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Recurrent bursts of toroidicity-induced Alfve´n eigenmodes~TAE! are studied using a self-consistent
simulation model. Bursts of beam ion losses observed in the neutral beam injection experiment at
the Tokamak Fusion Test Reactor@K. L. Wong et al., Phys. Rev. Lett.66, 1874 ~1991!# are
reproduced using experimental parameters. It is found that synchronized TAE bursts take place at
regular time intervals of 2.9 ms, which is close to the experimental value of 2.2 ms. The stored beam
energy saturates at about 40% of that of the classical slowing down distribution. The stored beam
energy drop associated with each burst has a modulation depth of 10%, which is also close to the
inferred experimental value of 7%. Surface of section plots demonstrate that both the resonance
overlap of different eigenmodes and the disappearance of KAM surfaces in phase space due to
overlap of higher-order islands created by a single eigenmode lead to particle loss. Only co-injected
beam ions build up to a significant stored energy even though their distribution is flattened in the
plasma center. However, they are not directly lost, as their orbits extend beyond the outer plasma
edge when the core plasma leans on a high field side limiter. The saturation amplitude isdB/B
;231022, which is larger than would appear to be compatible with experiment. Physical
arguments are presented for why the stored energetic particle response observed in the simulation is
still plausible. © 2003 American Institute of Physics.@DOI: 10.1063/1.1580122#
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I. INTRODUCTION

The toroidicity-induced Alfve´n eigenmode~TAE! ~Ref.
1! can be destabilized by fast ions which have velocit
comparable to the Alfve´n velocity. A decade ago recurren
bursts of TAEs were observed with neutral beam inject
~NBI! in the Tokamak Fusion Test Reactor~TFTR! ~Ref. 2!
and DIII-D ~Ref. 3! experiments. Nearly synchronous wi
these TAE excitations, there were observed drops in neu
emission. Hence it was inferred that the TAE excitatio
caused a direct loss of the injected beam ions. In the exp
ments cited multiple TAE modes bursting at regular tim
intervals were observed. The modulation depth of the dro
neutron emission in the TFTR plasma was typically;10%
~Fig. 4 of Ref. 2! and the beam confinement time is abo
one-half to one-third of the collisional slowing-down time4

This means that the TAE activity in these experiments s
stantially reduced the beam ion energy confinement time
cause TAE activity expels a substantial fraction of the en
getic beam ions before this energy is absorbed by the
plasma through drag that is caused by classical collision

It was demonstrated in numerical simulations that use
reduced model employing a mapping method, that resona
overlap of multiple TAEs enhance the energy release fr
fast ions to TAEs and synchronizes the excitation of multi
TAEs.5 For more quantitative comparisons with experime

a!Electronic mail: todo@nifs.ac.jp
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more realistic simulations are needed. The entire geometr
a tokamak needs to be used together with a realistic T
spatial dependence for determining the mode resonan
Candyet al.6 carried out a reduced simulation with a realis
TAE spatial profile and where the linear eigenmodes w
coupled to the beam ion dynamics. In the results of Ref.
single dominant TAE grew to an amplitude ofdB/B;2
31022 generating overlapping higher-order islands in pha
space. The stochastic region created by the overlapp
higher-order islands caused a complete flattening of the b
ion density. Another simulation method has been develo
which is a Fokker–Planck-magnetohydrodynamic~MHD!
simulation.7 This simulation accelerated classical transp
processes by using a shorter slowing-down time and a la
heating power than in experiment in order to perform t
calculation in a reasonable computational time. This pro
dure leads to burst intervals that are shorter than experim
tal values by a factor of 1/4. Further in Ref. 7 it was report
that ~a! a few percent of beam ions are lost with each TA
burst,~b! the unstable TAEs are excited in synchronism, a
~c! the system hovers around a marginal stability state. Ho
ever, the total stored beam energy was close to that of
classical distribution. Thus in the MHD simulation the TA
activity did not affect the stored beam energy although
beam ion spatial profile was greatly flattened compared
the classical distribution.

In this paper we report on an investigation, based o
reduced MHD method for a configuration typical of th
8 © 2003 American Institute of Physics
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2889Phys. Plasmas, Vol. 10, No. 7, July 2003 Simulation of intermittent beam ion loss . . .
TFTR experiment, which had balanced beam injection.2 The
results of this simulation reproduce quite closely the follo
ing aspects of the experimental parameters;~a! synchronized
bursts of multiple TAEs taking place at regular time interv
close to the experimental value;~b! a modulation depth in
the stored energetic particles that is close to the one infe
in experiment;~c! stored beam energy that is about one-th
of the classical slowing-down distribution. We also analy
the particle loss mechanism by constructing surface of s
tion plots, and investigating the time evolution of purely c
and purely counter-injected beams to clarify the characte
the response of the two types of beams.

II. SIMULATION MODEL

The simulation uses a perturbative approach where
TAE spatial profile is assumed fixed, while amplitudes a
phases of the eigenmodes and the fast-ion nonlinear dyn
ics is followed self-consistently. For simplicity we consid
concentric circular magnetic surfaces to describe the equ
rium magnetic field. We use as coordinates, the major ra
R, the vertical coordinatez, the toroidal anglew, the total
speedV, and the pitch angle variablel[Vi /V. The mag-
netic field is given byB5Bwŵ1Bqq̂ with Bw5B0R0 /R,
Bq52rB0 /q(r )R, whereR is the local major radius,R0 is
the major radius on the magnetic axis,q(r ) is the safety

factor, andq is the poloidal angle with“q5q̂/r . The elec-
tromagnetic field is a superposition of this equilibrium fie
and the perturbed fields due to the TAE modes.

