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| TIME-LIKE AND SPACE-LIKE CURVES IN FRENET-SERRET FORMALISMS .’
- by .
. Hideo Ichimura
The Frenet-Serret formalism for both time-like and
spa;e—likg'curvés is studied. The Ffeneﬁ-Serreﬁ vectors aﬁd
tha-Frenet-Serrét coefficients in both threé and four dimensions

are expressed in terms of tworld" quantities. _The conversion
.

from the three dimensional Frenet-Serret formalism to the four

dimensional Frenet-Serret formalism and vice versagis described.

Indicatoré of ?ye four dimefsional Frenet—Ser;eq vector are
investigated. The Frenet-Serret equations in both three and four
dimensions are solved for constant Frenet-Serret coefficients
with arbitrary initial.conditionsn

Nulltetrads, spinors, bispinors, spinor adjoint and
bispinor adjoint are then dgfined.- The Frenet—Serret-equations
fér the nulltetrads, the spinors, the bispinors and the bispinor
adjofnts are introduced. Darboux bivecgpr forms of the Frenet-
Serret Eguations for the orthonormal tetrads and the nu}ltgtrads
are derived. Darboux bispinor forms of the Frenet-Serret éQuation§
for .the spinors and %hé bispinor adjoints are derived. Sélutions for

the nulltetrads and the Darboux bivectors and the Darboux bispinors

are discussed. Motion of a point charge in electromagnetic field

and motion of a freely spinning particle are briefly discussed.
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Most of the foreéoing are duplicated for the skew-

symmetrized descriptions. Examples of the above analysis are

g}xen for the time-like curve and the space-like curve with
indicators (éfadq éb=€}=ééél). Théxformef is picked in order to

compare with the existing literature "and theilatEEr is chosen as

e

the simplest case of spabe;like curves.
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' INTRODUCTION . R
W
. ) . 4
. As one pf the mbsthbasic and important suﬁjefés'of physics,

the one particle equatlon of {motion hasthstorlcaLly been an obaect
of intensive study. Classical'mechanid&;treaté it as a vector ( or

1}

tensor } equation- where

thexquantum mechanlcs treats it as a

splnorlal eqpatlon 0f these Ttwo, the 1atter is con51de§:? more -

__._

fundamental tha the ‘former sihce it is possible to expr S any

-

vector ( or tensor\) unlquely in terms of .spinors but-th onverse
. ’ .
is not true. ~

Therefore) it .is only natural for us to w nder how the

classical equation of motion qouzgzbe\:onverte to the quantum

- e ———

mechanical spinor equation of mo ion. The use . Frenet-Serret

equation to describe the relativistic motion of a point particle

';as pioneered ny Synge(1937). Gursey{(1957) then followea with the
*spinor ahproach to the geometry of time-like’trajectonies. Kent
and Szam051(1981) extended the above to ::z>burve; space-time.

* The purpbse of thi¢ study is two—fold'- //’

(1) Systematlc and thorough treatment of the Frenet-Serret equatzons.
(2) Generalization of (1) to inclpde space-like curves.

. R

. -
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Tn Chapterhl(i), we intrb

- ) dzmen51onal Frenet-Serret equatlons. The Iatter is first rewrit

T

in terms.of'the skewfsyﬁ@etrlzed tetrads denoted by a wavysbar O“J).

JThen both are further transformed to the reduced tetradg which are
o Lo :
Lo : : - A
noted by a ‘reverse wa&& bar (efﬁ Finally the three and the four
1

. _
|hd;men51onal quiptxﬁiés (the-Frenet-Serret vectors and the Frenet—

Serret coeff1c1ents) are expressed in terms of each other uging
'(iehe £;ct that the coordinate of a particle in three dlmen51ons is
a spatfal part of space\bime coondlnates of the same partlcle in

++ ' four dimension. Thls part of the idea is an exten51on of a common

practice in different@al qry (Adqghl 1976).

In Chapter 1(i7),

like motion with cpnété eed along.a heliﬁ iemfeur dimensional
. . ®
the Frenet-Serret vectors and the Frenet-

. ' . gpace-time and deri
{ )

_Serret coefficients ani the ;;Ekcators. ( Indicators indicate

st we consider time-like and space-

~

whether the vectors they refer to are time-like or space-1like -arnd are

-1 for the former and +1 for the latt ynge and Schild 1949) )

We also derive the same. for circular tion by setting the pitch

to be zero in the above analysis. We then conduct the same study

on the motion of a particle with constant speed.in four dimensionai

'space-fime, We finally extend the above to the cases with not

necessarily constant speed. We then expfes§ the three dimensional

-

(\_/ Frenet-Serret vectors and the coefficients in terms of velocity.

- . 4 : -~ >

\\_,/Ji?bs“ ' ‘ ’ | ' - -
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In Chapter 1Qn), the solutlon of thb—ég;;e and four

¢

dzmen51onal Frenet-Serret equatlon with constant Frenet—Serret

csefficients are’presented.

) In Chapter Z(i.),’tﬁe four

equations are first re-expressed in
r
., -

Then they ére-expressed in terms of
in terms of the bispinors and their

and Darboux bispinor forms are then

In Chapter 2(il), the same

Chapter 2(.|) as in Chapter 1(%W).

-

d%mensional Frenet-Serret
terms of the nullsetrad.
the spiﬁors and finallyl
adjoints. Darboux bivecﬁ;;,

introduced.

treatment ig applied on

In Chapter 3, as applications, we describe the motion

of a point charge in electromagnetic field and also of a freely

spinning panticle..

The chapters 2() & 3 mostly parallel the earlier

treatise by Kent(1978) and many of the notations, conventions

and definitions therein are not discussed here again. Among

them, for example, are A
%%
O

I Y=

A
Eﬁl&;_ 6 &
o =

o

and “

e'”““e

%.f}

aley evc:) E’d(;)ea.»: -]

O

A

> ..
_gAé

A~
(1)
(2) ~
(3)



, CHAPTER 1 o

.FRENET-SERRET EQUATIONS LT .

4

(i} Frenet-Serret Equations in Three and Four Dimensions

We: consider a: three-dimensional space and an
1

four-dimensional space-time, a point ‘on which is denoted

by . ) .
x .
¥y o= |y - (1-1-1)
z' . : . - :
and
Y
.|t
i
X )
= i P (1-1-2)
Y .
z

respectively, or rather x> (A=1,2;3) and v (n = 9,1,2,3J."

-

At each point we can construct a framé of three and four linearly

-

independent vectors which we call zn orthonormal triad, denoted by

v

LI N e
' = €12) - o (1-1-3)
. X !
d €(3) B SRR

-



\,/ - Py €(0)

v¥

*a
»~

or ) (J = 1,2,3), and an.orthonormal tetrad, denoted by

J

SN

B
wo (1)

U
®(2)

!
e
%63 |

or'e%a) (a‘= 0,1,2,3), respectively.

/

These triad and tetrad are locked onto the curve by

demanding
g_"‘ -
(1) d.o
and
eu _ dYp
(0) d.s ’

whereupon we write the Frenet-Serret equations as

-

4. & o

where

(1-1-5) -

(1-1-6)

(1-1-7)

| mdaem A



E' =
and )

. 2

(dg)™ =
and

d .uw _

d.se
where

ep' =
-~ ":"?

k =
and

2

(ds) =

oo
L (1-1-8)
| 0 —h2 0
2 2.
(a)? + (an? + (a2)? (1-1-9)
-
kK . e (1-1-10)
B Y
€(0)
il
(1) . :
» (1-1-11)
eu
(2)
B -
S(3)
r . Y
0 ko 0 0 Q
-e ¢e_k 0 k 0
010 1 (1_1_12)
0 -elezkl 0 lc2
\ 0 0 —e253k2 0/

‘ (dt)z - (d‘)z ‘ (1-1-13)




§ ——

namely

(dt)'z‘-_(dab)2 for time-like curves (1-1-14)
2 : - -
(ds) = ”
'(dd)z - (dt)2 for space-like curves (1-1-13)

<

~

and 2is the arc-length, §. the Frenet-Serret .vectors' and

h the Frenet-Serret vectors for three-dimensional curves and s is

_the arb-length, e, &'s the Frenet—&;gpet'vectors; indicators, and k

%he Frenet-Serret coefficients fof,Eoursdimensional‘curves.?he

coefficientsy are related to the orthonormal triads§ by

2 _ %y

by e T du (1-1-16)
~ b +h o= d(j’) . - d(j) / (1-1-17)
and ﬁ
a3 d '
I € M €))
Ry 5 TRyt Tae : (1-1-18)

-

where in terms of unit normals

_ A 1 A 2 N 3
Ya) = FE@ Y@ T EE o (9

and we define

£ - £(2) - ‘(1-1-20)



Likewise the coeffiéients % arerelated to the orthonormal tetrads

e by .

de de :
2 _ (o) (0) ’
€ 1‘k0 = ” . = s (1-1-21)
de ;ae
2 2 (1) (1)
€ gko v € 5K e " ’ (1-1-22)
de de .
2 2 (2) (2)
€ 1 kl + € 3 k1 il . P s (1-1-23)
. .
and . )
' de de
2 ) (3) :
€ k = . 1-1-2
- 2 2 . . ds d_s . 3 ( 4’)
‘'where in terms of unit normals

®lay ~ ec()a) X e%a) Ty e?a) + e?a) ¢ (1-1-25)

and we define

" ™

€(0)
[

c = (1) ) ' (1-1-26)
®(2)

L %(3)

Ve

In terms of %‘and e, the Frenet—Serreﬁ equations written as in

Egs. (1-1-7) and (1_1_10)l are now re-expressed as

=& = n-¢& . (1-1~27)

;



and

k

<

(1;1-28)'

Since motion of a particle can 2ls0 be expressed in

three dimensional and four dimensional forms of the Frenet-Serret

equations, ?ﬁgy are related, which we are now to investigate.

