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UNIQUENESS OF A MEROMORPHIC FUNCTIONS THAT
SHARE ONE SMALL FUNCTION AND ITS DERIVATIVE.

HARINA P. WAGHAMORE , HUSNA V.

ABSTRACT. In this paper we consider the problem of uniqueness of meromor-
phic functions that share one small function and its derivatives, and obtain
two theorems which improve the result of Qingcai Zhang [11].

1. INTRODUCTION

Let f be a non-constant meromorphic function defined in the whole complex
plane C. It is assumed that the reader is familiar with the following notations of
Nevanlinna theory such as T'(r, f),m(r, ), N(r, f),S(r, f) and so on, that can be
found, for instance in [1,2].

Let f and g be two non-constant meromorphic functions, a € C U {oo}, we say
that f and g share the value a CM (counting multiplicity) if f —a and g—a have the
same zeroes with the same multiplicities and they share the value a IM (ignoring
multiplicities) if we do not consider the multiplicities. When a = oo the zeroes of
f — a means the poles of f(see [7]).

Let k be a non-negative integer or infinity. For any a € C U {oco}, we denote by
Ey(a, f) the set of all a-points of f where an a-point of multiplicity m is counted
m times if m < k and k + 1 times if m > k. If Ey(a, f) = Ex(a, g), we say that f, g
share the value a with weight k.(see[3],[5]).

We write f and g share (a, k) to mean that f and g share the value a with weight
k. Clearly, if f and g share (a, k), then f and g share (a,p) for all integers p with
0 < p < k. Also, we note that f, g share a value a IM or CM if and only if they
share (a,0) or (a,o00) respectively.

A function a(z) is said to be a small function of f if a(z) is a meromorphic
function satisfying T'(r,a) = S(r, f), i.e,T(r,a) = o(T(r, f)) as r — 400 possibly
outside of set of finite linear measure. Similarly, we define that f and ¢ share a
small function a IM or CM or with weight k£ by f — a and g — a sharing the value
0 IM or CM or with weight k respectively.

For any constant a, we denote by Ny (r, ﬁ) the counting function for zeros of

f — a with multiplicity no more than k, and by Nk)(r, ﬁ) the corresponding one
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for which multiplicity is not counted. Let N (r ) be the counting function for

» f—a
zeros of f —a with multiplicity at least k and N (7, f_a
for which Inul@licity is not counted Set
Nk:(ﬁfia)_N( fa)+N(2( =)+ .+ N(r, 1 —)-
We define

) be the corresponding one

O(a, f) =1 —limsu M d(a, f) =1—limsup ————
’ N r—)oop T('I",f) ’ ’ B r—)oop T(T, ) ’

We further define

Q
~—

— ; f-
ok(a, f) =1-— hrm_fgopw

Clearly,
0< (5(@, f) < 6k(a7f) < 676*1(@’ f) < 52(a’7f> < 51(a>f) = @(Chf)

In additional, we shall also use the following notations:

Let f and g be two non-constant meromorphic functions such that f and g share
1 IM. We denote by N (r, ﬁ) the counting function for 1-point of both f and g
about which f has larger multiplicity than g, with multiplicity being not counted,
and denote by Ny (r, 7 1) the counting function for common simple 1-point of both
[ and g, and denote by N2 (7, ﬁ) the counting function of those same multiplicity

1-point of both f and g and the multiplicity is > 2. In the same way, we can define
N (r, qll) Ny (r ,q—il) and Na(r, ) Especially, if f and g share 1 CM, then

Np(r,-25) =0.

R. Biuek [4] first considered the uniqueness problems of an entire function sharing
one value with its derivative and proved the following result.
Theorem A. Let f be a entire function which is not constant. If f and f’ share
the value 1 CM and if N(r, fl,) = S(r, f), then —11 = c for some nonzero constant
c e C\ {0}.

Bruck [4] further posed the following conjecture.
Conjecture 1.1. Let f be an entire function, which is not constant, p1(f) be the
first iterated order of f. If p1(f) < 400 and p1(f) is not a positive integer, and if f

and f’ share one value a CM, then J;I:; =

Yang [8] proved that the conjecture is true if f is an entire function of finite
order. Zhang[10] extended Theorem A to meromorphic functions. Yu[9] recently
considered the problem of an entire or meromorphic function sharing one small
function with its derivative and proved the following two theorems.

