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iii
Abstract |

This thesis explores a possible operator space framework for the study of the
second dual of a Banach algebra A.” We prove some new characterizations for A
to be Arens regular and we try to unify, for the Arens regularity problem, two of
current approaches: by considering weakly almost periodic functionals on A and by
considering the topological center of A**. Motivated by this study, we define two
operator space tensor products, namely, the ex_tended projective tensor product and
the normal projective tensor product. We investigate the properties of these two
products; and compare them with other operator space tensor products. It is shown
that the extended projective tensor product is injective, and the normal projective
tensor product can linearize a class of bilinear maps under the condition that the pair

of operator spaces has certain type of Kaplansky density property.
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CHAPTER 1
Introduction

In the operator space theory, three most interesting operator space tensor prod-
ucts are frequently considered: the projective tensor product é), the injective tensor
product é, and the Haagerup tensor product é — see [11] for overview. All of
these tensor products are norm closures of the algebraic tensor product with the
underlying operator space norms. Projective tensor product is closely related to com-
pletely bounded bilinear maps: CB(V é W, X) = CB(V x W, X), and it h*as the
dual relationship with the injective tensor product via V é) W — (V* é) W*) . The

R R *
Haagerup tensor product, however, is dual to itself: V@ W — (V* ® W*> (or
h k *
V*eW* — <V ® W) ), and linearizes the multiplicatively bounded bilinear maps,

that is, C’B(VéW,X) =2 MB(V x W, X).

When V' and W are dual operator spaces, algebraic tensor ?roduct VoW wil
naturally inherits the relatively weak*-topology from (V,, (%) W*> . Taking the weak*-
closure gives the weak*-Haagerup tensor product, which turned out to be same as
the extended Haagerup tensor product V g W since they have the same predﬁal
Vi é W, (cf. [4], [11]). In fact, the extended Haagerup tensor product has general
form: for any two operator spaces V and W,V %\ W = MB°(V* x W*,C), which
is a subspace of MB(V* x W*,C). The extended Haagerup tensor product has
many same properties as the Haagerup tensor product has, such as injectivity, self-
duality, preserving complete contraction, etc. Effros-Kishimoto in [9] defined the
normal Haagerup tensor product V %\ W of two dual operator spaces V and W as

eh
(V,. ® W,,) . It is finally connected with normal bilinear maps: for any dual operator

h aA
space X, CB°(V ® W,X) = MB°(V x W,X). ® is automatically projective for
weak*-closed subspaces due to the dual relationship with the extended Haagerup
A A
tensor product. The details about the tensor products i@ and %{) are presented in

Chapter 2 and Chapter 3.
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1. INTRODUCTION ' 2

In Chapter 4, first we review some well-known results on the second dual of a
Banach algebra. Then we explore some new characterizations of Arens regularity.
The second dual A* of a Banach algebra A has two natural products extending the
multiplication on A, namely the first Arens product and the second Arens product.
Generally, these two products may not coincide. When they coincide, A is called
Arens regular. There are already some characterizations for A to be Arens regular
expressed at A*-levei and A**-level. At these two levels, there are two concepts, i.e.,
the space wap(A) of weakly almost periodic functionals on A and the topological
center Z(A**) of A** with respect to each Arens product, to describe the. non-Arens
regularity of A. It is known that A-C Z(A4™) C A™, wap(A) C A%, and A is
Arens regular iff Z(A**) = A iff wap(A) = A*, and A is strongly Arens irregular
‘iff Z(A*) = A. We attempt to unify these approaches. Via certain bilinear map,
some interesting subspaces of A* are introduced such as ©(5), p(W), and (Z), from
which a candidate to wap(A) playing a similar role as A to Z(A**) is investigated.

Suppose A is a Banach algebra with an operator space structure. It is shown that
the multiplication m on A is in CB(A x A, A) if and only if the first-and the second
Arens products are in C B(A*™ x A**, A**). A more general conclusion is obtained for
bilinear maps m : X x Y — Z. From these observations, we realize that the study of
A*™ may be related to some generalized operator space projective tensor products.

Motivated by the study of the second dual of a Banach algebra, in Chapter 5, we
define and study the extended projective tensor product %\ and the normal projective
tensor product %\ They do not have many nice properties as extended and normal
Haagerup tensor products have any more. Even if some properties like injectivity
still hold, the way to get them is totally different. This is mainly owing to the lack
of self-duality of the projective tensor product. In this chapter, we also prove a few
identifications, such as CB?(V*xW*,C) = CB°~(V*, W), and the conditional ider:—
tification CB"(V; %\ Vo, W) =2 CB° (V¥ x Vo', W*). As subspaces of ( V* é W*) ,
the extended projective tensor product, the normal spatial tensor product, and the
injective tensor product are related to each other. The extended projective tensor
product and the extended Haagerup tensor product are also compared.

Owing to the time limit, we leave some interesting questions open at the end of

this thesis.
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CHAPTER 2
Haagerup Tensor Product

Operator space Haagerup tensor product is one of important objects in the perti-
nent fields. It is projective, injective, and self-duality. It linearizeés the multiplicatively
bounded bilinear map. Besides, it has the multilinear decomposition property which
plays a key role in the later study of extended Haagerup tensor product. This chap-
ter reviews most of these interesfing properties of Haagerup tensor product, some of

which are proved in a way different from the original one.

2.1. Multiplicatively bounded bilinear mappings

In this section, we give a quick review of multiplicatively bounded norm, and two
decompositions of an element in M, (V ® W), where V and W both are operator
spaces (cf. [11]). We give a proof of the second decomposition in Lemma 2.1.4.

Let V,W and X be operator spaces, v € My, (V) and w € M, ,(W). The matrix
inner product of v and w is v O w € My, ,(V @ W) given by

T
vOw: = [Zvik & Wy
k=1

fv=a®u and w = f® wy with a € M, ,, 8 € M,,, then we can get another

useful formula for the matrix inner product.

