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- ABSTRACT

This dissertation is a study of boundary integral methods and
- free surface prpb]ems. An analysis is made for three problems, flow
over an'uneven bottom, flow from a uniform channel over shelf, and
flow froﬁ.a uﬁiform ChaﬁneT over a sharp-é;esiad weir,  All prob{ems
| stuﬂi%d here inc]ude.the-influence of'gravity, under the assumptions
that the ﬁo?ion‘fs irrotatioqa], the fluid is incompressible, inviscid,
and tﬁe flow j§ tﬁo—dimensiona1'and_steady: The solutions are
. obtéined.5§ using conformal mapping {heoryf ﬂhich maps the fluid region
in the normalized complex-potential plane oﬁto an upper half-plane,
_gnd,Hinéfﬁ's.technique;, Each problem has been progfamme& and run on
La c;mputer,.énd the,éqmputed results plotted and compared with

different authors'qudted in Chapter I, whenever-poésibTe.
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Flow-Diagram.Conyention

The following boxes, each of characteristic shape, are used for

constructing the flow diagrams in this thesis. ) e T
Substitution
a<h The value of the variable a is replaced

Label

—O O

—{(»)

1,8
*

and

by the value of the expression b.

1. When a path Teaves from it, the
Tabel serves merely as an identification
point in the flow diagram; n is usually
the same as the statement number in the
corresponding program.

2. When a particular branch terminates
in a label.

L)

s
-

3. These special cases encompass the
computations in a main program.
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4, Indicate the start and ‘finish of
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Conditional-Branching

Iteration
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If the Boolean expression B is true,
the branch marked T is followed;
otherwise, the branch marked F (false)
is followed. : -

The counter i is incremented'uniformly
(in steps of Tp-111 between its initial

" and final limits 17 and i, respectively.

For each such value of i, the sequence

of computations C is performed. The dotted
Tine emphasizes the return for the next
value of i, and the small circle, which. is
usually inscribed with the corresponding
statement number in the program, serves

as & junction bax.

The values for the variables comprising
the 1ist L are read as input data.

~

The values for the variables or expressions
comprising the list L are printed. A
message to be printed is enclosed in

quotation marks. .
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1.1
1.2

1.3

1.4

1.5

CHAPTER 1 h

INTRODUCTION

- Free surface problems.

Open-channel flow.

Classification of flow.
1.3.1 Steady flow and unsteady flow.

1.3.2 Uniform flow and varied flow.

Examples of free surface probTems.
1.4.1 Flow over an uneven bottom.
1.4.2 Waterfall.

1.4.3 Heirs.

Outline of present work.



1.1 Free Surface Problems

The prqb]ems of free surface theory are. concerned with flows of
an ideal f1;%ﬁ bounded in pa§£ by constant pressure.surfaces, usug]ly.'
of unspecified shape. These boundaries are variously called free
streamlines, free surfaces, free boundaries, and sometimes streamlines
of discontinuity. The unspecified positions of these.streamljnes make
the problem difficﬁat. The principal applications of the free stream-
ﬁine concept are to'open éhanne], jet, cavity and wake phenomena.
Comprehensive sﬁrveys of the subject appear in Birkhoff and Zarantonello
- [5], Gilbargr[22], and Milne-Thomson [38]. For more complete biblio-
graphy on this subject, the readér should consult Wehausen [55] and
Cryer [18]. .

1.2 Open-Channel Flow

The flow of water in conduit may be either open-chénne1 flow or
pipe flow. The twd kinds of flow are similar in many ways but differ
in one important respect. Open-channel flow must have a free surface,
whereas pipe flow ha§ none, since the water must fill the whole conduit.
A-ffee surface is subject to atmospheric pressure. Pipe flow, being
confined in a closed conduit, exerts no direct atmospheric pressure but
hydraulic pressure onty.

Despite the similarity between the two kinds of flow, it is much
more aifficu]t to solve problems of flow in open-channels than in a
pipe. Flow conditjons in open channels are complicated by the fact that

the position of the free surface is likely to change with respect to




i
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space (for steady mot{onlgand also by fﬁe fagp that the depth of f1ow,,§¥
_fthe discharge, and the s)ope of the free surface are interdependent.
In pipes the cross-section of flow s fixed, since it is completely
defined by the geometry of the conduit. The cross-section of a pipe
-is generally round, but that of an open;cﬁanne] may be of any shape,
froﬁ a circular;io the irregular forms of natural streams.

It is important to mention that the flow in a closed conduit is
not necessarily pipe flow. It must be classified as open-channel flow
if it ﬁas a free surface. For more deiﬁils in this subjébt we
recommend Chow [9], Bakhmeteff [3], and'Jaeger [27]. -

In 1868 He]mhg]tz first presented a two-dimensional theory of free
streamiines. . Kirchhoff in 1869, and others, have since elaborated a
geneﬁé] method of dealing with such problems. It is believed that
major developments in the dynamics of open-channel flow were made largely
because of man's interest in the flow of water in open-ghgnneis;,guch
as rivers and canals. This belief is evidenced by the fact that open-
channel flow has been considered for a long time as an important subject

.

in the field of civil hydrauiic engineering.

1.3 Classification of Flow

Open-channel flow can be classified into'many types and described
.{ﬁ various ways. The following classification is made according to the
change in flow depth with respect to time and space.

1.3.1  Steady Flow and Unsteady Flow

Flow in open-channel is said to be steady if the depth of flow does

not change or if it can be assumed to be constant during the time

[
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“interval under consideration. The flow is unsteady if the depth
h ]
changes with time. In most open-channel problems of steady flow, the

discharge is constant throughout the length of the chanﬁél under

consideration.

1.3.2 Uniform Flow and Varied Flow

_ Opep-channel flow is said to be uniform if the depth and the
cross-sectional area of flow is the same at every section of the
channel. Flow is varied if the depth of flow changes along the length
of the channel. A uniform and varied flow may be steady or unsteady,
depending on whether or not the depth changes with time.

Varied flow may be further c]assifiedkas either rapidly or -
gradually varfed. The flow is rapidly véried if the depth changes
abruptly over a comparafive]y short distance; otherwise, it is

gradually varied.

1.4 Examples of Free Surface Problems

1.4.1 Flow Over an Unevan Bottom

Wien (1900), see Lamb [29, pp. 409], assumed a bottom of the form
y = -h+bU cos kx; by choosingméhé origin in the undisturbed surféce.
He assumed the solution as a linear combination of trigonometric
functions. He chose the amplitude of unevenness, of.the bottom, small
compared with the depth, h, of uniform f1oﬁ for the /linearized theory

to be applicable. Finally he found the shape of ¢he free surface by

kbo cos (kx) \
n{x) = ’ |
k cosh (kh) - (520 sinh {kh}




in which U = the mean stream veTocity. | An interesting consequence was
that the free surface wave and the bed wave are in phase or out of
phase if %E' 2 tanh .(kh)/kh. However, when U2 = (EJ tanh (kn) the
amplitude ratio of surface to bed waves becomes infinite. Lamb f[29]
has suggested that viscosity must be included to resolve this singular .
rbehavfour. Mei [36] has suggested that by carrying out a higher order
analysis the singularity is removed by the nonlinearity of the.free
surface conditions. The s{tuation is quite analogous to the forced
oscillation of a non 1inear'spring-ma§s system where resonance may
occur when the frequency of the forcing agent coincides with the natural
- frequency of the vibratfng-system. '

For an arbitrary shaped bottom, Wien applied Fohrier integral

theorem, i.e., for assuming & = -h+b(x), by Fourier integral theorem

b(x)_=3r—[dg [b(r) cosg (x-t) dr,
0 -3

for the validity of theorem,'b(xl should be of bounded variation and
absolutely integrabie. | ‘

Various special cases of b(x) have been considered. Wien assumed
b(x) = tan~ (ax) and took the 1imit a + = in order to find the flow
over a small step. Lamb [29] replaced the unevenness by a sing]e
Jipo1e.

The general theory of steady free surface flow about a submerged
obstacle in infinitely deep fluid has been considered by Kochin (1937)
for both f@o and three dfﬁensions. Haskind (1945) has extended Kochin's

treatment to fluid of constant finite depth.

—



1.4.2 Waterfall

‘ The problem of flow fram a uniform channel over shelf is such a
free surface problem. It is of specific interest in that it has

the simplest geometrical configuration yet it poésesses the main
features of_;he flow with gravitation. In addition, it is the limiting
configuration of a sharp-creéted weir which is frequentty employed as

a metring device. § |

During the period known as the Renaissance, a gradua} change” from -
the purely philosophical science of the scholastics toward the observational
scfenée of the present day at last became perceptib]e."LeonardO'da Vinci
(1452-1519] was one of that Remaissance period who investigated that
probTem eiperimenta]]y. He also contributed a lot ofowork in different
subjects in the field of mechanics. For more details éggut his work
seé Rouse and Ince [43]. | ”

.In 1936 Rouse carried-out an experimental work and finally he
concluded that the brink section has a depth of 0.715 of critical depth,
Yop+ In 1946 Southwell and Vaisey [50] used relaxation method to plot
the complete flow pattern, finding in the process a value of brink
depth, Yg» of approximateiy 0.705 y..- In 1958 Hay and Mark]and-[25]

‘ used the electrical analogy to determine an experimental solution in an
electrolytic pTott{ng tank. The profile they deduced was very close to.
Southwell and Vaisey'S except near the brink, where they foundryb = 0.676 Yep+

Early analytical work on this problem was carried out by.£Tarke

[12] in 1965. Upon employing the tﬁfﬁ jet thickness as a small parameter

which {s inversely proportional to F, see Eg. 2:10, of the appreaching
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flow, Clarke deye:/ﬁéd an asymptotic expan51on, called an outer

expansion, which is valid upstream and near the edge, and another
asymptotic. expansion, called an inner expansion, which is valid for
downstream. A solution was established for the whole field after

the two expansions were matched. In 1973 and later fn 1979, Keller

et dn s .t d et it

and Geer [20], [28] solved this problem more generally following the
;ame approacﬁ as~Clarke. These analyses, Clarke's; Keller and Geer's,
provide valid solutions oniy for large Froude numbers of the apprbaching

flow, and they give a thinner jet and the disagreement becomes worse o

far downstream. :

In 1979, Chow and Han [10] applied a hodograph method and they
came éut with @ good agreement with Rouse's experimental data, especially

when the

id size:was refined in the numerical calculation of the stream

function. '
For more deta11 of d1scuss1on of th1s subject, see Rouse [42];’/
Henderson [26], and four papers of Thomson (Lord Kelv1n)[52]

1.4.3  Heirs -

A welr is a:nbtch'of,fegulér form through which water flows. A

' ﬁeir may be a depression in the side of a tank, reservoir, or channel,
or i?-may be an overflow dam or other similar structure. Classified in
accordance witﬁ the shape of the notch, there are rectangular weirs;
triangular, or V-notch, weirs; trapezoidal weirs; and parabo1ic-weirs.
The edge or surface over which the water flows is called the crest of
the weirl. The overflowing sheet of ater is termed the nappe. A weir

with a sharp upstream comer, or edgé, so formed that the water springs



_c1ear of the crast, is called a sharp-crested weir. The channel of
approach is the channe] 1ead1ng up to the weir, and the mean velocity

in this channel is the velocity of approach. If the nappe discharges
into the air, the weir has free digchqrge. If the discharge is partially
under watg\h the weir is said to be submerged, or drowned.

Sharp-crested weirs are usefu?~as a means of measuring f1ow1ng
water. Also the crest shape of a spillway is usua]ly designed to fit
the trajectory of a falling nappe over a sharp-crested weir.

In 1954, B1aisde11 [6] derived the following empirical formulae for
the Tower and ubper nappe from a critical analysis of a number of
experfmenta] data measurements:

For the lower nappe-

h
L= 0.150 - 0.45 (h—a o
0 o0

. ha ‘ha ha % \,x
+¢ 0.411 - 1.603 {——) - [1.568 (=2 - 0.892 (= + 0.127]‘}("“‘)
{ (“u i hy Ry

+ {0,425 + 0,25 (1) | (X2
h h
a0 L/W
For the upper nappe l

/_\ §/= 0.150 - 0.45 (211
y 0 0

h
\ \\ 4 {0.411 - 1.603 (%a—) -)1.558 (:il?- - 0.892 (h—a) +0.1277T% (’E‘—)

| o) 0 0 0 0
\ oo+ {-0.425 +0.25 (;1)} (12 _
\\ . 0. 0 .

\

\ + g.57 - {om)? O
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. . U2 ha .

:.._., = n o+ Z —-
in wﬁncﬁ.ha hU ha h, m ho 0.208, e is the base of
natural 1ogar1thms, and the other notation is as 111ustrated in the
nomenclature Blaisdell c?a1med that the equat1ons are va11d for

EL-> .50 over the suberitical veloc1ty range of f]ow. -

0
In 1958, Hay and Markland [25] carried out experimental work for
an {deal fluid over vertical sharp-crested weirs using an eleétrolytic

-

tank. The shapes of the upper and lower nappes, have been obtained
for wefr heights in the range 0 < %—< 1, where .h denotes.the head on the
weir and L the hetght of the weir above the bed of the approach-
channel. They found that the shapes of the nappes correspond closely
to experlmental resu]ts for the case of the infinitely deep weir, but
as %—1ncreases towards unlty, experimental results diverge from the
ideal sociution.
Early analytical work on this kind of problem was carried out by
CTarke-[13] in 1966.‘ He developed an_asymptotic expansion in terms
of a small parameter which is proportional to the Froude number. Thus

Clarke's analysis provides valid spTutions on]y’for smail Froude numbers
of the approaching flow, and his results show the jet to be thinner than
An reality.

For more details of discussion on this subject, see Rouse [42],

Chow [9], Brater and King [7], Ginzburg [23], and Henderson -[26].

1.5 OQutline of Present work

In Chapter II, we present four mathemat1ca1 methods used for the

solution of free surfgfe problems, namely; Hilbert's method, Perturbation
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method, hbdograph.mephod, and re]axation.method with special attention
to Hilkert's method; tﬁ; method considered in the present work.
.‘In Chapter III, we study the problem of flow over an uneven
bottom. In Chapter IV, we solve the problem of flow from uniform
channel over a shelf which is known as waterfall problem. In
Chapter V, we investigate the problem of flow from uniform channel
over a sharp-crested weir. In Chapter VI, we present general discussions,
comments ard conclusions. . |
A1l problems considered here are subject to the influence of
gravity. Each problem has been programmed and run on computer, IBM

3031  at the University of Windsor, and the computed results plotted

and compared with those of authors quoted in that introduction, wherever

possihble.



CHAPTER II

~

E&WWWRY OF PREVIOUS WORK

2.1 Mathematical Foundations

2.2 Matﬁematicé? Methods
2.2.1 Hilbert's Method
2.2.2  Perturbation Method
2.2.3 Hodograph Method

2.2.4 Relaxation Method
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2.1 Mathématica1»Foundatfons

We consider steady, two-dimepsiona1, irrotatfonal'fTOW of an
inviscid, incompressib]é‘fluid; for example, the flow over an
uneven *bottom. .

Under the assumption of irrotationality, the flow of incompressible

fluids governed By Laplace‘'s eqdation for the ve]ocitj'potentia1 b, -
- 2

. 2 | |
v24 = %2—_4- =0 o (2.1)

The potential and stream function of 2 plane flow together

determine the complex poteﬁtia], W= ¢+ ip, which is anAanalytic

function of Z = 1y within the region of flow and has the important
property that its derivative, | -
%‘7(2—1= ulx,y) - ivlx.y) = qe™'9, | (2.2)

is the comp1ex conjugate of the velocity, where q is the flow speed,
& 1is the inclination of the velocity vector, and u, v are the x, y

velacity components. The velocity components of plane flow are given

by
p=2 B
oaX y (2 3)
g0/ 3
3y ax

Boundary Conditions: In the boundary value problems under consideration
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-

the f1ow'houndaries will be efthgr rigid, in which case they are
Enown data of the problem, or tﬁéyfwiII be free boundaries (free
streamlines), in which case their shape is unknown.beforehand.

On rigid boundaries it is assumed that the motion is tangential
to the.surface. For steady motion this implies that the normal

component of the.fluid velocity i ero, or.equivalently, that

¥ = constant , ' —
%:0
an r .

~

i\ -

on the boundary. '
On the free boundarie;,'two conditions must be satis%ied which

are presumably sufficient, in conjunctiop with the other‘déta;zt% balance

the incomplete knowledge of the boundary and to determine all unknowns

of the flow problem. The first condition, kinematic <in nature, states

that the free boundary is a material surface; particles initially on

the surface reﬁéin | thereon. If the surface is described 5} the equation

S(x,y,t) = constant (where s might be the pressure, -for example),- then

the velocity vector V = (u,v) and the shape are connected by the relation

3s _
ST+ V. grads = 0. (2.5)

For steady flows [%%—= 0) this implies that the free boundary is
a stream surface, so that this boundary condition reduces again) to
(2.4). .

The second boundary condition, which really characterizes the
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fﬁée.boundary problem, states that pressure is constant on the

free surface. Bernoulli's equation allows this condition to be

converted into one containiné onl§ the kinematic quantities. Thus,

in steady motion.under thé influence of gravity,'BernouI1i's equation

sfates that

§-+ % q% + gy = constant, ] : (2.6)
K .

throughout the flufd,.where p is the pressure, p is the fluid density,
q (= [V]) is the speed of the fluid, y is the vertical distance between
& point on the free surface and some reference elevation, and g is the
acceleration due to gravity. This would be ;he free sunfgce condition.

We then map the fluid region in the physical plane onto a
rectangle-in the complex potential plane, the w-p1ané, such that the
two horizontal sides correspond to vy = 0 and y = ¥y = constant, and the
two vertical sides correspond to ¢ = ¢1 and ¢ = ¢2, where ¢] and ¢2
are constants. Bermoulli's equation (2.6) along the free surface,

which 1ies eitheron ¢y = Q or ¢ = ¥y with density p = 1, will Jlead to

q2 + 2qy = U% + Zgh1 = constant, (2.7}

where U] is the speed at a poidt on the free surface at which y = h].

We introduce dimensionless variables

y” . )

“:g. (_2.8)
-1 > '

SN J

W ¥ ? J

Y
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the eqﬁation we get

B R )R P | - (2.9)

- Uz
where F =\/ g]T , and s called the Froude number. . .
1

2.2 Mathematical Methods

In this section we summarize the principal ma%hgmatica] methods
involved in solving free surface problems, with special attention to
Hilbert's method; the method considéred in the present work.

2.2.1 Hilbert's Method

The flows considered are assumed to be inviscid, irrotational,
two-dimensional, incompressible, and ;teady. For example, a f]ow_
over an uneven beottom subject to the influence of gravity, see Fig. 3.1.
Suppose that the stream line ABCD, v = O consists of two horizonta]
lines AB and CD and inclined Tine BC at an inclination angle «, and the
free stream line FE, vy = h1U], where A is an.upstream infinity and D
a downstream infinity. | ‘ |
Forrconvenience, we choose the origin at B, the x-axis from left
to right, and y-axis upwards.
Suppose U], h] are the speed and depth at point A respectively. We

define the Froude number
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Applying Bernoulli's equation (2.6). between points A and any

other point on the downstream free surface, then results in
% pq2 + ooy =% 0U% +0g by (2.11}

Dividing by % pU%, using the dimensionless variables in (2:8) ~

and rearranging (2.11), we get

[N

¢~ =[1 -’f,;—z-(.v"-1)j"E | (2.12)

-This equation is the free surface condition in dimensionless variables.

Let i = x + iy and W = ¢ + iy, then

Now, using the dimensionless variables in (2.8}, then

di- Mo g T -ie | S
C=d_T=_1_Ef=U.| =q7e . (2.13)
Define
w=1log g = log q~ + i(-8). ' (2.14)

Equation (2.13) {s the normalized conjugate complex velocity, and
the z-plane is called the hodograph plane.

The objective of the analysis is to locate the free surface of
the flow in the Z-plane (physical plane) with reasonable accuracy and to
Tocate the pressure and velocity at any point on the bounﬁary o? the

flow. Rearrangement, integration of (2.13), and use of (2.14], lead to
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Z*=[*=f9-‘§-=je'wdw. | 2.15)

Clearly, the integration cannot be performed until the unknowns
W' (21 and {(Z°] or w(Z) are determined. To determine the explicit
form for W~ and g, the physical p]ang is first mapped onto the complex
. potential plane, W-plane, which can be normaliized to W“-plane; and
hence onto @nother convenient plane, upper half-plane, called the
t-plane. Then Z can be expressed as a function of t and the integration

of (2.15) can be carried out.

Mapping the Physical Plane to the t-plane

The analytic function W” is assumed to be a single-valued function
of Z-. It 1is knoyn from the Riemann mapping theorem, see Nehari [40],
that there is always a mapping functfon which will map confdnma]]y
any simply connected domain with more than‘one boundary point onto
another simply connected domain. If W” is considered as continuous
on the boundary, the uniqueness of the mapping function may be assured
by prescribing the mapping of three points on the boundary of the Z-
plane onfo three properly cok;gsponding points on the W’-plane, see
Appendix [B]. It follows that Z~ = F(W*), where F(W*) is a single-
valued function of W”, establishing a one-to-one correspondance between
points in the Z°- and W--planes.

A similar argument shows that the W”-plane can be mapped onto the
upper half-plane, t-plane, by a single-valued mapping function. Hence

W* = G(t], where G(t) is a single-valued function of t.
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Since Z* = F(W"L and W* = G(x}, Z° = FIG&(t}]. If FIG(t]] is
denoted by f(t}, the mapping function Z* = f{t] establishes a one-to-one

correspondence between the Z--plane and the t-plane.

The Function W°(t}. The W-, H‘-pTanes as well as the t-plane, are

shown in Fig. 3.2, Fig. 3.3,}and Fig. 3.4 respectively. The W*-plane
is mapped‘onto"fhé*upper half-plane, t-plane by a mappﬁng function

derived from the Schwarz-Christoffel transformatfdﬁ, see Churchill [11].

In general, the Schwarz-hristoffel tr nsformatipn-is of the

[ — -
.. ~
L N

form,

[+ 3PN

dW (t
t

L _q
= An (t-t. )« .
i 1

where ti is the t-plane coordinate_re]aféaﬁto a vertex of the polygon

(the infinite strip of width unffy in W*-plane may be considered as a
polygon with two vertices at infinity), and o the corresponding intemal
angle in the W’-plane; A ig a constant. |

. The conformal mapping (2.76) maps the W”-plane onto the t-plane in such a
manner that the fluid region in the W”-plane corresponds to the upper half,
Im(t)} > 0 of the t-plane, and the boundary of the fluid région to the
real axis, Im(t) = 0 of the t-plane.

Now, it is clear that the argument of the normalized conjugate

compiex velocity is known along the fixed boundaries, while its

~ magnitude is known along the free surface. Then, applying the Hilbert !

solution to a mixed boundary value prob]ém, we can express the function

w explicitly as a function of t.



The genéral solution of the Hilbert problem in the upper half-
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. plane is well known, for example, see Mikhlin [37], Muskhelishvili [40j,

Tricomi [52], Larock and Street [30],[31], Larock [32],[33],[34],

" Agrawal tl], LimA[3sj, and Smith and Lim [46],{47]. If the imaginary
part of an analytic finction Q(t] is known atong Im(t) = 0, the real
axis of the t-plane, then the value 6f Q(tl in the upper half-plane

is given By

‘ | (t)— J[—EQLU-dH gAtJ,

_"*“—-*-_.___________H,.—
where Aj are real constants.
Note that we know etther the imaginary or real part of w(t),
defined by (2.14), along the real-axis df the t-plane.

This boundary information can be converted into information about

axis. In the conversion process ffrom w(t) to Qﬁt) we need an auxiliary

-a related function Q(t) so that%;m[Q(t)] is known on the entire real

function H(t), andlytic for Im(t) > 0, which, on Im{t) = 0, is purely

real where the imaginary part of w(t}) is known and purely. 1mag1nary

..—-——‘—"

where the real part of w(t) is known N.Then the 1mag1nary part of the
quotient Q(t) = 4 E known on the entire real axis.

The general solution for H(t)‘1s

H(t) = a I (t-b].)f55
1

. where b, are redl constants, a = ﬁ\/t].

Song [48] has shown that the final solution is independent of a

e
kS

(2.18)
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particular choice for H(tl. A Branch cut is selected on the
real axis to ensure that H(t} s a single-yalued function. Hence
w(t] can Ee constructed explicitly By means of Hnibert s so1ut1on,
where w(t}.= H(t] Q(tl.

“.In ourwproblem, (the flow over an uneven hottom, see Fig. 3.1);
we choose 61 =1, a= -1 1in (2.18]. _The coefficients Aj, J=0,1,2,..5n
in (2.17) are all zero when the upstream boundary condition is applied.

Hence in this case we find

HCt).=-1‘~\‘/t-1 . | | - (Rag)

Qt) = L ][—MI"’T L g, (2.20).
and | _ : .
o t‘ . . : ) .
Im [%é:f]- , _ i
w(t ] H{t b
H(L ;T-][ — t""—d‘l‘ ,\(2.211-

S Ut) + V). S

P .
Smith and Lim [47] used an equivalent form for (2.21], see
Appendix [C],

u(e) = L ][—ﬁ-(g- de | (2.22)
V(] = i][ —”—CT—)-df ' _ '. C o (2.23)

The shape (x*, y*) of the'free streamline DEFA can_then be
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calcuiated'frdm (z.isi_and (2,15[. In g&apt&r‘lir, we will discuss
thepfoblem in detail.