Let us first use the indicator matrix

e
i

0

to skew-symmetrize Eq. (1-1-10) as

+ d my
—_—e
ds
where
| Y
c =

()

—
e

(1-1-30)

(0)
e(1-.)_
°(2)
| 5(3) ]




and

= §

Je

Je

a3 ag

af

L=

10

®(0)] k
£
¢.
.
(1)
.
(2)
e
) (3)‘
L™
_ (1-1-31)
El
7 - -.7:_;
EY
g -1 L W Bow
X .
Je 0
— 0 ~ 0
Je 0
1
Je 1
0 ————r 0
Je ” 1
Je 1 Je 0
—_— 0 _—Lk
Je 9 "1 Je 3 2
Je 5
0 ————lr O
Je 3 2
) 7
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o k 0 O
- O v
k. 0 k. O
= 0 1 | . (1-1-32)
) o v 0 "l? : .
~ky k,
? »
[0 o K, o

We then rewrite Egs. (1-1-+ ) and (1-1-30) by the

transformation (reduced description)
—_ & = v E_ i E (1_1_33)

where v is the 3 velocity, i.e.{ the dash indicates temporal
differentiation )

I+

€ = TE+(3) ¢ (1-1-34)
and, with ¢ = 1, by

e = oA C . - (1-1-35)
i.e.

e = = g =

Tt (=) ® (1-1-36)
- oA
respectively ;b

§ = (1-1-37)

R
A

and



where

i

")

ur:'a_

12

(1-1-38)

(1-1-39)

(1-1-40)



o

1

13

(/e
Je

Je

Je

€(0)

(1)

°(2)

*(

3)

(1-1-41)



~ '2(/\
k*= VI+J/|1-v]Ek

2 p
)
v .ko Q 0
k., v k., O o
- ° -t , . (1-1-42)
0 —kl Vv k2 :
L0 0 -k, V|
1 T
U= —v(=
V(v) (‘
v!? i
= = (1~1-43)
I J
and
. . L ‘
v = A1 -2 (=2
N1 -+
T .
= - . (1-1-44)
v, -1 .
>




¥ the coordinate of a particle in three dimensional space

and.&'in four diménsionél"space time are related to each other as

. . t \ -
Y = ] ' . : (1-1-45)
\ v . . | |

If we utilize Eq. {1-1-45) together with Egs. (1-1-5),

(1-1-6), (1-1-33) and (1-1-35), we obtain

~ 1 ) - .. V4
{g, e ~ ; . : (1-1-46)
(0) £
),
oy o v |
Jzieto) = [~, , . (1-1-47)
&) |
o~ 0 ) i
V& eloy = "‘3 , (1-1-48)
Eay |
. 0 N ) - bl
N&eloy = 2 N " (1-1-49)
(1)) .

" and so on.
Then we obtain from Eqs. (1-1-46) ~ (1-1-49) various

scalar identities such as

[ %oy %oy T &L € (1-1-50)



T
\
4

~,, ~,,

“(0) ° (0)

L) _
°(o)_ R (:))

0) * ¥(0)

N"I

%) o)
o) * 330)

€0) *-¥(0)
oy - Fo
"and so on.

We are now to express

Ty’ E(2) 24 E¢3) 24 %oy
6(2) and 3(3) as

‘16

-~ Ip

£(1)

~n
£(1)

£(1) =

0) g

¥y £
E( and

~I’

&(1)

~tl

EXQ )

N'&

(0)

£y T V& TMm &

g (1-1-51)
(1-1f52}

(1-1-53)

(171+543

- (1-1-55)
.(1-1—56)

T (1-1-57)

(1-1-58)

1) and gtl) in terms of

in terms_ of e(o), e(l),

(1-1-59)
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VT U EATEANE, S

;)“U(&(:>+h ES""L\( ‘I{'&_(\;-UE(,_)'*' R EBD+U EU’H& &1) o (1—1-60)/\)

SUSRHUYEUR ARDVE R Em -

tp—w‘h TU)EHRURA T Bt R g &G)ﬂU-m S RUNARTEHRY &e)
SRRV ESFREN2UT AR REFESFT IR, T, 9+U &)
HRUU-2R A0 )‘5:,‘\'(20‘[{,1‘20'&"1‘?' JEIRL TS WD) &gy .
=(UAUSBOUBORERRS )aﬁBu‘YBU'f BURRRRE T Bm""? R

T (1-1-61
, el) V@l -ﬁo@m , - (1-1-62)
62[°)=\/€“’)+“E @l)ﬁ-v,é—u)“‘:ﬁ”é' ' ‘ _
—V(V@{o;\“ﬁo@m}\'ﬁ -RE, +Ve‘+ﬁ CoVESRE,
=V "E"l‘\/ )%p) ZV"R;?-'&D)@ +:E"ﬁ @Ra) , ’ (1—:—1-63)‘
S\

AR Je’s(szl PRGN 8RR e (RR) @9
WRWESAE MvE RV E AR A IENEH AR
TRV R VG Rv v R B Br@ERENE, - Iy

=VARVRW SRR RE vy B3 RrRRR : TR,
HvER R R+ )@3'\-1@ ERE,, .

-, (1-1-64)
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_We then rewrite Egs. (1-1-50) ~ (1-1- 52) u51ng Eqs. 1-1-59)

~ (1 1—64) as

L )«;._.t4‘+4% )k\ Al ' ; S (1—1;?g¥
l(\) R0 2R RE R R vt | |

LW BV aviad TR l = '}_'cl-l‘_gg;)‘-
od Co
L(U-\-U -\~?>UU-?>U }\ —Sh T, )-\-@U h"aUT\.%U ’R 3 )3-_ .

ABURRA2Z R KA BN T Ww VYR 25 R ,’7
HBVERVERVE R -4 +-&”)‘+@\Jﬁ;§w~2»a, BRRRRR oo

- (1-1~67)

~

L]

.# N .

Thus knowing'3 the three-dimensional velocit&'bf a particle,
\ > - ‘ .~ v . i
. . . {

the Frenet-Serret coeffizzgnts in three dimension can Bbe converted
- - ] v - - . .

. ) L .
to those in four dimené}on and vide versa using Egs. (1-1-65) ~

il

. - ) /'_ - .
(1-1-67). The other i&%ntitres Egs. (1=1-53) and so on yield only

redundant information.//?or example, Eq. {1-1-50) gives €y = -1
L / ’
and €y = 1 for time-like and space-like vectors, respectively.—

We now try to formulate the conversion of the Frenet-Serret

~

vectors.

-
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o First from Egs. (1-1-5), (1-1-6), (1-1-31), (1-1-33),

(1-1-35) and (1-1-45), we obtain

. | o | |
)

* We thén derive by the use of Egs. (1—i—37), (1-1-38) and (1-1-68),

~ ‘-\-'-(\iy LS
4—6— = vy -Rn A&I ) -&I‘FE\:

Thus using Egs. (1-1-68)-. (1—1—71), we can convert the
Frenet-Serret vectofs in three dimension into those in four

dimension .and vice versa.

AR

O



-

(ii) Time-Llike and Space-Like FrenetQSerre;fVectofs

When we talk about the four dimensional space-time, we

rm—

seem to be at liberty of'chbosing the.indié;tor +1 and -1 t¢ be

—

for space-like gnd‘tim@-like curves, respectively or vice versa.
However, we learned in the foregoing section ph;t, if we are to
relate it to the three dimensional space, it is not the case and
the indicator +1 and -1 are inevitably for space-like vectors
and time~like vectors, respectively. We naturally would like to
know which éf the v?ctors e e, and e_ are time-like and

07 ‘W T2 B)

the rest space-like.

22 Let us consider the constant velocity motion along the

helix, which caﬂ, without loss of generélity, be represented by

™ a cos

wt
¥ = a sin wt ? (1-2-1)

bt

r,/

-
-

where a, b and w are constants, which is the solution of'tﬁe set

of equation of motion in Cartesian coordinate

X7 4 wzx = 0 (1-2-2)
2
yv+ wy = 0 : (1-2-3)

z = b . (1-2-4)



(\.

)

21
under the initial condition ,-
) x{(0) = a ) . (1-2-5)
o) = o - . (1-2-6)
y(3 = a (1-2-7)
¥Z) = o ’ (1-2-8)
/ 2 : ,
z{(0) =0 ’ - (1-2-9)

where the dot indicates the differentiation with respect to t.

