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Abstract

This paper is concerned with explicit integration formulas and algorithms for computing volume integrals of trivariate polynomials over
an arbitrary linear hexahedron in Euclidean three-dimensional space. Three different approaches are discussed. The first algorithm is
obtained by transforming a volume integral into a sum of surface integrals and then into convenient and computationally efficient line
integrals. The second algorithm is obtained by transforming a volume integral into a sum of surface integrals over the boundary
quadrilaterals. The third algorithm is obtained by transforming a volume integral into a sum of surface integrals over the triangulation of
boundary. These algorithms and finite integration formulas are then followed by an application example, for which we have explained the
detailed computational scheme. The symbolic finite integration formulas presented in this paper may lead to efficient and easy incorporation
of integral properties of arbitrary linear polyhedra required in the engineering design process. © 1998 Elsevier Science S.A. All rights
reserved.

0. Nomenclature
IIZBy=ff x*yP(h + Ix + my)” " dx dy
” Tev

= surface integration over a plane polygon in the XY-plane
Ilffi A II‘,’f ” have a similar meaning

hl,m
h',0',m' arbitrary constants
h”’ l!l’ mﬂ

a, B,y Positive integers (including zero)
II;E{ZJJ Xy + I + my)” ' dx dy
i Tfﬁ

T

i« = a triangle in the XY-plane with vertices (x;, y;), (x;, ¥;) and (x;, y,)
158y, 11557 have similar meanings
ik i
4}, = area of the triangle with vertices (x;, y,), (x;, y;) and (x, y,)
A%, A7, have similar meanings
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m = f ka x*yP2" kA dy
i

= surface integral over T,
T,.jk = a linear triangle in Euclidean three-dimensional space with vertices (x;, y,, 2;), (xj, Y zj) and (x,, ¥, 2,)
k = unit normal vector along z-axis
(n;,i=1,2,3,4)—outward unit normal to triangles T;,,, T;,, T,,; and T,,,, respectively.

£, is either 1,0, —1 and it depends on the normal of linear T,

P = f f f xyPz" dv

= volume integral of trivariate monomial x“y”z” over a linear three polyhedron in Euclidean three-
dimensional space

f J x“yP2"" 'k - i ds = surface integral over the projected area s in the xy-plane,
N
- B
= 2
T, ET

S = is a surface of R’ decomposable in a set T of triangles such that any pair of triangles 7, and T ;. do not
intersect.

/il d;ffj x*YP(h + Ix + my)” " dx dy

= surface integration over a plane polygon in the xy plane.

J/ S H2""#" have a similar meaning and h, I, m are arbitrary constants, «, B, y are positive integers
(including zero)

Q;"yj‘k‘, = linear quadrilateral spanned by point (x, Yp3,)s P =1, j, k1) in the xy plane

T}, = a linear triangle in the xy plane with vertices at ((x,. y,), a =1, j, k)

= linear triangle obtained from a linear quadrilateral Q7’,  , by letting (x;, y,) = (x,, y,)

III:‘I‘BZ’Y3 = f JJ’ x“yP2” dx dy dz
o Hizs..8
= volume integral of trivariate monomial x*y”z” over a linear hexahedron

H,,; g =an arbitrary linear hexahedron with vertices at (x,y,z,) A4=1,2,3,...,8

P = f j j x%yPz? dv
€ Te

= volume integral of tetrahedron T,

T, = tetrahedron with vertices at ((x,y,z,), p =i, j, k. 1)

1. Introduction

Volume centre of mass, moment of inertia and other geometric properties of rigid homogeneous solids arise
very frequently in a large number of engineering applications such as CAD/CAE/CAM, geometric modelling,
as well as in a variety of scientific disciplines and robotics. Integration formulas for multiple integrals have
always been of great interest in computer applications [1]. Computation of mass properties of both plane and
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space objects is discussed by Wesley [2] and Mortenson [3]. A good overview of various methods for evaluating
volume (triple) integrals in this context is given by Lee and Requicha [4]. Lee and Requicha [4] observe that
most computational studies in multiple integration deal with problems where the integration domain is a very
simple solid, such as a cube or sphere and the integrating function is very complicated, conversely, in most
engineering application, the opposite is the usual problem. In such problems, the integration domain may have a
non-convex shape and the function inside the integral sign is a trivariate polynomial. Timmer and Stem [5]
discussed a theoretical approach to the evaluation of volume integrals by transforming the volume integral to a
surface integral over the boundary of the integration domain. Lien and Kajiya [6] presented an outline of a
closed form formula for volume integration for a linear tetrahedron and suggested that volume integration over a
linear polyhedron can be obtained by disjoint decomposition of several tetrahedra. Cattani and Paoluzzi [7,8)
have obtained finite integration formulas for integrals of monomials over plane polygons and space polyhedra
via Gauss’s Divergence theorems (in two dimension Green’s Theorem). Bernardini [9] has further generalized
these integration methods to integrals of polynomials over n-dimensional polyhedra. In recent works, Rathod
and Govinda Rao [10,11], Rathod and Hiremath [15] addressed these problems, and derived explicit integration
formulas which are more convenient and efficient than earlier studies [7,8]. Integration of a triple product
(10,111, viz. x*y?(h + Lx + My)" "' (a, B, v positive integers, zero h, I, m arbitrary constants), an expression in
bivariates x, y, plays a very important role in the computation of volume integrals of the trivariate monomial
x*y?2” over the domain of a linear polyhedron in Euclidean three-dimensional space. The integral of this
bivariate expression x*yP(h + Lx + My)”*" over a linear polygon in the xy-plane is computed by use of Green’s
theorem (see [10}) which reduces the area integral to a sum of line integrals along the boundary line segments.
Because of the presence of the term (h + Lx + My)”*" the area integral of the bivariate expression x“yPh +
Lx +My)”™" generates a sum (=(y + D)+ y+--+2+1=(y+2)=(y+1)/2) (y +2)(y +1)/2) line
integrals on application of the Green’s theorem along each line segment of the linear plane polygon [10]. In this
paper, we have found a means of overcoming this complication and in Lemma 1, it is shown that the same
computation can be done only once for each line segment of the linear plane polygon.

We have also proposed two more lemmas (Lemmas 1 and 2) which are useful in evaluating integrals of the
above-mentioned bivariate expression over a linear quadrilateral and a linear triangle. These lemmas use the
well-known isoparametric coordinate transformations used in the finite element method [12,13]. We have then
proposed three different algorithms based on these lemmas (Lemmas 1, 2 and 3) for computing volume integrals
of trivariate monomial x“y”z” (a, B, vy positive integer including zero) over an arbitrary linear hexahedron in
three-dimensional space. Integration over a simple trivariate polynomial function

1 J K
fa 3. =2 2 2 a5y
a=0p=0y=0

(where a, B, y positive integer including zero) can be obtained by linearity property of integrals. We have also
proposed theorems (Theorems 1-5) which gradually develop the numerical scheme to compute volume integrals
in terms of line integrals and surface integrals (over quadrilaterals and triangles) by use of Lemmas 1-3. In
Theorem 6, we express the volume integral over a linear arbitrary hexahedron as a sum of twelve line integrals
along the boundary edges. Lemma 4 develops a computational scheme to evaluate each of these line integrals
which is again an improvement over earlier studies [10,11].

2. Surface integration
In this section we first establish three preliminary results giving closed form analytical integration formulas
for surface integration over a plane polygon in the xy-plane. Then, we wish to use these closed form finite

integration formulas in computing volume integral of polynomials over a linear arbitrary hexahedron.
Let 7 be a simple polygon in the xy-plane. We want to evaluate the following structure product

IIZ‘ﬂ‘degjf x*yPh + Ix + my)” "' dx dy ¢}

where [, m, h are arbitrary constants and «, 3, y are positive integers (including zeros).
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LEMMA 1. The structure product HI=%""" over a simple polygon with N-oriented edges L, k=i+1),
=1,2,3,...,N) each with end points (x,, y;) and (x,, y,) in the xy-plane is expressible as

N at+tB+y+1
H;’ﬁ'YH = 2 [Aii.- E 2 {F i@ —n,, n)G(B = nyn)H,,(y +1—n,, "3)}] (2a)

i=1 n=0 n tnytny=n

where

a
— — a=ny 1y
F o nu"l)_(n )xk Xik »
1

B\ s
Glmi(ﬂ—nZ’nZ):(n )’f Vil
2
+1 -n n
('}’n >ZZ+1 3709, i 2o =h=0
3
H,(y+1—-nyn)= (’)’+1> r+l-p
r+1 p ZO p
D e——— p—ny n,y . _
P=2"3 (a +B+p+2) (h3>zko Zik ’ leO h#o
(2b)
Xp=X,—x,
yik=yi_yk
zik=zi_zk
4V R Sl )
AY = 247, . Cheo
koi_(a+B+p+3), lfzo_ =
=2Aiii’ l.onzh?éO

24, =Xy, — XY,

koi

PROOF. We have from Eq. (1) (see Fig. 1):

Y
qp

%
> X

/4

0,0 X

Fig. 1. A simple polygon in the xy-plane with N-oriented edges which expands into N-triangles with respect to the origin.
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o
Ili’ﬂ’y“ d:t j xnyﬂ(h“‘lx"'my)yﬂdxdy

[ 0P(x, y) [ e g o
#dedy, where @(x, y)= | x“y*h+Ix + my)" "' dx

I
—, —_—

g__l
o s

P, y)dy, on using Green’s theorem with 7 = boundary of 7

Il
M

i

J{ P(x, y) dy

! ik

We shali now show that
a,By+1 év‘ fr a B.q 7 NYHD Lo s
I =ZJJJ x y(h+Ix+ my) dx dy
i=1 Tii

So let us consider the RHS of Eq. (4)

=
jan)
72}
Il
M=
——
—,
=
'\<Q
/_T\Ia
>
+
=
+
2
~
X
&
&

[
§e

I
M=

il
M=
P

aqx), . N r o
J -%y—)dxdy, where &(x, y)=J x*yPh + Ix +my)” " dx
T

fu i Jl * j,) P(x, y) dy

ko

Z([ +[ +[ )‘I’(X,y)dy

o1 Y2/

+(J[ +( +[\¢(x,y)dy+(

02 I

)

W

[+ +] Jowna

i, iy Jiy,

e (] L]

N+1l.0 NN+1

+ .
(]
Iy0 i,

N
=2 [ D(x, y)dy .
i=1 Ty

) D(x, y) dy

Eq. (5) follows from the fact that
Cnsrs Yye1) = @ ¥))
so that we have

r f
J, P(x, y)dy = J D(x, y) dy

o la,N+I
and

{ l
Jz ¢(x,y)dy=—J1 D, y)dy (p,gq=0,1,2,...,N+1)

P

From Egs. (5) and (3), we conclude that Eq. (4) is true.
Now, we wish to obtain a simple finite integration formula for the integral

159

(3)

4)

&)

(6)
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x%yB
oyt = j fw (h+ Ix + my)” " dy dy %))
koi