Theorem B([9]). Let f be a non-constant entire function and a = a(z) be a
meromorphic function such that a # 0,00 and T'(r,a) = o(T(r, f)) as r — +oo. If
f—aand f® — q share the value 0 CM and 6(0, f) > 3, then f = f(*).
Theorem C([9]). Let f be a non-constant, non-entire meromorphic function and
a = a(z) be a meromorphic function such that a # 0,00 and T'(r,a) = o(T'(r, f))
as r — +oo. If

(i) f and a have no common poles,

(ii) f —a and f*) — a share the value 0 CM,

(iii) 49(0, f) + 20(o0, f) > 19 + 2k,

then f = f(*) where k is a positive integer.

In the same paper, Yu[9] further posed the following open questions.
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i) Can a CM shared be replaced by an IM shared value ?
ii) Can the condition 6(0, f) > 2 of Theorem B be further relaxed ?
iii) Can the condition (iii) of Theorem C be further relaxed ?
iv) Can in general the condition (i) of Theorem C be dropped ?
Lahiri[5] improved the results of Zhang[10] with weighted shared value obtained
the following two theorems.
Theorem D([5]). Let f be a non-constant meromorphic function and k be a
positive integer. If f and f*) share (1,2) and

—~

_ 1
2N (r, f) + Na(r, f(k)) N, ) < A o()T(r, £
for r € I, where 0 < A < 1 and I is a set of infinite linear measure, then f;kizl =c

for some constant ¢ € C\ {0}.
Theorem E([5]). Let f be a non-constant meromorphic function and k be a
positive integer. If f and f*) share (1,1) and

_ 1 1
2N(r, f) + Na(r, f(k))+2N( f) A+ o())T(r, f*)
for r € I, where 0 < A < 1 and I is a set of infinite linear measure, then £ ;"‘111 =c

for some constant ¢ € C\ {0}.

In the same paper Lahiri[5] also obtained the following result which is an im-
provement of Theorem C.

Theorem F([5]). Let f be a non-constant meromorphic function and k be a
positive integer. Also let a = a(z)(# 0,00) be a meromorphic function such that
T(r,a)=S(rf). If

(i) @ has no zero(pole) which is also a zero(pole) of f or f*) with the same
multiplicity.

(ii) f —a and f*) — a share (0,2) C

() 25001+ (44 1)000s 1) 5 5 I
then f = f(®)

In 2005, Zhang[11] improved the above results and proved the following theorems.
Theorem G([11]). Let f be a non-constant meromorphic function and k(> 1),1(>
0) be integers. Also, let a = a(z)(#£ 0,00) be a meromorphic function such that
T(r,a) = S(r, f). Suppose that f —a and f*) — a share (0,1). If 1 > 2

and
1

IN(r, f) + Na(r, %) 4N, 7)< -+ o()T (1), (1)

orl=1and

- 1 — 1
_ - (k)
2N )+ Nl 7) + 2N ) < O oT( ) (@)
orl =0, ie, f—aand f*) — g share the value 0 IM and
_ 1
4N N. 2N V)T (r, f*)
(r, f) 4 3Na(r, f(k>)+ (r, (f/a),)<(/\+0( NT(r, f) 3)
for r € I, where 0 < A < 1 and I is a set of infinite linear measure, then f;ci;“ =c

for some constant ¢ € C\ {0}.
Theorem H([11]). Let f be a non-constant meromorphic function and k(> 1),1(>



28 HARINA P. WAGHAMORE , HUSNA V. EJMAA-2016/4(2)

0) be integers. Also let a = a(z)(# 0,00) be a meromorphic function such that
T(r,a) = S(r, ). Suppose that f —a and f*) — a share (0,1). If { > 2 and

B3+ k)O(c0, f) 4+ 2024x(0, f) > k + 4, (4)
orl=1and
(4+k)O(c0, f) + 3024+x(0, f) > k + 6, (5)
orl=0ie f—aand f*) — g share the value 0 IM and
(6 + 2k)O(c0, f) + 5241(0, f) > 2k + 10, (6)

then f = f().

In this paper we pay our attention to the uniqueness of more generalised form of a
function namely f* and (f*))™sharing a small function for two arbitrary positive
integer n and m.

Theorem 1.1. Let f be a non-constant meromorphic function and k(> 1),n(>
1),m(> 2),1(> 0) be integers. Also let a = a(z)(# 0, 00) be a meromorphic function
such that T(r,a) = S(r, f). Suppose that f* —a and (f*))™ — a share (0,1).