The fast-ion dynamics is followed using the guidin
center approximation with the particle velocity the sum
E3B/B2 (uE), grad-B (uB), curvature (uC) drifts, and the
velocity parallel to the magnetic field lines. The guidin
center velocity is

VGC5Vlb1uE1uB1uC , ~1!

whereb is the unit vector parallel to the magnetic field. F
grad-B and curvature drifts only the dominant compon
due to the toroidal field is considered,

uB5
mfV

2~12l2!

2qfB0R0
ẑ, uC5

mfV
2l2

qfB0R0
ẑ. ~2!

The equation for the total speed is the sum of the interac
with the perpendicular electric field and drag from the ba
ground plasma,

dV

dt
5

qf

mfV
~uB1uC!•E'2nS V1

Vc
3

V2D , ~3!

wheren is drag rate~inverse of the slowing-down time!, and
Vc is the critical velocity above which the energetic ion co
lisions with electrons dominate the slowing down proce
The parallel electric field vanishes for the ideal magneto
drodynamic~MHD! waves. The equation for the parallel v
locity is given by~for example, see Ref. 8!

mfVi

dVi

dt
5~Vib1uC!•~qfE'2m¹B!, ~4!
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where m is the magnetic moment. In Eq.~4! we consider
only the toroidal field gradient for¹B, which is consistent
with the form for the grad-B and curvature drifts used in E
~2!. Equations~3! and ~4! give the equation for the pitch
angle variable

dl

dt
5

~l2l3!

2B0R0
Ez1

V~12l2!

2R
bR . ~5!

A fourth-order Runge–Kutta method is employed to in
grate these particle orbit equations. Pitch angle scatterin
taken into account at the end of each time step by usin
Monte Carlo procedure,9 where a particle’s pitch angle i
altered according to the relation

lnew5lold~122ndDt !6@~12lold
2 !2ndDt#1/2, ~6!

wherend is the pitch angle scattering rate, and6 denotes a
randomly chosen sign with equal probability for plus a
minus.

The algorithm to advance the amplitude and phase
TAE mode is similar to the one developed in Refs. 5 and
For a single eigenmode with toroidal mode numbern and
real frequencyv, the scalar potentialF and the parallel vec-
tor potentialAi are given by

Fs~R,w,z!5X(
m

fm~r !sin~nw1mq2vt !, ~7!

Fc~R,w,z!5Y(
m

fm~r !cos~nw1mq2vt !, ~8!

F5Fs1Fc , ~9!

Ais~R,w,z!5X(
m

aim~r !sin~nw1mq2vt !, ~10!

Aic~R,w,z!5Y(
m

aim~r !cos~nw1mq2vt !, ~11!

Ai5Ais1Aic , ~12!

where a relationaim5fm(n2m/q)/vR0 is satisfied since
the parallel electric field vanishes for the ideal MHD wave
and X and Y denote the amplitude of sine and cosine pa
respectively. The electromagnetic field of the eigenmodes
determined from the potentials,

Es~c!52¹'Fs~c! , ~13!

Bs~c!5¹'3~Ais~c!b!. ~14!

The time evolution of the amplitudeX andY are

dX

dt
5@2^ j f•Es&/2Ws2gd#X, ~15!

dY

dt
5@2^ j f•Ec&/2Wc2gd#Y, ~16!

j f5(
i

wi

mfVi
2~11l i

2!

2B0R0
ẑ, ~17!
 license or copyright; see http://pop.aip.org/pop/copyright.jsp
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Ws~c!5K 1

2m0
Bs~c!

2 1
1

2m0VA
2 Es~c!

2 L , ~18!

wheregd is the intrinsic mode damping rate,j f is the sum of
each particles’ grad-B and curvature drift current,wi is a
weight of the i th beam particle,Ws and Wc are the mode
energy for the sine part and cosine parts of the pertur
field amplitude, and̂ & denotes volume average.

The code is benchmarked with respect to the lin
growth rate of the alpha-particle-drivenn54 TAE in the
TFTR D-T plasma shot #103101.11 The eigenmode equation
@e.g., Eqs.~3! and~4! of Ref. 12# for two poloidal harmonics
m56 andm57 are solved to obtain then54 TAE structure.
The initial energetic particle distribution is similar to that
a previous particle simulation reported in Ref. 10, whe
roughly an isotropic distribution for the energetic particl
~which in this benchmark case were alpha particles! is used
in the velocity space. In this benchmark test, which u
4.23106 markers to represent energetic particles, the co
sions are neglected because they do not affect the li
growth rate. The linear growth rate obtained from this sim
lation, is 1.031022 of the mode frequency. This linea
growth rate is close to what is observed in the previous p
ticle simulation 1.131022 ~Ref. 10! and calculated in the
NOVA-K code 831023.13 The discrepancy might be due t
the simplified flux surfaces used here, which are idealize
be concentric. For this benchmark case and for the TAE b
simulation, which is reported in the next section, a stand
‘‘full- f’’ method is employed. With the full-f method it is
easy to account for the particle source and sink, especial
allowing for the removal of particles that reach the wa
Such removal in ad f algorithm14 would introduce technica
difficulties in implementation. The particle source~beam ion
injection! and sink~beam ion loss! are essential ingredient
for the establishment of the TAE bursts.