2.2.7 Perturbatmon Method

The perturbation or small parameter method often attributed to
' Pofncare (]8921, is a common analytic tool for finding the approximate .
solutions of non-linear problems. Essentiafly 1t consists in déve10ping
the solution of a non- 11near Boundany or initial value problem in
(usually ascend1ng[ powers of a parameter which e1ther appears explicitly
in the original problems or is {ntroduced in some artifical manner. A
perturbed system 1s\one which differs slightly from a known standard
system.  The expansion in terms of the pertufbationAparameter provides
- a means for obtaining solutions to the perturbation system by utilizing
the known properties of the standard system. The system has been most
often used to investigate the behaviour of sTightly non-linear systems.
Extensive treatments of the perturﬁation concept as they apply
to non-Tinear partial differential equations may Se found in Ames [2].
To apply the perturbation method, one must know a particular
exact solutionhof the simplified-problem to start with. In addition,
. ohe must be ahle to select a dinensibnless parameter (or parameters),
5ay €, ﬁhjch.helps to determine the exact physical problem and is such

E

“that the solutions to the exact problem associated with each value of

-

. e approach (in some sense) the known exact solution when ¢ + 0'*$&t is

W

then assumed that the various functions entering into the problem
may be expanded irnto power ser1es in €. The series are substituted

1nithe equations and ﬁoundary conditions and grouped according to
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powers of €. Tﬁe‘coefficiehts of each power then yield a sequence
of equat1ons and boundary conditions, the coefficients of e g1ving
the f1rst-order tﬁeory, those: of 52 the second-order theory, etc.
As an exact 1n1t1a1 so1ut1onlft s usually most convenient to take '
efther a state of rest or of uniform mot%on. Various choices of ¢
wi11 be mentioned later. | |
. If the order of the equat10ns and the number of boundary conditfons
(;—- rema1ns fixed in the procedure the prob]em is called a gu]ar '

iy
perturbat1on4prob1em. However, if the order of the equatiod is

lowered when ¢ = Q and if one or more boundary conditions have to be
discarded the perturbation problem {s called singular.

Expansions locally valid close to the singularity of the
perturbation e are called ‘outer expansions, and those;lgcﬂTT} valid far

f?om.the singularity of the perturbation parameter e are called inner
expansions. The use of these terms (inner and outer'expansions, or
sotutions) dates at least as far back as 1934 when V&Q-Kérmén . .
and Millikan studied boundary 1ayer separation. Then‘the solution -
" for the whole fie1d is established.after t@&_gﬂgfgxpansions are matched.
- The utility of the inner-outer_expansion'?o; the.so1utio; of
singular perturbation problems has received great interest in severa]i
areas since the fﬁﬁdaménta] papers of Lagerstrom and Cole (1955},
Kaplun (1957), and Proudman and Pearson (1957).

In 1965, Clarke [12] uséd the reciprocal of the Froude number as
'thq parameter, ¢, of ekpansfon. In 1968, again Clarke [14] used; a

Reynoids number as . In ‘1973 and 1979, Keller angepeer f20],128]

»~
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expanded the flow and its free boundaries as asymptotlc ser1es in ¥
. powers of the slenderness rat10 of the stream.
For more details of the discussion on thig method, see Van Dyke

(541, Cole [15], and Be]]mép [4].

2.2.3  Hodograph Method

The fiodograph method ﬁeégﬁ with the basic work of 6. Kirchhoff
(1869] for the free boundary problem and was systematized into
essentfally'its present form by M. Planck [57] and J. Michell [561.
The Basic {dea of the method is to introduce the ve]oc1ty as a new
variable and then to exploit the fact that stream]fnes, unknown in
shape in the physical plane, become known curves in the hbdograph
or velocity plane. For pTane flows of 1ncompre551b1e f1u1ds the hodo-
graph variable is %?'= qe i s aIthough it is more conven1ent to work

with the logarithmic hodograph variables, as given by (2.13), (2.14)

-

n normalized variables. ‘»
[t 1s clear that any flow region bounded ehtire1y by polygonal
streamlines and free stream lines is mapped into a region of the w-plane;

fram(2.14)
= log z=log q~ + { (-0),

bounded by radial seqments (g = constant] and circular arcs (g~ =
constant), and s apped into a poﬁygona1 domain in the w-plane. Hence
the hod%grapﬁ.imﬁaz of the flow 7s a known region. ‘

Since the plane of the complex potential region W = ¢ + iy is.

already a known polygonal region, the flow problem is essentially



solved if the mapping between the w-plane and the hodograph plane

_
s known, w1tﬁ.appropr1ate boundary correspondence, for then W(Z) appears

as the solution of a differential equation

: g ’
c . _ dW |
and the flow region is determined by Z = MR Thus- the fiow
problem is reduced to that of conformal mapping between knocwn regions,
and the difficulty_raised by the unknown free boundary has been

remcved. This is the essence of the hodograph method.

2.2.4 Relaxation Method

The general idea of the relaxation method is well known, see
Southwel] [49], and requires only brief mention here. The flow f1e1d
is d1v1ded into a rectangular network of appropriate fineness, and the
governing equat1ons are written in finite difference form in terms of_
fhe_function values at the mesh points. |

Starting from a reasonable trial solution, values at the mesh
points are successively corrected until the solution is . stab111zed
and the errors in the solution are within the limits
considered acceptable in the partich]ar problem. Additional accuracy

”

can geherally be introduced in any part of the flow by refining the

,
network there.
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3.1 Formulation of tha Problem

The flows considered are assumed to Be inviécid, irrotational,
tw?vdfmensional, incombressiﬁ]e, and steady. Héncé it follows from the
preceding assumptions that the stream function p and the velocity
potential ¢ are Rarmonic functions of the (x,yl-coordinates in the

physical plane and may be defined so that

%: a'i=‘u’

X .oy (3.1a)
and ~

—a.-Q-'.-.. - aiz \(‘ -

3y 3% : (3.1b)
in which (u,v} are the (x,y)-components of the velocity vector,
respectively. "Thus ¢ and ¢ are the real and imaginary parts of the
complex potential

W= g+ Ay, ’ o (3.2)

The bottom consists of a hoéizontal'p]ane AB, Inclined plane 8C
at inclination angle a anH"Téagth L, and a horizontal plane CD, where
it extends f;om -= {(point A) to += (point D), as shown in Fig. 3.1. The
direction of flow is from the left side to right side. For convenience,
we choose B to be the origin in the Z—p]ahe:—the x—axi$ from left to
right and the y-axis upward.

Suppose Uy, hy and Us, hp are the speed and depth at A and D,
respectively. We have defined the Froude number F in (2.10). We have

introduced the dimensionless variables Z°, q°, and W~ in (2.8]. In



dimensfonless form, the free surface condition .was expressed in

(2.9}, The dimensionless pRysical variable Z* was given in (2.15}

in terms of two functions W~ and w. That is,

If we can express the two\functions W* and w as functions of a

single varialle t, then the integral in (3.3} can be found. For the

A
first half of the problem, to exp

the function W~ as a function of

a single variable t, we use a conformal mapping (2.16). This mapping

should map the fluid region in the W--plane, see Fig. 3.3, into the

upper half-plane, the t-plane, and the boundary of the fluid region

onto the real axis, the boundary of the t-plane, see Fig. 3.4. To

ensure the uniqueness of the mapping, we choose three corresponding

points in the following ways;

B:
D:
A:

u;
wf

W

—

-

The mapping is

WCEL = - S log (1-t),

0,
1,

).

(3.3)

(3.4}

(3.5)

for W-(t]l to remain single-valued function, we assume Q0.< arg (1-t) < .

Fﬂr the second half of the prob1em; to express w as a function of

the single variable t, we introduce the Hilbert method for a mixed

boundary value-problem in the upper haif-plane. The general solution
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of the Hj1beft problem.for an analytic function Q(t] in the upper N
half-plane was given in (2.17), Now, we try to reJ;tg.tﬁe function
w(t] to the function Q(tl. From (2.12L, we find that Q(tl is
expressed in terms of the imaginary part of Q(t] along the real axis,
the boundary of the tlpIané;’/Thus, we have to examine the value of
w(t} along the real-axis of the t-plane, and we find that

m [u(t1] = - o(t) Cten,
. : (3.6)
Re [w(t)] =% log [1 - %zty‘ -N],-t>1. } '
where \
o ., - t<0 ‘
8(t) = a ’ 0 <t=« tc (3.7)

o tC <t <]

Note that we know either the imaginary or real part of w(t) along

the real axis ofl the t-plane. This boundary information can be converted

into information about a related function Q(t} so that Im [Q(t)}] is known

on the entirereal axis. In the conversion process from w(t) to Q(t})
3\
we need an auxiliary function H(t) which makes the quotientCﬁzt) = ﬁ E
N
satisfy the above requirement. The general form of H(t) was given in

(2.18}. One such function H(t) is

H(tl = i/t - 1. ] . - (3.8)

For H(t} to remain single-valued function, we assume Q < arg (t—]i_g_n;

I PR



Use of (3.6) and (3781, we obtain

e—(z)_ ) t <]
-t

Im [q(t)] = o (3.9).
% (log [1 - H(57(t) - DI} (t-1)7%, t» 1

Next, we examine the upstream conditiﬁn. As we approach point
A along the free surface, i.e., as t + =, H(t).m -i’t and o(t) +~ Tog 1
= 0. Therefore, Q(t) = ﬁ{%}-+ 0, and from (2.17), Aj =0, J=20,1,..,n.
Thus, (2.17) takes the form ‘ \

Qt) = },—fl—”?-_@%ldr (3.10)
Using (2.14), we get

QHM log g~(t) + i(-8(t))
H{t H{t] -

ut) + iv(t) . ' (3.11)

k)

“Writing (3.17) in details



oGl log g7 ) I Tog qztt)\ | Toga3(t) | e(t)
t ———r e e t— ————— —
I ; A% ;\ = : e
| V | ;—t
) Itc ]
| I | log g-(t)
v(t) 0 I = I 0 |
IR T
| | | (3.12)
Using the Hilbert trénsformation relating the values on the real
axis, of the real and imagiﬁary parts of a function, analytic in the
upper ha]f-p]ane given by (2.22) and (2. 23), we obtain the fo]]ow1ng
equations
. t, .
Tog qf(t) = A=t [ g+ | laaalnly b (3.13)
, _W 0 {(t-t)/T-1 e (r-t) V71

c
A - log q"(x
log q3(t) = J[i———————-—d + ~ Ty, 0 <t <t (3.14)
2 " {0 - ) (eet)aT c

. t w©
c
log q3(t) = At = —dr + log 97{z)y, <t <] (3.15)
v _ -t) T 1 (r-t)/x-T
to -
t-1 -, - log q°(< :
o(t) = 2( | —2 g Llogatle), N (3.16)
- { (t-t)T7 1,7[(1 t)VT-1
-] tC .I
[ 6(t Tog Qf(T) log qé’(_'r) log q3(_-r)
- -h—i—l—-—d 3 ——dT + ———dr + —_— g
(T-t)i _ (r-t)vT-7 0 (r-t) A7 (T-t)/mr;

t <0 (3.17)
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-

_ t :
0 : c 1 ’
1 1 y 1 -
. /ﬁ og q7(xl oy [los a5(r} oo | 1o q3{r) ]
(r-t)r (r-t)} Tt (z=t)T-v
0 tC .
o(z)
+ f —————dt), 0 <t <t (3.18)
] (:r-t)/'r_-'r_
« 0 te
‘/’ 8{r) - Tog q7(r) log qz(r)
- it = —dt +
(z-t)/<=T (-t Y
e 0
"
J[Iog q3(x)
+ —_—dt , t_ <t <] (3.19) .
(v-t) Tt ¢
C .
. tc ]
~E-T- 109 q1(r log g5(r) Tog q3(x)
Tog q-(t) = T+ —_—dr + —_—d
(e- t)/'l_— 0 (r-t}T-t ¢ (r-t)/T-t
. , C
(. ' :
R ot (3.20)
C(r-t) T

where'jﬁ-notation indicates the principal value of the integral.

The singularities in (3.13) to (3.20) may be removed by using the

result of Appendix [A] and noting that
. .

y 1 5 1 =T (1-11 -tc) : )
dt = tan™' [ 1, t=1 (3.21)
(z-t) 17 7t-1 t-1 + s’i-tc



t : -
f S 2 o T OTE-T) |
7 = tanh™ [ . 3, t<1 (3.22)
(r-t}/T-< Y1-t 1=t - /‘I-tc »
—1b 4 ow0, > \' o  (3.23)
: (tft)Vi-r :

For the solution of our problem we need only the f_o]]pwing
equations; (3.13), (_3.14), (3.15}) and (_3.1601, and we use (3.20) as a
numerical check. Use of (,3.2'[)_7 ’_cd (3.23) and.the result of Appendix
[A] to remove singularities from (3.13) to (3.16) a’r_1_d_\(3.20) we get,

. \ -
- o 1=t (Nt 1)
“Tog™qj (] = 2=t log (elye 422 a7l € "1, t <0
_ T 3 (r-t}v/x-1 T 1-t - YT:f; (3.24)
/
Tt - -t (T-t.-1)
Tog g5 (t) = T=% log 0lely: + 28 omn”l -1, 0<t<t,
‘ : T > (r-t)vr-1 T ‘ 1-t - ¢T:EE
- (3.25)
AT IR Y-t (V1-t_-1)
log q3(t) = At Jog 97 {r)y, 4+ 2a — [ c 1, to <t <l
T 1 (r-t)v7-1 T , 1-t - #i—tc ( |
. 3.26

| . . vE-T (1-/T-¢ )
g(t] = Yt f log q-(t)-1o0g g (thy, _ 2a tan”! [ €t > 1
™
:

(r-t)sx=T T t-1 + A=t
' (3.27) .
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1
N c
Tog q-(t) = [109 q7 (<) ce | 19l [ Tog q3(x)
D UE— 13 —dr
(e-t)/T=x . (z-t)/T=7 ¢ (z-t)T=7
c

[—U‘—e(l)d L t>1  (3.28)

(-t} <=1

3.2 Solution of the Problem

The coordinates (x~,y”) of a point on the free surface can be

obtained by use of (3.3) and {3.5) as follows
‘ t

Z-(t) =(x‘0+i) +[ eTe(T) T, dr , t>1
: q‘(r_) (1) "

Sepafating real and imaginary parts, we get k\;\
t -~ ’ ) .
1 sin 8(xt)
y =1+ = —_—dt, t > (3.29)
v J (1-1) q°(x)

X'(.tl=x;0+1_ _CQS_B(__‘E_)_d, t>1 )

(3.30)
T (1) a7(x)

The length ¢~ of the inclined plane BC can be obtained'by use df (3.3}
and (3.5) as follows

Z‘(t)_ = Z_.‘ .I ft 'l.e(_'l')
0 ) o)

along BC: e =a, q° = 45> t0 =0, t=t

A

c’ -
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T e e o e e e e e e e e s e it

Hence,
' t

- |

‘ 1a

z‘(_t)_'-Z'0=]— [-e_. drt_ _ -
| | n‘o‘ 95 (x1 T-r '

¢ 1 p ) e v

g = 1 — 1 &
"o (1-7) g5 (x) |

To determine the pressure at a point on the bottom, use of Bernoulli's

 equation (2.8)

constant

P. 2
o + 3 qb + QYB

% Uf + ghy,

where Qb.is the speed along the bottom.

Dividing (3.32) by & U% and rearranging the equation, we get

- 2 . - - a-2
Cp =1 - I-:T (yb ]) qb 3
where
) . -
[od = ?
p- %p U% T e

34

(3.31)

(3.32)

(3.33)
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0 ‘ Along AB, h
% = v; o Atong BC,
| 2” sina _ Along €D,
énd _ - ,
qf A'loﬁg AB,
9% - 9 . A]ong BC,
q:,: | Along CU.' J

[

Row, summing up equatioqs we need for a complete solution of our

problem.

(i} Along free surface t s 1

Tl =0 - & -1

1 t) -1
o(t) - J/—-rfogq(l 0g q*(t)

dt
(r-t)/
—-Z&tan"][ Sa- !
T t -1+ A,
¢ .

v (t) = 1 + L [ sin egr!h
| T (1-t)g”(x)
t

x~(t] = x2 + 1 [ cos 8(x) r
0 T - U-T)Q‘CTL

-

35

(3.34)

(2.9)

(3.27)

(3.29)

(3.30)

TR
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(L Al ong the boundary of the bottam

,1— log q°(x) A (At - 1)
* log q(t) = [ dr + 22 tanh”! [ ,1_.° ]
(x- t)/-'r-:T T ‘. 1-t - /l-t,
t<0
& .
A [ og 4°(x) q Tt -1
Tog qztt) = f —_do+ 2% pann”! [ =
(r-t) /T T ' 1-t - 'i'tc"
0<t<t,
. 'Iog q (_1'.' p‘[-t (_J’i"t - ]).
log q3(.t1 = [ —dt + 2a tanh™ -1 L £ ]
(x-t)vz-T T -t - Ii"tc s
te < t <l
tc .
4r = L. f —_— 4 T
" ('I-'r)qz(.l') ¥
‘1 + 2 '
. er - q2(t) - t<0
co= {1 -Zp(y- ) -t O<tet
p FZ Yy 2 . ¢
? L1 - %T-(z‘sfnu - 1) - qz2(t) to<t <1

Hep
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. | (3.24)

(3.25)

(3.26)°

(3.31)

"(3.33)



el \ . e e i g i k= e — T T it g

= -
37
~- (i1l For a numerical check
' 0 : t. -
' T . log q3(x) log q;(z)
Tog q-(t) = =1 f—_-i—dr * —2 4
' T (z=t)}T-7 (r-t) M-t
: ~ ™ . 0/
.]' ’ @ ‘
. Tog qg(x) 3 8(t) - 8(t) |
+ —_—dr + dt s £ > 1 (3-28)
¢ (x-t)T-7 " (z-t) /T C '
c E ©
3.3 Numerical Solution- 7
It 1s more convenierit to write down the free surface condition,
Bernoulli's equation (2.9}, in integral form, by differentiating
R - . .. dy” 'V sing | s
| (2.9) with respect to ¢~, replacing H%“ by 7T Tge > using
(3.5), and integrating we get . /[\\
Q3 ()= 1 - 2 sindlely | ¢ g (3.35)
- “mF2 (z-~1}) ’ e
t -
taking into consideration that ds t + = (upstream), q-(t) > 1.
Now, consider the following transformation
£ = —1 ee (3.36)

sin2(y/2) ’ sin2 (8/2),

.

in (3.233;:::§3.30) and (6;35) to overcome the difficulty arising
from carryimg out the integration over the infinite range, we get
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Q3CT)_‘T-— f Md&’ Q<< (3.37)
s1n&

oy) = §1;L J/» log Q(Bl - Tog () dg + 22 a7t (siny

Cosg - cosy m ¢ p + cosy

O<y e (3.38)

where y'= %—= 1, k= i - 41 = tc

=

sing Q(g)

- . Y . ’ )
sine -
Y(v} = 1+ 2 [ 4'_(_3)_‘1& , O<y<m = (_3.39)

. 0s @
XCY). = XU + g [ C*S(.ﬁ)_da , 0 < Y < 7 Iy : (_3.40)

sing Q(8)

=

Consider the following transf;;%ation
. 1
T & —m————

sin2 (8/2)

in (3.24) to (3.26) and

-1
tan?y

in (3.24) only, we get

N



e
log Q(8) - A
2 tan®y + 1 - cosB

T

log Q Gyl = 2_tany secy [
T
0

+ gﬁ'tanh"] [ -k tany secyy 0 <y < _;_
T 1+ k tan?y

T

Tog qé(t) - 24t [ log Q(8) dg +2& taph”! L kA1t J1,
. ™ 0

2 -t (1-cosg} T t-k %

0<tet

. B} |
log qz(t) = 2/I-t Of log Q(B) 45 4+ 28 yopp”T [ At -t 3
T

2 -t (1-cosg) om t-k
1‘.‘.c <t <. 1
Also, consider the transformation
-1 o '
T = -
~ tan% B

in the first term on the right side of (3.28), and

"
sinz (8/2)

'r =
in the fourth term on the right side of (3.28), and

foo
51n2 (%—l

-39

. (3.41)

(3.42)

(3.43)



in (3.28), we get

log Qy(8) : -
kog Ayl = __ElEI 1 secg dg- L
a - cosr + 2 tan? g) |

c ) R
1 1
. og g;(x) o s f og q3(r)
0 (z s1n2I- - 1Wi-t (t sm21 - TL\/]_

C

T

f @ (a) - @ (y)
+ 2 dg ,0<T<TT

COS& - cosy

0

Hence, we have the following system of equations necessary to solve
our problem, after dropping the dash sign, /", and use big letters

for variables:

(1] Along free surface 0<y<m
Y
sine(g) ' _
W) =01-2 dg 1/ : (3.37)
sing . . .
" Tog () - Tog Q) )
R . og Q(B) - log Qly : . _ R
ofy) = 30X dg + 2% tan”] (—S‘}_—n&—) (3:38)
m cosB - cosy T o sY

+
LS

, .
f - 5in6(R) 4 .
—————— B .
sing Q(a) (3.39)
Q . ' ‘



_ y _
XKL= X, + 2 | '——Cose(&)h “dg Ss o —
0 = sing Q(8) ST \

N
" Sl - o

(111 Along the boundary of the bottom

>

© 2seeytany [T Tloge) v,
log Qy{v) = +——— [ -~ . 8
I 2tan?y + 1 - cos8 .
ro 0 _
24 -1 & secr tany ‘
+—“tanh [ 1, 0<y<n/2

1+ k tan?y

’ . T
A Tog Q(8) L. kAT
. log QgCt1=g—'5- [ dg + 2% tamn” [ 1,
™
0

2 - t(Q - cosg) . T t-k
Q0 <t< tc
T ' o
Tog Q(8) - R GUE:
log Qq(t) =22t A ds + 22 tanh™ [—,
¥ 2 - t(1 - cosg) w . t-k
0
tc < t_ <1
t
¢

41

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

PRTr: 1
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éf
o1 bt , 0<y<n2
s g | 2 < '
¢ = VT-gl0,-1l-8kL . Dd<t<t, (3.45)
\ o 1-2, (2 sina -1) - @2 t o<t<l
1 gz (& sina 1) Q3(t) , t.o<t
(ii11] For a numerical check - -
® g )8
-5i 0g

Tog Qfy) = =10Y -4 ] : sec8 d8 \
2% (1 -~ cosy + 2 tan2g) 3

. 0 \

tc : 1 . %

f log Q,(z} log Qq(x)
+ - —dt + - dt
0 (tsin? %f- 1)Y=t " (zsin2 %—- 1)/T-1
c
g} | .
e(8) - o(y) o
+ 2 dg ), 0<y<m (3.46)
0 COSB - COSY
Now, equation (3.38) should give values of e(y) along the free B

surface, but Q(y) appears in the numerator of the integrand on the right
side of the equations. Equation (3.37) which should give values of d
Q(y) along the free surface, in turn has o(y) in the numerator of the
Tntegraﬁd on the right side of the equation. Conséquently, configuration

of the free surface (Y,X] can not be found out without calculating Q(y)
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and oy}, e

-~

- These two equafﬁons (3:37] and (3. 38}, are of such complexity
that we can not solve them analyt1ca11y Therefore, numerical
methods must Be 1ntroduced Since the sha;e of free surface is unknown,
an iterative method shouid be applied to so1ve the problem, in condition.
that we have to find initially a good approximation for the unknown.
quant1t1es, see Scarﬁorough [45]. The iterative method which we have
used is described in detai] by Larock and Street [31].

The iterative procedure works in the following manner:

(i) We determine Q(y) on the free surface, initially, from the non-

gravity case (g=0), which is,'fvéﬁ (3.37), Q(O)(y) = 1.0.

(i1) Using Q(O)(y) as an input data in (3.38), we find out an

expression for o(y), call it @(])(Y).
(i1} Using e1)(4) 1n (3.37) we witl get (1)),

(iv) Use QU (v) ande (1 )Cy) in (3.39) and (3. 40) to find out
¢, xMy.

(v] Use Q(1)CY) in (3.47) to (3.43) to find expressions for Q(]),
Q§1l and Q(])

»respectively.
(vi) Use Q§1) in (3.44) to find (1)

(viilsubstitute for q{11, o01) Q§1), (1), and Q(‘ in (3.46) for a

numerical check.

(viii) Another gravity squt1on s obtained using the data from

step (1i1), Q(1)(v)



(ix] Steps (it} to (viil are repeated until the results of two

successive Tterations differ by less than some specified small number

107k, where k = 4 or 6; at this point we stop the iterations and the

'grav1ty solution is obtained,

(x} Use Q]’ QZ’ and Qé in (3.45) to find out .the pressure
ceefficient along the boundary of the bottom.

f"‘\‘.

- 3.4 Some Mathematical Re]ation;

ReTlationship between .F{ and F}

Conservation of mass gives us
Flux = U.l h] = U2 h2

‘Bernoulli‘s equation along the free surface AD gives us
C1 2 = 1 2
;SU]*'gh-] ;ﬁuzfg(h-z"'d)_
Multiplying (3.48) across by .2 and dividing by ghy, we get,
U2 .

1 B b, d
Ty R R L

Using the definition of Froude number given by (2.10), and the

dimensionless variables (2.8), we get

= h~ F2 ol -
ﬁz FZ +2( hZ + d 1}

44

(.47}

(3.48)

(3.49)

" (3.50)
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., : o
Equation (3.50) gives a relation between F% and F% in terms of the S
depth far downstream and the vertical depth of the inclined plane.

It is clear from (3.50) that
(i)  when F% > F%: the level of flow rises up
(ii) ~ when F$.< F2:  the level of flow falls down
(ii1) when Fg = F2: no change in the level, which .corresponds to

d- =0,

see Fig. 3.5 for illustration.

