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Abstract

In this work we modify the special Finsler spaces like C-reducible,
semi-C-reducible, quasi-C-reducible are admitting the tensor field Xy =
hpe + Xoolplk, which satisfies the condition Cithhk = Cyjk. Similarly,
we have also worked out for S3-like, C"-recurrent, P-reducible and T-
conditions of Finsler spaces.
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1 Introduction

The terminology and notations are referred to [1], [4] and [6]. Let F™ =
(M™ L) be a Finsler space on a differentiable manifold M endowed with a
fundamental function L(z,y). We use the following notations: [4][6]
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~

hij = gij — lil;,

d  C'hye = Cy,C", =0,

)  hihmj = hjr, B, =0, (1)
) Chrgmi = Chjry

9) ILm =0, p™l, =0,

h) X = Xjp — Xpolj,

~—

? Xiolj = onli, Xio = Xool;-

There are three kinds of torsion tensors in carton’s theory of Finsler spaces. Two

of them are h(hv)-torsion tensor C;j; and (v)hv-torsion tensor Pjj, which are
symmetric in all their indices. The contravarient components of (v)hv-torsion
tensor is given by C’ihj = ¢"*C;x, which may be treated as Christoffel symbols
of second kind of each tangent Riemannian space of Finsler space F™. Here,
g"* is the inverse of metric tensor gy, of F™. If [; is the normalized element of

support h;; is the angular metric tensor given by h;; = g;; — [;l;, then
Chgnk = Cijr = Clih. (2)

If b; are components of a concurrent vector field, then b;); = —g;; and
bj; = 0, where /j and | j denote the h and v-covarient derivatives with respect
to cartons connection CT'. From this it follows that b; are functions of position
only, and ijbh = 0. Thus if we consider a tensor field is given by B;; =
gi; + alil; + Bb;b;, where av and 3 are scalar functions, then

C’Z-Bhk = Cijk- (3)

The purpose of the present paper is to study the existence of any symmetric
covariant tensor X, which satisfies

Xk = hpi + Xoolnlk. (4)

Throughout the paper we are conserned with non-Riemannian Finsler space
having positive definite metric tensor g;;. From (4) we have,

Ohth = Ck and CithhO = O, (5)

where C" = C}'g" and 0 denotes the contraction with I,

2 The Existence Of Covariant Tensor X;; In
C-Reducible Finsler Space :

In a C-reducible Finsler space the (h)hv-torsion tensor Cihj is given by,[2][5]
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Now contracting above equation by X, then from equations (4) and (1)(d),
we have

CiiXne = Xnr(C"hij + Cihj + Chi)/(n+ 1),

CisXne = 1/(n+1)[C"hij(hnk + Xoolnlk) + Cihj (hnk + Xoolnl) + Cihi (hnk + Xoolnlx)]
CEXpe = 1/(n+1)[Cihij + Cihji + Cih! Xoolnle + Cjhir + Cihl Xoolnly]

Cithhk = 1/(n+1)[Ckhij + Cihji, + CiXoolhlk((5§-L — M) + Ciha, + CjXOOZhlk((s;L —1M1)]
CLXpr = 1/(n+1)[Crhij + Cihji + CiXooli(l; — 1) + Cihar + C; Xoolw(li — 1))

CliXpw = 1/(n+1)[Cihij + Cihjg + Cyhay]

ChXne = Cijk. )

Theorem 2.1 In a C-reducible Finsler space the covarient tensor field X
satisfies (4) is of the form (7).

Consider a Semi-C-reducible Finsler space Cihj is given by [3],
Cl = (C"hy; + Cihl 4 C;h!)p/ (n + 1) + (C"C:C;)q/C>. (8)

Now contracting above equation by X, and using equations (4) and (1)(d),
we have

ClXpe = Xue(C"hij + Chl + Cihl)p/(n + 1) + Xpe(C"CiCy)q/C?,
CZth = (C"hij(hnk + Xoolnly) + Cih?(hhk + Xooluly) + Cih (hi + Xoolnlr))
p/(n+ 1) 4 (C"C,C;) (hnk + Xoolnli)q/C?,
CliXne = Cijp. (9)
Theorem 2.2 In a Semi-C-reducible Finsler space the tensor field Xy, sat-
isfies (4) is of the form (9).

Consider a Quasi-C-reducible Finsler space C;’j is given by [3],

Now contracting above equation by X, and using equations (4) and (1)(d),
we have

CliXpe = (C"Ayj(hmx + Xoolnl) + CiA} (hii + Xoolnli)

—FCJA?(hhk + Xoolhlk-)):
CZ‘thhk = (OkAU + OzAjk + Oink)a
CZth = Cijk. (11)

Theorem 2.3 In a Quasi-C-reducible Finsler space the tensor field Xy
satisfies (4) is of the form (11) if AM), = 0.



18 S.K. Narasimhamurthy et al

3 The Existence Of Covariant Tensor X, In
S3-Like Finsler Space:

In a S3-like Finsler space, whose v— curvature tensor of cartons connection
CT is given by [5],
Contacting above equation by X,,; and using equations (4) and (1)(d), we
have

LS Xy = S(h hthmJ hikhy Xmj),

L2Sz?7i:kaj - S[ Zhhm( Xool l) - hlkhhm(hm] — Xoolmlj)],

L*Si X = Slhinhji — Xoohzhhml lj = hihi; + Xoohihy U],

LQSZZkaj — S[hihhjk_hikhhj]a

L2ST Xoi = Shijk- (13)

Theorem 3.1 In a S3-like Finsler space, the covariant tensor field X,,;

satisfies (4) is of the form (13).

