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Abstract. In this paper, we establish several new modular equations of degree 9 using
Ramanujan’s mixed modular equations. We also establish several general formulas for
explicit evaluations of ratios of Ramanujan’s theta function.

1. Introduction

In Chapter 16, of his Second notebook [16] Ramanujan has defined his theta function

as
(o)
f(a,b) := Z @ HD/2pn(n=1/2 - ap| < 1, (1.1)
Following Ramanujan, we define
= 2 (_QQ _q)oo
elq) == flg,9) = q" = (12)
@) =fla9) n;oo (4 —9) oo
e 2. 2
W(g) = flg.q*) =D ¢" D2 = (UalES 1 oo (1.3)
= (¢:4%)os
fl=a) = Y "V = (g:0)e; (1.4)
n=—oo
X(@) = (=4 ¢*) o> (1.5)
where -
(@;Q)oe == [[(1—aq™), gl <1,
n=0
In (5] and [17]], the authors have defined two parameters lx ,, and [}, ,, as follows:
- (e mvr/h) (1.6)
, k1/46_w1/n/kw(_efﬁm)’
and
—my/n/k
o Yle ) (1.7)

- R L N
They have established several properties and some explicit evaluations of Iy, , and I} ,,
for different positive rational values of n and k. They also listed some applications of
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these parameters for the Rogers-Ramanujan continued fraction and Ramanujan’s cubic
continued fraction. In [11], M. S. Mahadeva Naika and S. Chandankumar have established
several new modular equations of degree 2 and also general formulas for the explicit eval-
uation of ratios of Ramanujan’s theta function ¢. In [15], Mahadeva Naika, K. S. Bairy
and M. Manjunatha have established several new modular equations of degree 4 and also
general formulas for the explicit evaluations of ratios of Ramanujan’s theta function . For
more details see [1]], [2], [8], [9], [12], [14].
Now we define a modular equation in brief. The ordinary hypergeometric series

oF1 (a,b; ¢; x) is defined by

o F1(a,b;¢x) Za) "

n=0 (C nn'

where (a)o = 1, (a), = ala + 1)(a + 2)--- (a + n — 1) for any positive integer n, and
| z|< 1. Let

11
= = oF1 (=, =5 1; 1.
z Z(Z‘) 2 1<2a27 ,J)) ( 8)
and
Fl(é,é;l;l—x))
q:=q(x) =exp| — , (1.9)
) < 2Fi(5, 33 152)

where 0 < z < 1.
Let r denote a fixed natural number and assume that the following relation holds:

7/.2}711 (2727111 ) :2F1 (2’2’1’1 B) (1.10)

2 b1 (2a27]~a) 2F1 (§7§7l7ﬁ)

Then a modular equation of degree r in the classical theory is a relation between « and 3

induced by (1.10). We often say that [ is of degree r over o and m := ZEZ; is called the
z
multiplier. We also use the notations z; := z(«) and z, := z(f) to indicate that 8 has

degree r over a.

In Section 2, we collect the identities which are useful in proving our main results. In
Section 3, we establish some new modular equations of degree 9 which are analogous to
Ramanujan’s modular equations. In Section 4, we establish general formulas for explicit
evaluations of [y ,, and also establish relations among Iy ,, and lé’n.

2. Preliminary Results

In this section, we collect some identities which are useful in proving our main results.

Lemma 2.1. [10, Theorem 2.2] We have

Plea) @) (¥ —3a(d®)\’
Pl wm%(w(q)—qw(qg))’ @D
FPl=a®)  _ ¥%a) () - 3¢%(¢°) 22)

3(—=q"®) ¥2(q°) ¥(q) — q¥(q%)
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Lemma 2.2. [6, Ch. 17, Entry 10(i) and Entry 11(ii), pp. 122-123] If 5, v and § are of
degrees r, s and rs over o respectively, then

plg) = Vi, (2.3)

e(@") = Var, (2.4)

e(@®) = Vs (2.5)

e(d") = Vers, (2.6)

