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Abstract

The linear stability theory is used to investigate analytically the effects of quadratic drag and vertical throughflow on double
diffusive convection in a horizontal porous layer using the Forchheimer-extended Darcy equation. The boundaries of the porous
layer are considered to be either impermeable or porous, but perfect conductors of heat and solute concentration. Conditions for the
occurrence of stationary and oscillatory convection are obtained using the Rayleigh-Ritz method. Stability boundaries are drawn in
the Rayleigh numbers plane and the throughflow is found to influence the mode of instability. It is found that, irrespective of the
nature of boundaries, a small amount of throughflow in either of its direction destabilizes the system; a result which is in contrast to
the single component system.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Double diffusive convection in porous media has constituted a pole of attraction to researchers because of its
applications in varied fields such as geophysics, enhanced recovery of petroleum reservoirs, underground spreading of
chemical wastes, sea bed hydrodynamics, crystal growth among others. Copious literature is available on this topic
and it is well documented in the book by Nield and Bejan [1]. In the porous layer, the in-situ processing of energy
resources such as coal, oil shale or geothermal energy and also packed bed reactors often involves the non-isothermal
flow of fluids through porous media, called throughflow. In view of this, the effect of vertical throughflow on
convective instability in a porous layer has attracted considerable interest in the recent past, but majority of the
investigations have dealt with only single component system [2–5].

Nevertheless, in the kind of problems cited above and also in the directional solidification of concentrated alloys as
well as in some energy storage devices, there exist solute concentration gradients in addition to temperature gradients
and throughflow in the porous medium. In such situations, the importance of double diffusive instability with
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throughflow becomes significant when precise processing is required. This type of instability problem also has a very
strong practical background in geophysics and geo-environmental engineering. The difficulty in dealing with such
instability problems is that one has to solve time dependent equations with variable coefficients, and the work in this
direction is very limited. Recently, Shivakumara and Khalili [6] have discussed the effect of throughflow on double
diffusive convection in a porous layer by considering the Darcy model in which the inertial term is neglected. Also, the
boundaries were considered to be adiabatic to both temperature and solute concentration perturbations. However, in
the presence of strong throughflow the inertial effects become significant and the Darcy law which holds for small
velocities doesn't take care of these effects. Under the circumstances, the use of a non-Darcian model is warranted for
a better understanding of the problem. For many naturally occurring porous media the appropriate inertia term in the
momentum equation is jq!jq! which is a drag term quadratic in the velocity q!.

The main aim of this paper is, therefore, to investigate the combined effects of quadratic drag and vertical
throughflow on double diffusive convection in a porous layer by employing the Forchheimer-extended Darcy
equation. In the present study, the boundaries of the porous layer are assumed to be perfect conductors of heat and
solute concentration which are either porous (i.e. maintained at constant pressure) or impermeable (i.e., maintained at
constant velocity and hence impermeable to velocity perturbations). Analytical expressions for the thermal Rayleigh
number for the occurrence of both steady and oscillatory onset are obtained for four different types of velocity
boundary conditions using Rayleigh-Ritz's method.

2. The eigenvalue problem and its solution

We consider a horizontal binary fluid saturated porous layer of thickness d with a constant vertical throughflow of
magnitude w0 which is either gravity aligned or antigravity in its direction. A Cartesian coordinate system (x, y, z) is
chosen such that the origin is at the bottom of the layer and z-axis is vertically upward. The boundaries of the porous
layer are kept at constant but different temperatures and solute concentrations. That is, T0 and S0 at the lower boundary
z=0 while T1 (bT0) and S1 (bS0) at the upper boundary z=d.