LEMMA 2.1.1. (a®up)O(BRwy) = afQ@uo®wy, where o € My r, 8 € My p,v9 €V,
and wg € W.

PROOF. Since vy = a; @ v and wi; = Frj Qwo for 1 <4, j<nand 1<k <,

we have

,
E Uik @ Wk;

k=1

(a®v0)®(ﬂ®’LUO) = QW=

= lzaik®vo®ﬂkj®wo

k=1

3
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2.1. MULTIPLICATIVELY BOUNDED BILINEAR MAPPINGS 4

= (Z aikPrj) @ vo ® wo | = aff @ vy ® wo.
k=1

Here we list some properties of matrix inner product without proof.

(1) For any & € My, , 8 € M, 5, and w € M, (W),
aQuw=aow and vO B =vp.
(2) Foranya € My, and w=7yQ® wo € M,, @ W,
a@uw=ayQOwy.

(3) For any v € My, »(V),w € M, (W), and £ € M, »(X),
(wow)ez=v0 (wOz).

(4) For any @ € Mym, B € Myp, v € My (V), and w € My n(W),
a(v O w)B = (av) © (wh).

(5) For any v' € Mp,(V),v" € Mps(V),w' € Mym(W), and w" € M, (W), let

v=v ®v" and w=w & w". Then
v @w — ('U, @ ’U”) @ (wl @ ’LU”) — (’UI @'LU’) @ ('U” @ wll)'

Notice that the fifth property follows from

.
Z U1,lk®w;cj 1f1SZ7JSm7
1<k<r
(VB v") O (W dw")); = < 1<ij< v @uwy; ifm4+1<4,5<m+n,
r+1<k<r+s
0 otherwise.
\

Let ¢ : V X W — X be a bilinear mapping and ¢ : V® W — X its linearization.
Then we have the (n,!)-th amplification of ¢, namely o™ : M, ;(V) x Mi,(W) —
M, (X), which is defined by

l
(Pn’l(v7 'lU) = (E(n)(v © ’lU) = lz So(vikv wkj)] € Mn(X)7

’ k=1
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2.1. MULTIPLICATIVELY BOUNDED BILINEAR MAPPINGS 5

where 5™ is the n-th amplification of the linear mapping $. When ! = n, we shortly
denote o™ by ¢".
The multiplicatively bounded norm of ¢ is defined by

lellmb = sup{|l¢™|| : n,l € N} = sup{||¢"|| : n € N}.

We say that ¢ is multiplicatively bounded (resp., multiplicatively contractive) if

lellmp < oo (resp., |l@|l < 1). Let MB(V x W, X) denote the linear space of all

multiplicatively bounded bilinear mappings gov: V x W — X with the norm || - ||
Using the linear space identifications M, (M B(V xW, X)) = MB(V xW, M,(X)),

we may define an operator space matrix norm on MB(V x W, X).

LEMMA 2.1.2. Let V and W be operator spaces, v € My(V'), and w € My(W).
Thenv@w = (v® I) ® (I, ® w). That is, we can express the Kronecker product in

terms of the matriz inner product.

PROOF. Suppose that
v=a@®u EMQQV

and

w= 0w qu®W.
Since, by the scalar matrix tensor product, we may write o ® [ as a matrix product
a®pf=(a®1,)(I,®p),
we have
1w = (@®u)® (BRwy) =(a®P)® (vg® wp)
= (a®@I)(I, ®B) @ v @ wo = ((a® Ig) @ vo) ® (£ ® f) ® wo)
= (v l) o ([,®w).
In the fourth step, we used Lemma 2.1.1. O

LEMMA 2.1.3. Given linear spaces V and W and u € Mp(V ® W), there exist
reN,ve M, (V), and w € M, (W) such that

,
u=vQw= [E Uik & Wk
k=1
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2.1. MULTIPLICATIVELY BOUNDED BILINEAR MAPPINGS 6

PROOF. Let U, = {vOw: ve€ M, (V),w € M, ,(W),r € N}. We want fo show
that Uy 2 Ma(VOW) = M, @V ® W.

In fact, M, @ VO W = span{E;; @ v®w:v € V,w € W,i,j =1,--- ,n}, where
E; ; is the tj-th unit matrix in M,. Note that E;; = ein’lleg.l’"]. So, by Lemma 2.1.1,
E,QuQ@w= (e£"’1] ®V)O (eg.l’"] ® w) € U,. It remains to show that U, is a linear
space. U, is clearly closed under the scalar multiplication. .

Now given u; = v; Qw; (i =1,2) with vy € My, (V), w1 € M (W), v € M, ,(V),
and wy € M,,(W). Let v = (v; v) and w = (w1 ws)”. Then v € M, .1 o(V),w €
My isn(W), and |

v®w=v1®w1+v2_®w2=u1+u2.

‘Then we complete the proof. . O

LEMMA 2.1.4. Given linear spaces V and W and u € M,(V ® W), there ezist
g EN, ve M(V), we M(W),a € My, and § € Mpyn such that

u=alv®w)s.

PROOF. Let U, = {a(v@ w)B : @ € Mppq, 8 € Mpgn,v € Mp(V),w € My(W)}.

Now we show U, 2 M,(V QW) = span{E;; ®v@w:veE V,we W,i,j=1,--- ,n}.