3.5 Numerical Results and Discussions

The dimensionless variables X, Y along FE are given in 3.39:and
3.40 respectively. Tables 3.1 to 3.4 show some free surfaces, which -
are plotted in Figs. 3.6 to 3.9, - .
After.an initial guess, (;he non-gravity case, Y along FE), we
start thé iterative procedure. The iterative procedure becomes stable
after the second iteration, and in the fourth iteration it produces
3 significant décima] places. We need 9 iterations to produce 5 '
significant decimal places.
It should also be mentioned that with a 30 points of divisions,
the CPU time for each iteratign was approxiﬁate]y 0-.257 minutes usfng
an IBM 3031 computer, FORTRAN IV Tevel G.

Tt

hos
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FLOW FROM UNIFORM CHANNEL OVER SHELF

4.1 Formulation of the Problem

4.2 Solution of the Probiem

4.3 Numerical Solution

4.4  Numerical Results and Discussions

4.5 Comparison with Previous Work
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4.1 Formulation of the Prohlem

An inviscid, incompressihle f1uid.f1ows over a horizontal surface
‘ until it fa]}s over an edge under the influence of gravity. The flow
is considered to be %woidimensfona1, steady, and irrotational. Far
upstream the fluid {s of depth.h.and has a uniform horizontal veIOC1ty
UO' and gravity is acting vertically downwards, see Fig. 4.1. For
convenience, we choose B to be the origih in the z-plane, the x=axis
froﬁ left to right and the y-ax{s upward. ‘

It is supposed that the two-dimensional fluid flow, taking place
in the plane'of a complex yariable z = x + iy, 1s given by means of
a velocity pgtentfa] o(x,¥) and a stream function ¢{x,y), both .
satisfy Laplace's equation. Then the complex potential w(z) = ¢(x,y2
+ {y(x,y) 1s an analytic function of z within the region of
flow and has the important property.that its der}vative satisfies (2.2)

Along the upper free surface, 91> ¥y» 8y are the speed of the
fluid, the vertical distance between a point on the free surface aed
some reference elevation, and the angle of inclination of the’ ve]oc1ty
w1th.the hor1zonta1 respectively. Similar def1n1t1ons apply for’ Gos
Yo and 8y along the Tower free surface.

We have defined the‘Froude number F in (2.10). We have introduced

the dimension1ess variahles Z’,fq‘ and w* in (2.8), and in our problem
) : . 3

a
h
q; ' }
= M . .
q:\"“__ 3 ’ (.4.‘[)
T U,
W
¥



48

where { = 1,2 and "1" for upper free surface and "2" for lower free
sgrface, ¢1 = hlg.

In dmaension]ess form, the free surface condltion along the

i upper and lower free surfaces, respectively, are ’
A G2+ & G -i1=1, , ‘ L (4.2a)
- -\ B [
qz2 + ?’2‘ (yz - 11 =1. - | (4.2b)

. ' ) )
The dimensionless physical variable Z* in terms of two functions

> b was given in (2.15), that is,

- = fe‘“’ aw . | ' (4.3)
w0 - | ‘ ' '
If we can express the two functions‘w‘ and w as functions of-a
single variable.t, then the integral in (4.3) could be Farried out.
For the first half of the problem, to express the functfon w” as a
function offrt1ngle variable t, we use a conforma1 mapp1ng (2.16}.
This mapping should map the fluid region in the w --plane (see Fig. 4. 31
“into the upper half-plane, th t-plane, and the boundary of the fluid
- region ;onto'the real axis, the boundary of the t-plane (see Fig. 4.4).
.~ To ensure the uniqueness of the mapping,we choose three.corresponding

, points in the following ways,

AN B : w =0 t=0, |
\...-/'-J [:’D:-. \'_l’ "”“” t =1 Y “ L4-4)

A,F: W > -, t+eo

oy
f,

1,
&
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The mapping is

w(t) = =L log (1-t) o | O (4.5)

T

For w~(t) to remain single-valued function, we assume

0 < arg (I-t) S_n . : . T 4.8)

: i
- For the second half of the.problem, to express w as ‘a function of the

single variable t, we introduce the Hilbert method for amixed boundary
" .value problem iﬁ the hpper half-plane. The general solution of the
Hilbert problem for an analytic functibn Q(t) in the upper half-plane -
was given by (2.17). Now, we try to relate the function w(t) to:
function Q(t). From (2.17), we find that Q(t) is expressed in terms |
df the imaéinary part of Q(t) along the real axis, the boundary of the

t-plane. Thus, we have to examine the value of w(t) along the real-

axis of the t-plane, and we find that -
. : A
Im [w(t)] =0 ot <
: it .
Re [w(t)I =% log [1 - 27 (y; - 1M, 0<t<1 (8.7

Rer[m(tl] =% log [1 - %z-(yi - 11, t >

Note that we know either the imaginary or real part of w(t)
along the real axis of the t-plane.
This boundary information can be converted into infbrmation
about a related function Q(t) so that ‘Im [Q(t)] is known on the entire

‘real axis. In the conversion process from w(t) to Q(t) we need an
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auxiliary function H(_t)_ which makes the quotient Qlt) = 3?‘%
satisfy th{ above requirement. The general form of H(_tl was given
“in (2.18). One such function H(tl is
CH(t) = -iE : R ' ~ (4.8) ]
For HCtl to remain single-valued functmn, we assume 0 < arg (tl <.
Use of {4.7) and (4.8), we obtain
;. £ o ' | ' > t< 0 :

In [QTEL] = 35{109 05 g - 1)]}1:Ji L 0<tel  (4.9)

N %{Tog [1.-%2-(&‘-1)_'1}*-‘{". t<T.

Next, we examine the upstream condition. As we-app'roach'p‘oint F

along the upper free surface, i.e. ', as t » =, H(t) = -iA and o(t) + ' /"
log 1= 0. * Therefore q(t] = t >0, and from (2.17); A ”
i=20,1,2,...,n. Thus, (2.17), takes the form
o In Q)] - ~ SR |
Q(t) = - ———dr . | (4.10)
T -t . i _

Use of (2.14], we get

\  Tog q*(t). + i[-8(t)]
m%tg _ a -
Qct)‘:.: Hit - H(_tl_ =

= U(t) + V() | SR (4.11)

(™ ) . T,
\-ﬁ - I .
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-t

{
" _ .\' .
Hriting ,(4,11)_-1'r_|- details ‘ u--‘ 7; - a
+ /r—.-\ . l : [ . h ’ -
' -tog q-(t] l 8,(t] ‘i,“| 0, (t)
' -~ "J-_t- l 't ‘::l!\- 7t
I L. ,
10 ¥ N
ey |5 o 1 G - Tog q(t)
- N R )
H t

U:sjng the Hilbert transformation relating the values on the.

. real axis, o%\ the real and imaginary parts ¢f a function, analytic

in the upper ha]f-p'lane, given by (2 221 and (2.23), we obtain the

| following equLtwns

}

' 1 - . _
. P = ” log q5{rl ~ Tog q7 ()"
“Tog g-{t]) = ',_t{ C— e+ — L 4y, t<o

.o (r-t)/T (r-t)/r
T log q5(x) Tog q7(z} 1}
ez(t)=— 4o ————dt + .. ——dt , 0 <t=<]
T (t-t)/x . (r-t)r/T "
0o . 1 |
| og ) [ tog aile) |
1 - 0 gl o ’
(1) = L2 _gi_d](__g_‘u_d Lt
T |- (r-t) v (c-t)¥T .
A n '[ - P,
JLO Tog q°(t) . 8,(r) 8,(x} :
—_——dr = e * o i ——dT s t<0
(z-t)d=t ; (-t : (x-t}/r

51-.

.(4. 12)

£4.13)

(4.14)

(4.15)

(4.16)



52

‘ ’ . . ) 1 " _ ‘_
.o N ]og qz‘ct)-_ = .-;/_t_ [ 0g. q° CT)_ f ech)_ dr + [ .8 CT)_ 4 .
" Gt (-tl/r (r-t)/s
y : | / - v L

%k/ R R : 0<t<1 (4.17)

' 1 ‘(t)_ -t ‘ f ]69 q- (.T . f 2(1’1 . 9 (.Tl )
0 = — ———dx ——dr ——d
79 ™ ; (r-t)/<t . (x-tlr (_t-t)f_b‘r

t > ° - (4.18)

The singularities in (4.13) to (4.18) may be rehoved by using
the result of Appendix [A] and noting that

1 1 1-/% |
- —————dv = = log (L), Q<t<] (4.19)
0 (r-t)/r /t B Vo — .
1 T o '
dr = = Tog (===}, t>1 (4.20)
f(r—t)/'r_k t R :
1
0 . -
—1 4 = o , | t <0 (4.21)
ooty
- X : .

For the ESTution of our problem we need only the following equations;
(4.13), (4.14) and (4. 15), and use (4 16} as a numerical check. Use

of (4.19) to (4.21] and the result of Append1x [A] to remove singylarities
from (4.13) to (4.16], we get
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-

' N 1 . . :
og.q3 (_t). . Tog q7(x) | .
Tog q*(t] = === St | —1 ), t<o (a2 O
' g [ (r-tlx [ (z-tl/T T} . (8.22)
0 .

1
. ; e
. log.gz(xl.-.Tog qs(t) - log qz(x)
92&)'_ = j_E /' q-z " 2 dt + —"'-—1-—d1.'
r (r-tl/x (-t
' o . R
log qé(t) ] (_14fE . ( |
b 0g. { —— , 0 <t . 4.23
T g 1+/T L. ‘
- { Tog qz(z} TOQ +(z) - Tog.q:(t)
e_l (_t)_ = "Lt_ -_qz._._ dt + Q'] q1 dr
' " g (x-t)/T (r-t)7 .
log qf(t) C*/t—” 1 (4.24)
— 10 - . t>17 - (4.24
T S T -] '
f Tog q”(z] - Tog q*(t) [ 0, (x) 8, (<)
dr = dr+ —dt
(-t} /=~ 0 (t-t)/T e (z-t)vT
) t <0 (4.25)

4.2  Solution of the Problem

The coordinates (x”,y”) of a point on the upper and Tower free

"surfaces can be obtained by use of (4.3) and (4.5) as follows



_ 21‘ CtL_=

Separating real and imaginary parts,

upper free surface

X3 (t)

yi(tl =

*
O
+
A |-

. e e i

. t .
’ . .eie'l Ol 1
Cxa + 7] + f S de
- a7l aQ-c)

-]

For the lower free surface,

;) =

eiez(_'r)_ :

0 a;(r} wUfﬂ

dt

Separating real and imaginary parts, we get

x5(t] =

¥ () =

t

» 0 <t <]

] cos.ez(rl
oy —(r |, 0 <t«<]
. (1-x)gs(x)

0
t

2| —

) f sin 62(1:)_ )
—_—dr |, 0<t<]
0 C] _Tj_qé (_T)- ]

" To determine the pressure at a point on the shelf, apply

t>1
we get (xftti, yf(tl)-for'théir
t
cos eTCx)
—_dr , t > 1
J  O-ei(a)

. t
1+ T —_—dr |, t>1
(1-c)q; (x)

-

.54

-(4.26)

(;.27)

(4.28)

(4.29)
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Bernoullits equation (2.6]

L4

- where q is the speed along the shelf.

Dividing (4.301Nind rearranging the equation, we get

. 2 . .
Cp= 1 +-§z--q7- s o : (4.31)
where _ '
c =—2— | | ' (4.32)
P py2

Now, summing up equations we need for a compiete solution-of the

pr'c;ﬁ]em

(1L Along lower free surface Q< t.< 1
- _ 2 . 3
| Tog g5(x) - log q;(t) log q7 (1)
82(t1=/—1? 2. ‘zﬁ'i'r+ ——;dr

LR, (z-t)vT 1 (r-t)/r

.‘ \\
Tog g5(t) 1-/¢
P———— log (——) - (4.23)



(1-t)aj(x)

6
.o . t . ’
(e] = 1 - sin 62(_1),
yz : = = —_ e (4.29)__
(-tlgs(=1
0 .
t cos 6,(t) -
T )
HORE f et (4.28)
S Q-clas(r)
. (A1l Along upper free surface t>1 .
Caj®) = 11 - & G50 - 1 (4.2)
LT 'I - )
o (t) _ A log q5(x) s log q7(x] - 1c:9q{’4(f.lt_ldT _
i (r-t)ir (c-th/T -
0 1
log q]’(t)_ .- /T +1
+ . log (_—-T 1 (4.24)
.
- sin 81(11
yf(t)_ =1+ _dr (4.27)
T (1-t)qi(x) .
T ‘
] cos 81(1)
x{(t) =x3t - —dr (4.26)
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(111 Along the boundary of the ‘open channel (solid Boundary) t < Q

| .1 o
Tog q5(x) log Tog gf(; 1631
-/=t 2
log q°(t] = — 5 v+ d 4.22
o8 (el === f (tlr f (etir (4.22)
'Cp =1 + 12’-2- - q’zttl V A ‘ (4.31) -

(iv ] For a numerical check

-

0
f 169 q“(x1 - log q Gl 8,(x) e] (<)
-t +
(r-t)l/=7 (r-t)/T (r-tl/‘ d
t <0 (4.25)
4.3 Numerical Solution | ' -

To overcome the-difficulty which arises from carrying out the
numerical integratiop over an infinite range, we need some

transformations for that purpose.
1

- in the second term ahd
1

(i) For equation (4.23), use © =

write T for't], we get
] 1

o, (1) = b3 log g3(c) - Tog q3(t) . [ Tog q](-r) N
m (z-t}sT _ "0 (-tt)A

Tog q;5(t) 1- /&
t———— Jog (—— 1, 0<t<]
T 1+ /T
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(il The necessary equations for upper free surface:

use t = A} s T =1 » and write t, t for t,, t, respectively. -
1'..l T : S

gptl= I1 - & 0L - 11T

t

1 1
T .Tog q3(x). Tog 97(r} - Tog Q7 (t)
e, (t] = — 2 e - ] 1 dr
U ) Gtns NS |

"\l

a |

log Qi’(_t)_ 1+ /-
+ ——— log (: 1
T 1- 7/t
t

Yf(_t]_= 1 +}r. f .31_11.?_..'_(_1_(1.5
. 0 t(0-t)Qj(xL

1 cos 91(x1
—dr
©(1-t)07(x)

(iii) Far equations satisfied a]ongJ the solid boundary:

consider -1

t H
tany 'Y

A
"

1— for the second tenﬁ and write ¢t for Ty, We get
] . .
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1

' o 1
log Q~(y) = =Hanr f log agl) —dt + f '—--——-d]og Qi(ﬂf
| T o (O + ctanZpl/7 (z+ tanZy /T .’

‘0 <y <'n/2

(iv] For equation used in numerical check:

Lonsider t = 2 ,
: tan2y.
T = for Teft side,
tan2g

T = %— for second term on right side, and write '

for T1s We get

~

n/2 1

[ log Q“(8) - Tog Q~(x) [ 8, (x)
-2 sec?g dg = dt
(tan?g - tan2y) : 0 (1 + ttan2y)/T

0
] e'l (.Tl d
C{z+ tanZy)dT

T, 0 <y < w/2.

Hence we have the following system of equations neéessary to solve
our problem, after dropping the dash, ":", sign and use big Tetters

for variables:

.o

e
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_('I) Along lower free surface 0<t < 1
GGl = [T - Z (0,(t) - 17" (4.33)

1 1

eal-f [ 29 Q(s1 - log A [ oGl

Tog @, (t) 1- /&

HE v - (4.34)
| 1 ‘ sin 8,(x) - 3 | | -
Y, (t) = - [ mr _ (4.35)
Y s el | -
R 11:0[ U?‘F).QZZCT)_ " ' (4.36)
(i1) Along upper free surface ot . //
Q{t =101 - %2- (vt} - 17 e

. ] : |
91 ) - )/__t- . [ Tog QZ(_T)_ de - "Iog Q.I (r) - Tog Q_l (_t)dT
. T Lo (_‘l‘t-T )_J/T_ I 0 (T"t)_ft—

 Tog Q (¢} + X
4

—— 1og

r 1- /¢

) | (4.38)



t
- 1 sin.e](;L -
" 10-7lg; (5L
t
1 J/’ cos 01(11:
=X+ = ———dr
T ] (1 -'r)_Q1 (=}

(i1t} Along the solid boundary .

™

¢ = 1+ ? - Q2(y) . .

(iv) For a numerical check

~

/2
log Q(8) - log Q(y)
-2 sec?g d B

(tan2p - tanZy) -

1
f 91'(.1' ).
+ dt
0 (_T+ tanzY )_J‘F '

(1+. ttan?y)vT

0 <y < w/2

1
f log q] (x)
dr + : d
. (v+ tan?y)7/T

0 <y < nf2

: .
1 ez(T). d
.
- (1+ <tan2y)vt

-0

g

a1

- _(4.39)}

~ (4.40)

T

(4.81)

(4.42)

(4.43)

Now, equation (4.33) should give an expression-for 85(t), which-

found on the left side of the equation. But Q](t) and QZ(t) appear
. in the numerator of the integrand on the rightfgﬁde of the equation.

Equations {4.33) and (4.37) which should give expressions for Qz(t)

T
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and Q, (t[,.r;espectivew, in turn are functions in’ YZCtL and '.Y] (t}
which are originally unknowns. ~Equations (4.35], (4.36], (4.39)
and (4.40) can‘not'give .an expression for the free surfaces profile
ﬁn]ess an expression for eé(tl, Qz(tl, e](t), and Qf(f)-are
determined. Finally knowing ﬁI(t) and_Qz(tl are essential for
equation (4.¢11T | |

These equﬁibné.are of such complexity that -most-analytical
methods of integral equations iheorylgre.not useful. 'bur way to

solve these equatiéns is to apply iteration method, On condition that

we have to find initially a good approximation for the unknown

quantities,”since the successive-approximation scheme often converges |

only if the initial approximation 1s sufficiently close to the
final solution, see Scarbﬁrough [45].-

Jﬁeﬁ, if the problem has been properly formulated, and the
initi;1 approximatign has been carrectly chosen, it should be possiﬁ]e
successively to imprové upon tﬁe init{al apprnximation.uﬁtil, after ;
sufficient number of rprovements, the correct solution, for a
specific degree of acéuracy, to the graviéy problem i{s indeed found.
In our iteration method the complete solution is computed in each
--cycle.. l o |

The iterative procedure works in the following manner:

(i1 Initial approximation will be fouhd from non-gravity case,

g = 0, which gives

0y 0
Iv]C.L= 1.0, -Y2(-1= 0

62



following the same starting as Southwell and Vaisey [50].~

(1] Using the input data from step (i, Y (DL in equation
(4.33} and Y$01 in equation (4.37), we find an expression for

respectively.
f

Cuﬂ_ Use QGL and QUl in (_4 34) and (4.38) to find out
Glmdeoi

(iv) ‘Use Q(l) and’ e(]) 1n (4.35) and (4. 36) to find out Y(n
and Xz respectively.

(v} VUse Q(1) and 6%1) in (4.39) to (4.40) to calcu]&te‘

Y$1) and X$11 respectively. b

(vi} Another gravity.-solution is obtained using the data

from steps (iv) and (v}, Y(]) and YU1 o o

{vii) Steps (ii1i} to (v) dre repeated until the results fo
two successive iterations differ by less than some specified small
number 10'k, where k = 4 or 6,at this point we stop the iterations

and the d?avity sofution is obtained. ~

(viii] At each iteration check the validity of equat1on (4. 43)

to be satisfied by the numerical figures.

(ix} Use final solution of Q; and @, in equation (4.41) to find

Q along the solid boundary.

(x} Apply Q@ in equation (4.42) to find out the pressure

coefficient on the solid boundary.

q
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4.4 Numerical Results and Discussions.

. The dimensionless varfables X;, Y; along FD and X,, ¥, along BC
are given in 4.46,'4.39, 4.36;and 4.35 respectively., Tables 4.1 to
4.5 show some free surfaces, which are plotted in Figs. 4.5 to 4.8,
keeping the Froude number F ?ixed TaE]e 4.5 shows the dlstr1butfon
of the values of C along the she]f for different values of F, ang
is plotted in Fig. 4. 12, o ‘

After an initial guess, (the non-gravity case, Y, along FD and

Yz along BCQ we start the iterative procedure. The 1terat1ve

procedure Becomes stable after the third iteration, and in the fourth

iteration it produces 3 significant decimal places for the lower free
surface and 2 significant decimal places for the uQPer one. We need
7 iterations to produce 5 significant decimal places for the Tower .
free surface and 4 significant decimal places for the upper one.

It i{s found that when the numerical check 15 carried out, equat1on
4,43 1s satisfied w1th error between 0.015 to 0. 04&

It should also be mentlened‘that with a 300 points of.divisions.
The CPU time for each iteretion was eppraximate]y 1.774 minu;es using
an IBM 3031 computer, FORTRAN IV level G.

Fina]]y_we conclude that the solution can be 1mproveq_gé using

more points and/or double precision arithmetic in the computer. However,

A -
both of these would-involve substational increases in time anfl cost.

A

v iy g bt e ara
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4.5 Comparison with'Previoué Work

In order to compare aur results with experimental data produced.
by Rouse, it {s necessary_tﬁaﬂ the numerical results for tﬁeﬂtritfcal
approach flow must ﬁe'empioyed. This comparison is shown\iniF%g. 4.10
wﬁere-resyits By Chdw a

Han J10] from hoqbgraph method and results
--Ey Soutfwel1 and Vaise 5 rom relaxational calculations_are also

presentad. It is obvious present numerical results yield a
very good }esu1t when compared with Rouse's experimentai‘déta.

It has been mentioned previously that C1arke'[12] has obtained
solutions of thls probiem for flows with. large approach1ng Froude ,;
numbers. In order to see how his solution ra]ates to the present )
‘numerical calcuiations, Fig. 4.11 presents: his result;.optained for .
the condition of F = 720 and the corresponding numericai‘results.
from the present schemef If is apparent that these results agree .
c]bsély ﬁith each other near the crest. Further'downstream, however,
C]arkg's so]utipn seems to give a thinner jet and the disagreement is

~

- expected to become worse far downstream. This may suggest that higher-
h]

order t&Jyms are needed in Clarke's solution to ‘achieve better agreement

in the downstream flow~xegion.
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5.1 Formulation of the Prohlem

-

An inviscid, incompressible fluid in two-dimensions flows along a
flat shelf AB at a depth h with uniform velocity UO‘ It then encounters
an inclined plane BC at Thclination angle a« and its length isL. The -
fluid then flows down the sﬁarp edQe of the weir under the influence
of gravity. See Fig. 5.1. N | ‘

As the fiow far upstream is supposed uniform and hancé irrotational,
and viscosity is absent then it is always irrotational and so there
exists a velocity potential . 'Also-as the fluid is incompressibte there
exists a'stream function 9. Accordingly the equations of motion are

well-known

V29 =0 ; V2p =20 . | . (5.1) |

Unfortunately we do not know the lacation of the free surfaces’ a
priori, but the fact that along the streamline, ¢ is constant allows us
to denote the upper free surface FE by y = constant; similarly ¢ is a1sé
a constant on the solid boundary ABC and lﬁwer free surface CD, Se

Fig. 5.71.

The flow domain in (¢,¢)-plane, as it is shown in Fig. 5.2 is the
Infinite strip ~= < ¢ < = Ugh < ¢ < 0. Here we have designated the
upﬁer free surface y = Uoh, as UOh is the flux, the solid boundary and
the Tower frge surface becoming p = 0. For convenience, we choose B to
be the origin in the Z-plane, the:x-axis from left to right and the.y-axis

upward.



»

Along the'upper free surface Qs ¥y 8 ;re the speed of the
fluid, the vertical distance between a point on the free surface and
some reférence e1evat10n and the angie of 1nc11nat10n of the velocity
with the horizontal, respectively. Similar definitions apply to o>
yé, and e2 along the Tower free surface.

The boundary conditions are that the normal velacity vanishes on
. The solid surface and that the pressure is continuous across the free
surfaces. As we shall measure the prgssure-ré]ative fo that outside
the fluid region, the condition on the free surface becomes that the
pressure, p, vanis;es. |

As the flow is irrotational we have the Bernoulli equation {2.6).

\
Non-dimensianal variables are defined in (2.8), and in our problem
Z, |
PG -
21"F’ )
o
q. .
i . .
q1=_9 . ) (.5-2)_
LT .? _
We= ¥ ‘
l"'I J

where i = 1,2, and "1" for upper free surface and "2" for lower free
surface, ¥y = hUO'
In dimensionless form, the free surface condition along the upper .

and Tower free surfaces, respectively, are

q7% + —z-bq -11=1, (5.3a)
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where the Froude AEEEESLF was def1ned in (2. 10) '
The upper free surface, in dimensionless variables is denoted by

¥7 = 1, while the Tower free surface by wé = 0, as shown in Fig. 5.3.

—r

The dimensjonless physical var1ab1e Z* in terms of two funct1on W,

w was given in (2 15}, that is :
Z- = [e-m - . o : ' 8 (5.4)

If we can express the two funciions W” and o as‘functions of a
single variable t, then the integral in (5.4) could be carried out.
| (i)  To express the function W- as a function of t:

Conformal mapping given by (2.76) helps us to find out that

expression for W°. This mapping maps the fluid region in the W”-plane
~into the upper ha1f~p1ane, the* t-plane, and thg boundary of the.fluid
region ont§ %he real axis, the boundary of the t-plane (see Fig. 5.4).
To ensure the uniqueness of the mapping,#e choose three corresponding

points in the following ways,

B: W =0, t=0,

. =4
A W e, t o= ], (5.5)
D,E: W are | t+ =, -
The mapping is
W (t) = Tlog (148). (5.6)
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For W~(t) to remain single-yalued function, we assume

0carg (#t) <v - - (5.7)

G1i) To expréss the function w as a %qnction oflt:
Hi]bert's‘method for a mixed boundary value problem in’
the upper‘ha]f-p1ane enables us ‘to find ou; that expression.
The generaT solution of the Hiibert problem for an'analytic
function Q(t) in the uppey-half p]ahe was given by (2.17).
’ Now, we try to ;e1ate~the function w(t) to the function Q(t).
From (2.17), we find that Q(t) is expressed in terms of the imaginary
part of Q(t) along the Boundafy of the t-plane.

