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Emission Quota versus Emission Tax in
a Mixed Duopoly with Foreign Ownership

Kazuhiko Kato* - Leonard F.S. Wang™**

Abstract

The paper compares welfare under an emission tax with that under an emission quota
in a mixed duopoly where a private firm is partly owned by foreign investors. It shows that
an emission tax is more (less) welfare improving than an emission quota when the foreign
investors’ share is high (low). We note that the government chooses such a high tax level that
it cannot earn the tax revenue from the private firm in the equilibrium.
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1. Introduction

The last several years have seen research concerning environmental problems in the con-
text of mixed oligopoly theory. Of particular interest is the effect of an emission tax, addressed
in Barcena-Ruiz and Garzén (2006), Beladi and Chao (2006), Chen and Wang (2010), Ohori
(2006a, 2006b), Pal and Saha (2010), Wang and Wang (2009), and Wang et al. (2009). The
effect of an emission tax has naturally been analyzed in the framework of pure oligopoly
theory and further examined in the context of identifying a welfare-superior regime among
market-based instruments, such as emission taxes and tradable emission permits or among
those instruments and command-and-control regulations, such as emission standards and quo-
tas. See, for example, Denicold (1999), Kiyono and Okuno-Fujiwara (2003), Lahiri and Ono
(2007), Requate (1993), and Spulber (1985).

Naito and Ogawa (2009) and Kato (2011) favor a welfare-superior regulation in the choice

of an environmental policy in a mixed oligopoly. These studies consider only cases in which
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the competitor of the public firm is a private firm owned only by domestic investors. However,
in the real globalized world, the competitor of the public firm is not always a private firm

) This raises a question: Do the results of the

whose owners are only domestic investors.!
previous studies also hold when foreign ownership of the private firm is allowed? This paper
tries to answer this question by comparing welfare across emission tax and quota regimes in
a mixed duopoly where the private firm is owned by both domestic and foreign investors.
The works most related to this paper are Ohori (2011) and Kato (2011). Ohori (2011)
investigates the effects of foreign ownership of a domestic firm in a pure oligopoly on the
design of environmental policy and, in particular, compares two environmental policy types:

) He finds that the emission tax is welfare inferior

an emission tax and an emission quota.?
to an emission quota in a pure duopoly where two private firms, one completely owned by
foreign investors and the other by domestic investors, compete with each other. Kato (2011)
shows that an emission tax is always welfare inferior to an emission quota in a mixed duopoly
where the private firm is entirely owned by domestic investors and the public firm’s objective
is to maximize both the consumer’s and the producer’s surplus. These studies show that a
command-and-control regulation is more welfare enhancing than a market-based instrument
in a duopoly. In contrast, we show that the emission tax is more welfare improving than an
emission quota in a mixed duopoly when the foreign investors’ share in the private firm is
high.

This paper is organized as follows. The next section describes our basic model. Sections
3 and 4 derive the equilibrium outcomes under an emission tax and an emission quota in

a mixed duopoly, and Section 5 compares the equilibrium outcomes and welfare of the two

regulations. Section 6 provides a brief remark of the model.

1 The analyses associated with foreign ownerships in a mixed duopoly has been increasing in recent
days (Cato and Matsumura, 2012; Han and Ogawa, 2009; Lin and Matsumura, 2012; Matsumura
et al., 2009; Wang and Chen, 2011; Wang and Lee, 2013).

2) Ohori (2011) does not use the term “emission quota” but “emission standard”. In his model,
emission standard is such a regulation that the upper limit of net emission is imposed on firms.
Kato (2011) calls this type of regulation as emission quota. In addition, in Naito and Ogawa
(2009), emission standard is defined as imposing the minimum limit of abatement effort on firms.
To uniform the terms in this paper, we describe emission standard in Ohori (2011) as emission

quota.
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2. Model

We basically follow the model used by Kato (2011). Consider an industry with two firms
— one public (firm 0), whose objective is to maximize the sum of the consumer’s and the pro-
ducer’s surplus, and the other private (firm 1), whose objective is to maximize its own profits.
They produce a homogeneous good. The inverse demand function of the good is given by
p=a— X, where X = xy + x; denotes the total output, x; (i = 0,1) denotes the output of
firm 4, p denotes the price of the good, and o > 0. Both firms have symmetric production
cost functions given by ¢ (z;) = cz?/2.