Note that E; ;@Qv®w = ei"’”(v@w)egl’"l € U,, it remains to show that U, is a linear
space. _
Clearly, U, is closed under the scalar multiplication. Let u; = o;(v1 ® w;)5; and

Up = (V2 ® wa)fe. Then we have

U+ uy = oq(v @ wi)fi + (v ® we)Br
n ® wy 0 0 0 B .
0 V1 @ wo 0 0 0
= ( (03} 00 [07) )
0 0 Us @ Wy 0 0
0 0 0 U @ Wa B2

= alv®w)b,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.2. HAAGERUP TENSOR PRODUCT AND ITS PROPERTIES 7

B
/ Y 0 wh
where'a=(a1 00 a2>,v= ,W = ,and 8 =
0 Vo [ 0 Wy 0
| Be
That completes the proof. , [

2.2. Haagerup tensor product and its properties

Before going to the properties, we recall the operator space Haagerup tensor prod-
uct norm. The readers can find most results of this section in [11] and [3, Lemma
2.2.6]. We deduce Corollary 2.2.3 and Proposition 2.2.4 from Proposition 2.2.2 and
[11, Theorem 7'.1.2], respectively. Both Lemma 2.2.7 and Lemma 2.2.8 were used in
the proof of {11, Theorem 9.2.5] without proof. From our point of view, they are not
trivial. So, we present detailed proofs here. o

Given operator spaces V and W and u € Mn(V ® W), the operator space

Haagerup tensor norm of u is defined by
lulls = nf{Jlvllllw]l : u=vOw,ve M (V),w € Myn(W),r € N}

THEOREM 2.2.1. Let V and W be operator spaces. Then || - ||» is an operator

space matriz norm on V@ W, and for any u € M,(V @ W),

[ullv < llulla < flulla-

PROOF. Suppose u; € Mp,(VOW),us € M,(VQW), and € > 0. Then there exist
V1 € M o(V), w1 € My o (W), v2 € My (V), and wy € M, ,,(W) such that u; = v;Qw;
with ||w;]| = 1 and |jv|| < JJuslln +& (1 =1,2). So,

lun @ uall = [|(v1 @ v2) © (w1 @ wa)l| < [jvy S v

It

max{|[vll, flv2ll} < max{fjuslln, lluzlln} +e.

Since ¢ is arbitrary, we have obtained M1'. For any u € M,(V ® W) and € > 0, we
may choose v € M, (V) and w € M, (W) with u = v ®© w and |[v||||w]| < |lu|, + €.
Then for a, § € M,,, we have

llewsll = ll(aw) © (wh)|| < flawlilwsll < llelllvillwlisl < llall(ull. + B

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.2. HAAGERUP TENSOR PRODUCT AND ITS PROPERTIES 8
Again, since ¢ is arbitrary, we obtained M2.
Let us suppose that f € M,(V*) and g € My(W*) are complete contractions.

Then by Lemma 2.1.2 and property (1) of the matrix inner product in Section 1, we

have

(feg)Pwow) = waik)@g(wkj)]

Lk=1

?

= Z(f(vik) ®1)o0 (& g(wkj))}
L &

n,n

k

= Z(f(vik) ® Iq)(Ip ® g(wkj))]

(]

= [fwi) ® L)), 1y ® gwiy)], -
Hence,
I(f@g™wow)ll < |I[fi)® I, Il I ® glws;)], , |

= N ie)la, ® Lllllp ® lg(wis)l,,e |

< @)™ @)l < follllwll.
It follows from the definition of the injective tensor matrix norm that
lullv < flvllllwll < llullx + €.

Letting € — 0, we have ||lullv < |julls-
For any matrices v € M,,(V) and w € M,(W), we have from Lemma 2.1.1 that

llv®wlx < lvflflwl-

That is, the Haargerup tensor norm is a subcross norm. Since the projective tensor

norm is the largest subcross norm (cf. [11, Theorem 7.1.1}), |julln < |lula- O

We let
VearW=(VeW/] ),

h
and define the Haagerup tensor product VW of V and W to be the completion
of the operator space V ®, W.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.2. HAAGERUP TENSOR PRODUCT AND ITS PROPERTIES 9
PROPOSITION 2.2.2. Let V,W and X be operator spaces. Then we have a complete
isometry v
| MB(V x W, X) = CB(V &W, X).
PROOF. Let ¢ € MB(V x W, X) and  its unique linearization. Then by the
definition of the n-th amplification of ¢ and <Z, we have ¢"(v,w) = 3™ (v O w). We
want to show ||¢™|| = ||@™|| for each n € N, and hence {|¢|lms = (@]l In fact,

g™l = sup{lle” (v, w)l : lvll <1, lwlf £1,v € Mo(V),w € Mo (W)}

= sup{||g™(wow)|: vl < L lwll < 1,0 € Ma(V), w € Ma(W)}

IA

sup{[|lZ™ (W)l : lulln < 1,u € Ma(V @ W)} = |3™].

Conversely, for every u € M,(V ® W) with |lul| < 1 and € > 0, we can find
v € My, (V),w € M, ,,(W) such that u = v ©w and |jv|||jw|| <1+ €. Then

||‘P(n)(’“)|| = 1§ @wow)l = ll¢"(v,w)|

™ Hvllllwll < lle™ (1 + €).

IA

Since ¢ is arbitrary, [P = sup {5 (u)]| < llo"|.. Therefore, [l¢"] = [5™]. O
[lufl<1

COROLLARY 2.2.3. Let V and W be operator spaces and ¢ : V. x W — M, a
bilinear map. Then ||¢|lms = ||¢"|l, where @™ : Mp(V) X Ma(W) — Mp(M,) is the
n-th amplification of ¢.

PROOF. Let ¢ : V ®W — M,, be the unique linearization of ¢. Then ||¢|jms =
IZlles = |||, where ™ is the n-th amphﬁcatlon of the linear map @. From the
proof of the identification MB(V x W, X) = CB( V®W X), we have ||| = ||¢™|.
Therefore, ||¢]lms = ||¢"]l- 0

When n = 1, we have the following property of completely bounded bilinear maps.

PROPOSITION 2.2.4. Let V and W be operator spaces and ¢ : V. xW — C a
bilinear map. Then |¢lls = |l¢ll-

PROOF. Recall that ||¢||e = sup{||¢nll}, where ¢, : Mp(V) x M,(W) — M,2 is
the n-th joint amplification of . él;]ihe operator space identification CB(V xW,C) =
CB(V<§> W, C), |lelle = I@llee = 18Il = ll¢ll, where ¢ is the unique linearization of ¢
such that ¢(v ® w) = ¢(v, w). O
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2.2. HAAGERUP TENSOR PRODUCT AND ITS PROPERTIES 10
PROPOSITION 2.2.5. Let V and W be operator spaces. For any u in V&, W with
llulln £ 1, there erists a representation
T
u=v®w=2vj®wj
k=1
with vl < 1,|jw| £ 1 such that v1,--- ,v, are linearly independent in V, and

wy, -+, Wy are linearly independent in W.