Tn. terms of the four dimensional Frenet-Serret description,

first we find by the use of Eqs. (1-1-6) that

“(0) =

SR S— y - (1-2-10)
Ji1 = v7) a w cos wt :

and

e . - \

w * $(0)

1 1

( where B=wt )

——— [-1,-aw sind,aw cos8,bl.——
J11-v%}| ) 1=+

1
-aw sinB

aw cosB

b

v
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- a2w2 +~b2 -1
11 - 7| o
= _Ef_:_l_
I - 3
- time-like '
= +_1 (spaceulike curves) (1-2-11)
Then we use\ one of the Frenet-Serret equations to find
" de
e - 1 (o)
(1) k ds
o
1 ~
1 1 d 1 ~aw sinf

s . ko J!l-v ] de Jll-v | aw cosS8

0 ’ Y

aw ‘ cosf

3%

- - - (1-2-12)
kK |1 -+v"] I|sin®
[»)
0
and thus \
-
- _ .
1 ®ty %)
_ aZu® . (1-2-13)
= >
k: |1 - v2|
% o)
Namely,

€ 1 = 1 ‘ (1-2—14)



and .
. o2 4
k2 — a w - . (1-2-15)
0 2,2 . )
11 -V ‘ _
Similarly we find )
de k
e = .!'— __.(ll + € e _0
(2) ky ds 0 1 k, (0)
% . .
= _ aw3 -sing e ¢ Eg___]___ —aw sinel
Egk1|1-v2\3/2 cife 0" 1k fr;:;yi aw gose:
- | (1-2-16)
* and thus _
€ = e“"/:
2 3 (2)
-~
2 6 &2 2 2 4
2,2 2,3 2 2 0 1,2 2,2
koklll—v ] klll—v \ kl‘ 1—v |
_ 1 azw6 + k2 v=-1 oe . azw )
2 2 2,3. 0 2, 0o 1 2. 2
k] ko\l-v | l1-v7| | 1-v*
I ( a2w6 Il—vzl 2 v’-1 a2t 2¢ € __32W4 —)
R E Nt = At
2 2
Y E T 2,2 l1-v3] 2 .
1 1-+7]
- L5 2’ ) (1-2-17)
= — + - ) Y
12 t1-v?] ~ 11-v*| 2 :

4



_o1 2 i + a%?
T2 2,2
Ry 1-v71
I 1-b> time-like L (1oa18)
- = 2" 2,2 ° space-like Surves) .(1-2-
ey v ;
rNamer
= time-like, space like (1>b>-1)
€, = i 1 (space—like (b>1, b<-1) cu.r'ves)
- (1-2-19)
and
ki _ W2 11-b21 ] S
N ‘ ll-v \
Finally we find
. 1 A8, B
= =2+ €, €,
T R ds A E_Eu) ) |
. O | -
___L( Ayt s %L e _E —-C\LUI B
- B MG'\" \E‘ L -
.EL {ﬁ‘\ > [\__M*\ 2-&2 -ﬁoh'—N‘\ A
O
e

T awt J-
__-E-;I‘ﬁo‘ﬁk\l—nz\l “(éo e\?*‘é EZ'E ) T } 29 (1-2—2;)
i) ;
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and thus

_ ¢=(3)

©(3) . °(3) "

and

di(Coa g SN

:=\Af1[r“—— (C 2o £y }_—A&%- -
o {_:Eﬂ aguu b=

?6 recapitulate; for the time-like curves

(4 0 = -1 b
and
aw2
k =
0 1 = 2
J1 - b2
k = W e
1 .
| 1 - w2
aw 1-b aw
k = w + ( - ) ]
2 f_’-z /1-b Z aw 1—V2

R

(1-2-23)

~ [ aw® lkﬁﬁhﬂﬂ;; - “)‘1ﬁh—-
*® i——»\‘ O™ WH-BY (é-. e“’dm"‘ i ﬁ— j

(1-2-24)

(1-2-25)

(1-2-26)

(1-2-27) .

(1-2-28)

(1-2-29)
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and for the

and

and for. the

and

space-like curves with -1 < b < 1°

€ 0. =_ € 1 = € 3 =1
€ 2 = =1
. 2
= aw
v2 -1
_ o f1i-?
v2—1
=wt1 _(aw_l-b a\-\r:I

)
1-b J1-b2 aw . 2 g }

]

space-like curves with b > 1 or b < -1 -

(1-2-30)
(1-2-31)
(1-2-32)
(1-2-33)

(1-2-34)

(1-2-35)

(1-2-36)

(1-2-37)

(1-2-38)
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We here note that, if we setﬂb.=.0 in the foregoing analysis

we obtain the result for the circular motion with constant velocity

which is for the time-like curves

[ 0 = —-1 . . (1"‘2—39)
) e, = €, = 1 _ (1-2-40)
and
— vw i — —
kg = —— (1-2-41)
l - v
w
k =
; 1l - v2
k
= =2 (1-2-42)
v .

€o = ¢31 =~ 1 | (1-2-43)""
€, = -1 (1-2-44)
and

VW *

kg = 3 ‘ (1-2-45)
v, =1

_ w
k) =

(1-2-46)
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In the above, we observe that, because k_ being zero,

2
®(3) is decoupled and this seems to be a consequence of Y
being essentially three dimensional.

Let us here comment on the definition of the Frenet-

_Serret vectors, their indicators and the Frenet-Serret coefficients.

2 -

'In determining k's and g's, for example in Egs.(1-2-2§) through

(1-2-38), if we allow k's to take complex vélues, we could have
either +1 or =1 as £!'s, arPitra;ily. We also notice that k2 is
uniquely determined. Therefore we de%éde here to define all kts
to be real positive so that the.Frenet—Serret coefficients and
their indica£or follow u;iquely.

'Lgp us now generalize the foregoing analysis a little
further. ief'hs study the motion of a particle with

canstant speed. From the Frenet-Serret equation we obtain
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(1-2-47)

Cy= ;j‘:;‘[ 1 2 |
ll) -&b \\" "lﬂ‘u\& -. . : . ) ) | ' h ) (1—2—48)

. i N -
el >y -ﬁ 'ﬁ (h_ l%i -t D é 1 .&\ l\_ U’-\ 131 (-1—2-'49 )‘.

W R L |
eB;-&g—?;&(\\._ 01\7\UMK+ (ef’ e‘ %‘EJ‘- é‘ & i@ \\\-«)‘\X_% 'I . (1-2-50) -

(1-2—'4ﬁ through (1-2- z9) we obtain .

From Egs. .
!
.=@T0)@m
1= :\)\ 1 \:’\
— —hent ‘ :
TS . (1-2-51)
. C_ v :—_D_l:‘; ?”‘
RIS W v ) (1-2-52)
= L=ty
¢,= €, &, -
Y I Gy i NGV
‘w*m-m’] =266 fa\( by R0
e Lxwy E
e S L
T ] e

~



ey

g
] 63==F§f31>
=_L- \ el '(F
BER - foD'N \'o“ R, +é € %\ T \ © (1-2-54)

From Eqs. (1-2-35j), we find

0 = 11 (Cpaeociiwe mVeS) . (=259
From Eq. (1-2- 5:2), we find -
. toore g =1 " (1-2-506)
and | | <

kg . _ ‘T\?‘/’\‘%l—}_ . ) (1-2- 57)
From Eq. (1-2_—.‘53), we find -
- ) ¢, =1 | . (1-2-58)

}\and o
’ k2 = —L— RE )" (1-2-59)

for time-like curves and

€ = : (1-2- 60)
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depending upon

2 © —— ' (1-2- 61)
‘?’\ V2 -.1 C . T _ ‘ -
aqd ‘
u2 2 _ )
ki = 21 g E \2 - gv) | ; (1-2-62)
vi-1 il vT - -
for space-like curves. |
From Eq. (1-2-53), we find
£ = 1 ] _ (1-2-63)

and
o) 53\

Py . al oy ﬁ\m‘ I] ‘1{3'\’__ (1-2-64)
| llﬁb Fi’ N‘ﬂ’JX%ﬁl *f \%¥

——‘

V= A
}3! \2.

for time-like curves

and _ i '
1 - .
e T 2
ce rwl L e e
M "’f = e ! "~
. 1__}.4,1_“\} m-m\% LERT W \

(1-2—65)7

for space-like curves

agaln double sign depending on the inequality Eq. (1- 2-61)
‘As a next exerc1se, let us extend the forpgo;ng to cases
with not necessarily constant velocities., The Frenet-Serret

vectors are expressed as
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)

ep,- 4___\\;& | ’(1'.-2_66?)
S mAe Tl h—«rbl%l P .
_?kufiﬁﬁ(l-qudlﬁz %Jj:zfﬂﬁ; h—xsblxn}] _
+L&§TL AR O ° ! -p‘ r——&_ (1-2-68 )
@D) "ﬁ.‘EM\-«E\)l l%ﬁm ‘%Q \7}}4 ﬁ%ﬂ{_\\.ﬂs 2_\\ A ]ﬁ I

sl A gt ]
6 &‘B M)DY H‘i—@[rﬁ{ Nt m%{{"iﬁl‘l-w‘ E%I

¢
] .
(1-2-69)
s
The coefficients k's will ‘be calculated shortly. However, in order

to study the 1nd1cator of the Frenet—Serret vectors, 1t is con—'

venient to recast Eqs (1-2~- 66) through (1-2- 69) to

L‘}’\& 'M\ ) e T | (1;2_7"0)_
. ‘I-—b -—‘Fl\\ M u) (S fi-a) BG\o) ? " - @-2-m)

I_, K@‘T S }@9 froregt wﬂ)ﬁ%&aﬁ% s, s

(1-2-72)



) {9,,, ISl "—em‘e,,ﬁ‘u\-é\ﬂfe ¢ ﬂ\—«?\i (1-otptli-o o] | &,
3 -ﬁ\_«%}u SR - €0 €% i€ A \wm}f

"‘%K\l—u‘%‘%ﬁ +ﬁ F—T\T K -M‘Jrﬁ )‘\‘J- \\-«ﬁ )ﬁ]} -@,D
+‘R;WMI-@‘\?L-&;E& @B) _ :

(1-2-73)

so that the orthogonality of the vectors can. be.taken advantage of

This orthogoﬁality'could be examined through the use of Eqgs.