Let us now consider the integral over oriented triangle T,

x%y B
npy' = f L (h+lx+my)”" " dxdy (®)

ki

Xy

The parametric equations of the oriented triangle T';

are

in the xy-plane with vertices at (x,, y,), (x;, y;) and (x;, ;)

x=x, tx,u+x,0
Y=Yt yuuty,v )
O=su,vsL0sutvs1L X=X =X, X, =X = X0 Y =Y, ~ Yo Yu =Y~ W)
Using Eq. (9), we can map an oriented triangle Tijy, in the xy-plane to an oriented unit triangle fkj,, in the
uv-plane (see Fig. 2, we have for the area element

dx dy =<5%—5;b—u‘> du dv
= (Y — X3 Yy) du do
=24, dudv
= (2 X area of triangle T7,) du dv (10)
where we have defined
24;;,' = (xjkyik - xikyjk) (11)
we have from Egs. (8)-(11)

1 1-u
ey = 245) fo fo (ot + x5 + x5, 0) (0 + v + 3,0 @ + zpu + 2,0)” " dudo (12)

where
Z,=h+ix,tmy,, p=kji
Z,=2,-17,, Zy=2,—1Z,

7

(13)
YA~
(%.Y,) Mapping Rule :

KRR UFLV

R AT

i U’t‘)
(X.¥)

T%.Y,)

i

(0.0) X 0,0 >

1¢10)

Fig. 2. The mapping between an oriented triangle in the xy-plane and the unit triangle in the uv-plane.
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Let us further use the transformation in Eq. (12) which maps the unit triangle in uv plane to a unit square in the
rs-plane as

u=1-r, v=rs (14)
1
Use of Eq. (14) in Eq. (12) leads us to

i
11;‘5‘7+1 =(24;) fo J; o +x,r + x,.krs)“(yj +yr+ yikrs)ﬁ(zj +z,;r t+ 2,r8)7  'rdrds (15)

we have defined z(x, y) = h + lx + my, and hence clearly z(0, 0) = h = Z, (say), may be either zero or non-zero.
Choosing x;=0y, =0, we have z(0,0) = Z; = h =z, so that we have from Eq. (15)

1ol
Ilgk§;7+l - QAK")L fo reter Ot + X, (v, + yiks)B[ZO +rz, + Zik)S]YH drds (16)
If Z, = h =0, then Eq. (16) reduces to
0 q

2AY 1
aBy+1l __ koi a B y+1
”TE;‘,Q T (@t B+y+3) L O X 8) (Y +yu8) (g 2,87 ds (17)

(r + 1> yrl-p
1 r+1 p ZO
Ilik€;7+l =(24,,) J;) O + x,8) (e + yiks)B 2 a+B+p+2

p=0

If Z, — h #0, then Eq. (16) reduces to

@ T 249" | ds (18)
Let us define
X(s) = (x, +x,5)"

Y(s) = (3, + yu8)”
Zy(s) =z, + 2,87 ", if 7,=0

<r+ 1) yl-p
r+1 p ZO
Z/(s)= 2o

atBipr2 Gotwd)’|, ifz#0

p=0

f) =£(s), if z,=0

ey =£, if z,#0 (19)

and

£6)E X6)Y6)Zy(s)

def (20)
£i(8) = X()Y(5)Z,(s)
using Egs. (19) and (20) we can write Egs. (17) and (18) as
249 Jl
— T | f®ds, ifz,=0
II?;:?;Y+IZ (a+,81+y+3) 0 (21)
Mﬁfﬁmm, if z, #0.
0
using Taylor series expansion for a function of single variable, we have from Eq. (20)
a+pB+y+1 (n)
;o
o= 2 {’LT(—)}s . i=0,1 (22)

n=0

where
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(n) d’ C
fre@®=| 3 {X)Y(5)Z ()} ot =01 (23)

Using Eq. (19) on the definition of X(s), Y(s) and Z,(s) (i =0, 1), we obtain

{d"'X(s)}
ds"] $=0 (11)&—"1 n difF(a nynp)

koi ’

‘ﬂ ny/x,
{d"zY(s)}
dsn2 5= B Ry n
‘2 : :<n2)y£ 2 2 = ka(B n29 n2) »
{d"’Zo(s)}
dsn3 s=0 — Y +1 y+1-ny n3 = H(7+l ny, ns) le =0 24)
tlg n, 2k Lig Tty s 0 (
{duszl(s)} » <r+ I)Z'“"”
dS"3 s=0 _ E 14 ? p p—n, n3
E p=njy (a + B +p + 2) n, Zko Zik
km(‘y+ 1- n3,n3), 1fz0#0

From Egs. (22) and (23) we can write

KO S
I - Froila = ny,n)G (B = nyny)H, (v +1—ny,n,) (25)
n] n2+n3 n
Thus, from Egs. (19) and (22), we obtain
1 at+B+y+1
1
fo fls)ds = Eo n+1) iy Fuil@—n,n)G, (B —ny,n)H,(y +1- ny, ny)} (26)

From Egs. (19)-(26) we obtain the desired result claimed in Egs. (2a) and (2b). This completes the proof of
Lemma 1. (O

Consider again the integral of Eq. (1) which is already discussed in Lemma 1, i.e.
et = Jf xyP(h + Ix + my)” " dx dy

Where 7 is the simple polygon in the xy-plane, /, m, h are arbitrary constants and «, B, y are positive integers
(including zero) We can think of 7 as region in R* decomposable in a set T of triangles such that any pair of
members of T}, (a triangle in the xy-plane with vertices at (x;, y,), (x;, y,) and (x,, y,) and T7; do not intersect.
We can also thmk of 7 as region in R’ decomposable in a set Q of quadrilaterals only or a combination of
quadrilaterals and triangles such that any pair of member of 07}, (a quadrilateral in the xy-plane with vertices at
(i ¥ 5 ¥;)s (x4 ) and (x;, y,) and Q7 do not intersect or any pair of members of O, and T}}, do not
intersect. Thus we may write (see Fig. 2)

ijk

IIa.ﬁ,'y +1 —
> I ;x‘f AR if 7 is decomposed only in a set T of triangle
TET
E n; ’i I’ ! if 7r is decomposed only in a set Q of quadrilaterals
OfluEQ ey
> n Z,’i SAREY /| ;x‘f ¥+ if 7 is decomposable in a set Q of quadrilaterals and a single triangle .
|_OflEQ

@n
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In our recent work {15], the structure product I/ ;xj’y’; **! has been already considered. We shall now obtain a finite

integration formula for the structure product I Z’Q’I” !, as we wish to use this integral formula for computation of
i

volume integrals of polynomials over an arbitrary linear hexahedron.

LEMMA 2. A structure product over the area of an oriented linear quadrilateral Q,“ﬁ, in the xy-plane wish
vertices at ((x,,, ¥,,), m =1, j, k, 1):

nghr e J J X°yP2" (x, y) dx dy (28)
v ke
where Z(x, y) = Lx + My + h, L, M, h, arbitrary constants can be expressed as

mGE" = la|Bly +1 §=)O 2 90, 905) (29)
where

(r+2)s+2)Jyy +(r+ 1)s+2),p +(r +2)(s + 1)J,,
r+1D)r+2)s+1)(s+2)

D)= D > E(ry,5,)F(ry, 5,)G(r,, s,)

ritrgtry=rs +s,tsy=s

I(r,s)=

s, @Trp TS Ry Tt s T

E(r,,s,)= z Qoo Ao Ay, i
S e St Ut SO L Wl O L W LY

szﬂ_rZ_s2+t2 T ST hL

F(rys,)= 2. boo bio by, by,
tz:olﬁ_r2—52+t2 fro=t |S274 |hL

5 yrl—ry—s,+t, ry—t; s;—t; I
_ c c c c
G(ry, 55) = 2 0.0 1,0 0,1 L1,

’3=°|'y~1~1—r3—-s3+t3 3=t |58 |6

O0=<r, +s5, <2, 0=r,, S sa

0<r,+s,<28, 0<r,, s, <p

Os<r,+s,<2y+1), O0<r,, s;<(y+1)

O0sr+s=<2atB+y+1)

a—(r,+s)+t,=0, r=t, s =t

B—(r,+s,)+1,=0, r,=t,, S, =1,

D= +s) 4420, n=n, 531 0
dog = X, Ao, =Xy, Ao =X;, a, =x; +x, e
boo =Y;» by =y > bio=Y;> biy =Yyt yu

Coo = Z; » Cot =y » Cio = Zji » e =2z;t 2y

Z,=Lx,+My, +h, m=ijkl

X =X "Xy Yy = Vm " Yar M=k

Zon =2y ~ Zp s m=1i,Jj, k1 m#n, n=i jkl

- _ — A A
Joo = XYy = XY T 2Aijl
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=2 X area of the triangle with vertices at ((x_,, y,,). m=1i, j. I)
Jio =XV T XV
Jo1 = XY = X Vi
PROOF. From Zienkiewicz [12] and Rathod [13], we know that the arbitrary linear quadrilateral with vertices

at (xm, ym), m =i, j, k, 1) in the xy plane can be mapped to a unit square 0 < u, v <1 in the uv-plane by use of
the isoparametric coordinate transformation (see Fig. 3)

1

= E 2 a-juivj = x(u, v)

i=0j=0
1 1 o
z=L +M,+h=2 2 cu'v’ =zu,v)
i=0j=0

where ((a,, b;,c;, i =0,1), j=0,1) are as defined already in Eq. (30).
Using the transformations of Eq. (31), we obtain

nger ! "efff “yA(Lx + My + h)"*" dx dy

UH
= J; fo x%(u, v)yﬂ(u, v)27+1(u, U)(Jgo + J ot + Jyv) du dv (32)

where J, J,,. Jy, are defined in Eq. (30).
Let us now define

X, v)=x"w,v), Yu,v)=y"wv), Zuv)=z7"""(uv)
and
flu, v) = X(u, v)Y(u, v)Z(u, v) (33)

Using Eq. (33), we can write

A~ A~
Yy
9%
'\
é
2 ‘\,\ ,"\4 x>
N \
N
1 o
\;‘A
©0) > x ©0 >

(@ (b)

Fig. 3. (a) A simple polygon Ain the xy-plane which is decomposable in a set T of triangles; (b) a simple polygon Ain the xy-plane which
is expressible (decomposable) in a set T of triangles and a set Q of quadrilaterals.
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1 1
Ilgﬁf“ = f f fW, v)Jgy + Iy + Jo,v) du dv (34)
a JO

We shall now use Taylor’s theorem of two variables to expand f(u, v) in powers of u, v and write

n n ar+s , r..s
f(u,v)=22[ fu U)](O,O) ukll;, n=a+pB+y+1 (35)

r=0s=0 au' aUs

we shall now determine

8" " flu, v)
[ ou” v’ ]mm/‘rl;v

by using generalised form of Leibnitz’s theorem on differentiation:
We have on differentiating ‘r’ times the function f(u, v) partially w.r.t. ‘u’:

9 Ir 8" X(u,v) 8"Y(u,v) 8"Z(u,v)
S{fwni= 2 - = (36)
u ritrgrrs=r [F1[r2|Ts Ou ou du
Again, differentiating Eq. (36) ‘s’ times partially w.r.t. ‘v’ we obtain
ar+s {f } B 2 II 2 lg [ar|+x]x(u, v) ] |: ar2+s2y(u’ U) :|
aur 8us (u, v) B r]+r2+r3=r Dl&lﬁ .rl+s2+s3=S '_ﬂl&E} au’I avS] aurz avsz
ar3-+-s3 ,
)
ou’aov?
Osr+s=2(a+B+y+1)
(37
Osr, +s5, <2a, O=<r,, s <a,
O0<r,+s5,<28, O=r,, s, <sf,
Osry+s,s=2(y+1), 0=<r,, s;=(y+1)

Thus, from Eq. (37) we obtain

ar+s , ) .
[-—8;{%"2_](0,0)/(&@ = o, S){glgly +1 (say)

_ 3 1 T 1 [a"“'X(u, v)] [3’2”2Y(u, v)]
B rytrytra=r DIQIE sytsytsy=s BI&B}_ u"t ov™! (0.0) du"? du’? (0,0)

y I:arﬁssz(u, U)] 38
ou" v oo (38)
Let us now illustrate the determination the quantities:
[6"+S'X(u, v)] [B'ZJ”ZY(u, v)] [a’3+-“32(u, v)]
au v’ doo’ L auev2 Jooy L ouov't lwo

We have from Egs. (31) and (33)

9" X(u, v) " o
Y = ou’ [{(aoo+ao1v)+u(alo+auv)} ]

X{a,ta,v)'al@— D) a—=2)...(a—r + Dx* "(u,v)

so that,
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3" 1 X(u, v) 3" R
o ale—1a—2)...(a—r + 1) e {@,o +a,,v)"'x* ()}

S, 8’
=al@a—1)a—2)...(a~r, +1) E__ E{am @, +a,v) }

LB
X {——av"‘ (ago taou) +v(a, + allu)“”‘}

=ala—1)a—-2)...(a r'+1)r]+%=sllf_1|t_;

Xr(r,—=1)...0r,—t, + Dal\(a,, +a,v)" "
X(@~r)a=r,—1)...(@a—r,—D@—-r,—t;+1)
X (ag, + a,u) x* " i, v)
a"”'X(u,v)] 51
[ 0 oo = @@ D=2 @+ E:M o

Xrr, ~1)...0r,—t, +Dajja;y"

X@—r)a—r = a—r —2)...(@a—r,—t]+ Daliagy """

a—r;— tl

'l\’I l
_ E oo a0 a01 11
qu 11 T, Db

@—ry— A|+t| r—h S0 t]
A0 a9 gy a

3
= > lalr
~, 2l e~ =5 1, - 1, 5t |
From Eq. (40), we thus obtain
3" 1 X(u, v) def
[ aurl avs] (0,0) (|ﬁ &) = ‘gE(rlv s[) (Sa)')
a rl \]+I] ri— $y—

S

rAgla—rl—s thin oL T |G

where
a—r —s +tt, =0, r,—t=0, s, — 1,20, 0= =5, O0=<r,, S Sa

In a similar manner, we can obtain,

3’2+”Y(u, v) / def
[W](M) (ra|s2) = |BF(ry.s,) (say)
$27 1 b'z

e S b P BB by
z_olB—rz_s2+tzlr2—t2l52 z[&

where
B—r,—s,+1,=0, r,—t,=0, 5,1, =0, 0=t,<s,, 0<r,, s, <B
87" %3 Z(u, v) def
[W](o.m/qﬁ‘ﬁ) =y +1G(rs, 55} (say)
oY Flmrymestiy ra—t3 s3=13

3
€10 Col S

ly+1
[z_“oly-kl—r3 Sstt s |

(39)

(40

(41)

(43)

(45)
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where
y+1l—ry+s,+t,20, r,—t,=0, s, —1,=0, 0=st,=y,, O=r,y, s;<(y+1D
(46)
on using Egs. (38)—(46), we can now rewrite Eq. (35) as
fuv)=2 2 O su'vla|Bly +1 (47)
r=05s=0
Hr)= 2 2 E(y,5)F(ry, 5)G(rs, 55) (48)

r|+r2+r3+=r,\’|+.r2+.\’}+=,\'
with E(r,, s,), F(r,.s,) and G(r,, s,) as defined in Egs. (41)-(46) substituting from Eqgs. (33), (34), (35) and
(47) into Eq. (32), we obtain
1 !
e = f J A, v)(Joo + ot + Ty 0) du dv
K 0 J0

1 I n n
= |a|B|y + lf L > 2 D, SV (Jog + Jyout + Joyv) du dv

r=0¢s=0

= x|y +1 2 2 &9 s) (49)

r=0s=0
where
1 1
I(r,s) = f J u'v'(Joy + Jygu + Jyv) du du
0 J0

26+ Qoo +(r+ 1)(s +2) o+ (r +2)(s + 1)Jy,
N r+D)(r+2)s+1)s+2)

(50)
This completes the proof of Lemma 2. I

Note: It should be noted that in order to avoid division, we should compute |a E(r,,s,), |BF(ry,s,) and
v + 1G(ry, 5,) rather than E(r,,s,), F(r,, s,) and G(r,, s;) as we can show that

Sl
(41 rl +sl - tl sl a=ry=s;tt _ry=t s =6
lgE(rlvsl)“ 2 (’1+s|_t1)( 5| t Qoo LT R YR (50a)

=0
52
ﬁ rz"’sz_tz P —ry=sy+1 —Iyp Sy—iypt
Firys,)= 2, ( ( Yok b (50b)
IE 25922 (5=0 r2 + sz —_ t2 s2 t2 00 10 01 11
.Y';

_ - Y +1 Ty + S3 7 t3 53 Yrl—ry—sytiy r3—ty s3—t3 13

r+1 LG 55) = rgo <r3 53— t3)< S3 (’3)600 G o T (20¢)

LEMMA 3. Let T, jx be linear triangle in the xy-plane with vertices at ((x,, y,), a =1, j, k), that is linear
triangle obtained from a linear quadrilateral nyj w1 by letting (x,, v} = (x|, y,). Then the structure product over
the area of the triangle T, | defined by

@ def @
U f fw xyP27 7! dx dy 1)
ik

with z = 2(x, y)= Lx + My + h as the equation of the plane spanning points (x,,y,.2,), m=1i1l, j, k in the
three space is expressible as

atBry+l g,

A(m, n)
a,By+1 __ xy —_—
L5 =247, Eo ZO St (52)
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where
m M—pP n n—A
A(m,n>=20 ] 20 F(p. NG(g, sHn —p = g,n = A= )
p=0g=0 A=0 pu=
0, p<aA
o «—
F(p, H = (P)a"" . p=h
aN /PN a- -
(p) A)“oopaﬁoAa?la p>A
0, g<pu

q
0, fm-—p—g@<m—A—p
y+1 —m—p—gq) m—p— .
<m—p—q>céo“ BT if (m=p—q)=(n—A-p
Hm—p—qgn—A—u)= o
P4 ) ( Y +1 )m P4\ y+iH~tm-p-o
m—p—q/\n—A—u) %
I A ifm—p-gq)=@n—A-p)
oo = X;» Ao = Xji» Ay T X
boo=yi, bia =Y b, = Yy
Co0T% €10~ Zji» Cia =3y
xab:xa—xb’ ya,b:ya_yb’ zaIiJ:Z:a—Zb

a=1i,j,k, a¥*b, b=1ijk
ZAZyk = (Xj —x )y, — yj) - = x,-)(y,- - ¥)
TXiYi T Xk 53)
PROOF. From Zienkiewicz [12] and Rathod [13] we know that the arbitrary linear quadrilateral with vertices at
((x,, ¥,), a=1, j k1) can be mapped to a unit square 0 <u, v =<1 in the uv-plane by use of the isoparametric
coordinate transformation (see Fig. 3) is already given in Eq. (31). If we now further assume that the nodes i

and [ are tied together, so that we have (x;, y,) = (x,, y,), then we obtain a new isoparametric coordinate
transformation which maps an arbitrary linear triangle to a unit square 0 = u, v <1 (see Fig. 4)

x=xu,v)=ay +a i +a, uv,
y =y, v)=by, + b, u+b,uv,
7= z(u, v} = Lx(u,v) + My(u,v) + h

=Cgp T CioUt +C UL,

(54)

where the constants a,,, a,9, @,,, bygs P1gs D115 Coor €100 €11 are already defined in Eq. (53).
Using the transformation of Eq. (54), we obtain

def 1
II;;%ZH = jf x*yPz" " dx dy
" Tk

N 30, y)
- @ B y+1 O Y}
J; J; x"(u, V)Y (W, V) 0 o, v) du dv

1 1
=(247) fo fo ux®(u, v)y*(u, v)7,, du dv (55)
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Mopping Rule:

1
(Y =3 (1-8) (1-m) Y

1 .
t7 (148) (1-n) ()

1
+3 (A0 (+m) ()

i _ X,
+gz (1-8) (1+m) G

S

YP (X %)
W e
(%.y)
(x.y)
(0.0)
"
/N
JISD) §1,1)
— N
i (_1.-1 ) j(1v‘1 )
@

123
u R'n,
B L AL
V=

E—

(0,1) 1

" 00) w 00

169

Fig. 4. Mapping of an arbitrary linear quadrilateral element into: (a) a square of 2-unit side length; (b) a square of 1-unit side length.

where

24;& = (x, _x,')(yk ﬂyj) - (xk _xj)(yj _y,')

=2 X area of triangle spanning vertices (x;, y;), (x;, y;) and (x,, y,)

I x;, y
= 1 .xj yj
1 x,

Let us now define
X(u, v) =x"(u,v),

and

Y, v) = y*(u, v),

fu, v) = X, v)Y(u, v)2(u, v)

Using Eq. (57), we can write

ijk

nps?™ = QA4g5) fo

1 1
fo uf(u, v) du dv

We can write, from Egs. (57)

a+Bry+l g

flu,v)=

DS u"" [a’”*"f(u, v)
lm |n

m=0 n=0

ou™ v”

We shall now determine the term

[ """ fu, v) ]
u™ gv" Joo

Using Leibnitz’s theorem on differentiation,

Zwu,v)=2""(u,v)

](u=0,v=0)

(56)

(57)

(58)

(59)



170 H.T. Rathod, S.V. Hiremath | Comput. Methods Appl. Mech. Engrg. 161 (1998) 155-193

3" f(u, v "
GRCL) P ) o 1 X, V)Y(u, v)Z(u, v)}
ou du
3 S |m 3" X(u, v) 3" Y(u,v) 0™ Z(u, v)
myitmytmy=m l_”_lllﬂlin_% ou™ ou™? ou™3

i ’"j (a”X(u, v))(GqY(u, v))(f)’""’“’l(u, v)>-
p=0 =0 |P}g|m — p q ou” au? "
3" "fu,v) 9"
" " oumou"
& S 67 X, v))(a"*“Y(u, v))
gog |_|_m P { 0§=:0< ou’ ov ou? gv*
o <a("’ P@)tn—A- ,u)Z(u U))

qu" TP gyt AT

(60)