LEMMA 2.2.6. Let V and W be operator spaces and u € V Q W. Let u =

n m .

v; Q@ w; = v, ® wi be two representations of u such that each of the sets
=1 Pl g
1= =
{v1, -+ v}, {wr, - ywn }, {01, -+ v}, and {wi,--- ,w,} is linearly independent.
Then span{vy, - - , v} = spanf{vy,--- , v, } and span{w,,- - - ,w,}= span{w},--- ,w! }.

Proor. By Hahn-Banach Theorem, we can choose f; € V* such that f,(vy) =
Osk (5,k = 1,---,m). Now the map f,®id: VW — W is given by > z,; ®

j=1
y;i — 2 fs(z;)y;e Then (fs ® id)(u) = 3. fo(v;)w) = wi. On the other hand,
j=1 k=1 _
(fs ®id)(u) = 3 fo(vi)w;. Hence, wj, € span{w,, -+ ,wn}. The remaining cases
=1
follow similarly. O

LEMMA 2.2.7. Let V' and W' be operator spaces, V C V' and W C W’ subspaces
h h
of V and W, respectively. Then the inclusion map VW — V' QW' is an isometry.

PROOF. Let u € V @ W. Then its Haagerup tensor product norm in V@ W is

same as its Haagerup norm in V' @ W’. In fact,
”u”véw =inf{]lv||jlw|l : u=vOw,ve M (V),we M (W), reN}
and
”u”v'éw' =inf{|lv|ljjw|| : v=vOw,v e M, (V'),we M, ,(W'),r € N}.

So, it is clear that ”ullvéw > |ul By Lemma 2.2.6, we have ”u”v'éw' >

view!
llull »  as well. O
Vew

LEMMA 2.28. Let V, V', W, and W' be operator spaces. If ¢ : V — V' and

Y : W — W’ are complete isometries, then ¢ ® i is an isometry.
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‘h h
PROOF. The inclusion mapping ¢(V) @ ¢(W) — V' ® W' is isometric by Lemma
2.2.7. Tt suffices to show the map

VerW — (V) @, v(W Ev,®wz'—>}:<ﬂ(vz ® P(w;)

is an isometry.

Suppose ¢’ € o(V)®py¥(W). Then v’ has a representation Z o(v;) @y(w;), where

i=1
v;e€ Vand w, e W. Let u = Evé@wé. Then u € V@, W and ¢ @ ¥(u) = v/, i.e,
i=1
PRY:V W — (V) ® ¢(W) is-onto.

Let u; = E vl ®@w! and up = Z vZ@w? be two elements in V ®, W with u; # u,.
=1 =1

Then we can write u; — uy as E U; ® w; # 0 with wj linearly independent, where

j=1
1<l <m+n. So, vj, # 0 for some jo. Then

{ )
(o ® ¥)(u1 — uz) = (P @ Y)( Z )= ol@) ® $(w;)-

=1
Since w; are linearly independent and v is isometric, 1(w;) are linearly independent.
Again since ¢(vj,) # 0, (¢ ® ¥)(u1 — ug) # 0. So, ¢ ® ¥ is one-one.

Now we show that p @ ¥ : V @y W — (V) ®;, (W) is isometric. First we show
that [|(v ® ¥)(w)||ln > ||ullr- For each u € V @, W, (¢ ® ¥)(u) € o(V) ® (W), so,
by Lemma 2.2.7

1t ® $)(w)lln = inf{ll[p(wa)la A I (wi)lra I},

where the infimum is taken over all decompositions (¢ ® ¥)(u) = [p(v;)] ® [¥(w;)]

with [p(v;)] € Mi.(p(V)), [W(w;)] € Mp1(¥(W)), and 7 € N. But this infimum is

just

inf{Jle" @)l W) = (0 ® ¥)(u) = ¢ (v) © YD (w)},
where v = [v;] € M1(V),w = [w;] € M,1(W), and r € N.
Thus for any € > 0, there exist v € M;,(V) and w € M, ;(W) such that (¢ ®

¥)(u) = ¢ (v) © YV (w) and |[(¢ ® ¥)(w)lln 2 fe®” @)IlIIY"D(w)] + e. Since
| ¢4 and ™) are isometries, ||(¢ ® )W)l = |[vll|lwll + € > |julln, where we use

the fact that u = v ® w since (e ® ¥)(u) = " (v) @ V" (w) = (Y @ ¥)(vEw) and

¢ ® 9 is one-one. Therefore, ||(¢ ® ¥)(u)||n > |lullx.
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On the other hand, foru =vEOw € V@, W withv € M ,(V) and w € Mnyl(W),

we have

It

le@w) @l = 11D elvr) ® Y(wn)lla
k=1

= |l () © pD (w)lln

e @)y (w)
= |[vllllwl-

IA

Taking the infimum over all such representations of u gives [|(g®@¥)(u)|ln < fJull,- O
PROPOSITION 2.2.9. Let V, V', W and W’ be operator spaces. For all complete
contractions ¢ : V — V' and ¢ : W — W', the corresponding mapping
h h
PRUY:VOIW -V W'

is a complete contraction.
If ¢ and ¢ are complete isometries (resp., completely quotient mappings), then

the same is true for ¢ ® 1.

PRrROOF. We have the commutative diagram

(@)™
.

M, (V @, W) M (V' ®, W')
{n,1) (1,n)
Mo1(V) @1 Min(W) £—220 My, (V') @5 My (W)

By [11, Theorem 9.2.4], the two vertical mappings are isometries. Now we note that if
v and v are completely contractive, isometric, or complete quotient mappings, then
that is also the case for the mappings ™! and (™. Thus, it suffices to show that
the mapping ¢ ® 1 is a contraction, isometry, or quotient mapping.

