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Ion temperature gradient turbulent transport in the large helical device (LHD) is investigated by

means of gyrokinetic simulations in comparison with the experimental density fluctuation

measurements of ion-scale turbulence. The local gyrokinetic Vlasov simulations are carried out

incorporating full geometrical effects of the LHD configuration, and reproduce the turbulent

transport levels comparable to the experimental results. Reasonable agreements are also found in

the poloidal wavenumber spectra of the density fluctuations obtained from the simulation and the

experiment. Numerical analysis of the spectra of the turbulent potential fluctuations on the

two-dimensional wavenumber space perpendicular to the magnetic field clarifies the spectral

transfer into a high radial wavenumber region which correlates with the regulation of the turbulent

transport due to the zonal flows. The resultant transport levels at different flux surfaces are

expressed in terms of a simple linear relation between the transport coefficient and the ratio of the

squared turbulent potential fluctuation to the averaged zonal flow amplitude. VC 2012 American
Institute of Physics. [http://dx.doi.org/10.1063/1.4704568]

I. INTRODUCTION

Helical systems such as stellarators and heliotrons1 are

considered to be one of the promising concepts for the mag-

netic confinement fusion reactor, because they are advanta-

geous in realizing long-time discharges without external

current drives. In addition to the issue of the confinement

field optimization for decreasing the neoclassical transport,2

reduction of the anomalous transport, which is caused by the

plasma turbulence, is another critical issue for improving

confinement properties of helical plasmas.3,4 Furthermore,

the anomalous transport phenomena make significant roles

not only in fusion plasmas but also in more general fields,

e.g., astrophysics, space physics, and laboratory plasmas,5 as

the turbulence is ubiquitously found in the nature. Nowa-

days, it has been considered that plasma turbulence is deter-

mined by the interaction between the microinstabilities such

as ion temperature gradient (ITG) modes and zonal flows.6,7

To understand the transport physics, we need to study not

only ideal and simplified models, but also the concrete ex-

perimental results observed in real systems. In recent years,

gyrokinetic simulations have been extensively done to inves-

tigate turbulent transport processes in tokamaks8,9 and heli-

cal systems.3,4,10,11 While there are several publications on

validation of the gyrokinetic turbulent transport simulations

in tokamaks (for example, Ref. 12), no direct comparison

between gyrokinetic simulations and the experimental data

of helical systems has been reported so far. The present study

constitutes the first attempt to compare the gyrokinetic simu-

lations of ITG turbulence with the experimental observations

in the Large Helical Device (LHD)13 experiment by elabo-

rately adopting the three-dimensional equilibrium recon-

structed from experimental data for the high ion temperature

discharge of shot number 88343.14,15

This paper is organized as follows. In Sec. II, we briefly

describe the simulation model used in the present study and

basic equations employed in the calculation. In Sec. III, we

show the ITG turbulence simulation results and perform the

comparisons between the simulation and the LHD experi-

ment. Also, in the section, we discuss the spectral transfer of

the potential fluctuations which leads reduction of the trans-

port, and relation between the resultant transport levels, tur-

bulent fluctuation, and zonal flow amplitude. Finally, we

summarize the work in Sec. IV.

II. SIMULATION MODEL

In our previous paper,16 we performed the linear gyroki-

netic simulations for ITG instability in the LHD high ion tem-

perature discharge #88343 [see Fig. 2(a) for the radial profiles

of the ion temperature and the electron density], where we

found that the density fluctuations measured by phase contrast

imaging (PCI) method in the LHD discharge have large

amplitudes for the radial regions which correspond to ITG

modes having large growth rates. In the present work, apply-

ing the gyrokinetic Vlasov flux-tube code GKV-X,17 we per-

form the nonlinear ITG turbulent transport simulations to

evaluate the saturation levels of the turbulent fluctuations,

zonal flows, and ion heat transport in the LHD discharge.