Following Shivakumara and Khalili [6], the governing linear stability equations in dimensionless form can then be
written as

k
Pr

rþ BmjQj þ Da�1

� �
D2 � a2
� �

W ¼ �Rta
2Hþ Rsa

2R ð1Þ

½D2 � a2 � QD� r�H ¼ f ðzÞW ð2Þ

½sðD2 � a2Þ � Q� rk�R ¼ gðzÞW ð3Þ

where W, Θ and Σ are respectively the perturbed amplitudes of z-component of velocity, temperature and solute
concentration, D=d/dz is the differential operator and a is the horizontal wavenumber. Here Rt =αtgΔTd3/νκt is the
thermal Rayleigh number, Da=k/d2 is the Darcy number, Rs=αsgΔSd3/νκt is the solute Rayleigh number, Q=w0d/κt
is the Peclet number, Pr=νϕ2/κt is the modified Prandtl number, λ=ϕ/A is the non-dimensional group, τ=κs/κt is
the ratio of diffusivities, Bm=Bdϕ

2/PrDa the non-dimensional group, f(z)=−QeQz/(eQ−1) and g(z)=−Q̃eQ̃z/
(eQ̃ −1) are the dimensionless steady state non-linear basic temperature and solute concentration gradients
respectively, Q̃ =Q/τ and σ is the growth rate. While ϕ is the porosity and k is the permeability of the porous
medium, g is the gravitational acceleration, A is the ratio of specific heats, κt is the thermal diffusivity, κs is the
solute analog of κt, αt is the volumetric expansion coefficient, αs is the solute analog of αt, Bd=1.75dg/150(1−ϕ)
the form drag constant [7] and dg is the diameter of the spheres.

The lower and upper boundaries of the porous layer are considered to be either impermeable (i.e. W=0) or porous
(i. e. DW=0) but perfect conductors of heat (i. e. Θ=0) and solute concentration (i. e. Σ=0). We note that the system
of Eqs. (1)–(3) together with the boundary conditions constitutes a double eigenvalue problem. A single term
Rayleigh-Ritz's method is used to solve the resulting eigenvalue problem which yields sufficiently accurate and
useful results for the purpose in hand [2,8]. Accordingly, the variables in Eqs. (1)–(3) are written in terms of trial
functions as W=AW1(z), Θ=BΘ1(z), and Σ=CΣ1(z), where W1(z), Θ1(z), and Σ1(z) will be generally chosen in such a
way that they satisfy the respective boundary conditions, and A, B and C are constants. Multiplying Eq. (1) byW1, Eq.
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(2) byΘ1 and Eq. (3) by Σ1; integrating the equations with respect to z from 0 to 1 and eliminating A, B and C from the
resulting equations, we get an expression for the eigenvalue Rt in the form (after omitting the subscript 1)

Rt ¼ Rs

s
D1

D2
þ k

Pr
rþ BmjQj þ Da�1

� �
bðDW Þ2 þ a2W 2N

a2
D1 ð4Þ

where D1 ¼ bðDHÞ2 þ ðrþ a2ÞH2 þ QHDHN

bWHNb� f ðzÞWHN
, D2 ¼ bðDRÞ2 þ ðrk=sþ a2ÞR2 þ Q̃RDRN

bWRNb� gðzÞWRN
and b⋯N denotes the

integration with respect to z from 0 to 1. The contributions arising due to throughflow may be distinguished clearly
from the above equation. The terms with coefficients Q and Q̃ arise from the vertical transport of perturbation
temperature and solute concentration respectively, while the terms involving f(z) and g(z) arise from the curvature of
basic temperature and solute concentration respectively. Thus there will be an interaction of all these contributions on
the eigenvalue and their effects have been determined for four different types of velocity boundary conditions, namely
both boundaries impermeable (I/I), both boundaries porous (P/P), lower boundary impermeable and upper boundary
porous (P/I) and lower boundary porous and upper boundary impermeable (I/P).

2.1. Case (i): Both boundaries impermeable (I/I)

The trial functions chosen are W= z(1− z)=Θ=Σ such that they satisfy the respective boundary conditions. Using
these trial functions in Eq. (4) and performing the integration, we get

Rt ¼ Rs
d2 þ r

sd2 þ kr

� �
d1 þ gþ k

Pr
r

� � ðd2 þ rÞd2
a2d2

ð5Þ

where d1 ¼ 6Q̃ cothðQ̃=2Þ � Q̃
2 � 12

6QcothðQ=2Þ� Q2 � 12

" #
s4, d2 ¼ 60

Q4
Q2 � 6Qcoth Q=2ð Þ þ 12
	 


, d2 ¼ 10þ a2 and g ¼ BmjQj þ Da�1.