III. TAE BURSTS

A. Simulation results

For the TAE burst simulation theq-profile is taken to
vary quadratically with minor radius from a central value
1.2 to an edge value of 3.0,q(r )51.211.8(r /a)2. In the
‘‘vacuum’’ region theq-profile is modeled with a simplified
form of q(r )53(r /a)2. The major and minor radii areR0

52.4 m anda50.75 m. The magnetic field is 1.0 T on axi
The spatial structure and the real frequency of the eig
modes are obtained from a Fokker–Planck-MH
simulation.7 The plasma density in the simulation is chos
for simplicity to be uniform 2.231019 m23. Both the core
plasma ions and the beam ions are deuterium. Five eig
modes are taken into account. Their toroidal mode num
and real frequency are, respectively,~a! n51, v50.283vA

~mode 1!, ~b! n52, v50.404vA ~mode 2!, ~c! n52, v
50.278vA ~mode 3!, ~d! n52, v50.257vA ~mode 4!, and
~e! n53, v50.330vA ~mode 5!, wherevA[VA /R051.35
3106 s21. The spatial profile of the eigenmodes is shown
Fig. 1. The linear damping rate of each mode is assume
be constant at 43103 s21. The Fokker–Planck-MHD simu
lation does not give the part of the mode damping rate wh
Downloaded 02 Mar 2009 to 133.75.139.172. Redistribution subject to AIP
d

r

e

s
i-
ar
-

r-

to
st
d

in
.

n-

n-
er

to

h

depends on the kinetic properties of the bulk plasma. T
leads to an arbitrariness in the choice of the damping rate
the eigenmodes in the present simulation. We have cho
the aforementioned set of eigenmodes and damping rates
roughly reproduces the experimental results. Even if eig
modes and damping rates in the experiment are somew
different from those in the simulation, we still expect that t
major results obtained in this work, such as the particle l
mechanism and the difference between co- and coun
injected beams, will correlate well with the experiment. W
carried out runs with different damping rates. With a dam
ing rate of 33103 s21 the major results are essentially th
same as the run reported in this paper. The saturation lev
the stored beam energy is lower by about 20% and the b
intervals are shorter by about 10%. However, at a low
damping rate a different type of response is possible. Ind
for a damping rate of 23103 s21, the observed bursty pat
tern changes and we obtain a response that is more st
but with anomalous particle loss.

Beam ions have balanced injection with a constant he
ing power of 10 MW and with a spatial Gaussian profi
whose radial scale length is 0.3 m. The injection energy
110 keV which roughly corresponds to the Alfve´n velocity

FIG. 1. Major four harmonics of the electric potential of Alfve´n eigenmodes
with the toroidal mode number of~a! n51, v50.283vA ~mode 1!, ~b! n
52, v50.404vA ~mode 2!, ~c! n52, v50.278vA ~mode 3!, ~d! n52, v
50.257vA ~mode 4!, and ~e! n53, v50.330vA ~mode 5!, where vA

[VA /R051.353106 s21.
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2891Phys. Plasmas, Vol. 10, No. 7, July 2003 Simulation of intermittent beam ion loss . . .
parallel to the magnetic field. The injected beam ion ha
uniform pitch angle distribution in the range of 0.7<ulu
<1. In the TFTR experiment two types of limiters, toroid
belt limiter and three poloidal limiters, were used. In t
poloidal cross section the limiters roughly defined a circle
radius 1 m. We model these limiters by removing particle
they reach a torus with axis atR/a53.53 (R52.65 m) on
the midplane and minor radius 1.33a ~1 m!. Figure 2 shows
the configuration of the plasma and the limiter where p
ticles are removed. Thus the plasma is leaning on the lim
at the strong field side, while at the weak field side there
space from the plasma edge to the limiter whose width
0.67a ~0.5 m!. In addition to the plasma and the limite
examples of counter-injected beam ion orbit and co-injec
beam ion orbit are shown in Fig. 2. By convention the v
locity of a co-injected ion is parallel to the plasma curre
and in our case the velocity is parallel to the toroidal ma
netic field as well. Thus negative values ofl correspond to
the counter-injected beam ions and positive values ofl cor-
respond to co-injected beam ions. The injected particle sp
is V5V0 . The orbits of co-injected~counter-injected! beam
ions first encounter the plasma edge on the weak~strong!
field side independent of the direction of the toroidal ma
netic field. Note that the co-injected particles can stick ou
the plasma on the weak field side, whereas the coun
injected particles are immediately removed by the limi
when they reach the edge of the strong field side.