(1-2-66) through (1-2-69). From Eq. (1-2-70), "we obtain

) T

o T o %) T o
‘ -1 4+ v2
¥ = T 2
‘ 11 = v l
_ time-1like
= 1. (space—like curves) . (1-2-74)
From Egq. (i—2-71), we obtain
2 - a2
ko = \H o 72 (V'V)z 3 - (1-2-75)
(1 - v") (1 - v5) :
' '
" Also we obtain
(1-2-756)
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-
-

for all time-like curves and sp’a<‘:e-_—_llike. gurves w:j.th' such Tr} as
T ('3_::?5:-7_?.#' | - (1-2-77)
and’
e _1 o .-1. | | ~ | . . (1'.2"7.8) -
for spaceﬁlike cu%ve%s with

(;r;x?"') (v x v') < ?' . (1-2-79) -

From Eq. (1-—2—72), we obtain

¢, eﬁmﬂ‘% -l -«*Dﬂé

t- q‘a- yemsray
()’ T
Aise
€ , = 1 | _ | - (1-2-81)
or
e, ='-1 . (1-2-82)

depending if the quantity inside the outermost absolute sign in

Eq. (1-2-8g0) is positive or negative. From Eq. (1-2-973), we obtain

‘ %mmgﬂ:ﬁ(mi el alrdl-wyHi-alle,

Toowr BV e el

*:(591 ﬂﬂﬁfagoﬁl-’\—ﬁM\\—u‘\{jﬂ-ji(\\w‘ﬁﬁnj% é.:) . (1-2-83)
2, |

-~ A LY




Also
cy =1 -z
‘or

e .= -1 (1-2-85)

’

G

»
depending if the quantity inside the outermost absolute sign in
Eq. (1-2-83) is positive or negative.
- Let us comment on the determination of €5 and el as

described in Eqs. (1—2-74) through (1-2-79). We specifically
compare them to the ca;es with constant velocities as described
in Eés. (1;2_§5) thro#éﬁ (1-2-57). As we can see from Egs.
(1f2-74) andh(l—z-qs), it is the same for ¢y- Whereas for e,
it is a different story. Of course, if we set ?ﬁ?'= 0 in.Eq.
(1-2-y5), it gives Eq. (1-2-357) and thereby Eq. (1-2-56).

- In Egs. (1—2—66) through - (1-2~85), we have listed all
the expressions £y which the Frenet-Serret vectors, the Frenet-
Serrét coefficients and the indicators can be calculated. ‘It is

rather cumbersome if we express each one of them in terms of v

.alone.
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-

. <
For completeness, let us express the three dimensional

Frenet-Serret vectors and coeff:l.c:.ents in terms of V.

-~
by the use of Egs. “(1-1-5) and. (1-1- 9) find

£. = 1 -97

(1) ﬁ'\'v
-

~ We then, by the use of Eq. (1-1-16) obtain

Ag Ak
AN e

el
_lperat- @37

WP
\'3{'3\

3
\ \
The use of first of Eq. (1-1-7) yields

A . -
Eo=

“TEE 2
a\’ém

_ \ru«\ (’V Ry
G (B |
RBw-sRs
\K3>QXV\

o\&.,

v We first

(1-2-86)

(1-2-87)

~

(1-2.—88)‘
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The use of Egs. (1-1-16) and (1-1-17) ylelds -
SEEEE

_«\ (e, @, {4 s o\*aﬂ 45, 4

éﬁ)\\\mz aa* f‘t
\ﬁw YRIT W2 @ RN v] m‘} Rl
ARt -EHIE | TR

(1-2-89)

s

Finally the use of the second of Eq. (1-1-7) gives

ie_;“\’d %‘;Elo . R \&.
P i

|| %8, &8, (34, VEN| 0E A&
&\%&z\b‘ b S

2.

N

——

(R +\m _T_v RN &\3ﬁﬁ'\1“(§'ﬁ'ﬂ =
R Wi _

-t

J%\@m*m TR IR D) [ Y Imn)) Wl e g :
UU\:"\-}'-(‘\ VY 31 | r,\g -

 (-2.90) 0



(iii) SOLUTIONS
We are now to solve the Frenet-Serret equations in three and

four diﬁension assuming that all .the- Frenet-Serret coqffi¢ients are
. constant. Let us start with the Frenet-Serret equations.

in three dimensions.
'a-‘z & = l;io E__ - ‘ (1-'1—7)

* Characteristic roots A's.can be found by solving

- 0
A Ry
2.2, 2 _
-h, - h, = =x(A +hy +h2) = 0 ' (1-3-1)
0 ~h, -

to be

1

A, = 0, Ar, = i/h, “+h,", Ay = ~i/hy, "+h, . (1-3-2)

General solutions can be written as

£1y)]  [C22€12%3) f1 )

E] 21C22%23 | ° P TR L, (1-3-3)
' ' -i/n.“+h.

) T3 32%33] L° M Y]

-

where C's are inte ration constants and can be expressed in terms of
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initial values as

1 "1 1] €33C65:C5) L)@ & @ g5
. | 1 et .d . &g, .-
1 he TAape [C02022%20 T —=) _%52)_(0) —ko)
| ak,., & a%
2 2 2 (1) (2), (3),
7 R AT (GsasCas) [Tz (0 T2 O T @)
(1-3-4)
or
1@
d .+
P £ (0
2
<= &%(0)
\ds <
4 \
= ) . 'y 3 (1-3-5)
pt L ont -
where _/
[ 1 1 1
;\__ = e (1-3-6)

L4



e

and
€11 G2 Qg
€ = |y Cy "023 '. (1-3-7)
- Csy C32 Ca3
C's now can be solved as
£ )
c =t |&TE
' 2 . 3
=1%o
, ds -
y o _
&, o Eﬂ)i") Eﬂ.m[b)W
|~ fag, 5 N e :
- R ] e e B0 zﬁ%ff‘f—%”l ’
2&,“)-%*!@-"%&(& 261 ~ALy -%ar dir\.f"- :
2[R 03 ZETE Y 2Tt T
vrRe ' Y .
\ | 2A%MR) 2[R3R i
' or it can also be solved as’
L
c = fl g . | n'
nhn" |

(1-3-8)
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-

.I&‘) ,&,(9, .&B)@)].

T (o)

B ok tm-2380] [REMHEEE (0+2.5,9)]

R

2&ﬁ¥?§ :
@2..) &, - &n{ ,)-'E’\‘E,_El 3 & kb}*'[fqg*i)g'%\ DD_-E"E"’J W

225

Let us now proceed to the case

pAL- R )

in four dimension as

\ﬂ
-+ k ©
- -
-k -k T
~n
0 —Tl =X
6 o0 -7

—-
e

(EAT

14 + a

2

R DS RN o Ny

‘ 53) ("J

?&’ﬁ‘-\—ﬁ}

FR LRt BEDE

* (1-3-9)

2R

22 o+ 02

0

of the Frenet-Serret equations

{1-1-20)

(1-3-10)
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as
-a2 + Ja ‘40
A= > (1-3-11) .
or
2
1 _ =2 +_a4 - 402 A _ --a2 - Ja -4Q
1 2 ’ 2 2.
2 [ 2
\ _ _ jpatJda - 4Q 3 S ok - S A 40
3 N 2 ? 4 2
(1-3-12)
where
a® = kT + 7 +'P2
2 2 2
= k
€51 +e €, T t.e, ¢ 3 T,
(1-3-13)
and_
a2 = ¥
2
= ¢ € € € kzr 2 . - (1-3-14)

We first note that

& et - (BT TH - RN
- s
TN A IR AL E

(1-3-15)
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r

In terms of the characteristic roots described above, we

can write the general solution as

-,

-

C00

%10

20

Cc

C

L “30

c

0l

C

c

11
21

31

Co2

Ci2

C22

:C32

C

) =A,S

03 e 1
-x .S

C13 e 2

sl o (1-3-16)

023 e 3
-k .S
33 b 47 )

where C's, integration constants:can be deduced from

or

1>

. - . B m "
€00 Co1 02 €03 (o)(o) e(l)(o) e(z)(o) ( )(61‘
oy 1 2) 3
Lo €1y C1a €yl | 2i2O) 3 1) gy 22 ds( )
—_ 2 2
. d e
iim de(l) 8 e(z) (2 o
c20 Coy Cos 023 (0) ds (0) g (0) ds {0]
35 3
d e d e d e
- (Ql (1) (2), ( ,(
€30 €31 €32 C33 (g3 O3 O3 (0~ ]
(1-3-17)
c - MO
- +
‘:" (0)
s P,
dzéﬂ4f/’~
—(0)] -
ds
e )
e (o)
N Adg j) ¢




= Leﬁ+(0) .
'where.
l:
- and

%0

€10

C

(%30

20”‘

01 :

1l

21

31

Now C's can be solved as

02 ~03
12 713

22 23

32 733

" o) )

(e“T'-(O)
e“f(o)

eﬁ+(o)

b,3;k¥°1

d

(1-3-18)

(1-3-19)

(1-3-20)

(1-3-21)



or as

(1-3-22)

We will not here éomplete Eq. (1-3-22) in a manner of Eq. (1-3-9)

since it is only cumbersome although strajightforward.
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CHAPTER 2

- SPINORS

(i) Frenet-Serret Equations in Spinor Forms

Let us now introduce null tetrads in general by

-~

& ' . .
u € € .
L 1 P . a b p -
= = +
AR OE LN
- X [fbu + /=€ ¢€ e ] t2-1—1)
V2 “<%(a) =Y Tab “(b) - :
which ‘insures
HpH 1 . o
. \2 £ 2 (ea.+ eaebeb)
. . = &, - (2-;-2).
Specifically for our case, we define
5? - X [ e xymEes eV ] (2-1-3)
_ Sz (1) =¥""073 "(3)
LP .
1
and
£ 3
- >3 = B -l-
_ mlem /o)) o (214
Z R
2 -
namely
et = T. e ' (2-1-5)
~

