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A new technique to measure the first and second derivatives of the ion temperature profile has been
developed by using a charge exchange spectroscopy system with space modulation optics. The
space observed is scanned up to �3 cm with a cosine wave modulation frequency up to 30 Hz by
shifting the object lens in front of the optical fiber bundle by 0.5 mm with a piezoelement. The first
and second derivatives of ion temperature are derived from the modulation component of the ion
temperature measured by using Fourier series expansion. © 2008 American Institute of Physics.
�DOI: 10.1063/1.2921702�

I. INTRODUCTION

Charge exchange spectroscopy has been widely used as
a powerful tool to measure radial profiles of ion temperature
in tokamak and stellarators because it gives many observa-
tion chords through the advantage of optical fiber arrays.1–6

The charge exchange collisions between fully ionized carbon
�C6+� and hydrogen or deuterium atoms in a heating neutral
beam result in an excited ion with one electron �C5+�. The
ion temperature is inferred from the Doppler broadening of
the spectral line of C VI �n=8→7�. The ion temperature pro-
files measured with charge exchange spectroscopy are also
used to evaluate the first derivative of the ion temperature
profile �temperature gradient� to calculate the ion thermal
diffusivity in the heat transport.

The uncertainties of the ion temperature gradient deter-
mined by the temperature values at adjacent chords are typi-
cally large ��20% �; therefore, the error bar of the thermal
diffusivity is mainly determined by the uncertainty of the
measured temperature gradient. The fitting curve is often
used to reduce the uncertainties of the ion temperature gra-
dient. This approach is useful for the plasma in L mode,
where the variation of the temperature gradient is small
enough to fit the ion temperature profile with a relatively
small number of the fitting parameters such as a polynomial
function �T0+T1�2+T2�4+T3�6+ . . . �. However, fitting with
a polynomial function has problems for the plasma with an
internal transport barrier �ITB�, which is observed in
tokamaks7–14 and helical systems,15,16 because the polyno-
mial function does not fit the ion temperature profiles ob-
served with a significant variation of temperature gradient in
space. In these plasmas, the temperature gradient evaluated
from the fitting curves depends on which fitting function is
chosen. In spite of the importance of evaluating the tempera-
ture gradient, there is no direct measurement of temperature
gradient �first derivative of temperature� proposed. In this
paper, the direct measurement of first and second derivative
ion temperature profiles are discussed.

II. EXPERIMENTAL SETUP OF HIGH SPATIAL
RESOLUTION CHARGE EXCHANGE SPECTROSCOPY

To evaluate the temperature gradient, the error bar of the
ion temperature should be less than �a /n��Ti /�r, where a is
the plasma minor radius and n is the spatial resolution of the
measurement of the temperature gradient. The requirement
for the error bar of ion temperature measurements depends
on the temperature gradient and spatial resolution. The rela-
tive error bar should be a few percent when the spatial res-
olution n is 20–30. The number of photons is a key param-
eter to determine the error bar due to the photon statics;
therefore, a high throughput of the spectroscopy system is
required. The high throughput of the spectroscopy system
has been developed to measure the temperature gradient.

Figure 1 shows the experimental setup of high spatial
resolution charge exchange spectroscopy. The light of the
charge exchange line is led to the entrance of the Czerny–
Turner spectrometer with a f =400 mm F2.8 camera lens and
a 2160 /mm grating �Bunkou–Keiki CLP-400� using a 32
channel optical fiber array. One of the channels of the optical
fiber array is connected to a samarium lamp for wavelength
calibration, and 31 channels of the optical fiber array are
connected to the object optical system for the measurements.
The diameter of the core is 200 �m and the diameter of the
cladding is 250 �m. There are dummy fibers between the
channels arranged to make room for scanning and the dis-
tance between adjacent chords is 500 �m.

The back illuminated electron multiplying 512
�512 pixel �16�16 �m2� charge coupled device �CCD�
camera �Andor DV887DCS-BV� is used as a detector to
achieve a high frame rate fccd, up to 400 Hz with 16 pixel
vertical binning. To match the image of the optical fiber into
the strip of the CCD �256 �m�, the optical fiber array is
arranged at the slit with a pitch control of 256�20 �m. The
object lens �f =20 mm� in front of the fiber array is mounted
on the long-range Piezo nanotranslation stage �Physik Instru-
mente P-625.1CD�, which has a travel range of 500 �m. In
general, either object lens or fiber bundle can be shifted to
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scan the observation point in the plasma. Since the frequency
of the scan of the Piezo stage depends on the load, the object
lens, which has smaller mass �63 g� than that of the fiber
bundle, is scanned. The observation point is scanned by
�31 mm �corresponding to �24 mm in radius�. Because the
distance between two chords is 36 mm, the observation
points overlap during the scan, while the diameter of the spot
size of the image of the optical fiber in the plasma d is
28 mm.

