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Extended gyrokinetic field theory for time-dependent magnetic confinement

fields
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A gyrokinetic system of equations for turbulent toroidal plasmas in time-dependent
axisymmetric background magnetic fields is derived from the variational principle. Besides
governing equations for gyrocenter distribution functions and turbulent electromagnetic fields,
the conditions which self-consistently determine the background magnetic fields varying on a
transport time scale are obtained by using the Lagrangian, which includes the constraint on the
background fields. Conservation laws for energy and toroidal angular momentum of the whole
system in the time-dependent background magnetic fields are naturally derived by applying
Noether’s theorem. It is shown that the ensemble-averaged transport equations of particles,
energy, and toroidal momentum given in the present work agree with the results from the
conventional recursive formulation with the WKB representation except that collisional effects

are disregarded here. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4863426]

. INTRODUCTION

Numerous studies have so far been done based on
gyrokinetic theories and simulations in order to investigate
microinstabilities, turbulence, and transport processes in
magnetically confined plasmas.'™ In conventional gyroki-
netic studies, the gyrocenter phase-space variables are
defined by using the background magnetic confinement field
that is assumed to be independent of time. Recently, several
works have been trying to perform long-time gyrokinetic
turbulent transport simulations including evolutions of
equilibrium profiles™® although they still use the above-
mentioned assumption. However, the background or equilib-
rium magnetic field changes along with the pressure profile
on the transport time scale. Therefore, in order to accurately
describe the long-time behaviors of the gyrokinetic turbu-
lence, we need to treat the time-dependent background field
and show how to determine its time dependence. In this
work, the gyrokinetic field theory’ is extended to derive the
conditions which determine the time-dependent magnetic
confinement fields in axisymmetric toroidal systems.

Basic equations for a wide range of physical systems
including plasmas can be derived from the variational princi-
ple, which is useful to elucidate conservation properties.®
Noting that the gyrokinetic model is an approximate
representation of the Vlasov-Poisson-Ampere equations, their
conservation laws were investigated by the variational princi-
ple in our previous work,” where it was shown how they
differ from those for the full Vlasov-Maxwell system. In the
gyrokinetic field theory, all equations which govern gyrocen-
ter distribution functions and electromagnetic fields, are
derived by applying the variation principle to the action inte-
gral of the Lagrangian, for the turbulent magnetized plasma
system consisting of particles and fields.”'® Therefore,
Noether’s theorem® can be utilized to elegantly derive various
conservation laws from the symmetry properties of the sys-
tem. Especially, the toroidal momentum conservation law has
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been actively investigated in recent works based on the gyro-
kinetic field theory because the toroidal momentum transport
is deeply connected to one of critical issues for plasma con-
finement studies, which is how to accurately predict profiles
of toroidal flows and radial electric fields in tokamaks.*!'~"7
Regarding these conservation laws, they have also been
derived from the conventional drift kinetic and gyrokinetic
equations based on the recursive formulation."*'®'® In the
present paper, not only the particle, energy, and toroidal
momentum conservation laws in the time-dependent back-
ground fields are naturally derived from the extended gyroki-
netic field theory but also their ensemble averages are taken
with the help of the WKB representation'® in order to eluci-
date the consistency between the present results and those
from the conventional recursive formulation.

The rest of this paper is organized as follows. Section II
presents the action integral of the Lagrangian, from which
all governing equations for the gyrocenter motion, distribu-
tion functions, turbulent electromagnetic fields, and the time-
dependent equilibrium field are derived in Sec. III using the
variational principle. It should be noted that, in the present
formulation as well as in other Lagrangian and Hamiltonian
formulations, we do not treat effects of collisions and exter-
nal sources such as heating and torque terms, which remain
as future subjects. In Sec. IV, useful formulas for the gyro-
center densities and the polarization density are derived from
the gyrokinetic Vlasov and Poisson equations obtained in
Sec. III. In Sec. V, we consider general infinitesimal trans-
formations of all variables included in the Lagrangian, and
find the expression for the resultant variation of the action
integral, which gives a general form of conservation laws as
a result of Noether’s theorem. Then, as specific examples,
conservation laws of energy and toroidal angular momentum
are derived from the invariances of the system under the
time translation and the toroidal rotation. These conservation
laws are ensemble-averaged in Sec. VI with the scale separa-
tion technique using the WKB representation. Then, the

© 2014 AIP Publishing LLC
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resultant ensemble-averaged particle, energy, and toroidal
moment transport equations, which are of the second order
in the normalized gyroradius, are shown to agree with the
conventional results except that the collisional effects are
disregarded in the present results. Finally, conclusions are
given in Sec. VIL.

Il. LAGRANGIAN

All governing equations for the gyrokinetic system con-
sidered here is derived from the variational principle

153
0T = 5J Ldt =0, 1)

n

where 7 denotes the action integral and 0 represents the vari-
ation. The Lagrangian L is written as

L :Z JdGZO Da(Zo)Fa (Zo, lo)
X La[Za(Z()7 To; t)? Za(Z()v Io; t)? {¢7 AO; Al H
+J d*x Ly, )

where L; represents the Lagrangian density associated with
electromagnetic fields [see Eq. (14)]. The single-particle
Lagrangian L, for particle species a is written in terms of the
gyrocenter coordinates Z, = (ZL)I-:L‘___6 = Xy, Uq, Uy, 4) as

. €u v < mycC .
Lu(sz;{¢7A07Al}):?Aa'Xa_Fe_.uaia_Hw (3)

where X,, U,, u, and &, denote the gyrocenter position,
parallel velocity, magnetic moment, and gyrophase angle,
respectively, " = d/dt represents the time derivative, and A
is defined by

M U b(Xo 1). (4)

a

Al =Ao(X,, 1) +

[It is noted that, in Ref. 7, the gyrocenter coordinates are
denoted by Z,= (X,,Ua 0, ) instead of Z,
= (X4, Ug, 1y, €4)-] Here, the vector potential Ag is associ-
ated with the equilibrium magnetic field By =V x Ay,
which is assumed to be time-dependent, and the gyrocenter
Hamiltonian, which is independent of ,, given by

Hy = 3maU + 1By + ¥, )
with
W = (V2 0)e, + 507 (X + 2,0,
wwﬂw( O, ©)

Here and hereafter, the gyrophase-average and gyrophase-
dependent parts of an arbitrary periodic gyrophase function
Q(¢&,) are written as
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d -
<®gz§§mm and 0=0-(Q)., (]

2n

respectively. On the right-hand side of Eq. (6), the gyrora-
dius vector is given by p, = b(Xy, 1) X Ve0(Zg,1)/Q4(Xq, 1)
with the gyrofrequency Q, = e,Bo/(m,c), and the field vari-
able 1, is defined by

1
l/ja(Ztut) = ¢<Xa +paat) _EVaO(Zaat) 'Al(Xa +paat)a (8)

where ¢ and A, denote the electrostatic potential and the
perturbation part of the vector potential, respectively. The
zeroth-order particle velocity v, is written in terms of the
gyrocenter coordinates as

=Uab(Xa, 1) = 20,0 (Xa) /ma]'/?
x [sin &, e (X, 1) + cos &, e2(Xq, 1)], )

VaO(Zav t)

where the unit vectors e;, e, and b =B(/By form a
right-handed orthogonal system.