= {X(u, v)Y(u, v)Z(u, v)}

Thus, from Eq. (60), we obtain

[%};ﬂ](om/(mw =§0 mz;p [_|_|m p— {AEO #20 LLl” -

8" *X(u, v) 3" Y (u, v) a"”""‘”*‘"”"”Z(u, v)
X
ou? vt Joo\ au? g Joo\ gy TP gt A ©.0)

(61)
Let us now illustrate the determination of quantities
(a"“X(u,u)> (a‘”“Y(u,u)) <a"""’“’>*‘"‘*‘“’2(u,v)>
ouf v Joo\ u? v’ Joo\ a1 g AR oo
we have
X(u, v) = x"(, v) = lag, + u(@,, +a,,v)]*
_ i 4] a—r r r
= , Ay u(a,,+a,v)
r=0
XU, v) & sy L, . o
. ————:rZP (r>a00 @ota,v)rc—1...r —p+bu""
(¢ pa—p
‘(l))m(am +tav)ag
a
+ (p + l)lp +1(a,, +a“u)"+lago by,
(62)

+(a—1) a—l (a,0+a“v) aoou"“l_”
A
( ) (a,0+a”v) u®

a -r r ‘I r—
=;(r>ago (a+a,v) r-—pu ?
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clearly, we have from Eq. (62)

8" *X(u, v) .
W=O, if p<A (63)

Let p>> A, i.e. A<<p, then we have

ap-H\X B
ou’ ;’:) v) ( ) rvp(alo‘*—auv)r A+r(r_ D...or—A+ 1)0?]
- o a—r k r— r— t
=§)(-p*)a00 r—pu Pa,, +a,v) Alr-)la?’ (64)

from Eq. (63), we thus have

" X (u, v) A 14 )
( ou” vt (00):<p>a00pa,;0Alp,/\alx\1’ ifp>A (65)

Let A>p, i.e. p<A, so that

"X v)y 0 [ ey r ,
Tt 2(1’) —p @t an?)
r=p

ou’ vt v
' [y I ,
:F{g (p> r—p" p(a“’”“v)}
Sy I, r .
=2 (p) F—p Y =g @t ) ey (66)

From Eq. (66), we thus have

(a"”X(u, v)

=0, if p<A 67
au” av* >(00) e ©7

let p = A, so that Eq. (62), we have

3" "X((w,v) 9 X(u, v)
o’ qv*  ou” o’

ap i a a—r r II r*‘p
= Gu” = (r)aoo (@, +a,v r—pu

=S (Mg —_—— WP, a,v) @) rr—1) ... r=p+1)
s I

Thus, we have from the above equation

3% X(u, v)
( ou v’ ) <p)aoo ualOallL
:<p)ago Papl(L_) if (68)

From Egs. (63), (65) and (68), we thus have
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( p+AX(Il,U)> lfp</\.
du’ du ©0 _ ( )ago”a’l’,, if p=A
lpla
(p) )ago”a’l’o aj,, if p>a
def
= F(p, ) (69)
In a similar manner, we can derive
0, if g <
(6"+“Y(u, v)) 8 =#
du? v* /oo _ (q)boﬁo_qb?[ , ifg=p
4] B\(8
(q)( )b" P b, if g> p
def
=G(g, W (70)
™t Z(u, v) 0, | if m* <n*
— + -
m*|n* (0,0)
Y +1 m* y+l—m* m*-n* n* . * *
m* n* ) €00 Clo €y, ifm*>n

where m*=m—p—~q, n*=n—A—pu.
Hence, from Egs. (61), (69), (70) and (71), we obtain

A& (TLED)

n

d
2 2 2 F(p, NG(q, wHm —p —g,n— A — p) (72)

il
u Ms

From Egs. (59) and (72), we obtain

atB+y+l m

fuv)= > 2 u"v"Am,n) (13)
m=0 n=0

Substituting from Eq. (73) into Eq. (58), we obtain
11‘;,‘;“‘ = (2A‘k)J J uf(u, v) du dv

at+B+ry+l 1 1
=45 2 ZA(m,n)(jf ’"“"dudv)
m=0 m=0 0 0
ol+ﬁ+'y+1 m
Alm, n)
= (245 MZZO ZO m+2(n+1) (74)

This completes the proof of Lemma 3. O

3. Volume integration

In most computational studies, we recognize the importance of obtaining practical explicit formulas for the
exact evaluation integrals.

fffpf(x, y, 7) dx dy dz (75)
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where P is a three polyhedra in R®, dx dy dz is the differential volume and f(x, y, z) is a simple function:

n

m 14
fx, 3 0= 2 2 2 .27 (76)

a=0 B=0

where o, B, y are non-negative integers (including zero). However, the present paper is focused on the
calculation of the following integral of monomials.

g d;ff JJ x*y?7" dx dy dz 77
1.2,3.....8 H

1,2.3,....8

where H, ,,  is an arbitrary linear hexahedron with vertices at ((x,, y,,2,), A=1,2,3,4,...,8).
In our earlier works [10,11], it is stated that an extension to the integral [ [ [, f(x, y,z) drdy dz can be
obtained by using the integral:

P f f f x°yPz? dx dy dz (78)
T

ij.kd Pikd
ij.k,

where T, ;,, is an arbitrary linear tetrahedron with vertices at ((x,, y,,2,), A=1, j, k I)) and the linearity
property of integral. We shall show in the present section of this paper, how this can be achieved most efficiently
for a linear arbitrary hexahedron. This process is gradually developed in Theorems 1-5. This has led us to the
important reset that a finite integration formula can be developed for a linear arbitrary hexahedron in terms of
integral over the linear quadrilateral faces. This has, in turn, opened the possibility of explicit integration for a

linear arbitrary hexahedron by using Lemmas 1 and 2 developed in the previous section.

THEOREM 1. A structure product:
mgPr = f fj xyP" dv
128 Hya,..8

over a three-hexahedron H,,, ¢ (H,, ¢=a hexahedron in 3-space with vertices at ((x,,y,.2,), p=
1,2,3,...,8)) is a polynomial combination of structure products of suitable order over triangulation of the
hexahedral boundary 0H, ,, ,

l A
By — a B_y+1{a
my,” (y+1) HE: Kfjrx vz kn dT

where T is a linear triangle in the three-dimensional space, i is outward unit normal vector to T and k is the
unit normal vector along z-axis.

PROOF. The proof follows from Rathod and Govinda Rao [10]. [

THEOREM 2. A structure product

111‘;"’"=ffj x*yP7” dx dy dz
€ TE

where T, is a tetrahedron with vertices at (x,, y,,2,), P = i, j, k. l) is expressible as polynomial combination of
suitable order over triangulation of the tetrahedron boundary:

023, j, k1)

aBy
="+

a,B,y+1 a,B,y+1 a,B.y+1 a,B,y+1
WY + ™ + I + 1 7™ (79)

where
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o et
(ly Jv y )_ (det J) s
X X Xu
detJ=]|Yu Yy Yu|],
i Ty X
Ypg =X T X Yoq =Yp T Yq> Zpg T T %

(7 €16, D, (1, D, (& D}

and

g’ = ff Yo, +m,+h)"" dx dy (80)
Tlu_/
where z(x, y) = Ix + my + h refers to the equation of the plane spanning points ((x,, y,, 2,), p = i, j, k) and T,
is the oriented triangle in the xy-plane obtained on projecting the linear tetrahedral boundary T, (T, =
triangle in three spaces with vertices at ((x,, ,,2,), p =1, j, k) on the xy-plane.

klj

PROOF. The proof follows from Rathod and Govinda Rao {11]. O

THEOREM 3. A structure product

IIIZ,Iﬁz,); 8 q—iff f fH xayﬁzy G N
2.3, 1,2,3,....8

over a three-hexahedron H, , ; . with vertices at (G, ¥,02,)s p=1,2,3,...,8)isa polynomial combination

of structure products of suitable order over quadragulation of the hexahedral boundary oH, ,;

1
a, B,y a B y+ip
;' =G +1)Qeaﬁ “ x“yP2"* kh dQ (82)

where Q is a linear quadrilateral in three-dimensional space, i is outward unit normal vector to Q and k is the
unit normal vector along Z-axis.

PROOF. The proof follows from Rathod and Govinda Rao [10]. [

THEOREM 4. A structure product over the volume of a linear arbitrary hexahedron H, , ; 5 with ((x,, ¥,,, 2,),
r=123,...,8)

apy def a By
IIIH123 ffL‘“"gxy Z"dxdydz

is expressible as the sum of structure products of volume integrals over all tetrahedra formed by disjoint
decomposition of the linear hexahedron H, ,, 4. That is

fjf x*yPz” dx dy dz = J jj x*yPz” dx dy dz (83)
Hias, .8 P.q.rSE€S Tp.qrs
where
S={p,q.-r-s) i=12,...,n}
and n refers to the number of tetrahedrons Tpqrs that can be obtained by a disjoint decomposition of the linear

arbitrary hexahedron H, , , .

PROOF. Follows from the conditions on regularity of integration domain and continuity of integrating
function. []
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3.1. Hexahedron as a assemblage of tetrahedra

The division of space volume into individual tetrahedra sometimes presents difficulties of visualisation and
could easily lead to errors in node numbering, etc. A more convenient subdivision of space is into eight cornered
arbitrary hexahedra. Such elements could easily be assembled automatically from several tetrahedra and process
of creating these tetrahedra left to a simple logical program. It will be readily appreciated from the exploded
view, that an hexahedron element could be built in two and only two distinct ways from the five tetrahedral
shaped elements. This has been proposed in [12]. Both possible divisions of a hexahedron into five tetrahedral
shaped elements are illustrated in Figs. 5 and 6 and this concept could easily be used in Computer Aided Design
and stress analysis, etc.

From Figs. 5 and 6 and Theorem 4, we can write

fjj Xy dxdydz= D, fffr x%yPz? dx dy dz (84)
H

1.2,3,....8 P.q.r,5€ES, p.qur.s

where S, ={(1,4,2,6), (1,4,3,7), (6,7,5,1), (6,7,8,4), (1,4,6,7)}.

THEOREM 5. The structure product over the volume of a linear arbitrary hexahedron H, , ; , as defined in
Eq. (77) is expressible as

ef
f f f xyP" dedy dz = ngPr

1.2.3,...8
— 0(1, 4’ 69 7) [__Ila,ﬁ,y+l + IIag,B.y-H
(y+1) 07245 Q%% 8.7
- a, B,y +1 a,By+1 _ a,B.y+1 a,B,y+1
IIQ’%J,S +IIQ’2‘?4.8.6 HQ?S.&,z +11Q§¥7.8,4 ] (85)
where
5
|
I 7
AN p
z l
1
6
1
s
-
2
4
7
6
~ 1 //7
e
' 2
4
N
y
1
X
4 3

4

Fig. 5. A systematic way of splitting an eight-cornered hexahedron-shaped brick into five tetrahedra.
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Fig. 6. An alternative systematic way of splitting an eight-cornered hexahedron-shaped brick into five tetrahedra.