V2¢ f(—q) = Va{a(l - a)}'?, 2.7)
V2q" 8y (—q") Va{B(1— B)}5, (2.8)
V2 ¥ p(=q®) = VaE{v1-}e, (2.9)
V2¢" B P(—q) = s {a(1 - 8)}E. (2.10)

Lemma 2.3. [6, Ch.20, Entry 1(ii), p. 345] We have
9 4 3\\ 1/3

vt = () 4D

Lemma 2.4. [6, Ch. 20, Entry 11 (viii), (ix), p. 384] Let o, 3, v and § be of the first, third,
fifth and fifteenth degrees respectively. Let m denote the multiplier connecting o, 3 and m’
be the multiplier relating -, 9, then

()" (=) - (Bmsin) Ve e
(fg)l/s )( )> 1/8 <BW(1— B)(1 — 7)> I A,

(
<(1—a)(1—5) ad(l —a)(l —9) m

Lemma 2.5. [6, Ch. 20, Entry 13 (i) and (ii), p. 401] Let «, 3, v and § be of the first, third,
seventh and twenty first degrees respectively. Let m denote the multiplier connecting o, 3
and m/ be the multiplier relating -, 6, then

() (i) (G=aas)

!/

e (2.14)
(SR

g\ /4 a1 — 1/4 as(1l— a)(1 — 1/4

(5) +<8_58_3> _<£8—58—%> 2.15)

m

A (a6(1 —a)(1— 5))1/6 B

By(1=B)(1—7)
Lemma 2.6. [6, Ch. 20, Entry 14 (i) and (ii), p. 408] Let «, 3, v and § be of the first, third,
eleventh and thirty third degrees respectively. Let m denote the multiplier connecting o, 8
and m/ be the multiplier relating v, 6, then

() () ()
_9 (55(1 —B)(1-4) >1/12 )
ay(1 —a)(1—7)

(2.16)

mm/,
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()" (=56=9) - (5h=se=s)
4(a%1—aX1—w>”“__ 3
Bo(1—B)(1—0) —

Lemma 2.7. [6, Ch. 20, Entry 19 (iv), p. 426] If 3, v and 0 are of degrees 3, 13 and 39
respectively over o, then

()" () G

(2.17)

7

(1
(2.18)
+2( ool o)l -0y _ fof
Br(1—B)(1—7) Vo’
) A A O (AR
a5 (1- )( ) ad(l —a)(l—=19)
o (2.19)
+2 ( - 7)> ==
ad(l —a) 9) m/
Lemma 2.8. [5, Theorem 4.1(ii)] and [17, Theorem 2.3(ii)] We have
Lenliam = 1. (2.20)
f(=q) f(=¢)
Lemma 2.9. [7, Ch. 25, Entry 56, P 210] IfM = m and N = W,
then
M3+ N3 = M?N? + 3MN. (2.21)
Lemma 2.10. [3, Theorem 5.1] If P = m and Q= ;((qqg)), then
Q*+ P*Q* =9+ Pt (2.22)

3. Modular Equations of Degree 9

In this section, we establish some new modular equations of degree 9 for the ratios of
Ramanujan’s theta function.

¥(q) P(=q)
Theorem 3.1. lfP = qw(gg) and Q = W—Zg)’ then
P Q 3
§+P+P+P g et @3.1)

Proof. Using the equation (2.2)) by changing ¢ to —¢ and the equation (2.1) in the equation
(2.21), we deduce that

P—3\? Q+3
M? =P —5— N =@ =— ). 2
(1) wowee(gn) e
The equation (2.21) can be rewritten as

a’4+3a—A=0, (3.3)
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where a = M N and A = M3 + N3,
Solving the equation (3.3) for a and cubing both sides, we find that

SM3N? = (=3 +m)3, (3.4)
where m = ++/9 + 4A.