The slowing-down time is assumed to be 100 ms. For
experimental electron temperature of 2 keV the critical
ergy, above which the collisions with electrons dominate
slowing down process, is 37 keV. The pitch angle scatter
rate is given bynd5nVc

3/2V3. Because the pitch angle sca
tering rate diverges as the particle speed reaches zero
remove particles when they reachV50.1V0 . In order to see
the effect of beam ion confinement from prompt loss, pitc

FIG. 2. Configuration of the plasma and the limiter, and examples
counter-injected beam ion orbit and co-injected beam ion orbit. The velo
of the co-injected ion is parallel to the plasma current. The orbits of
injected~counter-injected! beam ions are displaced from magnetic surfac
towards the weak~strong! field side.
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angle scattering, and the numerical sink atV50.1V0 , we
carry out a simulation with 5.23105 particles without any
TAEs. In Fig. 3 we show the time evolution of the store
beam energy and compare it with that of an ideal class
distribution which is established with only a particle sour
and slowing down without any of the particle sinks me
tioned above. In the relative units of this figure, the ide
classical distribution saturates at relative level of 0.8
whereas that of the simulation saturates at a relative leve
0.78, namely, 94% of that of the ideal classical distributio
Thus the induced particle loss due to prompt loss, pit
angle scattering, and the numerical sink are small. Both
ideal classical distribution and simulation have saturated
t560.3 ms when the injected particles slow down toV
50.1V0 . This suggests that the effects of the numerical s
at V50.1V0 are negligible. We have carried out another cla
sical simulation without any pitch angle scattering for t
purpose of investigating whether the cause of classical
ticle loss is due to prompt loss or pitch-angle scattering. T
relative saturation level without the pitch angle scattering
0.79 which is close to that obtained by including pitch ang
scattering, which gives a relative saturation level of 0.7
Thus the particle loss to the walls in the classical simulat
is due primarily to the prompt loss of counter-injected be
particles with virtually no prompt loss of for co-injecte
beam particles.

The number of particles used in the simulation runs to
described below is 2.13106 ~unless otherwise specified!. We
start the simulation at an initial time taken ast50 when the
beam ions are first injected. As time passes, energetic
gradually accumulate. The time evolution of the amplitude
each mode is shown in Fig. 4. We see that synchroni
bursts take place recurrently at a burst interval that is roug
2.9 ms which is reasonably close to that of the experime
value of 2.2 ms in the TFTR experiment that we are comp

f
ty
-

s

FIG. 3. Time evolution of stored beam energy of an ideal classical distr
tion where there is no direct edge loss with that of a classical simula
where there is edge loss due to prompt losses and pitch angle scatt
Also shown for the latter case is the time evolution of the separate co-
counter-injected beams.
 license or copyright; see http://pop.aip.org/pop/copyright.jsp



n
W
sm
ro
e
s
th

n

are
s. In
rgy
ns
the
red
re,

l
tu-
ith

rgy

here
f to
the

ig.
ergy
llel

loss
tiv-
%.
nd
eta

ex-

nter.
er-
the

nd
the
co-
mall

n.

si

fect
ari-

cal

2892 Phys. Plasmas, Vol. 10, No. 7, July 2003 Todo, Berk, and Breizman
ing with. Figure 5 shows the time evolution of the domina
two modes 2 and 5, and density at various minor radii.
can see that the mode 2, which is located at the pla
center, has precursory growth before both the modes g
together in synchronism during each burst. Because the b
injection profile peaks at the plasma center, mode 2 is de
bilized before mode 5. We can see complete flattening of
density at the plasma core (r /a,0.72) and small increase i

FIG. 4. Amplitude evolution of all the eigenmodes during the simulatio

FIG. 5. Time evolution of the dominant two modes 2 and 5 and the den
of the co-injected beam ions at various minor radii.
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the density at the plasma edge (r /a>0.72). The beam ions
stored at the plasma core during the quiescent phases
transported to the plasma edge and lost during the burst
Fig. 6 we show the time evolution of the stored beam ene
and compare it with that of the two classical distributio
mentioned above. The modulation depth of the drop in
stored beam energy is 10% which is close to the infer
experimental value of 7%. In the relative units of this figu
the distribution that would result without fluctuations~the
‘‘classical simulation’’ in Fig. 6!, saturates at a relative leve
of 0.78, whereas that of the simulation with TAE bursts sa
rates at 40% of this value, at a relative level of 0.31 and w
a volume averaged beam ion beta value~defined here as 2/3
of stored kinetic energy divided by the magnetic field ene
averaged over the volume! of 0.6%. We thereby find good
agreement between the simulation and the experiment w
the beam ion energy confinement time is about one-hal
one-third of the beam energy slowing down time and
estimated beam ion beta value is 0.5%.2,4

A basic feature of the simulation that is apparent in F
6 is the dramatic difference between the stored beam en
of co- and counter-injected beams whose velocity is para
and antiparallel to the plasma current, respectively. The
in counter-injected beam energy induced by the TAEs’ ac
ity is 88%, while that in co-injected beam energy is 37
Figure 7 shows the spatial beta profiles of both co- a
counter-injected beams at the end of the simulation. The b
profile of the co-injected beam ions is broadened and
tended beyond the plasma edge (r /a51), while that of the
counter-injected beam sharply peaks at the plasma ce
Figure 8 shows a plot of the time evolution of the count
injected and co-injected beam ion density as functions of
minor radiusr after they are averaged in the poloidal a
toroidal directions. We see substantial drops in density at
plasma center both for the counter-injected and the
injected beam ions at each burst. At the plasma edge s

ty

FIG. 6. Time evolution of the stored beam energy from the combined ef
of classical transport and self-consistent TAE mode excitation. For comp
son the stored energy of the ‘‘ideal classical distribution’’ and the ‘‘classi
simulation’’ results are shown.
 license or copyright; see http://pop.aip.org/pop/copyright.jsp
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increases in density can be seen as ridges in Fig. 8~b!. In Sec.
III C we will investigate the particle loss mechanism a
discuss why the stored beam energy is so different betw
the co- and counter-injected beam ions.