1135”+1i?J~J;” xyP2" " (x, y) dx dy

ikt Y
LA

f,y,-.k,z = linear quadrilateral spanned by point ((x,, y,.2,), p =i, j, k) in the xy-plane (6)
2(x, y) = equation of plane spanning point ((x,, ¥,,2,), p =1, j, k) in three space and ((1,4,6,7)
is as defined in Eq. (80).

PROOF. One of the district ways to build an arbitrary linear hexahedron from five tetrahedral shaped elements
is fully illustrated in the book by Chandrupatla and Belegundu [14]. Now, using the notation (i, j, k, ) to refer to
nodal number of comner points for a tetrahedron T, with vertices ((x,, y,,2,), p =1, j, k) and (k, i, j), &k, ),
(i, k) and (I, j, i) to refer the four triangular faces of the tetrahedron, we can form the following table for the
above subdivision of a linear hexahedron into five tetrahedra.

The above result follows from the fact that

a.By+l _ pra.By+l _ praBy+l _ eyl _ pgefy+l _ pgafy+l
IITP‘]’ IIT4’P IIT’PQ IIT‘IP’ IIT"QP IITP"I (87)
247 =2 X area of triangle T},,, (88)

where the corner node p, ¢, r in anticlockwise orientation, and

247 =247 =247

par qre Pq
=—2472 =247 =247, (89)

using Eqgs. (87) and (89) we find

JI....

S, =1{(1,4,2,6),(1,4,3,7),(6,7,5,1),(6,7,8,4),(1,4,6,7)} (90)

x“yP7" dxdy dz = > fjf x*yPz” dx dy dz
P T,

,4,7,5ESy PGS
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Table 1
Subdivision of an arbitrary linear hexahedron into five tetrahedra with the corresponding triangular faces
Element Corner node Triangular faces
e ijkl

k. i, j) ¢k ) ik (A
1 1426 (2,1, 4) 6,2,4) (6,1,2) 6,4, 1)
2 1437 3, 1,4) 7,3, 4) (7,1,3) (7,4, )
3 6751 (5,6,7) (1,5, 7) (1,6,5) (1,7, 6)
4 6784 (8,6, 7) 4,8,7) 4,6, 8) (4,7,6)
5 1467 6, 1,4) (7,6, 4) (7,1, 6) (7,4, 1)

We have from Eq. (84)

1 fj .
a By — a B A
dxdydz = kn dxd 91
ff'f” xx ye v (7+1)p,q,n2ses, Qo XY Ty Y o1

1.2,3... P.g.r.s

where S, ={(1,2,4,3), (5,6,8,7), (1,3,7,5), (2,4,8,6), (1,5,6,2), (3,7, 8,4)}. We can form a similar table
for alternative distinct subdivision of an arbitrary linear hexahedron into five tetrahedra (see Table 1).
In Theorem 2, we have referred to the integrals of type

/P d;ffj x*yP(x + my + b)) dx dy
TS

where T;"qur is an oriented triangle in the xy plane. By using usual area coordinates, we can map the arbitrary
triangle T;V 4. 10 @ unit triangle in the new plane, say uv as (see [10]):

npsr' = f f x*yP(x + my + by "' dx dy
Rr
=24, f J: x*(u, v)y"(u, v)2" " (u, v) du dv
T

pyr

=247 I1&P7! (92)

It can be further shown that

a,B,y+1 — a,B"y+] =Ila,ﬁ,'y+l —_ _ a,B,y+1 — _IIut;B,y+l I a,B.y+1

Iy, =1y o, Ty, o, T, (93)

We know from Gauss’s divergence theorem that volume integral is equal to the sum of surface integral taken
over the entire boundary surface of the volume V.

When we use this concept in Eq. (90) and further make use of Egs. (91)-(93), (79) and Table 1:

a "()(1’ 4’ 6’ 7) X, a X, a X, a
JIL xyP2? dedy de = — T QATLIESY T + QAQIEET ) + AT, 1A T )

1.2.3...8 (y+1) Te1.2
\Q(l, 49 6, 7) xy a,B.y+1 xy a.By+1 xy a.By+1
T (CARMEET D + QAR + AT )
01,4,6,7) . . o o
S+ (AT HT]T™) + QATLITST™ ) + A )
0(1,4,6,7) . o o
T (AT QAT + QAT

%4
We know that
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s = JL x*yP2" (x, y) dx dy

ljk[ o
’I

(1,411,

ij.k ikl

> a B y+l(x,y)dxdy

— a,By+1 a,B.y+1
Hry o+ 1y,

(T Jre o nane

=17+ 11;5 A (95)
We should note that
Hpd ™ =mps" = 11‘;,‘,’ T = 11;}3 AR 11;!3 = e (96)
q.r rne P.q T q.p
Using the above results of Egs. (95) and (96) and rearranging terms in Eq. (94), we now obtain

mrgtr = f f f x*yP2" dx dy dz
1,2,3,....8 H

1,2,3,....8
_4X1,4,6,7)
(y+1)

This completes the proof of the theorem. U

[—11‘;‘,57+l + 1% '““ o/ ‘”*‘ + 1 ’”“ - e gt 97)

xy x; X X;
Qs iR Q%48 Q7562 0%7.8.4

4. Application example

Consider the evaluation of volume integral:
my'e f” x’y dx dy dz (98)
1238 Hypa..8

where H| ,; . is an arbitrary linear hexahedron bounded by the hexahedral surface 0H, ,, ¢ with vertices
V.=x,y.2,) s=1,2,3,...,8) (see Fig. 7)

1
n=000. w(17.0). %=010
(130). w=loie3). w=(G1)
Vom\L3:0) 16°4 ORVESTE 9

-622). WG
77\"164/ 4°16°

We know that the integral

IIaE-y+1 JJ a B 7+ldxdy 0
QY

l_[kl "y
iJs

Whenever the equation of the plane spanning points ((x,, y,,2,), a =16, j,k, ) isx=0o0r y=0 or z=0.
Using this fact and the statement of Theorem 5, we have for the application examples stated in Eqgs. (98) and
(99) (see Fig. 7).

2,1,0 2,1,1 2,1,1 2,1,1 2,1,1
IIIHl,z,a... 8 IIQxy + IIQ” - IIQ"’ + II Q%87 (100)

ALGORITHM 1. We shall now illustrate the use of Lemma 1 to evaluate the integrals appearing on the
right-hand side of Eq. (100).
We have on using Lemma 1 for linear arbitrary quadrilateral, it can be shown that
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=343
) 3 17
j( . '\«\ 8(z.15.1)
o
3 19 3
(0.]—6, (O’E,z
X-4y+2=4 Z=X+4Y-4
< N
(0,0,0) Y
2 4(1,%,0)
1\. ”’z 0)
2z 0
e

Fig. 7. Arbitrary linear hexahedron for application example. Note: Eq. of plane (1,2, 4, 3) is z = 0; Eq. of plane (5, 6,8, 7) is z = x/3 + 3/4;
Eq. of plane (1,3,7,5) is x =0; Eq. of plane (2,4,8,6) is (x — 1)/2 +z/8 = 0; Eq. of plane (1,2,6,5) is x — 4y + z = 0; Eq. of plane
(3,4,8, Y is z=x +4y — 4.

a,By+1l a,B,y+1 a,B,y+1 a,B,y+1 a,B,y+1
UG =HEE7™ + I + Ih7 ™ + g (101)

We can apply Eq, (101) to each of the integrals appearing in the right-hand side of Eq. (100) we have for the
application example @ =2, 8 =1, y =0, hence we can write

2,1,1 _ 2,1,1 2.1,1 2,1,1 2,11
gy, =W, + 17y + g + 15! (102)

2,486

the other integrals on the right-hand side of Eq. (100) can be similarly written on using Eq. (101). From Lemma
1, we can show that

135 = (A2 )IF(2,0G(1, 0)H(1,0)]
+ % [F(1, DG(1,0)H(0, 1) + F(2,0)G(0, 1)H(1, 0) + F(2, 0)G(1, 0)H(0, 1)]
N % [F(1, DG(1, 0)H(0, 1) + F(2, 0)G(0, YH(O, 1) + F(0, 2)G(1, 0)H(1, 0)]
+ F(1, DGO, DH(1, 0)]
+ % [F(0,2)G(1, 0)H(0, 1) + F(1, 1)G(0, H(0, 1) + F(2, 0)G(0, 1)H(1, 0)]

1
+ 35 [F(0,2)G(0, DH(0, 1)] (103)

where
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FQ,00=x:, F(1,1)=2xx,, F(0,2)=x,
G(lvo)zykv G(()’l):y,'k’

{zk, if 200,0)=h=2Z,=0
HQ1,00=% 2, Z, .

—_— N =h=12,
16+ if 2(0,0)=h=12,#0

Zp, H20,0)=h=2,=0
H(07 1)': Zik

&, if20,00=h=2,70

4 - 242,16, ifzo=h=0
i 1247, ifz,=h#0
240, =Xy, — XY

We shall also note from Eq. (99) and Fig. 7 that:

gy, = J f o xdy(d-4andedy = J J x’yz dx dy
Q%56 0

X
48,6

([t T 1L

8.0,4 6,0,8 2,06

)xzy(4 —4x)dxdy

Now, on using Egs. (99), (103), (104) and (105) we find that

2,11 —
IIQE&.S,O—(J' ‘[Txy +J‘JT’0Y +J’.[T

+ J f )xzy(4 — 4x) dx dy
£o.2 £0.4 &0.8 T30

1 1127 243 143 2053

_+_.———-—_ =
30 T 162x60 16° 16°X%40 16> X 15

In a similar manner, we obtain
2,1,1 — 2 _x. 3)
HQ?{».SJ - J J'T?e,sﬂ x }’(3 + 4 dx dy

o (1 PRY NS I )

> 2 (x + 3)d.xd
xy\3+7 y
0,6 To.8 20,7 3 4
621 86697
={-— +— +— +
16°%x8 16°%xX4 16°%x40
45333
16* X 10

R | W UL
1,2,6.5

N (J JT” ’ J J’T’ﬁ%‘z " f J‘T’s‘fo,s * J J‘T’f?o,s>xzy(4y Txdedy
7

2,01
24 4077
=(0+—3 +— +
16> X 180  16° X 40
163157

~16° % 360

(104)

(105)

(106)

(107)

(108)
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11331;;“ f L x’y(x + 4y — 4) dx dy

