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Abstract Schlifli (J. Reine Angew. Math. 72, 360-369, 1870) has established modular
equations involving kk’ and A for degrees 3, 5,7,9, 11, 13, 17, and 19. On pages 86 and 88
of his first notebook, Ramanujan recorded 11 Schlifli-type modular equations for composite
degrees. In this paper, we establish several new Schlifli type mixed modular equations for
composite degrees by elementary algebraic manipulations which are analogous to those
recorded by Ramanujan.
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1 Introduction

o0
Following Ramanujan, let (a; g)so denote the infinite product l_[(l — aq™) (a, q are

n=0
complex numbers, |¢| < 1) and the Ramanujan theta-function f(a, b):

o0
fla.by:= Y a""tVpre=DR - jab) < 1,

n=—0oQo

P4 Megadahalli S. Mahadeva Naika
msmnaika@rediffmail.com

Sathyanarayana Chandankumar
chandan.s17@gmail.com

Manjunath Harish
numharish@ gmail.com

Department of Mathematics, Bangalore University, Central College Campus,
Bangalore, 560 001 Karnataka, India

Department of Mathematics, M. S. Ramaiah University of Applied Sciences, Peenya Campus,
Peenya 4th Phase, Bengaluru, 560 058 Karnataka, India

Published online: 08 August 2015 &\ Springer


https://core.ac.uk/display/72804032?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://crossmark.crossref.org/dialog/?doi=10.1186/10.1007/s10013-015-0162-y-x&domain=pdf
mailto:msmnaika@rediffmail.com
mailto:chandan.s17@gmail.com
mailto:numharish@gmail.com

M. S. Mahadeva Naika et al.

related to the above product by Jacobi’s fundamental factorization formula
f(a,b) = (=a; ab)oo(—b; ab)oo(ab; ab)oo.
The following definitions of theta-functions ¢ with |g| < 1 are classical:

0@ = f@.a= Y. 0" =(-4:4)%G% Voo

n=—0oo

f=) = f(=q.—gH) = > (=1)"¢"" V2 = (g1 g)ws.

n=—oo
The ordinary or Gaussian hypergeometric function is defined by

ee}

(@)n (D)
2Fi(a, by c; 2) = E —=7", 0=zl <1,
— (c)pn!
n=0
where a, b, and ¢ are complex numbers such that ¢ # 0, —1, —2, ..., and

(ao=1, (@,=a(a+1)---(a+n—1) forany positive integer n.

Now, we recall the notion of modular equation. Let K (k) be the complete elliptic integral
of the first kind of modulus k. Recall that

2
1
5 de T (E) by T 11,
K= [ —2L— =75 "knz—zFl(f,f,l,k) M

o [i—iesing 2im @)’ 2 22

where 0 < k < 1. Set K’ = K(k’), where k' = +/1 — k? is the so called complementary
modulus of k. It is classical to set g (k) = e~ "K*)/K®) 5o that ¢ is one-to-one increasing
from O to 1.
In the same manner introduce L1 = K(¢1), L' = K (K’l) and suppose that the following
equality
/ /
T @)
K Ly
holds for some positive integer nj. Then a modular equation of degree n is an algebraic
relation between the moduli k£ and £; which is induced by (2). Following Ramanujan, we
seta = k> and 8 = K%, then we say B is of degree n| over . The multiplier m is defined by
K _ ¢@

- = 3
"= e (€)

for g = e 7KK)/K W),

Let K, XK', Ly, L/l, Lo, L’z, L3, and L’3 denote complete elliptic integrals of the first
kind corresponding, in pairs, to the moduli i/c, +/B, V- and /8, and their complementary
moduli, respectively. Let n1, ny, and n3 be positive integers such that n3 = nin,. Suppose
that the equalities

K L K L K L
Il]f:fl, n27:72, and n37:73 4)
K L K Ly
hold. Then a “mixed” modular equation is a relation between the moduli /c, B, J/v,and
V/8 that is induced by (4). We say that 8, y, and § are of degrees n1, n,, and n3, respectively,
over a. The multipliers m = K /L and m’ = L, /L3 are algebraic relation involving «, 8,
y, and §.
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Certain New Schlifli Type Mixed Modular Equations

Jacobi and Sohncke have established modular equations involving «!/® and /3. Such
modular equations are called Jacobi—-Sohncke modular equations.