Figure 2 shows the full width of scan as a function of
scan frequency and the voltage applied to the Piezo control
unit �E-610, position servocontrol board with amplifier with
a gain factor of 10�. The full width of the scan at the cross
section of the plasma where the neutral beam is injected is
roughly proportional to the voltage applied to the controller

and it becomes 60 mm at a voltage of 10 V �voltage applied
to the Piezo is 100 V�. The full width of the scan starts to
increase when the scanning frequency fm exceeds 35 Hz,
which is one-third of the resonance frequency for the load in
this setup. Because of the inertia of Piezo stage, lens mount,
and lens, there is a delay of the actual travel from the control
voltage. In our experimental setup, the delay time is 5 ms,
which is taken into account in the analysis.

There is a trade-off between the frame rate of the CCD
fccd and the error bar of the ion temperature measured be-
cause a larger photon number due to a larger accumulation
time is necessary to reduce the error bar of the measurement.
As the modulation frequency fm is increased, the number of
spatial data points measured can be increased. However,
there is a minimum value of the spatial resolution ds deter-
mined by the spot size of the image, which is simply given as
�� /4�d, by averaging the area of image. The spatial reso-
lution determined by the modulation speed and sampling
speed dm can be expressed as �ws /2�sin��t�2�fm / fccd, where
ws is the full width of scan. The spatial resolution changes in
time during the modulation, and the maximum of the spatial
resolution dm is �wsfm / fccd. The maximum of the spatial
resolution during the modulation, dm, should be smaller than
the radial resolution determined by the spot size of the image
of optical fiber, ds, to eliminate the gap in the measurements.

As seen in the cross section of JT-60U in Fig. 3, the
radial profiles of ion temperature are measured from the
plasma edge to the plasma center along the beamline with 31
observation points. The observation points are scanned along
the beamline with a full width of 62 mm, which corresponds
to the radial scan with 48 mm, by using the modulation op-
tics of the charge exchange spectroscopy. In this experiment,
by choosing fccd=200 Hz and fm=10 Hz, the modulation
charge exchange spectroscopy provides the radial profile of
ion temperature with 310 points every 50 ms. The maximum
spatial resolution determined by the modulation frequency,
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FIG. 1. Experimental setup for high spatial resolution charge exchange
spectroscopy.
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FIG. 2. �Color online� Full scan width of space modulation optics as a
function of �a� frequency and �b� applied voltage.
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FIG. 3. �Color online� Poloidal cross section of JT-60U plasma. The spots of
optical fiber are also plotted.
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dm, is 10 mm and the spatial resolution determined by the
spot size, ds, is 22 mm, which corresponds to the radial res-
olution of 17 mm.

The time evolution of the ion temperature measured is
modulated by a cosine wave, as seen in Fig. 4. The time
evolution of the ion temperature and the major radius of the
measurement in the expanded time scale are plotted in Figs.
4�b� and 4�c�, respectively. The amplitude of the modulation
is proportional to the magnitude of the temperature gradient;
the modulation amplitude becomes large at the ITB region.
To subtract the background emission due to the charge ex-
change reaction between the fully ionized impurity and the
thermal neutral at the plasma periphery �cold component�,
the neutral beam is turned off in a short time of 70 ms �neu-
tral beam injection gap�. The background emission between
the two gaps is calculated by interpolating the background
emission at the gaps. The cold component does not have a
modulation component because the cold component is more
or less constant in space. The amplitude of the modulation of
the ion temperature is significant at the time averaged major
radius �R� of 3.67–3.81 m, where the temperature gradient
becomes large due to the existence of an ITB. By scanning
the observation point with modulation optics, the radial
points of the measurement can be multiplied by M
= fccd / �2fm� if the plasma is in steady state.

Figure 5 shows an example of a radial profile of ion
temperature derived from the modulation period of
5.385–5.435 s, which is indicated in Fig. 4�b�. The radial
profile of ion temperature is fitted by using a modified hy-

perbolic tangent � tanh��R−R1�2 /w�−	�R−R2�, which is of-
ten used to represent the radial profile of temperature at the
transport barrier. The error tends to become larger toward the
plasma center �the magnetic axis is at R=3.4 m�, where the
neutral beam for the charge exchange spectroscopy attenu-
ates and the signal becomes weak. The overall shape of the
fitting curve is good enough to represent the radial profile of
the ion temperature but may not be good enough to discuss
the first and second derivatives of the ion temperature pro-
files by taking a derivative of the fitting curve. The radial
profiles of the first and second derivatives strongly depend
on the function that is used for the fitting. Therefore, it is
desirable to measure the temperature gradient without using
the fitting curve. In the next section, the direct measurement
of the first and second derivatives of the ion temperature
profiles by using Fourier series expansion is discussed.