Pollution e; is generated by production. Producing one unit of output generates one
unit of pollution. Firms can reduce their pollution by reducing their output or by investing
abatement effort a;. The emission of firm i can be represented as e¢; = maz{x; — a;,0}. The

abatement cost function of firm i is ¢f(a;) = ka?/2. The profit of firm i is given by
mi(zo, 1, 05) = (a0 — X))o — —& — —*, o))

Welfare is the sum of the consumer’s surplus, producer’s surplus, and environmental
damage. It is given by

(eo +e1)”

5 (2)

X
W (zo,x1,a0,a1) = / (a—s8)ds—(a— X)X +mo+ (1 —v)m —
0

where 7 € [0, 1] represents the foreign private investors’ share in the private firm and the last
term of W represents the environmental damage.

In this paper, we assume that ¢ = k = 1. Kato (2011) shows that welfare under the
emission quota is always larger than that under emission tax when ¢ > 1 and k > 1. As the
main purpose of this paper is to examine whether there exists the case where the emission tax
is a welfare-superior regulation to the emission quota in the framework of his setting except
for the ownerships of the private firm, we assume c =k = 1.

The decision-making sequence of the government and firms is as follows. First, the govern-
ment chooses the level of regulation given the kind of the environmental policy — emission tax
or emission quota. Then, both firms simultaneously choose their outputs x; and abatement

efforts a;. We analyze this game structure under an emission tax and an emission quota.
3. Emission tax

Consider a situation in which the government imposes an emission tax. The maximization
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problem of each firm is given by

max U'(zg,z1,a0,a1,t), s.t. eg >0, (3)
Zo,a0
max w1 (g, x1,a1) — teg, s.t. eg >0, (4)
1,01

where U'(zo, ag, x1,a1,t) = fOX(a —s)ds — (a— X)X +mg —teg + (1 — ) (w1 — ter). We note
that the above maximization problems have the constraints; we use the Lagrange multiplier

and denote the following Lagrangian function of each firm.

LUt = Ut + )\0(17() — ao), (5)

LT('i = 7T17t€1+>\1(1'17a1). (6)

In the subsequent analyses, we calculate the first order condition of the above Lagrangian
function of each firm and derive the equilibrium outcome in the second stage by considering
whether the emission constraint of each firm is binding or not: We will separate four cases
in this process: Case (bn) the constraint is binding only for the public firm, Ay > 0 and A\;
= 0; Case (nb) the constraint is binding only for the private firm, Ag = 0 and \; > 0; Case
(bb) the constraints are binding for both firms, A\g and A; > 0; Case (nn) the constraint is
non-binding for neither firms, Ag and A\; = 0.

Calculating the equilibrium outcome in the second stage with paying attention to the

above cases, we obtain the following Lemma 1.

Lemma 1 In the second stage, the equilibrium outcome is as follows:

((2+7)(04_t) a-t m) if te o, “ ),

54 544’ |76+
ettt B+y)a—4t a+t a+t) , [« (3—|—fy)a>
) ) ) = ) s by te sy 44, - |

(20, 71, a0, 1) ( 7T+ T4+~ T4y if 16+~ 114~

((34—7)04 20 B3+ 7)) Qa) if te'(3+7)a7oo>’

1145 11447 114~ "11+4+v | 11+~

Proof See Appendix A. O

The superscript ¢ (¢) on x; and a; represents the equilibrium outcome in the second stage
under the emission tax (quota). Lemma 1 implies that both firms discharge the emission and
choose their abatement efforts so as to be equal to the emission tax level when the emission
tax level is low. However, when the emission tax level increases, first, the private firm stops
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discharging its emission. This is caused by the difference of the objectives between the public
and private firms: The public firm has an stronger incentive to produce since the objective of
the public firm includes consumers’ surplus and does not include the environmental damage.
The output and the gross emission of the private firm are smaller than those of the public
firm because the strategic substitution effect works. The abatement effort increases with the
emission tax level, and thus, the private firm decides not to discharge its emission. Finally,
both firm stops discharging when the tax level is sufficiently large.