Hf“m I

ff x°y(x + 4y — 4) dx dy
T

Xy
3.0.7

4.0,3 8. 0 4 7() 8
3629 +
360 16> X 180 16* X 120
519359
" 16% X 360 (109)
Substituting from Egs. (106)-(109) into Eq. (100), we obtain
ur'e ffj x’y dx dy dz
1238 His3,. .8
_ 2,11 21,1 . 21,1 2,1,1
=gy, g, — oy Yoy
2053 163157 519359 45333
=3 +—— T +—
16X 15 16°%X360 16" X360 16"X10
344023
" 16" X 60 (110)

ALGORITHM 2. From Lemma 2, we can show that (a =2, B=1, y=0)

sy :‘(Ln x’yz dx dy

ikl
! ikl

4 4
22, D B, )(r, )
r=0s=0

= (a(z)oboocoo)[J00 + % (o + Jm)] +2{@(1, DI(1, 1) + &(2,2)I(2,2)
+ @3, I3, 3) + D4, D)4, )} + 2[({P(0, 1) + P(1, 0)} + {D(0, 2) + &(2,0)}
+ {0, 3) + D3, 0)} + {P(0, 4) + D@4, 00} + {D(1,2) + 2, 1)} +{P(1,3) + D3, 1)}
+{d(1,4) + D@4, D} +{D(2,3) + D3, 2)} +{DP(2,4) + D4, 2)} +{D(3,4) + D(4,3)}] (111)

i

where
@(1, 1) = G(0, 0§E(1, 1)F(0, 0) + E(1,0)F(0, 1) + E(0, 1)F(1,0) + E(0, 0)F(1, 1)}
+ G(0, 1){E(1, 0)F(0, 0) + E(0, 0)F(1, 0)} + G(1, 0XE(0, 1)F(0, 0) + E(0, 0)F(0, 1)}
+ G(1, 1){E(0, 0)F(0, 0)},
@(2,2) =G0, 0{E(L, DF(1, 1)+ E(1, 2)F(1,0) + E(2, 1)F(0, 1) + E(2, 2)F(0, 0)}
+ G(1, 0{E(0, 1)F(1, 1) + E(0, 2)F(1, 0) + E(1, 1)F(0, 1) + E(1, 2)F(0, 0)}
+ G(0, I{E(1, O)F(1, 1) + E(1, 1)F(1,0) + E(2, 0)F(0, 1) + E(2, 1)F(0, 0)}
+ G(1, I{E(0, 0)F(1, 1) + E(0, 1)F(1,0) + E(1, 0)F(0, 1) + E(1, 1)F(0, 0)},
@(3,3) = G(0, 0){E(2, 2)F(1, D} + G(0, 1{E(2, 2)F(1,0) + E(2, DHF(1, 1)}
+ G(1, 0){EQ2, 2)F(0, 1) + E(1, 2)F(1, 1)}
+ G(1, DH{E(2, 2)F(0,0) + E(2, 1)F(0, 1) + E(1, 2)F(1,0) + E(1, DF(1, 1)},
D(4,4) = G(1, 1)E(2,2)F(1, 1)
@0, 1) = {E(0, 1)F(0,0) + E(0, 0)F(0, 1)}G(0, 0) + {E(0, 0)F(0, M}G(0, 1),
@d(1,0) ={E(1, 0)F(0, 0) + E(0, D)F(1, 0)}G(0, 0) + {E(0, 0)F(0, ))}G(1, 0),
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@(0, 2) = {E(0, 2)F(0, 0) + E(0, 1)F(0, }G(0, 0) + {E(0, 1)F(0, 0) + E(0, 0)F(0, )}G(0, 1),
@(2,0) ={E(2, 0)F(0,0) + E(1, 0)F(1, 0)}G(0, 0) + {E(1, 0)F(0, 0) + E(0, 0)F(1, 0)}G(1,0)
@(0, 3) = {E(0, 2)F(0, 1)}G(0, 0) + {E(0, 2)F(0, 0) + E(0, 1)F(0, 1}G(0, 1),

@(3,0)=1{3,0) ={E2, ))F(1, 0)}G(0, 0) + {E(2, 0)F(0, 0) + E(1, 0)F(1, 0)}G(1,0),

@(0,4) = E0, 2)F(0, )G(0, 1),

@(4,0) = E(2,0)F(1,0)G(1,0),

@2, 1) ={E2, DF(0,0) + E(2,0)F(0, 1) + E(1, 1)F(1,0) + E(1, 0)F(1, 1}G(0,0)
+{E(2,0)F(0, 0) + E(1, 0)F(1, 0)}G(0, 1)
+{E(1, 1)F(0,0) + E(1, 0)F(0, 1) + E(0, 1)F(1, 0) + E(0, 0)F(1, )}G(1, 0)
+{E(1,0)F(0,0) + E(0, 0)F(1, 0)}G(1, 1),

&(1,2) ={E(1, 2)F(0, 0) + E(1, 1)F(0, 1) + E(0, 2)F(1,0) + E(0, DF(1, 1)}G(0, 0)
+{E(1, 1)F(0,0) + E(1, 0)F(0, 1) + E(0, 1)F(1, 0) + E(0, 0)F(1, 1)}G(0, 1)
+{E(0, 2)F(0, 0) + E(0, 1)F(0, 1)}G(1, 0) +{E(0, 1)F(0, 0) + E(0, )F(0, 1)}G(1, 1),

@(1,3)={E(1,2)F(0, 1) + E(0, 2)F(1, 1)}G(0, 0)
+{E(1,2)F(0,0) + E(1, 1)F(0, 1) + E(0, 2)F(1, 0)

+ E0, DF(1, 1)}G(0, 1) +{E(0, 2)F(0, 1)}G(1,0)
+{E(0, 2)F(0, 0) + E(0, 1)F(0, 1)}G(1, 1),

@3, 1) ={E2, )F(1,0) + E(2,00F(1, 1)}G(0,0) + {E(2, 0)F(1, 0)}G(0, 1)
+{E(2, 1)F(0,0) + E(2,0)F(0, 1) + E(1, 1)F(1, 0) + E(1, 0)F(1, D}G(1, 0)
+{EQ2,0)F(0,0) + EQ1, 0)F(1,0)}G(1, 1),

@(1,4) ={E(1,2)F(0, 1) + E(0, 2)F(1, 1)}G(0, 1) + {E(0, 2)F(0, 1)}G(1, 1),

(4, 1) ={EQ2, )F(1,0) + E(2,0)F(1, )}G(1,0) +{E(2,0)F(1,0)}G(1, 1),

@(2,3) = {(E(2, 2)F(0, 1) + E(1, 2)F(1, H}G(0, 0) + {E(2, 2)F(0, 0) + E(2, 1)F(0, 1) + E(1,2)F(1, 0)
+ E(1, DF(1, D}G(O, 1) + {E(1, 2)F(0, 1) + E(0, 2)F(1, 1)}G(1, 0)
+{E(1,2)F(0,0) + E(1, 1)F(0, 1) + E(0, 2)F(1, 0) + E(0, )F(1, D}G(1, 1),

@D(3,2) = {(E(2, 2)F(1,0) + E(2, DF(1, 1}G(0,0) + {E(2, DF(1,0) + E(2, 0)F(1, )}G(0, 1)
+{E(2,2)F(0,0) + E(2, 1)F(0,0) + E(1,2)F(1,0) + E(1, DF(1, D}G(1, 0) + {E(2, 1)F(0,0)
+ E(2,0)F(0, 1) + E(1, 1)F(1,0) + E(1, 0)F(1, 1}G(1, 1),

®(2,4) ={E(2,2)F(0, 1) + E(1, 2)F(1, 1)}G(0, 1) + {E(1, 2)F(0, 1) + E(0, 2)F(1, 1)}G(1, 1),

®(4,2) ={E(2,2)F(1,0) + EQ2, DF(1, D}G(1,0) +{E2, )F(1,0) + E(2,0)F(1, D}G(1, 1),

(3, 4) ={E2, 2)F(1, DPG(O, 1) +{E(2, 2)F(0, 1) + E(1, 2)F(1, 1)}G(1, 1),

®(4,3) ={E(2, 2)F(1, D}G(1,0) +{E(2,2)F(1,0) + E(2, F(1, D}G(1, 1),

and ((r,s), r=0,4), s =0,4) are defined in Eq. (30).
From Egs. (30), (112)-(114), we obtain

3
J00=Z
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3 4 6
b(m:l—é’ bxozTéw by =1, buz—'lg,
3 1
Co0 = 4 €10~ 73> € =0, ¢, =0
Eo0, =0, E,n=0, Eo, =0
E =0, E,,=0, Ey =0
9
Ero=3 Ean=0. Eaoy =0
3 4 6
Foo =715 Fon=1. Fin=75> Fun="7g"
3 1
G(O.O):Z’ G(0,1)=0, G(1,0)=Z, G(1,H=0,

d(1,1)=0, $(2,2)=0, @(3,3)=0, d(4,4)=0,
D0,1)=0, @(1,0)=0, D0,2)=0,

2@(2,0)=m, @(0,3)=0,
= ¢0,4 =0, 2(p4,0 =TT s
200,0)= 75— (0, 4) 4,0)=13
9 X 48
@(1,2)=0, 2¢(2,1)=162X4’
2¢(3,1)=—162X4, &(1,3)=0

16° X 4

&(1,4)=0, 294,1)=
E a(z)o
0,0) ="
E,1)=agy a4,
E _ a<2)1
0,2)=—"
E(1,0) =aga,
E(L, )= (a,,a¢0 T G10801)
E(1,2)=a, a,

2

a
E(2,0)=7‘°
E2,1)=aa,,

2
E(2, 2)=22!—l
F(0,0) = by,
F(0,1)=b,,
F(1,0)=b,
F(1,1)=b,
G(0,0) = coo
G(0,1) = ¢y,

183
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G(1,0)=c,,
G(1,1)=c¢y, (113)

and Joo, 105 Jo1s (@, by, ), i=0,1), j=0,1) are already defined in Eq. (30).
For the application example stated in Eq. (99), let us illustrate the above numerical scheme with reference to
Qljkl(l-‘s J 6k:7’l=8)

_(oi 3)
(x,,}’,,Z)— ,16’4

Xjs ¥jr 3
(114)
(xk’ ka Zk) < ) 16 * )
19 3
(x[’ Yy ZI) 0, _lg Z
$(2,3)=0, @(3,2)=0, D(2,4)=0 15
D(4,2)=0, $(3,4)=0, D(4,3)=0 (13)
Now substituting from Eq. (115) into Eq. (111), we obtain
gy, =2{d(2,0)[(2,0) + (3,0)I(3,0) + P4, 0)I(4,0)
+ @2, DI2, 1) + &3, DI3, 1) + D4, DI4, 1)}
_( 81 )<—£>+< 135 )(_21_) +< 36 )(ﬁ) <9><48 )( 23 )
“\ierxa/\128/) "ig7x4/\160) "\ 167 x4 /\320/ "\ 167 x4/ \ 256
~18 21 —54 33
+— = )+l —=
16 x 4/ \320 16° x 4/ \ 640
45333 1"
16* X 10 (116)
In a similar fashion, we obtain other integrals as
”2 Lo 163157
25 16* X 360’
et - 2033 117
Q%4s6 16°%15° ( )
eI 519359
2% 16* X 360
Substituting from Eqgs. (116) and (117) into Eq. (100), we obtain
344023
e = 11
Hizs, .8 16* X 60 (118)