As shown in Ref. 17, the GKV-X incorporates large

number of Fourier components of the magnetic field as well

as full geometrical information of the flux surfaces by using

VMEC code18 for the three-dimensional MHD equilibrium

configuration corresponding to experimental profiles of the

plasmas. The GKV-X solves the nonlinear gyrokinetic equa-

tion19,20 for the ion perturbed gyrocenter distribution func-

tion df with the mass mi in the low-b electrostatic limit,a)Electronic mail: nunami.masanori@nifs.ac.jp.
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where vjj and l ¼ miv2
?=2B are the parallel velocity and the

magnetic moment, respectively, which are employed as the

velocity-space coordinates. FM is the Maxwellian distribution

with the temperature Ti, and b ¼ B=B is the parallel unit vec-

tor. The magnetic and diamagnetic drift velocities are defined

by vd ¼ðc=eBÞb� ðlrBþ miv2
kb � rbÞ and v� ¼ ðcTi=eBÞb

�½r ln nþ ðmiv2=2Ti � 3=2Þr ln Ti�, respectively. In the

GKV-X, the local flux-tube model21 is used with the field-

aligned coordinates fx; y; zg which are related with the Boozer

coordinates22 fr; h; fg with radial coordinate r, poloidal

angle h, and toroidal angle f, as fx; y; zg¼fr � r0; ðr0=q0Þ
½qðrÞh� f�; hg around the flux surface at r0. Here, qðrÞ is the

safety factor at r, and q0 ¼ qðr0Þ. The coordinate z ¼ h is

defined along the field line labeled by a ¼ f� q0h
¼ constant. The same collision term Cðdf Þ as in Ref. 10 is

employed. In the wavenumber space ðkx; kyÞ, the gyro-phase

averaged electrostatic potential at the gyrocenter position U
is related to that at the particle position / as

Ukx;ky
¼ J0ðk?v?=XiÞ/kx;ky

. Here, J0ðk?v?=XiÞ is the zeroth-

order Bessel function which represents the finite gyroradius

effect. Employing the quasi-neutrality condition, /kx;ky
is cal-

culated by

ð
d3vJ0dfkx;ky

� n0

e/kx;ky

Ti

½1� C0ðbkÞ� ¼ dne;kx;ky
; (2)

where dfkx;ky
is the Fourier component of df , n0 is the aver-

aged electron density, C0ðbkÞ ¼ I0ðbkÞexpð�bkÞ with

bk ¼ ðk?vti=XiÞ2, and I0 is the zeroth-order modified Bessel

function. The electron density perturbation dne;kx;ky
is

assumed to be given in terms of the potential by

dne;kx;ky

n0

¼ ½/kx;ky
� h/kx;ky

i�=Te if ky ¼ 0;
e/kx;ky

=Te if ky 6¼ 0;

�
(3)

where Te; n0, and h� � �i represent the electron temperature,

the background density, and the flux surface average, respec-

tively. Here, only pure ITG modes are treated by using the ad-

iabatic electron response for ky 6¼ 0, and we do not consider

trapped electron modes (TEMs) which are considered to be

stable in the flattened density profile shown in Fig. 2(a).

III. ITG TURBULENCE SIMULATION FOR LHD HIGH-Ti

DISCHARGE

The nonlinear flux-tube ITG turbulence simulations are

performed in the LHD discharge #88343 at different

radial positions, q ¼ 0:46; 0:65 and 0.83, independently.

Here, q �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
W=Wa

p
is the normalized minor radius with the

toroidal magnetic flux W ¼ Baxr2=2 at the minor radius r, and

Wa at the last closed surface r¼ a. Here, Bax is the field

strength at the magnetic axis. The experimental results show

that Ti=Te ¼ 1 is well satisfied for these radial positions,15

and we assume ni=ne ¼ 1. The simulation conditions, such as

gradient scale lengths of the ion temperature LTi and density

Ln, are the same as in previous linear simulations16 except for

the incorporation of the nonlinear term and the collisional

effect. The used collision frequency � ¼ 0:00225 vti=R0 is so

small that its effect on the dispersion relation of the ITG insta-

bility is negligible. Here, R0 is the major radius of the torus.

For the ITG turbulence simulation in the helical systems

which have complicated magnetic field structures, high reso-

lution along the field line is necessary. Therefore, we used a

huge number of the grid points in the five dimensional phase

space, 128� 128� 512� 128� 48 in the ðx; y; z; vk; lÞ-
space. The simulation box size in the velocity space ðvk; lÞ is