It may be noted that Rt is an even function of Q and hence the direction of throughflow does not change the value of
Rt. To examine the stability of the system, the real part of σ is set to zero and take σ= iω in Eq. (5) to get Rt in the form

Rt ¼ Rs
sd4 þ kx2

s2d4 þ k2x2

� �
d1 þ gd2 � k

Pr
x2

� �
d2

a2d2
þ ixN ð6Þ

where

N ¼ Rs
sd2 � kd2

s2d2 þ k2x2

� �
d1 þ gþ k

Pr
d2

� �
d2

a2d2
: ð7Þ

Since Rt is a physical quantity, it must be real and it implies either ω=0 (stationary convection) or N=0 (oscillatory
convection) in Eq. (6). The stationary convection occurs at Rt =Rt

s which attains its minimum value at a ¼ ffiffiffiffiffi
10

p
and it

is given by

Rs
t;min ¼

Rs

s
d1 þ 40g

d2
: ð8Þ

When N=0 (ω≠0), Eq. (7) yields a dispersion relation

x2 ¼ � s2d4

k2
þ Rs

a2ðk� sÞd1d2
k2ðgþ kd2=PrÞ ¼

sPra2d2
kðgPr þ k2 � sd2Þ Rs

t � Ro
t

� �
: ð9Þ

For the occurrence of oscillatory convection, ω2N0 and this is possible only if

sbk and RsNRs
⁎ ¼ s2d4ðgþ kd2=PrÞ

a2ðk� sÞd1d2 : ð10Þ

Note that if Rs=0 then ω2b0 and oscillatory convection does not occur. Further, if oscillatory convection
occurs, it always takes place at a Rayleigh number lower than that of stationary convection. Substituting for ω2
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from Eq. (9) into Eq. (6) with N=0, we get an expression for the Rayleigh number at which oscillatory convection
sets in. That is,

Ro
t ¼ gþ s

Pr
d2

� 
 Rs

k
d1

ðgþ kd2=PrÞ þ
s
k
þ 1

� 
 d4

a2d2

� �
: ð11Þ

2.2. Case (ii): Both boundaries porous (P/P)

The trial functions considered are W=1, Θ= z2− z=Σ. As in the previous case, the conditions for the occurrence of
stationary and oscillatory convection are obtained. The Rayleigh number for the stationary convection attains its
minimum value at a=0 and it is given by

Rs
t;min ¼

Rs

s
b1 þ

10g
b2

ð12Þ

where b1¼
Q̃cothðQ̃=2Þ�2
QcothðQ=2Þ�2

� �
s2 and b2 ¼

5
Q2

Qcoth Q=2ð Þ � 2½ �.
In the absence of an additional diffusing component and throughflow, we note that Rt,min

s =12Da− 1 which is the
known exact value [1]. Further, oscillatory convection occurs at

Rt ¼ Ro
t ¼ gþ s

Pr
d2

� 
 Rs

k
b1

ðgþ kd2=PrÞ þ
s
k
þ 1

� 
 d2

b2

� �
ð13Þ

provided that

x2 ¼ sPrd2b2
kðgPr þ kd2 þ sd2Þ Rs

t � Ro
t

� �
is positive. The necessary conditions for the occurrence of oscillatory convection are sbk and RsNRs

⁎ ¼ s2d2ðgþ kd2=PrÞ
ðk� sÞb1b2

.

2.3. Case (iii): Lower boundary impermeable and upper boundary porous (P/I)

The trial functions chosen for this case areW= z2−2z andΘ= z2− z=Σ. It is found that the Rayleigh number for the
occurrence of stationary convection attains its minimum value at a ¼ ffiffiffi

5
p

and is given by

Rs
t;min ¼

Rs

s
g1 þ

45g
g2

ð14Þ

where g1=
ðeQ � 1Þ½eQ̃ ðQ̃ 3 � 2Q̃ 2 � 6Q̃ þ 24Þ � 2ð2Q̃2 þ 9Q̃ þ 12Þ�
ðeQ̃ � 1Þ½eQðQ3 � 2Q2 � 6Qþ 24Þ � 2ð2Q2 þ 9Qþ 12Þ�

s4.

and g2 ¼
105½eQðQ3 � 2Q2 � 6Qþ 24Þ � 2ð2Q2 þ 9Qþ 12Þ�

8Q4ðeQ � 1Þ .