If I > 2 and

2 2 1 1

=N ZN(r, =) + No(r, —— T (r, f*)

SN )+ N )+ Nl ) < (A oD)T D) ()
or /[ =1 and

2N f) + 2N ) + 2N(r, ) < (A o) T(r, f®)  (8)

mo m- 7 fk) (f/a) ’
orl=01ie f —a and (f*))™ — @ share the value 0 IM and

4 — 6 — 1 — 1

= il _ - (k)

SN )+ 2N )+ 2N ) < QoI ) (9
forr € I, where 0 < A < 1 and L is a set of infinite linear measure, then (f(;i# =c

for some constant ¢ € C\ {0}.

Theorem 1.2. Let f be a non-constant meromorphic function and k(> 1), n(>
1), m(> 2),1(> 0) be integers. Also let a = a(z)(Z 0, 00) be a meromorphic function
such that T(r,a) = S(r, f). Suppose that f* —a and (f*))™ — q share (0,1).

If I > 2 and

(3+ 2k)O (00, f) +20(0, f) + 201410, f) > 2k +7—n (10)
or =1 and

(4 +2k)O(o0, f) +40(0, ) +20144(0, f) > 2k +10 —n (11)
orl=01ie f —a and (f*))™ — q share the value 0 IM and

(6 4 4k)O(o0, f) + 60(0, f) + 6144(0, f) > 16 + 4k — n, (12)

then fm = (f))m,

From Theorem 1.2 we have the following corollary.

Corollary 1.3. Let f be a non-constant entire function and a = a(z)(# 0,00) be a
meromorphic function such that T(r,a) = S(r, f). If f* —a and (f*))™ — @ share
the value 0 CM and 6(0, f) > 1 — %, or if f" —a and (f*))ym — g share the value 0
IM and §(0, f) > 1 — 2, then fm = (f*)™.
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2. MAIN LEMMAS

Lemma 2.1[5]. Let f be a non-constant meromorphic function, k be a positive
integer,then
1 1
Ny(r, W) < Npti(r, 7
Lemma 2.2[7]. Let f be a non-constant meromorphic function, n be a positive
integer. P(f) = anf™ + an_1f" ' + ... + a1 f where a; is a meromorphic function
such that T'(r,a;) = S(r, f)(i = 1,2,...n) Then T'(r, P(f)) =nT(r, f) + S(r, f).

)+ EN(r, f) + S(r, f)

3. PROOF OF THEOREM 1.1

Let F=4" G=UD" then p—1=L=0 q_1=U""4 ginee fn—q

and (f(*))™ — q share (0,1), F and G share (1,1) except the zeros and poles of a(z).
Define

F/l 2F/ G// 2G/

H=("— _ (= 13
we have the following two cases to investigate
Case 1. H = 0. Integration yields
1 1
=C + D, (14)

F-1 G-1
where C and D are constants and C # 0. If there exists a pole zg of f with
multiplicity p which is not the pole and zero of a(z), then zj is the pole of F' with

multiplicity p and the pole of G with multiplicity p+ k. This contradicts with (14).
So

N, ) < Nira) + N, ) = 500, ), (15)

N(TaF) :S(Taf) N(TvG) :S(Taf)

(14) also shows F' and G share the value 1 CM. Next we prove D = 0. We first
assume that D # 0, then

1 _DGE-1+%)
F-1~  G-1

(16)

So,

— 1

N(r,ic
G-1+F

If % # 1, by the second fundamental theorem and (15),(17) and S(r,G) = S(r, f),

we have

)=N(r,F)=5(rf) (17)

1 — 1

T(r,G) < N(r,G)+ N(r, a) + N(r, m) + S(r,G)
D

<N é) + S0, f) < T(r,G) + S(r, f)

So,  T(rG) = N(r, )+ S0, ), (18)

i'e7 T(Tv (f(k))m) = N(Tv W) + S(Tv f)
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mT(r, (f¥)) = N(r,
this contradicts with conditions (1),(2
If £ =1, from (16) we know

lk)) +S(T,f)
and (3) of this theorem.