On the rlght -hand side of Eq. (2), [d®Z¢ = fd3X0f
dUo Jy* d,uofo d¢&, represents the integral with respect to the
initial  gyrocenter  coordinates  Zo = (Xo, Uo, o, $o)s
F.(Zy, 1) denotes the distribution function for species a at
an arbitrarily specified initial time 7,, and the Jacobian is
given by

Da(Zo, 10) = By (Zo, 10) /ma, (10)

where B} = B - b and B}, is defined by

B (Z,,1) =V x A, =By(X,, 1) + (muc/e,) U,V X b(Xy, 1),

(11)

with V = 9/0X,. The gyrocenter coordinates of the particle
at the time ¢ are denoted by Z,(Zo, fo;t) which satisfy the
initial condition

Z.(Zy, to;10) = Zo. (12)

Poisson brackets are determined from the single-particle
Lagrangian in Eq. (3). The nonvanishing components of the
Poisson brackets for pairs of the gyrocenter coordinates are
given by

B*
bxI, {X,U,}= B

“ aH all

ey
{éav:ua} - muc’

(13)

where I = eje; + ee, + bb represents the unit dyadic.

The last integral term on the right-hand side of Eq. (2) is
associated with the electromagnetic fields and the
Lagrangian density £; is defined by

= L (9807 = 19 x [Aatx ) + AuGe. 1)

1
+Ei(x, HV - Ai(x,1) + Lpo, (14)
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where
Lo zﬁ A, 1) - By(x,1) — IV — VI x V7]

1
—i-%ot(x, 1V - Ag(x,1) (15)

is newly introduced to impose constraint conditions on the
equilibrium magnetic field that is axisymmetric and time-
dependent [see also Eq. (30)]. Here, I and y represent the
covariant toroidal component of B, and poloidal magnetic flux
divided by 2, respectively, and { is the toroidal angle coordi-
nate. Here, / and y are both independent of { and they are writ-
ten as [ =1(y,7) and y = y(R,z) where the right-handed
cylindrical spatial coordinates (R, z, {) are employed.

The last two terms in Eq. (6) give the perturbation to the
Hamiltonian on the second order in the parameter 6 = p/L
given by the ratio of the gyroradius to the equilibrium scale
length L. We retain these second-order perturbation terms
here because they influence the gyrokinetic Poisson equation
and/or Ampere’s law derived in Sec. III to the lowest order
in . However, in this work, we neglect all other second-
order terms. The second-order correction terms>'* to define
the difference between the particle and gyrocenter positions
are not considered here. In order to avoid a secular deviation
of the particle position from the gyrocenter in a long time
gyrokinetic simulation, Wang and Hahm?® considered the
correction due to the fluctuating E x B velocity in the defini-
tion of the gyrocenter position and included the polarization
drift in the gyrocenter equations of motion, which are not
retained in this work either. Besides, A’ defined in Eq. (4)
does not contain the gyrogauge-dependent term which is of
the second order in §.2' In spite of these facts, we see that
the second-order transport equations for particles, energy,
and toroidal momentum shown in Sec. VI are not influenced
by these second-order terms neglected in the present paper.

lll. GYROKINETIC EQUATIONS

In this section, governing equations for the gyrocenter
motion, distribution functions, turbulent electromagnetic
fields, and the time-dependent equilibrium field are all
derived from the variational principle using the Lagrangian
shown in Eq. (2). In the derivation, variational variables are
assumed to be fixed at the boundaries of the integral regions.

A. Gyrocenter motion equations and gyrokinetic
Vlasov equation

The gyrocenter motion equations are obtained from
0Z/0Z, =0 as

dZ, e, OA*
=1{7Z,, H 7, X,} ——¢ 1
dt { as a}+{ as a} c 8[ ) (6)
which are rewritten as
X, 1 eq 0¥,
= U, +— B!
dt B}, K a+ma8Ua> a
10A*
—|—cb><('u“VBO+V‘Pa+ “)] (17)
e, c Ot
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du, B, 10A”
- _ . B ¥ i — 1
dt maBZH |::uav O"’ea(v a+c ot >:|7 ( 8)
dp,
=0 19
o ; (19)
and
2 O¥

A _ g, 1 a9V (20)

dt “ " mgc Op,’

where the effects of the vector potential for the time-
dependent background magnetic field appear through the
terms proportional to JA’ /90t and the fluctuating electromag-
netic fields are included in the potential ¥,,.

The distribution function F,(Z, t) for the time ¢ is deter-
mined by

Du(Z,1)Fo(Z.1) =Jdézooa<zo,ro)Fa<zo,ro>

x 0°Z — Zy(Zo, 10;1)], 21

where 0%(Z—1Z,) =0 (X —X,)d(U — U,)d(u— p,)d[¢ — &,
(mod2m)].

Since Egs. (16)—(20) are independent of the gyrophase &,
Xu(Zo, to; 1), Ua(Zo, to; 1), and p,(Zo, to; t) are all independent
of the initial gyrophase ¢&p. The Jacobian D, is also
gyrophase-independent. Then, we find from Eq. (21) that, if F,,
is initially gyrophase-independent, it is gyrophase-independent
at any time. Hereafter, we assume without loss of generality
that F, is gyrophase-independent, 0F,(Z,t)/0¢ = 0. Noting
that the Jacobian D, = BZH /my, is time-dependent, we see that
the gyrocenter phase-space conservation law is given by

L) 0 (00T z,)
TJF% Dy(Z,1) i (Z,1) | =0, (22)

where (dZ,/dt)(Z,t) represents the value of the right-hand
side of Eq. (16) evaluated at the gyrocenter position Z and
the time ¢. From Eqgs. (16) and (21), we have the gyrokinetic
Vlasov equation in the conservation form

) 0 dz,\
&(DaFa) + 87 (DaFa dl‘) - 07 (23)

which is rewritten with the help of Eq. (22) in the convection
form

(a dz, 0

E‘FT'Q_Z)Fa(Zat):O' (24)

B. Equations for electromagnetic fields

The Coulomb gauge conditions V-A; =0 and
V - Ag = 0 for the perturbation and equilibrium parts of the
vector potential are derived from 0Z /04 =0 and 0Z /oo
=0, respectively. The gyrokinetic Poisson equation is
obtained from 6Z /6¢ = 0 as
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Vip(x,1) = —4ny eaJd(’ZDa(L N8 (X + p, — X)

x |Fo(Z,1) + e”B‘ﬁ“ %—Z‘ . (25)
From 0Z /0A; = 0, we obtain
vz(Ao+A1)—%W= —47”16, (26)
where the gyrokinetic current density is defined by
b= eajd"’ZDu(Z)é3 X + p,(Z) — ]
x (Fa(Z, 0 [VaO(Z) LA+ 0,(2).0)
+ %%ﬁ” VaO(Z)> : 27)

Note that any vector field a can be expressed as a = a; + ar,
where a, = —(41) 'V [d*X(V'-a) /|x—x/| and a7 = (4n) "'V
x(V x [d*x'a/|x—x/|) represent the longitudinal (or irrota-
tional) and transverse (or solenoidal) parts, respectively.”
Then, the longitudinal and transverse parts of Eq. (27) are
written as

Vi =4n(jc), (28)
and
) 47 .
ViAo + A1) = ——(c)r: (29)

respectively. Equation (29) represents
Ampere’s law.

From 0Z /oA = 0, the equilibrium magnetic field By is
given in the axisymmetric form as

By = IV{ + V{ x V. (30)

the gyrokinetic

The equilibrium vector potential A,, which satisfies the
Coulomb gauge condition and Eq. (30) with By =V X Ay,
is given by

Ag = —VI+ Apo, (€20)
with
Apyp = V{ x Vp, (32)
where 7 = n(R, Z) is the solution of
A =R*V - (R*Vy) =1 (33)

The conditions for A are derived from 0Z/dy = 0 and
0Z /oI =0 as
v x Af = AT (34)
oy’

and

(A%) =0, (35)
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respectively, where the toroidal-angle and flux-surface aver-
ages are defined by = = (2r)'§ ---d{ and (---) = (21)*
$/8$ ---d0d(, respectively, and the Jacobian for the flux
coordinates (y, 0, {) is given by

R%q

VE=[Vi (VOx VO == (36)

Here, 0 denotes the poloidal angle and ¢ = By - V{/B, - V0
is the safety factor. We use the superscript (- ~)C and the
subscript (- --), to represent the contravariant and covariant
toroidal components, respectively: A'= A -V{ and A¢
=A-0x/0{=A-RV{.