Russell [15] has obtained several modular equations of degrees n = 13, 17, 29, 43, 53,
and 59 involving (@B)V/® and {(1 — @)(1 — B)}/8, which are referred to as Russell type
modular equations. For example

@ +{1 -1 -/ =1,

where B is of degree 3 over «.

Schléfli has established modular equations for degrees 3, 5, 7, 9, 11, 13, 17, and 19
involving {4a(1 — o)}/ and {48(1 — ,B)}l/24. These modular equations are known as
Schlifli type modular equations. Weber [18, p. 90] has also established irrational modular
equation for composite degrees involving f, f1, f>, and f3, where f = {da(l — a)}!/?*,
fi={4B0 = BV £ = {4y (1 — )}/ and f3 = {48(1 — 8)}1/?*, which are known
as Weber type modular equations.

Ramanujan’s class invariant G,, is defined by

G =274y (g). (5)
where
X(@) = (=q: ¢Poor g = exp(—m/n).
Since x(q) = 2/%{a(1 — a)/q}~'/?* [3, Ch. 17, Entry 12(v), p. 124], it follows from (5)
that
G, = {da(l —a))~ 1724, (6)

Recently, Mahadeva Naika [6] and Mahadeva Naika and Sushan Bairy [10] have obtained
several explicit evaluations of class invariants using modular equations.

On pages 86 and 88 of his first notebook [14], Ramanujan recorded a total of 11
Schlifli-type modular equations for composite degrees. In [13], Ramanathan observed that
one of these 11 equations follows from a modular equation recorded by Ramanujan in
Chapter 20 of second notebook. By using the theory of modular forms, Berndt [4] has
proved these modular equations. In [1, 2], Baruah proved these equations by deriving some
theta-function identities from Schroter’s formulae and using Ramanujan’s theta-function
identities. Mahadeva Naika and Bairy [11] have also established several new mixed modular
equations in the form of Schlifli. For more details one can see [5, 7, 9, 12, 17].

Motivated by all these works, in this paper, we establish nine new mixed modular equa-
tions in the form of Schlifli. We utilize some identities involving ratios of theta—function in
establishing these equations.

2 Preliminary Results

In this section, we list some of the relevant identities which are useful in proving of our
results.

Lemma 1 [3, Ch. 17, Entry 12 (i) and (iii), p. 124] For 0 < x < 1, we have

fle™) = V270 (1 — x)e?} /2, )
fE@®) = V227 P = ney 2, ®)
1 1.q.
here z := 2 F1(%, 1 1; = 721G B0
where 2Fi(3, 5 ix)and y :=m TR
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Lemma 2 [3, Ch. 19, Entry 13 (xii) and (xiii), pp. 281-282] If B is of degree 5 over «, then
/3 1/4 1 _ﬂ 1/4 ,3(1 ,3) 1/4 B
<E> " (1 —a) (a(l —a)) - )
a\ /4 1—a\4 oa(l —a) 174 5
— - —- = —, 10
<ﬁ> +(1—ﬂ) (ﬂ(l—ﬂ)> m 1o

where m is the multiplier for degree 5.

. @) —
Lemma 3 [8]If X := PPl andY : ( 20) then

2 2
[S+ L] - 2[5+ D]+ a0 5 + D] -s1sa[F + ]
4 3
+xtrd+ S [;(31/3+m2 [4[% + 2]+ 16}

(1)
+ X272 + ngﬁ {48[ L1+6 Xz + X2]+128}
—[xv+ 7] {1360-248 [ % + ]+176[W+F]+4[%+§%]}+7316=0.
[ v(q
Lemmad4 [8]If X := (p(q ) ol 25) then
vy 15Y+5 XY—I—i +5( 24| =x2r2y +15. (12
X3 x? X Xy X2 X2y? '
. o@eg!! _ o@e@>)
Lemma 5 [8] If X := zp(qs)zp(qss) andY = PPRTIELLR then
Yo 4 ke 433 [Y5 ] 99 [Y“ 1] +1529 [Y3 1
1 s 5
—1683[v2 + +88OO[Y—|—7]:6534+ X +f]
—11|[x4 +3 [Y+l]—[x3+i][11+4[yz+i]] (13)
—[x2+ ) [1s-s6[y + ] +3[r2+ ] -8 [r+ k]

_ X+7] [—126[ 7]+160 Y2+W]—18 Y3+%]+324+9[Y4+%]]}.