FIG. 7. Radial beta profiles at the end of the simulation that develop f
co- and counter-injected beams.

FIG. 8. ~Color! Evolution of beam ion density in (t,r ) space~after t
550 ms) for:~a! counter-injected beam ions;~b! co-injected beam ions.
Downloaded 02 Mar 2009 to 133.75.139.172. Redistribution subject to AIP
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B. Convergence with particle number

To check numerical convergence a test run was car
out where the number of particles was chosen as 5.23105.
This was a quarter of the standard number of particles
3106 that was used in the previous run. The results of
test run are shown in Fig. 9 where we display the time e
lution of the stored beam energy and compare it with tha
the two classical distributions. We see that synchroniz
bursts take place recurrently at a burst interval 2.8 ms wh
is close to the value of 2.9 ms for the run that uses
standard number of particles. The modulation depth of
drop in the stored beam energy in the test run is 9%~10%
with the standard number of particles!. In the relative units of
this figure the stored beam energy of the test run saturate
a relative level of 0.30~0.31 with the standard number o
particles!. We conclude that we have a good numerical co
vergence so that the number of particles used is sufficien
the results presented in this work.

C. Particle loss mechanism

We now consider how the energetic particle loss mec
nism is to be understood. To study this, we study surface
section plots where only one eigenmode is taken into acco
and the amplitude of the eigenmode is at a constant va
We choose particles which have a constant value ofE8[E
2vPw /n, whereE is particle energy andPw is canonical
toroidal momentum, becauseE8 is conserved in the interac
tion of a constant amplitude wave with frequencyv and
toroidal mode numbern. Then with a single mode we have
conserved variable and we can make surface of section p
that are easily interpretable~otherwise, with more than one
mode we would obtain phase oscillations about KAM s
faces that ruin the simplicity of the output so that we wou
have difficulty resolving KAM boundaries!. Thus by looking
at a set of single-mode results we can predict the emerge
of stochasticity, and whether stochastic regions~or phase

FIG. 9. Time evolution of stored beam energy using 5.23105 particles, a
quarter of the standard run~shown in Fig. 6!. The correlation between the
results of the two runs indicate numerical convergence.
 license or copyright; see http://pop.aip.org/pop/copyright.jsp
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space islands! from different plots overlap each other. W
can thereby determine whether we have achieved global
chasticity. Because the co-passing~counter-passing! particles
are lost at the outer~inner! edge, we choose a separateE8 for
co- and counter-passing particles. Hence for co-passing
ticles E8 is defined on the outer edge midplane atR/a
54.87, with V5V0 , and l51, while for counter-passing
particlesE8 is defined on the inner edge atR/a52.2, with
V5V0 , andl521. In this surface of section plots the spe
of particles varies from the plasma center to the limiter. T
largest difference in the speed is 30% for co-passing parti
with mode 1, for which the toroidal mode number isn51,
while the smallest difference is 6% for counter-passing p
ticles with mode 5, for which the toroidal mode number
n53. In the surface of section plot we print the major rad
R/a and phase,nw2vt, of a counter-~co-! passing particle
each time the poloidal angle of the particle reachesu
5180° ~0°!. Note that in these plots the co-passing partic
can reach radii that stick out of the plasma.

Before we report the surface of section plots, it must
ascertained whether the mode frequency remains rou
constant during a pulsation period of the simulation. In Fig
we can see that the particle transport takes place frot
562.6 ms tot563.3 ms during a pulse. We investigate ho
much the mode frequencies change during this period

FIG. 10. Time evolution of frequency modulation during a pulsation in
standard run of~a! mode 1,~b! mode 2,~c! mode 3,~d! mode 4, and~e!
mode 5.
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the results are shown in Fig. 10. The frequencies of mode
and 5, which have the largest amplitudes, change by ab
3% and 1% for each eigenfrequency. The frequency fluct
tions of the other modes are larger, because the frequenc
small amplitude modes are more strongly affected by
merical noise due to the discreteness arising from usin
finite number of particles. To investigate the effect of t
frequency change on the particle transport we carried o
test particle run which starts with the data of the standard
at t562.6 ms. In this test particle run the amplitudes of
the modes evolve by following the time history of the sta
dard run but their frequencies are fixed at the linear eig
frequency of each mode. In Fig. 11 we compare the den
profiles att563.3 ms with those of the standard run. We s
good agreements between the two runs. Thus, the effec
the mode frequency change is negligible with regard to p
ticle transport and the use of the surface of section p
~described below! is relevant to the understanding of the pa
ticle loss mechanism.

FIG. 11. Comparison of radial density profiles of a test particle run~circles!
with a standard simulation run~solid curve!. An identical initial profile is
taken att562.6 ms~dashed curve! for ~a! co-injected beam and~b! counter-
injected beam. In the test particle run the amplitudes of all the modes fo
the time history of the standard run but frequencies are clamped at the l
eigenfrequency of each mode.
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Let us start with investigating the ambient amplitud
between bursts. We show in Figs. 12 and 13 surface of
tion plots for the counter-passing and co-passing partic
respectively, where the field amplitude of the dominant fo
eigenmodes is fixed in time at an ambient leveldB/B52
31023. Figure 12 shows the plots for the strong field sid
while Fig. 13 is for the weak field side. We see in Fig. 12~d!