We also find that 6Z /Ay = 0 yields

V(Ao +A)+V x A—%w+47”(j<30> +V xM) =0,
37
where the gyrocenter current is written as
j(gC> _ Z eanﬁlgC)ugg“). (38)

Here, the gyrocenter density nflgc) and the gyrocenter fluid
velocity uggC> are defined by

n&) (X, 1) = 2nJ dUJ duD,(X,U,0)F,(X,U, u,1), (39)
and

neylee) — ZRJ dUJ dpuD Fv'e), (40)

where the gyrocenter drift velocity V((lgc) = dX,/dt is given
by evaluating the right-hand side of Eq. (17) at (X, U, w).
The last term on the left-hand side of Eq. (37) represents the
magnetization current. The magnetization is defined by

M=> "M, (41)
with
maU ( C)
M, =c|dU|du|déD,F,| —pub + 2 (vE) | =N, |,
0
42)
where
eg 2
No =ea(Dpy,) +W<DB(|A1| e
62 0 ) 62 g , -~
a . _ _a_ D
s () — g o . Du)
1 1 Va0
DB% - B_O (Ebpa + pab> : <vd) - VlAl . 7)
U 1/1
+—A +- <_bVaOL - Vaoﬂ)> A4,
c c\2
2 1 (1 2
Dulaif) =~ 5 (300, +ab) - V(AP @
0
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and the perpendicular component of an arbitrary vector a is
denoted by a; = (b x a) x b.

In the same way as in Egs. (26)—(29), Eq. (37) is divided
into the longitudinal part

4n

1
== Vo +—(j*)), =0, (44)

and the transverse part
4
V(Ao +A) +V x A+ T’_T((j<g°>)T LV X M) =0. (45)

Equation (45) gives the gyrokinetic Ampere’s law in a differ-
ent form from Eq. (29). The two different expressions of
the gyrokinetic Ampere’s law are necessary to determine
the equilibrium and perturbation parts of the magnetic field
separately. We define B as the magnetic field produced by

(j(g0>)T

. 4T . (oe
V x B&o) — ?(J(g ))T7 (46)

from which we obtain

B P T —
1 9B, = —(i®); - vy,

00 c
Ve o 47)
C - @
LM — 4n (j(gC))T V0.
N/ c
Then, using Egs. (30) and (45), we have
_ Ao ) _
Ay =1——M; — (B&)), + By, (48)
which is combined with Egs. (35) and (36) to obtain
do|4n .
[ =¢—|—M; + (B)), —Bj/|. 49
b e “9)

Using Eq. (34) and taking the {-average of the toroidal com-
ponent of Eq. (45) gives

4
Ay = (” (&), +V x M] = V x B1> RV +

ol —
(50)

The time-dependent axisymmetric background field B, [see
Eq. (30)] can be self-consistently determined by using Eqs.
(49) and (50), in which effects of the turbulent current and
fields are included. The well-known Grad-Shafranov equa-
tion [see, for example, Sec. 3.10 of Ref. 19] corresponds to
the lowest-order part of Eq. (50) in the d-expansion. In fact,
on the zeroth order, turbulent fluctuations are neglected,
A; =0 holds, and the zeroth-order current j, = (j'¢),
+V x M satisfies the MHD equilibrium condition, ¢~'j,
x By =V (>, nw0Tw), where n, and T, denote the
zeroth-order density and temperature for species a [see
Eq. (116)], respectively. Then, using Egs. (46)—-(50) to
express j,- VO and j,-V{ in terms of 0I/0y and A,y
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respectively, and substituting them into the radial component
of the MHD equilibrium condition yield the Grad-Shafranov
equation. This derivation of the Grad-Shafranov equation is
based on the low-flow ordering used in the present work; the
magnitude of the background E x B drift velocity ug is
assumed to be on the same order as that of the diamagnetic
drift velocity given by the thermal velocity vy times é = p/L.
When the high-flow ordering ug = O(vr) is used, the
large-amplitude radial electric field modifies the gyrokinetic
equations,”*2® and accordingly makes the momentum con-
servation law different from the one shown in the present
work.

In summary, for the present model, Egs. (24), (25), (26),
(49), and (50) constitute the closed system of governing
equations which determine F, ¢, Ay, I, and y (Ao and By are
determined from 7 and y). It should be noted that these gov-
erning equations do not contain the other field variables /4, o,
and A, which are included in the Lagrangian, Eq. (2), as
the Lagrange undetermined multipliers associated with the
constraint conditions for Ay, Ay, and By. If we fix the back-
ground magnetic field, we can eliminate Eqgs. (49)—(50), and
Eqgs. (24)—(26) form the closed system equations for F,, ¢,
and A, as obtained in the previous gyrokinetic formulations.
For the case of the electrostatic turbulence, A is neglected,
Eq. (26) is not used, and the reduced set of equations is given
by Egs. (24), (25), (49), and (50) which determine F,, ¢, I,
and y. These equations can be used to describe the gyroki-
netic system, in which the time evolutions of equilibrium
profiles are dominated by the electrostatic turbulent transport
while there are slow variations of the background magnetic
field to be consistent with the evolving profiles.

IV. GYROCENTER DENSITIES AND POLARIZATION

Integrating the gyrokinetic Vlasov equation, Eq. (23),
with respect to the velocity-space coordinates (U, u, &), we
immediately obtain

on'ee)
ot

+V - (=) = o, 51)

where nflgc) and uflgc) are defined in Egs. (39) and (40). The
delta-function part appearing in Eq. (25) is rewritten as

> 1 "8 (X —x)
FX+py=X) =D =D Pty Pui, s (52)

which is a useful formula to represent effects of finite gyrora-
dii. Several numerical schemes to evaluate the phase-space
integral including &°(X + p, — x) as seen in Eq. (25) have
been devised for gyrokinetic turbulence simulation.*’ >’
Substituting Eq. (52) into Eq. (25) and rewriting x as X, the
gyrokinetic Poisson equation is rewritten as

V- E, =4n <Z ean®) — V. P<P°1>), (53)
a

where E;, = —-V¢, V=0/0X, and p(rol) represent the
polarization density defined by
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pro) Z JdUJ d,uJ dé

x anil(DaFapapail e pai,,,l)
OX,, - OX, '

In—1

(54)

Here, p, denotes the ith Cartesian component of
p, =b(X, 1) X vo0(Z,1)/Q,(X, 1), and
eay, OF
F'=F, a_—- 55
o= Fat gt (55)
We can also rewrite P®°" as
pr) —p, + P, (56)
where
<1
—-YaY gy > Javfan]a
a l:l( )',‘1_’...,,‘2,71
82]71(D0Fapapai1 o paiz, 1)
- 57
: 0X;, -+ 0Xiy, 7)
and
S (—
P, = - dau|duld
' Za:BOrzzl il,m,i”J JMJ -
8n—1 Da~ 8Fa o e .
o 9" eV o(OF o/ O1)papaiy * ~ Pair ] (58)

OX;, - - OX;

In—1

We see that the P, represents the polarization caused by the
field i and that the charge density (at the position X) for the
case of iy = 0 is given by

D ent) =V Py =) eaJ d°Z' D, (2, ))F,(Z 1)

x (X' +p, — X), (59)
which shows that the particle charge density should be eval-
uated from the gyrocenter charge density with keeping the

corrections due to finite gyroradii.
Using Egs. (38) and (51), we find

% (Z eanf,g°>> +V-jE) =0 (60)

Equation (53) is rewritten as

et =
which is substituted into Eq. (60) to obtain

«(gC 8 E 0
jE = - ar< Lpp ‘)). (62)

E
<4L + P<P°1>) 61)

Thus, the longitudinal part J(Lg ) of the gyrocenter current is

equal to the minus sign of the longitudinal part of the
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displacement current plus the polarization current. Then,
using Egs. (60) and (62), we find that the useful formula

e ()

<aAZea @ >
(v [ (r)])

Gllr)el)

holds for any function A(X, 7). The relation in Eq. (63) is
used in Sec. VB to derive Eq. (101).