Thus, we have to examine the value of w(t) along the boundary of

the t-plane, we find that

Re [u(t)] =% Tog [1 -5 (yi(t) -1 ,  t<-1

.y

Im [«(t)] = 0 1<t <0
> (5.8)

m [u(t)] = -a 0 <t

Re [w(t)] =% Tog [T - & (ys(t) - 1)1 ,  t>1 )

3

This boundary information can be converted into information about a
related function Q(t] so that Im [Q(t)] is known on the entire real axis.
In the conversion process from w(t) to Q(t) we need an auxilliary function

H(t) which makes the quotient Q(t) =_ﬁé§% satisfies the above requirement.

A

STV

PP TSI WY
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The general form of H(t) was given in (2.18].
One such function H(t} is 2 o
H(t) = =i [(e+1)(£-1)7% . - | (5.9)

A branch cut on the real axis interval (-1,1) insures that H(t) is
single-valued. - '

Use of (5.8) and (5.9), we obtain g
(% Uog [1 - & (3(0)-1)13 [-(#0)Q-6)T® ,  t< -
a : _ | » =1 <t <0

Im[Q‘(t)]=< | - ‘ . (5.10) |
- o [(t+1)(1-t}] . » 0<t<]

% Tog 11 - £ (y3(e)-11D [ENE-NI" L e

Now, let us examine the behaviour of Q(t) as-t + =. As 't +> @,
H(t) ~ -t and q(t) ~ [1og(1+t)Jl/3, a(t) 1s bounded, therefore
w(t) ~ [109(1+t)]1/3 + 1 constant. Hence Q(f) = ﬁ—&%-‘- Dand t + =, ©
and from (2.17), A, =0, j = 0,1,...,n. Thus (2.17) takes the form

o) = f InlQe) g, ' , (5.11)

Use of (2.14), we get

O

u(t) + Ve . (5.12)
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Writing (5.12) in details _ T > .
) o, (t] | g
e [ 2R
~FI0-t) N t+TI(-t) | T+ (-
. ' r—— ;] A >t (5.13)
~ -log q7(t) | -a(t}) I  log q5(t)
v(t) —_ | — | ' 2
- J-(t+1)(1-t) t4 -t (t+1) (t-
where ' . SR
. +* ’
’ qﬁ(t) s"] <t<0 ]
q (t) =
a(e) 0<tel,
and .
;/. 0 ' ‘ :'] < t < 0 »
a(t] =
o » 0 <t <.,

Using the Hilbert transformation relating the values on the real
axis, of the real and imaginary parts of a function, analytic in the
upper half-plane, given by (2.22) and (2.23), we obtain the following

equations

* qy:  speed of the flow along the flat plane AB.

'%f q,: speed of the flow a]ong_the weir BC. . ' -




-1

N i )(““’9 q1‘ﬂ ] N
. ! v (-t 72T (x-t)AT-7

fhg o) |
+ —_—dr) , t < =1
1Y (z-t)AEI
o -1 1
' /T-12 ~log qi(r) -
1og‘qﬁ(t) = —_—dr + dt
" J (z-t)/72=T (z-t)/1-1%
1 . - w] 5
. f 2956 L ceeo
] (x-t)¥xZ1
.1 ] .
Ji 2 1og q]Lr -
+ —dr
(I-t)iqz:7 0 (z-t)/T-12
(\' i o [mlog LHE) }
. ) + d 0<t<]

(r—t)#rz-i

1
t2- [—109 q1(r) -
8 (t) : ————t
(r-t)irz- (r-t)s/T-72

Tongh) s
o ——dr) [t
. (t-t) /%=1
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 (5.14)

(5.15)

(5.16)

(5.17)

I §
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log g3(x] ][ "51&1 o 109 % m . T 109_%&{,---‘
0 T) = . ~
g q] (r=t)/7Z-] a1 Ct-t[ﬁ-' TZ' ) C’r-t_—_d)_ mr-

« R

. f el 1 (5.18)
. : : , bt < -
R (r-t1/7%-] N | ) }‘.__
-1 , 0 , T

’- 8, (1) log qg(x) log g-(}
0 = dv ++ —L—dr + ———d7
(=t} /721 s (x-t)/T-72 0 (t-t)/T=12 i

8, (r) '
. '(T—.]df 3 ".[ < t < 0 ) Cs'.lg)-
i T= ’E-_ .

o 1

) YT=t2 [ -8 [-cl | ' Tog ql_*l(_-r) ‘+ log ap, (1:)
: (r-t)¥=Z] , (ret)A-72 i (t- t)!/'l_2

fw 0 (T) }
+ ————dr ), 0<t<l . (5.20)
(_T-t)m

g 0 1
-B (r) . J/’log q;lz) . log qz(r)
(_r-t)/T1 (r-t)/T=72 ) (t-t)/T=12Z

-/tZ5

| Tog q2

=]

;%T 2(?) :} T
+ s t > 1 ’ (-_5.2])_
{z-t}/r z-1

1



The singular1tfes in (5.14} to (5.21] may be removed by us1ng Y

the resuTt of Appendfx [A] and the fol1owing tdentities

-1

f

J
: [—‘7‘“

L

| -1
—_—dt -
(-t )22 /t2-1

] .

1 -1
—_—dr =
(r-t)#T-7Z ii-;z

U]

-]

Tog
. t_

Tt

' J/Tiﬂf .
-t~
Tog | ———
o 1+t i
T+

tr - 1
tog | ————
t+1

o

an'] (.’ %)‘ )s

1-t

- +f ——
-1. 1+t
Tog{ ———oy )
1 + ]i

1+t

it

ctr

t < -]

0<t<]

< =]

, =1 < t <0

5

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)




Y1-t2 log q]‘(r) Tog qé(r) a 'T%' 1
Tog q-(t) = — -] ————dr + ———dr )+ — log| ——— |

) > _
.. . Y . ]6
0 3t |
% 1. 1 RIS - W |
' | ‘(_ [' —dr = .- log e » =l <t<0 (5.27)
' T't-’["_l' t Ji"t i . _i"_t_ “ .
- RVAAE:

;
‘ .

‘For the solution of our problem we need only the following

_equations; (5.14) to (5.17) and use {5.19) as a numerical check.

Use of (5.22} to (5.27) and the result of Appendix [A] in (5.14)
to (5.171 and (5.19) we get

bl

-I. w

0 (¢) VBT [ log g7 (x} - Tog q{(t)d f log g5(x)
- — - l-l' )
m (r-t)/~<ZT ! : (r-t)7T

t-1 o
Tog q3(t) /3 - ] o -1 /-Qt}l
‘_.-—_1...._'[09 _L.. '1'@"1:3"1 ,t<..'|‘.
. T t-] T ]-t‘ . L !

wrt b (5.28)
_'I. ] ~
o Y1-tZ log qf(x) log q5(r)
]og qﬁ(—t) T — ---———d'r + "_'dT
T (z-t) /72T : (r-t) /2T
_t ' '
I ALRYA =2 |
+— logl ————), -1<t=<o0 (5.29)
T /1=t
LS 2

$

-1

(=t)RTT ) -ty

© 1 . —+ 1

T

N .o 0<t<l (5.30)
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: -1 ' :
J 2_1 ) i ] az(- Iy -
EERAOR : —[ - q]l(-?—d)_ T+ Iog qu. 108, qZC‘r)_

G-t/ ZY (z-t}/22T
1

2a 1 /R log q5(t) . /t+1
Fta . . 109(__-____ T“), t>1 (5.31)
T t- T ) .
: /[t -
t—.r-i- 1

-1 0 o

) f 8y () . . ‘log q(x) - Tog qﬁ@:)ﬁ‘j . [ log q-(r)

== ————dr | ——

& (ret)/20 (z-t) T . ’ " {r-t) T2 *
- -1 R 0 |

T+ Iog q;(t) Iog
(-t }22T H 1+t

- +t
v 8, () /11;
o —=— -I<t<0

S (5.32)

5.2 Solution of the Problem

The coordinates (x",y") of a point on the upper and lower free'

surfaces can be obtained by use 6f (5.4) and (5.6) as follows

t oo
o " oie, (1)
Z7(t) = (x +i) + 1 [—u—~—dt, t < -1
e (e*1)a5 (<)

-1 o
Separatmg real and 1mag1nary pari;s, we get (x1 (t) y1 Ct)l for the

upper free surface

N
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’ t
1 : cos—e (=1 :
(_t): .xo + - ————-———dr , t <=1 . (5.33}
(_r+1 )_qTCt)_ .

t
1 sin 8y (=)
y{(_t)_ =71 4 — —-—-—d-r ’ t < -1 oo (5-34)
. - [ﬁl]_qi(_r]_ - ‘ ' :

For the lower free surface,

Z(tl=2 e+ = | ———dr, t>]
T (x+1 ).Qé (x}

Separating real and imaginary parts, we get (xé(t), yé(t)) for the

lower free surface

_ 1 cos 62(11 ,
xé(t)_ = ¢ cosa + — —_—tdt, t> 1 (5.35)
- T (1 )qz’(_‘r)_
] sin az(xl

yé(tl = 2” sing + —

—d t>1 . {5.36)
T ] (.T'*’]).qz(_'f)_

The length £” of the inclined plane BC can be obtained by use of
(5.4) and (5.6) as follows '

1 £ e'ie(-r) .
7- (t) = 5+ = [—-———dr ,
r ) e )

.along BC: 8 =¢a, q° =q



./"\‘

Hence,
y : 1
Z°(t] - 26 = -,
Tr‘..o
y.3
=£‘e
Therefore

1

1
ool [ o,
T Cr'ﬂlq;&)_
0 g

1

.] y -
. a®
s — 4
Cﬁ1h§GL
ia

T
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(5.37)

To determine the pressure at points along the flat shelf and

the inclined plane BC using Bernoulli's equation (2.6)

23 2
StRapt gy

1

1

constant

% U§ +gh,

where 9 is the speed of the flow along the bottom.

(5.138)

-1

Dividing (5.38) by % U% and rearranging the equation, we get

2 .. .
Cp"_' 1 'ﬁz'(.Yb-U-sz ,‘

p
where ¢ = )

2
% p UO

(5.39)



LS
0 - along AB,
| 3
yg =
) y; along BC,
and ' : (5.40)
qg along AB,
QG =
q& along BC.

-

Now, summing up equations we need for a complete solution for

our problem

" (¥1 Along lTower free surface t>1 °
- - 2 - ' | }5 ’
pCL=01-% (y,z(tl - 1)1 . (5.3b)
RS 109 q7{x) log g;(x)} - Tog q;(t)
— 1" dt + 2 2 dt
(-t )4 (r-t}/2%0

..‘] o

: " [E]
. 2 tan”! /B, fog g5(t) E1 " ! (5.31)
— = 09| = :
I T

CVER A




1 sin 82(_1)_

y3(tl = 2~ sina + — —~—=—dr (5.36)

o T (o+1 )_qz‘(_'r)_ o
1 ¢ © | |
Cos 8,01 N : ‘

-szt). = 27 cosa + — | —_ dt (5.35)
™ (_r+'|)qé(.1:)

(i) Along upper free surface t < -1

GG =01 -5 (i) - NI - (5.32)

-1 -

tef] ‘[ Tog q7(x) - Tog ay(t) Tog q5(x)
8, (tL = dr - — &
™ i (r-t)}/A2-T 1 (z-t)v/12-1

iy t-1
_ oy it ]og<./w-‘> 22w

+ — ta o (5.28)
T t-1 F 1 T t-
T
1 sin G.t (<) '
y]‘(_t[ =1+ — ——dr (5.34)
LA (r+1 lq]’&l .
. &
A ) cos 3-1(_‘1')_ .
x-‘l'(tl=x6+ - —_——dt - (5.33)
m -1 (.T+1 1q{(T)_ .



(1171 "Along the flat shelf

“

(ivl Along the inclined plane

‘ AT=tZ Tog g (rL '
Tog qp{tl = —— (= | t +
T (I-tlirz- 1

--’+/‘
+ —-109(: T+t :)
l+t

2

=1 +_2 = QHZ(_t)

1t

n

T

o

-1

: ) /T-2 10§&Q{(r)
. g = — —“_——dT
°% Tl (e-t)RET

]
f——_d-r
0 (x+1)q ()

- B ) - 1) - q2(e)

__71~< t <0
‘109 qé(xl
— e
(z-t) /72T
i (5.29)
(5.41)
G<te<l,
)
wf Tog g3(x)
— 4:
I (r-t) /a2
(5.30)
(5.37)
(5.42)



(1v) For a numerical check

<=1 ' 0 -
8,(xL log q;(x) - Tog q;(t}
Q= - —_—dr H 3
(t-t)/<2-1 R T (x-t)}/T-Z

1
+[ log q¢ CrL z(r)
(_T-tlj]_?z_ (r—t

- ERWa Y .
+ Tog qﬁ(t) 109(-—11 sy =l <t<0
+t
1+ /B
1-t

dt

5.3 Numerical .Solution

To overcome the difficulty which arises from carrying out the

(5.32)

numerical integration over an infinite range, we need some transformations

" for that purpose.

1 1

Use t = , L= we get the following equations,
sing siny

after dropping the dash, "/", sign and using big letters:

(i) Along lower free surface . 0<y <

2

QGrl=[1 =& (&) - 1I?

(5.43)



-n/2 /2
cosy - log Q,{(8) Tog Q,(8} - Tog )
0,0} = — —1 B-[ 2 A
T siny - sing - 0 sing - siny
Tog Q,{(x) .
2
+—:—(_21+ v) o+ - log (tan “2'—)
/2 _
. 1 sin 8,(8) .
YZCyl = 4 sina + — 2 cosg ds
u sing (J+sin8)02(8)
/2
, 1 cos 0,(8)
XZCr)‘= 2 cosa + — 2 cosg dg

T sinB_(J+sinB)Qz(B)

(i1l Along upper free surface - %-< ¥y <0

Qlrl=[1-5 (1,6) - NFES

~r/2
13 &) - Tog Qr) ‘/'

sing - siny

cosy

G'I Y).

log 0, ()

a ;7 YL
o ( 5+ ) e 10g(tan @‘&j 2 ))

109 Q, (8)

sing - siny

84

)

(5.44)

(5.45)

(5.46)

(5.47)

-}

(5.48)
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- ]
1 sin e _(g) _

Y1Cy)_= T -« = [ 1 cosg dg : (5.49)
n sing (J+singl Q, (81
' -r/2 :

' (gL N
. 1 - .

XICTL = X - - 4/’ %9 cosB ds - (5.50)

T stng (1+sing) q, (s}

/2 |
For the equations satisfied along the .flat shelf 'and'a'lgrig the
Inclined plane, and for that one used for a numerical check use the

following® transformations t = sing, 1 = - » we get the following
‘ ’ sing
equations :

(iitl Along the flat shelf -3<6<0
‘ 0 /2

cosé log Q1 (B) ' log QZ(B)
109' QH(GI = - d8 + —d8

T (1 - sing sins) (1 - sing .sing)

-1/2 "0
N
[a ) .
o+ - 'Iog(tan (-215--1-‘52—)) | (5.51)

T
e =1+%. - Q2s) . (5.52)
p F H '
(ivl Along the inclined plane 0 <35 <%

0 /2 ’
. coss’ Tog Q,(8) log Q,(8)
Tog Q, (s} = - , dg + dg

T 1 - sing siné .1 - sing sing
-1/2 0




+ — " Tog(tan 561 (5.53)
T
/2 | _
1., cosg -
= - - dg (5.54)
T (1 + sing) QNCBl
. = - 2 - - 2 :
| cp.’ 1 2 (Y£(6) 1) Qw(a) . (5.55)
Now, use t = 1 in the first and fourth terms, and t = sing
sing

in the second and third terms on the right side of (5.32), we get

(vl For a numerical check

0 0 /2
- f ° (8) log Q(8) - Tog qu(9) [ Tog Q, ()
0= —dg + dg + ———ds

1 - sing sinsg sing - siné sing - siné
-n/2 - -t/ )

/2
@ ,(8)
+ f 2 —dg + Tog Q,(¢) 1og(tan (5+ 2—))

1 - sinB sing
0

=1

—2< § <0 (_5.56)

Now, equation (5.¢4L,shou1d give values for ¢ zﬁvl, which appears

on the left side of the equation, but Q1Cyl and Qzﬁrl appear in the
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numerator of the'integrands on the right side of the same equation,

Equations (5.43) and_C5.471 should dive values of QZCrI and Q1Grl,

respective1yf%but they are in terms of thrl and Y1(y) which are

originally unknowns. Equations (5.45], (5,46i, (5.49), and (5.50)

can not gTQeian expression for the free surfaces profile unless

values of Géxxl, Qzﬁrl, S‘TErl, and Qitrl'are determined. Finally

Q]Grl and tar) are essentfal for (5.51) and (5.52) to determine the

speed of the flow at the flat shelf and the inclined plane respectively.
These eduations are gpmplicated enough such that most analytical

methods of integral equations theory aré not useful. Our way to solve

these equétions 1s to apply iteration method, in condition that we have

to find initially a good appfoximation.for the unknggn quantities.

Since the successive approximation scheme often converges only if the

_initial approximation is sufficiently close to the final soiution, see

Scarborough [45].

Then, if the problem has been properly formulated, and the initial
approximation has Been correctly chosen, it should be possible succes;iyely
to improve upon the initial approximation until, after a sufficient
number of improvements, the correct solution, for a specific degree of

accuracy, to the problem is indeed found. In our iteration method the

H
R

complete solution {s computed in each cycle.

Initial Approximation

We make the reasonable assumption that the intermal pressure,

between the free surfaces, approaches zero. That assumption does the
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iacceIerat%on'become independent of any pressure action and -hence
depeﬁdent‘upon weight alone, see Rouse and Howe [44]. From this
.region on, the elements behave as though they were freely falling
particles accelerating downwards at the rate g, and the one-dimensional
method of analysis becames generally apﬁT?EEETET_*E_;;;;fc1e of water
in the lower nappe will, in time t, travel a horiionta1 distance x

fram the edge of the weir of

X = (gc cosa } t + 2 cosa. . (5.57)

In the same time the particle will travel a vertical distance y
: [y
of

¥ =‘l;— g t2 +_ch sina)t + ¢ sina . {5.58)

In equations (5.57) and (5.58) q. 1s the velocity of the particle
at the edge point c. _
Splving equation (5.57) for t, substituting in equation (5.58)
and simplifying ]
-9 . g g &2

x2 + ( + tana ) X - s (5.59)
2qZ cos2a qé Ccosa 292

Y

. which gives the initial form offthe waer nappe.

To find out the initial'prLf 1e_fgr-¢be upper nappe, Blaisdell
[6] assumed that the Rorizontal §e%ec\§y is Sbnstant and hence he concluded
that the vertical thickness of the nappe must a]so be constant. The

equation of the upper nappe, according to-BlalsdeIT‘s approach, is

-
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- Yupper ~ Ylower. T constant,

§nd_he found out the value of that constant using data of the U.S.

Bureau of Rec]émation, of Hlinds, Creager, and Justin, and of Ippen. ENG
We mentioned his emprical formulae in Chapter I.
' Our way of approach to find out the initial profile for the

upper nappe, from equation (5.59)

y ) -9 g2
GZCOI'= tan 1 - X+ ——+ tana ' (.5-60)
qZ cos?a qé cosa

Referring to Fig. 5.5, we see that
‘i -

T=- (5.61)
(0) (a)
Q2 wsez _

where T is the vertical thickness of the nappe. Notice that the
above script, (0], refers to initial approximation.

Therefore, for initial approximation we have

(i1 Along lower free surface

AP |
2 (0} (0)
-g g2 , gt
YOl PO LM Ol
2Q2 cos?q Qg COSa 2Q§
(0L
-g g2
o0l gl — 00, + tama



Q2(L=[1-Fp‘(.fz -1 1R

where

1 471+ siny | . T
¢ = —log » 0<Y <5

m

siny

Q. = [1- 72:'2‘ (_z(-orsinc; -1 ),J;’

(i11l Along upper free surface

Ve,

1.0 ' - < X < ch.)- cosa -

yOL .

oy, __ ] (0) b
Y +. '3 cosa < X< »
2 ) Q (.OT 0s e (.Oj P . ¢

R I N R P

The iteration procedure works in the fo‘l'lomng manner:
(i) Use QCO) and Q(U) in (5.44), (5.48), and (5.53) to get
e 2(11’ 9 .[U), and le respectively.. P

(11) Use Q£11 in (5.54) to find out £O1.

(111] Use © (01 and Q(-Ol in (5.45) and (5.46) to find out Y%Tl |

andXZC)'

(iv)l Use © (-0)' and Q(‘O)' in (5.49) and (5.50] to find out Y]G)

<’ﬁﬁ—\\m
e .

respectively.
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(v] Substitute Yéjl'ln (5. 4SL for Q(11 and Y$J1 in (5.47) for
=T

“ (i) use Q1) and Q') in (5.51) to find Qy along the Flat shelf.

(vii) Another solution {s obtained By using the data from Step
(v}, i.e., 0(1) and 0(11.

(viii) Steps (i) to (vi) are repeated until the results of two
successive iterations differ by less than some specified small number
107X, where k = 4 or 6, at this point we stop the iterations and the

appropriate solution is obtained. ' ‘s

(ix) At each iteration check the validity of equation (5.66) to

be satisfied by the numerical figures. \

“

(x) Substitute Qy and Q, in (5.52) and (5.53) respectively to find

out the pressure distribution along the solid boundary.
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5.4 Numerical Results and Discussions

o

The_dimensionless variables X{, Y along FE and X5 Y, along
CD are g1ven in 5. 50 5.49, 5.46 . and 5.45 respect1ve1y Tables

5.1 and 5.2 show some free surfaces, which are p1otted in Figs. 5.6

and 5. 7

After an initia1~guess we start the iterative procedure which
is accurate to‘four decimal places after 2 iterations for the problem
of supercritical flow but fer the subcrifica] one:it needs 13 iterations
In the fifth iteration it produces 6 significant decimal places for the
problem of suhcritica1 flbw.

We used‘throgghout ouf numerical work 200 points of divisions.
The CPU time found for each iteration was approximately 1.586 minutes
using an~IBM 3031 computer, FORTRAN IV level G. When 160.points

of divisiohs are used, the CPU time found for each iteration wés

~ approximately 1.187 minutes.
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6.1 Some Factors Not Considered

Thrqﬁﬁhout our present work, we considered an inyiscid flow and
neg]ected the effect of surface roughness of the conduits. Now, we

summarize the effect of both these factors.

6.1.1 Surface Roughness

When the surface profile of a channel is en]arged, see Fig. 6.1,
Tt can be seen that the surface is composed of irregular peaks and
valleys. The effective height of the irregularities form1n§ the -
roughness elements is called the roughness height k: The ratio k/L
of the roughness height to the hydraulic radius is known as the
relative roughness.
We use the Chezy formula, namely

k_:i_..v

LA ‘ (6.1)
¢ /U |

where C {s Chézy's constant, v is the kinematic viscosity, U is the
mean velocity, and kc is called the critical roughness. Thep
- (@) If k < k.1 the surface irregularities will be so small that

a1l roughness eléments will be entirely submerged in the laminar sublayer.
In this case the roughness has no effect upon the flow outside the laminar
sublayer, and the surface is said to be hydraulically smooth.

Gi) If k = kC: the roughness elements will have sufficient magnitude
and angularity to extend their effects beyond the laminar sublayer and
thus to disturb the flow in the channel. The surface is therefore said

to be rough.
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In 1955, Morris [39], studied the roughness in conduit and he
assumed that the loss of energy in turbulent flow over a rough surface

is due largely to the formation of wakes behind each roughness element.

6.1.2 Effect of. Viscosity

The state or behaviour of open-channel flow is governed basically
by the effects of viscosity and gravity relative to the inertial forces
of the fiow. The surface tension of water does not play a sjgnificant -
role in almost all open-chgﬂnel prob1ems excent in small models.

Depend%ng on the eﬁi?ct of viscosity relative to inertia, the
flow may be laminar, turbulent, or transitional.l The flow is laminar
if the viscous forces are so strong relative to the inertial forces that
viscosity plays a significant part in determining the flow behaviour.
The flow is turbulent if the viscous forces are weak relative to the
ipefrtial forces. Between the 1amihar and turbulent states there is
a mixed, or transitiodal, state. -

The effect of viscosity relative to inertia can be represented
By the Reynolds number, defined as

R=gl_-&

L . | (6.2)

where U s the velocity of flow, L is a characteristic length (here
considered equal to the hydraulic radius of a conduit), p is the
viscosity of water, and 5 is the mass density of water.

For more details of the discussion on-this subject, see Chow [9].
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6.1.3 Cavitation Phenomena and Flow Separation

Cavitation Phenomena: ?ormation of vapor bubbles within a flowing T

liquid, at zones of sufficiently Tow pressure, together with the abrupt
collépse of these bubb]eg as they are carried into zones of higher
pressure, is known as cavitation. The occurrence of caviation is to he
avoided for a number of pertinent reasons. First, tﬁe change jn the flow
pattern which.such discontinuities produce represents é reduction in

flow efficiency. Second, the extremely high intensities of stress resulting
from the rapidly repeated collapse of the vapor bubbles may produce

eventual failure of the boundary material in ihe immediate vicinity.