Suppose that ||p|le < 1 and ||9]|l < 1. Then the proof of |j¢®|| < 1 is contained
in the last part in the proof of Lemma 2.2.8.

The case of isometry is just Lemma 2.2.8.

Finally, given v’ € V' ®, W’ with ||u/||, < 1, there exist v' € M, (V'), v €
M, (W’) such that v/ = o' © w' and ||v'}],||w']] < 1. If ¢, 9 are complete quotient
mappings, then ¢ and (™! are quotient mappings. So, there exist v € M; (V)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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with ||v]| < 1 and w € M, ;(W) with llwl| < 1 such that
v =) and w =TV (w).

It follows that u = v @ w € V ®;, W satisfying ||u|l, < 1 and (¢ ® ¥}{u) = v'. So,
¢ ® 1 is a quotient mapping. O

The above assertion that the Haagerup tensor product preserves both quotient
maps and complete isometries shows that it is both projective and injective. The

proposition below shows that Haagerup tensor product also possesses associativity.

PROPOSITION 2.2.10. Let V,W and X be operator spaces. Then we have the

following complete isometry

h h h h
VW)XV e(WeX).

2.3. Row and Column Hilbert Operator Spaces

Let H be a Hilbert space. In this section, we consider two natural operator space
structures on a H. ’

First, we use the column identification
C:H<=B(C,H),

where C(§)(a) = af (£ € H,a € C),; to determine an operator space structure on H.
To be more specific, for £ € M, (H), we have the amplification

c™(g) : C* — H™,
and we define the column matrix norm of £ by

liéle = IC™ @

Let H. denote H with this operator structure, and we refer to it as the column
Hilbert operator space or simply the column Hilbert space determined by H. That
is

H, = B(C, H).
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For each £ € M, .(H,),

€1l

[lctmm ()]l = et €)* CmMENM = ([C(&5) InmlCE)mall 2
= 1D C&m) CENIM = I _ (ExsléellI>.
k=1 k=1
From the definition, we have the natural complete isometry
M, .(H.) = B(C",H™)
for all m,n € N, since for all k € N,
M (M n(H,) = My in(H:) = B(CF, H*™) = My(B(C™, H™)).

This shows that M,, ,(H,) is also an operator space. _

In particular, (H,)™ = Mp1(H,) = B(C,H™) = (H™),, which means that the
sum of column Hilbert space is also a column Hilbert space.

Recall that if H is a Hilbert space, then we may define the complex conjugate
space H by the identity map

J:H-H, z—T

with the usual addition and conjugate multiplication, that is

I+y=z+y and a-T=az.
Then H is a Hilbert space with the inner product given by
(Z(7) = (ylz).

Now we use the Banach space identification § : H — H*, where 6(£)(n) = (n | ).

The natural isometry
R:H — H* = B(H",C) = B(H,C)

given by
R(n)(€) = 0()(n) = (n] &)
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determines an operator space matrix norm on H. We denote H with this operator

structure by H,, and refer to it as row Hilbert operator space. That is

H, =~ B(H,C) = B(H,C).

For ¢ € My, »(H,), then

l€lls = 1 Rma (€ = N (Earl€i)lI>.
k=1
Similarly, we have (H,)" = Ml’n(Hr) = (H™),.

THEOREM 2.3.1. For any Hilbert spaces H and K, there are natural completely

isometric identifications
B(H,K)= CB(H.,K.,)

and
B(K*,H*) =2 CB(H,, K,).

The operator duals of column and row Hilbert spaces are related with their Banach

duals in the following way.
(H.)* = CB(H.,C)= B(H,C)=B(H™,C) = (H"),.
Let K = H* in the above identities. Then

(K.) = (H)™ = H. = (K*)e, te, (H;)" =(H")..

2.4. Multilinear decomposions

In this section, we summarize a few nice properties of Haagerup tensor product
without proof. A different description of the Haagerup tensor product norm is also

presented.

PROPOSITION 2.4.1. Let V and W be operator spaces. Then a linear functional

F:Vé)W—HC
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is bounded if and only if there exist a Hilbert space H and completely bounded linear
mappings
¢:V—>(H) and ¢v:W — H,

such that
Fv®w) = p(v)y(w).

In this case, we can choose ¢ and 1 such that

IEN = Nelleolileo-

More general, we have the following decomposition theorem for multilinear map-

pings.

THEOREM 2.4.2. Let Vy,---,V, be operator spaces and Hy, H, Hilbert spaces.

Then a linear mapping
k h
p:V1®-- @V, — B(H,, Ho)

is completely bounded if and only if there exist Hilbert spaces Hy,--- , H,—, and com-
pletely bounded mappings Yy : Vi — B(Hy, Hy—1) (k=1,--- ,n) such that

PV ® - ®@v2) = P1(v1) - - Yn(vn).
In this case we can choose i, (k= 1,--- ,n) such that

lellcs = lleballes - - - llonles-

THEOREM 2.4.3. Let V and W be operator spaces. Then the natural embedding
h h
VW' — (Ve W)

18 completely isometric.

This property of Haagerup tensor product is called self-duality. When one of the
two underlying operator spaces is finite-dimensional, the above embedding actually

becomes surjective. This fact was observed in [11]. Here we give a complete proof.
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COROLLARY 2.4.4. Let V and W be operator spaces. If either V or W is finite-

dimensional, then we have the complete isometry
h -k
VoW = (VW)

h

PROOF. Assume that either V or W is finite-dimensional. Then VQW =V &, W.

It is easy to see that every functional in (V ®; W)* has the form ) f; ® g; for some
’ : =1

fie V*and g; € W* (1 < i < n), where n = min{dim(V),dim(W)}. So, the natural
embedding in Theorem 2.4.3 is surjective. Therefore, V* ®;, W* = (V @, W)*. O

The relationship between the Haagerup tensor product and the injective tensor
product is also indicated by the form of the Haagerup tensor product norm given as

follows.