3 Mixed Modular Equations in the Form of Schlifli

In this section, we establish several new Schlifli type mixed modular equations. We set

P = (256aBys(1 —a)(1 — B)(1 — y)(1 —8)'/**, (14)
ad(1 —a)(1 —8) \/*

= s 15

¢ (ﬁy(l—ﬂ)(l—y)) (1>
ys( —y)(1 — a))””

R=|——" "~ s 16

(aﬂ(l—a)(l—ﬂ) (16)

_ o\ 1/24
_ (M) . a7

ps(l = p)(1 —9)
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Certain New Schlifli Type Mixed Modular Equations

Theorem 1 Ifa, 8, y, and § have degrees 1, 5, 5, and 25, respectively, then
16(T+4) +11(12+ &) +6 (77 + =) + (T4 + &) +22
<Q3 1)[(T+ )+(T2+%)+1.

Proof Equations (9) and (10) can be rewritten as
pa-p "t _ s pa-p "
m + = + 1.
a(l —a) a(l —a)
Equation (19) can be written as

Sa
m+a=—+1,
m

2 1/4
where m 1= £ anda._{’s(1 ﬂ)] .
@ a(l—a)

In a similar manner, we obtain

5b

m/+b=7,+1,
m
s(1—8 |'*
where m’ := (/12 ((qzs)) and b := ¥} .
7 y(l—y)

Employing (20) and (21) in (12), we deduce that
71X —5Yaub+5Yauv—13Xbva+4Xbvu—8Xaub— Xauv—Xa>bv
—Xaub*+ Xaubv+10Y vu+2Ybv—6Xbv—55Yva+55Yba—10Y bu
—42Y —26Yb+8Yv—2Yb>+83Xb—29Xv+6Xb*>—40Yu—5Ya’
—2Xa + 11Xu+Xa*>—5Ya+5Ya*b—5Ya*>v+5Yau+119Xba—47Xbu
—2Xva+11Xvu + 13Xb%*a—4Xb*u—Xau + 8Xa2b+Xa2v+Xa2b2=O,

where u = /(a — 1)2 4+ 20a and v = /(b — 1)2 + 20b.

(18)

19)

(20)

ey

(22)

Collecting the terms containing X on one side of (22) and then squaring both sides, we

find that

624 — 106aub’v — 827a%ub’v — 21a>ub>v + 132a3ubv — 15243 ub®v
+462a%ubv — 1032aub’v — 453aubv — 106a’ub’v — a*ub®v + Ta*ubv
—Ta*ub®*v — 650a + 255b3a3v + 106b*au + 16a*ub? + 16a*ub + 16a*ub’
+a4uv + a*b*u + a’b3v — Ta b + 7a°b*v — 195a*bv + 19156%a3v
+215a*b%v + 255b3va — 21b3vu + 580b°a>v + 106b*au — 13704 bv
+5501aub® — 945a*bv — 1013bvu + 16auv + 4330bva + 941aub
+4915a%b%v + 16auv + 1781a’ub’ + 276aub + 2965b%va + 2741a*ub?
+396a3ub® + 46a%uv + 876aub — 317b%vu + 341a3ub® + 30a*b3v
+2906b% + 626u + 4581 — 626V — 150a> — 150a° — a® — 254* + 626b°
+61b* 4+ 2b° — 540a*b? — 485a*b> — 255b*a> — 30a*b* — 2b*v — 1035bv
—12770ba + 4621bu + 600va — 624vu + 16au — 3545a°b — 150a°v
—20815b%a + 3026b%u — 20090ab* — 16a°b> — 16a°b> + a*u — a’b*
—a’v + 46a*u — 2720ab — 150a>v — 5665a°b*> — 319b%v + 1986aub’
—10135a%b* — 43b%v — 255b*a + 21b*u — 580b%a® — 5260b°a + 506b°u
—42106%a° + 16a°u — 420a*b — 25a*v — 16a°b + 21a°b*u = 0.