Conduit inlets, turbine blades, and ship propellers have been severely
damaged in this manner. Insurance against the cavitation phenomenon is to
be sought by any means, that ié, by carefuf streamiining of boundary :
profiles, reduction of mean velocities through enlargement of f]ouapassages,

or increase of the overall hydrostatic load upon the system.

Flow Separatijon: In applying the stream-function and velocity-potential

concepts to particular boundary conditions, it is usually assumed that the
boundaries determine tﬁ; form of the limiting stream surfaces; in other
words, that the flow follows the boundaries throughout. It is we]] known,
however, that a fluid having an apprec1ab1e velocity will “be gu1ded by
divergent boundaries only if the angle of d1vergence is relatively small,

As a general rule, therefore, in any locality for which the flow
pattern obtained by analytical means indicates a rapid reduct1on in boundary
velocity (ie, a Tocal divergence of stream lines), separat1on is to be
expected, and .the analytical results cannot be considered fully applicable.
For more detail of discussion of this subject, see Rouse [42], Birkhoff and

Zarantonello [5], and Milne-Thomson [38].
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6.2 Discussions on the Hilbert Method
6.2.1 Bottom Configuration

Throughout all prob1eﬁs we'preéanted, we considered only the

. case of simple configuration of bottom composed of a finite number

of linear segments;'one segment in each of problem I and III, connected
at arbitrary angle, denoted by «. Since that arbitrary angle is
constant along the related segment, it is easy to carry out the
integration Ena]ytica]]y, i.e.,

Y | |

[ _1 4 | . (6.3)
- (z-t) H{z} ] :
1

where H{t) is a known function.

Using that simple idea, it is possible to apply the Hilbert method
for problems of flow over polygonal bottom, as shown in Fig. 6.2, and
analytical integration over each segment is easy to evaluate.

Forﬁ?he'caSe of problems with arbitrary shape of bottom, ideally
it is reasoﬁéb]e Eo prescribe the inclination 6(Z) at each paoint on the
bottom'baﬁndary so the shape of the bottom is known a priori. Due
to the non-Tinear nature of the Hilbert solution, however, this is not
directly possible since here 6 must be initially prescriQFd as a
function of t, not Z. Cne of the possible ways to bregcribe 8(t) is

to represent it as a piecewise continuous, nth degree polynomial, i.e.,

e(tl= ¥ a, tl. , (5.4)

1

a3
1

He-13

s i i dth et e it
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The coefficients a; can be chosen so that o(t) will assume a

specified value 8 at each particular juncture point tj and also at

the end points. So,. the sejection of m intermediate points tj
requires evaluation of integrals in (6.3) over the intervals

(tgs tj1), (E&l,:tééf;...., (tjm’ t ), rathér'than integrating
directly over the range (to, tm), where t0 and t_ correspond to

the end points. For more discussions see Larock [33], [34]. It _

is clear that as the number of ;ubd%visions, n, of the bottom increases
we approach to thelreal form of bottom configurafion, but in this

case calculations Q111 be more bulky.

Therefore we conclude that Hilbert's method can be applied

successfully to any flow over arbitrary bottom configuration.

6.2.2 Solution Over Unit Disc

We carried out our groblems through Hilbert's transformation over
upper half-plane, and one of the major problems encountered in that
case during the numerical work is the ;nfinite 1imit for some integrals.
But it is possible to tfansform the upper half-plane to a unit disc,

using the transformation
t; = tan 3 e, (6.5)

where 8 is the angle subtended at the center of the unit disc, as

shown in the figure, and t, is the real t-p1aﬁe coordinate.
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8=0 Y

Then it is possible torapp1y the Hilbert transformation over the

boundary of the unit disc, i.e.,

. T
u(8) = = ][ cot B2 v(y) dv ,
T

.
v(e) = il cot 159- uly) dv ,

-

provided that

J/Pu(e) de =n,/’ v{s) ds = 0.

—Tr i -
For more details see Tricomi [53].

6.2.3 Main Features of the Hilbert Method

The Hilbert method characterizes by the following features:

(6.6)

(6.7)

(6.8)
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(L It normally requires two or three iterations for the solution
”J;o be stable up to the second or third decimal place, and more iterations
are required for more accurate solution.
| (i1) CPU time required for each iteration is a fraction of minute,
and for some simple problems it is a fraction ofrsecond.
(111} This me;hod_provides~u§ with an extra integral equations

which can be used for a numerical check.

(ivl It is restricted to steady, two-dimensional problems.



Shape

of Free Surface for a Flow
Over An Uneven Bottom

TABLE 3.1

F=0.6, a=mr/4, N= 30

X q .8 y
(degrees)
-0.809 418 1.001 857 0.000 642 0.999 331
-0.640 885 1.003 715 0.000 410 0.998 660
-0.533 708 1.005 573 -0.004 493 0.997 988
-0.388 584 1.009 287 -0.011 931 | 0.996 641
-0.285 337 1.013 004 -0.020 132 | ~0.995 288
-0.202 226 1.016 721 -0.028 230 0.993 930
-0.130 050 1.020 438 -0.035 567 0.992 567
-0.063 768 1.024 155 -0.041 572 0.991 199
-0.000 000 1.027 875 -0.045 739 0.989 825
0.064 022 1.032 796 ~0.047 637 0.988-445
0.129 611 1.035 321 -0.046 970 0.987 060
0.166 830 1.039 046 "-0.043 689 0.985 669
0.202 186 1.042 774 -0.038 183 0.984 272
0.208 739 1.046 505 -0.031 652 0.982 869
0.268 230 1.050 238 -0.027 227 0.981 460
0.303 383 1.054 267 -0.000 002 0.979 335

L =1.070



Shape of Free Surface for a Flow

TABLE 3.2

Over An Uneven Bottom
F=0.84, a = /6, N=30

X q 8 y
(degrees)
-0.808 519 1.001 722 -3.003 181 0.998 621
-0.640 053 1.003 444 ~0.006 582 0.997 240
-0.532 940 1.005 165 -0.011 178 0.995 857
-0.452 761 1.006 887 -0.014 337 0.934 471
-0.387 937 1.008/610 -0.019 538 0.993 (082
-0.332 977 1.010 332 -0.022 121 0.991 691
-0.284 808 1.012 055 -0.027 674 0.990 298
~0.241 515 1.013 778 -0.029 457 0.988 902
-0.201 816 1.015 500 -0.035 168 0.987 504
-0.164 795 1.017 223 -0.035 955 0.986 103
-0.129 766 1.018 945 -0.041 644 0.984 700
-0.063 619 . 1.022 393 -0.046 739 0.981 885
-0.000 000 1.025 841 ~-0.050 092 0.979 060
0.063 852 1.029 290 -6.051 361 0.976 225
0.096 720 1.032 740 -0.050 254 0.973 379
0.156 948 1.036 192 -0.046 577 0.970 522
0.171 093 1.039 648 ~0.040 323 0.967 653
0.220 665 1.043 103 ~-0.031 791 0.964 774
0.246 580 1.046 562 -0.021 828 0.961 883
0.272 768 1.048 293 -=0.009 136 0.960 433
~0.294 183 1.051 754 -0.000 001 0.957 525

L =1.065
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TABLE 3.3

Shape of Free Surface for a Flow
Over An Uneven Bottom
F=1.7,a=r/4,N= 30

x q S Ly
(degrees)-

. =0.812 257 0.997 228 0.011 203 1.003 349
-0.643 748 0.994 340 I 0.021 948 1.006 709
-0.536 527 0.991 636 0.030 554 1.010 077
-0.456 197 0.988 816 0.041 158 1.013 456
~0.391 188 0.985 981 0.048 032 1.016 844
-0.336 016 0.983 128 0.058 599 1.020 242
-0.287 609 0.980 260 0.063 688 1.023 650
-0.244 057 0.977 374 0.074 120 | 1.027 067
~0.204 074 0.974 471 0.077 257 1.030 496
-0.166 746 0.971 551 0.087 385 1.033 934
-0.131 385 0.968 613 0.088 349 1.037 382
-0.097 450 0.965 657 0.097 966 1.040 847
-0.032 128 . 0.959 690 0.105 375 '1.047 791

0.032 227 0.953 649 0.109 092 1.054 785
0.098 364 0.947 529 0.108 599 1.061 823
0.169 397 0.941 330 0.103 433 1.068 908
0.215 224 0.935 048 0.093 267 1.076 039
0.225 044 0.928 680 0.077 981 1.083 220
0.251 895 0.922 224 0.057 655 1.090 448
0.253 550 0.918 962 0.032 993 1.094 083
0.257 602 0.915 676 0.031 929 1.097 730
0.742 615 0.912 367 0.000 394 1.101 390

L=1.034
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TABLE 3.4

N -Shape of Free Surface for a Flow
Over An Uneven Bottom
F=12,a=1n/6 N=30

X g o y
i (degrees)

-0.806 769._ ] 0.998 527 0.006 972 2 118
-0.638 447 0.997 051 0.013 693 4 240
-0.531 465 | 0.995 569 0.019 266 366
-0.451 408 0.994 084 0.025 873 .008 493
-0.386 702 0.992 594 0.030 483 1.010 625
-0.331 858 0.991 099 0.037 000 - } 1.012 760
-0.283 802 0.989 600 0.040 593 1.014 898
-0.201 040 0.986 588 0.049 396 1.019 183
-0.164 137 0.985 075 . 0.055 436 1.021 332
-0.122 7160 0.982 03 0.062 215 1.025 637
-0.063 337 0.978 946 0.066 943 - 1.029 956
-0.000 000 0.975 89 0.069 275 1.034 288
0.063 533 0.972 801 0.068 874 1.038 634
0.107 515 0.969 683 10.065 441 1.042 994
0.165 410 0.966 546 0.058.778 1.047 368
0.207 002 0.964 969 0.048 953 1.049 561
0.208 749 0.963 387 0.048 838 1.051 757
0.228 987 0.961 801 0.036 916 1.053 956
0.241 912 0.960 208 0.035 747 1.066 159
0.262 233 0.958 611 0.021 766 d.058 366
0.270 084 0.957 008 . 0.019 502 1.060 576
0.314 405-..} 0.955 400 0.002 003 1.062 791

(" L =1.036



TABLE 4.1(a)

Lower nappe for a flow over shelf

F=.8, N=300

X q g - Yy
(degrees)

0.000 000 2.0% 010 0.000 000 0.000 000
0.010 244 2.032 856 -0.064 936 -0.002 404
0.020 091 2.034 666 -0.091.287 | -0.004 765
0.030 013 2.036 528 -0.112 012 -0.007 192
0.040 627 2.038 558 -0.130 869 -0.009 843
0.050 651 2.040 513 -0.146 705 -0.012 399
0.060 642 2.042 500 -0.161 164 -0.014 998
0.070 549 2.044 506 -0.174 519 -0.017 627
0.080 307 2.046 519 -0.186 925 0.020 266
0.090 738 2.048 711 -0.199.527 | -0.023 142
0.100 016 2.050 695 ~0.210 263 -0.025 749
0.150 740 2.062 127 -0.263 472 -0.040 819
0.201 344 2.074 516 © | -0.310 818 -0.057 249
0.252 643 2.088 056 -0.355 501 -0.075 322
0.303 187 2.102 302 -0.397 513 -0.094 470
0.352 276 2.116 894 -0.437 065 | -0.114 225
0.402 985 2.132 580 -0.477 014 -0.135 621
0.458 604 2.150 198 -0.519 897 <0.159 852
0.483 623 | 2.158 150 -0.538 783 -0.170 857
0.514 372 |~ 2.167 845 -0.561 460 ~0.184 336
0.532 897 | . 2.173 605 ~0:574 724 -0.192 375
0.554 466 2.180 197 -0.589 548 -0.201 606
0.580 348 2.187 895 ~0.606 201 -0.212 422
0.612 852 2.197 136 -0.624 137 -0.225 463 -
0.657 033 2.208 714~ -0.639 422 -0.241 892
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. TABLE 4.1(b)

Upper riappe for a flow over Sheh‘ _

F=.8, N= 300

L-f _ x | ) ' Ldeg?‘ees) !
-1.600 000 1.145 644 0.000 000 0.900 000
-0.311 304 1.332 308 ~0.016 788 0.752 048
-0.300 230 1.335 821 -0.068 339 0:749 051
-0.290 188 | 1.339 050 - - | -0.093 346 0.746 290
-0.280 465 1.342 200 -0.112 529 -0.743 588
-0.270 329 1.345 531 <-0.129 772 10.740 725
~0.250 500 1.352 171 -0.158 670 ©0.734 998
-0.200 025 1.369 772 -0.217 44 0.719 680
-0.150 018 1.388 218 -0:265 305 0.703 415
~0.700 636 1.407 445 -0.307 110 0.686 231
-0.051 164 1.427 732 | -0.345 441 0.667 846
0.000 907 1.450 218 -0.383. 028 0.647 163
*0.009 933 1,454 235 -0.389 306 0.643 435
0.032 602 1.464 486 -0.404 813 0.633 875 °
0.050 423 1.472 701 | -0.416 747 0.626 164
0.067 885 | 1.478 060 -0.424 317 0.621 112
0.082 496 1.487 847 -0.437 724 - 0.611 838
0.100 587 1.496 597 -0.449 293 0.603 495
0.125 678 1.508 981 -0.465 055 0.591 606
0.154 260 1.523 449 -0.482 630 0.577 593
0,202 539 1.548 782 -0.511 540 0.552 740
0.301 778 1.604 645 -0.568 817 0.496 524
0.401 928 1.667 103 -0.628 487 0.431 406
0.484 738 1.724 765 -0.706 284 0.369 323
0.524 062 1.754 072 -0.819 427 0.337 343
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Lower nappe for a flow over shelf
F=1.00, N =300

TABLE 4.2(a).

x . q (_degte-ees) Y
0.000 000 1.732 057 0.000 000 “\3.000 000
 0.010 269 1.733 214 _ -0.050 011 -0.002 022
0.020 500 1.734 334 | -0.070 914 -0.004 074
0.030 651 1.735 585 | -0.087 022 -0.006 145
0.040 672 1.736 779, -0.100 601 -0.008 226
0.050 505 1.737 971 -0.112 499 -0.010 303
0.060 087 1.739 151 -0.123 127 -0.012 360
0.070 210 1.740 817 -0.133 578 -0.014 569
0.080 019 1.741 663 -0.143 106 -0.016 746
0.090 397 1.743 002 -0.152 671 -0.019 087
0.100 384 1.744 311 -0.161 461 -0.021 378
0.151 121 1.751 275 -0.201 755 —0.033 592
'0.201 259 1.758 670 -0.237 069 '-0.046 624
0.251 149 1.766 535 -0.269 616 -0.060 548
0.300 822 1.774 854 -0.300 368 -0.075 353
0.352 464 1.783 995 -0.331 158 -0.091 711
0.401 882 1.793 174 -0.359 836 -0.108 234
0.455 212 1,803 491 -0.390 158 -0.126 921
0.510 256 1.814 483 | -0.420 906 -0.146 983
0.560 523 1.824 739 -0.448 467 -0.165 808
0.611 688 1.835 246 -0.475 727 -0.185 245
0.657 516 1.844 620 ~<0.498 855 -0.202 704
. 0.686 341 1.850 459 -0.512 236 -0.213 642
0.721 306 1.857 467 -0.526 076 -0.226 829
0.765 519 1.866 238 -0.536 146 -0.243 441
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TABLE 4.2(b})

Uppér nappe for a flow over shelf
“F=1.00, N = 300

T,
* A (_dég?'e ) !
-1.600 000 1.095 445 0.000 000 0.900 000
-0.176 978 1.215 178 -0.014 033 0.761 769. -
-0.159 390 1.218 508 . -0.067 322 0.757 722
-0.125 005 1.225 199 -0.115 269 0.749 553
-0.101° 023 1.230 027 -0.140 078 0.743 632
-0.075 712 1.235 259 -0.162 789 0.737 190
-0.050 251 | 1.240 667 -0.183 354 0.730 500
-0.024 880 1.246 204 -0.202 253 0.723 623
-0.001 564 1.251 422 -0.218 566 0.717 113
0.000 072 1.257 793 -0.219 678 0.716 650
0.010 112 1.254 083 ~0.226 427 0.713 784
0.050 869 1.263 620 -0.252 557 0.701 789
0.102 193 1.276 194 -0.283 211 .~ 0.685 837
0.151 539 1.288 884 -0.310 916 0.669 577
0.202 050 1.302 497 -0.337 894 0.651 953
0.251 834 1.316 544 ~0.363 387 0.633 571
0.303 135 1.331 686 -0.388 726 0.613 526
0.354 144 1.347 437 -0.413 153 0.592 426
0.401 425 1.362 675 -0.435 241 0.571 764
0.461 055 1.382 811 -0.462 564 0.544 073
0.511 843 1.400 826 -0.485 637 0.518 910
0.620 109 1.442 251 -0.536 738 0.459 493
0.672 844 1.464 206 -0.566 087 0.426 916
0.743 263 1.495 813 -0.627 098 0.377 784
0.790 114 1.518 362 -0.735 708 0.338 606
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- Lower nappe for a flow over shelf

TABLE 4,3(a)

F=1.2,N= 300

.640

-0.216

I .q @ Y
(degrees)
0.000 000 1.545 603 00.000 000 0.000 000
0.010 230 1.546 367 -0.039 679 -0.001 699
0.020 269 1.547 129 -0.056 029 -0.003 392
0.030 058 1.547 881 -0.068 446 -0.005 067
0.040 344 1.548 685 -0.079 561 -0.006 854
0.050 327 1.549 476 | -0.089 148 | -0.008 615
0.060 828 1.550 320 -0.098 342 . ~0.010 496
0.070 016 1.551 068 -0.105 823 -0.012 165
0.080 630 1.551 946 -0.113 951 -0.014 120
0.090 789 1.552 797 -0.12V 314 -0.016 020
0.700 390 1.553 613 -0.127 964 -0.017 841
0:151 054 1.558 092 -0.159 544 -0.027 856
+0.200 152 1.562 716 -0.186 541 -0.038 222
0.250 948 1.567 788 -0.212 224 -0.049 628
0.300 609 1.573 024 -0.235 839 -0.061 437
0.351 048 1.578 609 -0.258.724 -0.074 073
0.403 377 1.584 662 -0.281 547 -0.087 820
0.454 454 1.590 797 -0.303 059 -0.101 800
0.5Q6 149 1.597 192 -0.324 114 -0.116 423
0.553 901 1.603 216 -0.342 889 -0.130 250
0.603 044 1.609 479 -0.361 436 -0.144 674
0.714 112 1.623 506 -0.399 143 -0.177 160
0.772 974 1.630 621 -0.415 236 -0.193 733
0.811 385 1.635 053 -0.423 346 -0.204 086
0.860 158 1 368 -0.429 520 531
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TABLE 4.3(b)

Upper nappe for a flow over shelf

F=1.2, N= 2300

o
) ! . (degrees) !

© -1.600 000 1.067 187 0.000 000 0.900 000
-0.082 323 1.145 602 -0.011 698 0.775 079
-0.059 540 1.148 310 -0.061 463 0.770 609
-0.029 323 1.152 000 -0.093 630 0.764 501
-0.019 572 1.153 219 -0.102 077 0.762 479
~0.010 599 1.154 352 -0.109 357 0.760 597
-0.005 997 1.154 938 -0.112 937 0.759 625
-0.000 134 1.155 687 -0.117 369 0.758 378
0001 056 1.155 841 -0.718 250 0.758 124
0.005 863 1.156 459 -0.12% 763 0.757 094
0.010 757 1.157 093 -0.125 259 0.756 040
0.050 612 1.162 374 ~0.151 350 0.747 226
0.100 870 1.169 353 -0.180 210 0.735 520
0.150 050 1.176 535 -0.205 770 0.723 405
0.200 192 1.184 223 -0.230 016 0.710 354
' 0.252 746 | 1.192 688 -0.254 024 0.695 891
0.303 195 1.201 217 -0.276 063 0.681 220
0.351 976 | 1.209 847 -0.296 650 0.666 276
0.401 037 1.218 916 -0.316 796 0.650 464
0.506 385 1.239 772 -0.358 760 0.613 700
0.604 782 1.261 075 -0.397 301 0.575 595
0.707 865 1.285 543 -0.438 810 0.531 230
0.822 673 1.316 028 -0.492 691 0.475 380
0.890 310 | ~ 1.336 200 -0.538 326 0.438 564
0.985 671 1.369 845 ~0.715 159 0.381 689

109

gt e vt aad



Lower nappe for a flow over shelf

TABLE 4.4(a).

F=2.0, N=2300

e

o

R o

X a (_deg?‘ees) !
0.000. 000 1.224 745 0.000 000 -0.000 000 .
0.101 453 1.224 940 -0.019 588 -0.000 971
0.020 422 1.225 130 -0.027 456 -0.001 909
0.030 792 1.225 328 -0.033 814 -0.002 896 .
0.040 595 1.225 519 -0.038 934 -0.003 841
0.050 785 1.225 719 -0.043 674" | -0.004 834
0.060 313 | 1.225 908 | .<0.047 725 -0.005 774
0.070 207 1.226 107 -0.051 638 -0.006 760
0.080 495 1.226 315 -0.055 455 -0.007 798
0.091 211 1.226 536 -0.059 212 -0:908 892
0.101 125 1.226 742 -0.062 524 -0.009 916
0.151 165 1.227 814 -0.077 539 -0.015 257
0.200 002 1.228 915 -0.090 426 -0.020 753
0.251 113 1.230 125 -0.102 777 -0.026 806
0.300 859 1.231 359 -0.114 046 -0.032 993
0.352 341 1.232 693 -0.125 147~ -0.039 700
0.400 114 1.233 980 -0.135 060 -0.046 196
0.503 129 1.236 913 -0.155 48] -0.061 059 o
0.605 801 1.240 022 -0.174 815 -0.076 935
0.703 650 1.243 119 0,192 367 -0.092 887 -
0.819 113 1.246 877 -0.211 712 -0.112 445
0.920 361 1,250 192 -0.226 731 -0.129 924
0.991 576 1.252 499 -0.235 338 -0.142 237
1.036 237 1.253 926 -0.239 338 -0.749 933
1.090 037 1.255 626 -0.241 721 ~0.159 185
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Upper nappe for a flow over shelf

TABLE 4.4(b)

F=2.00, N = 300

T X q 9 Y
(degrees)

-1.600 000 1.024 694 0.000 000 0.900 000
" 0.085 934 1.042 520 -0.005 977 0.826 761
0.100 242 1.042 880 . | -0.023 555 0.825 274
0.125 286 1.043 525 -0.038 599 0.822 610
0.150 207 1.044 182 -0.049 482 0.819 896
0.175 958 1.044 880 -0.058 944 0.817 010
0.201 164 1.045 583 -0.067 170 0.814 107
0.250 208 1.047 004 -0.081 394 0.808 234
’ 0.300 542 1.048 537 -0.094 480 0.801 830
0.351 211 1.050 161 -0.106. 686 1 0.795 170
0.400 610 1.051 824 -0.117 952 0.788 285
0.452 908 1.053:672 -0.129 396 0.780 626
0.500 075 1.055 419 -0.319 408 0.773 381
0.551 335 1.057 407 -0.150 044 0.765 134
0.601 928 1.059 464 -0.160 366 - 0.756 599
0.656 131 1.061 773 | -0.171 293 0.747 005
0.706 309 | 1.064 014 -0.181 351 0.737 690
0.757 237 1.066 394 -0.197 5571 0.727 793
0.807 510 | 1.068 851 -0.207 669 0.717 564
0.854 894 1.071 272 -0.211 313 0.707 485
0.971 278 1.074 291 -0.223 020 0.694 899
1.001 270 1.079 454 =0.242 636 0.673 353
1.100 283 1.085 699 -0.266 820 0.647 230
1.250 263 1.096 667 =0.3197307 0.601 026
1.367 850 1.107 450 -0.441 748 0.554 139
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TABLE 4.5(a)

Lower nappe for a flow oiler shelf-

F =220 , N =300

H—

X q (_deg?'ee-s) !
0.Q00 000 1.048 809 0.000 000 0.000 000
0.010 259 1.048 820 ~0.004 719 -0.000 232
0.020 877 1.048 832 -0.006 747 -0.000 (474
0.030 763 1.048 843 -0.008 206 -0.000 702
0.040 983 1.048 855 -0.009 -491 -0.000 939
0.050 366 1,048 866 -0.010 541 -0.001 159
0.060 049 1.048 877 -0.011 532 -0.001 387
0.070 052 1.048 889 -0.012 479 -0.007 625
0.080 397 1.048 902 © | -0.013 396 -0.007 873
0.091 107 1.048 914 -0.014 289 -0.002 132
0.100 800 1.048 925 -0.015 058 -0.002 368
0.151 206 1.048 988 -0.018 612 -0.003 623
0.201 726 1.049 053 -0.021 683 -0.004 928
0.300 692 1,049 188 -0.026 860 -0.007 607
0.403 381 1.049 335 - -0.031 455 -0.010 540
0.501 793 1,049 484 -0.035 274 -0.013 463
0.553 534 1.049 565 -0.037 058 -0.015" 030
0.600 941 1.049 641 -0.038 546 -0.016 477
0.657 161 1.049 730 -0.040 113 -0.018 197
0.704 851 1.049 808 -0.041 253 -0.019 651
0.761 476 1,049 899 -0.042 344 -0.021 363
0.801 346 | 1.049 963 -0.042 918 -0.022 551
0.847 272 1.050 036 -0.043 347 -0.023 869
0.864 272 1.050 063 -0.043 436 -0.024 385
0.882 282 1.050 092 | -0.043 484 -0.024 898
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Lower nappe for a flow over shelf

TABLE 4,5(h)

F=/0., N=300
X q ‘ Ldeg?‘ee-s) !
=1.600 000 1.004 987 0.000 000 0.900 000
©0.154 441 1.005 967 '-0.007 496 0.879 871
0.200 682 1.006 032 | -0.010 239 0.878 516
0.226 028 1.006 069 -0.012 811 0.877 744
0.250 666 1.006 105 -0.014 972 0.876 969
0.275 836 1.006 149 -0.016 969 0.876 155
1 0.301 511 1.006 185 -0.018 856 0.875 299
0.350 200 1.006 266 -0.022 167 0.873 606
0.400 819 1.006 353 -0.025 373 0.871 744
0.502 390 1.006 545 -0.031 443 0.867 670
0.601 413 1.006 752 -0.037 215 0.863 229
0.657 784 1.006 879 -0.040 537 0.860 474
0.701 824 1.006 983 -0.043 184 0.858 198
0.752 974 1.007 110 -0.046 347 0.855 413
0.805 676 1.007 247 -0.049 740 0.852 373
0.859 053 1.007 394 -0.053 363 0.849 105
0.900 380 1.007 612 - -0.056 334 0.846 437
0.960 979 . 1.007 694 -0.067 027 0.842 290
1.003 798 1.007 829 -0.064 651 0.839 179
1.083 297 1.007 992 -0.069 254 0.835 382
1.117 957 1.008 193 -0.075 459 " 0.830 576
1.242 960 1.008 678 -0.094 140 0.818 440
1.358 977 1.009 135 -0.122 490 0.805 602
1.469 095 1.009 521 -0.181 601 0.790 645
1.542 162 1.009 523 -0.293 529 0.777 905
.
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TABLE 4.6 .
Values of Cp on the shelf for different

values of Froude number F.