Unlike in the previous two cases, here we note that Rt
s is not an even function of Q and the direction of throughflow

alters the stability of the system.
Further, oscillatory convection occurs at

Rt ¼ Ro
t ¼ gþ s

Pr
d2

� 
 Rs

k
g1

ðgþ kd2=PrÞ þ
s
k
þ 1

� 
 ð5þ 2a2Þd2
a2g1

� �
ð15Þ

provided that

x2 ¼ sPra2d2g2
kð5þ 2a2ÞðgPr þ kd2 þ sd2Þ Rs

t � Ro
t

� � ð16Þ

is positive. The necessary conditions for the existence of oscillatory convection are sbk and RsNRs
⁎ ¼ s2d2ð5þ2a2Þðgþkd2=PrÞ

a2ðk�sÞg1g2 .
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2.4. Case (iv): Lower boundary porous and upper boundary impermeable (I/P)

Since the transformations z→1− z and Q→−Q leave the eigenvalue system of equations invariant, the results for
this case can be deduced from the previous case by simply changing the sign of Q in the expression for thermal
Rayleigh number. This means that the results for upflow/downflow of the previous case correspond to that of
downflow/upflow of the present case and vice versa.

3. Results and discussion

The effects of quadratic drag and throughflow on the onset of double diffusive convection in a porous layer are studied with the
aim of understanding control of double diffusive convective instability by the adjustment of vertical throughflow. Fluid flow in the
porous medium is described by the Forchheimer-extended Darcy equation. Four different types of velocity boundary conditions
namely, I/I, P/P, P/I and I/P are considered for discussion. It is observed that the oscillatory convection occurs, irrespective of the
boundary conditions, only when τbλ and also the strength of solute concentration exceeds a threshold, which in turn depends on
the nature of boundaries as well as on the strength and direction (in the case of only asymmetric boundaries) of throughflow.

Fig. 1(a) and (b) show the steady and oscillatory marginal stability curves in the Rt–a plane for both boundaries impermeable
(symmetric boundaries), and for the lower boundary impermeable and upper boundary porous (asymmetric boundaries), respec-
tively. The typical neutral curves shown here are for τ=0.01, Bm=10, Da=0.003, Pr=10 and it may be noted that they are
connected at only one bifurcation point. For the physical parameters considered, it is seen that oscillatory convection is preferred to
stationary convection for both types of boundary conditions.

Fig. 2 depicts the stability boundaries drawn in the Rt
c–Rs plane for representative values of Q=−0.5, 0.5, 5, and λ=0.5 and 0.8

for different types of boundaries considered, where Rt
c is the critical Rayleigh number (i.e., the least value among Rt

s and Rt
o with

respect to the wavenumber). From the figure we note that Rt
c is a piecewise linear function of Rs and the slope of Rt

c–Rs plot for I/I,
P/P and P/I boundaries changes at

Rs
⁎⁎ ¼ Q4d4ðkd2 þ gPrÞ

60a2s2Pr½Q̃2 þ 12� 6Q̃cothðQ̃=2Þ�ðk� sÞ

Rs
⁎⁎ ¼ Q4d4ðkd2 þ gPrÞ

5Pr½QcothðQ=2Þ � 2�ðk� sÞ
and

Rs
⁎⁎ ¼ 8Q4d2ð5þ 2a2Þðkd2 þ gPrÞðeQ̃� 1Þ

105a2s2Pr½eQ̃ðQ̃3 � 2Q̃2 � 6Q̃þ 24Þ � 2ð2Q̃2 þ 9Q̃þ 12Þ�ðk� sÞ

as does the preferred mode of instability. The value of Rs
⁎⁎ at which the preferred type of instability occurs changes with the nature

of boundaries and also depending on the values of physical parameters including the direction of throughflow in the case of
Fig. 1. Neutral stability curves for (a) I/I boundaries when |Q| =0.5 and for (b) P/I when λ=0.8 with Rs=500, τ=0.01, Bm=10, Da=0.003 and
Pr=10.



Fig. 2. Stability boundaries for τ=0.01, Bm=10, Da=0.003 and Pr=10.
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asymmetric boundaries. In this figure, the portion of each stability boundary lying to the left to the discontinuity in slope
corresponds to steady onset, while to the right it is oscillatory onset. Further, it is evident that for a decrease in the value of λ
and also for the downflow (in the case of asymmetric boundaries) the region of stability increases and thus makes the system more
stable.