(23)
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Isolating the terms containing # on one side of (23) and then squaring both sides, we deduce

5806%a%v + 603730ab%v + 954016° + 16686b7 + 1446b° + 615° + b'°
—1953125a + 15926770b%a>v + 57344a°b>v — 2048a°bv + 7168a°b*v
+5618575b°av 4+ a’b%v + 52a°b”v + 132906 va® + 2960950b° va
—595206%va* + 2900056%av + 22977006 av + 1304050a*b*v + 255630 v
+30415a%b"v — 143550b°a*v + 1018b°va> + 9608925 a>v — 2535 va*
+255b8av + 257055a°b%v + 9244b°av + 24479800b%a’v + 1116160a*b*v
+15371050ab*v + 38245a°b*v 4 261120a*bv 4 3402085b%a>v
4391025206 va + 42868445b%a”v + 13840b" va + 593920a°bv + 30a*bh%v
+19561970bva + 20084210a°b*v + 44696285b%va + 1574245a*b>v
+11264b% + 1024b — 1024a° — 29696b> + 164864b* + 2389491
—2731365a*b* — 62291095b%a> — 9389695a*h* — 57344b*v — 16686b°4°
—41713956%3 + 5670306%a* — 5109195h%a — 100443456%a% — 9244b%
—23760225b°a> — 1359100a*b° — 38245 v — 34371600ab> — 954014’
—59503975b°a” — 404365b"a — 854265a°b" — 1446a°b” — 61a°b® — a”b°
—366465a°b’ — 1018b7v + 83535b"a* — 16135b8a — 35635a%b® — 52b%v
—15585b%a3 + 2265b%a* — 255b°a — 5806°a* — 255b%a> — 30a*b° — b2V
+1024bv — 37078655ba + 1953125va — 1692005a°b — 150339735b%a
—34206335a%b> + 29696a°b> — 164864a°h> — 2389494°b* — 11264a°b
—1024a’v + 593920a°b + 48411154 b* + 2048b%v — 204390965b°a
—157912215ab> — 7168b°v — 120435970b*a — 162350645b%a>
—51430015b%a> + 261120a*b + 3466240a*b* + 22142454bv = 0. (24)

Eliminating v from (24), we obtain

—ba — 30a*b — 30b%a + 3194a’b> — 8810a°b* — 100590a°b> — 466770a°b*
—255a°b — 255a°b — 7710a°b* — 255b%a — 7710a*b* — 580b*a — 17910b*a>
—58636b°a> — 580a*h — 17910a*b? — 163290a*h> — 163290b*a> — 456866a*b*
—466770b%° — 82306%a° — 1003356%a* + 30b%a — 4667706°a® — 1005904 b
+30a"b* — 8230a’b* + a’b — 1005906 a> — 466770a*b> — 8230a°h>
—100335a°b* + 30a°b — 255ab° — 920122a°b° — 88106°a* + a® + b°
—4568666%a° + b’a — 163290a’b® + 30a%b” + a'°b* + 30a3b® — 8810a5H°
+a°b* +30a°b* — 255a°h — 17910a%b° — 580a°b° + a®b* — 10059047’
—163290a%b” — 58636a’b’ — 7710a%b” — 255a°b" — 8810a°b® — 1791048
—7710a”b® + 3194a%b® — 30a°b® — 2554°b° — 823067 a* + a®b® + 300843
+b%a® +30a*b° — 580a°b° + a*b'® — 25547b° — 30a%b° — a°b° = 0. (25)

@ Springer
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Simplifying the above equation (25) after substituting for a and b, we deduce that

(0 +160°T> + T3 — 03 — 0% — 02— 0 +607T3 + 160°T3 — Q°T®
—0TS — Q%10 + Q%13 — O°TC — Q’TO +110°T3 + 220473 + 11 0°13
+6T30)(0'2 + 50127 — 100°T3 + 40373 + 01272 4 0°T'2 4 Q°

T6 _ 10Q9T9 +70Q11T6 + Q]4T3 + Q14T9 _ Q11T12 + 10Q8T9
—05T2 —700°T% — 150273 = 150"2T° + 0* — 01 — 05 — 03 + O’
—1007T? +160°T3 + 160" 13 + 176 Q3T + 250'47° + 401373
—600'7° —600°T°® +50*T° —1007T° + 160°T° + 160" T° — Q3T 12
+40BT° + Q'T6 + 250710 +40°T° + Q*T"? +50'°T% — 70077
+100873 —340137° +700°T® — 34037 + 50T — 150473 — 150*1°
+5Q10T9 + Q7T12 _ 6Q15T6 _ 6QT6 + Q2T3 + Q2T9 + 5Q6T9)
(02 +502T° —100°T3 +403T3 + 02712 — QT2 — Q% 4+ T
—100°T° — 7001176 — Q™73 — 0719 + "' 712 — 100%7° + Q°T"2
+700°T® + 150273 + 150272 + 0* + 0" + 0° — 0% — 07 — 100773
+160°T% + 160" T° + 176 0°T° +250'7° + 40 T° — 600'°T°
—600°T® +50%T% —1007T° + 160°T° + 1601 7° — Q8T'2 + 401379
+0'°7° +250°T° +40°1° + Q*1'? - 50'°T° + 7007 T° — 100°T°
+3408T° = 700°T° +340°T° — 50°7° + 15077 + 150*1° - 50'°1°
—0'T"2 4+60'5T° 4+ 60T° — QT3 — 02T% — 50°T%)(0° — 160°T?