.:\;‘“‘*-\f\\jk 0.80 1.00 1.20 2,00

-1.600
-1.503

~1.201

-0.704
-0.501
-0.304

0.000

-1.402

-1.002

000 3.125 000 2.000 000 1.388 888 | 0.500 000
999 3.125 000 2.000 000 1.388 888 0.500 000
666 3.125 000 2.000 000 1.388 888 0.500 o000
000 3.068 334 1.932 703 1,282 788 0.347 446
665 2.557 170 1.676 908 1.042 066 0.211 591
000 1.635 283 | 1.200 000 0.761 981 0.209 248
334 1.346 494 0.897 393 0.602 800 0.225 015
001 0.760 000 0.480 000 0.340 000 0.140 000
000 0.000 o000 0.000 000 0.000 000 0.000 . 000




Lower Nappe for a Flow Over Sharp-
Crested Weir

TABLE 5.1(a)

F=0.,9 a=n1/3, N =200

x (q 0
(degrees)
0.249 329 1.551 016 1.042 083
0.249 503 1.550 826 10.919 009
0.250 002 1.550 364 0.793 818
0.250 511 | . 1.550 065 0.718 864
0.251 011 1.549 890 0.658 483
0.251 509 | 1.549 841 0.607 817
0.252 028 1.549 918 0.561 601
0.253 523 1.550 839 0.452 257
0.254 036 1.551 384 0.420 179
0.255 091 1.552 857 0.360 002
0.256 050 1.554 602 0.310 534
0.257 154 1.557 078 0.258 110
0.259 042 1.562 466 0.176 445
0.260 154 | 1.566 326 0.131 656
0.270 371 1.628 773 -0.246 547
0.280 654 1.772 661 -0.739 521
0.286 638 | 1.959 604 -1.166 973

O O O O o o0 O o O O O
.
(73]
M

712
950

530

905
125
187
089
933
250
396
201
080
273
382
575

357

220

118



TABLE 5.1(b)

-

Upper Nappe'for a Flow Oyer Sharp- .
~ Crested Weir '
F=0.9,a=n/3,N=200

X qa 0 y
(deqrees)
-0.430 839 1.074 901 -0.006 948 0.937 058
~0.282 663 1.075 327 -0.013 906 0.936 687
-0.017 436 1.088 688 -0.049 218 0.924 977
-0.012 755 . | 1.088 775 -0.056 461 0.924 901
0.130 033 1.093 678 -0.173 743 0.920 566
0.134 612 1.104.580 -0.513 950 0.910 861
0.167 087 1.167 377 -0.799 231 0.853 078
1 0.197 582 1.227 309 -0.800 687 0.794 953
0.224 751 1.273 53 -0%833 681 0.748 138
0.251 232 1.317 545 -0.871 158 0.701 951
0.292 757 1.386 724 -0.933 071 0.626 183
0.303 049 1.404 013 -0.948 604 0.606 643
0.356 966 14493 090 -1.027 430 0.502 126
q<405_22§_( 1.574 133 -1.096 713 0.401 453
0.504 358 1.746 615 -1.235 362 0.169 48]
0.560 357 1.849 719 -1.311 360 0.019 308
0.604 324 1.933 299 -1.366 836 | -0.108 748
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- Lower Nappe for a Flow Over Sharp-

© F=50316, a=n/4, N= 200

L]

)y

TABLE 5.2(a).

Crested Weir.

-

g

e

0% (degrees) Y
0.262 690 1.020 848 0.783 377 0.262 690
0.265 065 1.020 772 0.724 765 0.265 417

. 0.270 746 1.020 596 0.676 235 0.271 736

- 0.280 272 1.020 315 0.629 690 0.281 734
0.280 133 1.020 045 0.597 285 " 0.291 372
0.300 858 1.019, 773 0.570 940 0.301 114
0.350 659 1.018 739 0.500 030 0.337 979
0.400 352 - 1.018 018 0.463 827 0.363 678
0.454 740 ‘f:017 521 0.440 233 0.381 411
0.486 772 1.017 355 0.430 777 0.387 298
0.501 937 1.017 308 0.427 118 0.388 969
0.527 998 1.017 273 _ 0.421 841 0.390 208
0.571 032 1.017 330 >~ 0.415 461 0.387 &1
0.612 321 1.017 549 0.411 614 0. 380 %02
*0.771 755 1.018 635 0.410 347

0.341 698 .
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Upper Nappe for a Fiow Over Sharp-

TABLE 5.2(b)

Crested Weir

. F=5,916, a=n/4, N=200
X . q 8 : Yy
(degrees)
-0.851 330 0.999 810 -0.013 992 1.006 642
10.240 444 0.998 832 -0.017 852 | 1.040 867
0.252 245 0.998 861 -0.096 407 1.039 832
0.332 013 1.000 321 -0.307 266 '0.988 731
0.408 473 1.001 618 -0.404 433 0.943 291,
0.501 669 § . 1.003 333 -0.501 295 0.883 327
0.557 249 1.004 443 -0.554 309 0.844 151
0.603 036 1.005 403 -0.596 437 0.810 389
0.704 695 1.007 690 -0.687 679 0.729 778
0.759 333. | '1.009 029 -0.736 889 0.682 538
0.809 045 1.010 318 -0.782 106 0.637 023
0.848 138 1.011 379 -0.818 032 | 03599 468 .
0.921 175 1.013 450 -0.884 876 0.526 087
0.983 530 1.015 354 -0.942 140, | 0.458 457
1,118 887 1.019 920 -1.044 050 0.295 841
b
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APPENDICES .

REMOVING Tl-E SINGJLARI']'Y FROM SINGULAR _
INTEGRAL EQUATIG\IS- ‘

UNTQUENESS OF SCHWARTZ-CHRISTOFFEL TRANSFORMATION

BY PRESCRIBING THE MAPPING OF THREE POINTSMON THE -

BOUNDARY OF THE UPPER HALF-PLANE,
PROOF OF THE HILBERT FORMULAE.
COMPUTER PROGRAM FOR A FLOW OVER AN UNEVEN BOTTOM.

COMPUTER PROGRAM FOR A FLOW FROM UNIFORM CHANNEL
OVER SHELF.

COMPUTER PROGRAM FOR A FLOW FROM UNIFORM CHANNEL
OVER SHARP-CRESTED WEIR.
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2

REMOVING THE $INGULARITY FROM SINGULAR INTEGRAL. EQUATION

Consider the following integral equation ’

b ~ : |
- J[ gé-%)-dy = f(x) » -a<x<b “ ' (A1)
-3 ’

In the case of a = 1, b = 1, (A.1) is of Carleman's type.
The left-hand member of (A.1) is the finite Hilbert transform
of the unknown g{x). The:ff~notation, denotes a singular integral in

the sense of Cauchy which we define as

: .
][ Hmdy [ f f,%)ﬂy ) o (A2) |
_a . -

Xte
provided that this Timit exists. A sufficient condition, which turns
out to be convenient in applications, is that g(x) satisfies a

Lipschitz condition

IgCX{L— 9lxpll < clxy ~xgl®, 0<a <1 | (A.3)

where ¢ is fixed. In particular, (A.3) ensures that g(x) is a continuous

function. Then (A.2] may be replaced by



157

fsmdy-hm fs_cxl__sﬁ_ldy+ [ (g,

B gﬁxl a/’ y‘.

I1n1 {: J/F 9$¥l-:—9£5—d ,/’ 9119-——51-ldy

b
+ g(x) [Tog|y-x|] !

-a
- 1 [au)_sley+ f sm_gud
+ 9(§l log (gifi B

and here the integrand is ¢ontinuous for any e > Q.

Since

[ am_sud

We may a110w e+) and write



152

][y_x = ok Tog (ﬁ * fg-m—g-(—ldy , !

o

where the integral on the right side of (A.4) converges at y=x in

“the ordinary sense.
¢

. ! . r . . .
— T T T T — e T T
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APPEIDIX [R] | "

UﬂIQUENESS'OF'SCHNARTZ‘CHRfSTOFFEL TRANSFORMATION

- BY PRESCRIBING THE MAPPING OF THREE POINTS ON

THE BOUNDARY OF THE UPPER HALF-PLANE

-

Consider the bilinear (or linear fractional or MSbius) transformation

+ ' .
w=% , : (8.1

where a,b,c and d, in general, are complex numbers such that bc-ad # 0.
To show that the bilinear transformation can be expressed as a

succession of transformations:

(i) If ¢ # 0, division of {B.1) yields

_azéb _ (bc-ady 1 a | Y
W= Z5d C c ) czra ¥ c .
L |
= - L + %
c2 <d
(bc-ad¥z * (Ec-adl
1

= —r-E———— + Y . ’ (8.2)
fre'®z + B . ) .

whers
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Hence, the bilinear transformation is equivalent to the following

transformations
' _ ik .
Ty =e 'z (rotation),.
Ty = Ac] (scale rotation},
53 =%, * B (translation),
gq = 1/%5 {inverse and reflection), and
W=ty (translation)

d

(1) If c=0, then w= 22 and d # 0 since bc-ad = -ad # 0.
Hence, -the transformation w can be written as w = (%Jz + (%i = qz+f
which s equiva!eﬁt to rotation, scale change, and translation.

| Since the transformation of the type w = %—carrie;‘circ1es and
straight 1ines (not necessarily respectively) %nto circles and

straight_iines, and since rotations, scale change, and transiation

preserve straight 1ine .and c¢ircles, the bilinear transformation carries

straight 1ines and circles into straight line and circles (not necessarily




s

respectively],
Now, consider the Schwarz-Christoffel transformation in the
differential form
'%‘QL=A(t-t)_'“'I(;t-t)_'a2 t -t ) =1
t 1 A n-1 R (B.3)
where A is a cpmplex constan;, t1,t2;..,§n_] and aq.855..5a, ¢ are
real numbers satisfying
t) <ty < tg < eeas tn-1 . ' (B.4)
-1 <a; <1, i=1,2,..,0-1, | | . {B.5)
and n§1 : ‘
a; = 2 ' (B.6) -
SN Y/ o
" 4..Im(‘t:).
-z 75’
"6
i
£
T~
. %) _ ‘ Re(t)
. ‘:_ i
S T T S T
w-plane * + t-plane

Now, to prove that any three of the real numbers t1,t2,t3,... can be
chosen arbitrary, satisfying condition (B.4) to ensure uniqueness of

*the mapping



proof:

Cons1der any‘tﬁree.def1n1te points, say tys t2 and t The

bilinear transfbrmatfon : ' )

where a,b,c and d are.real quant%tfes sétisfyiﬁg ad-bec=1, will

.change (t1;,j;z,t31 to (t{,t5,t3) say. - . .

Substituting
_ a-re "o ‘ - o
t - r'l CC+d (C -r )_ » . (B.?)

and using (B.6] in (B.3), we have

%g. = 3(§,t11‘“1(;_tél'°2 - (;-t6_1):°n-1 s (8.8)

where B {s a new constant. By the real~§ubstitution,_the axis of
real quantities, Im(t) = 0, is preserved;‘and thus the new form
equally effects the conformal representation of the polygon.

It Ts worth to remark that when three of the points on the real
axi§ of"t:p1ane are thus chosen, the remainder are then determinate
m terms of them and qf the constants of the polygon.

The given proof is summarized from Forsyth [ 19 ], and Hauser [24 7.
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- appENDIX L)

PROOF OF THE HILEERT FORMULAE

To prove the Hilbert formulae we need the following theorem:

Theorem: Let f(z] = u(x,y) + iv(x,y) be an analytic function
for Im(zl!:_o, and f(zL -+ 0 bhiformly as |z} + =, 0 < afg(z) <
{(which can be written as_f(é) = 0{z™%), Re a > 0), then f(z)

satisfies

f(zol —f —(&-Uldx In(zy) = 0.

14

To prove that theorem, we need the following two lemmas.
Lemma 1:- Let g(z) have a simple pole at Zg and &t y_ be a

portion of a circular arc of radius € and angle 8. Then

i8 Res (g(z);z4)

-
-y
b3
=

N

LS |

(a8

3]

]

7
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‘wiere Res('_q(z)_;zu);_mans residue of ‘the given function g(z) eyaluated -

at the point Zg-

Proof: Near Zy we can write
E
g(zi = ~ —+ Q]CZL

where g,(zL 1s analytic function and by = Res(g(z);zyl+

- Thus
fg(zf_dz = [ —-dz +[g.|(z)dz
Therefore
. 8y
| = ——— tee'® do = igb,
YE
Here, r(_e)_z=0+t-:e 0<B<SO+B'. )

Also, since g,(zl is amalytic, it is bounded near z,, say by a constant
1 70

M, so e

NG S EE T R

Then

1im [ glzldz = i Res(_g(z)_;zo)_
(.

Ye



-

~ R 1s a number, then

Lemma 2: - Let K(z) Be an analytic function for Im(_zi,}_o _
except for a finite number of poles, nane of which is on the real
axis. Suppose that K(z{'ﬁy,&(z'°1[, Re ay > 1 fcri]zl > R, where

fK(z)dz-n-O as r+ o ‘=
Y )
Proof:, : &
y |
A '
<
»
Yy
z
r
% - X
-r r
- ig
Yr: Z=Tre 3 0 .<_ 8 i w ~

Assume there exists a constant M, say, such that K(z) = %, where
‘ : . z

Re c‘x] > 1. Therefore

T
| [K(z)dzl = | [K(mie) rie'®ds| < wr | K(re'®) |
YY“ 0
M
= = +0asr+«
R

13 ]
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a——

. c : \
. ‘

\ B ’ .

Therefore, -
fx,(z[&z;o as v > o

: Proof of the Theorem: ¥ -

Let F(z) Be an analytlc functlon except for a simple po1e Xq
*‘

f{z).
lying on the real axis. Then F(z) can be wr1tten as F(z) = z—%)"
ImCzG) = Q, where f(z)_ is analytic functwn for Im(z) > 0. rpl

Y

&tF=YrUT£UT: . oo

where L i
SR is the semicircular portion of radius r,
a'm

Y : stralght Ime portions of T along the real axis.

€ around the point X-
. .-

0 .

. - . . e et T

160



[row- [ e

P T

&Oldx-b [ —(—)—dz

. r
- N [ xs_i_Ode+ [ —(—Ldz
N g
.70

A, ‘fz - s
By 1ema i: f?_%g—dz- -ir f(zo)_ asf;+0.
Y. '

Z-Zb_ .

.

Bylgmna_Z: -fﬂi)-dz-a-{)asr-pm
Yr

Xo—s

: r
Both of integrals‘ :%g%g\l-dx . J ;%3—0-)- dx converges for
e 0 ) -
Xqgfe
every e » 0 and their sum equal to principle value of:

J JT_(;i’—ol-dx which we denote by ][ —QLO)-dx

By residue theorem

[F(zldz = 271 } {residue in upper haif planel.
. DL
r .

Stce F(z] is analytic function in the upper half-plane, Im(z) > O,l

therefore its residue. is Q.
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{c.1) .

(C.2) ‘.

" (C.3)

(c.4)

. (€.5)



Substitute from (_C.Z)_ to (C.5] in (C.1], we get
f —(’irﬂdx w f(zg)
or

f(zql = —J[—Q‘-zgl-dx Im(z01='o

Us*fng f(z) = ulx,y) + ivix,y), (C.6) can be written as

(-]

{ u(xy,0} + iv(xO,Ol = 1—1 7[ u(x,0} + WQ‘ 0} 4

.X-XO

“x

Equating real and imaginary parts, we get
u(xg.01 = l_ ][ _QELU_L dx ,
v(xy,01 = ][ de

(c.7) and (_C.Eﬁ)are the Hilbert formulae.
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{c.8)

(C.7)

(C.8)
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APPENDIX [D]
* COMPUTER. PROGRAM FOR ‘A" FLOW
OVER AN UNEVEN BOTTOM
FORTRAN Implementation
 List of Principal Vartables \
Program Symhoi Definition \
\
(Main}
ALPHA inciination angle, a.
CP1 excess pressure cbefficient along
| AB, Cp1.
cp2 ' excess pressure coefficient along
BC, Cp,:
- CP3 " excess pressure coefficient along
DR . length of BC, 2. -
F2 Froude number square, F2,
FLAGR ' function of implementing Lagrange's
interpolation formula.
TTER counter on the number of iterations, iter.
ITMAX ' - maximum number of iterations allowed,
itmax.
NT number of increments, ni.
PI ) T



Program Symbol

a
@

T e e e e e e ———— e —— et s T

164

Befinition

magnitude of velocity along free
surface, Q.

nagnftuﬁe of velocity along AB, Q1.
magnitude of velocity along BC, Q2.
magnitude of velocity along CB, Q3.

1~ A<t , k; wheré t. is the position

of point C on the upper half plane.
function of implementing Simpson's rule.

argument of Eomplex'velocfty along the
free surface, o,

dummy variable, y.

horizontal coofdinate for the free
surface,

&

vertical coordinate for the free surface.
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ALONG THE FREE SURFACE

<ter = 1,2,..1%

FQINT -t-OIYFQ dg

FTINT +Of“FT ds

{evaluate using
SIMPS}

03 « (1- & rFamm)!/3

Y « 1+ F272 (1 - Qz)
siny 3
93 + - FTINT+2a/m

. =1,sin
tan. (u+C05a)

I )

GO TO 700

B
]
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L R o T T e

SIMPS,inter§o1ate
2 XINT

using FLAGR

XINT +47YFF dg
(evaluate using

X'Q x0+

T

4
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ALONG THE BOTTOM

___-—-__—-—.._.-..._-—-_..——.——._._____

—

- e o e mt e p—

FIINT +5/™ F1 dg
F3INT +0f“ F3 dg

(evaluate using -
SIMPS)

H1+(k/1-57 17151 k)
H3+(kvT=52)/(S4-k)

QZhM—ﬂ“_—S—] Fl 1NT+33‘T tanh ™" (1)
Q%@ FINT+2tanh T (3)
Q2«Exp (Q21)

Q4Exp (Qaq)

345

— A s e e m— o— ey — e— v — mim oram —

———-——.—.—.'—-—;——-—,——n—-—-—a—.——-‘

GO -TO 700
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' , FSINT <,/ F5 d8

(evaluate using
SIMPS)

y

H2+(—ksecvtany)/(1+k';an2Y) )

Q11+ 2seCrtamyegpyy 4 e
: tanhf]ﬁHZ)

Q5<Exp* (Q11)

F3INT+./ € F3 dr
(evaluate using SIMPS) ¢<F3INT/x

———————— ]|

| - GO TO 700 |
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FOR A NUMERICAL CHECK

FATINT</" F41 dg

Fa2INTosECR 42 g

F421NT%g] F43. dr

FAAINTLFT Fd4 dg

(evaluate using
SIMPS)

y

D+ TogQ + ENY (4 payqyT |

GO TO 700

+ FA2INT + F43INT #+ F44INT

4 .
— o e mat m— a—
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Program Listing

0901
¢002
0003
0004

Q005 -
<0004

0007
0008
Q009
0010
Qo011
o012
0013
0014
0013
0014
ele] g
0018
Qo119
0020
o021
Q022
0023
0024
0025
0024
Q027
0028
0029

0030

Q031

0032

0033

0034
00335
0034
0037
0038
003%
0040

-

e et e AR T R i TS i et

f

Main Program
e ' .
c WRITTEN BY MINA B. ABD-EL-MALEK » JAN.7,1980
E ATATLXTLERAAEERXTALERAE AT ERER LK K
g : .. FLOW OVER AN UNEVEN BOTTOM .. :
g :xxxxxx;xx:xtxtxxxxtixxtxx:x:tx:xxx:
e .

c

10

400

o000

300

\ XA XERLXEEEKRR KRR
x

REAL T€110),3¢110)ETACI10),Y (1300 ,XYT(110Q)
REAL UC110)/VC110}FL110)F3¢110)sX(11029X1(
REAL H1¢110)sU1(¢110)5V1(110),F1(1210),G21{110
REAL 0G(110)+FF(110)sXTA(110),UQ(110),VQ(110
REAL HT(110)sUT(110)»UT(110)+FT(1107,T3I(110)
REAL H3I(110):93(110),04(110)FM{110)VI(110}
REAL O41(110)+H2¢110),US(110),FI(110),Q11¢21
REAL G%¢110),YL(110),CP1(210)CP2(110),CP3(1
REAL F71¢110)»F72(110)»F73(1103+F74(110)+ERR
REAL X2¢(110),T1(120),G2(110),U2(110)»FQ{110)
REAL O03(3110)THC(110).0M(110)

READ{(S5s100) NirsS

ITHAX=14

DR=1.

Q0=.8

Q1230

Fl=.8

n3=1./Q1

PI=3.141592454

ALPHA=PL/4&

H=é ./ (PIXF2)

G=(2,-5)/S

E=H/(3%PI)

PHAIO=O

TO=1,+EXP{-PI¥PHATLO)

RO=1,/SQRT(TO)

X0=Q

R==(2XALPHA) /P '
URITE(éolO).SrFZrnLPHAvUI

FORMAT(// /20X s ‘Km? 1 F10,5/20Xy "F2a’sF10.5/20X
$/ALPHA= +1F14.12/20%X, QCOUTI=" »F10.48}

WRITE(&»40Q0) -

FORMAT(//717%27 X “+14Xs ' T{PARM)‘» 14X, "Q(PAR
214X *Y’ 218X 'ERROR/1100°X"})

NiP=N1+1

kK
X ..+ INITIALIZATION ... }:
X X
ERXEEXEXTEEXRREERXXKEREKEE

DX=aPI/FLOAT(N1)
D0 S0Q I=I1,N1PF
QcIr=1.

Y{I) =1,

T(I)aQ
X(I)=DX%X(I-1)
CONTINUE

11
)
)

o)
10)
(119

My’

R

A

i ;..'——4‘.'»;1.'&:{-’.-,2‘.,.7_1}-}5,_&_ yfiti, '; g e



fre

-t

0041
cQ42
0043

0044
Q0435

0044
0047
0048
0049
0050
0051
00352
00353
0054
00355
00354
0057
0038
0059
0040
00461
0042
0043
0044
0065
0066
0Qs7
0048
0069
Q070

0071

Q072
0073
0074
007
0074
QQ77
0078
0079
0080
0081
0082
Q083
0084

anNnonaao

Qaoaooon
;

701

et

713
714
703

524
702

705

704

707

!i!li!l!l!t!*ll!ttl#l!l!l!l!t!!!!t! =
k4

 §
X .. SUCCESSIVE APPROXIMATIONS .. x
* T X
AEEXXLEELRL XXX T XXX X XXX XXX L ARAERE

DO 700 ITER#1,ITMAX
WRITE(42701) ITER
FORMAT(///10Xs 'ITER=’ »14/) .

LEEEESXATELAR LA XL L E X RN LTEEX XX LKA
x %
¥ .+ ALONG THE FREE SURFACE .. % .
x

. |
ZEXIARAAXLL LR R RL AL XA XX IAX LR LA

L4

. D0 702 I=1,N1P
f XLOW3=Q

XHIGHI=X (I}
DO 703 Je=i.NiIP
UGCJ)=SINCT(J) )

"NQCJI=SINGXC(J)) .

IF(YACJ) WEQ.Q) GO TO 713
IF(X(J) .GT.3.1415) GO TO 714

FACJr=uacdy vadg) "
GO TQ 703

FQ(J)m=1,

GO TQ 703

Fa(dym=g,

CONTINUE

FQINT=SINPS(XLOWS r XHIGHI s N1P,FQ)
Q3C¢IIA(1.=(4./(PIXF2)IXFQINTIXX(1./3,)

YCI)m1, +C.5XF2)X(1.=(A3(1) ) X%D)

CONTINUE

DO 704 Ii=1:N1P- .
HT{I1)SINCX(T1})/(G+COS(X(IL1}))

XLOW1=0

XHIGH1=P I : _
DP=(XHIGH1-XLOW1) /FLOAT(N) ' .
IIK=0 - :
DO 705 K=1sN1P : '

UT(K)=ALDG(Q(K) ) .