E

~—

then

n (k)ym
Noticing that F= %, G= %, wehave

. 19
=0+ g)a) e fr (1)
By Lemma 2.2 and (15) and (19), then

2T(r, ) = T(r, S = (14 2)a) + 5(r, f) (20)

2nT(r, f) = T(

1
ST
(f;fi)"b) + S(T, f)
gNm%ﬁ+mNmﬂm+Smﬁ

gnNm}»+anﬂ

<nT(r, f)+S(r, f)

=T(r,

So, nT(r,f) = S(r,f), which is impossible. Hence D=0, and % = C, ie,

(k)ym _
(ffn# = (. This is just the conclusion of this theorem.

Case 2.H # 0, From (13) it is easy to see that m(r, H) = S(r, ).
Subcase 2.1. [ > 1. From (13) we have

_ _ 1 — 1 —
N(r,H) SN(T’F)+N(1+1(7"ﬁ)+N(2(T7§)+N(2(
1

_ — — 1
+ No(r, a) + N(r,a) + N(r, g)

1
T',*)
@

, 77) denotes the counting function of the zeros of F’ which are not

the zeros of F' and F — 1, and N(r, %) denotes its reduced form. In the same
way, we can define No(r, &) and No(r, &7), Let zo be a simple zero of F — 1 but
a(zo) # 0,00, then z is also the simple zero of G — 1. By calculating z is the zero

of H, So

where Ny(r

1
< N(

Myl g=g) = N )

N(ra) + N 1) < N H) 4 S0 ) (22
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Noticing that Nyy(r, &) = Nyy(r, ) + S(r, f)

we have
N( ;)fN( L)+N( ;)
a1 T E e\
_ _ 1 — 1
< [ —_ 23
_N(raF)+N(lJrl(r?Fil)_’_N(Q(TaFil) ( )
1 1 — 1 1
+ No(r, )+N(2( G)+N0( F,)+N0(T 5)"'5( f)

By the second fundamental theorem and (23) and noticing

N(TaF) :N(TaG) +S(T,f)a

then
— — 1 — 1
< — [
T(r,G) < N(r,G) + N(r, G) + N(r, o 1) No(r, G/)JrS(r G)
_ 1 — 1 — 1
S2N(7",F)+N(T75)+N(2(T,a)+N(2( ,f) (24)
1 — 1 1
+ N ( 7 1)+N(2(7“7F 1)+N0(7" F,)+S(7‘,f)
While [ > 2,
_ 1 — 1 — 1 — 1 1
Na(r, f) + N (r, i 1) + No(r, ﬁ) + No(r, F) < No(r, F)’ (25)
So
_ 1 1
T(r,G) < IN(r, F) + Nolr, ) + Nolr, 2) + S, f)
i.e,
_ 1 1
(k) -
mT(va ) S QN(T’, f) + NQ(Ta (f(k))m) + NQ(Ta (%),) + S(T7 f)
T(r, ) < ZN(r, £) + 2, g5) + Nalr, ) + S0, f)
e m g Ty T
this contradicts with (1).
While [ = 1, (25) turns into
_ 1 — 1 — — 1 — 1
N(Q(T‘, f) + N(H_l(’l", ﬁ) + N(Q(T’, ﬁ) + NO(T’, F) S 2N(7’, f)

Similarly as above , we have

T(r,f¥) < NG, )+ 2N,

)+ AV ) + 500, )

This contradicts with (2).

Subcase 2.2. [ = 0. In this case, F' and G share 1 IM except the zeros and poles
of a(z). Let 2y be the zero of F' — 1 with multiplicity p and the zero of G — 1 with
multiplicity gq.

We denote by N}E) (r, %) the counting function of the zeros of F'—1 where p—q = 1;
by N? (r, %) the counting function of the zeros of F' — 1 where p = ¢ > 2; by
Np(r, %) the counting function of the zeros of F' — 1 where p > ¢ > 1, each point
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in these counting functions is counted only once. In the same way, we can define

N;(r, é)N};(r, &) and Np(r, %). It is easy to sce that
1

1"

N (r, NY(r, )+ S(r, f),

G-1

— 1 — 1
Np (=) = No(r g—) + S,

From (13) we have now

— — 1. —

N(?”,H) SN(T’,F)“{‘N(Q(T,F)“FN(Q(
— 1 —

+NL(r m—7) + No(r

In this case, (22) is replaced by

)

1
F-1
From (26),(27) and (28), we have

N (r,

) < N(r, H) + 5(r, f).