In the case of a single component system (i.e., Rs=0), it is well known that a small amount of throughflow in a particular
direction destabilizes the system only when the boundaries are of different types [1–5]. In contrast to this, it is found that the critical
Rayleigh number in the presence of an additional diffusing component ( i.e., Rs≠0) manifests itself as minimum in the Rt

c–Q plot
irrespective of the nature of boundaries and the direction of throughflow. In other words, a small amount of throughflow in both the
directions destabilizes the system initially and again makes the system stable with further increase in the value of Q for all types of
boundaries considered. The destabilization may be due to the distortion of steady state basic temperature and solute concentration
distributions by the throughflow. A measure of these are given by the terms 〈f(z)WΘ〉 and 〈g(z)WΣ〉. The values of Q at which Rt

c

takes the least value in the Rt
c–Q plot is denoted by Qc and Table 1 represents these values for I/I, P/P and P/I boundaries for

different values of Rs and Bm when τ=0.01, Pr=10 and λ=0.8.
Table 1
Critical Rayleigh and Peclet numbers for different values of Bm and Rs for different boundaries when τ=0.01, Pr=10 and λ=0.8

Bm Rs I/I P/P P/I P/I

Rt
c |Qc| Rt

c |Qc| Rt
c Qc Rt

c −Qc

10 500 13,662 0.20461 4198 0.43252 9762 1.11174 10,141 0.13012
1000 13,715 0.26174 4268 0.58535 9805 1.19119 10,210 0.17191
2000 13,783 0.33037 4375 0.78180 9885 1.31285 10,297 0.22264
3000 13,834 0.37678 4462 0.92099 9957 1.40787 10,359 0.25759

15 500 13,701 0.18097 4222 0.37727 9900 0.83509 10,160 0.12300
1000 13,765 0.23484 4302 0.51958 9955 0.94192 10,235 0.16332
2000 13,847 0.29989 4421 0.70526 10,053 1.08871 10,330 0.21239
3000 13,907 0.34410 4516 0.83809 10,140 1.19628 10,397 0.24616

20 500 13,736 0.16382 4244 0.33694 10,003 0.62198 10,178 0.11686
1000 13,810 0.25103 4332 0.4698 10,075 0.75029 10,259 0.15604
2000 13,906 0.27697 4462 0.64526 10,194 0.91406 10,362 0.20359
3000 13,974 0.31924 4565 0.77189 10,296 1.02985 10,434 0.23627
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From the table the following conclusions can be drawn:

(i) Increase in the value of Rs and Bm is to delay the onset of convection.
(ii) The critical Rayleigh numbers are such that [Rt

c]I/IN [Rt
c(Qb0)]P/IN [Rt

c(QN0)]P/IN [Rt
c]P/P and thus indicating the system is

more stable for impermeable boundaries, while it is more unstable for the porous boundaries.
(iii) Increase in Rs and decrease in Bm values is to increase the value of Qc. That means, the range of Q up to which the system

becomes destabilizing increases with an increase in Rs and decrease in Bm. In particular, [Qc(N0)]P/IN [Qc]P/PN [Qc]I/IN [Qc

(N0)]P/I.
(iv) In the case of asymmetric boundaries the direction of throughflow changes Rt

c and the downward throughflow is found to be
more stabilizing compared to the upward throughflow.
4. Conclusion

The presence of vertical throughflow is to deviate the otherwise linear basic temperature and solute concentration
distributions to nonlinear ones which in turn affect the stability of the system significantly. The occurrence of
oscillatory instability is found to be independent of the types of boundaries considered and it is a preferred mode of
instability only when τbλ and the solute Rayleigh number exceeds a threshold Rs⁎, which in turn depends on the
nature of boundaries. The numerical calculations carried out reveal that, in contrast to the single component system,
the throughflow destabilizes the system irrespective of the nature of boundaries of the porous layer. Further, the
downward throughflow is seen to be more stabilizing than upward throughflow in the case of asymmetric boundaries.
Thus it can be concluded that double diffusive convection in a porous layer may be controlled effectively by adjusting
the rate of vertical throughflow.
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