VT(K)=COS(X{K)})=-COS{X(I1)) .
IF{VT(K).EQ.0.) GO TO 705
FT{K)aUTIK) /UT(KS

TIK=TIK+1 . ‘\
FT(IIK)=FT(K) :
CONTINUE
FTINT=SIMPS(XLOWL s XHIGHL » IIK,FT)
TI(I1)=¢SINCX(IL1) 3 /PIYXFTINT+(2XALPHA/PT) XATAN(HT (I1))
CONTINUE .

DO 707 IJK=1,MN1iF g
QCIJK)I=Q3LTIK)

TCIJKIaTI (I

CONTINUE *

DO 234 J1=1,N1P

-XLOW=2¥ARSINCRO)

3



0085
0084
0087
0088
0089
0090
0091
0092
0093
0094
0095

Q094
0097
0098
0099
0100
0101
Q102
0103
0104
0105
Q104
Q107
Q108
0109
0110
Q111
o112
0113
Q114
0113
0114

0117
0118
0119
o120
0121
0122
0123
0124
0125
0126
0127
0128
0129

0130
o131
0132
0133
0134

O0000 00

454

345

XHIGH=X(¢J1)

DXX= ¢ XHIGH-XLOW )/ N1

DO 235 Iimi,NIP

XX=XLOW+DXXXC(I1-1)
T1(I1)=FLAGR(X>TsXXr2071sN1P)
QQ(I1)=FLAGR(X7QsXX»2071sN1P)
FF(I1)=COS(TL1(I1))/(QRCILIKSINCXX))
CONTINUE
XINT=SIMPS (XLOWs XHIGH s N1P»FF)
XTA{J1)=XO+(2. /PL)XXINT

CONTINUE : o .
TEXXXXXLXEXXXXEXLRXEXE XKL KKK .

x x

% ... ALONG THE BOTTOM ... ¥

x X
petoebir sttt ittt etb e bty

XLOW1=0

XHIGH1aPI *

HX=4,

DS1=5S%(2,-5)/N1

DS4=(1./N1)-DS1

S1=D81

S4=D54

D3 345 IJ=1,N1
H1(IJ)==(51-5+5X80QRT(1.-51))/(51~-5-5%SQRT(1.~-51})
H3(IJ)=(S4-S+5XSART(1.~54))/(54-5-SXSQRT(1.-54))
IF(H3{IJ}.LE.Q} GO TO 345

s2=0.

DO 458 J=1:N1 -

BS2=PI/N1 - : ~,
Ul (J)=AL0G(G(J) ) ’
V1({J})=2,-81x(1.-C0S(S2)}

VI{JY=2,-54%(1.-C0S5(S2)N)

Fli(Dau1 () s/vidy)

F3(J)=U1(L) /3 ()

§25524052
GONTINUE

FLINT=SIHPS (XLOW1,XHIGH1 s NL1,F1)
FIINT=SIMPS{XLOW1 ) XHIGHL ) N1,F3)

Q1IN =2 (2XSART{1.~S1)XF1INTY/PI+{ALPHA/ZPIYXALDG(HLI(IJ))
GA1(IJ)a(2XSART(1.~54)XFIINT/PI)+(ALPHA/PT) XALOG(HI( 1))
Q2(IJI=EXP(Q22¢IJ))

Q4(IJI=EXP(Q41(IJI})

S1=51+DS1

54=54+N54

CONTINUE

5520

BO 900 IJ=1,N1

DSS=PI/(2%N1)
HZ(IJ)={1.+SK(TAN(SS) ) XX2~SX( TAN(SS) /COS(SS) )1/
$¢1,+SXCTANCSS) IRX2+SRCTANCSS) /COS(SS) )

$2=0

DO 901 J=i,N1

DS22PT/NL

US(Jiatl.+2%X(TAN(SS) xx2)-C0S{52)

FS(J)aALOG(G¢J) ) /US(J)

174



0135s
0134
0137

0138
0139
0140
0141
0142
0143
Q144
0145
0144
0147
0148
0149
0150
0151
0152

0153
Q154
0155
0134
0157
¢138
0139
Q160
0161
0152
0143

0144

0145
0146

0147
0148
0149
0170
0171
0172
0173
Q174
0175

0174
0177
0178
Q179
0180
0181
0182
0183

nooOaoaan

?01

700

89

751

752

753

7354

CONTINUE

FSINT=SIMPS{XLOWL »XHIGH1+N1,FS)

Q11 (IJI={ (2ZXTAN(SSIXFSINTI/(PIXCOS{SSIuxD))
$+{ALPHA/PI)XALAGC(H2(IJ))
AS(IJI=EXP(Q11¢(Td))

55=55+DSS

gLJNTINUE

XHIGH2=1,=-(1.~-5)x({1.-5)
DS3=m(XHIGH2-XLOW2)Y /N1

S3aXLOW2

00 89 J=1,N1

U2¢drmy, ,
U2(J)=(1.<§:3202(J)

FI{Jy=u2¢d 2(J2

53=53+DS3

CONTINUE
FIINT=SIMPS (XLOW2, XHIGHI N1 F3)
DR=FIINT/PI
EXXXARTXTRALXL LR EERLE R XX RN R
x x
¥ .. FOR A NUHERICAL CHECKX .. x
x ' *
AR X R K S KK KK

5220

DS2=aPI/NL

00 777 LL=1,N1

§3=0

DSS=PI/(2%XN1)

DO 751 Ll=ai,N1
F71(L1)=AL0G{A11{L1))/(1-COS(S2)+2%TAN(SS ) X%2)
§35255+DS5

CONTINUE
F7L1INTaSIMPS(XLOWL » XHIGHL :N1,F71)
S&=0

DS4aSx(2-5) /N1

DD 752 L2=1,N1
F72(L2)=AL0GCA2(L2) )/ ( (S&RSIN(S2/21x%2~1.)
$XSQRT(1.-52)) .

S54a84+DS4

CONTINUE

F72INT=SIMPS(XLOW2: XHIGHZ,N1,F72)
XLOWI=XHIGH2

XHIGH3=1.

§7=0

DS7=(1./N)~-DSé

B0 793 L3=1,N1
F73(L3=AL0GCQ3(L3) »/ ((S7ASINCS2/2)x%2~1.)
SXSART(1.,=-57))

S7=57+4DS7
F73INT=SIMPS(XLOW3 » XHIGHIN1/F73)
S8=0

DS8=PI/NL “

DO 734 Lax1sN1

IF(SB.EQ.S52) GO 7O 734

F74(L4)=(ALOG(T{L3) )-ALOG{T(LL) )/ (COS(SB)-COS{S2))

CONTINUE A

175 .
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\

0184 F7AINT=SIMPS(XLOW1 »XHIGHL #N1,F74)

0185 ERR(LL)=ALOG(Q(LL) ) FISINC(S2)/2XP L) R(-4AF7LINT+
SE72INTHF73INTH2XF7AINT) -

0186 777 CONTINUE ‘ . '

o187 WRITE(4s400) (XTA(I)»T{I)+G(I) e Y({I)ERR(I)»Im1NIP)

0188 700 CONTINUE oL

01879 DO 800 I=1:/N1P

0190 - YL(I)=(DR/N2IXR(I-1)

0191 CP1(INm1.+(2,/F2)-AS5(I1)¥AS(I)

o192 CP2(Id=1.=(2./F2)x(YL{I)-1.)-QGR{I)*Q2{ ]2

0193 CP3CI)=1 ., ~{2./F2)X(DRESINCALPHA )} =1, )~Q4<TIXQ4 (1)

0194 800 CONTINUE

0193 WRITE(&:99)

0124 WRITE(SrPPL) (XTACIYsCPL(I)+CPACI)sLPI(T) 1 I=1¢NIP)

0197 99 FORMAT(//10X: ‘PRESSURE DIST. ALONG THE BOTTOM//17X:" X
$7,14X,'CP1 ~ 14X 'CP2 ‘916X “CP3 /10007 x"))

0178 291 FORMAT(4X,aF20.4) .

o199 400 , FORMAT(4XSF20.46) 3 v

0200 100 FORMAT(IA+F35.3)

0201 sTOP

0202 END

Function SIMPS

c .
c ‘
0001 FUNCTION SIMPS(U,ViNsF)
00072 REAL F{110)
c
c o+ INITIALIZATION ...
0003 He(U=U)/ CSXFLOATIND }
0004 51=0
0005 52=0
0006 NZu{N/2.) =1,
e S
c .+. EVALUATE SUML & SuM2 ...
0007 DO 109 I=1,N2
0008 JaZxI+1
0009 K=2%I *
0010 S1aS1+F ()
0011 S2aS24F(KY)
0012 109 CONTINUE
c
c ..» RETURN ESTIMATED VALWE OF THE INTEGRAL ...
c
0013 SIMPS=(2XS2+4XS1-F (1) +F (N) ) ®H
0014 RETURN
0015 END



Function FLAGR

0001

0002

0Co3
0004
0005
Q004
Q007
0008
000?

0010
0011
Q012
0013
0014
0015
Q014
0017
0018

oo o oo

12

o000

177

4

FUNCTION FLAGR(X»Y»XARG» IDEGrMINN)

REAL X{110}»Y(110)
vee CONMPUTE VALUE OF FACTOR e

FACTOR=1.

MAX=MIN+IDEG

DO 2 J=MINsMAX
IF{XARG.NE.X{(J)) GO TO 2
FLAGR=Y (J) "

RETURN

. FACTOR=FACTORX ( XARG-X(J))

eve EVALUATE INTERPOLATING POLYNOMIAL ‘e

YEST=0 !
D0 S I=MINyMAX '

TERM=Y ( I )XFACTOR/ (XARG=X(I))

DO 4 J=MINsHMAX

IF(I.NE.J) TERM=TERM/(X{II=X(J))
YESTaYEST+TERH

FLAGR=YEST

RETURN

END



ApPENDEX LE]

COMPUTER' PROGRAM FOR A FLOW

. FROM UNIFORM CHANVEL OVER SHELF

FORTRAN Implementation

List of Principal Variables

Ha N )
Program Symbol g_ Definition-
- (Main)
cp excess pressure coefficient along
the shelf, Cp.
F2 Froude number square, F2.
ITER counter on the number of iterations,
iter, '
[TMAX maximum number of iterations allowed,
itmax.
N number of increrents, n.
PT - T
Q. magnitude of velocity along the
shelf, Q.
Q1 - magnitude of velocity along the

upper free surface, Q1.

178



SIMPS
TH1.

TH2

X1

Y1

magnitude of velocity along the
lower free surface, Q2.

function of implementing Simpon's
rule. ’

argument of complex velocity along
the upper free surface, eJ.

argument of complex velocity along
the Tower free surface, 92.
real t-plane coordinate. *
horizontal coordinate for the upper
free surface, Xq-

horizontal coordinate for the lower

\\\ipee surface, X

vertical coordinate for the upper
free surface, ¥1-

vertical coordinate for the lower
free surface, Yo
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Flow -Diagram -2

i

Begin

READ
S\ N, ITHAX

F2 « 1.0

WRITE

F2

NT « N+1

NOILVYZIVILINI
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e

-t Y
-t
H

ALONG LOWER FREE SURFACE

r..—...—.-.—.-————-——-———..-—_._—..—.——.-—.—._—.——.—.—_H-——————.——.-u

FY2INT “9

(evaluate using
SIMPS)

SeFY2dr

L 4

Y2 « FYZINT/n

+ fi- %g{Y2—1“

15

____ﬁ,<izfpi,z,..,n1::>

F)(Z_i2m

i2m=1,2,..,N1

X2INT « s FXx2de
eva]ane using

SINPS)
t

X2+X2 INT/ =

— — oy WA —

GO TO .8




—
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ALONG UPPER FREE SURFACE

F111NT+OfTF11dr

FIZINT+OI]F12dr

(evaluate using
SIMPS)

y

e1+-1%:(F11INT-F12INT)

+ 1091 (t) 00 100E,)

21

n.——.—-....-—-—.-—_.-—————-——_—-———-—._——————-——.——-——————J
'

10

GO




184

ALONG UPPER FREE SURFACE

LD
Y

---*<:E§=1,2,..,N1j:>> |

. FYTJ
j4=1,

4
2

.

FY1INT«/bFY1de
(evaluale using | 'v.
SIMPS)

y
Y1«1+FYTINT /7

gried- Ty |

._____4~<:§}HF1,

2,..,N1::>

FX1,
je2m=1,

j2m

2,..,N1

|

(evalu
SIM

XTINT«. s 'FX1de

0 .
ate using
PS)

y

X1+X +X

0

1INT/«

- o mam e e e ey

N e i L R A

EARE

— ot wmm wemr e by ey deam s ey ey e Smm — A s Em . man  mmm o el e e e e e —— el

GO TO0 8
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ALONG THE SOLID BOUNDARY

]

r

0<T<F—

2

y

FS]k]’
k1=1,2,

.. 5N

F52k1

F51INT<./ 'F51de

F52INT«./ | F52dz
(evaluate using
SIMPS)

0
0

v

109Q(Y)+-it:—mf-
(F51INT+F52INT)

l

CP«l +

Q(Y)+EXP(1ogd(y)]

2 2
F'Q

L.._..........._._._.__._ _‘_______..._.._..______._............._...._..A..—.-.l'

GO TO -8
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FOR A NUMERICAL CHECK®

ik aaiiaeiiek duleiaatty

3 -——————b<:Ei=1,2,..,N1.::)
I .

|

I

4

Oé\“:%

F41INT+0f"/2F41ds

|

!

|

|

|

|

|

i

! FA2INT« s F42de
| |

| FA3INT«, /' Fa3de
I (evaluate using -
|

|

|

I

|

i

|

|

!

SIMPS)

r

De2FATINT + F42INT + F43INT

60 TO 8
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N A
wRITE
QZ 02, Y2 -
Q=1,2,...,N1>
T < qn
@2 « Q2 !
i
L £




*

.

Program Listing ' =

Main Program,

c WRITTEN BY MINA B. ABD-EL-MALEK r FEB.12,1980 ¢
c -
c FIt+tttrbebetese bbb itbiietitttetttertiotietessdsy
c x x
c X .. FLOW FROM UNIFORM CHANNEL OVER SHELF .. X
-~ ¢ x : 2
c xzxzxx:&xxxxxx*xxxxzxxt:x*zxxtgxzxx:x:x:x:xxtxx
< !
0001 . REAL TH1(310J3TH2(310):01¢310),G2(310)+Y1(310),Y2(310)
0002 REAL T(310)fU21(310),F21(310),Y22(310),T1(310)
0003 REAL F22¢31d)»FY2(310) »GAMMAL310) »US1(310) FS1(310)
0004 REAL V11(310)sF11(310),V12¢310)sF12¢310),Q(310)
000S REAL YY1(31Q) +FY1(310)+Q11(310)+Q22(310}F41(310)
0004 3 REAL UX2(310) rFX2(310)X2(310) sU52¢41)1FS2(T10}
0007 REAL VX1(3I10) rFX1¢310),X1(310),CP(310),V41(310)
o008 REAL U42(310)rFA2(310),443(3103,F43(310)+B(310)
c .
Cc xxi&xxxxx:zxzx:xxxxxxxxxzxt:xxx*xxz:xxxxxxx
c x S *
c £  ...NUMERICAL VALUES FOR CONSTANTS.... X
C x _ x
c- 0.0 3033303003000 3 000000 2090 00 0300 KK KK K K O OK KX
. c . .
0009 READ(S,50) N»ITHAX .
0010 . FR=1, R ‘
0011 . N1=N+1
0012 pX=1./FLOAT(N)
0013 XLOW=0 .
0014 . XHIGH=1,
0015 PHIO=0 :
0014 xDa-1.4
0017 PI=3.141592454
0018 TO=1.+EXP(-PHIOXPTI)
0019 WRITE(4:500) N»F2
c
c ve INITIALIZATION. ..
c
0020 DB 20 IatlsNi
0021 X=DXKCI-1)
0022 Q1¢Id=1. .
0023 , Q2(I)=1.
0024 20  CONTINUE
c
c .. .PERFORM SUCCESSIVE APPROXIMATION...
C »
0025 WRITE(&»400) .
0024 300 FORMAT(//10X» X2+ 13Xs 027 12X, 2 TH2 s 12X+ Y2/ 113Xy
- £ X1 13X QLY P 12Xy ‘THL #1235 *¥17 /12007 %" )
0027 DO 8 ITER=1,ITMAX
0028 WRITE(4,217) ITER .
0029 117 FORMAT(//SX:'ITERn’,I4)
0030 DT=1,/N
C 2343201 ¢3¢2ett vt et sotisdsvistetetel
c X *
c % ... ALONG LOWER FREE SURFACE ... ¥
c ¥ , x
cC 32323 +3+ ¢3¢+ ¢3¢ sbisstst eyt
0031 DO 11 I=1,N1
0032 T(I)=DTX(I-1?



0033
0034
0035
0034
0037
0038
0039
0040
T 0041
0042
Q043
0044
0045
0044
0047
0048
Q049
0030
0051

Q032
00S3
0054

0053
0054
0057
Q058

Q059 -

Q0460
0041
0062
0043
0044
Q063
0086
0047
0048
0047
Q070
0071
0072
0073
0074
Q075
0074
0o?7
0078
Q079
Q080
Q081
oog2
0083

0084
Q083

oo nao

13

14

11

14

15

235

234

DS=(XHIGH-XLOW) /N

IK=0

DO 13 K=1,N3

S=DSx(K-1) :

V21 (K)=SERT(5)%k(5~T(I)}

IF(V21(K).EQ.0) GO TO 13
F21(K)=(ALOG(ER (K} }~ALOG(AZ(I) }) /UDLLK)

IXK=IK+1

FRRALIKI=F21 (K}

CONTINUE
F2lINTaSIMPS(XLOWsXHIGH [K,F21)
IN=Q ’

DO 14 Kiml,N1
S=DSE(K1-1)
V22(K1)=SORT(S)X(1.~SXT(I) )
IF(V22(X1).EQ.0) GO TQ 14
FI2(K1)=ALOG(G1(K1)) /U2 (K1)
IN=IN+1 )

Fa2CIN)=F22{K1)

CONTINUE
FRRINT=SIHPS (XULOWs XHIGH, IN,F22)

TH2CII=(SART(T(I)) /PIYR(FAINTHF22INT) + (ALOG(QR2(I}) /PL) %
$ALOGC (1, =SART(T(I)) /(1. +8QRTIT(I)))) '
CONTINUE :
DO 15 Iimg»Ni -

XLOW2=0

XHIGH2=T(I1)

BS2=(XHIGH2-XLOW2) /N

DO 16 II=1sN1

S2=DS2K(IT~1)
FY2(IT)=SINCTH2C(II))/((1,-52)%G2(II)) v
CONTINUE

FY2INT=SINPS(XLOWD ) XHIGH2,» N»FY2)
Y2(I1)=FY2INT/PI
Q22(I1)=SART(1.~(2,/F2IX(Y2(I1)=1.)) T
CONTINUE

DQ 234 IiM=1,N1

XLOW4=0 : :
XHIGH4=T(I1M) -

DXX=(XHIGHA~XLOW4) /N

KL=0

DO 233 I2M=1,N1

XX=XLOWA+DXX¥ ( I2M=1)
UX2CI2MIa (1. -XX)%Q2(I2M)

IF (UX2(I2M).EG.O) GO TO 235
FX2(I2M)=COS(TH2CIZM) ) /UXD(TIM)

KLaKL+1

FX2(KL)aFX2(I2M)

CONTINUE :
X2INT=SIMPS(XLOW4 s XHIGHA KL, FX2)
X2CI1M)=X2INT/PT

CONTINUE

TR A KRR KRR O KKK XK
X ’ X
¥ ..., ALONG UPPER FREE SURFACE ... x
X X

K02 S0 0 0K 3K 20K K KK KK K KX
DT1=1./FLOAT(N)

DO 30 IJK=1,N1
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0084 o TLOIK)=DTIXCIIK=1)
-0087 T 30  CONTINUE
0088 DB 21 JJ=1,N1
0089 IJ=0
6090 DO 22 Ji=1,N1
0091 Sx=DSX(J1~1)
. 0092 V11(J1)=SORT(SIR{SET(JIJ)=1.)
0093 IF(U11¢(J1).EQ.0) GQ TO 22 —
0074 . Fll(J1)=at0G<Q2(J1)YI/V11¢J1)
009S IJ=mId+1
0094 FI11C(IJ)=FI1(J1)
0097 22  CONTINUE
0098 FLIINT=SINPS(XLOWs XHIGHs I JrF11}
0099 JK=0 . ;
0100 DO 24 J2=i,N1
0101 S=pSX(J2-1)
0102 V12(J2)=SQRT(SIXR¢S~T(JJ))
0103 IF(V12¢42).EQ.0) GO TO 24
0104 FL2(J2)=(ALOG(OL (J2)=ALOG Q1 (JI) ) ) /VU12¢JD)
0105 JK=UK L
0104 F12¢JK)aF12¢J2)
0107 24 CONTINUE - .
0108 : F12INT=SIMPS{(XLOWrXHIGHs JK,F12)
0109 - - THHJ) = (SART(T(JU))) /PTIK(FLIINT-F12INT) +{ALAG( Q1 (JJ) ) /PI ) X
SALOGC (L +SART(TCILI DI /(1. -SART(TC(JI)I } )3
0110 21  CONTINUE
o111 IC=0
0112 DO 25 J3=1sNi
0113 XLOWI=0 ‘
o114 XHIGH3=T1(J3) r
0115 DSIa(XHIGHI-XLOW3) /N
01164 - IF(XHIGHI.EQ.XLOW3) GG TO 75
0117 TIK=0
0118 DO 2& Ja=1,N1
0119 S3=DSIk(J4~1)
0120 . UYL (J4)=S3x(1.-53)%Q1(J4)
0121 IF(VY1(J4).EQ.0) GO 7O 24
0122 FYL(Jay=SINCTH1C(JA) ) /UYL¢J4)
o123 IIK=TIK+]
0124 FYL(IIK}aFY1(J4)
012% 26  CONTINUE
0124 FYLINT=SIMNPS(XLOWS s XHIGHI » IIKsFY1}
0127 GO0 TO 8%
0128 75 FYLINT=0
0129 85  Y1(J3)=(FYL1INT/PI)+1. ‘
0130 Q11CJ3Y=8ART(1,~ (2. /F2IX(YL(J3)=1.))
0131 IC=IC+1
0132 QL1CICY)=qL1¢IT)
0133 25  CONTINUE
0134 JX=0
013% 00 236 JiM=1,N1
0135 XLOWS=0
0137 XHIGHS=TL(J1IM)
0138 IF(XHIGHS.EDQ.XLOWS) GO TO 232
0139 DX1= ¢ XHIGHS-XLOWS) /N1
0140 KLL=0
0141 DO 237 J2M=1,N1
0142 XX1=XLOWSH+DX1X( J2H~1)



0143
0144
01453
Q144
0147
0148
0149
0150
0151
01352
01353
01354
Q13535

0154
0157
0158
0159
Q1490
0141
Q1462
0143
0144
0145
0146
Q147
0148
0149
0170
0171
0172
Q173
0174
0173
0174
0177
Q178

0179
o180
o181
0182
0183
0184

0185

oaoaooao0aoan

noaooonoon

301

UX1(J2M)=eXX1X(1 . =XX1)%Q1 (J2M)
IF(UX1{(J2M).EQ.0) GU TO 237
FX1(J2H)=COS{THI(J2M) ) /UKL {J2MY
KLL=KLL+1

FX1(KLL)=FX1(J2M)

CONTINUE
XLINT=SIMPS(XLOWS s XHIGHS + KLL ¢ FX1)
GO 7O 233

X1INT=0

X1(JIM)=X0+{XLINT/PI)

JXmX+1

X1(JX)mX1{J1iM)

CONTINUE

KEAREEX XX RXXRLEALLEXERXEERE XXX XXX K EXK K

x b
¥ ... ALONG THE SOLID BOUNDRY ... %
x . x

EXEXXXRE AL ERA XA XXX XX TR AKX ENK

DQ 300 KK=1,N
GAMMA(KK)=(PI/ (2XN) )R(KK=1)
IR=Q

- 00 301 Ki=1.N1

VIL(K1) = (1, +T(K1IXTAN(GAMHACKK ) ) XX ) XSART(T(K1))
IF(VS1(K1).EQ.0) GO TO 301

FS1(K1)3ALOG(Q2¢(K1))/VS1(K1)} -
IR=IR+1

FS1C(IR)SFS1(KL)

CONTINUE

FO1INT=SIMPS{XLOWr XHIGH» IR/FT1)

1520

D0 302 Ki=1sN1
VS2(K1)=(TIK1Y+TANC(GANMA (KK ) X2 ) XSART(T(K1))
IF(VYS2(K1).EQ.0) GO TO 302
FS2(K1)=ALOG(QL1 (K1) ) /VSD(KL)

IS=IS+1

FS2(IS)=FI2(K1)

CONTINUE

FUS2INT=SIMPS(XLOWsXHIGH, IS, F%2)

QIKKI=EXP ( (=TAN(GAMMA(KK) ) /PT)X(FSLINTHFS2INT) )
CP(KK)=1.,+(2./F2)~Q(KK)XQ(KK)

CONTINUE

*****!*1!*!1**X*X!*#itk*#***!*!
x X
* ...FOR A NUMERICAL CHMECX .. ¥
x x

KRR RO R XK NK

DQ 3IT0 LL=1:N
IF{Q{LL).EQ.0) GO TO 350
XHIGH&=PI/2.