N(r,

G-1

_ 1 _
SN(T,F)+2N(T,F)+2NL(T,r

F N ) + Nolr, ) + 50

By the second fundamental theorem, then

T(r,G) < N(r,G)+ N(r, é) + N(r, %) — No(r
1

< 2N(r,G) 4+ 2N(r, F’) + N(r, l) + 2N (r, i) +S(r, f)

G !
From Lemma 2.1 for p =1,k = 1 we know

N(Ta a) < NQ(ra a) +N(T7G) +S(T5G)7

1
,a)+S(T’,G)

So,
T(r,G) < 4N (r, F) + 3No(r, ) + 2N (r, ) + 5(r, f)

(26)

(27)

(28)
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ie,

mT(r, f¥) < AN(r, f) + 3Na(r, (f(i))m) +2N(r, (J;}L)/
_ 6 — 1 —
N(r, f)+ EN(Tv ﬁ) +2N(r, (f”)/

This contradicts with (3). The proof is complete.

T(r, f*) <

3w

4. PROOF OF THEOREM 1.2

33

The proof is similar to that of Theorem 1.1. We define F and G and (13) as

above, and we also distinguish two cases to discuss.

Case 3. H = 0. We also have (14). From (15) we know that O(oo, f) = 1, and
from (4),(5) and (6), We further know d144(0, f) > 1 — . Assume that D # 0,

then
_D(F—-1-4%
( p) =C ! ,
F-1 G-1
S0
— 1 —
(r,F ) =N(r,G) = 8(r, ).
T D
If D # —1, using the second fundamental theorem for F, similarly as (18)
we have T(r,F)=N(r,+)+ S(r, f),
T(r, ") = N(r. =) + 5(r. /)

WT(r, f) = N(r, 1) + S0, f)
Hence ©(0, f) = 0, this contradicts with ©(0, f) > d14£(0, f) > 1 — 5.
If D = —1, then N(r, +) = S(r, f), i.e., N(r, %) = S(r, f), and
F 1
FoioYeor
Then FG-1-C)=-C
and thus,

a2(f(k))m

o
As same as (20), by Lemma 2.2 and (15) and N (r, %) = S(r, f). from (29)
we have

(fEN™((fPN™ — (14 C)a) = —C

(f*)m

27(r, (f¥)™) = T(r, )+5(r, f)

)+ 8(r, f)
<mkN(r, f) + mN(r, %) +S(r, f)
= S(T,f)
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So,  T(r,(f¥)™) = S(r, f) and T(r, L") = S(r, f).

Hence
T(r.J") < 7o, )+ T (F9)™) + 0(1)
_ﬂnﬁﬁf3+mﬂnﬂM+oa)
=5 f),
this is impossible. Therefore D = 0, and from (14) then
G-1= é(F —1)

IfC#1,then G=&(F-1+0),
and N(r, é) = N(r, F—;H-C)
By the second fundamental theorem and (15) we have

T(r,F)< N(r,F)+ N(r, %) + N(r, m) +S(r,G)
< N(r, ) + N, ) + 50, f)
By Lemma 2.1 for p =1 and (15), we have
— 1 — 1
nT(r, f) < N(r, F) + N(r, W) +S(r,G)
< N5+ N(r 555+ S(r.)
< 2N1+k(7“7%) +5(r, f)

Hence 614£(0, f) < 1—%. This is a contradiction with d;1£(0, f) <1-%.S0C =1
and F = G, i.e., f* = (f*)™. This is just the conclusion of this theorem.

Case 4. H #0

Subcase 4.1 [ > 1 As similar as Subcase 2.1, From (21) and (22) we have

1 — 1 1 — 1 — 1

N(r,——)+ N(r, ——)=N — )Y+ N N(r, ——

g NG = Mg+ Neln =) N =)
_ - 1 — 1 1
gN(’I",F)+N(2(7”,F)+N(2(7",5)+N(l+1(7”,G_l)
_ 1 _ 1 1
+N(2(T’m)+N(7‘am)+No(ﬂﬁ)
1
+N0(T7a)+s(raf>

While [ > 2,

N1 (=) + Na(r, ——) + N(r, ——) < N(r, ——) < T(r, @) + O(1)

ey e e "e-1/=""e " ’

So,

N(r, ——) + N(r, ——) < N(r, F) + Na(tr, =) + No(r, =)

T’F—l T7G_1 = T, (2T7F (2r7G

+ Nolr, 25) + Nolr, &) + T, G) + (1, ).
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By the second fundamental theorem, we have
1, = 1, = 1
+ N(r,—=)+ N(r, ——
=)+ N, =) + N =)

=) = No(r, =) + S(r, F) + 5(r, G)