PROPOSITION 2.4.5. Let V and W be operator spaces. For eachu € M,(V@W),
there erist contractive elements f € M, .(V*) and g € M, ,(W*) such that

lulls = (£ © 9)™ ()]l

Thus

lulls = sup{[I(f © 9)™ W)l : f € Mnr(V* <159 € Mrn(W*)pi<1,7 € N}

PROOF. First, we need to explain f ® g. It is an element of M, (V* é) W) C
MJ((V & W)*) = CB(V & W, M,). So, (f® ¢)™ : My(V & W) — M. For
u € M,(V @, W), there exist ﬁni-te—difnentional subspaces of V' and W, say, V;
and W, respectively, such that u € M,(V; ®, W;). Then u has the same norm in
M, (V4 é W) as in M,(V Q% W). By Effros-Ruan {11, Lemma 2.3.4], there exists a
complete contraction ¢ : ® Wi — M, such that ulln = 1™ (w)]].

Since V; and W) are finite-dimensional, by Corollary 2.4.4, we have
h * h * ~ * h *
CB((Vi @ W1)", My) = M ((Vi ® W1)") = M (V' © WT),

and hence we may regard ¢ as a contractive element in Mn(Vl*éWf). Then there exist
f e M, (Vi*)and g € M, ,(W}) such that p = fOg with || f}| < 1 and ||g|| < 1. Since
B(C",C") and B(C",C") are injective operator spaces (cf. [2, Theorem 1.2.10}), f and
g have corresponding extensions, namely fe M,(V*) and g € M,(W*), respectively,
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such that ||f]] < 1,][g)l <1 and

I(F e ™) = lI(f © )™ )]l = le™ @)l = |lulla,
where the first step is true since u € M,(V; @ W}).
Now suppose f € M, .(V*) and g € M, ,(W*) are contractive. Then
IF @)™ @l < IIf © gllsllulln
I1f @ gllallulln

I lglllulle < lulla-

IN

Therefore,
llulln = sup{[|(f © 9)™ ()|},

where the supremum is taken over all f € M, .(V*),g9 € M,.(W*), ||fll < 1,]lgll £ 1,
and r € N. O

2.5. Some tensor product computations

The following proposition can be found in {11, Proposition 9.3.1]. In [11], the
identifications (1) and (2) were proved in different ways. In light of the similarity of
these identifications, we give a unified proof of Proposition 2.5.1, which is consistent

with the proof of (2) given in [11].

PROPOSITION 2.5.1. Let V' be an operator space and H a Hilbert space. Then we

have the following natural complete isometries.

H.QV = H,QV. (1)
h \Y
®H = V®H,. (2)
h A
® c g (o4 (3)
h A
H.QV = H.QV (4)

PROOF. For (1), it suffices to show that for all u € M,(H. ® V),

[l < flellv-
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So, it suffices to show that ||u]ly < 1 implies |jul[ < 1.
Suppose u € Mp(H. ® V) with |luy < 1. Now for all f € My ((Hc)") =
M, s((H*),) and g € M,n(V*) with |If|| < 1, |lgll < 1, let Hy = span{fy;,i =
1,---,n,j=1,---,r} and ey,- - , ¢, its orthonormal basis. Writing f;; = Xp: ckiex,

k=1
we have by the discussion in [10, Section 3.4] that ||f|| = || [C?-- - CP] ||, where C* =

[CZ] ean,s (k = 1; oo ’p)
(4} ]
Following the notationin [3],e= | : | € M, ((H*),) = B(H, C?) with |le||, =
. \e, .
e1®g
1. Sincee®g =. : € Mypn(V*®(H*),) C Mepa((V® H,)*), it follows that
&®g |
) T T b4
fog = [Zfit@gzj = [chﬁek®gu
I=1 =1 k=1 .
4
= Y CHer®g)=Cle®yg),
k=1

where C = [C?--- C?] € M, 4. So, we have

(Cle® )™ (u) = [Cle® g)(uy)]
C

-1 9 |leonm

C
= (L®C)(e®9)™(u).

Then,

IFEP@I = It ®O)(e®g)™ (W)
I(Z ® C)lll(e ® 9)™ ()]
< ICliie® )™ llully
1£11ll¢e ® 9™ Hfullv

\"
”6 ® g“cb < 1’

IA

IA
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where the fourth step follows from ||C|| = || f]l (< 1) and in the last step we use the
fact that both e and g are contractive. So, ||ull, < 1 by Proposition 2.4.5 and the

proof of (1) is complete.
(2), (3), and (4) can be similarly proved. O

The following propositions and their proofs can be found in [11].

PROPOSITION 2.5.2. Let V be an operator space, H and K Hilbert spaces. Then
we have a complete isometry
Rk
(K)*®V ® He)* = CB(V, B(H, K)).
PROPOSITION 2.5.3. Let H and K be operator spaces. Then we have the complete
isometries

H.® (K.)" = K(K, H)

and
(K.)* ® H. = T(K, H).

PROPOSITION 2.5.4. Let H and K be Hilbert spaces. Then we have the complete

isometries
h
HOK>Ho&K=HoK =(HeK),

and
A h \%
HQRK =2H.QK,ZH.®K, = (HQ®K),.

2.6. Comparison with I'.(V,W) and T';(V, W)

Let V and W be operator spaces. we say that a linear map ¢ : V — W factors
through column Hilbert space if there is a Hilbert space H and a commutative

diagram of completely bounded maps
H

¢l}£

[e]

We define

Te(p) = inf{[[Pllsll@lle : ¢ =0 ¢, ¢:V — H, ¢ : H. — W}
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If no such a factorization exists, we set v.(¢) = oo.

If 1,02 : V. — W factor through the column Hilbert space (H;). and (H3),,
respecfively, that is, there exist ¢y : V- (Hg)e and ¥ : (Hg)e = W (k=1,2) such
that ¢; = 9, 0 ¢; and @o = 9Py 0 ¢o, then let L = Hy @ Ha, ¢(v) = (¢1(v), $2(v)),
and ¥(£1,&2) = ¥1(€1) + ¥(&2) for all v € V and (§;,€2) € Hy @ H,. 1t is clear that
¢1+ @2 = Yoo Now let I'.(V, W) be the linear space of linear maps ¢ : V — W
with v.(p) < oco. EHros-Ruan proved that v really determines a norm on Lo(V, W)
(cf. [10, Lemma 5.1]), and so I'.(V, W) becomes a normed space. .