XLOWS=0
DL=(XHIGH&-XLOWS) /N

IL=0

DO 351 L1i=l,N



3351

352

353

350

400

700
g

g01

800

ano

30
3900

HL=DLE(L1~-1)

IF(Q(L1).EQ.0) GO TO 351
VAL (L) =(TAN(HL) 2k2-TAN (GAMMAC(LL ) ) 222 )X (COS(HL Y 2X2)
IF(v41(L1).EQ.Q) GO TO 351
FAl(L1)=(ALOG(G{L1))=ALOG(G(LL) ) ) /VAL(L1)

TL=IL+1
Fa1(IL)=F41(L1}
CONTINUE

FA1INT=SIMPS(XLOWS » XHIGHA » ILF41)

IM=0
DO 352 Li=1sN1L

V42(L1)m(1. +TCL1IXTANCGAMMACLL ) ) XX2 ) XSGRT(T(L1})
IF(v42(L1).EQ.0) GG TO 352

FA2(L1)=TH2(L1)/V42¢(L1)

IMwIM+1 |
FA2(IM)=F42(L1)
CONTINUE

FAZINT=SIMPS(XLOWs XHIGHr IM,F42)

iN=Q
DO 383 Li=1sN1

V4Z(L13=(T(LLY+TANCGAMMACLL) ) XX2)XSART(TILL))
IF(Y43(L1).EQ.0) GO TO 353
FaZ(L1)aTH1(L1)/V43(L1)

INmIN+1
FAZ(INI=F43(L1)
CONTINUE

FAZINTaSIMPS (XLOWr XHIGHr IN,F43)
D(LL)=2%XF41INT+FA2INT+FAIINT

CONTINUE

WRITE(S,400) (X2(I),Q2C¢I)rTH2CI)»Y2¢I)»X1¢I)+QLCT)
CSTHI(I) +Y1(ID e DCI) rImi s N

FORMAT(?F13.4)
DO 700 IQ=1,N1
Ql1(IQ)=Q11(IQ)
Q2CIQ=QR2¢IM)
CONTINUE
CONTINUE
WRITE(4,801)

FORMAT(///10X, “PRESSURE DIST. ALONG THE SOLID BOUNDARY

$...CPves */)

WRITE(&+800) (CP(I)rI=1,N)

FORMAT (25X ,F20.10)
+ +PRINT QUTPUT...

FORMAT (I4¢14)
FORMAT (//10X» *N
STOP

END

= I4/10Xr’F2

=4 F10.5/)

192



0001

0002
0003
0004
0005
0004
0007
o008

0009
0011
0012
0013
0014
0015
0014
0017

Function SIMPS

108
109

FUNCTION SIMPS(UsVsNsF)
REAL F(310)

NN=N=1

H= (V=) /{3RFLOAT(NN))
Si=Q '
S2mQ

NI=NN/2

DO 109 I=1.N2

K=2%I

IF(I.EQ.N2) GO TO 108
J=2%I+1 '
Sl=S1+F(J2

S2aS2+F (K)

CONTINUE
SIMPS=(2XS2+4%XS1+F (1)+F (N) ) %H
RETURN

END

o

193
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APPENDIX [FJ

COMPUTER PROGRAM FOR A FLOW

FROM UNIFORM CHANNEL OVER SHARP-

CRESTED WEIR

-FORTRAN Implementation

Program Symbol

F2
ITER

ITMAX

g1

g2

QH

List of Principal Variables

. Definition

Froude number square, F2,
. -

counter on the number of iterations,
iter. .

maximum number of iterations allowed,
itmax.

length of inclined plane.
number of increments, n.

magnitude of velocity along upper
free surface, qq-

magnitude of velocity along lower
free surface, Gp-

magnitude of velocity along horizontal
plane AB, Q-
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oY o magnitude of velocity along the
welr, q. -
SIMPS JFunction of implementing Simpon‘s rule.
t - . real t-plane coordinate.
T " h argument of complex velocity along the
upper free surface, 8;.
T2 ‘ argument of cohp]ex velocity along the -

lower free surface, 62.

X1 horizontal coordinate for the upper
free surface.

74 | horizontal coordinate for the lower’
'freq\surface.

Y1 vertical coordinate for the upper
. free surface. ‘

Y2 vertical coordinate for the lower
free surface.

siid

v b
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Flow Diagram-3

Begin

\n,m/

- ) Fz + .8

a + /3

! »

" NRITE
n, F2, a

|

l

l L.

- X

: o2 e 2“*(07335_* tana)X2
e 2

| 2%

|

¢
=]
|
§| . 1.0 . < X<LCOSQ
él Y 1=
I—
— 1
E YZ + m LCOSaCX<=

]
|
I
I
|
|
[
T2 « tan~ (—zzg?xz —gﬁi-tana) |
|
I
|
[
|
!
!
i
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)

<1'ter'=1,2,..,'itmax o |

|« - Sr(12-1)]

Q< [1 - -1 % |

@
&)
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ALONG THE INCLINED PLANE

H3 « tan (39

¥
FB]T’ FBZT

.i =.],2,-..

, 0
F3TINT« /), F31ds

F321NT+0f“/2

, (evaluate using
SIMPS)

Fsgds

Q,-Exp{S25C(_F31 INT+F32INT)
+ Z.Tog (H3))

FI3INT<, /™2 F33qg

(evaluate using SIMPS)
2 + F33INT/x

GO TO b5
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ALONG THE LOWER FREE SURFACE

y FZ]i’ F22i

F21INT+ 7/ %F2148

— ey e —

F22 INT+0f"/ 2ra2dg

{evaluate using SIMPS

¥
T2+ Cgi (F21INT-F221INT)

+ &(Z wy) + 189®104(4an )

§210’

GO TO 5

Pl
.
— — ;e — e — e — a2 e were

F23INT« Y,r"/ %F23ds

F24INT« ™/ %F24d3

. fevaluateYusing SIMPS)
)

Y2 « ssing + FRINT_

12 « icosa + F24INT/x

220
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ALONG THE UPPER FREE SURFACE

v ik mmas Gt e At m— ewemm mais e pm—

—— e maem - e S e S et e e a——

H1 « tan(y/2+n/2)

X
F11 ., F121.

1 . ..

FITINT +0T“/2F11ds

FI2INT <./ 2F12ds
(evaluatg using SIMPS)-

X

Tl « 9551{F111NT-F121NT)

Y
FISINT « /¥, F13dg

FI4INT «_ 7Y Fldds

{evaluate 1ljsing SIMPS)
Y

YT+ 1. - F13INT/x
X1 - XO - F14INT /=

T e —— S ev—— o—— —

—_— e e e e e e e e e e e e e e e e —_1
.

GO TO 5
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ALONG THE HORIZONTAL PLANE

FSTINT «
-1

FB2INT “f

(evaluate

"/2r524g

using SIMPS

FS2INT)+ %—10

log Q « SSE(FsTINT + |

g tan(z + ‘25—)

!
I
|
|
|
|
|
|
!
;3 F51ds |
|
|
|
|
l
!
l
|
|
|
|
i

GO TO 5
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* FOR A NUMERICAL CHECK

FCIINT «_f), FC1ds

0
/2

Fc31NTT«Of”/2Fc3ds

FCAINT «/™ 2Fcads

0
(evaluate using SIMPS)

Y
ER« -FCT1INT + FC2INT
+ FC3INT + FC4INT
+(1og QH)tan(%-+ gJ

l
l
|
|
|
|
l
l
|| | FemT <), Feods
|
|
|
|
|
|
|
|
I
|
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- .

¢

ém >

2

2
cpl “1+ 22T

Cp2 1+ E?T(*yz—l )'-Qw

)

(710

WRITE
%1€

/

GD
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Program Listing .

__  Main Program

c - .
c WRITTEN BY MINA B. ABD~EL~MALEK » MARCH 9 , 1980 .
c
c xx:txxxxxxx::x:xxxxxxxxxxxxxt!xxxxxxxxxzzxxxxxxxxxxuxzxzxx >
¢ X x
c £.. FLOW FROM UNIFORM CHANNEL OVER SHARP~CRESTED WEIR ...x%
c x x
[ txxxxt:xx:lx:tx:u::tx:u:::t:xxx!xxxx:tx:xxxxx'xxxxxxx:tx:tx:x:tx:xxx!
¢

0001 REAL G1¢(210),Q2¢210)sR(210),5(210)»H3I(210) +HA3(210)

0002 REAL U31(210),U31(210),F31(2107,U32¢210),U32¢(210)

0003 REAL F32(210)70(210),UI3(210) V3T (210),F33¢210)

0004 ) REAL V21(210),F21(210),U22(210),V22(210),T2¢(210)

0005 REAL U23(210),V23(210),U24(210) +F23(210) 4FI4(210)

0006 REAL X2(210) rH1(210) rHAL(210)»U11(210),Y11(210}

0007 REAL U12(210),V13(210),F12(210),T1(210),51(210)

0008 REAL V13(210),U14(210),F13(210)+F14(210)sY1(210)

0009 : REAL SP(210),Y3I(210),83¢210) +VUS1(210),F51¢210)

0010 REAL Y22(210),FS52(210),QHL (210 rQH{210) sCPI(210)

0011 REAL F&1(210),F42(210),F43(210} 1F44{210) +ERR(210)

0012 REAL F22(210):@RG(210),U21¢210),5S2(210)+»¥Y2(210)

0013 REAL F11¢210),U13(210),T11(210),X1(210),T23¢210)

0014 REAL US2(210),CP1(210)
o

0015 READ(S+1) Ny ITMAX

0016 PI=3.141592454

0017 Hel.S

o018 F2=.8

0019 G2=1, +.5xF2

0020 GRA=1.

0021 NiaN

0022 "ALPHA=PI/S.

0023 QENL)=1,~(2, /P2 X (HXSIN(ALPHA) =1

0024 X0u~2.5

0025 GS=GRAXSINC(ALPHA) /(R (N1)xx3)

0026 CaSORT (22GS)

0027 K=1, . A

0028 NY=N-1

0029 XLRa~1.570794327

0030 XHR=0

0031 XLS=0

0032 XHS=1.570796327

0033 DR=(XHR-XLR ) /FLOAT(N)

Q034 . DS=(XHS=XLS}/FLDOAT{N?

0035 GO=GRA/ ( (Q(NL)XX2) XCOS (ALPHA) )

0036 WRITE(&+2) NrF2rXO0sALFHA .
c
c v« INITIALIZATION...
c

0037 DO 3 I=1,N1

0038 R(I)=XUR+DRXT

0039 S(I)=XHS-DSkI .

0040 SP(I)=(1,/PIIXALOG(SIN(S(I)1/(1.=SINCS(I3)})

2041 Y2(T)=~( . 5XGR/COS (ALPHA) ) X (SP (T} XX2 ) +( GOXH+FTAN

B CALPHA) YXSP (L )=, SXGRAXC (H/D (N1) ) XXD)
0042 Q2 (I)=SGRT(1.~(2. /F2IX(Y2C(II=1.))
0043 T2(I)=ATAN(-(GOXSP(I)/COS(ALFHAY ) +GAXH+TANCALPHAY)

00a4 IF(I.GT.30) YL(D)=YQ(Id)+1./(QACTIXCAS(TI(II 1)



0043
0044
004
004

0049
0030

0031~
0052
0053

0054
00553
0038
Q057

o038
Q059
0040
0041
Q062
00463
0064
00463
0046
0047

00648
0067
0070
0071
0072
0073
Q074
0073
0074
0077
0078
0079
0080
o8t
0082
0083
o084
0085
0084
0087
0088

v

o0

3

4

é

non

oo aan
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Y1{I)=1.

Y3I(I)=yY1(I) -
Q1(I}=SART(1.=-(2./F2)X(YL{I}=1.})
CONTINUE

+++ PERFORM SUCCESSIVE APPROXIMATION ...

WRITE(Ss4)
FORMAT(//10Xs *X27»13Xs Q27 s 12Xs *T2/ +12%s*¥2* +13X»
$/X17 113X ‘017 »12Xs ‘T P 12X Y17 /12007 %7))
DG S ITER=1,ITMAX
WRITE(ées) ITER
FORMAT(//SXs *ITER=" 14}

IR=(¢

DO 700 JwlsNL
XR=S (.t}
H3I(J=TAN(S(IY /2,

HAZ(J)=ABS (H3(J)?

IF(HA3(J).EQ.OQ) GO TO 7490

IR1=0 .

K=d=-1

IF(Y1()).GT.G2) YI(L)y=Y1(K)

QL) =SERT{1.=(2./F2IX(YI(J)I-1.))
G2¢J)=SART(1 . -(2./F2IX(Y2(J)=1.))
IR=TR+1

GRC(IRY=Q2(J)

700 CONTINUE

311

EEXEXEELXE XL RXALE LR AR ERL LXK XXX

x x
X ..ALONG THE INCLINED PLANE.. X
x x

30 20030 00200 00 8 0 00 N I K R KKK

IK=0

DO 310 J=1:N1
HI(JI=TAN(S(I /2.3
HAZ(J)=ABS (HI(J))

IF(HA3(J) .EQ.0) GO TO 310
1C1=0 -

DO 3131 I=1,N1
U31(1)=ALO0G(RI(I))

V31 (I)=1.~SIN(S(J) IXSINCR(I) )
IF(U31¢I).EQ.0) GO TO 311
F31(I)au31(I)/V31(I)
ICi=IC1+1

F31(IC1)=F31(I)

CONTINUE
F31INT=SIMPS(XLRyXHR,IC1,F31)
IC2=0 .
DO 312 I=tsN1 o
UI2(TI=ALAG(Q2( 1))
V32(I)=) ., ~SIN(S(J)IXSINCS(I))
IF(V32¢I).EQ.0) GO 'TO 312
F32¢1)=U32¢1)/V32(1)
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IC=ICI+1
F32(IC2)=F32(1)
CONT-INUE
F32INT=SIMPS(XLS y XHS» IC2,F32)
IK=IK+1

GG( I =(COS(S(L) ) /PIIR(~FILINTHFIDINT ) +{ALPHA/PT)
$XALOG(HAZ(J) )

QED=EXP(QG(I)) -
QB (IK)=QG(Y)

Q¢IKI=AC )

CONTINUE

IC3=0

DO 313 I=1,N1

U33CI)=CasS(SLIN
UZI(II=(1.+SINCSCI)))=20¢T)
IF(V33(I).£0.0) GO TO 313
F33(I)=U3IT(I)I/V3ZCI)

IC3I=IC3+1

F33CICIH=F3I3(¢I)

CONTINUE

FIZINT=SIMPS(XLSXHS,IC3,F33)

D=F33INT/PI
1:::xxxxxxxxxxxxx*xxxxzxxax:x*x:x*

x x

¥ ..ALONG LOWER FREE SURFACE.. x

b 3 X
tzxxxxxxxxxx*xxxxxxxxxxxxxxx:xxx

IN=Q

DO 210 J=1,N1

IF(HA3(J) .EQ.0)Y GO TO 210
IC4=0

DO 211 T=1,N1

CU2I(IY=ALOGIRL{I)

VIA(I)aSIN(R(TY I=SIN(S(JS))
IF(V21(I).EQ.0) GO TO 21t
FR1(I)=U21(I13/V21¢1)
ICA=IC4+1

FI1(IC4¥=F21(I)

CONTINUE
FO1INTSSIMPS(XLR»XHRs ICAsF71)
I1CS=0

D0 212 I=1,N1
U22(I)=ALO0G(R2( 1) ) ~ALOGL Q2 ¢ J) )
V22CI)=SIN(S(T) I=SINCS(J) )
IF(V22(I).EG.0) GO TO 212
FR2¢I1)=U22(I)/Va2(1) -
ICS=ICS+1

F22(ICSI=F22(T)

CONTINUE .
F22INTaSIMPS(XLSsXHS, ICS,F22)

IN=IN+1 :
TR20)=(COS(S(I) ) /PT)R(FIIDNT-F22INT)I+( 1. /PT) *¢
1ALPHAX( (PT/2,)+8(J))
SHALOGIQ2C ) Y XALOG(HAS(J)Y ))

T22(IN)aT22¢J)

CONTINUE
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111

DO 215 I=1sN1
YILDIRYUII+L./(G2CIIXCOSCTIAC(IIY)
K=I-1

IF(Y1(I).GT.G2) Y1(I)mY1(K)
Q1(I)=SART(1.~(2. /F2)X(Y1(TI)=1.))
CONTINUE

D0 220 J=1,N1

XL2uS(.J)

XH2=1,.570794327

1C4=0

DO 221 I=1,Nt

PS2=(XH2=-XL2} /FLOAT(N)
S2(I)=XL2+DS2%(I-1)
U23I(I)=COS(S2(IIIRSINCT2¢I))
U24(I)=COS(S2¢(I))LCOS(TACI) )

V2SI aSIN(S2C(I) X (1. +SINCSAC({I) ) 1 )XA2(T)
IF(V23(I).£EQ.0) GO TO 22

F23(I)=U23{ 1) /V23(D)

F24CI)=U24¢I) /Y23 I)

ICE=ICae+1 - .
F23(IC&)=F23¢I) .
F24(IC4)=F24(I) -

GONTINUE

FAZINT=SIMPS (XL, XH2, IC4F23)
FR4INT=SIMPS(XLO s XH2»IC&+F24)
Y22()=DXSINCALPHA) +(F2IINT/PI)
X2(J)3DXCOS{ALPHA) +(FA4INT/PI)

CONTINUE

200 2000 0 R0 KK KR K KK KKK KR

x ' x
¥ .ALONG UPPER FREE SURFACE.. X
x x

AR KRR R R K OR X KEKK

IL=0

DO 110 J=1,N1
Hi{J)=TAN(R(JI/2.)

HAL{J)=ABS (H1(J))
IF{HAl (J) .EQ.Q) GO TO 110
IC7=0

DO 111 I=1,N1
Ull{I)=AlBG(Q1CI))—ALOG(Q1(JI])
V11 (I)=aSINCR(IYI=-SIN(R(J?)
IF(V11(1).EQ.0) GO TO 111
FLi(I)=Uu11{I)/vii(I)

IC?7=IC7+1

F11(IC7)=F11(I)

CONTINUE
FL1INTaSIMPS(XLR>XHR,IC7,)F11) QD
IC3=0 ©
DO 112 IsisN1

U2 CI)=ALAG(Q2(I))
VIZ2(I)aSIN(S(I})I=SIN(R(J))
IF(V12(1).EQ.Q) 50 TO 112
FI2(D)=U12¢I)/V12(I)

IC8=ICH+1

FLZCIC8)Y=F12(1I)
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. &
0188 112 CONTINUE
0189 : F12INT=SIMPS(XLS»XHS,ICB,F12)
0150 ILall+t
0191 TI(m{COS(R(LI I/PIIR(FLILIINT-FI2INT)I+((1./PT)%(
SALPHAZ((PI/2.)4R(U))) : -
$+ALOGLAL (J) ) XALOG(HAL(J) ))
0192 110 CONTINUE
0193 . IM=Q
0194 D0 113 J=1,Ni
0195 XL1im-1,%70794327 -
- 0194 XH1=R(J) -
~ 0197 ICY=0
0198 DS1m{XH1-XL1)/FLOAT(N)
0199 IF(DS1.EQ.0) GO TO 113
0200 DO 114 I=1,Nt
0201 : S1(I)mXL14DS1%¢I-1)
0202 - U13¢{I)=COS(S1(¢(I))XSINCT1(I))
0203 Ul4<¢I)=COS(S1¢I))XCASLTICI)
oy 0204 VI3(I)aSINCSI¢ D) IR +SINCSI(I) 1 IXGQL( D)
0205 IF(V13(I).EQ.0) GO TO 114
0204 FI3(I)=U13(TI/V13(I)
0207 F1a¢D)=U14¢I)/v1i3(1)
0208 ICo=IC941 t
0209 F13(IC?)=F13(I} :
0210 | F1a¢ICPI=F14(I) S
0211 114 CONTINUE
0212 . F13INT=SIMPS(XLLrXH1s ICRTEL3)
0213 : IM=IM+1
0214 Y1) =1.~{F13INT/PI)
0215 F14INT=SIMPS(XL1,XH1,ICP+F14)}
0216 X1{IrmX0~(F14INT/PI}
0217 113 CONTINUE
c .
c xxxg:tx:xx:xxxxx:xxx:x*xx:xusxxu
c - x x.
c X ..., ALONS THE FLAT SHELF ... %
C x x
[ xxxu:tx:uxxx:txt:xxtx:uxx:ux:xxx;
c
0218 D0 510 J=1,N1
0219 DO 509 I=i,Ni
0220 VS1(I)=1,~-SINC(RC(I)IXSIN(R(J))
0221 FS1¢I)=ALOG(AL(I) ) /USLI(T)
0222 US2(I)=1,-SINCS(IYIXSINCRC(I))
0223 FS2¢I)=ALOG(AZ (1)) /US2(T)
0224 © 509 CONTINUE
022 : FS1INTaSIHPS(XLR e XHRINL,FS1) . »
0224 FS2INT=SIMPS(XLSs XHS+N1,F52)
0227 - QHL{J)={COSIR(JII/PIIX(-FS1INT+FS2INT ) +{ALPHA/PT}
SXALOG{TANC(XHS+R(JI/2,)))
0228 AHCJISEXP (QHL (2D )
0229 510 CONTINUE
c ;
c xx:xxxxxxxxxx:xxx:x:x:xxxx.tx:u:xxx
[ k4 x
c ¥ ... FOR A NUMERICAL CHECX ... %X
[ x b 4
c 0000 0 20000 S KN R K
c

0230 00 510 J=1.N1
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1

DO 4Q9 I=1,N1
FAL(I)=TICI}/ (1. ~SIN(R(TIIZSINC(R(J)})
FEI(I)=(ALOGIGH(I) )~ALOG(QHCJ) ) ) /(SINCRCI I I=SINCR(JI))
FA3(I)=ALOG(R{I) )/ (SINC(S(I))=SINCR(J)))
Fea(I)mTR2¢I3 /(1. ~SINCS(IIIESINCRI( ) ))
509 CONTINUE
- FALINT=SIMPS(XLR ' XHR/N1sF41)
FA2INTaSINPS(XLR» XHR N1 F&2)
FAIINT=SINPS(XLS»XHS N1 :F&3)
"FSAINT=SIMPS(XLS» XHS s N1sF&4)
ERR(J)=m—FSLINTHFS2INTHFASINTHFSAINT+ALOGCAH(J))
$XTANC(XHS+R(J)/2.) )
410 CONTINUE

WRITE(&4+400) (X2CT) rQ20T)» T22CIN o Y2CI)# X1 »QLCI) »TLCT)
$rYI(I)rERR(II» I=14NY) :

400 FORMAT(9F10.4)
DO 800 I=1,Nt
Y2(I)=Y22(I)

YI(I)aY1{I)
Q1¢I)=Q3(I)
CPL(I)m1,+(2./FI)~QH(I)XQHCT)
CP2(I)=1,=(2,/F2)X{ (D/NL1YR(I~1)=1.)
$-Q(I)xQcl)
800 CONTINUE - v
5 CONTINUE .
WRITE($s500) Dy (CPL(I),CP2CI),Ia1,N1)
500 FORMAT(//30Xs’'LENGTH OF 8 = C  27,F10.7//10%,
$‘PRESSURE DISTRIBUTION... 72(F20.4))

++« PRINT QUTPUT ...

0an

1 "FORMAT(I4,I4)
2 FORMAT(//10Xs’N =/ 2I14/10Xs"F2 = F10.5/710X s
s’ X0 =2/ yF10.5/10Xs "ALPHA =7 ,F10.7) :
STOP -
END

FUNCTION SIMPS(UsVeNsF)

"REAL F(210)

NN=N=-1

H= (V=) / (SXFLOAT(NN) )
- 51120

S22=0Q

NI2=NN/2

DO 109 Iw=i,N2

K=2xT

IF(I.EQ.N2) GO TOQ 108

JuxI+1

311=811+4+F ()

108 S22=3224F (K}

109 CONTINUE
SIMPS=(2AS22+4AXS11+F (1) +F (N) ) xH
RETURN -
END
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FUNCTION SIMPS

Program Symbol Definition
H ‘ | stepsize, h. : -
N number of increments, n,
s ‘ sum of all f(i} for even {1, 8-
S2 sum of all f(i) for odd 1, S,
u lower Timit of integration

| v upper Timit of integration.



Function SIMPS(Arguments:u,v,n,f)

ENTER i ‘

-
SIMPS <« -3-[252

+ 45, - £(0) + f(nl]

|
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;

Function of Lagrangian Interpolation

FORTRAN fmp1ementation‘

Program Symbol.
FACTOR

1DEG

MIN

The factor ¢ = I (X - x

List of Pffncipa1 Variableﬁ

Definition

max )
j=min J
Dégree, d, of the interpolating
pelynomial.

Largest subscript for base points
used to determine the interpolating
poiynomial, min + d.

Smallest suhscrﬁpt for base points
used to determine the interpolating
polynomial, min.

n, the number of paired values (x.,y;).

t, a2 variable that assumes successively
the values Liﬁi)yi, where

max (X - x.)
L{Cil? T —il
j=min  (x; - x;)
TN
j#t

Vector of base points, X3

RGN
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XARG Interpolation argument, X.

YEST . Interpolant value, y(x}
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Function FLAGR (x,y,X,d,min,n)

)¢

C

L o

1

Y

max -« min + d

¥
Q = min, min+1}

N SR A
¢ £ cec(X - x.]
T
y+0
)
i = min, -
\. min+1,..max
¥
- Y4
V t-‘.x_x.
o J
‘l',
— — = = — = — - =min ,min+],
...,max .
1
|
Y +~ y+t  + . t
X_i-va
I
e — s - L .
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