The government chooses the second-best emission tax level to maximize welfare given
Lemma 1. Note that welfare under emission tax is defined as W(qo, q1,ag,a1,t) = fOX(a —
s)ds — (@ — X)X + mg — teg + (1 — y)(m1 — te1) + t(eg + e1) — (eo + e1)?/2. By the simple

calculation, we obtain the following proposition.

Proposition 1 1. The equilibrium emission tax level is

r B4+ 14y +4)a
197 + 407y + 292

2. The equilibrium outcome in the full game under the emission tax is as follows:

r (65+28y+293)a 5 3(11+7)a

TS AT T TRT
r_ 34+ 14y +9%)a o 3(1l+9)a
WS TAT o T AT
r_ (314 14y ++%)a T_o 4T — (34 4+ 14y + 9%
60 - AT 9 61 — Y - AT )
T _ (98 + 317y + 27?)« AT (67 + 17y + 7))
N AT ’ N AT ’
pr_ Bl +9%)a o (104 -2y —9%)a’
AT ’ 2AT ’
where AT = 197 + 40y + 272 > 0.
Proof See Appendix B. O

The superscript T (@) represents the equilibrium outcome in the full game under the
emission tax (quota). The rational intuition behind Proposition 1 is as follows. There are
two distortions in this economy: the environmental problem and mixed oligopoly. However,
the government can use only one instrument: an emission tax. To control the production of
the public firm with increasing the abatement effort, the government chooses the emission tax
level so as to be moderately high. If its level is sufficiently high, the output of the public firm

does not depend on the emission tax level, and thus the government cannot control it. We

21



REERE W398 H12%

should note that this result can be obtained regardless of . The government cannot earn
the tax revenue from the private firm even if the private firm is perfectly owned by foreign

investors.

4 . Emission quota

In this section, we derive the equilibrium outcome for an emission quota. The maximiza-

tion problems of firm 0 and firm 1 are given by

max W (xzg,z1,a0,a1) s.t. € > e, (7
x0,a0
max 71(xg,x1,a1) S.t. € > eq. (8)
Z1,01

As is the similar manner to the emission tax, we derive the equilibrium outcome in the
second stage by separating whether the emission quota of each firm is binding or not: € > e;.

We use the Lagrange multiplier and denote the following Lagrangian function of each firm.

LU? = Uq—l—uo(é—l'()—f—ao), (9)

Lrl = m + (€ — 21+ a1), (10)

where U4 = fOX(a —8)ds — (a— X)X + 7o+ (1 —)m.

In the subsequent analyses, we calculate the first order condition of the above Lagrangian
function of each firm and derive the equilibrium outcome in the second stage by considering
whether the emission quota of each firm is binding or not: We will separate four cases in this
process: Case (BN) the quota is binding only for the public firm, ug > 0 and u; = 0; Case
(NB) the quota is binding only for the private firm, pg = 0 and p; > 0; Case (BB) the quotas
are binding for both firms, ug and g1 > 0; Case (NN) the quota is non-binding for neither
firms, po and py = 0.

Calculating the equilibrium outcome in the second stage with paying attention to the

above cases, we obtain the following Lemma 2.

Lemma 2 In the second stage, the equilibrium outcome is as follows:
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Ca+a@+v)ﬂa+® B+7y)a—8e 2a— (9+)e

1M+ 1+ 1+ 7 1147
2
Zf e€|:0,9+047 ,
((2+’Y)oz+36 20 —¢ (2+7)a—(5+~)é 0
8+ T84y 8+ ’
(23,29, a8, af) = ! ! ! . 6[ 20 <2+v>a)
(3 (& y T = . |
9ty S+vy

2
<(+V)O‘7 o 7070>
5+ 9+7%

Proof See Appendix C. O

Lemma 2 implies that both firms discharge the emission by the upper limit of the emis-
sion quota when the quota level is low. However, when the quota level increases, the emission
constraint becomes loosen. First, the private firm stops abating investment, and finally both
firm stops abating when the quota level is sufficiently high.

The government chooses the second-best emission quota level to maximize welfare given

Lemma 2. By the simple calculation, we obtain the following proposition.