. \",.



where

1and

e

Ta

1
="

-

ol
1]
(s

47 . -

Nt

-~
'l

(2-1-6)

(2-1-7)

(2-1-8) .
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e

We note here that the definition of nulltetrads by Eq. (2-1-1) is

quite arbitrary. We could have just as well defined them as

"

fis 1

_ 1 . ) :
=7zl ee) 27505 %) (2-1-9).

zu

which would be different from.Eq.(g_l_l) when e; *:é?. We also
; note that there are arbitrariness involved in Egs. (2-1-3) and

(2-1-4). ~We could have picked different combinations just as

well.
We can also define the null tetrads for € as
A S S (2-1-10)
© JZ (a) = a'b "(b)
£ ‘ :
or ,
AP (2-1-11)
i:xhich insures . -
vy 2 :
et Et o= ’ . - (2-1-12)

. as compared to Eds. (2-1-1), (2—if5) and (2-1-2). Using Eqgs.
(2-1-5) and (2-1-11), the Frenet-Serret equations Egs. (181-10) -

.and (1-1-30) are transformed to

d g _ L.t - (2-1-13)
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and
Ed's' e = L s (2-1-14)
where '
1 1 0 o
' 0 0 1 1
7! = L ;
T 7z o To LUmE, -UeE, (2‘_1745)
(WV=EE, SR 0 o
L' = T.k.T"
- o o S SV R R e A
1 o 0 Kﬂhﬁ#‘t{%&: —ﬁ;\m3ﬁ-é—&¥\-&;iz (2-1-16)
== B o

and

R, A [20TRE o
6B ATV, cnTEFRE D [PAENR

-\L

e

= T..'_E.T"l |

-1 -1

CIopeEET el

—
— ——

( 0 b RFERDE Rl
O

o VREER BNIRR |
Sl wAr F{eELE) %U/J-T,MF. o ) (2-1-17)

D At o o HirwEk
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For example L is calculated for time-like curves as

’

"k +ik

k —ik

-

t 0 0 oty KT
0 0 Ck -1k k_+ik
L = %‘ ] °0 2 -0 2 (2-1-18)
k0+1k2 ko—fl.k2 TlEkl 0
-3 +3 ' 3
\ko 1k2 ko 1k2 0 1zk1 )
and for space-like curves with indicators 32_=‘-l, eo = el = e3
1 as
. ' . LY
.0 0 k0+1k2. k0—1k2
0 0 k_-ik k_+ik
0 2
L = % .0 2 (2-1-19)
—k0-1k2 —k0+1k2 Zkl 0 '
\-k0+1k2 —kp—lk2 b 2k1 )
. .- A A . .
We now introduce two spinors £ _and n which satisfy the

"normalization conditiont

(2-1-20)

We note a unique correspondence between these spinors and the

orthonormal tetrads as

¢ A _B)
E E
A B
: no1
1 _AB
et =
72 cu A _B
g g
L A B
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- , ~,
= '_z_l‘.d%‘g. s (2-1-21)
where -
7’ N
gA
ﬂA‘ -
g = . (2-1-22)
B
g
N\ ﬂB/
and )
Y o . 0 ~
n o— EB
. 0 g 0 -T2
s o % B ‘ B (2-1-23)
. - =M 0 0 Sa
L0 By My O

AB

We thus operate f% UU on both sides of Egs. (241—13) and (2-1-14)

and then pre-multiply both sizes by I to obtain

?d- g = [ . ¢ -(3—1-24)
s —4
‘and )
L—,
5 = 2-1-2
27 C.¢ : (2-1-25)
"where )
24 ] \
A X
? = n. (2-1-26)
- \I’B
g,
. «B
—_ X ﬂ J
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, “s 0 §,0] [F0.%0 :
. | -1 : B !
r=f-L-L =%[-%,, 3 %"l;k‘;:i{;é %
= . ~° P 0 o
Vir 12 0 : -
bop T2 0 O
07 0 Ty Ty
\2 q 0 0 P4 3 r 44
o (L13+lgs Lggtly, . O 0_ \
3 L4_1+L23 Lygtlyy, 0 0
T2 0 0 Lia*lgs La2™as
0 0 Lyplay Lao*lag
CYAAN 75 S9N wriwn) § o o I
JI GO S wyawra | R Vi) 5 | |
8 . o (2-1-27)
O O (AR ekl ',4 _
e O cerkeofEdl (A2, \
likewise 3
i? = I. 7. 2'1 \\\‘\
(e R e erders A i

K W){rm}g (/A FEER,

Li..

o) >

V) ¥)

0

N G gy

. e

(2-1-28)



and also note that £ is introduced via

hY
v

va-J

> »

m§ 38 ved
. wl

s AB _

S ’ vy
e L p_ 1

: g =
J2 u

(w1

m§ Al
>

. (2-1-29)

e
38
L Y

7
AL

For example P is calculated for time-like curves as

v

-ik, kg -ik, 0 -0 j
x —ik. ik, . O S0
. % o 2 1 (2-1-30)
= 0 0 lkl k0+1k2‘
L o 0 kOrik ik
LY 2 l /
and for space-like curve g with indicators €.2=_1’ 6:0:'&1.:
€.=1 as
37
[k ik 0 0
1 Ko
ik =k 0 o)
4 0 ‘ -ikl ;‘Lk2
. O 0 1k2 kl,

\)e also note that we Kept L, L,y in general in Eq. (2-1-27)
g although they are zero in Eq. (2-1-16) since the latter is due
to our choice of way to construct ‘th_e n.ull tetrads (See Eq.
(2-1—3) and (2-1-4)). Eq. (2-1-30) agrees with ﬁhe previously
available result. (See Kent p. 28.).

r 4
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Egs. (2-1-24) and (2-1-25) can be re-expressed in- terms

of bispiﬁors using

.w=_

l N
and - )
- 1 -~
¥= 3 ® -8 (2-1-33)
. =
respectively, where
(o 1 o 0 )
0 0 €: 0
AB '
® = B (2-1-33
o= -5 FA 0 0 0 .
o
! 0 0 '0 -cﬁts é-’
” ﬂA N |
, Ee
1 "A
Y= 3 .
g
| ")
w - .
. 1
. = 7—2— 2 ] . (2"1-34)
. Xg
o’ Y
t TlA
® -1 °A
2
2
. "B



-
= L
q)a - . J‘z
= L
X ~ /2
2 = i
®a T 72
7 = L
T T 72
as
d —_—
s ¥ =
and
d < ‘_
e
respectivell'y; where -
¢ = @
0o 1 0o o |
o ©O EAS O
T4 0 O 0
0 0 O -g8%

55

=§ 6f
o Y
-/

e

X))

|’

.G, 0 D
Vo B O 0
D © V33
[0 0 T T

OO — O

2O Afﬁ:o Q .,

.(2-1-35)

(3-1-36)
(2-1-37)
(2-1-38)

(2-1-39)

(2-1-40)

(2-1-41)
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Tz; Q' : —\2\5‘30 7 |
T4 0 \“ D ' | _ |
L0 Teadst © P% ’

[ -BATE IR, O X(\-e.a)@e.-g)/@%%};q B 5

=% o (LR, D (i~
FlnbeofEIe o %ﬁgﬁ%@ YRR
\ o YronblolEas, m_)ﬁ
-_—.5‘1: —-(2AFeEe)t . ~(OORLE %{e{){mr Jeie)
RIS Ez@r&)fmmﬂ'hﬁ{ >/TER, ,
Z 9~ | ' (2-1-42)
§==3®Y ,

o R
LFE/R_.&) Eﬁ@ﬂﬁ:ﬁ‘g"‘ | i\/nr_—”) ﬁ:.:( 3 (2-1-43)

~ For example, & is calculated for time-like curve’as

1 i Q 2
2 =2 (5)a _ (2-1-44)
and for space-like curves with indicators €, = -1, €q = €1 = 63 =1
as . )
1 ! ey gS)b -
2 =2 (2-1-45)
= 2 ik, (5)a " :
2'b 1 . .

We now define the spinor adjoint operation indicated by

tx! as

—_——
T



Py

A —
jagitn V- N

= 32 ) (2—1‘-46)”
) = Ot - [2 3]
- L oyt :
- ; . ' (2-1-47)
@ =AY
- (-3-49)
and .
CF)% = A e
‘ - . - (2-1-49)

‘-

We also define the bispinor adjoint operation indicated by '+ as

x = ()7

1 qja-i-
72 L Xb])

I
—~

x X
o, 2% 7

Sl

b S .
= f%-[xa, 0] o (2-1-48)
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and siﬁifﬁrly .
+
g = (¥

1 . X ¥»Xx
73 [, 5 Xp

s (2-1-49)

Sl

Bispinor adjoint operation can also be expressed as a four

component operation as

x = (‘H’)®
o ‘0 1 0 0)
i1 0 0 O
+
= Y . .
0 0 0 1
Lo 0 1 0
5
” ’ ~ i
0 0 eAB 0 N
T. 0 0 0 CAB
=% . (2-1-50)
. €5A 0 0_ 0 , )
Lo & o ‘o

Spinor adjoint operation on two by two matrix and the bispinor

adjoint operation on four by four, matrix are expressed as

- X

A, A
(a)

x 11 12

Ay Ao

>



‘ , ”
"o 1 0 1
\ = ] L A+ - [ J -
L1 O - 1 0
o 1 S o 1
11 21
1 0 . AL: AL . 1 oY
\ L “12 T2
A-»‘i- A-)i- W . .
> .
. = 2o | (2-1-51)
Mgy App,
- and ‘
‘ B B.. ) ®
@ ' 11 12
(B)~ = _
B B
21 22
’ /_\7 -~
Bx Bx \ - NN \ y
_ 11 21 \§> ~
b X ’ '
Big B2z )
(0 1 0 07 0 1 0 0)
1 0 0 O N 1-0 0 O .
= e - B - (2"1-‘52)
0o 0 0 1 = 0 0 0 1
- Lo o 1 o ] Lo 0 1 o

By taking bispinor adjoint, we can rewrite Egs. (2—1'—40) and

'(2-1-41)_35‘

d . 2 1
dsx—q(.i;__ (215:'#,)_

‘.\.