�5vti � vk� 5vti and 0 � l � 12:5miv2
ti=B0, where l¼ miv2

?
=2B0 is the magnetic moment and B0 ¼ B00ðqÞ is the Fourier

component of the field with the poloidal and toroidal mode

number ðm; nÞ ¼ ð0; 0Þ. In the real space, we use �p � z < p
along the field line direction, and the system lengths in per-

pendicular directions are Lx ¼ 2p=Dkx and Ly ¼ 2p=Dky,

where ðDkx;DkyÞ are minimum wavenumbers in ðx; yÞ-space

given by ðDkxqti;DkyqtiÞ ¼ ð0:116; 0:035Þ; ð0:128; 0:038Þ,
and (0.122, 0.042) for q ¼ 0:46; 0:65, and 0.83, respectively,

where qti � vti=ðeB0=micÞ is the ion thermal gyroradius with

the thermal speed vti ¼
ffiffiffiffiffiffiffiffiffiffiffi
Ti=mi

p
.

A. Comparison with the LHD experiment

Figure 1 shows snapshots of the perturbed electrostatic

potentials obtained from the simulations at each flux surface

in linear phase of the ITG mode growths and in nonlinear

saturated phase. We perform comparison of the ion transport

FIG. 1. Snapshots of the perturbed elec-

trostatic potentials / obtained from GKV-

X simulations at q ¼ 0:46; 0:65 and 0.83

in the LHD high-Ti discharge for (a) linear

phase (t 	 18R0=v
ðq¼0:65Þ
ti ) and (b) nonlin-

ear saturated phase (t 	60R0=v
ðq¼0:65Þ
ti ).

The value of / is normalized by T
ðq¼0:65Þ
i

qðq¼0:65Þ
ti =eR0 	 1:06� 10�3½kV�, where

T
ðq¼0:65Þ
i 	2:2½keV�, vðq¼0:65Þ

ti 	 4:6�105

½m=s�, qðq¼0:65Þ
ti 	 1:8� 10�3½m�, and

R0 	 3:75½m�.
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level resulting from the simulation with the LHD experimen-

tal observation for the first time.

In the saturation phase of the turbulence, we evaluate the

time-averaged ion heat flux through each flux surface PiðqÞ
defined by integrating the ion heat flux density QiðqÞ over the

flux surface as PiðqÞ ¼
Ð

QiðqÞdSðqÞ for each radial position.

Here, dSðqÞ is areal element at the flux surface with q. Note

that the experimental profile of the electron density in the

LHD experiment #88343 shown in Fig. 2(a) is so flattened for

q < 0:9 that the trapped electron modes, which are not

included in the present model, are considered to be stable and

have no contributions to the turbulent transport. Figure 2(b)

shows the profile of the ion heat fluxes Pi obtained from the

GKV-X simulations and from the experiment. The error bars

for the simulation results are evaluated from the errors of the

ion temperature gradient scale length LTi � �ðd ln Ti=drÞ�1

obtained from the experimental observation of the ion temper-

ature profile in Fig. 2(a). The simulation results are 15%–50%

lower than that in the experimental values which include both

the anomalous and neoclassical contributions to the transport.

If we subtract the neoclassical part calculated by the GSRAKE

code,23 the simulation results agree well with the anomalous

part of Pi, such that the observed differences are less than

10% for q ¼ 0:46; 0:65, and about 30% for q ¼ 0:83 (see also

Table I for the ion heat diffusivity vi).

Figure 3 shows the poloidal wavenumber spectra of the

turbulent density fluctuation obtained from the PCI measure-

ment and the simulation, where ky is treated as the poloidal

wavenumber in the coordinates used in the simulation. The

both spectra have a peak in a low wavenumber region of

kqti < 0:5 and similar shape in a high wavenumber region of

kqti > 0:5, although the peak position of the experimental

spectrum is found at a higher wavenumber than that obtained

from the simulation. It should be remarked that, because

of coarse resolution and the cutoff of the wavenumber at

khqti 	 0:4 in the PCI measurement, the experimental results

in lower wavenumber region have a large ambiguity. Of

course, contributions of kinetic electrons, which are not taken

into account in the GKV-X code, should be considered for

more precise analyses. We still need to improve the simula-

tion code for treating kinetic electrons although we can expect

that the ITG turbulences shown by the simulations here give a

dominant contribution to the transport for the present case

with the flattened density profile in Fig. 2(a). The reasonable

agreements between the LHD high ion temperature experi-

ments and the ITG turbulence simulations by GKV-X strongly

encourage us to pursue further gyrokinetic simulation studies

of the anomalous transport in non-axisymmetric systems.