Proposition 2 1. The equilibrium emission quota level is

0 _ (59 — 67 — v}«
667 + 17y — 1592 — 3"

2. Under the emission quota, the equilibrium outcome is given by

L@ 6=7B+NAl+v)e o _ 2(6-7)(11+7)a
0o — AQ ’ 1 — AQ ’
L0 _ (1394577 - 72 =) ,@ _ (13—dy— )
0 AQ e AQ ’
20 _e_(9-61=7a o (6=7)(6+y)(l+7)a
— 0 — %1 — AQ ) - AQ 9
49 — (212 + 53y — 82 — %)« e 2(59 — 67y —v%)a
AQ ’ AQ ’
wa — (6=7)(39 -6y —4%)a’
2AQ ’
where AQ = 667 + 17y — 1572 — 7% > 0.
Proof See Appendix D. O

We note that in the equilibrium, the emission quota is binding for both firms, that is,
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€; = e;. The rational intuition behind Proposition 2 is as follows. Unlike the emission tax,
the emission quota can give firms room to choose the combination of output and abatement
effort: the emission tax basically requires firms to choose their abatement effort so as to be
equal to the emission tax level. When the regulation level is severe, the government can not
control both firms’ behaviors under the emission tax but can still control them to some extent
under the emission quota. Thus, the government can impose the severe emission constraint

on firms.

5. Comparison of the equilibrium outcome under an emission tax and

that under an emission quota

Using the results of the previous section, we compare the equilibrium outcome and welfare
under the emission tax and those under the emission quota. First, we obtain the following

relationships of these equilibrium outcomes.
Proposition 3

ol < :c? <zl <l for all v €0,1],
a? < af <al <af, for ally €0,1],
el < e =ef <el') for ally €0,1],
X9 < XT, for all v € [0,1],

AQ < AT if and only if v € [0,77),

ET < E9, if and only if v € [0,7F),

where A and F denote the total abatement effort and total emission, respectively and

4 ~0.427 and v¥ ~ 0.327.
Proof A simple comparison of the equilibrium outcomes yields the results in Proposition 3. O

The intuition behind Proposition 3 is as follows. As the public firm’s objective includes
consumer’s surplus, the public firm produces more than the private firm. Under the emission
tax, both firms basically choose the abatement effort level which is independent of the output
level, whereas the firm can adjust the abatement effort level by changing its output level as
long as the emission constraint is binding under the emission quota. This leads to the output
of the public firm is larger and that of the private firm is smaller under the emission tax than
those under the emission quota. Further it also causes the total output under the emission
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tax to be larger than that under the emission quota.

With respect to the abatement effort and the emission of each firm, the emission tax es-
sentially causes the abatement effort of each firm to be equated and the emission quota does
the emission of each firm to be equated in this model.*> Thus, the abatement efforts of both
firms under the emission tax are in the range of (a?7 agz ) and the emissions of the both firm
under the emission quota are in the range of (e, el).

With respect to the total abatement effort and the total emission, the magnitude relation-
ships varies with the value of v. When v increases, the gross emission increases (dX7* /dy > 0
and dX®/dy > 0), and, therefore, each environmental regulation becomes severe (dt” /dy > 0
and de?/dy < 0); the public firm produces more to decrease the revenue of the private firm.
However, it does not reduce the emission under emission tax, though it does under emission
quota (dET /dy > 0 and dE® /dvy < 0); the output-expansion effect dominates an increase of
abatement effort under emission tax. As a result, the magnitude relationships of the total

emission between emission tax and emission quota changes when v exceeds some threshold
vE.
Next, the following proposition shows the results of welfare comparison between the emis-

sion tax and the emission quota.