FIG. 12. Surface of section plots for counter-injected beam ions where
field amplitude is fixed in time at an ambient leveldB/B5231023 for ~a!
mode 1,~b! mode 2,~c! mode 3, and~d! mode 5.
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that KAM surfaces disappear near the plasma edgeR/a
,2.4. Thus even with the ambient amplitude particle lo
takes place but the amount of loss is too small to stop
increase in the stored beam energy because only the cou
passing particles atR/a,2.4 are lost. Figure 14 shows su
face of section plots for the counter-passing particles at
,R/a,2.6 where the field amplitude of mode 5 is fixed a
lower level dB/B5831024. Now the particle dynamics

eFIG. 13. Surface of section plots for co-injected beam ions for the sa
mode and amplitude as Fig. 12.
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hardly have any region of stochasticity. Instead, we see
emergence of second- and fourth-order islands aroundR/a
52.27 andR/a52.35, respectively, in addition to the tw
first-order islands aroundR/a52.22 andR/a52.32. With
increasing field amplitude these islands overlap to eventu
destroy the KAM surfaces and create the stochastic reg
that appears in Fig. 12~d!.

Next, we examine the field amplitude when the lo
stops the increase in the stored beam energy. The marke
Fig. 15 show the mode amplitude at the times when
stored beam energy takes on relative maximum values du
the simulation run. We show in Figs. 16 and 17 the surface
section plots for the counter-passing and co-passing parti
respectively, where the field amplitude of the largest fo
eigenmodes is fixed in time at~a! dB/B5431023 for mode
1, ~b! dB/B5731023 for mode 2,~c! dB/B5431023 for
mode 3, and~d! dB/B5631023 for mode 5. These ampli
tudes are higher than the ambient amplitudes between bu
but considerably lower than the peak amplitudes these bu
reach. We see in Figs. 16~d! and 17~d! that the KAM surfaces
are destroyed for mode 5 near the plasma edgeR/a,2.6 and
R/a.4.6, respectively, which then leads to particle loss ev
before the modes reach their peak amplitude. We should
tice that in Fig. 17~d! the KAM surfaces exist at 4.4,R/a

FIG. 14. Surface of section plots for counter-injected beam ions for mod
with lower amplitudedB/B5831024.

FIG. 15. Amplitude of all the eigenmodes at the times when the value of
stored beam energy reach relative maxima.
Downloaded 02 Mar 2009 to 133.75.139.172. Redistribution subject to AIP
e

ly
n

s
in

e
ng
f
s,

r

ts,
ts

n
o-

,4.6 for co-injected beam ions, which strongly inhibit c
particle diffusion from the plasma center to the edge at t
field amplitude. Thus there is a substantial delay in c
moving particle loss compared with that from counte
moving particles.

In Figs. 18 and 19 we show surface of section plots

5

e

FIG. 16. Surface of section plots for counter-injected beam ions when
field amplitude is fixed in time at:~a! dB/B5431023 for mode 1, ~b!
dB/B5731023 for mode 2, ~c! dB/B5431023 for mode 3, and~d!
dB/B5631023 for mode 5.
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the saturation amplitude of the largest four eigenmodes
counter- and co-injected beam ions, respectively, with s
ration amplitudes~a! dB/B51.531022 for mode 1, ~b!
dB/B52.231022 for mode 2, ~c! dB/B51.231022 for
mode 3, and~d! dB/B52.531022 for mode 5. The KAM
surfaces are destroyed near the limiter@R/a52.2 in Figs.
18~a!, 18~c!, 18~d!, and atR/a54.87 in Figs. 19~c!, 19~d!#.
Thus the potential for particle loss appears to be very sim

FIG. 17. Surface of section plots for co-injected beam ions for the s
mode and amplitude as Fig. 16.
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for both counter- and co-injected beam ions at the high
saturation amplitudes. There is however a significant diff
ence in the stored beam energy between counter- and
injected beam ions. It can arise from the difference in
particle diffusion time. We have found two qualitative re
sons for this. First, the unperturbed orbits of co~counter!-

eFIG. 18. Surface of section plots for counter-injected beam ions with s
ration amplitudes;~a! mode 1,dB/B51.531022, ~b! mode 2,dB/B52.2
31022, ~c! mode 3, dB/B51.231022, and ~d! mode 5, dB/B52.5
31022.
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injected beam ions are displaced from magnetic surfaces
wards the weak~strong! field side. It is significant that on the
weak field side there is a spatial region~where there are no
perturbed fields! which extends from the plasma edge to t
limiter as shown in Fig. 2. Thus the time-averaged displa
ment of co-passing particles that are sticking out of
plasma and its resulting diffusion coefficient is smaller th
for counter passing particles which always sample the p

FIG. 19. Surface of section plots for co-injected beam ions for the s
mode and amplitude as Fig. 18.
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turbed fields within the plasma. Further co-passing partic
have room to move to larger radial distance than coun
passing particles. Thus for fixed perturbing fields, these
pects would increase the diffusion time of co-injected be
ions compared to that of the counter-injected beam ions. S
ond, as mentioned above, the KAM surfaces at 4.4,R/a
,4.6 for co-injected beam ions in Fig. 17~d! suppress the
transport in the outer region for a large fraction of the TA
burst time. Apparently, the time that the co-passing partic
are diffusive is short enough to prevent loss of a large fr
tion of the stored co-passing particle energy. On the ot
hand for counter-injected beam ions tend to be rapidly lo
The exception is near the plasma center where it can
observed in Fig. 18 that KAM surfaces still exist which lea
to the peaked central density profile of the counter-injec
particles.

e

FIG. 20. Amplitude evolutions of all the eigenmodes for counter-injecti

FIG. 21. Time evolution of stored beam energy using only counter-injec
beams. Result from simulation is compared with the classical result.
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D. Effects of beam injection direction

We have observed a complete contrast in the capacit
store beam energy between co- and counter-injected b
ions when TAE excitations are present. Compared to
classical transport predictions for the parameters of the si
lation, about 2/3 of the classically predicted co-beam ene
was stored, while only about 0.1 of the classically predic
counter-beam energy was stored. To better understand
difference it is interesting to investigate separately the ti
evolutions of purely co- and purely counter-injection.