III. FOURIER SERIES EXPANSION

When there is no curvature of the temperature profile
��2Ti /�r2=0� and the temperature profile has a linear slope,
since the radial position of each observation point R changes
in time with a cosine wave as 
r=�r cos��t�, �=2� / fmod,
the time evolution of the ion temperature also becomes a
cosine wave as Ti�t�=Ti�0�+�Ti cos��t�. However, if there
is a curvature in the temperature profile, the time evolution
of the ion temperature has higher harmonic terms and the
time evolution of the ion temperature Ti�t� can be expressed
as

Ti�t� = a0 + a1 cos��t� + a2 cos�2�t� + ¯ , �1�

a0 =
1

�
�

0

�

Ti�t�dt , �2�

an =
2

�
�

0

�

Ti�t�cos�n�t�dt . �3�

By using �r and Fourier series coefficients an, the first
and second derivatives of ion temperature profiles are given
as

�Ti�r�
�r

=
a1

�r
, �4�
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FIG. 4. �Color online� Time evolution of ion temperature measured with
high spatial resolution charge exchange spectroscopy with space modulation
optics at various radius for t=4.5–7.0 and 5.25–5.50 s �expanded view�.
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FIG. 5. �Color online� Radial profile of ion temperature derived from the
time evolution of ion temperature by scanning the radius observed by
48 mm at t=5.385–5.435 s. The fitting curve using a modified hyperbolic
tangent � tanh��R−R1�2 /w�−	�R−R2� is plotted with line.
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�2Ti�r�
�r2 =

4a2

��r�2 . �5�

The first and second derivatives of the ion temperature
can be derived by integrating Ti�t�cos��t� and Ti�t�cos�2�t�
over one �or a few� period�s� of the cosine wave. The error
bar of the first and second derivatives can be evaluated from
the error bar of the ion temperature measured by statistical
analysis. The ion temperature with an error bar of standard
deviation of �Ti�t� can be expressed statistically as

Ti
j�t� = Ti�t� + �Ti�t�gr

j , �6�

where gr
j is a random number which satisfies �gr

j�=0 and
��gr

j�2�=1. The ion temperature Ti�t� and its error bar �Ti�t�
are calculated from the Gaussian fitting of the Doppler width
�and its error bar� of the line emission �at 529.05 nm� be-
tween fully ionized carbon and the neutral beam. The error
bars of the ion temperature consist of the statistical error
from fitting the Gaussian and the uncertainty in the base
line.4 The magnitude of the error bars depends on the number
of photons and the noise of the CCD detector. The error bar
of the Fourier coefficient can be given with a statistical
treatments.17 The transfer of the error bar of the ion tempera-
ture to the error bar of a coefficient an can be simply calcu-
lated by the statistical approach, and the error bar of the
coefficient an is given by

�an =� 1

N
	
j=1

N

�an
j − an�2, �7�

where

an
j =

2

�
�

0

�

Ti
j�t�cos�n�t�dt . �8�

Here, N is the number of random error generation that
should be large enough to derive error bars and is taken to be
256 in this analysis. The error bar of first and second deriva-
tives of the temperature profile are given by �a1 / ��r� and
4�a2 / ��r�2. As an alternative technique, the first and second
derivatives of the ion temperature profiles can be evaluated
by using a simple Taylor series expansion as18

Ti�R� = Ti�R0� +
�Ti�r�

�r

r +

�2Ti�r�
2�r2 �
r�2 + ¯ , �9�

where 
r=R−R0 and R0 is the measurement position in the
plasma without modulation. The first and second derivatives
of the ion temperature profiles and their error bars are also
obtained from the data for each chord �R0� by using a linear
least-squares fit to the polynomial function of 
r. There are
two significant advantages of a Fourier or Taylor series ex-
pansion compared to the analysis using a curve fitting. One is
that no assumption of the function of the fitting curve is
necessary and the other is that this technique has a straight-
forward estimation of the error bar of the derivative, which is
complicated and also depends on the assumption of the func-
tion in the curve fitting. When the number of cycles of the
cosine oscillation is small, the Taylor series expansion seems
to be better than the Fourier series expansion because the
Fourier series expansion is sensitive to the boundary condi-

tion. However, as the number of cycles of the cosine oscil-
lation is increased, the Fourier series expansion has an ad-
vantage in eliminating a gradual change in the ion
temperature slower than the cycle of the cosine oscillation.