Eliminating m from the above equation (3.4)), we deduce that

(P +Q)(Q*P? +2P%Q + P? — 6P + 9 — 4PQ + 6Q — 2Q*P + Q?)
(P?Q + P? —3P —4PQ +3Q — Q*P + Q*)(P* — Q" P? — 4P3@Q?
—6PQ% — 8P3Q — 9P + 3Q"P? + 12Q°P* + 24QP” + 36P*Q
+27P? - 3Q'P — 8Q°P — 18Q°P — 36PQ — 27P + Q") = 0.

(3.5)

By examining the behavior of the above factors near ¢ = 0, we can find a neighborhood
about the origin, where the third factor is zero; whereas other factors are not zero in this
neighborhood. By the Identity Theorem third factor vanishes identically. This completes

the proof. (]
¥(q) (q )
Theorem 3.2. If P = and QQ = then
7(q°) ()
P Q 3
— 2=—=+P 3.6
otpt?=pt (3.6)
Proof. Replacing g with ¢? in the equation (2.1)) and equating with the equation (2.2)), we
find that
Q-3\> _,[(P-3
— | =P =—]. 3.7
Q ( 2 b3 G7)
On factorizing the above equation, we deduce that
(QP —Q +3 — P)(P?Q — P> —2QP — Q* +3Q) = 0. (3.8)

By examining the behavior of the above factors near ¢ = 0, we can find a neighborhood
about the origin, where the second factor is zero; whereas the first factor is not zero in this
neighborhood. By the Identity Theorem second factor vanishes identically. This completes

the proof. (|
Q? Q P

52
()

P(—q'3)’
Proof. Using the equations (3.1 and (3.6), we arrive at the equation (3.9). O

Y(—q)

Theorem 3.3. If P = and QQ = then
qb(=4°)

2
—+Q—+P+9 Q+—(f+

(3.9)
+12.
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_ v VQv(=¢®)
Theorem 34 7 = o =u=a™ "~ e == "

Q3+Q?)15(Q2 Q2)+45<Q+22> (p2+15;12>+10(p+]93)
[2+Q+Q}+5< F) <f+>+15<f+\r> 3.10)

X K Q3 \/1673> +2<¢672+\/Q)

Proof. Using the equations (Z:3)—(2:10) and the equations (2.12) and Z:13) with r = 3
and s = 5, we deduce that

+ 40.

p _ (a+0D)
) (3.11)
where
po P9 _eld) v _ (=)
@) T @) T () ()

Using the equations (3.11) and (2:22), we deduce that

9b%a + 9ba® + 5a°b” + 6a°b* + 5a7b + a°b (3.12)
+a"h + 5b7a — 6b%a% + 5b%a% + a® — b = 0. '

By squaring the above equation (3.12), we deduce that

105a4b3b2as + 180a3by + 180a4b3 + 20a3b3baas + 180byasasby + 14aib,

+ agbibgai + aiagbgbi + 81bgbaas + 8lasasbs + 162a4bs + 90aib2a2

+ 13b3bsas + 13ajashs — aj — by + 210a3b3 + 20a3b] + 20a3b; + 2a3b} G-13)
+ 14a4bi + 10a2b2b2a4 + 1Oaia2bgb4 + 9Obe2a2 + 105aib2a2b4 =0

where a* = a4, b* =by, a®> =as and b? = bs.

Isolating the terms containing azby on one side of the equation (3.13)), squaring both sides
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and by using the equation (2.11)), we deduce that

(—40A3B3 — 15BA® — 45BA* — 90BA3 — 135BA? — 81BA — 10B3A®
—30B3A4* —90B3A42 —90B3A — 15B%A° — 45B%A* — 90B? A% — 180B2A?
—135B%A4 — 5B*A% —20B*A* — 30B*A% —45B* A% — 45B*A — B° A®
—5B°A* —10B°A® — 15B°A% — 15B° A + B® + A%)(64068165A° B®

+ 64068165A4% BS + 5580130543 B 4 90655524 A° BS + 7282710A° BS

+ 7282710A5B? + 617490A° BY 4 5234220A° B + 523422043 B?