, and o " “
43 - % 3%, (2-1-54)
where |
(0 1 0 O ‘0 1 0 0)
o 1 o' 0 o - 1 0 00
= 0 0 0 1 = 0 0 0-1
Lo o 1 o) Lo 0o 1 0
‘0 1 ool 0 ®BEkDI](D | 0.0]
= ' 000D O r’33' T A g O D :
0 0 o | Ry Ky :DA D D-O? -
__DolO-‘\D—\?‘:_SBAO 20 O ot
X =X ‘ )
=38 \
el
- ln =23 | )
L2 S T o AT o T
| o TREER 0 #%Wsﬁ%rmdzz‘?
oS, 0. wr—qta o
o {aﬁemgeﬁxrm}%*g« At {,\
- ~RRETR et {e{%ym,r Gy
eon ) i

EARIA LS




and similarly ° .

[ AT WEHF@JTM*

'nNHS

2{: £. £l  (2=1-56)
%
St N H e £ % ARV S
‘For example § is calculated fo# time-like curve as - -
) o L ~iky ~k T B+ :.kzvaCS)b
2 - 1 ) (5 4 ] (2-1-57)
= -k I a+ ik ikl :
‘andvfor‘sﬁace—like curve s with ihdicat6r562 = =1, 80 = el = 63
=1 as
.- ] (5)®
® 1 Ky ’:kzy : e
- -ik k
2 b 1

c .
We are now to proceed to the Darboux bivector description of Egs.

(1-1-10).and (1-1-30). We first rewrite Eq. (3_1-10) 23S

,i e = k . eu .
- ds =
= e .Y (2-1-59)
where
-
A
e 0 0 0 3
(©)
v . .
) 0 e o 0 -
¥ = (1) ) (2-1-60) .
= 0 0 e ) '
(2)
. v
> {i 0 0 0 e
~ , (3) )




“ ﬂ62

A

ThenIDll is calculated as

M- =

v

|
le

« € l.k.. eu -

—

koto® G)v(O)

-~k + k €

co (o) ®u(1)

-k +

1%1° (1) (2)

| "R2%2® (2)' v(3)

\_,)'

v

no

-~

1 (2) v(l)

*%°(3) “v(2)

. _(2—1-61)

B e Vol ol
. D , can equally well be exp?essed as eij;J.(D v)ﬂk' In the

present case, because of the nature of éu, i, j and k become

redundant. Thus wevfeﬁrite Eq. (2-1-61) as

‘Dl'nJ = =t k Epv T ELl

- - €7 el
(o1) €171%(12) 2 2 (23)
Similarly Eq. (1-1-30) is rewritten as
dg - L.H
ds =
=:\J0Eu
- v
where
v - -
ST O R U
E(o1) ‘1 (12) 2 (23)
and _
Y, . u — - “
BBV ] v i v
= e ., e, .\ =€, .\ €. .
(i3) (1) ~(3) (3). (1)

. (2-1-62)

(2-1-63)

(2-1-64)

(2-1-65)
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. For example, "V is calculated from Eq. (2;1—62) for
as
BY py o o BV
D koElo1) = T1B(12) = T2E(23)

and for space-like curves with indicators €, = -1, €g

as

nv _ IRY nv
D = =k E(Ol) TlE(12)5+ 723(23)

We then rewrite Egs. (2-1-13) and (2-1-14) as

- IS S R e S
Ag =
— v 3
=4 - 4b
and
“? (- [
Logd - 1T, et
ds =
V)\J I.q u
= £ . 4&& N
where .
£, 0 0 0 )
: -\
0 £ 0 0
Lv _ 1 i
= 0o 0 %2 0 :
)
L0 0 o© 12/
and S

-

time=1like curve

(2-1-66)

(2-1-68)

(2-1-~70)

P
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1 .
0" z; 0" 0 . -
Y = . (2-1-71)
= o £. 0 - .
0 ) .
v

S t'/;;‘ . '
Then /Auv and é&l , are calculated as

W, = L .p.e

oY b, Fhey By H
€ q (L +hy o2 +Eq 285+ 25)

v Ry 7B Moy Zu
€of 1 (Loyty ot 1+ hogt 5ty )

TV ) P P 7H
elzth31f1+L32 l+L33 2+L34 2)

v W, TH b,
€98 (Lyq 8yl R+ ot 42 0)

B AATARESIE, ]
SHOUTE eI N L A g LNy |

B L e N e P
el R e R AT R By e

)

'y
Ve
&

\ . (2-1-72)



and

{1

and

=]
I

hY

Fe z

o K<

» 65

411

0 0
0 0
U
91£2 0
i
0 €14,
o0 0
0 o0
Yoo
2.
o £°

7“('1‘.’ ¥y £“+f %7 T

4271 743 2 T44 2

i R, ]Rﬁiiﬂﬁ ik
[XiC Aty Ny R ey e 4} A
| R R B LR )ﬂi"‘{mz}rﬁ B
__ﬂz{ﬁﬂr(r ﬂ)’?h’{?v@_ )Rl Dﬂﬁjﬁ % |

where

J

~

- (2-1-74)

(2-1-75)



" In a éiriu.lar manner to i)u 5 and Ap" can be re-expressed as

Kb (R h Jz*)iamm)a@@eo Tl RATTR R
g (BRI R R (R LV)&&&J@, ARER]
L (RE-REVATRYR - s

i m@{rm-z (i x 5”‘)@*{@ [Fee)E]
AR T R PR a A B e )
RIS iy (77 B ; (3177

For example Apv can be calculated .for time-like‘ curve as
LY (RR Y R AR =W L) R A2
+(')‘7l g Lo '?‘v\v,nﬂ)(.ab '*‘/QﬁZ)‘\‘(ﬂv’?t"-t-%y,Q ,u) (ﬁo ‘/‘"\'az.
A (AR i (= A2
( | )= A2R) | (2-1-78)

-

and for sgace—like curves;wj_th indicators €, = -1, €g = €= 63 =1

AL (R o BRI D YR )
(A RN B AR Q")l%oﬂﬁ% .
ARy . © (2-1-79)
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We now proceed to the rewriting of Egs. (2-1-24) and (2-1-25) as =

@
Lt =g
ds =
. - C.ot (2-1-80)
and
d LA “e g o '
=% = -(2-1-81
dsg E tlDC 2 ) (2 -)
where
= g
A |
A
= X n, (2-1-82)
2 B
- g.
B
R
(%C 0 0
0 n 0 0 ‘
c _ 1 - 3
5 % 2| o o0 ¥ o ) (2-1-83)
. 0 0 0 ﬂD,
:
LrA s
g = £
{ +, .
EA
N |
1 .
- = 2-1-84
) ?1:’: o ( )
8 .
{ % )




6.81

“and
(3¢ o o o )
e o1 o .7 :;-, 0 .
= o o &> o
Lo o o

Then noting rl

A . .
V.., D . is calculated as
43 ol .

A _ — A
ID C - T\_C L] !—:-o g
/ A A TN
L — A — A
-4
B B
(M + M)
—_ B B
- 7 —
| (T8 - V) & /{
where
s
-Ne 0 0 4] W
L 0 !j:c 0 0
T = = .
=.C 2 0 0 -'nD 0
. \ 0 o- 0 gﬁ/
. ) poc ) o) —
Likewise, noting Vll =Y. . Voo ‘= P33, 1

1° P4'4’ a2 = '3'3’ 11 = Voo T’1_?. =Ty

(2-1-85)

and T'34 =

(2-1-86) .
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is calculated as

C
=
-\

{
=

5w , (2-1-88)
ﬂo .

~ where

* —y O - . (2-;1—89) i

h,
%p

_ ! .
Similar consideration as given to W' in Eqs. (2-1-62) and~(2—1 64) |

reduces Egs. (2-1-86) and (2-1-88) to .