LvA),

V. CONSERVATION LAWS

In this section, conservation laws for energy and toroidal
angular momentum are derived from Noether’s theorem in
the way similar to that in Ref. 9. First, we consider general
infinitesimal transformations of the Eulerian field variables
given as function of (x, f)

! =t+ otg(x,1),
X' = x + 0xg(x,1),

P 0) = Bx, 1)+ 5 (x,1),
AL (X, 7)) = A(x,1) + 6A (X, 1), 64)
Ay(X', 1) = Ao(x,1) + 0Ag(x, 1),
A(X 1) = Ax, 1) + dA(x,1),
o (X', 1) = a(x, 1) + da(x,1),
A (X, 1) = A(x, 1) + 0A(x,1).

Here, dtz and 6 xg are generally functions of (x, #) while
0¢, 0A1, 0Ay, 04, dua, and OA are produced by the variations
in their functional forms and those in the variables (X, ¢)

S (x,1) = 5¢(x,1) + Stp O + Oxp - Vb,
OAL(X, 1) = A (X, 1) + Otp O;A| + Oxg - VA,
OAo(x, 1) = ?A o(X, 1) + 6tg O,A¢ + Oxg - VA, ©5)
0A(X, 1) = 0A(X, 1) + Otg Op A + OXg - VA,
So(x, 1) = So(x,t) + Stg O + xg - Vo,
SA(x,1) = 6A(X,t) + Otg O, A + Oxg - VA,
where  0p(x,1) = ¢'(x,1) — d(X,1), A (x,1) = A (x,1)
—A;(x,1), 0A(X,1) = Aj(x,1) — Ag(x,1), dA(x,1) = ' (x,1)

—A(x,1), da(x, 1) = o/ (x,1) — a(x,1), SA(x, 1) = A(x,1)
—A(x,1), and the second-order variation terms are neglected.
Infinitesimal transformations of the axisymmetric functions
y and [ associated with the equilibrium magnetic field are
given by

Y (R,Z. )=
I'(Y(R,Z,1),7)

y(R’Z7 t) + 5X(R7Z7 t)?

1R 200 + 1R zr), O
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where R' = R(x') and 2/ = z(x') represent the R and z coordi-
nates of the position x'. Then, (R, z,¢) and 0I(R,z,t) are
written as

0y(R,z,t) = 5,{(R7z, 1) + Ot Oy + OR Ory + 0z Oy,
OI(R,z,t) = SI(R,z,t) + Otg O (y, 1) + Sy O, (1, 1),

where 5/(R,Z,l) :X/(R,Z,l) _X(szﬂt)’ 51(R727t) =
I'(y(R,z,1),t) —1(x(R,z,t),t), 0OR=R —R,and 6z = 7/ — z.

We also consider the following infinitesimal transforma-
tions based on the Lagrangian description using (Zo, fo; ) as
independent variables

(= t+ 0ty(Zo, to; 1),

68
Z,(Zo,to;1) = Ly(Zo, 10;1) + 0Z4(Zo, 105 1), (©8)

where the Lagrangian variations dz, and dX,, are related to
the Eulerian variations ofz and 0xg by

Oty(Zo, to;1) = otp(Xa(Zo, 103 1), 1),

69
5XH(Z(), to; t) = 5XE(XH(Z(), to: t), t). (©9)

Similar to Egs. (65) and (67), 0Z, is caused by the variations
in their functional forms and the variation 0t,

0Z4(Zo, to; t) = 6Zy(Zo, to; 1) + Sty 0,Za(Zo, t0;1),  (70)

|
d oL
5If = Jd[J d3X [E (,CfélE) + V- { ( / th
oL o LS~ oLy
(e L
acf LS~ 9L
o+ ZZ: Y

n

VAnk + =

oL
(V)

oLy
el el
k} Iz
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where  0Z,(Zo, to; t) = Z. (Zo, to; t) — Zo(Zo, to; ). Recall
that, in Sec. I, the governing equations for Z,, ¢, A, Ag, 4, o,
and A are derived as Euler-Lagrange equations from 6Z = 0
by considering only the variations in the functional forms
which are assumed to vanish on the integral boundaries. On the
other hand, when the variations given by Egs. (64)—(70) are
taken about the solutions of the Euler-Lagrange equations, the
variation 0Z of the action integral does not generally vanish
but it is written as

0L = 5Ip + 5Ilif + 5If, (71)
where
5Ip :EJledﬁzaoDu(Zao,l‘o)Fu(Zao,l‘o)
0 OL, OL,
A, L a a : Za )
(e~ gy %)+ gy %)
(72)

0Ty = Jdtj d°ZV - [DH(Z, 0)F,(Z,1)0A¢

a

m,U
s

N, - Na) - 5Ra], (73)

and

1

3
a oz
ZZ a 8t kT = B(V;{) a{X) otg + EféXE

n=0 k=1

Vy 5XE

(74)

On the right-hand side of Eq. (73), R, is associated with effects of finite gyroradii [see Eq. (52)] on electromagnetic fields

and defined by
o 15!// 8(DaF*p Ouir ** Pai ) 811725110
=e, D F . _ alF al”any iy a
- Z 'Z lzljl ababaiy = Paic %, 0K, | OXin oXj, -+ 0X;,_,
" VDuF:papuii ** Pai )< O 1(A; - 0A))
e (=) aPaPai, a1 ) s D,F, P L ol Bteial VA
+ + ( ) aXil . aXi)Fl lp + papah pal,,fl aXil ... aXi”,l
a(DaFapapail P 1) 8n72(A1 SAI) —1 8n_1 (DaFanPai Py ) <
— = -1 - D=2 (A - OA 75
Xy oX, - ox, . | +=1) X, ---0X; | (Ar-0A1) )], (75)
|
where Sx//a is given by gyrophase &, although, in order to prepare for deriving the
B 1 B conservation laws of energy and toroidal momentum in the
oY, =o0p(X,, 1) — Vao(Za,[) 0A|(X4,1).  (76)  following subsections, we hereafter consider the case in

We recall that the conservation of the magnetic moment pu
results from the invariance under the variation of the

which 6&,=0 and accordingly OL,/0(0,Z,) - 0Z, =
OL,/0(0:X,) - 6X, in Eq. (72). Then, using Egs. (72)—~(74),
we can rewrite Eq. (71) as
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0L = —JeraﬁX [%5&)()(72‘) +V-0G(X,)|, 7

with the functions dG and dG defined by

5G0(X, l) =E.0tp — P, - 5XE,
5G(X, t) = Qc Ot — II. - Oxg + S¢ 5¢ — X4 - 0A
~X0- 0A¢ + 8,7 + OT, (78)
where

Ee=)_ JdUJ duJ déDF,H,

a

|
+_n (=|Vo|* + By + By ),
JdUJ duJ dED,F, <m Ub + %"Ao) ,
OAy
au|d
J v “J o

P, =

2
Q=2
(

J déD,F, [H (e 4 =2

m,U 1 0¢
a (ge)y  _ _ 7
B, (viE) | Na)] +4 T V¢

C4n ot

1 0A,  0Aq 1 0Ay Oy )
*@(iwﬂw)@“(ax 2 V)

ZJdU[dquCDF{ <man+ A0>

X (B0+B|)

(T ), N, ) < (T
Si(w )+ | -(T0V4)

A

+((VA) = (VA)") - (VA)' — Z(VAI)T

(VAT A (VA + (vo(w»} |

1

1 A
ZAI :—(BXI+—I),
47 c

Tao = % ((B A %1 +%1> + ;JdUJdqué

U
X D,F, (,ub—”;O (V[(IgC))L+Na> x 1,
1
SZ = EA X VC,

ST=>" JdUJ d,uJ déOR,,. (79)

a

Here, the superscript T represents the transpose of the tensor,
and I denotes the unit tensor. Comparing the variation 67
of the gyrokinetic action integral shown in Egs. (77)-(79)
and the similar expression of 0Z given in Ref. 9 for the
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Vlasov-Poisson-Ampere system, we find that more compli-
cated terms appear in dG, and G in the present system due
to effects of the finite gyroradii and the new variational fields
included for separately determining the turbulent and back-
ground fields.