+ 15849A5B'2 + 8104°B'2 + A2 B'2 4 218704%B'? + 315940 B!

+ 1584942 BS + 810A2B° + 21870A'2B3 4 98415BA® + 59049 BA”

+ 1581201083 A% + 3618391583 A7 + 8739252083 A° + 8768776583 A*

+ 1594323083 A? 4 41662358 A® 4 9310059B% A7 + 1653372082 A°
42302911082 A5 + 23914845 B2 A* + 1594323082 A3 + 478296982 A?

+ 27479655 B* A% 4 62985600B* A7 + 110454435 B* A® + 1478193308 A°
+ 143784315B* A* 4 87687765B* A3 + 23914845 B* A% + 22956210B% A8
+ 52623594B% A7 + 118032390B° A% + 110454435B° A* 4 165337208° A?
+ 2959011085 A® 4 6788448085 A" + 118032390B° A® + 1555613108° A3
+ 147819330 B° A* + 87392520 B° A% + 23029110B° A% + 607014088 A8
+ 1360314083 A" + 2295621085 A® + 29590110B% A5 + 27479655 8% A*
+ 1581201088 A3 + 4166235 B% A% 4 98415B% A 4 1360314087 A®

+ 3091397487 A" + 52623594 B7 A® 4 6788448087 A° + 6298560087 A*
+ 3618391587 A% 4 931005987 A% + 59049B7 A + 405405810 A%
+922185B1° A7 4+ 162081080 A5 + 2194290B'° A° + 2125035810 A%
+1290330B1° A% + 39366081042 + 32805B° A + 19257758 A8

+ 4287735B% A™ 4 9528030 8% A® 4 8966700 8% A* 4 1443420 B° A*

+ 65610B° A 4 26730A12B* + 324405A'' B* + 212503540 B*

+ 8966700A° B* 4 229149 A B® 4 1620810A4'°BS + 2381442 B®

+ 322704 AM B + 2194290 A'° B5 + 9528030A4°B° + 7938 A2 B”
+123363AM" BT 49221854 BT 4 4287735A° B” 4 15525A' BY
+129195A°BY + 297042 B® + 510304 B® + 405405A4° B®

+ 192577549 B® + 184 B! + 3694 B! + 2114104 B!
+15525A° BY 4 5103043 Bt + 12336347 B! + 15341210

+ 315941 B0 1+ 2691940 B 4-129195A4° B'? 4 1290330A'° B3
+153A0B2 4+ 2970A% B2 + 7938 A7 B2 + 220149 A° B! + 1841 B'2
+211410A™ B® 4 39366082 A% + 144342082 A° + 328058 A"
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+23814A4° B'? 4 26730A* B2 + 322704 4° B + 32440544 B!
+ 729A'2 + 729B'? + 4374A" B + 1239342 B? 4 76545 A B?
+4374B" A 4+ 12393B'2 A% 4+ 109358 A + 76545B' A?
+10935BAM + 65610BA%) = 0.

(3.14)

By observing the above factors of the equation (3.14) near ¢ = 0, it can be seen that there
is a neighborhood about the origin where the first factor is zero, whereas the second factor
is not zero. Hence by the Identity Theorem the first factor vanishes identically and then by

A
setting P = AB and Q = o ve arrive at the equation (3.10). O

V(—q)v(—q")
®(—q)P(—q53)

4, 34 24 1 i
Q +Q4 35 (Q Q3> +413 <Q QQ) +1379 (Q+Q> + 1694
93 92 9
<P3+Pg)+7<P2 P2> {7+3<Q+Q>}+21 <P+P>

fron(org) ool ) (e 3m) ()

Theorem 3.5. If P =

and O = zb(—q)w(—?“)

4 OP(=¢")y

+63[\/13+\/3F] [7<\/@+\/@>+14(\/§+\/@)+< @ﬂ
+21( f2E \;’;3) [2(@ \/1673>+7(\/§+\/1@>
(3.15)

The proof of (3.13)) is similar to the proof of the equation (3.10), except that in place of

results (2.12) and (2.13)), the results (2.14) and 2.13) with r = 3 and s = 7 are used.