B A e O 7%-" 1575
-4 ottt okl IR R
et Be BRI TR) . e
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e rpomificd %‘%‘h )WF S W’(”l 3t i’ﬁ;%ﬁ%’b)l _-

g (2-1-91)

For example DAC is calculated for time-like curve as

D et s AR et ) L e

and for space-like curves with indicators €, = =1, €, = €, = €, 1

as
-

T

We then rewrite Eqs. (ﬁ—1;40) and (2-1-41) as

N 'é%\H)A _ 2:_ Q¥4A
Eh . e
and -
.éEE%LA _ .;%ZA

(2-1-95)

Il
VoS (8
SR
-
]



where

WA =4
f@ W
_ L 2
J2 Xb, i
[
1 gA . y
L 8]
- L
e
Loy
fma " -
A ] = —1-
2
J i ;b,
g
~ 1]
[ wA
n .
E-
- 1 A 1
| s
o 0
c _ 1 1 8‘
0 Xg
and
I—-?
. o3 0
e =1 ¢ . | (2-1-99)
= J2 0
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A . 2A .
ThenD[Q c a.ndi@ c 2re ¢alculated as

@A ¢ = A §__,LM

— e, SRS e e—
_—-—..-—-—

— — —_ — — -_— — _—

X< Wé“ F,.1 1 N
"l— _Lk gz\ER - ) . |
2\\'\’&1 +§‘z‘7(b7\ : '

2‘- Lh\q/ -—-:.1’7\1;'{’

R ORTHEE TR
{u CLIRIT, {e (e FELF TRt D™ LZ/J_&}EJM

D
oo b

=5 &l “+2 %X | -
RN - 3

“_L/‘J—_ )ﬂl“% k\’ﬂc—l(ma,ﬂ:é_é)“ N\ 6331‘5:.\6 e ')(g_)f
m—_ 3/~f-—_ VNLENS 8.7 *l{«c\ {p/rW l—gm (2-1-101)
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T

(%

. Similar to Egs. (2-1-90) and (2-1-91), from Eqs. (2-1<100) and

(2-1-101), we obtain

( AR %\\&7&3 *‘{Gié —E. Qﬂjﬁ:& Jﬁl m lwﬁ)

(2-1-102)

énd

Ut T S Ao e Y N

. (2-1-103).
For example,Jﬁz c is calculated for time-like curves as o
I5) 4]
L= Aﬁ[wﬁ:x‘,w) te_&-,\ R S6oleflo s oy | (2-1-104)
and for space—llke curves with 1ndlcators 6 =1, & —cl 63
=1 as
LD =R ) AR TR, e T (2-1-105)

" Just as we rewrite Eqs. (2-1-40) and (2—1—41) as in Egs.
(2-1-04) and (2-1-95), we now rewrite Egs. (2-1-53) and (2-1-54)

as

“JQQ» E '_ | | (2-1-106) B

—
N

3@

-where
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01007 "O )
: { |
000 | 00
-1 000
000V |I=|p0p0 [
0 010 . F~f>‘0 \ 0,
100][= 0 %0] (o o 5]
= OOQ_D-T%O:E;? |DQO
O 00| [ 0 P :
D O | 0 SR
AR Gy 9t S v S O Lo
30 I o ) -
o y2* s P ' |
T N 8% - (2-1-107)
‘\—-;::S,a, c. 44 o _ : | . : T
SRy o )
and 4
C ®
O(QA :'L"[Q(_A) . @ .
aSAREAEYA
1:7(,5?_;@9. c-
3 .0, % o %
=0 %) | o nE T e o o
. —x V28 A L O %% 0 p
. K¥ao. W oo [T o & % 5
© By o W C o o,
5]

SRR R R T RS R F T

AT R R e R T R

(2-1-108)
and : '

A b ¢ = .
e A:i@k_.fﬁ,_ ) | (2-1-109)



_ , s 2
. P’:;’ 2# lgds - O ) .
L ‘ . . - .
§$= | ‘—O . \:.'z. - 9 _mggA
%z o Atqc' -th, 0 : o : (2-1-110)
. * ol ] . . ! .
L 0 —EI’BAB'. o - "\-7-,:35 . S
and” "~ <
L 5w, b Ly
R i ) “1‘-1"'7_,‘__ - b A e - * é Re s Dl\-r - \,
- %ﬁi T8 ﬂ‘,—m‘*;a-?f S%% AP ",T?-i’s m
. Q—. - ' - . . |
g 2.

(2—1-111)
respect;vely

In a 51m11ar way as Eq. (2-1—§§§7~we re-express
.Egs. (2—1-108) and (2-1-111) ‘as

[Wﬁﬂﬂ Akt - k’?B’)( Y‘M T o, % Lt‘/D) T \38 1_5‘?;’7 M("ﬂ

LGl o) {a-e,e)g, @(%ymz% & mﬁ_gaw )
g e,e)h{éié é)/(F_r‘)jﬁE* gA \%a% - ﬂ*ﬂzp)] & (21112 o

. . -
j K s

‘ami

X

B %M%cm %%A e 1—8‘%)—\ ﬂ‘éﬁ& 5.7),
gt GRS |
| —Lr— )| ﬂﬂ ;;k b5 555 - %Bﬂ 11,,)1

TN

-/"_“-..._

 (2-1-113)
3 :

. ,-_
‘ . . . l - -
- T _ .
‘o o

: 4
- . . )
o2 .
.



For example, for time—like curve, c[@ AC is calculated as

Sindserds -%n%% YA Mnﬁas* ot ]

(2-1 -114)
and for space-like curves with indicators f:z = -1, eo = el'-= c3
=1, wé obtain L

a@% - mﬂﬁ % °% e e RN WA

" (2-1-115)
We -then rewrite Egs. (2?—24_1_ and (2-1-25) as '
" ’-;-'.l“ - . .\.
N '{‘?’ e
. ds - = - by
= ne - W\ (2-1-116)
and =
d 9A e A
d-Sg - L Z o .
—
+— CA
where
4 ~
'nc .0 0 0
0 Eé 0 (VI _
T ne = S 0 (2-1-1018)
= . , 0 0 My 0
Lo 0 o gy
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] N .
O E. O O |
- % - - S (2-1- 119
= , 0 0 Tp 0_ i
o o0 g
o )
““—CA__: C'-\ﬁ.ip, .
=t d
o2 .03 ”%}_ Db VLS 2—?' 1
‘ ‘E OD- O O=.l§3\34 %?
T
Lo o L0 0 Tl (A8
",

. -.'_> A.%c "'\‘),-1\?

| S L .
4' —\35\57 %B b\»t(u.,lg, - | (2-1-120_)
"f‘ %B T@{I‘qs - : o .

;_j_ ki ~+ 23 . | (2-1-121)
i '&W f;zs"» | - =

" In a similar manner to Eq. (2-1-60), Egs.. (2-1-159 and (2-1-12}
are rewritten as

TR T m%ﬂﬂ | |
4 w N3 e RN e e )

RECEER

N

N, ,
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' and

LA.._._. “l\z(’lﬁ %‘bfﬂ _ | o
Jl PR PR 50} e

. -For f«::vc:-‘unple,_\rTfBA is calculated for time like curveg as‘ .
— A 5 b Aty R e B 5P Bay®
\ 1c'h:’\i&'(ﬁ‘""ﬁ’-)hﬂfc’mc)’Lmﬂmbt% -(?7 41)% (2-1-124)

and for space=like curves with indicators 32:._‘1, éo==§1=€3

=1 as : . . C
TR Ay Sh, 'a\%p_é}?.é ) ) .
VT =k Lﬂ\\z? —%T "1 1) - (2-1-125)
We then rewrite Egs. (2-1-40) and (2-]’.;41) instead of Egs. (2—1-—94)

and (2-1-95) as . \

(2-1-126)

and

(2-1~127)
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where .
"‘— a = Cp . § . \‘*JA
B
]1 r 75
~] §“\+&W +§\:.7burt_1 .
R Ba X (e
and ‘ ]
= -
T~ “ S A
A \ca = ci_c ¢ . -
29 50 =2 ~ gt |
___\_ Q\\q‘&q’ =+ |£ka+
7 '??1\:\%4— i:.\-’ﬁd (2-1-129)

In a similar manner to Eq. (2-1-62) > 'Eqs._ (2-1_— 128) and (2-1-1209)

- are rewritten as

AR BB B 3!
=1§-(z/4¥m ) - (-6 T TR )

Sl eVBRRITY S TR0] o
'IFTC =5 ?*W*éﬁb\k EPQW"XA 3 ’m’ﬂ

= s L R A PR TR

(2-1-131)
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/' A - . '
For example i | ca is calculated for time-like curves as

.- . _ - l-‘;‘ _t & |
T, % AR XM B T W= T S ) B2 0
. | ' (2-1-132)

and for space-like curves with indicators 52=_1’ e0=51=€2.

=1 as

.uﬁ(w wqbqﬁ)_,\fzzk‘é Sz, %}+ “5 R 0 )

(2-1-133)
We then take the-bispinor adjoint of Egs. (2-1-126} and

(2-1-127) or rewrite Egs. (2;-1-53) and (2~1-54) to obtain

d R s T
-EQQKA = ?E;(“YA)

-~ -

(), i v
- qg . -
~eler B 9@\.@—10 N
L= ’@'E?’ch-\t&,“\)‘*’ )?—\1’7@(4‘* 329 |
%L-{z/mfam«q«—%ﬁeom [54@40>/@—3m35*ﬁ1~6 4
reordelolFa mﬁﬁ:ﬁ&’*k'f%w TSR]

(2-1-135)



and

(7P f—-;{iom-m BT imm e f"““%)
SR /J-zg-(&tuh]’:az\a?«'x*xd{w-‘h VT -

(2-1-33¢)

In a similar manner to Eq.(2-1-62) , Eqs._(2—1;135) and (2-1-136)

“are re—~expressed as

(M), 4] BT LF% BN
et O AT P TE T
Aede- /R R W= 1K) § G

b
and

R A5 B PR R 8E P

L R R e R R 275}

(2-1-138)

For example (l\\; is calculated for time-liké curve as

L“'@) =R TR T wmm(ﬁ*w—m “ “?ﬁ)

(2—1—13%
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and for space-like curves 'with :‘mc:l.:-?..c'at':’.rs'a2 ST ST RT

= 3 as

(09), e R X TP g TN -

/
o



-

(ii) SOLUTIONS

In Section i—mu_we solved a set of simultaneous linear
ordinary differential équations of third order for ﬁ;and of fourth
order for ¢ assuming all the Frenet-Seféet coefficients to be
constant. fhe latter can bé readily applied to the salution of phe
same for ¥ and E. Moreover characteristic roots are the-;ame since -
:6n1y'iinear transf;rmation is involved. However, since § qnd‘¥ are

not introduced via linear transformation, characteristic roots are

=34

not the same. Also noteworthy is the fact thét zland are decoupled

into a set of two by two matrices. Thus we write again

L]

— & =1 .¢E . (2-1-24)

Characteristic roots can be fouhd by solving

= = ‘
T SR P} 0 ¢
Vop 0 0 |
o . 0 .- 7 )
‘ . Y
'l -
0 0 Vaz  Tag™

2 = " A~ 2 (4 v '
-0 -(yllfrzz)lf\11T22‘viz‘21][1 AR FE i LIRS

= 0 | s (2-2-1)
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to be

(M%)t (B TS A Bl -Taa)
2- .