B. Spectral transfer of potential fluctuations

It is now widely recognized that the ITG turbulent trans-

port is determined by the competitive interaction between tur-

bulence and zonal flows, and there have been a number of

theoretical studies which investigate effects of magnetic

TABLE I. The ion heat diffusivity from the anomalous contribution given

by the LHD experiment and from the ITG turbulent transport obtained from

the GKV-X simulations in physical unit vi½m2=s�, and the gyro-Bohm unit

vi=ðq2
tivti=R0Þ, where qti ¼ vti=ðeB0=micÞ and vti ¼

ffiffiffiffiffiffiffiffiffiffiffi
Ti=mi

p
.

q 0.46 0.65 0.83

vi½m2=s� Experiment 2.40 2.71 2.73

Simulation 3.60 2.84 1.84

vi=ðq2
tivti=R0Þ Experiment 3.85 6.63 11.59

Simulation 5.79 6.97 7.80

FIG. 3. Poloidal wavenumber spectra for the

density fluctuation amplitude obtained from (a)

the PCI measurement for q ¼ 0:6� 0:7 in the

LHD experiment, and (b) the GKV-X simula-

tions at q ¼ 0:65. In (a), the dashed line repre-

sents the cutoff of the wavenumber in the PCI

measurement. The ordinate of (b) is normalized

by R0=qti.

FIG. 2. Radial profiles of (a) the ion temperature Ti, electron density ne in

the LHD experiment #88343, and (b) ion heat flux Pi obtained from the

experiment (dotted curve) and the GKV-X simulations (open squares with

the error bars). The solid curve in (b) represents the anomalous part of the

experimental Pi.
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geometry on zonal flows and turbulence in helical

systems.24–27 Figure 5(a) shows the power spectra of the tur-

bulent potential fluctuations in the ky space normalized by

gyro-Bohm unit Tiqti=eR0, which are obtained by integrating

the squared potential fluctuations over the kx spaceP
kx
hje/kx;ky

R0 =Tiqtij2i=Dky, and taking the time averages in

the saturated phases for three simulation runs at each radial

position. In the plots, we also show the simulation result

obtained by using the vacuum (or zero beta) magnetic field

configuration at q ¼ 0:65, where the same simulation parame-

ters of the experiment #88343 at q ¼ 0:65 are used except for

the field configuration and the values of minimum wavenum-

bers ðDkxqti;DkyqtiÞ ¼ ð0:126; 0:036Þ. In this vacuum field

configuration with no Shafranov shift, the magnetic axis is

more inward shifted, the neoclassical transport is lower, and

the zonal flow response is better than in the configuration of

the experiment as theoretically expected.24 The potential fluc-

tuation at q ¼ 0:65 in the turbulent state for the vacuum field

configuration is shown in Fig. 4, where the zonal flow struc-

ture is seen more clearly than in the q ¼ 0:65 case of

Fig. 1(b). In the experimental configuration, the spectrum at

q ¼ 0:83 has a peak in a lower region of ky than those at inner

radial positions. The peak amplitude of the fluctuation spec-

trum at q ¼ 0:83 in the gyro-Bohm unit is about 5 times

higher than that in q ¼ 0:65 case, and 10 times higher than in

q ¼ 0:46 case. We also find that the peak amplitude in the

inward-shifted configuration is larger than in the experimental

one. According to the mixing length estimate,28 the turbulent

transport is roughly characterized by c=k2
y , where c is the lin-

ear growth rate of the mode. For the cases corresponding to

those in Fig. 5(a), we plot spectra of c=k2
y in Fig. 5(b), where

one finds obvious differences in the low ky region of

kyqti < 0:2–0:3. The peak value of c=k2
y at q ¼ 0:83 is 5–10

times higher than the other radial positions in the experimen-

tal cases. At q ¼ 0:65, c=k2
y for the inward-shifted case is

higher than that for the experimental case. The peak position

shifts to the lower ky side for the outer radial position in simi-

lar to the power spectrum of potential fluctuations in Fig. 5(a).

Thus, the turbulence spectra are correlated with the mixing

length estimate although it is not simply concluded that mix-

ing length estimate from the linear growth rate solely influen-

ces the turbulent transport level, because the interaction

between zonal flow and turbulence is also a key ingredient

determining the transport.