U(—q)p(—q') P(—)p(—¢") then
q*2(—¢)h(—q*) g 10%(=¢") (=)’

g a () (7))

)-

i (e ] o)
(
7o

Theorem 3.6. If P = and () =

VP

x[5271<\/13+;’ﬁ)+739< ) 35 PM\?%)}
—2<\ﬁ+\ﬁ> {18929(\F+ > P3+j};>

(4 B or (1 )] )
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3 35
x [67074 <\/T3 + 3) + 12982 (\/P3 + 3) + 1348 (\/P5 + )

Ve VP VS
+65 (x/Fu ;};) + <\/179+ j’;)} — 132804 + 100662 (Q + 22)

+ (P + ]93) {25214 (Q + é) + 9616 <Q2 + Q;Q) + 1613 <Q3 + 53)

+91 (Q4 + 54) + 34186} +2 <P2 n ]9322) [1711 (Q + é) 4511 <Q2 n $2>
+50 (Q3+ 53) +2500] + (P4—|— ]‘(i) + % (p5 4+ ]‘(i) n <p3 N g;)

x [221 (Q+ 22) 38 <Q2 " C;Q) +377] |

The proof of (3:16) is similar to the proof of the equation (3:10), except that in place of

results (Z.12) and (Z:13)), the results (2.16) and 2.17) with r = 3 and s = 11 are used.

Y(—q)p(—q"?) Y(—q)p(—¢"7)
(=) (—¢*7) g 2P(—q°)b(—q'3)

(3.16)

Theorem 3.7. If P = and QQ = , then

Q7 + é —13 {26 [Qﬁ + Qﬂ —1235 [QE’ + Ql} — 11638 [Q4 + Qﬂ

— 21199 [Q3 + 53,} + 73664 [Q2 + CH + 297231 [Q + clg} + 419532

S | N A AT

+23 \/@Jr\/%H—{ﬁJrZ;] [1398{\/@4-\/1@}4-735 \/@—F\/IQ—S]
+144 \/@ju\/l675 —3{\/175+\/3;5} 2037[\/@+\/1Q>3]
+2434[\/§+\/1©]+853 \/@+\/1Q>5 +121 \/@Jr\/;»?H
_9[\/173+\/3;3] [859[\/@+\/1@]—1109[\/@+\/1©]+1243[\/@+\/%]
+424 \/ﬁJr\/lc77 +41 \/@Jr\/l@ +27{\/13+\/313] [7176[\/62—1—\/1@}
+3052[\/@+\/1673]—180l Q5+\/1Qfs]—467 \/@+\/162—7‘|
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91[\/@+J1679]4[ QM + %211] }PMIZZH?,HPMI%Z][B

+6 Q+l + P4+$ 420 4 277 Q+l + 65 Q?JrL
Q P4 Q Q?

1

2

+ [P3 + ?:Z} {3973 + 3307 [Q + clg] + 1530 [QQ + Q] + 255 [Q3 + Qlaﬂ

+3 [PQ + 212] [2065 + 3099 [Q + 22} + 3042 [QQ + ng} + 1153 [Q?’ + ng]

1 9 1 1
+138 {Q‘l + Q4H -9 [P + P} {8640 + 4987 [Q + Q] — 362 [@2 + QQ}

—1344 [Q3 + 53} — 383 {QH 54] —27 [Q5 + &H }

(3.17)

The proof of (3.17) is similar to the proof of the equation (3.10), except that in place of
results (2.12)) and (2.13), the results (2.18)) and @2.I9) with » = 3 and s = 13 are used.