T3 - 0%+ 0+ 02— 05— 607T3 — 160°T3 + Q°TS + Q*TS + Q2T
+0873 — 03T% — @370 + 110°T3 +220*T3 + 110°T? —6T30) =0. (26)

From [4, Ch. 34, pp.189-190], we note that for n = 1/25 and using the fact that G,, =

Gi/n, wehave Gy = 1 and G5 = G125 = [—H

Employing the values of G and Gas, we can compute the values of Q and T, then
employing the resulting values of Q and T in (26), we find that the first factor vanishes for
a specific value of g = e~/ thus by the identity theorem it vanishes identically. O

Theorem 2 Ifa, B, y, and § have degrees 1, 5, 5, and 25 respectively, then

1 1 ! !

20 16 2, 8

(R +R2°) 14(R TR16 ) 29<R W>_144(R +ﬁ)

259 (R4 L) 16 (Po ) [(RS L ) o (A4 L)1
R4 P8 RS R4

140 P4~|—L R24+ 1 +2 R8+L 14 R4+L +4[=390. (27)
pa R12 RS R4 S

Proof From [3, Entry 13 (xiv), Ch. 19, p. 282], we have

1 1
B+ —42(A——)=0, 28
+B+( A) (28)
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where A = {16a8(1 — a)(1 — 8)}/12 and B = {ﬁ(l—ﬂ) }‘/8.

a(l—a)
Squaring both sides of (28), we get

2
B+t ra-la(L_a)|.
B2 A

Equation (29) can be written as
1
a+—=r-—2,
a

_ 1/4
where a := {H} and r = [2(% _ A)]z.

In a similar manner, we find that

1 1
D+ —-+2({C—-—=])=0,
+p+2(c-¢)

1/8
where C = {16y8(1 — y)(1 — 8)}//12 and D = [ﬁg:%] .

Equation (31) can be written as

1
b+-=5-2,
+b s

1/4 2
where b := ﬁﬁ:f})) ands = |2 %—C ] .

Employing (30) and (32) in (25), we get

(29)

(30)

(3D

(32)

378600r% + 34762089600r* + 1349176960r°s> + 309760sr® + 5155451205~
+222121751040s7% + 13339195205 r* 4 133391952053 — 7260583
+89440s*r7 + 73520755 — 30s%r* — 905718 — 90s8r> — 90567
—19544320s*r5 + 184456057 1> + 735205%> — 90s7r% + 41034107520s%F
—460r°s% + 41034107520r*s + 7618830912073 s% + 222121751040s>r
+76188309120s 12 — 19544320s°r* — 231516401053 — 30s*° — 2505°r3

—84254457r3 4+ 900573 + 2300s37* — $37° + 900577

_ 7,7

+515545120sr° + 1349176960572 + 1844560s%r” — 231516405573

+23005*r8 + 120982740480sr + 1493937886452 4 900s°r° 4 20287200577
—115072000s*r* + 138057696000s7> + 138057696000s°r + 18408865664s°r*
+14939378864r*s% + 78381r%s* + 59398600r°5% — 10710757 + 5939860052
+187184390400s%r% — 5678 — 8425441753 + 37931r85% — 250531° — 53r°
+78381s%7* — 135526800537 — 135526800573 + 63935637445°r
+6393563744°s + 24768320 + 34762089600s* + 92817446400s>
+6153906405° 4 615390640r° + 378600s% + 6536275200s° + 2476832057
465362752007 + 928174464007 + 1160r° + 100818950400r>
+100818950400s% 4 1160s° — 460s°r2 + 506s5r° + 202872005 r + 89440s”r*
—72605°r® 4 379315872 + 309760s8r + 5065°r — 571 + 510 + 10 = 0. (33)
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Substituting for r, s and then setting AC = P and % = R, we deduce that

(14 80P%R* +80P°R® + 80P3R® + 160R P* + 80P*R? + 160 PO R*

—259PSR® — 16R*P* + R'OP'0 — 259 P*R* —29P%R? — 16P3R* — 29P8R?