?\I‘z=

;jszjzfqzﬁiz

-J Jxﬁ_e.g)%\ﬂ@(e.-eg/(m%)}%mﬁi}“%_aﬁf

and

s R A AR (FAF A FA S I
' 2

TR S Y e Y VNS R

They are calculated to be

7\tz=—('F< SN -A2RT)

and

T bR T T2

(2-2-2)

(2-2-3)

(2-2-4)

(2-2-5)



for time-like curve and ~ o ‘ )
L '&li - ) .
M234 = - . : : : (2-2-6)

for space-like curve with indicators €°=€‘=ES=1, 6,_:...1 R

General solution for iA and nA can be written as

F
A 2.S
1E %12 el : N
= PR . ’ (2-2-7)
- T'IA '_ C21C22 . el 2S '

1]

" where C!'s are integration constants and can be expressed in terms

of initial values as

: A A
1 1 €11%1 5 g7(0) n (o)
. I A A
. de dn
MR [CaiCe2 s (0 () -
A A
E(0) : n. (0)

- | (2-2-8)

-

T 07t 0) Tyt (0347, 0 (0)

C's are expressed as

Ty~ )E (0) + 7,0 (0)

C,, = :
11 EEEY -~
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s N

Vyz~ vzé A
o + 176%(0) + =———tt
ST 11 ‘*22) “447 12\ 21 | J(T1,-Yy) +417 5V 21

[_,&Ee‘aﬁ ' fﬂ% ) |
‘i>31-+sm-aea§k,+@é-&)/(ﬁf C R ELEERY ]

Lﬁ»eﬁ{éatﬁ-é)ﬂ"?&r AN 1t > (2-2-9)
r &-»S’(\—&ED{-&;E.& é»)/(@\—-?&ﬁ’z*é X éﬁ;& -

(74 1)5 (0) +171 M *(0)
-:’Czl = 7\2 - ll
11V v A
- 11 22 + 138" (0) - 7= 12— (o)
l-'ll— ) +4V12\ 21 (rll-PZZ) +4P 2\ 21

=(_ (SRR, + l\% (2

e N

N A el ' (e
R e A Al S

XN
Ty (0) + (Py,mXy) *(0)

C =
12 At A

Y21 . kY A
= . %(0)+[— + 17 1 (0)
J(7)1-0,5) 4471 0 [0, ,50) 447 Uy
_ LrebR, Sele Y RZEF L\ R - %
B A S e

N ( YR - M o
'\) \-@-L-t-%’ \—é,l;.)gﬂﬁ{é,.(é 5»)/@3:— {-,)‘&‘Rgﬁféér&ﬁ&;} (2-2-11"

=N




S -
o 17,157(0) + (T,~2y )7 (0)

22 C Ry T My

Y IR
21 ;A(o) + T 117V 22

.'-: —‘) L T
‘/a 1171 22) +4\1£v21 JTy155) 4V 00

(bR )RRV e o
Q :é.-B ~&(- g&){ﬁ,,-\-i_&;(é R A N A

L Ar/AT—‘E..)ﬁ\ ﬂ '
y R g -eenlpinial-t)/ (TR EE Rt & EEEEY

+ 1]ﬂ (0)

: (2-2-12)
For example C's are calculated for time-like curve as
1
-i7 k -i7
c;p = [ ———— + 13¢"(0) + Z/———i—z—ﬂz 7 (0)
N TR | (k -i7,0°-7,
(2—2—13)
iT, ok -iT
1 A 2 A
C = [ + 17€°(0) - .n (0)
P A PRGN 2
(2-2-14)
-~ 2 .
k -1 iT
2 A ~1 A
Ci, = T3 g7 (o) +.L = =5 + 17 (0)

(2~2-15)
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k -iT =i, .
2 A 1 A
C.. = = g(0) + [ ==+ 1] 7 (0) .
22 2/(k -i7,) "~ ‘ k -iT,) - S

and for spia\ce—like curves with indicators €, = -1, €o =€, =¢

. 1 3
=1 as ’ ' : S
o 2 £2(0) A ' -('é-'z- 17)
. 11 5 7 ,
¢t = o ' (2-2-18)
21 : /\
Cip = 0 | . (_.2-2- 19) -
e . C =- 2 'I']A(O) . ' (2"2- 20)
22 . _ ) , .
o N
. 3 .
y
Y - —
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CHAPTER 3

rl

& A POINT CHARGE AND A FREELY SPINNING PARTICLE
(i)

We first describe the motion of a point particle

with charge e and mass m in an electromagnetic field F*Yby
the Lorentz equation ’

b= T W

> (3-1)

where u* is the 4 velocity of this particle.

Setting i

A
W =€ (o)

dnd assuming the field to be ‘static, we obtain

_ A Vv
I_e (o) —‘W_‘—F ye (%) -

Darboux bivector is related to the field by

[>My =:j§_‘:)¥V

"o ' o : ‘ (
Hence, using Eq.(2-1-62), we obtain the local electric,

magnetic and tPoynting! projections as

e v

= A
- . (3-5)
v
ye . '

_eo(e K, e’*3D+&LK=_e 0) ) (3-6)
and |

L_e’;)sz:L%)z e»vd('s-EyH& UG

—EE KRN, - (3-7)

X
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They are calculated for example, for time-like curves as
L Er=kL ’
[ !
I . (3-8}
_‘é’_ M A - )
= - (K‘QA,;J"' K€ n)) 7 ) (3-9)

and
. (3-10)

t—)‘Rp Kok t=>
=1, 60=_él=63=1.as

nd for space-like curves with 1nd1cators E'

£ —
M-Eﬁ_ Koe't\u J | ., (3_11)
R e - | -(3-12)
and - _
t%-)l RP*,___ ;"kokl Q’Tl) . (3-13)
Also from Egs.{(3-1-5), (3-1-6) & (3-1-7), we obtain
. 2= .
S LA | (3-14)
ke - R R | | (3-15)
—L ) elEoLEd\ ) .
and
ev (BN 7 (3-16)

K%- -;k‘—y: é\ g’E‘f

which are calculated for time~like curves as ﬁ

k- i%i A (3-17)
a2 RRE - | (3-18)
/ tokEU\ ) _ ‘
and ' N .
TR = D
— = . (3-19)

and for space-like. curves | w:.th 1nd1cators £,=-1, eo-e é.-l as
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k.?= X P . )
& %‘E > (3-20)
e =@y R o . (3-21)
BT
and R :
« =~
- i HMSL o .
“*‘@')%E"’“ - T (3-22)
Two field invariants are expressed as ' o .

LESTVR - (eERrEETT Gbka) (3-23)

" and )
HEFR, = Gl & Rk (3-24)

.which are calculated for time-like curves as

2L . ' )
LR FRL e | (3-25)
and ’ : . .
L B‘FPV = 2%, Ka - _ (3-26)
and for space-like curves wlth :Lnd:.cators e =-1, C =€‘ -é =1 as
LESFE =ik (3-27)
and - ‘
AR r“" = —LK.K .
ET b : (3-28)
:’.. . @
’ "f\\ -~
\\ — -
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() " We then describe the motion of a 'freely-spinning!
point particle having spin S and total energy m by the

' Frenkel-Thomas equations

&P =0 (3-29)
.a;nd ' .
A QrV_ D~y rpv '
4= PTW- WP (3-30)
where P~ is the eﬂerjgy—momentum 4-vector satisfying
~mt= s ‘P# . ' | (3_3]?)_,_,r_,
T o ;and 57V is the s;i:-{',—ehsor. 7—'1"_h_eﬂzn weﬂ;x;:.te -
- - , . .f- |
P/“= (u)-—Pn)e ny P@e,?;,—?me”l;, 3 . (3 32)
b
) qnd - K .
,..v
3 SMEM Star Easy+ gEbl)E a1 (3-33)

Substituting Egs.(3-32) & (3-33) into Egs.(3-29) & (3-30),

respectively and utilizing Eq. (1-1~12), ‘we obtain
% = —&bé\ KO’P”)

? (3-34)

%P% =M+ &Py (3-35)

Ak = 4 Fosre&kPay (3-36)

%s—m ) : (3-37)

éd_\s_ct,"n=“e'1é>“<zgcso ) ' | (3-38)

5:3 =k S0 (3-39)

R =k Sup—biak Sy (3-40)
Puy =0

: (3-41)

Fos £616 0 (3-42)

and

Fry=— 681 K 36, ’ (3-43)
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We_lﬁan write Egs.(3-34) (3-40) as

%M‘-‘- }_S_ “\/\ ) o | (3-‘44)
where ‘,34—-\
M=1ra - (3-45)
. .
S
S ~
and 'r B
O &k ©.° 0 0 0O 0
‘ Kn 0 ete:.\"; 0 O O O
K b S _ ‘O . (:‘—é"bti 0 D O ' /-
oy | O o . Ka o) 0 3 | 6 |3-46)
o o 0 O O . 0 -Gt
o D 5

~

where the

0 Ke -&&K O

indicator-dependent symmetry is explicit.
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