It should be noted that Eq. (77) is derived by using
the Euler-Lagrange equations shown in Sec. III, of which
Eq. (35) requires the integral over the flux surface. Thus,
given any spatial point in the integral domain of Eq. (77), the
flux surface including the point should be wholly contained
in the integral domain in order for Eq. (77) to be valid. If the
variations in the variables are such that 6Z = 0 holds for an
arbitrary spatiotemporal integral domain represented by
[t1,72] X [s1,52] where [sy, s»] represents the spatial volume
region sandwiched between two flux surfaces labeled by s;
and s,, then the conservation law is derived as

<%5G0(X,z) V- 5G(X,t)>

= <%5G0(X,t)> +%§ (V'(6G - Vs)) = 0.  (80)
This is Noether’s theorem for the present gyrokinetic system.
Here, we use flux coordinates (s, 0, {), where s denotes an ar-
bitrary radial coordinate to label flux surfaces, so that y is
written as a function y = y(s, t). The volume enclosed by the
flux surface with the label s at the time 7 is denoted by V (s,
f) and its radial derivative is represented by V' = 9V /Js.
Under the nonstationary background field B, flux surfaces
may change their shapes and the grid of the flux coordinates

moves. Then, the grid velocity®® is given by
0x(s,0,(,1)
= 81
uy o ; 81

and we obtain the following formula

0 1[0, 9 (1n
< 8t5G0> v {a (v <5G0))—%(V (6Gouy-Vs)) |, (82)

where on the right-hand side, the partial derivatives 0/0t and
0/0s act on functions of (s, 7) obtained after taking the flux-
surface average while, on the left-hand side, the partial time
derivative 0/0t is taken with fixed X before the flux-surface
average [see Eq. (2.35) in Ref. 30]. On the right-hand side of
Eq. (82), u; - Vs represents the radial velocity of the flux sur-
face and the last term gives the correction due to the radial
surface motion for evaluating the surface-averaged rate of
change. Substituting Eq. (82) into Eq. (80), we obtain

0

o (V'(6Go))

9 (1
= + (V/{(6G — 6Gouy) - Vs)) = 0. (83)

A. Energy conservation

In order to derive the energy conservation law, we con-
sider the infinitesimal translation in time represented by
Otp =€ where € is an infinitesimally small constant. Here, all
other variations 0xg, d¢, 0A |, 0Aq, 0y, oI, o4, oo, A, and
0Z, are regarded as zero. Under this infinitesimal time
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translation, 0Z = 0 is satisfied for an arbitrary integral do-
main in the form of [f], %] X [s1,s2] [see the remark before
Eq. (80)] because the integrands in the action integral / given
by Eq. (2) have no explicit time dependence while they im-
plicitly depend on # through ¢, A, Ay, 4, «, A, and Z,,. Then,
using the time translational symmetry and Egs. (78)—(80),
we obtain

0&,
(Ge)+ v @t -o 6

where Qp arises from Eq. (75) and is defined by

Q=Y ed - 3 fauanlac

i—1=1

o~ '8,1#
—D,F* _Z Yi¥a
apapall pat,, 18X11 . OX z,, ]
ia(DaFZpapail "'pain,l) 8n_28tlpu
' Xy oX;,---0X;, |
" "(DaFspubui, " Pai, ,)
1 alFai, ai, )
+ +( ) aXll a 1”71 fwa
€, O (A1-OAY)
—D,F* _~
eruc < papazl p(ll,,] aXI] "axin,l
| a(DaFZpapail "'pain,l)aniz(Al 'atAl)
' X1 X, 0X;, |
" (DuFpapuiy -~ Pai, )
1 alai " Pain1) (A -0,A . (85
+( ) aXII a in—1 ( ] ' 1)>:| ( )

With the help of the gyrokinetic Poisson equation in
Eq. (25), the canonical energy density £, is rewritten as

1
5(,:€+V-(—E¢V¢+®R>, (86)
where £ and @y, are defined by
E= ZJdUJdquéD F, (

e, O
235’

+ W, (29 —,)):

V\/Nﬁ

(|V¢\ + |Bo + By|? (87)

and

O —Z eaZ ;,Zl ZIJ dUJ d,uj dé
8n71 d)

In—1
_ a(DaFZpapail T pain,l) an72¢
X1 X, - 0%,

" NDFpaPuii* Pai )
n—1 at gWPalaiy Alp—1

88
a)rll .. .a)r ¢]7 ( )

In—1

DaFopuai, -+

o (-1)
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respectively. Substituting Eq. (86) into Eq. (84), we obtain
the energy conservation written as

o€
< at> +(V-Q) = (89)
which is rewritten by using Eq. (83) as
9 (1r 9 (on _
o (V'(&)) + ER (V{(Q —Euy) - Vs)) =0.  (90)

Here, Q is defined by

Q=Q +Qy, On
where
—ZJdUJdquéD F, {H <C>+%
maU )
(o] e
1 0(Ag+A))
1 AA;  OAy 1 0Ao Oy
e o) et (e e oo
and
acb
Q) = Qg +—=. (93)

In the energy conservation law given by Eq. (89) [or
Eq. (90)], the energy density £ is defined by Eq. (87) and its
volume integral gives the same energy integral as shown by
Eq. (59) in Ref. 7. The energy flux Q defined by Eq. (91)
with Egs. (92) and (93) has a complicated form although it is
shown later in Sec. VIB that the ensemble average of Q
coincides with the well-known expression of the radial
energy transport to the lowest order in the d-expansion.

B. Conservation of toroidal angular momentum

In Subsection VB, the energy conservation law is
derived from the invariance of the system under the time
translation. It should be noted that, since the Lagrangian
explicitly contains V{ through Lpy defined in Eq. (15) to
derive the axisymmetric equilibrium field, the present gyro-
kinetic system is not invariant under the spatial translation
but it is still invariant under the toroidal rotation. Therefore,
the toroidal angular momentum conservation is derived from
the fact that 6Z = 0 under the infinitesimal toroidal rotation
represented by 0xp = ee;(X). Here, € is again an infinitesi-
mally small constant, and e;(X) is defined by

e/(X) = 0X/9( = R*VL, (94)

where the right-handed cylindrical spatial coordinates (R, z, {)
are used. We also define z by
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Z =RV{ x VR, 95)

which represents the unit vector in the z-direction. Then, if
putting the origin of the position vector X at (R, z) = (0, 0),
we have e;(X) =X x Z. Under the infinitesimal toroidal
rotation, the variations Otg, d¢, dy, oI, 04, and oo are all
regarded as zero while the variations of the vector variables
are given by

5A1 = 6A1 X i, 5A0 = EAO X i, OA = €A X 7. (96)