Next we consider S4-like Finsler space, whose v-curvature tensor of cartons
connection CT is given by [7],

Contacting above equation by X,,; and using equations (4) and (1)(d), we
have

L*SH Xy = WP My X + hie M7 X — b M X — B Mg X,
L2Si Xmj = hujMiy, + hie My — hpeMij — hij Mg,
Theorem 3.2 In a S4-like Finsler space, the covariant tensor field X;; sat-

isfies (4) is of the form (15).

Next we consider a v-curvature tensor of Cartons connection CT' is given by

2],
z%c = C,’ZZ z‘rk - Cl?: irh' (16)

Contacting above equation by X,,; and using equations (4) and (1)(d), we
have

SinkXmj = COpCipXimj — ClrCi X,

SitkXmj = CrpCit(humj + Xoolml;) — CrrCip (s 4+ Xoolml;),
SinkXmj = ChjrCij, = CirCip,s

SinkXmj = Shijk- (17)
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Theorem 3.3 In a v-curvature tensor, the covariant tensor field X,,; sat-
isfies (4) is of the form (17).

Now we concerned with a space of scalar curvature in Berwald’s sence. It
is characterized by the equation is [2]

;‘.k = hikj — hj.kk. (18)

where h; is the angular metric tensor and the scalar curvature K is a function

scalar field.

Contacting above equation by X;; and using equations (4) and (1)(d), we get
Ry, Xy = hK;Xy—h KXy,

Ry Xy = hiK;j(ha + Xoolili) — hi K Xia(ha + Xoolily),

J

R;'kXil = Kjhy — Kihj,

R Xy = R (19)

Theorem 3.4 In a space of scalar curvature tensor, the covariant tensor

field Xy satisfies (4) is of the form (19).

4 The Existence Of Covariant Tensor X;;. In
P-Reducible Finsler Space :

The P-reducible Finsler space is given as [5],
P = (h]" P+ hjy . P™ + ' Py) /(n + 1), (20)
Contacting above equation by X,,; and using equations (4) and (1)(d), we have
PhXmi = (B} Pe(hmi + Xoolmli) + hje P™ (hmi + Xoolmli) +
PipXmi = (hijPy+ hjls + hii P5) /(n + 1),
PpXmi = Py (21)

Theorem 4.1 In a P-reducible Finsler space, the covariant tensor field X,,;
satisfies (4) is of the form (21).

5 The Existence Of Covariant Tensor X;; In
C"-Recurrent Finsler Space:

Now we consider a C"-recurrent Finsler space is given as [2],

Citesn = anCi (22)
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Contacting above equation by X,,; and using equations (4) and (1)(d), we can
written as

;Z/thi = @hC]T'ZXmia
ChinXmi = anClp(hmi + Xoolmls),
TenXmi = anCijg,
enXmi = Cijksn (23)

Theorem 5.1 In a C"-recurrent Finsler space, the covariant tensor field
X satisfies (4) is of the form (23).

6 The Existence Of Covariant Tensor X;; In
T-Condition :

Finsler space satisfying T-condition can be defined as,|[6]

ngnk — ch’?/k —+ lmcij;c + ZZC;Z + le;-’Z —+ lkC?J = 0, (24)

Contacting above equation by Xp,, and using equations (4) and (1)(d), we
have
TinXom = LO3 ) Xnm + 1" Ciji Xnm + LC Xnm + GO X + 1Ol Xpm = 0,
175 Xmm = LCJ ;3 Xnm + 1" Cijr (i + Xoolnlm) + LCTL (him + Xoolnlm) +

LCik (i + Xoolnlm) + O (hhm + Xoolwlm) = 0,
T Xnm = LChijse + WCiji + Xoolnlml™ Cigpe + L,CM* + L,CM +1,C" = 0,

?

T Xnm = LChij + hCijr + LCME + 1;CMF 4+ 1,07 4 Xoolplml™ Cigr = 0,
E%Xhm = Thijk + Xoolncijr = 0,
T Xnm = Thijr = 0. 29)

Theorem 6.1 If the Finsler space satisfying T-condition, then the covari-
ant tensor field Xy, satisfies (4) is of the form (25) provided Xool,Cij = 0.

Finsler space satisfying generalized T-condition can be defined as [5],
T = LC};, +1"Cy + 1;C" = 0. (26)

Contacting above equation by Xj;, and using equations (4) and (1)(d), we
obtain

Ti Xy = LCHXip+1"Ci X + 1;C" X3, = 0,

T!' Xy = LC(hin 4+ Xoolsln) + 1"C;j(hin + Xooliln) + L;C" (han + Xooliln) = 0,
T/ Xin = LCij;+1LC;+1,Ci =0,

ThXy = Ty (27)
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Theorem 6.2 If the Finsler space satisfying generalized T-Condition, then
the covariant tensor field X;p, satisfies (4) is of the form (27).
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