ALGORITHM 3. We shall now illustrate the use of Lemma 3 to compute the integrals

ijk

nysrt = J fm x*yP(Lx + My + h)" "' dx dy
ijk

On comparing with the statement of Lemma 3, for the application example considered in [10], we have a = 2,
B =1, y=0. Let us first demonstrate the computational scheme with reference to the integral

f fm x’y{—4(x — 10)} dx dy
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where
x; =10, y, =10
x,.=8, yj=7 (119)

=10, =5
Now, we have from Egs. (52) and (53) for a =2, B=1, y=0:

d A(m, n)
2] 1
=245 2 o (m + 2)(n +1)

—(2A,]k)[ A0, 0) + = /1(1 0)+— A(l D+7 A(2 0)+= A(2 D+13 A(2 )+ = A(3 0)
A(3 D+1s A(3 2 +55 A(3 3)+— A(4 0)+ 15 A(4 D+ g A(4 2)

/1(4 3) + A(4 4)] (120)

where

A(0, 0) = F(0, 0)G(0, 0)H(0, 0)
A(1, 0) = F(0, 0)G(0, 0)H(1, 0) + F(0, 0)G(1, 0)H(0, 0) + F(1, 0)G(0, 0)H(0, 0)
A(1, 1) = F(0, 0)G(0, 0)H(1, 1) + F(0,0)G(1, 1)H(0, 0) + F(1, 1)G(0, 0)H(0, 0)
A(2,0)= F(0,0)G(1,0)H(1,0) + F(1, 0)G(0, 0)H(1, 0)

+ F(1,0)G(1, 0)H(0, 0) + F(2, 0)G(0, 0)H(0, 0)
A2, 1) = F(0,0)G(1, 0)H(1, 1) + F(0,0)G(1, 1)H(1,0)

+ F(1,0)G(0,0)H(1, 1) + F(1, 1)G(0, 0)H(1, 0)

+ F(1,0)G(1, DH(0,0) + F(1, 1)G(1, 0)H(0, 0) + F(2, 1)G(0, 0)H(O, 0)
A(2,2)=F(0,0)G(1, H(1, 1) + F(1, DG(0, 0)H(1, 1)

+ F(1, DG(1, DH(0, 0) + F(2, 2)G(0, 0)H(0, 0)
A(3,0) = F(1,0)G(1, 0)H(1, 0) + F(2, ))G(0, ))H(1, 0) + F(2, 0)G(1, 0)H(0, 0)
A3, )=F(1,0)G(1, 0)H(1, 1) + F(1,0)G(1, 1)H(1, 0)

+ F(1, DG, 0)H(1,0) + F(2,0)G(1, 1)H(0, 0)

+ F(2, 1)G(1, 0)H(0, 0) + F(2, 1)G(0, 0)H(1, 0) + F(2, 0)G(0, 0)H(1, 1)
A(3,2)=F(1,0)G(1, 1)H(1, 1)+ F(1, 1)G(1,0)H(1, 1)

+ F(1, DG(1, DHA(1,0) + F(2, 1)G(0, 0)H(1, 1)

+ F(2,2)G(0,0)H(1,0) + F(2, 1)G(1, 1)H(0, 0) + F(2, 2)G(1, 0)H(0, 0)
A(3,3)=F(1, DHG(1, DH(1, 1) + F(2, 2)G(1, 1)H(0, 0)
A(4,0) = F(2,0)G(1, 0)H(1, 0)
A4, 1) = F(2,0)G(1, 0)H(1, 1) + F(2,0)G(1, 1)H(1,0)
A(4,2)=F(2,0)G(1, DH(1, 1) + F(2, 1)G(1,0)H(1, 1) + F(2, 1)G(1, DH(1,0)
A(4,3)=F(2, DHG(1, DH(1, 1) + F(2,2)G(1, 0)H(1, 1) + F(2, 2)G(1, DH(1, 0)
A(4,4)=F(2,2)G(1, DH(1, 1)
F(0,0) = al,
G(0,0) = by,
H(0,0) = ¢y,
F(1,0)=2aya,,
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G(L,0)=b,,

H(1,0)=c,

F(1,1)=2aya,,

G(l,1)=b,,

H(,)=¢,,

F(2,0)=4’,

F2,1)=2a,a,,

F2,2)=d},

oo = X » boo =i+ Coo = Z;>»

Ao =X; — X, b=y, ~¥i» Cio=% %

ap, =X, —x, by, =y~ Y, Cii =4~ % (121)

We can now evaluate the integral of Eq. (119) from Eqgs. (119)~(121), we obtain

ag, = 10, by, =10, Coo =0

a,=-2, bo=-3, =38

a,=2, b, =-2, ¢, =8

24;11 =05 =X~ ) — O X))y~ y)
=ayb,, —a; by =10

A(0,0)=0

A(1, 0) = 8000

A(1, 1) = —8000

A(2,0) = —5600

A2, 1) = 17200

A(2,2) = —1600

A(3,0) = 1280

A3, 1) = —2240

A(3,2)=640

A(3,3) =640

A4,0)=—96

A4, 1)=132

A(4,2)=-96

A(4,3)=—-96

A(4,4) =64

(122)

Now, substituting from Eq. (122) into Eq. (120), we obtain for the integral of Eq. (119):

200 (8000) (—8000) (—5600) (7200)
11,5&—10[0+ T bt g
(—1600) (1280) (—2240) (640)
12 5 T 10 15
(640) (—96) (32) (—96) (—96) (64)]
™20 6 2 18 T2 tTa0
_ 23584

3 (123)

The result obtained in Eq. (123) is again in agreement with that of Rathod and Govinda Rao [10].
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Following the numerical scheme outlined in Egs. (120) and (121), we shall now compute the integrals

sk ij x“yz dx dy (124)
Qi

ikl

where
U, j,k,1)E{(2,4,8,6),(1,2,6,5),(3,4,8,7),(5,6,8,7)} (125)

One of the ways to integrate over the area of quadrilateral is by treating the same as a sum of integrals over
two triangles: There are two ways to compute these integrals as sum of the integrals over two triangles. We shall
demonstrate the same in one of the ways. Following the computational scheme outlined in Egs. (120), (121) and
the numerical data for the application example as given in Eq. (99), we obtain

o5 ue = Uy + U7
753 2080 2053
=T T3 VE (126)
16°X15  16°x24 16" %16
g =17 +I7y!
152789 10368 163157
- +— -— (127)
16* X360 16X 360  16* X 360

21,1 2.1.1 2.1,1
5 =12y + 1!
393728 125631 519359
=74 +—— =T (128)
16" X360 16" X360 16 X360

2,51 _ 2,11 2,1,1
Moy, = ryg, + 17y,

6849 693 45333

- + = 129
16°x2  16°x10 16*x10 (129)
Substituting from Egs. (126)—(129) into Eq. (100), we obtain
344023
2,11 _ 2,1,1 2,1, 2,11 2,11 __
H”:,z ,,,,, g IlQﬁsc + HQT%S IIQ?'XW + ”Q’s(%m . 16* X 60 (130

4.1. Analytical integration of the application example

The analytical evaluation of the integral (98) with reference to Fig. 7 and numerical data of Eq. (99), we can

write
i,lo f{f xydxdydz
1.2,. H 8

1—z/4 fy=z—x+4/4 3/4 r1 y=z—x+4/4
Jl J J xzydydxdz—f, f x’y dy dz dx (131H)

=x+z/4 x=0 Jz=x/3+3/4 Jy=x+z/4
4547 6579
T 12X16° 64> X5
344023

= 32
16* < 60 (132)
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5. Line integration

3.1. In the previous section we have shown that the surface integral of the type 11 ‘;{5 7! are in fact reducible

to line integral over the edge joining points (x;, y,) and (x,, y,) and the z(x, y) is in fact the equation of the plane
spanning points ((x,, y,,2,), a=p, q,r,s) and (i, KYE(p, q, 1, 5).
In order to identify the equation of the plane with its spanning points, we introduce a new notation.
2(x, y, p, g, 1r,5) = h + Lx, My instead of simple notation z(x, y) = h + Lx + My and- the existing notation of
a,8,y+1 .
7y will be redefined as

II‘;%?;VH(P, q.r, s)‘fj xyP2" (. y, p, g, r, s) dx dy (133)

in which i, k€ (p, g, 1, 5).
We shall now propose a theorem which will express the volume integral over an arbitrary linear hexahedron
as a sum of twelve line integrals of type given in Eq. (133) along the straight line edges.

THEOREM 6. A Structure Product:

III:,’IB‘"’ =J'fj x%yPz” dx dy dz
,2,3,...8 H

1.2,3,...8

where H, , ; ¢ is a linear arbitrary hexahedron with vertices at (x,, y,.z,), a=1,2,...,8) is expressible as a
sum of line integrals along the straight line edges joining points ((x,, y,), (x,. ¥,)), (@, b) €{(1,2), (1, 3), (1, 5),
(2,4), (2,6), (3,4), (3,7), (4,8), (5,6), (5.7), (6,8), (7,8)}

1,4,6,7)
(y+1)
TR (2,4,8,6) - 757 (1,2, 4,30 +{IITE7 1 (1,2,4,3) ~ 1557 71(3,7, 8, 4)}

X
T4

M = {7y (1,5,6,2) = 74 77'(1,2,4,3))

TN (1,2,4,3) — I8 TN, 3, T, )+ {IIEY T (5,6,8, 1) — HgE Y TN(1,5,6,2))

TS,
+10227"(5,6,8,7) — 11‘;;5*“‘(2, 4,8,6)}+ {11;;,‘3"’+ '(3,7,8,4) — 11;';6*’“(5, 6,8,7)}

T8

TR (1,3,7,5) — 75775, 6,8, O} + {l747 71 (3,7,8,4) — H3£77'(1,3,7, 5)}
HHGE T (1,3,7,5) — H757 (L5, 6, 0+ {l75 77 (2,4,8,6) — 1757 71(3,7,8,4)}
LT 1(1,5,6,2) ~ 11757 '(2,4,8,6))] (134)

X
T2

PROOF. Using Theorem 5, we can write

e 8“ij x*yPz" dx dy dz
H

Hyas,.
1,2,3,....8
‘0(1’4’6’7) aﬁy+] aBy+l aB'y-H aBy+l a,B,y+1 a,B,y+1
= W [— oV, + 1 09, 4 -1 0, + 17 09s4 -1 O + 1T 0%y 4 ] (135
Using Lemma 1, we can write
Hgs™ ™ =387 G ok D+ U757 G ok D+ HES7 TGk D) + 11;;507“(1', Jok D) (136)

xy
Also, we note the equivalence of integrals over the oriented triangles 7,’,  and T,