Proposition 4

we>wT if vel0,7),

wT > we otherwise,

where 7 (=~ 0.073) is the sollution of WT — W% = 0 and the strict inequality holds when

YF#FY
Proof See Appendix E. O

The intuition behind proposition 4 is as follows. When « is low, welfare is smaller under
the emission tax than under the emission quota, though consumer’s surplus is larger and the
environmental damage is smaller under the emission tax than emission quota. This is because
the proportion of producer’s surplus (mg + (1 — v)71) in welfare is larger under low v and

the public firm produces its output such that the price (P(X)) is slightly smaller than the

3) In fact, as the emission constraint of the private firm is binding under the emission tax, the abate-
ment efforts of both firms are not the same but still similar by compared with those under the

emission quota.
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marginal cost, ¢/(go). In this case, the degradation of producer’s surplus by the inefficiency
of the production allocation is quite large under the emission tax and this effect affects on
welfare in a large scale. However, when ~ is high, this result is opposite. As a result, the
degradation of producer’s surplus does not much matter by compared to the case where -y is

low, the emission tax is superior to the emission quota.

6. Concluding remarks

The paper compares an emission tax with an emission quota in a mixed duopoly where
a private firm is owned by not only domestic but foreign investors. We show that emission
tax is more welfare improving (worsening) than an emission tax when the share of the foreign
investors for the private firm is high (low). From our results and Kato (2011), we should
pay attention to the share of foreign investors in the private firm when we determine the
environmental policies.

We’ll mention one remark. Under the emission tax, the government cannot earn the tax
revenue from the private firm. Here, we relax the assumption of the emission; firms can abate
not only its own emission but also the rival’s emission, that is, e; is allowed to be negative
under the emission tax. In this case, when -~y is high, the emission of the private firm is neg-
ative: The government pays the reward for the abatement to the private firm. Even in this
setting, the similar results to the main text are still obtained. From these results, we should
mind that the result that the emission tax is superior to the emission quota when the private
firm is owned by a large proportion of the foreign investors is not obtain from the reason that

the government can earn the positive tax revenue from the private firm.
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Appendix A

Proof of Lemma 1 Case (bb): First, emission constraint of each firm is binding, therefore, Ao > 0

and A1 > 0. The first-order condition of the maximization problem of each firm is as follows.

881;3[5 =a+X—2z0—x1(1—7)—t=0, (11)
8;;5 — ap—do+i=0, (12)
a;)gt = 0 —ag =0, (13)
aaL;i:a—i—)\l—mo—le—tZO, (14)
aaLa’f = —a1— A +t=0, (15)
aaL/Ci =1z, —a1 =0. (16)

To solve the above first-order conditions, we obtain

w_ B+Y)a g 2a

0o — y L1

11+~ T 1l4y]
w_ B+va w20
0 11_"_77 1 11+’Y7
e(b)bzo, ez{b:&
\Bb — _Bt+ya—(11+9)t /\bb:_2a—(11+7)t
0 11+~ ’ 11+~

where the superscript bb denotes the equilibrium outcome in Case (bb). In what follows, this super-
script is also used to represent the above meaning.

As both A§® and A5® have to be positive, and therefore, Case (bb) exists in t > (3+7)a/(11+7).
From the comparison of X5’ and X\, the emission constraint is more severe for firm 1: There exist
such tax levels that X{® < 0 and A§® > 0. And therefore, there does not exist Case (bn): Emission

constraint of firm 0 is binding and that of firm 1, not binding, that is, Ao > 0 and A1 = 0.

Case (nb): Next, we consider Case (nb) where emission constraint of firm 0 is not binding and

that of firm 1, binding, that is, Ao = 0 and A1 > 0. The first-order conditions are as follows:

agx[jt =a—-2r—z21(1—v)—t=0, an
a;a(jt = —ap+1t=0, (18)
a;;i:a—}—)\l—mo—?ml—t:(), (19)
8;;? = —a1— M +t=0, (20)
881;\71;{ =z1 —a; =0. (21)

To solve the above first-order conditions, we obtain
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b (B+vy)a—4t xnb,a"‘t

0o = y 41— ’

T+ T+
anb:t anb:a+t
0 ) 1 7+’Y7
enb _ (3—|—’}/)0é— (11+’Y)t enb -0
0 7+'Y ) 1 )
A =0, app— =6
0 1 7+_Y

As both A\T* and e?® have to be positive, and therefore, Case (nb) exists when a/(6 +7) < t <
B+y)a/(11+7).