T(r,F)+T(r,G) < N(r,F)+ N(r,G) + N(r,
1 1
a1 Mg &

) Nalr, ) + T, G) + (0, ),

+
=

(r,

< 3N(r, F) + Ny

")+ S f),

G
,ﬁ> +50r.1)

)+ 5(r, f)

SO, T(T,F)SSN(T,F)+N2(T‘, )+N2(

| =

i.e, nT(r, ) <3N(r, f) 4+ No(r, =) + Na(r

= ]

nT(r, f) < 3N(r, ) + Na(r, =) + 2N(r,

f(k)
By Lemma 2.1 for p = 2 we have

i — 1 1
nT(r, f) < (34 2k)N(r, f) + 2N(r, }) + 2N1pi(r, ?) +S(r, f)
So, (34 2k)O(00, ) +20(0, ) + 2014+x(0, f) <7+ 2k —n.
This contradicts with (4).
While [ =1,
N s (s ——) + N, —) < N(r, ——) < T(r,G) + O(1)
e | o= e/ =t ’
so by Lemma 2.1 for p =1,k = 1, we have
N, 5m0) + Nr, ) < Nr, F) 4 Noolr, ) + Nealr, )+ Nealr, ) + No(r, )
(T7F*1 T"Gfl = T, T7F (2(T75 (2T7F*1) Or7ﬁ
1
+ No(r, G)+T(TG)+S(Tf)
1 1
< N F) + Nalr, ) + N 55) + Nolr, 25) + T(r,.G) + S, f)
_ — 1 1 1
<IN (r F) + Nalr, ) + Nalr, ) + No(r, 25) + T(,G) + (s, )

As same as above, by the second fundamental theorem we have

T, l) +T(r,G)+ S(r, f),

1
77)+N2( G

T(r,F)+T(r,G) <4N(r,F) + 2Ny(r fa

SO

T(r, F) < AN(r, F) + 2No(r )4 S0 ),

+ No( a

1
7?)

i.e.,

nT(r, f) < 4N(r, f) + 2No(r, f—ln) -+ Ny(r,

IN

=

nT(r, f) < 4N(r, f) +4N(r,

IN

) +2N(r, <55) +S(r. f)

f(k)

< 4N (r, f) + 4N (r, >+2{N1+k<r,}>+W<r,f>}+s<r,f>

xmww
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By Lemma 2.1 for p=2 we have

nT(Ta f) S (4 + 2k)N(T7 f) + 2N1+k(ra %) + 4N(T7 %) + S(Ta f)

So,
(44 2k)O(o0, f) +40(0, f) + 2014+x(0, f) <10+ 2k —n

This contradicts with (5).
Subcase 4.2. | = 0. From (26),(27) and (28) and Lemma 2.1 for p = 1,k = 1,
noticing

(2 1 — 1 — 1 < 1 <

N, ) + Nl ) 4 N gs) < N ) < T(.G) + 5(r, )
then

N L O @ 1 . - 1
N(er_1)+N(r’G_1)*NE(raF_1)+NE(TaF 1)+NL(T7F_1)+NL(T7

— 1
N -
+ (T’G_l)

_ _ 1 1 _
SN(?”,F)-’—N(Q(T’,F)-’—N(Q(T,é)+2NL(’I",F_l
+N(2( ;)+N( LHN( ! ) + No(

ETaG_l LrvG_l T’G—l o\7,
+8(r, f)

< N(r,F) +2N(r, i) + N(r, i) +T(r,G)+ S(r, f)

!’ ’

< A4N(r, F) 4 2Ny (r, %) + Ny(r, é) +T(r,G)+ S(r, f)

As same as above, by the second fundamental theorem,we can obtain

T(r, F) + T(r,G) < 6N(r, F) + 3Na(r, %) 2Ny (r, é) T G) + SO, f)

So

T(r,F) <6N(r,F) + 3Na(r, %) + 2Ny(r, é) + S(r, f),

nT(r, f) < 6N(r, f) + 6N (r, fin) + 2Ny (r,
1

7",?

W) + 50, )

— — — 1
By Lemma 2.1 for p = 2 we have
1

nT(r, f) < (6 +4k)N(r, f) + 6N (r, 7

) AN (1, %) +5(r, f)

(6 + 4k)O (00, f) + 60(0, f) + 451440, f) <16 + 4k —n

this contradicts with (6). Now the proof has been completed.
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