—16P?R® —16PSR> — 14P°R’ — 16P°R® + 40P°R” — 16P"R® + 160P" R®

+160P°R7 — 144P"R7 — 144P°R? — 390R° P> — 16R7 P? — 16 P°R® 4 160P>R?

+160P°R* — 16P3R — 16R°P + 40P’ R® + 40P3R — 14PR + 40R*P)

(14 80P%R* 4+ 80P°R® + 80P3R® + 160R® P* + 80P*R? + 160 PO R*

—259PSR® — 16R P* + R'OP!0 —259P*R* —29P%R> — 16P3R* — 29P8R?

—16P?R® —16PSR> + 14P°R’ + 16P°R®> — 40P°R” + 16P"R® — 160P" R’

—160P°R7 + 144P"R" + 144P°R® + 390R° P> + 16R" P + 16P°R® — 160P>R>

—160P R®> 4+ 16P°R + 16R°P — 40P’ R® —40P>R + 14PR — 40R*P)

(—16P*R* — 16P°R® — 16 P3R® — 29P®R? — 29R® P? — 259ROP* — 16 P*R?

—259P°R* + 160POR® + 80R® P* 4+ 160P*R* + 80P®R* 4+ 80P?R® + 80P R?

+P% 4+ R0 4+ 40P"R +40PR” — 14P°R — 16P°R’> — 144P"R® + 160P" R’

+160P°R” — 16P"R” — 16P3R® — 390R> P> — 144R” P + 40P3R°® — 16P°R®

+160P3R> 4+ 160P°R> — 16P R — 16R°P — 14PR° + 40P°R%)

(—16P>R* — 16 PSR® — 16 PP RS — 29P3R?> — 29R3 P? — 259RO P* — 16 P*R?

—259P°R* + 160POR® + 80R® P* 4+ 160P* R* + 80P8R* 4+ 80P?R® + 80P R?

+P'% 4+ RO —40P"R — 40PR” + 14P°R + 16P°R’ + 144P"R® — 160P" R’

—160P R7 +16P"R” + 16P>R® + 390R° P> + 144R" P®> — 40P3R® + 16 PR’

—160P3R> — 160P°R> + 16P°R + 16R7P + 14PR° —40P°R%) = 0. (34)
From [4, Ch. 34, pp.189-190], we note that for n = 1/25 and using the fact that G, = G,
we have G; = 1 and Gas = G /o5 = Y3t

Employing the values of G| and G5, we can compute the values of P and R, and then

employing the resulting values of P and R in (34), we find that the third factor vanishes for
a specific value of g = e~/ thus by the identity theorem it vanishes identically. O

Theorem 3 If«, 8, y, and § have degrees 1, 5, 5, and 25, respectively, then

1 1 1 1
20 16 12 8
1 1 1 1
T4 p8 8 4
259( T4> 16( P8>[<T T8> (T T4> 1}
4 1 12 1 8 1 4 1 _
A0 (PP o3 ) |\ T 7 og |+ 2\ Tt g | 4| T g ) +4| =390 39)

Proof Interchanging $ and y in (27), P remains unchanged whereas R changes to 1/T.
Hence, we obtain (35). O
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Theorem 4 Ifa, 8, y, and § have degrees 1, 5, 4, and 20, respectively, then

<Q14 + é) -56 <Q12 + é) + 861 (Q“’ + é) — 5824 (Q8 + é)
+22524 <Q6 + é) — 59015 (Q4 + é) + 102884 <Q2 + é) — 127634
(2 IV e Ll (e L) 6(or L) +3(0d+ L
T12 Q2 T9 Q Q3
8(05+ =)= (07 + =) |+ (754 =) [1357 (02 + =
+ Q QS Q Q7 T6 Q Q2
—628 <Q4 + é) + 224 (Q6 + é) —24 (Q8 + é) - 1196}
+ T3+i 2228 Q+l — 1800 Q3+i + 1261 Q5+i
T3 Q Q3 QS
—336 <Q7 + é) + 109 (Q9 + é) —16 (Q“ + 5)] . (36)

Proof Replacing ¢ by ¢* in (20), m and a changes to m’ and b, respectively, then we arrive
at

