÒþÞ(p ©¹­�ê~� Ë�üCÅ u�ÔM­

éCp Ù�)ËEê Ù�ÉËOuXÒ�Þ(p0�)Ë"üCÅmê�© ­ u�Þ(p © ­ ê	�)Ë�u�Ô ­@´
sXNoTMH�H�No^][�U]Y�v|RnNoL ú àµä ´ ñ ´ ðwðwð ´ È6ê�äoz�WSY�[�a�H�IZL�I|amI@HOWwcQIewW`Y�eZI�^V^]IZ['RþW`eZTMNoLMP�N`R,J�L�NosXW`s�U]^]U]T�tC[�I�Y�P�U]T�U]IZP|Òn¸�p © ª ê Ù��ËOu�Ô ª hWSY�[�Òn¸�p © ­ ê?�)ËXu�Ô ­ hç�N`a�zka�HOWSTCU]P=T�H�I-eFHOWSL;WSeZT�IZLlN`R@T�H�IfTFW`PM{�N`R@[�IZTMIZL�glUVY¹bU]Y�v¤T�H�Il[OW`g�W`voI�Piz�voU]coIZY�T�H�IlJ�U]coNQT�coW`^]K�IZPwz5U]YyT�H�I�voI�Y�IZL�U�bewW`^]^]t1eZNQL�LMIZ^_W`T�I�[+ewW`P�I8þ£xyI�WS[�[�LMIZP�PlT�H�U]PE��K�IZP�TMUVNQY+WSP�RnNQ^�b^]N`a�Pwh � s�PMIZL�cQI�TMHOW`T�j5�2hXp0��h]ä â Wou�RnNQLmTMH�I�ewW`P�I ú àµä�pra�H�U]eFHWS[�[�LMIZP�PMIZP=T�H�Il[�IZeZU]PMUVNQYys(t¦¨ a�H�IZTMH�IZLENoL�Y�NoT�TMNfIZ\(IZL�e�UVPMINQJ�T�U]NQY~��ÅFuCWSg�NoK�Y�TMP@T�NyW�^]UVY�IiW`L�U]Y�H�Nog�NQvoIZY�IZNoK�P|L�IZ^_W`TMU]NoYp
D2¯��
uksOIZT�akIZIZY�T�H�ICJOWSU]L�N`R�[OW`g�W`vQIZP�ÿX�\Å ´ Ù�MÅ��(h�Õ¹UVglU]^ WSL�^]t(z^



j5�2hXp0��h]ä â sOu�R�NoLkT�H�I
eiW`PMI ú àµäEp_a�H�UVeFH�W`[�[�LMIZP�PMIZP�T�H�I�[�IZeZU�bP�U]NQY�s(t=¥�a�H�IZT�H�I�L�NoLkY�NoTkT�NEIZ\(IZL�e�UVPMI�NoJ�T�U]NoY�Ù� Å u�WSg�NoK�Y�TMPT�N�W~D2¯��3sXIZT�akIZIZY.T�H�I�T�LMUVJ�^VI�NSRd[XW`g-WSvoIZP~ÿX�\Å ´ Ù�MÅ ´ � Ø �(hj5^]U]g�U]YOWST�U]Y�v!�MÅ�sXIZT�amI�IZY�TMH�IZPMI1T�akNy^]IiW`[�PlT�N�W�D2¯��3sXIFbT�akIZIZY�T�H�I¤JOW`U]L ÿ Ù�\Å ´ � Ø � hO=kNQY(T�U]Y(K�U]Y�vfa�U]T�H�j5�2h�p0��h]ä â WouRnNQL ú à°ñ�t(UVI�^V[�P�W3D�¯���sXIZT�akIZIZYyT�H�ICTML�U]J�^]I ÿ Ù� Ø ´ � Ø ´ Ù� Ø � §W`Y�[�IZ^]UVglU]YOW`TMUVY�v�Ù� Å ^]IiWS[�PfTMN WOD�¯�� sXIZT�amI�IZY6T�H�I�JOWSUVLÿ � Ø ´ Ù� Ø � h®¯�Y.voIZY�I�L;W`^�z@TMH�IyJOW`U]L�N`R=J�U]coNQT�eZNQY�[�U]T�U]NQY�PfW`TIiWSe;H ú WS^V^]N`a3K�PfTMN�L�IZJ�^ WSeZIyT�H�I	D2¯�� sOI�T�amIZI�YµT�H�I�JOWSUVL

ÿ Ù� Ë6Ç`Å ´ � Ë � s(tENoY�I
sOI�T�amIZI�Y-TMH�I�JOWSUVL ÿ Ù� Ë ´ � Ë"üCÅ � z�WSY�[=T�Ne�NoY(T�U]Y(K�I�TMH�U]P�J�LMN�e�IZP�PlN`R�IZ^]U]g�U]YOWST�U]NoY�K�Y(T�U]^kamIlHOWwcoI=K�P�IZ[e�NoY�[�U]TMUVNQY-p
��h]ä â Wou�RnNQL ú à�È�ê�äozoWST�a�H�U]eFH=P�T;WSvoI
amI�WSL�L�U]cQIWST,WKD2¯��ysXIZT�akIZIZY=TMH�ImJXW`U]LPÿX�kÆKÇ`Å ´ Ù�kÆKÇ`Å���h���N`akIZcQIZLiz`e�NoY(b[�UVTMU]NoY�p0��h]ä â sOu�RnNQL ú à�È.êfä�WS^]P�N@J�L�N`c(U][�IZPkWkD2¯���sXIZT�akIZIZYTMH�I�JXW`U]L ÿ �ÉÆPÇCÅ ´ Ù�ÉÆPÇCÅ � P�NfakI-WSL�I=Y�N`a6U]Y¦W'JONQP�U]T�U]NoY�T�NPMNo^]coIdRnNoL�TMH�U]P�JOWSUVL�WSY�[�zXH�IZY�eZIoz2TMN=eZNoglJ�^]IZT�I�TMH�I�÷Fùoø(ú�ò5hoö��
� h*g]ø"f��2ö�ùQ÷Rg f��.N`R2[�IZTMIZL�glU]Y�U]Y�v�WS^V^([OWSg-WSvoIZP�coW`^]K�IZP5U]Y�T�I�L�g�PNSR,TMH�I�J�U]coNQTmcoWS^]K�IZPih

@