4. General Formulas for Explicit Evaluations of [y ,,

In this section, we establish some general formulas for explicit evaluations of lg ,,. We
also establish relations among [y ,, and l{),n.

Theorem 4.1. If X =1y, andY = lg 4y, then

X2 v2 X Y 1 1
=3 (XY | - VXY + ——
=ttty ty 3< +XY) \/§< + %Xy)

(5-1)- (-1

Proof. Using the equation (3.6) along with the equation (I.6), we arrive at the equation

@.1). 0

A.1)

X + 12.

Corollary 4.1. We have

ha= YL @)
lo, 172 = \/§:/;17 4.3)
L 3EVBEVIE 2B VBB VD) s
9,4 = 22 , .
B4 VB4 V21264 VEI(VE+ V) ws)

9,1/4 = o) )
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_ V13564 7VB+9v2  VI5+6V6+9V3+12V2

4.
lg’g \/5 \/g I ( 6)
VI3 45V6 +TV3+9v2 V15 +6v6 +9v3 + 12v2
l9,1/8 = o) - NG . @47

Proof of @2). Putting n = 1/2 in the equation (#.T)) and using the fact that lg 2lg 1 /5 = 1,
we deduce that

(—l52+2+V3) (52— 2+ V3)(13 2+ V3lo2 +1)> = 0. 4.8)
We observe that the first factor of the equation (#8) vanishes for the specific value of
q=e TV 2/ 9 but the other two factors does not vanish. Since lg,2 > 1, we arrive at the
equation (#2). O
Proof of @3). By using the fact that lg olg 1 /o = 1, we arrive at the equation @3). O

Proofs of @&4) and @3)). Putting n = 1 in the equation @.1) and by using the fact that
lg;1 = 1, we deduce that

I§.4— 2134 — 315, —3V3l5, — 24 +1=0. (4.9)
The above equation (#.9) can be rewritten as
2?2 =22 —-3V3-5=0. (4.10)
1
where z = lg 4 + —.
T loa

Solving the above eéuation for z, we deduce that

_V2VEE3 VB VB3

) 4.11
Since x > 0, we deduce that
1 2+vV3+3
log+— = V2+V3+3 (4.12)
lg,a V2
On solving the above equation (d.12), we arrive at the equations (@.4) and @.3). O
Proofs of @.6) and @7). Using the equation (#.2) in the equation (&), we obtain the
equations (£.6) and {&.7). O
Theorem 4.2. If X =g, andY = lg ,,, then
X Y 1 1
=+ = X+=]|-|Y+=)| =4 4.13
Y+X+\/§{< +X> < +Y>} (4.13)
Proof. Using the equation (3.I) along with the equations (I.6) and (I.7) with & = 9, we
arrive at the equation (@.13)) which completes the proof. O
Corollary 4.2. We have
, (VB2 + (V3+1)V4A+ V16
lgs = , (4.14)
s 2\/3
p 34 2VTHAV3+ V21 + VI +2v21(2+3V3 — VT) @.15)
9 7 - . .
’ 4
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Proof. Using the values of lg 3 [5,[17] and lg 7 in the above equation {@.13), we arrive at

the equations (@.14) and [@.13) respectively. O
Theorem 4.3. If X =l , and Y = ly 4, then

X Y 1

y+tx 2= \/§(X+X>. (4.16)

Proof. Changing ¢ to —¢ in the equation (3.6) and by using the equations (I.6) and @)
with k& = 9, we arrive at the equation (@.16).