Then, using 6Z = 0 under the infinitesimal toroidal rotation
and Eqgs. (78)—(80), we obtain

I(P. - e;) ig /
< 5 >+V, a5 LV (Vs - (T -e;

+(Za1 X Ap +Z40 X Ag) -Z + Pge])) =0, G

where

Pooe= JdUJ dﬂj dED,F, (mang 4 %Aog) . (98)

a

<VS- [HL e+ (EAI X A; + Xy X A()) i]>

= JdUJduJ dE D F v <man¢ +e—"A0¢>
p
a

| (Vo9 ) i)

1 oA
UV % B Tilach+ (- )| 09
and
S e 00
L 15 D DD oy ] A
a n=1""i=1 ino1=1
; oy,
X D“Fapapail " Pai, m
_ 8(DaFZpapai] e pai,,,l) 67[728{'10(1
e X, - 0X;,
_ 8"71(DaF*p Pair ** Pai )
-1 n—1 aValF aiy ai,

n—1

(7] « 8n_l (Al . 05A1)
+W (DaFapapail * Paiyy aXll—aX

a In—1

a(DaF:;papai] e pain,l)aniz(Al : 8UAI) +
X1 X, - OX,

n—1 anil (DaFZpapail e pain,l)
X, - 0X

n—1

(A QAQ)}
(100)

+(=1)

In—1

Using Eqgs. (97)—(100) and Eq. (63) with A = Ay, the toroi-
dal angular momentum conservation law is written as
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0 1{ o E
<§ {Plz - (Pﬁp vy ﬁ) : VAoi} >

10 s 5 1
+Wa |:V,{ HQ+HRC_E<A1C(VXB1)'VS>

1 1 /OA
E;ES + BB + — ( 22 A8
(ELcE] + By 1>+4m<ac 1>

4n
1 8AOC( (pol) EL)
- P ) = 101
+C< at L +4T[ Vs O, ( 0 )
where
P = Z JdUJdquiDaFamgUbg, (102)

a

=2 JdUJ dﬂJ dE D F,m,Ubv'®) - Vs, (103)

a

and

[Ty = Pry - Vs, (104)
In Sec. VIC, we derive the ensemble-averaged toroidal
angular momentum conservation from Eq. (101) in order to
confirm that it is consistent with the conventional result up to
the second order in 0.

VI. ENSEMBLE-AVERAGED CONSERVATION LAWS

In this section, the conservation laws derived in Sec. V
are ensemble-averaged for the purpose of verifying their
consistency with those obtained by previous works,'*!'%!®

First, we divide the vector potential A and the magnetic
field B into the average and fluctuation parts as

X, 1))ens +
B(X, l‘) = <B(X, t)>ens +

>

(x,1), (105)
t

(x,1),

==N

where (- --)., represents the ensemble average, and we im-
mediately find (A),,, = (B).,, = 0. We also identify the zer-

oth fields Ay and B, with the ensemble-averaged parts to
write

>

Ao =(A)
By = (B)

A =
B,

ens’? ?

(106)

Il
w)

ens’

Regarding the electrostatic potential ¢, it is written as the
sum of the average and fluctuation parts

(X, 1) = (p(x, 1)) + P(x,1). (107)
Here, assuming that (¢(X,7)).,s 7 0, the background the
E x B flow is retained and its velocity is regarded as O(dvr),
where ¢ and vy represent the drift ordering parameter and the
thermal velocity, respectively. Combining Egs. (8), (106),
and (107), we have

(108)



012515-11 Sugama, Watanabe, and Nunami
where
~ ~ A\
<‘//a>ens = <¢>ens7 lﬁa =¢ - ? A (109)
We assume that the ensemble average (Q), . of any

variable Q considered here has a slow temporal variation
subject to the so-called the transport ordering and that it has
a gradient scale length L which is on the same order as gradi-
ent scale lengths of the equilibrium field and pressure pro-
files. These assumptions are expressed by

9 _oys?
aln<Q>ens - 0(5 UT/L)7 (110)
[VIn(Q)eps| = O(1/L).

We also impose the constraint of axisymmetry on (Q). . that
is written as

Q)
=0 111
ac ) (111)
even though Q itself is not axisymmetric. The spatiotempo-
ral variations of the fluctuation part Q are assumed to be
subject to the conventional gyrokinetic orderings

o .

B In Q = O(vr/L),
b-VInQ| = O(1/L), (112)
b x VinQ| = O(1/pr),

where pr stands for the thermal gyroradius. Besides, we use
the WKB representation'® of Q

O(x,1) = Z Oy, (x, f)exp [iSk. (x,1)].

k|

(113)

Here, Oy (x,1) has a gradient scale length L while the eiko-
nal Sy, (x, ) represents the rapid perpendicular variation with
the wave number vector k; = VS (~1/p) that is perpen-
dicular to the background ﬁeld By. It is found from Egs.
(110), (112), and (113) that <Qk Qk Yens = <|QkL| >ens(SkLki’
where d = 1fork, = K| and= 0 for k, #K|.

The distribution function F, for species a is also divided
into the average and fluctuation parts as

Fo={Fa)ons +Fa, (114)

where the ensemble-averaged part (F,).,, consists of the
local Maxwellian part and the deviation from it

<Fa>ens =Fuu + <F >ens

The local Maxwellian distribution function F;, is written as

my \°/? 1 /1
Fuy = na a ——\=m U+ uBy )|, (116
M nO(ZnTaO) exp T 2m U~ + uBy (116)

where the equilibrium density n,o and temperature T, are
regarded as uniform on flux surfaces. The first-order ensem-
ble-averaged distribution function (Fy;),,, is determined by

(115)

ens
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the drift kinetic equation, which can be derived by substitut-
ing Eq. (115) into the ensemble average of Eq. (24). The
derived equation agrees, to O(d), with the well-known line-
arized drift kinetic equation, on which the neoclassical trans-
port theory is based.>

We write the fluctuation part F, as

Fo=—Fu (117)

Then, from the fluctuation part of the gyrokinetic equation in
Eq. (24), we can derive

hayHy
ot Uha Ha}
€q 3<‘7/a>5 o ( Ca
=F | == _yleo) . Inp,
T o Vv, <V npao + T V() ens
1 2
EmaU + uBo 5
+ ——|VInT, (118)

which is valid to the lowest order in 6. Equation (118) agrees
with the conventional gyrokinetic equation for the nonadia-
batic part h, of the perturbed distribution function derived
from using the WKB representation.'®*! On the right-hand
side of Eq. (1 18) the turbulent part v(&) of the gyrocenter
drift velocity v(&¢) = dX, /dt = {X,,H,} is written as

V(&) = Bib X V(i (X +p,t)); + 0. (119)
0

Here, the gyrophase-averaged turbulent field is given in
terms of the WKB representation by (¢, (X + p,,1)):

= ZkL l}akiexp[islﬂ (X7 t)] and

~ kLUL U kLUL ULBkL
BTSN
(120)

where J, and J; are the zeroth- and first-order Bessel func-
tions, respectively, and v; = |(b X v,9) X b|.

We find from Egs. (56)—(58) that the ensemble average
of PV are written as

<P<p01)>ens = <Pg>ens + <Pl//>ens7 (121)

where

Jens = Zea (J Jdqué DaFaMpapa> +0(8%)
o _Z naOTaO
a Zea

(1— bb)} +0(8%), (122)

and

2 ~
<mm=2§ﬂwﬁﬁﬁmwm%%m+aﬁ

fZ”% Lens + O(2).

(123)
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Here’ <lp>ens = <¢>ens =Pq- v<(l’)>ens = Pa- <EL>ens is
used.