If o = [pij] € Mp(Pe(V,W)), then we may define a map ¢ : V — M,(W) by
@(v) = {pi;(v)], each entry of which factors through a column Hilbert space as given

in the following ‘commut'ative diagram

(Hi.‘i)c

Yij
¢ijT \
Pis

V —— W.

We want to find a factorization of & through some column Hilbert space K in a
natural way. That is of the form ¢ = ¢ o¢, where ¢ : V — K. and ¢ : K. — M,(W).
Since Mp2 (W) = Mn(W) as operator spaces, there exists a linear map from V' to
M2 1(W) corresponding to ¢, we still denote it by ¢.
Let K = ®H;j. Then K. = ®(H;j).. We define ¢ : V — K. and ¢ : K. —
My, (W) by | |
#(v) = (pu(v), -, Gan(v))"

and

PEn, ) = Wu1(En)se s Ynn(Eun))!
for v € V, &; € H;j. Then ¢ o ¢ = @. This shows that ¢ € T'e(V, M,(W)).
Conversely, ‘suppose a linear map ¢ : V — M, (W) factors through H,, i.e.,
@ =1o0¢, where ¢ : V — H, and ¢ : H, — M,(W) are completely bounded. We
define ¢ = [p;;] € Mp(Te(V,W)) by
pij(v) = (5(”))11'

and ;5 : Hc — W by
Yi;(€) = (¥(§)),;
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forallve V and € € H. Then

i (V) = (Y0 $(v)); = i;(B(v)) = (35 0 $)(v).

Clearly, each 1;; is completely bounded. So, ¢;; factors also through H. and then
¢ € Mu(T(V, W)).

Therefore, we have the linear space identifications M, (I'.(V,W)) = r‘c(V, M,(W))
(n € N), and so we can define a natural operator space matrix norm on T',(V, W) to
make I',(V, W) an operator space. v

In general, ||¢|le < 7Ye(¢), and hence I'.(V,W) C CB(V,W). If either VorWis
a column Hilbert space, then ||¢|ls = 7.(¢) and T'(V,W) = CB(V,W).

PROPOSITION 2.6.1. Let V and W be operator spaces and W, a subspace of W.

Then the corresponding inclusion
Lo (V, W) = T(V, W)

is completely isometric.

THEOREM 2.6.2. Let V and W be operator spaces. Then we have a complete

isometry
h
(WeV) 2T (V,W*).

COROLLARY 2.6.3. Let V,W, and X be operator spaces. Then we have a complete

isometry
T((W ® V), X) & To(V, Te(W, X)).

PROOF. First we suppose X is a dual operator space, say, X = (X,)*. Then from

Theorem 2.6.2 we have the natural complete isometries
h h h h
F((WRV),X)=2 (X, W RV) 2T (V,(X. ®W)*) =T (V,T(W, X)).
For a general X, we have the following commutative diagram

T(W®V,X) — Tu(V,[(W,X))

! !

(W &V, X™) —— To(V,T (W, X™)),
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where the bottom map is completely isometric and the vertical maps are completely
isometric injections by [10, Proposition 5.2]. We need to show the top map

® . T (W é V,X) - T(V,T(W, X)) determined by ®(y)(v)(w) = p(w ® v)

is onto.

For any ¢ € T'¢(V,I'e(W, X)), by the argument in the first paragraph of this proof,
there exists a map ¢ € Fc(WéV, X**) éuch that 6(v).(w) = p(w®wv). Due to the fact
that W ®V is dense in Wé V, ¢ is valued in X, and hence it is in I‘C(Wé V,X). O

Let V and W be operator spaces. we say that a linear map ¢ : V — W factors
through row Hilbert space if there is a Hilbert space H and a commutative

diagram of completely bounded maps

H,

4&

V— W
Let I',.(V, W) be the corresponding operator space. Then we have the following result
h
(VW) =T (V,W),
and
h
TV & W), X) = T,(V, (W, X)).

The proofs are similar to the corresponding parts of I'.(V, W). In particular, we have
now the identification '

T.(V,W*) 2 T (W, V).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3

Extended and Normal Haagerup Tensor Products

Based on the Haagerup tensor product, two more operator space tensor products
are introduced - the extended and normal Haagerup tensor products. These two
tensor products are not usual tensor products any more in the sense that they are
not norm closures of the correponding algebraic tensor products. However, due to
the self-duality of the Haagerup tensor product, they have some nice properties and
both have the Haagerup tensor product as certain weak*-dense subspace. Most of
results in the chapter can be found in [12]. We start with the general theory of infinite

matrices, which is a bridge between mapping spaces and matrix spaces.

3.1. Infinite matrices

Given an operator space V, and index sets I and J, we let M ;(V) denote the
vector space of matrices F' = [v;};er,jes, for which finite submatrices are uniformly
‘bounded in norm, i.e., sup ||F’|| < co, where the supremum is taken over all finite
submatrices F” of F'. i

As usual, we denote M ;(V) by M;(V). It can be seen that, as linear spaces,
"M ; can be identified with B(I?(J),1?(I)), and in particular, M; = M;(C) can be
identified with B({?(J)) as linear spaces.

In fact, suppose {e;} and {f;} are orthonormal bases of [2(J) and [*(I), respec-
tively. We define a linear map ¢ : M; ; — B(1*(J),12(I)) by (¢(B)e;|fi) = bij, where
B = [b;;] € M; ;. Obviously, ¢ is one-one.

For each b € B(2(J), 12(I)), let B = [by;}ics s, Where by; = (be;|fi). We want to
show B € My ;.