First we examine purely counter-injection. In this ru
only the counter-beam is injected with a heating power of
MW. All other conditions are the same. The time evoluti
of the mode amplitude is shown in Fig. 20. The saturat
amplitude of modes 1 and 3 exceeddB/B;331022 while
that of mode 2 and 5, that were dominant in the balanc
injection run, are at lower levels. Figure 21 shows the ti
evolution of stored beam energy. The modulation depth
the drop in the stored beam energy is 83%, which is lar
than that of the counter beam particles in the balanced in
tion run ;50%. In the relative units of this figure, the cla
sical stored energetic particle distribution of counter injec

FIG. 22. ~Color! Plot of time evolution of the beam ion density in (t,r )
space for counter-injection.

FIG. 23. Amplitude evolution for all the eigenmodes for co-injected bea
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particles saturates at a relative level of 0.74 which is tw
that of the classically stored counter-injected beam ene
shown in Fig. 3. In contrast the stored energy of the simu
tion saturates at a peak relative level of 0.11, namely, 15%
that of the classical simulation. The time interval of th
bursts is about 4.4 ms which is about 1.5 the burst period
the balanced-injection run. It takes a longer time for t
beam ion distribution to build up to a level to excite a bur
because more than 80% of the beam energy is lost at e
burst and the total increase in stored energy, starting from
minimum stored energy state, is more than in the previ
run, when there was a smaller change of stored energy
tween each burst. Figure 22 shows a plot of the time evo
tion of the counter-injected beam ion density as a function
the minor radiusr after it is averaged in the poloidal an
toroidal directions. Clearly the changes in beam ion den
associated with TAE bursts are large.

Next we investigate purely co-injection. What
changed from the previous runs is that only the co-beam

.

FIG. 24. Time evolution of stored beam energy using only co-injec
beams. Result from simulation is compared with the classical result.

FIG. 25. ~Color! Plot of time evolution of the beam ion density in (t,r )
space aftert540 ms with co-injected beams.
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injected with the heating power of 10 MW. The time evol
tion of the mode amplitudes are shown in Fig. 23. The sa
ration amplitudes of the dominant two modes, 2 and 5,
the same as in the balanced-injection run. Figure 24 sh
the time evolution of stored beam energy. The modulat
depth of the drop in the stored beam energy is 3% whic
comparable to the fractional drop of the co-injected be
~3%! in the balanced run. In the relative units of this figu
the ideal classical stored energetic particle distribution s
rates at relative level of 0.83, whereas that of the simula
roughly saturates at a relative level of 0.48, namely, 58%
that of the ideal classical simulation. The period betwe
bursts is about 2.5 ms which is substantially shorter than
counter-injection run and a slightly shorter period than w
balanced injection. Figure 25 shows a plot of the time e
lution of the co-injected beam ion density as a function of
minor radiusr after it is averaged in the poloidal and toroid
directions. In a manner similar to Fig. 8~b!, the density gra-
dient in the plasma center take place at each burst, while
change of particle number at the plasma edge is small. In
next section we discuss whether the edge gradient affect
stability.

E. Effects of the edge gradient on the stability

In order to investigate the effect of the edge gradient
the stability we have carried out another run which modifi
the purely co-injection run, starting at a time when the pro
is flattened in the core (t550.1 ms). We attempt to minimiz
the effect of instability arising from the core pressure gra
ent by modifying the simulation just at a time that the inte
nal core pressure gradient is flattened by a TAE burst. Du
the intrinsic mode damping finite pressure gradient rema
at this moment although the mode amplitudes are decrea
in Fig. 23. We have confirmed that the density profile
completely flattened in the core (r /a<0.72) at this moment
The run is restarted at this moment with the beam ion p
sure doubled everywhere, thereby increasing the edge p
sure gradient. In addition beam injection and collisions
turned off. Figure 26 shows the time evolution of the dom
nant two modes 2 and 5, and beta value at various m
radii. We see that the mode amplitudes initially slightly gro
due to the doubled pressure and eventually damp to
levelsdB/B;1023. The pressure profile settles to a stea
state which appears to be marginally stable. We should no
that even the doubled pressure profile at the edge (r /a
>0.72) is maintained. This suggests that the original e
gradient, which is maintained by particles sticking out of t
plasma, has only negligible effects on wave stability. We c
infer that in our usual runs that the stability is governed
newly injected particles since there are regularly repetit
bursts that appear with the same time intervals, amplitu
and particle loss. These characteristics apply to runs w
balanced-injection, purely counter-injection, and purely
injection. In these runs, the newly injected particles cause
internal particle profile to peak at the plasma center and
gradient drives the instability that flattens the internal p
files that the newly injected particle have built up. In additi
there is loss of part of the ion population. Newly inject
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co-passing particles which are not lost by their first burst
scattered to the plasma edge. Co-passing particles at
plasma edge can survive the subsequent bursts becaus
interaction between the particles and the TAEs is weak
there is a enough space between the plasma edge an
limiter. They stay at the plasma edge for a long time com
rable to the slowing down time and form a pedestal wh
support the spatial profile in the core. On the other ha
counter-passing particles do not have such a space to
and they are lost after one or two bursts.