5b

m b= 1, (37)
m
4 _ 1/4
where m’ := "’2((;20)) and b := {)‘jﬁ_%} )
Employing (20) and (37) in the (11), we obtain (36). Since the proof of (36) runs on the
same line as the proof of Theorem 1, so we omit the details. O

Theorem S If«, B, y, and § have degrees 1, 5, 4, and 20, respectively, then

26738688
P32 —3072P%* — 4445446 — (7032832P8 + 7>

P8

4416 2048

26 (1961P4 + 7) +24 (595P12 + W) + 3551320]

65536 512
[(16433P8 + s ) +8 (mp16 + W) + 84352:|

8192 135
12 4
|:<1033P + W) + 224 (52]) + F)]

2spt 1 28] o (g L)L 2 (g ! 4432
5P +ﬁ — R +ﬁ +F R +ﬁ = 33554432. (38)
Proof The proof of (38) is similar to the proof of (27). Hence, we omit the details. O
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Theorem 6 If«, 8, y, and § have degrees 1, 5, 4, and 20, respectively, then

26738688
P8

4416 2048
<1961P4 7 ) +24 (595P12 572 ) +355P20]

[(16433P8 65536) +38 (1111)16 + ﬂ) + 84352]
P8

32 _3072P%* — 444544 P10 — (7032832P8 +

(e
o

8192 135
+2° (T — [(10331012 ) +224 <52P4 )]
pl2 P4
6 1
14 16 8 14 20
-2 (T 16) |: (13P + 7) + 290] +2 (T + ﬁ)
96 1 214 1
4 17 24 28 _
[251) + P4] 2 (T + ﬁ> + 57 <T + ﬁ> = 33554432, (39)

Proof Interchanging B and y in (38), P remains unchanged whereas R changes to 1/7T.
Hence, we obtain (39). (I

Theorem 7 Ifa, 8, y, and § have degrees 1, 5, 11, and 55, respectively, then
5 1 1 2 1 3 1 4
e e Bl e[ g o[- 4]

=[Q6+é]—[Q3+é]{22[T+%]+11[T2+%]+33}.

Proof Replacing ¢ by ¢!! in equation (20), m and a changes to m’ and b, respectively, then

(40)

we arrive at 5h
m b= 41, 1)
m
¥2q') sa-) | '/
where m’ := W and b := {y(] —
Employing (20) and (41) in (13), we obtain (40). Since the proof of (40) runs on the same
line as the proof of Theorem 1, so we omit the details. O

Theorem 8 If«, 8, y, and § have degrees 1, 5, 11, and 55, respectively, then

1 1 1 1
24 20 16 12
<R + R24>+176 (R + R20>—|—3872 (R + R16)+25476 (R + R12>

1 1 1
8 4 20
+181984 (R +R8)+472560 (R +R4)+1295558—1024 <P +P20>

+ <P16+i> [5632 (R4+i> +25344] — <P12+i> -53504 <R4+i)
plé R4 p2 R4

1 1 1
+10560 (R8+ﬁ)+138688]+<P8+ 3 ) [217536( —4>+45584

x <R8+i> +8096 (R12+L) +430496] - <P4+i> _406736 <R4+i)
R8 R12 P4 R4

1 1 1
+126280 <R8 2% )+19888 (R“ I >+2376 (R‘6 R16>+962016]=0. 42)
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Proof The proof of (42) is similar to the proof of (27). Hence, we omit the details. O

Theorem 9 If «, B, y, and § have degrees 1, 5, 11, and 55, respectively, then

(7% + 75) +176 <T20 + o) +3872 (710 + ﬁ) + 25476 (T12 + )
+181984 (T8 + %) + 472560 (T4 + %) + 1295558 — 1024 <P20 + ﬁ)

+ (P10 + ) [5632 (74 + 5 ) +25344] — (P12 + k) [53504 (14 + )
+10560 (7% + 7 ) + 138688] + (P8 + k) [217536 (T4 + ) + 45584

x (T8 n %) +8096 (712 + ﬁ) n 430496] _ (P4 n ﬁ) [406736 (T4 + %)

+126280 <T8 n %) + 19888 <T12 n ﬁ) +2376 (T16 n ﬁ) " 962016] —o.

~

Proof Interchanging 8 and y in (42), P remains unchanged whereas R changes to 1/7.
Hence, we obtain (9). O
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