Taking the ensemble average of the gyrokinetic Poisson
equation, Eq. (53), and noting that —V - (P®)  and
V - (EL)en are of O(3), we obtain >, e, (n)) = O(S).
On the other hand, it is shown by substituting Eq. (117)
into Eq. (25) and using the Debye length /p=
(475", na0e? /Tao)~* that the turbulent part of the gyrokinetic
Poisson equation is written in the WKB representation as

(K + 257 by, = 4n§a: eaJ dUJ duJ déD,

N k
X hakr’O( l;;L> )

which is valid to the lowest order in 6. Equation (124) coin-
cides with the gyrokinetic Poisson equation derived by
the conventional recursive formulation.'®>*3® It can also be
shown from Egs. (27) and (117) that, to the lowest order in
o0, the WKB representation of the turbulent part of Eq. (29)

agrees with the conventional expression of Ampere’s
law 18:32.33

(124)

A. Ensemble-averaged particle transport equation

Before deriving the ensemble-averaged conservation
laws of energy and toroidal angular momentum in the next
subsections, we here consider the ensemble-averaged parti-
cle transport equation. Taking the ensemble average of
Eq. (51) immediately yields

8<n(agC)>ens 1 a ! (gC) (gc) —
<T> o (VUEE - Ts) =0, (125)
where
(nE) = ng + O(5) (126)

and ((---)) represents a double average over the flux surface
and the ensemble. Here, 1, is the equilibrium density which
is a flux-surface function and characterizes the Maxwellian
distribution function F,, in Eq. (116). The radial particle
flux is written as

([,)’ = ((nEulE) . Vs)) = (TNA) +(TA), (127

which consists of the nonturbulent part
(TNA) = <JdUJ duJ dED(Fy) . (VED), - Vs> (128)
and the turbulence-driven part
() = <JdUJ duJ dE Dy (F 9. Vs>. (129)

Here, the gyrocenter drift velocity is written as the sum of
the ensemble-averaged and turbulent parts

VSIgC) = <V((1g0)>ens + ‘AIL(IgC>’ (130)
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where (v{&))_ s obtained by taking the ensemble average
of the right-hand side of Eq. (17) and the turbulent part of
the gyrocenter drift velocity is given by Eq. (119). Using
Egs. (82), (125), and (127), the ensemble-averaged particle
transport equation is written as

a, , a ., , 5 s
55 (V/ma0) + 2 (V[T + (1) = maou, - 95)]) = 0.
(131)

Substituting Eq. (17) into Eq. (128), the nonturbulent radial
particle flux is expressed by

3%y =(5 o x (V-] )

€qbg
C

+nao<B—O ({E)ens x b) ~Vs> +0(5%), (132)

where PSIGL represents the first-order part of the pressure ten-
sor in the Chew-Goldberger-Low (CGL) form™ defined by

PSot = JdUJ d,uJ AEDy(Fat)ons

X [maU*bb + By (I — bb)], (133)

and the ensemble-averaged electric field is given by

10y

<E>ens - E or

_v<¢>ens -

The right-hand side of Eq. (132) expresses the neoclassical
radial particle flux and the radial E x B drift which are well-
known by the conventional neoclassical transport theory™’
although the collisional effects are not included in the pres-
ent formulation based on the Lagrangian shown in Eq. (2).
Substituting Egs. (119) into Eq. (129) yields the turbulent ra-
dial particle flux given by

(T2 = — <<BionUj d,uJ dEDyhy(Vi), % b) - vs>>

+0(8), (134)
which is equivalent to the expression obtained by the con-
ventional gyrokinetic theory based on the WKB
formalism.'®

As shown above, the well-known expressions of the
neoclassical and turbulent particle fluxes are included in
(INA)* and (T'2)’. However, the classical particle flux does
not appear in (FaNA)S, respectively. This is because colli-
sional processes are disregarded by the Lagrangian. The neo-
classical particle flux included in (I*)® can also be shown
to vanish after all by using the fact that (F,),,, should sat-

ens

isfy the drift kinetic equation with no collision term.

B. Ensemble-averaged energy conservation law

In the subsequent subsections, the ensemble-averaged
energy and toroidal angular momentum conservation laws
are derived from the results obtained by Noether’s theorem
in Secs. VA and V B. Taking the ensemble average of the
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energy density defined by Eq. (87) and expanding it in , we
have

(Eens = ZnaoTao+8 +0(9), (135)

where the energy density of the electric field is neglected as
a small quantity of 0(52). The radial components of the first
two terms on the right-hand side of Eq. (92) are double-
averaged over the ensemble and the flux surface to obtain

S(Jofofson(ror 120 w)

—Z[qa +3 Tao )%0(53) (136)

Here, the radial particle flux (I',)" is given by Egs. (127) and
the radial heat flux (g,)" is written as

(a)" = (a2")" + (42", (137)
which consists of the nonturbulent part
(@) <JdUJ duJ AEDo(Fat)ens (VeE )ens - Vs
1 5 5
X EmaU +,LLBO—§T(10 s (138)
and the turbulence-driven part
(45) = <Jd0j dujdé DulFa¥)eps - Vs
1 ) 5
X Em,,U + uBy fET,,O . (139)

In the similar manner to Eq. (132), the nonturbulent heat flux
is written as

<q§A>STgo<

€qbg

; [bx (V-05%)] -Vs> +0(8%), (140)
where the heat stress tensor @5" is defined by

O T X

T 5
X (zmaU JrllBo—E aO)

x [maU*bb + uBy (I — bb)]. (141)
The expression of Eq. (140) coincides with that of the
neoclassical radial heat flux in terms of the heat stress ten-
sor.>® The turbulent heat flux in Eq. (139) is also written in
the same form as used in the conventional gyrokinetic
theory'®

(@) = <<Bi0jdvj dn[4zDFu(0, % ) s

x(%maU2+yBo —%Ta0)>> + O(8). (142)
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Now, using Egs. (82), (90)—(93), (135), and (136), we find
o(.,13 B}
E (V li ; naOTaO + 8_7'6

_ 0 V' Z((q )s +§T O(r )v> + <S(Poynting) . VS‘>
85 — a 2 al a

3 B}
— EZHGQT[IO + 8_7'[ (us . VS>

where SFOYMne) = (¢ /47)(E), x By represents the nontur-
bulent part of the Poynting vector. It is shown in Ref. 18 that
the turbulent Poynting energy flux (c/47)(((E x B) - Vs))
of O(8%) is contained in Y, (¢?)’. Here, using
(V xBy)-Vs=(4n/c)Jo-Vs=0, we have (SFoyming).yy)
—(1/47)((0Ao/0t x By) - V), which leads to

1 /Q(Poynting) ! 0 .
—)S(t <S CS>) ————s [V <(—t XBO> US>

% A

) +0(8%), (143)

)

and

(B)-m ()
Hr (on) e en )

=~ L0 (ygromme) . vg) — (3o - (B).,0)
(145)

V' Os
Combining Eqgs. (143)—(145), we obtain
9 (.3 9 (. < 05 )
a <V E; naOTaO> + & (V ; (%) + ETaO(Fa)

2 oo (s - V) ) = V/{Jo - (E) ) + O(5°).

(146)

Equations (143) and (146) take the well-known forms of the
energy balance equations®™ except that the terms associated
with the electric field energy and the kinetic energies due to
the fluid velocities are neglected here as small quantities of
higher order in . As explained in the end of Sec. VI A, since
collisions are disregarded, the radial particle and heat fluxes,
(T,)" and (g,)°, which appear in Eq. (146), do not contain the
contributions of the classical fluxes. Besides, it is shown from
the drift kinetic equation without the collision term that the
neoclassical parts included in (I*)* and (¢Y*)* become zero.