Corollary 4.3. We have

loy=1+V3+1/2V3+3, (4.17)
1oa=1+V3-1/2V3+3, (4.18)

los = (2+V3)(V3+V2), (4.19)
ly 15 = %[(2 +V3)2+ V2(5 +3V3) + [V2(V3+ 1)]?, (4.20)

lyos = TVT +11V3 + 4v21 + 18 + (2 + VT7)(2 + V3)\/ 9 + 2v/21. (4.21)

Proof. Puttingn = 1,2,3, 7 in Theorem 4.3|and using the values of g 1,19 2, l9 3 and Iy 7,

we arrive at the equations (#-17), @-19), (4.20) and (#21) respectively. This completes the
proof. (]

9
™ then
9,25n

Y+;3—15<Y2+Y12>+45(Y+}1/>+9(X2+;2)+30<X+)1(>
><{2+(Y+}1,>]+15f(r+\/)?)<f+ﬁ>+15\/§<\/7(+\/1y>
{<r+ﬁ)+2<f+ﬁ>]+4o. .

Proof. Employing the equation (3.10) along with the equation (T.6) with k& = 9, we obtain
the equation (@.22). O

Corollary 4.4. We have

Theorem 4.4. If X = lg 19 25, and Y =

lo s — (V3+ 1)(2\/5+ \/3)7 4.23)
ags = =D =VE) )
logs = (- 3‘”(4 V1) 2, (4.25)
lo.1 /25 = (7 + 3\[)2(4 +V15) g (4.26)

where a = /2910 + 752v/15 + 1302v/5 + 16801/3.
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Proof of (.23). Putting n = 1/5 in the equation (4.22) and then using the equation (2.20),
we find that

(125 + (=3+ V3)los +2 — V3) (5 + 3+ V3)los + 2 + V3)

(1+155)°(I55+ V3lo5 +1)* = 0. @20

Since lg 5 > 1, we find that
25— (B3+V3)los—(2+V3) =0. (4.28)
Solving the above equation (#.28) , we arrive at (4.23). O
Proof of @24). Using the equations 220) with n = 5, k = 9 and (#.23)), we obtain
. O

Proofs of @.25) and ([#.26). Putting n = 1 in the equation (4.22) and using the fact that
lg1 =1, we deduce that

1 1
1505+ T (56 + 30V/3) (lg,% + z) +6=0. (4.29)
9,25 9,25

The above equation #.29) reduces to
a? — (56 4+ 30v3)a + 4 =0, (4.30)

1
where a = lg 25 + ——.
lg 25
On solving the above equation and ¢ > 1, we deduce that

1
loos +7— = (T+ 3v5)(4 + V15). (4.31)
9,25
Again by solving the above equation, we obtain (#.23) and {#.26). O
l9,n

Theorem 4.5. If X = lg 19 49, and Y = , then

lg,a0n

1 1 1 1
Y4+W:35 <Y3+Y3)+413 <Y2+Y2>+1379<Y+Y>+1694

o (gs) eoo{(rme 5) s ()] ()

. [21+14(y+;) +3(y2+1)] +¢§(m+15) <\/17+1>

72 VX5 VY
s e (7 i) ()« (7 5
+V3 <m+\/§?> [2 <M+M%> +7(W+ Vl?ﬂ} (4.32)

Proof. Employing the equation (3.13)) along with the equation (T.6) with k& = 9, we obtain
the equation (@.32). O
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Corollary 4.5. We have

lo = \/10 +2v21 + \/9 +2V/21,

lo.1/7 = \/10+2ﬁ—\/9+2@.
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(4.33)

(4.34)

Proofs of @33) and @#34). Putting n = 1/7 in the equation (#32) and then using the
equation (2:20), we find that

(1§ 7 + 335 7 + 1715 7 + 21V/315 7 + 4813 7 + 21V/31§ - + 1713 - + 3V/3lg 7 + 1)

(—lg 7 +4V3I3 7 + 1413 7 + 4V/3lg 7 — 1)(Ig 7 + V313 7 + 127 + V3lg7 + 1) = 0.
(4.35)

We observe that the first and the last factors are not zero for specific value of ¢ = e~ "V7/9,
Hence the second factor is zero,

22— 43z —16 =0, (4.36)
1
where x = lg 7 + o
9,7
On solving the above equation (4.36) for 2 and x > 1, we deduce that
1
log+ 75— = 2(V3+ V7). (4.37)
9,7

On solving the above equation, we arrive at the equations (#.33)) and {#.34) respectively.