In Fig. 6, the two-dimensional spectra of the squared

potential fluctuations in the wavenumber space ðkx; kyÞ are

shown. Spectra for the experimental case with q ¼ 0:83 and

inward-shifted case clearly spread in the high-kx region which

is caused by the spectral transfer from the low-kx to the high-

kx space. The ITG mode is linearly less-unstable in the high-

kx region as seen in Fig. 7(a) where the two-dimensional

growth rate spectrum in the inward-shifted case is shown. The

two-dimensional potential fluctuation spectrum shown in

Fig. 6 for the inward-shifted case is magnified and plotted in

Fig. 7(b). The zonal flow generation is identified as a bright-

colored horizontal stripe at ky ¼ 0 in Fig. 7(b) more clear than

in Fig. 6. It is found by comparing Figs. 7(a) and 7(b) that the

fluctuation spectrum widely invades the less-unstable high-kx

region and the fluctuation peak is located at the ky lower than

the one corresponding to the maximum growth rate. The spec-

tral transfer is considered to be induced through the interac-

tion between zonal flows and turbulence as discussed in

Ref. 29. The high-kx modes in the spreading spectrum make

less contribution to the transport while they still contribute to

the integrated power spectrum shown in Fig. 5(a). Indeed, as

shown in Fig. 8(a) for the spectra of the squared zonal flow

potential hje/kx;0R0=Tiqtij2i=Dkx, larger zonal flows causing

the spectrum spreading are generated for q ¼ 0:83 and

inward-shifted cases. Linear simulation results of the response

of the zonal flow potential to an initially given source are

shown in Fig. 8(b). It is found from Figs. 8(a) and 8(b) that

the linear zonal flow response has a positive correlation with

the amplitude of the zonal flow potential in the turbulent state.

FIG. 5. Spectra of (a) time-average of squared

potential fluctuations in ky space integrated over

kx space, and (b) linear ITG growth rates di-

vided by square of the wavenumber ky, at

q ¼ 0:46, 0.65, and 0.83 in the experimental

case, and at q ¼ 0:65 in the inward-shifted vac-

uum configuration case. In (a), / and Dky are

normalized by Tiqti=eR0 and q�1
ti , respectively.

FIG. 4. Snapshot of the perturbed electrostatic potential / obtained from

GKV-X simulations at q ¼ 0:65 in the turbulent state for the vacuum field con-

figuration. For normalization of /, the same numerical factor as Fig. 1 is used.
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C. Resultant transport level

Correlations of the resultant transport level on the turbu-

lence and the zonal flow are examined in the Lissajous plots

in Fig. 9 for the squared turbulent potential,

T � 1

2

X
kx;ky 6¼0

e/kx;ky
R0

Tiqti

����
����
2

* +
; (4)

the amplitude of the averaged zonal flow potential,

Z1
2 � 1

2

X
kx

e/kx;0R0

Tiqti

����
����
2

* +" #1
2

; (5)

and the ion heat diffusivity in the gyro-Bohm unit vi=v
GB
i

with vGB
i ¼ q2

tivti=R0. Therefore, T and Z are given by the

integrations of the spectra of Figs. 8(a) over each wavenum-

ber which are correlated with the linear properties as dis-

cussed in the previous section. In the Z1=2 – T space of Fig.

9(a), all plots in the experimental cases seem to be fitted by a

simple proportional relation of Z1=2 / T . On the other hand,

the result of the inward-shifted case shows the highest ratio

of Z1=2 to T which implies that the zonal flow components

are efficiently generated because of the higher zonal flow

response in the inward-shifted or neoclassically optimized

configuration.3 It is seen from the plots in ðvi=v
GB
i Þ � T

space of Fig. 9(b) that the transport level is not simply

related to the potential fluctuations or the mixing length esti-

mate shown in Figs. 5(a) and 5(b). On the other hand, one

finds in the ðvi=v
GB
i Þ � ðT =Z1=2Þ space of Fig. 9(c) that all

plots including the inward-shifted case are well represented

by the relation,

vi

vGB
i

/ T
Z1

2

; (6)

despite the fact that a wide range of conditions for the differ-

ent radial positions and the inward-shifted case are included

here. In fact, more than 80% of the data points in the satura-

tion phase are confined in the region surrounded by two

lines, vi=v
GB
i ¼ CT =Z1=2 with C ¼ ð2:7560:75Þ � 10�1.