Figure 6 shows the radial profiles of the first and second
derivatives of the ion temperature profiles derived from the
one period of modulation at t=5.38–5.48 s in Fig. 4�b�. The
first and second derivatives derived from the Taylor and Fou-
rier series expansions and fitting curve with modified hyper-
bolic tangent are also plotted for comparison. The radial
profile of the first derivative of ion temperature has a peak of
−40 keV /m at the middle of internal transport barrier �R
=3.7 m�. The magnitude of the gradient is roughly consistent
with the result of the curve fitting. However, there are sig-
nificant differences in the radial profile of the first derivative
at �=0.2–0.5 between the Taylor and Fourier series expan-
sions and the curve fitting with modified hyperbolic tangent.
The radial profile of the first derivative derived from curve
fitting with a modified hyperbolic tangent is symmetric, but
the first derivative derived from the Taylor and Fourier series
expansions has an asymmetric profile. This is because the
modified hyperbolic tangent function is not good enough to
represent the real radial profile of the first derivative of the
ion temperature profile. There are also differences in the ra-
dial profile of the second derivative at �=0.2–0.5, as seen in
Fig. 6�b�. It should be pointed out that the modified hyper-
bolic tangent function always gives a symmetric profile of
the second derivative of the ion temperature because of the
characteristics of the function itself.

In general, an increase in the number of cycles of the
cosine oscillation contributes to the improvement of the ac-
curacy of the first and second derivatives of the ion tempera-
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FIG. 6. �Color online� Radial profiles of the �a� first and �b� second deriva-
tives of ion temperature evaluated by the Taylor and Fourier series expan-
sions. The dashed lines are the first and second derivatives derived from the
fitting curve with a modified hyperbolic tangent.

053506-4 Ida et al. Rev. Sci. Instrum. 79, 053506 �2008�

Downloaded 15 Jan 2009 to 133.75.139.172. Redistribution subject to AIP license or copyright; see http://rsi.aip.org/rsi/copyright.jsp



ture profile in doing the Fourier analysis. The number of
cosine oscillations for Fourier analysis should be minimized
to improve the time resolution of the measurements. There-
fore, the number of cycles depends on the quality of the ion
temperature measurements and how the plasma is in steady
state. In Fig. 7, the first and second derivatives of the ion
temperature profile with various numbers of cycles are plot-
ted. Although the error bars are relatively large in the data
derived with one cycle, the error bars in the data with two
and five cycles are small enough to discuss the radial struc-
ture of the first and second derivatives of the ion temperature
profiles. In this experiment, two and five cycle integrations
are considered to be enough to give radial profiles of the first
derivative and second derivatives of the ion temperature pro-
file, respectively. It should be noted that the lack of antisym-
metric radial profiles in the second derivative of the ion tem-
perature profile becomes clearer as the number of cycles of
the cosine oscillation is increased and it is due to plasma
physics not due to nonlinearities in the system affecting the
second harmonic term.

IV. DISCUSSION

The second harmonic term of the modulation cosine
wave may cause a systematic error in the computation of the
second derivative. The motion of the translation stage is
measured with a position monitor signal of the long-range
Piezo nanotranslation stage. The second harmonic term of
the modulated location in the plasma is only 4�10−3 of the
primary term. Since the linear motion of the translation stage
produces the linear motion of the spot measured in the
plasma, optical aberrations do not cause a systematic error in
the computation of the second derivative. A new technique to

measure the first and second derivatives of the ion tempera-
ture profile has been developed by using the charge exchange
spectroscopy system with space modulation optics. This
technique gives a direct measurement of the first and second
derivatives of ion temperature, which does not require any
assumption of a fitting function, which causes significant am-
biguity in the estimates of the first and second derivatives.
For example, the modified hyperbolic tangent often used to
represent the radial profile of the ion temperature at the trans-
port barrier cannot represent the asymmetric profile of the
second derivative. In this analysis, Fourier components with
higher order an �n3� are ignored because the error bar
becomes too large to discuss the higher derivative. Because
of this neglect of the higher order Fourier components, the
radial profile of the nth derivative is not identical to the
integrated �n+1�th derivative profile. For example, the first
derivative obtained from the Fourier component with Eq. �4�
is not identical to that derived from the integration of the
radial profile of second derivative given by Eq. �5�.

In these measurements, the first and second derivatives
of ion temperature are derived from two periods of radial
scan. When the plasma is in steady state for a longer time,
the accuracy of the measurements can be improved by in-
creasing the integrating period. In conclusion, this technique
will provide a significant impact in the transport analysis
because the temperature gradient and its error bar are directly
derived. Moreover, the radial profiles of the second deriva-
tive of ion temperature profiles measured would contribute to
the study of the detailed structure and mechanism of an ITB
plasma.
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