‘;fft”(: J. k, l)—JJ x*yP2" (%, v, 0, j, k, 1) dx dy

—H L xYP ey ik D dx dy (137)
T"ap

in which p, g €(, j, k, ).
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Using the result of Eqs. (136) and (137) in Eq. (135) and rearranging the terms, we obtain the result of Eq.
(134). This completes the proof of Theorem 6. [

In Theorem 6, we have used the notation

sl (p.q.r, s)=ff XY v, p g, 1 8)
i
in which i,k€(p,q,r,5) and z(x, y, p,q,r,s) is the equation of the plane spanning points ((x,, y,.z,),

a =p, q, r,s) which includes (x;, y,, z;) and (x,. y,, z,). Hence, without loss of meanings and concepts involved
in Theorem 6, for the sake of uniformity we define

ST s ) BT )~ 5T (g (138)

in which p=p’=1i, ¢g=¢q' =k and certainly noted in previous sections the plane spanned by ((x,, y,,z,).
a=p,qrs)and (x,,y,,2,), b=p', q',r',s") are different. Alternatively, Eq. (138) can be written as

JJ;-{;;j s sy =R Gk, ros) — 11;{3{;,7 k', s)
_ a By y+l1 . y+1 . I3 ’
—IJ YRy ko) =2 (g, y, ik, r 5" dxedy (139)
T;’,\;).i

Using Egs. (138) and (139), we can rewrite Eq. (134) as

gty = 0—((1}-11—’?’)& JITEY1(5,6,3,4) + JUTE7 (6,8, 1,3) + I T (1,2,7.8)
+ Jjﬁgﬁ;j*'(z, 4,5,7)+ 11;5{30';*‘(7, 8,1,2)+ JJ?;{?(;Z“(S, 7.2,4) + JJ;Q;;*’G, 4,5,6)
+HIITET(1,3,6,8) F JITETT 4,8, L,5) + JITE T3, 7, 2,6) + JUTE T (2,6,3,7)
+ JJ?';(;Z“(I, 5,4,8) (140)

5.2, In the previous section 5.1, viz. Eq. (139), we have defined

def . .
JIFET e s ry = R8T ik, ) = I3 Gk, ')

oy xy
Thwi T

=JJ Y 0 y ik ) =2 y, ik ' sT)) dx dy (141)
T

koi

where z(x, y, i, 8, 0), (6, o) E{(r,s), (', s")} are equations of planes spanning points ((x,, y,,z,). a = i,k 6, o).
Hence, we can write

zx, y, i, k,r,s)=h+ Lx + My

(142)
2,y i kr',s'y=h"+L'x+M'y
which further satisfy the relations
Z(xi’ yi’ i’ k: I, S) = Z(xis y,», i, k, r’, S') = Zi
2, v, Lk, ros) = 2x,, v, Lk, P, sT) =z,
wx,, y,, Lk r,s)=z,
(X5 Yo L K, 1, 8) = 2,
(143)

2w,y Lk, s)Y=z,

2, vy, Lk rsY=12,

20,0,i,k, r,s)=h=27" (say)
20,0,ik, r',s)=h=2z""" (say).
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LEMMA 4. Let T3, be an oriented triangle in the xy-plane with vertices at (x,, y,), (0,0) and (x,, y,) then the
structure product:

B, 1 def B, . 1
JITEY s, v Y S AUTE T Gk, vy s) = U (s, 15T}

at+tfB+y+1
=@y 2 2 Fude—n,n)Gu (B = nynHE " (y + 1=y, ny)
n=0 nytnytny=n
(144)
where
a a—hn n
F (a—n;,n) :<n1)x" x;
G,(B—nyny)= < B)"f_nzx?kz
n,
;coslr < (y+1l=n,n)=Hg(y+1-nyn,)— Hkm (y +1—ny,n,)
o (145)
(7 . if 2 =0
km Sy +1- Ny, ny) = vl (7 + I)(Z;A,uk)yﬂ—p(p )(Zk _ z:’)A#")P“ﬂs
2 p n, S 2 20
el (@+B+p+2) o o
(Ap) E{(rs), (r's")}
and
247 )
. koi , if zzAp.k =
AZ =| (@ +B+y+3) o
247, , if 2% #0
(Au) €1{(rs), (r's")} (146)
PROOF. Let us consider the integral
LG, k, A, W= jf x"y"z’ '&, v, i, k, A, ) dx dy
(A R EL{E, ), (', 5D}, t=r,r’ (147)

where T, is a triangle in xy-plane which is obtained by collapsing one of the side of the quadrilaterals Q7.,; or
¥ . i.e. a triangle obtained by letting (x, = x,, y, =y,) or (x,. = x,., ¥, = y,.) clearly the triangle so obtained

has vertices at ((x,, y,), a =k, ,i), t =r, r'. The parametric equation of the oriented triangle To (t=rr")are
given by

x=x, tx,u+x,U

Y=Yt Yukh + Yyl

2, v, ik A p)y=wetwau+w,v (148)

O<su, v=1, utv=l

Xy =X, ~ X, Xy = X; — Xy, €tC.

Using Egs. (148), we can map the oriented triangles T;; in the xy-plane to unit triangle in the wv-plane.
We have for the area element
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M, )
dxdy = s v) Sy dudv =x, v — Xy,

=(24,,)dudv
= (2 X area of triangle T},)dudv (=r,r')
Using Eqgs. (147)—(149) we obtain

By+l1 dif B+l “+1
‘”;ii}:, r,s,r',s))= II;?,’,»’V @k, r,s)— 11;157 Gk, r',s")

191

(149)

1—u
= (24;)) fo J; [x, +xu +x,0]% [y, +y,ut yikv]ﬁ[zk +z,u+ ziku]“1 du dv

1 fl-u
—(242.) fo L [x, + x, . +x, 01 [y, + y,u + y,01°
X [z, + 2,4t + 2,0)7 " du dv
We also note from Eq. (142) that
Wy, Lkr,sy=h+Ix+My=z,+2z,u+2,0
wx, y, k', s"y=h"+L'x+M'y=z,+2z,u+z,0
Let us further use the transformation
u=1l-£&, v=§n
Using Eq. (152) into Eq. (150) gives

JJ;{;,IH_(ZA"”)I J [x +xkr§+xtkfn] [yr+ykr§+ytk§7’] [Z +Zkr§+zxk§n]y+1§d§dn

-(ZAk,,)f f [x, + 20 € + X, 6011y, + Y € + vl
X[z, + 2, & + 2, 60" £ dE dn
We have from Egs. (143) and (151)
20,0, k,r,s)=h= zf)”k
€0,0,ik,r',s ) =h =z5
Choosing x, =0, y, =0, we obtain z, =z,
=0, y.,=0 Weobtainz, =z "

Let us recall from Eqs. (138) and (139) that

U5k A, m~” Xy ik A pdedy (A W) E (9, (7, 5")
and
JIFE T s, ' sy = I35 Gk ry ) — I35 Gk, 1, 87)
Using Eqs. (154)—(156) in Eq. (153) and (156), we obtain
JIF s, sy =Hep " ik ) = 57 Gk ', s”)
= (24) f f £ 20 4 ) ()l ™ + 8 — 20 + 2]

[z;)rs 'k +§(zk xrsf( +Z,k7’) ‘y+l}d§d77

(150)

(151)

(152)

(153)

(154)

(155)

(156)

(157)
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Let us now define
X(m = (x, + x,ﬂ?)a
Y(n) =y, + y,m)”
(Zk + Zikn)yﬂ if Zuuk =0

ze = e (V0 Dty o2
3
z (a+B+p+2)

(@ — 2 +z,m)” . i 4 #0

p=0

247

koi
A2 =3 (@+B+y+3)’
247

koi *

(158)
iApk — 0
? (Aw) E{(rs), (r's")}
if 7' 20

if z

Use of Eq. (158) into Eq. (157) gives us

1
JIZET s, s = (A) fo X()YHZ(m)"™* — Z(n)***} dn (159)
Letting f(7) = X(m)Y()H{Z(m)"™** — Z(n)"***} and using Taylor’s series expansion, we can write
at+B+y+1 (q)
=2 {_(l }sq 160
S P 4 (160)

where

(g) dq irsk ir's'k
f o =(E7I—q Xt Y(RZ(™ — Z(n) }]> (161)

n=0

We now have, using generalized form Leibnitz’s theorem for Eq. (160), obtained the expression:
rg- 3 (il [Cim) [{d_zgn_ | _{%} ]
” 1t92+493=9 @@Iﬁ dn® a=ol dn® J4-0 dn® =0 dn? n=0

Now, from Eq. (158), we obtain
{d"‘X(n)}
———dnql 7=0 :(a>x‘.x_‘11

{9 q./ "

(162)

def (a—q
— 1“]])
- Flmi

9
Xk

{dqu(n)}
A" Jazo :(a)y"'qz 22 G
lﬂ qz i ik koi
{dqu(n)irsk

d’)']q3 }17=0 def
A =Hyiy +1- g5, 95)

y+1 _ o irs
< 9 )ny Hrngy, if ;=0

{163)

- F1\ B
vl (yq )(z;”k)“‘ ‘() | |
> > : (5){z,~—z'owk}”_q3 2, if 70
3

(a+B+p+2) L °

=43
rs,r's’ def s r's'
H " (y+1-q5,q)=H,(y + 1 —q5,95,) —H,; (v + 1 — g3, 45) (164)

koi

Thus, from Egs. (157)—(159), (163) and (164), we obtain the desired result stated in the lemma.
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5. Conclusions

The theorems and lemmas which we have presented in this paper are interesting for various reasons. We have
expressed the integral of spatial expression x*y?(h + Lx + My)” ™! (a, B, y positive integer including zero) into
line integrals, not via the use of Green’s theorem for plane which was normally done in all previous works
[7,8,10], but by means of a simple transformation which joins the end points of boundary line segments to the
origin of the xy-plane. This transforms the area integral over linear plane polygon to a sum of area integrals over
triangles joining the origin and the end points of line segments. It is shown that the area integrals over the
triangle joining the origin and the end points of line segments are in fact reducible to simple line integrals. These
line integrals so obtained have a product of three linear functions as their integral, viz.

a 1
(xp +x8) (v + y,-kS)B(Zk + Ziks)7+

+1
o )

@tB+pra) &

or

(e + x,8)%(y, + y:‘ks)B — 2z, T zu8)

r=0

We have further used the technique developed in our earlier works [10,11] to obtain finite integration formulas
for the line integral having the above integrand. We have also developed finite integration formulas for area
integrals over linear arbitrary quadrilaterals and triangles by use of isoparametric coordinate transformation of
finite element origin [12,13]. We have demonstrated these derivations and the numerical scheme proposed in
Theorems 1-5 to evaluate the volume integral of monomial x*y?z” over a linear arbitrary hexahedron. We have
further developed a finite integration formula for the volume integral of monomial x“y#z” over an arbitrary
linear hexahedron which is further expressed in terms of twelve area integrals (with two end points of line
segment and the origin of xy-plane as corner points of these triangles) over the triangles. It can be easily verified
that these proposed algorithms are much simpler and economical in terms of arithmetic operations.
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