We expect that this relation can be used for modeling of the

turbulent ion heat diffusivity applicable to the transport code

analyses by estimating T and Z from the linear calculation

results which include effects of equilibrium profiles and

magnetic configurations. Since Eq. (6) is derived from only a

limited number of simulation results, we still need to exam-

ine many cases with different equilibrium conditions and

other physical mechanisms such as the kinetic electron dy-

namics, which remain as future tasks.

IV. SUMMARY

We have presented the first results of direct comparison

between the gyrokinetic ITG turbulence simulations and the

experimental observations in the high ion temperature LHD

plasma. The present GKV-X simulations, which include full

FIG. 7. Two-dimensional spectra for (a) growth rate of linear ITG mode

and (b) potential fluctuations (the magnification of the fourth plot of Fig. 6)

at q ¼ 0:65 in the inward-shifted case.

FIG. 6. Spectra of time-averaged potential fluctuations in ðkx; kyÞ space at

q ¼ 0:46, 0.65, and 0.83 in the experimental case, and at q ¼ 0:65 in the

inward-shifted case. Here, / and ðDkx;DkyÞ are normalized by Tiqti=eR0 and

q�1
ti , respectively.
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geometry data of the LHD configuration, reproduce the tur-

bulent ion heat fluxes obtained from the experiment within

errors of about 30%. The ITG turbulence simulations also

have shown the poloidal wavenumber spectrum of the poten-

tial fluctuation which is similar to that of the density fluctua-

tion given by PCI measurements in the LHD except for

experimentally ambiguous low wavenumber regions. While

we still need to improve the GKV-X code by including other

effects such as kinetic electrons and electromagnetic fluctua-

tions, the first comparisons of the simulation code with the

high-Ti LHD experiment, where the electron density profile

is so flattened that the trapped electron mode is considered to

be stabilized, have been successfully done and encourages us

to confirm that we are on the right track toward more accu-

rate predictions of the anomalous transport in the LHD

experiments and future helical reactors based on the gyroki-

netic simulations.

The present simulations also verify the spectral transfer

of the potential fluctuation into the less-unstable high-kx

region and consequently cause the regulation of turbulent

transport. The zonal flows, which are more efficiently gener-

ated by the neoclassical optimized configuration, are consid-

ered to induce the spectral transfer via the nonlinear entropy

transfer.29 The same analyses as in Ref. 29, which are not

demonstrated in the present paper, can be done to directly

show the effects of the zonal flows on the spectral transfer in

the kx direction. Detailed results of the spectral transfer anal-

yses will be reported in a separate work.

The simple relation obtained from the simulations, which

describes the strong correlation between the turbulent heat dif-

fusivity and the ratio of the squared turbulent potential to the

zonal flow amplitude at least within the cases considered in

the present work, will be investigated further for use in model-

ing the ITG turbulent transport in helical plasmas.

FIG. 8. (a) Spectra of time averages of squared

zonal flow potentials in kx space, and (b) linear

responses of zonal flow potentials at q ¼ 0:46,

0.65, and 0.83 in the experimental case, and at

q ¼ 0:65 in the inward-shifted case. In (a), /
and Dkx are normalized by Tiqti=eR0 and q�1

ti ,

respectively. The radial wavenumbers used here

are kxqti ¼ 0:231; 0:256; 0:244, and 0.251 for

q ¼ 0:46, 0.65, and 0.83 in the experimental

case, and at q ¼ 0:65 in the inward-shifted

case, respectively.

FIG. 9. Lissajous plots of the ITG turbulence

simulations of the saturated phases in (a)

ðT ;Z1=2Þ-space, in (b) ðT ; vi=v
GB
i Þ-space, and

in (c) ðT =Z1=2; vi=v
GB
i Þ-space for the experi-

mental cases at q ¼ 0:46; 0:65 and 0.83, and the

inward-shifted LHD case at q ¼ 0:65, where

vGB
i ¼ q2

tivti=R0 is the gyro-Bohm ion heat

diffusivity. Dashed lines in (a) and (c) represent

Z1=2 ¼ kT with k ¼ 3:63� 10�2 and

vi=v
GB
i ¼ CT =Z1=2 with C ¼ 2:75� 10�1,

respectively. Here, T � ð1=2Þ
P

kx ;ky 6¼0hj/kx ;ky
j2i

and Z � ð1=2Þ
P

kx
hj/kx ;0j

2i, where / is nor-

malized by Tiqti=eR0.
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