C. Ensemble-averaged conservation law of toroidal
angular momentum

In this subsection, the ensemble-averaged toroidal angu-
lar momentum conservation law is derived from using the
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results in Sec. VB. Using Egs. (30), (121)—(123), and

Aor = —}, we obtain

1 1 EL
(-3 (< 2. Var)

= <Z—na0macEL X
B

1
b+—E B -er
- 0 +47EC L 0> “

ens

+= (Po)ens - Vi + O(8),

S(Poymmg) 1
Z ngoMUg + ———>—— ¢+ c <Pg>ens -V

+0(5%),

| =

(147)

where ug = ¢(E),,, x b/By represents the nonturbulent part
of the E x B drift velocity [note that the contributions of
Er = —c '0A /0t to ug and SP™"8) are smaller by the fac-
tor of ¢ than those of E;, = —V¢]. We find that the term
1(Pg)ens - V2 in Eq. (147) cannot be written in the form of
the toroidal component of the momentum ), nuomaugd“‘)
due to the diamagnetic drift velocity u'%® = (¢/e,n,0Bo)b
XV (na0T,0) although the magnitude of e (Py)ens - Vy is on
the same order of 3, naomau(d‘a) er. Then using Egs. (10)
and (47) and (110) and (147), we have

0 L[ pol) EL)
I lp— = (PP =) va
6t< It c( L +471 0 ens
9 S(Poynling)
= 5 [(Z NgoMy (Lta”b + llE) + T - e

2 (P Vy}w(é“) (148)

where u, represents the nonturbulent part of the parallel
fluid velocity for particle species a defined by ngou
= [dU[duf d&(Fa1)e,U. It should be noted that, on the
right-hand side of Egs. (148), each of the temporal variation
is of O(6%) while
gtPoynting) /2 — (12 /¢2)S™ nomgug is obtained from using

the Alfvén velocity vy = Bo/(4m)_, naoma)l/ 2,
Using Egs. (8), (100), (103), (104), (113), (117), and

(119), we have
((TT,)) Zezz — <<JdUJdquéD o
X (VS : pa)(kl- : el)(kl- : pa)n_l

k, n= 1
< (b -2 A0))) o)
_ Z<< J dUJ dujdwaﬁam(w )

X (e V(X +p,)) ) +0(6),
=§a: <<JdUJ duJ dEDahama(Vao, - €;)
x (v(e) vs)>> +0(8%)

. . Poynti
terms including u,, ug, ST (P, i

(149)
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and

(I, + T )) = > [(IA) 4 (T13)*] + 0(8Y),

a

(150)

where the nonturbulent and turbulence-driven parts of the
radial flux of the toroidal angular momentum are defined by

(I <JdUJduj 4ED(Fat) o

X maUbe (VE)) vs>, (151)

and

(TI2)* = <<J dUJ duJ déDyh,

X ma(Ub + VaOL) . eg(\A’((lgc

>~Vs)>>, (152)

respectively. Finally, the ensemble-averaged toroidal angular
momentum conservation law is rewritten by using Egs. (82),
(101), (148), and (150) as

O [y
a|” <
+2 (v’ [Z fimy e ey
(Poynting)
—< [Z naomq (g b +ug) + Scizg] - er(uy - Vs)>}

_i«w- [ELE. + BB + (V x B)A| -e¢>>D

S(Poynting)
Z naoma(’/laHb + llE) + —62 - €
a

= 0(8), (153)
where the terms including (u,b +ug) and S (Poynting) are of
O(6%) although they are explicitly written down for compari-
son with the toroidal momentum balance equation in Ref. 16.
In Ref. 16, the toroidal flow velocity V, on the order of
the sonic speed (high-flow ordering) is assumed to be given
by the sum of the parallel flow velocity and the E x B drift
velocity of O(vr) although the toroidal momentum balance
equation, Eq. (57), in Ref. 16 is still valid to 0(52) even if
we use it for the present case of Vo= O(dvr) (low-flow
ordering). Keeping this in mind, we see that, up to O(d%),
Eq. (153) is consistent with Eq. (57) in Ref. 16. The classical
toroidal momentum flux is not included in the nonturbulent
toroidal momentum flux (ITN*)* because collisions are not
taken into account in the present formulation. It is also
shown from the drift kinetic equation with no collision term
that (ITN*)* vanishes. The expression of the turbulent toroi-
dal momentum flux (TI2)° in Eq. (152) coincides with
the one derived from the WKB formalism [see Eq. (53) in
Ref. 16]. The terms associated with the turbulent Maxwell
stress tensor (E,E; + BB)/(47) in Eq. (153) corresponds to
the anomalous toroidal momentum production term
fd vmav:D,) [see Eq. (63) in Ref. 16]. The last stress
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term including (V x ﬁ)A on the left-hand side is combined
with (IT2)’ to generate the anomalous stress term (IT"°™)*
[see Eq. (60) in Ref. 16]. The inertia terms O(---)/0t in
Eq. (153) agree with (9/00)((3_, mana)(1 + vh,/c*)R?VE)
in Ref. 16 although they are of O(d°) due to the low-flow
ordering. The correction term due to the radial motion
u; - Vs of the flux surface is retained here but it is also of
0(53 ). Besides, it is shown in Ref. 14 that, when there exists
the up-down symmetry of the background magnetic field,
(IT2)* and all other stress terms due to £, = —V¢ and B in
Eq. (153) become zero. Therefore, for that case, the nontri-
vial toroidal momentum balance equation is of O(d°) as
argued in Ref. 14.

VIl. CONCLUSIONS

In this work, a gyrokinetic system of equations for tur-
bulent toroidal plasmas in time-dependent axisymmetric
background magnetic fields are derived from the variational
principle using the Lagrangian which includes the constraint
on the background fields. From these equations, the back-
ground fields, which vary on the transport time scale, can be
determined self-consistently with the relaxation of the pres-
sure profile due to the turbulent particle and heat transport.

Conservation laws of energy and toroidal angular mo-
mentum are derived from applying Noether’s theorem to the
action integral of the Lagrangian. Besides, assuming separate
spatiotemporal scales for the average and fluctuation parts of
physical variables, ensemble averages of particle, energy,
and toroidal angular momentum conservation laws are taken.
The resultant ensemble-averaged conservation laws are
consistent to the lowest order in the gyrokinetic ordering
parameter 5, namely O(6?), with those obtained by the con-
ventional gyrokinetic theory based on the WKB formalism.
We should note that the present and conventional gyrokinetic
equations are both accurate up to O(J) and that the classical
and neoclassical transport fluxes vanish in the present work
because collisional processes are ignored here.

As shown in Ref. 14, in the case of the low-flow order-
ing, all terms in the ensemble-averaged toroidal momentum
conservation law vanish to O(5%) in the axisymmetric back-
ground magnetic field with the up-down symmetry, for
which the background radial electric field E cannot be deter-
mined by the O(6%) toroidal momentum balance equation
although the (’)(52) transport equations for particles and
energy are not influenced by E either. It is known that, for
rotating plasmas with large toroidal flows on the order of the
ion thermal speed, E, can be determined from the (%) to-
roidal momentum transport equation.'® It should be noted
here that the above-mentioned remarks on the momentum
transport strongly depend on the ordering argument com-
bined with the scale separation assumptions using the WKB
representation as described in Sec. VI. The scale separation
assumptions may not be satisfied by some solutions of the
gyrokinetic equations, which may show significantly nonlo-
cal turbulent momentum transport different from the predic-
tion by the above ordering argument.
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In the present work, collisions are neglected so that the
resistive diffusion of the background magnetic field is not
treated here. In order to describe the resistive diffusion pro-
cess, we need to add the collision term into the gyrokinetic
equation, which yields the resistivity relating the electric
current to the inductive electric field. As future tasks, we
plan to extend the present work to include effects of colli-
sions, external sources, and large toroidal flows.
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