IV. DISCUSSION AND SUMMARY

Our simulation of the energetic particle interaction wi
a selected set of TAE modes predicts saturation levels
dB/B;231022. The experimental amplitude measured
Mirnov coils at the plasma edge isdB/B;331025,15 much
lower than simulation predicts. However, we cannot comp
the simulation amplitude with that measured by Mirnov co
because the structure of the eigenfunction is not accu
near the edge because the MHD description is not valid
the vacuum gap. On the other hand, the experimental pla
displacement has been estimatedj;5 – 10 mm from the den-
sity fluctuation.16 This enables us to estimate the amplitu
dB/B;v/VA;vj/vAR;0.6– 1.331023. With this esti-

FIG. 26. Time evolution of the dominant two modes 2 and 5 and the b
value of the co-injected beam ions at various minor radii in the run wh
succeeds the purely co-injection run, starting at a time when the profi
flattened in the core (t550.1 ms). When the run is started the beam i
pressure is doubled.
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mate there remains a discrepancy of one order of magni
with the results of our simulation. Other nonlinear mech
nisms, that have not considered in this study, might supp
the level of mode amplitudes observed in this simulation a
yet still produce fast energetic particle diffusion at perturb
field levels that are closer to what experiment would e
mate. One possible mechanism that could reduce the m
level without changing the magnitude of the particle burst
MHD mode coupling to a broader spectrum of waves. Mo
sophisticated MHD calculations are needed to examine h
lower level saturation can be achieved. Still it is quite co
ceivable that the rate and magnitude of energetic particle
observed in both experiment and in this simulation are re
tively insensitive to the peak amplitude, but dependent on
self-consistent energetic particle pressure profile that will
duce global stochasticity.

Bursting behavior of TAEs has been described using
heuristic predator-prey model17 and our simulation capture
some aspects of this model and gives a physical mecha
for the predator–prey response. It has been previously
gued that resonance overlap synchronizes the behavio
multiple TAEs and can explain the experimentally observ
intermittent TAE bursts and energetic particle loss~see Ref. 5
which used a reduced simulation and Refs. 18, 19 which
based on quasilinear models!. In this paper we have made th
first numerical demonstration, using parameters that are q
similar to that of experiment, that a numerical simulation c
closely reproduce many experimental characteristics. Th
include: ~a! the synchronization of multiple TAEs takin
place at time intervals fairly close to the experimental val
~b! the modulation depth of the drop in the stored be
energy that closely matches the experimental value;~c! the
stored beam energy saturating at about one-half to one-
of that predicted for a classical slowing down distributio
We have analyzed the particle loss mechanism and fo
particle loss that is due to:~1! the resonance overlap of dif
ferent eigenmodes;~2! the disappearance of KAM surface
in phase space due to overlap of multiple nonlinear isla
created by a single eigenmode. We have found that coun
injected beam ions are much more easily lost than
injected passing particles when the limiter is such as to p
erably scrape-off particles whose equilibrium orbits a
shifted to the inside of the toroidal boundary. The survivi
counter-injected particles are sharply peaked in the cente
contrast, the co-injected beam ions have difficulty reach
the limiter because their equilibrium orbits are shifted to
outside of the torus where there is a great deal of room
tween the plasma edge and the limiter. As a result a
moving particle tends to survive diffusion to the edge and
is likely to diffuse back to the inside of the plasma. The
stored energy profile is extended throughout the confinem
region, and quite significantly, their population can be bu
up to a substantial fraction of the classical level! For t
purely counter-injected beam, a large fraction of the sto
beam ions is lost with each burst, even when the stored
ergy is quite low and we observe longer burst intervals th
in either the balanced or co-injected cases. This is beca
there is a larger change of stored energy between bursts,
though the maximum stored energy is substantially low
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than in the other two cases. For the purely co-injected be
we have found that modest gradients in the center are p
odically flattened but the edge gradient near the wall c
become large. Remarkably, this gradient appears to ha
negligible effect on wave stability.

In summary, except for the saturation of the field lev
our simulations appear to match the TFTR experiment.2,4 We
reproduce the saturated stored energy, the burst rate an
magnitude of particle loss per pulse. This achievement s
gests that the loss characteristics are insensitive to the
cific nonlinear mechanisms that truly exist in the experime
The identification of the true mechanism of wave saturat
and particle loss remains to be identified in future wo
Furthermore, we have concluded that the stored beam en
should be predominantly in the co-direction when there i
limiter leaning on the inner edge. It would be interesting
verify this assertion in future experiments, as past data
garding this issue does not appear to be available.

Since successful confinement of energetic alpha parti
is required for self-sustained operation, the nonlinear evo
tion of TAEs, especially the TAE bursts, is an important iss
for fusion plasmas. We have demonstrated that redu
simulations, like the one presented here, may be extrem
useful in the future in predicting the characteristic respo
of alpha particles in burning plasma regimes when TA
modes are excited.
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