Case (nn): Finally, we consider Case (nn): emission constraints are not binding for both firms,

Mo and A1 = 0. The first-order conditions are as follows:

OLU"

. =a—2x—z1(1—7)—t=0, (22)
8;5 — —ao+t=0, (23)
aal‘g{:a—xo—?)xl—tzo, (24)
aaL;f = —a1+t=0. (25)

To solve the above first-order conditions, we obtain

nn_(2+7)(a_t) nn_a_fy

W=y S sy
ag" =t, ai" =t,
enn:(2+7)a_(7+27)t enn:a_(6+7)t.
0 5+~ » 5+~

In this case, ep™

t<a/6+7y).

and e7”™ have to be positive, therefore, Case (nn) exists in the range where

Summing up these results, we obtain Lemma 1.

Appendix B

Proof of Proposition 1 Substituting =, 2%, ab, and a} into W*(zo, x1, ao, a1,t), we derive welfare level
in each case and define W(t) = W(xh,xt, ab,al t).

First, we consider the case where t < a/(6+). In this case, we calculate the first-order condition
of the maximization problem of the government is

-, (38 + 277 + 47%)a — (233 + 136 + 2372 +~3)¢
Wi(t) = (5 +12) -

0.

To solve the above equation, we obtain

oo (38 + 27y + 47*)a (26)
" 233 + 136 + 2392 + 43
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Here, we have to check tnn, < a/(6 + ). From the comparison, we obtain

o . —13 + 181
tin < oy ”E[O’6>’
tnn%jy) if WG[BZ ml,l],

Note that (—13 4+ +/181)/6 ~ 0.0756. In the former case, tnn satisfies the condition of the inner

solution, therefore, welfare is given by

(123 + 43y — 7*)a?
2(233 + 1367y + 2372 ++3)

In
Won =

In the latter case, t,, does not satisfy the condition of the inner solution, we have to find the
corner solution. However, correctly speaking, the maximization tax level is empty because the range
in this case is open set. If we are allowed to use ¢ that is positive and sufficiently smal number, we
find that the solution is a/(6 + v) — €. In this case, welfare is given by

19 + 2y — v°)a?

Co ., (
Wnn — 2(6—|—"}/)2 (27)

Next, we consider the case where a/(6 +v) <t < (3+7v)a/(11 4+ ). In this case, we calculate
the first-order condition of the maximization problem of the government is

(1) = (34 + 14y +7%)a — (197 +40y +29°)t _
(T+7)?

0. (28)

To solve the above equation, we obtain

4414 §
by = SV E 7 )0 (29)
197 + 407 + 292
From the simple calculation, we easily find that a/(6 + ) < tns < (34 7)a/(11+ ). Therefore,

welfare is

(104 — 2 — 4*)a?

Wb = 5107 + 40y + 292)

(30)

Finally, we consider the case where (3 + v)a/(11 4+ v) < ¢. In this case, the equilibrium output
in the second stage does not depend on the tax level, so we can easily calculate welfare. Welfare is
as follows.

(59 — 67— 4%)a?

Wy = 211+ 7)°

From the above results, we find that the government chooses the emission tax level in the fol-
lowing two cases: v € [0,(—13 + +/181)/6) and v € [(—13 + +/181)/6,1]. Fortunately, we find the

following relationships with respect to welfare:
Wap = max{ W, W W, W }. (31)

Summing up these results, we obtain Proposition 1.
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Appendix C

Proof of Lemma 2 Case (BB): First, we consider Case (BB) where the emission constraints are bind-

ing for both firms, po and p; > 0. The first-order conditions are as follows:

OLU?

. =a—po—2xo—x1(l —v) =0, (32)
8;561 = —ao+ po =0, (33)
8;5 = -0 +ao=0, (34)
a(;z(llza—ul—wo—fimlzo, (35)
8;;3 = —a1+m =0, (36)
aalzg:é—xl—i—al:O. (37)

To solve the above first-order conditions, we obtain

5P B+v)(a+e) xBB_Q(oz—Fé)

N =

11+~ 11+~

3+ v)a — 8e 20— (9 +v)e
aff =g = BEIRZEE g e 202 B2

BB _ BB _ _

€p =€ = e.

In this case, u&? and pPP have to be positive, therefore, Case (BB) exists in the range where
€ < 2a/(9 + ). From the comparison of uF? and uf?, we find that Case (NB) where yo = 0 and
p1 > 0 does not exist.