O
lg.n
Theorem 4.6. If X =l ,lg 160n and Y = —2"— then
9,169n
V74— Vo4 Vo4 Y4 -
oy 13926 YO+ oo | —1235 | Y0 4 ol - 11638 |V 4 o

1 1 1
21199 [Y + 3} + 73664 [Y + 5,2} + 297231 [Y + Y} + 419532

|

—27\/§<9{\/ﬁ+ \/)%} [\/17+\/1?]+3[\/)F+\/%} {76[\/17+\/1?}
423 {x/ﬁ+ \/%] n {\/er \/%} [1398 {ﬁ+ j?] 4735 [\/ﬁ+ \/%}
+144 [\/ﬁ+ \/%} + [\/ﬁ+ \/%} {2037 {\/WJF \/%] + 2434 |:\/?+ \/1?]
i s o
—1109 [\/57+ \/1}—,] +1243 [\/175+ \/%} +424 {\/WJF \/%] +41 [\/WJF \/;79
_ {\/)?+ jﬂ {7176 {\/17+ \/H +3052 {\/ﬁ+ \/%] 180 [\/}75+ \/%}
] e )
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1 1 1 1
5, - 4, * -
+ 351 {9 [X + )f5] [13-1—6 [Y+5']] +3 {X + Y‘J {4204—277 {Y-i-j,}

1 1 1 1
2 3 2
+65 [Y + YQH + [X + X3] [39734—3307 {Y-i— Y} + 1530 {Y + YZ}

) 1 1 1 1
3 2 = 2
+955 {Y +Y3H + {X +X2} {2065+3099 {Y+Y} + 3042 {Y +Y2}
+1153 Y3+i + 138 Y4+L - X+l 8640 + 4987 Y—I—l
Y3 y4 X Y

1 1 1 1
2 3 4 5
—362 |:Y + 2] — 1344 |:Y +3] — 383 [Y +4:| — 27 |:Y + 5”}

Proof. Employing the equation (3.17) along with the equation (T.6) with k£ = 9, we obtain
the equation (@.32). O
Corollary 4.6. We have

z \/77+21\/13+44\/§+12\/39 N \/75+21\/13+44\/§+ 124/39 4.39)
9,13 = , (4.
: 2 2

77+ 2113 + 44/3 + 124/39 75 + 21/13 + 444/3 + 124/39
19,1/13 = B - B .
(4.40)

Proof. Putting n = 1/13 in the equation (#.38) and using the equation (2.20), we find that
(loas* — 1219 13% — 6v/3lg 13> — 26l9.13% — 16v/3lg 137 — 121913 — 631913 + 1)
(lo.13" + 12lg,15° — 6V/3lg,13° — 26lg.15° + 16v/31g 15” + 120913 — 6V/3lg,13 + 1)

(lo.13% — 209,13 4+ 2V/3lg 13 + 1)%(lg.13% + 209,13 + 2V/3lg 13 + 1)*(lg 13 — 1)2

(

loas® + 1913 + V3lo 13 + 1)2(lo 13> — lo13 + V3lo.13 + 1) (lo.13 + 1)* = 0.
4.41)

We observe that the first factor is zero for the specific value of ¢ = e~ ™V 13/9_ where as
the other factors are not zero. Hence we deduce that

2% — (124 6v3)z — (28 + 16V/3) = 0, (4.42)
1
where z = lg 13 + . Solving the above equation for x and x > 0, we deduce that
9,13
1
lo13 + = (2 +V3)(3 + V13). (4.43)
9,13

On solving the above quadratic equation, we arrive at the equations (4.39) and #.40). O

Remark 1. By using the values of lg ,, and I ,, established in the earlier section, one can
compute the explicit evaluations of Ramanujan’s cubic continued fractions. For details see
(3], (4], [13].
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