Case (BN): Next, we consider Case (BN): po > 0 and w1 = 0. Increasing a; monotonically
decreases the value of the objective function of firm ¢ and therefore, firm 1 does not invest the abate-
ment effort at all, that is, a1 = 0. With respect to other variables, the first-order conditions are as

follows:

oLU?
o =a—po—2x0—xz1(l —v) =0, (38)
0
OLU?
e = + po =0, (39)
0
L q
885 =eée—x9+ap =0, (40)
0
L q
88;1 = a—x9—3z1 =0. (41)
1
To solve them, we obtain
xo 7’ xl - b
8+ 84+
aBN = BN = (2+y)a - (5‘|"Y)é7 aBN = BN o,
8+
BN _ - BN _200—E€
€p =€, €31 = .

8+
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As both pf™ and ePY have to be positive, and therefore, Case (BN) exists when 2a/(9 + ) <
€< (24+7)a/(G+7)

Case (NN): Finally, we consider Case (NN) where the emission constraints are not binding for
both firms, po and g1 = 0. As mentioned above, we can easily find that both firms choose their
abatement effort level to be equal to 0. Therefore, we have to consider the choice of the output of
each firm. The first-order conditions are as follows:

OLU?
Dz a—2xg—z1(l—7v) =0, (42)
q
OLm =a—x9—3x1 =0. (43)
8.’1’1

To solve the above first-order conditions, we obtain

NN __ NN7(2+’Y)05 NN _ NN _ «
o = €o —75+7 y L1 = €1 —5+7,
NN _ NN _
ag  =a; =0.

This corresponds to the case where & > (2 +7v)/(5 + 7).

Summing up these results, we obtain Lemma 2. O

Appendix D

Proof of Proposition 2 Substituting zd,z{, ad, and af into W (zo,z1,a0,a1) in each case, we derive
welfare level in each case and we define W (e) = W (g, 21, ai, af).

First, we consider the case where € < 2a/(9 + 7). In this case, we calculate the first-order

condition of the maximization problem of the government is

e oy 1EA2 . 3\s
W'(é):(59 6y — v ) — (667 + 17y — 15y ’y)e:

0.
(11+7)?
To solve the above equation, we obtain
59 — 6y — 7>
epp = (AW—Q’H@ (44)

From the simple calculation, we find that egp < 2a/(9 + 7).
Therefore, welfare is

BB = 9AQ .

Next, we consider the case where 2a/(9 +v) < & < (24 v)a/(5+ ). In this case, we calculate
the first-order condition of the maximization problem of the government is

W (e) = yoo— (11 + 2y)e _

0. (46)
8+
To solve the above equation, we obtain
_ Yo
= . 4
€8N = 71 5 47)
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Here, we have to check whether egn € [2a/(9 + ), (2 + v)a/(5 + 7)) or not. From the simple
calculation, we easily find that egn < 2a/(9 4+ 7). Since W”(€) < 0, the solution is the corner
solution, that is, 2a/(9 4 ). Therefore, welfare is

G=NT+7)a*

W =
SARRFICESE

(48)

Finally, we consider the case where (2 + v)a/(5+~) < é&. In this case, the equilibrium output in
the second stage does not depend on the quota level, so we can easily calculate welfare. Welfare is as
follows.

(T—3y—9%)a”

WnN = 205+ 1)

From the above results, the government chooses the emission quota level that maximizes social

welfare. From the simple calculation, we obtain the following results:
WBB :max{WBB,WBN,WNN}. (49>

Summing up there results, we obtain Proposition 2.

Appendix E

Proof of Proposition 4 We compare welfare under an emission tax and an emission quota. We obtain

(=370 + 49897 + 83192 — 987> — 237* — 4%)a?

T _ yQ _
W =W 2ATAR

(50)

Here, we define f(v) = W — W2, First, we find the following facts: f(0) < 0 and f(1) > 0. Second,
we easily find f'(y) > 0 for all v € [0, 1]. To sum up the above results, we obtain 4 such that f(¥) = 0:
7 is the only solution of W7 — W< = 0. Thus, we obtain Proposition 4. ]
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