Suppose S and T are finite subsets of I and J, »respectively. Let BST denote the
S x T submatrix of B. Then

IBST|| = sup{|BSTa| : o€ CT and [lol| < 1}
24
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= sup{(B*Ta|B%T0)"*:a € CT and Y |oy? <1}
j€T

1/2
= sup{ (Z(l Zb,.jajm) eeCTand Y loP <1},

€S jeT : jer
where we use the fact that BST is a finite matrix and BSTa € CS.

On the other hand, we have

sup{I6€] : € € 2(J) and [l€]l < 1,}

1/2 ' ‘
= sup{ (Z(I Z<bcjej|fi)|2)> 6= ciejand Y gl <1}

el

il jEJ jEJ jGJ
: 1/2
- (Zu zcj<be,-|fi>|2>) =Y ey and 3 ol < 1)
il jeJ . jeJ JjeJ

1/2
sup{ (Z(l chbi]"z)) 1= chej and Z ||cj||.2 <1}.

i€l jeJ jeJ - jeJ
Clearly, sup |IBST|| = ||b]| < oo, and hence B € M;;. Obviously, b = ¢(B).
Therefor:,gcpyT:gJ.\I/II,J — B(I*(J),1%(I)) is onto. | |

Now we can define the operator space matrix norm on My ; by using the above

linear space identification. So far, M, 1,7 is an operator space with the norm
1) = sup |,

where F” is taken over all finite submatries of F'. In particular, if we order the set of

finite submatries of F' by inclusion, then it is a directed set and
F|| =lim||F'|.
£l = Tim [

Let a € M x,b € Mg, and ¢ € My ;. Then abc makes sense by the above
identification. For a subset S C K, we let Px(S) : [2(K) — [2(S) be the orthogonal
projection. Similarly, we can define P(T) : I2(L) — [3(T) for T C L. Now we restrict
to finite subsets FF C K and G C L, and we may regard { Px(F)}r and {P.(G)}¢ as

- nets of projections, where finite sets are ordered byk inclusion relationship. Now both

nets converge to the identity operator in the strong operator topology.
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REMARK 3.1.1. As an infinite matriz, Pi(F') has its (i, j)th entry (Px(F));; =
(Px(F)filf;), where {fi}iex and {fi}icr are the orthonormal bases of I*(K) and
I2(F), respectively. If i € F, then Px(F)f; = fi. Otherwise, Px(F)f; =0. So,

0i; ifi€F
(Px(F))i = :
0 otherwise

Now, aPx(F)bPL(G)c is a well-defined operator in B(I?(J),l2(I)). Note that all
a, Px(F), b, P(G), c are bounded, 50, aPx (F)bPL(G)c — abcin SOT when Py (F) *%
id and Pp(G) ™% id. Thus

Z abricy — (abc)ij,

keF, leG
i.e., we can express the entry of an infinite matrix product as a limit of finite sums.
This fact will be used in the sequel when we consider an infinite matrix product.

If H and K are Hilbert spaces with bases (e;)jes and (fi)icr, then H = B(13(J))
and K = B(1*(I)). So, we may identify B(H, K) with M; ;, i.e., B(H,K) = My,
which is important in the later discussion. | | 4 '

Given operator spaces V and W, if V and W are dual operator spaces, then we
let CB?(V,W) be the space of weak*-weak* continuous maps in CB(V,W).

We already knew that CB(V, M,,) = M, (V*) as operator spaces. In fact, as shown

in the following, it has a more general version
CB(V, My ) = M;,(V*).

To see this, we define a linear map ¢ : M; ;(V*) — CB(V, My ;) by ¢(F)(v) =
[Fij(v)] for each F = [Fj;] € My (V*). .
similarly proved as we did for M;; = B(I%(J),I2(I)). It remains to show that
o(F)(v) € My y and o(F) € CB(V, M ;). Actually, forve V,

Then that ¢ is one-one and onto can be

lletEI = supllo(F) (@) < supfle(F)llalivl

sup || [[loll = IF(l[lv]] < oo,

where F” is a finite submatrix of F, F' € M,(V*) for some n € N, and hence
o(F") € CB(V,M,) = My(V*). Tn particular, ¢(F)[s = IIFll < 0o, i.e., 9(F) €
CB(V, My, ;).
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Using this linear space (in fact, Banach space) identification, we can define the
operator space matrix norm on My ;(V*) and My ;(V*) becomes an operator space.

Since M; ; = B(12(J),12(I)) and B(l2(J),l2(I)) is an dual operator space (cf. (2,
Theorem 1.4.5]), CB?(V*, M} ;) makes sense.

PROPOSITION 3.1.2. Let V be an operator space. Then we have a natural linear
space identification CB?(V*, M; ;) = My ;(V) induced by CB(V*, M ;) = M ;(V**).

PROOF. Let ¢ € CB?(V*,M;;). Then there exists a matrix F' = [F;] €
M; (V™) such that o(f) = [Fi( f)] for all f € V*. By the hypothesis that ¢ is
weak™-weak* continuous, F;; is continuous in the weak*-topology on V* for all 4, 5.
It follows that F;; € V, and thus F = [F};] € M; ;(V).

Conversely, let F' = [v;;] € M ;(V) and o(f) = [f(vy)] (f € V*). ‘Then ¢ €
CB(V*, M1,;). Now we want to show that ¢ : V* — M ; is weak*-weak* continuous,
which is equivalent tovshowing that P;; 0o : V* — C is weak*-continuous (i.e.,
P,jop € V) for all (i,5) € I x J, where P,; : M;; — C is the canonical (i, j)th
projection. Note that (P;; o o)(f) = f(vij) = (vij, f). So, Pjop = v; € V for all
(i,7) € I x J. 0

3.2. Extended Haagerup tensor product

Recall we used M B(V; x Vo, W) to denote the linear space of all multiplicatively
bounded bilinear maps ¢ : V; x V, — W with the norm | - ||ms and we have the
operator space identification M B(V} x V,, W) = CB(\, é Vo, W). If V},V,, and W
are dual operator spaces, then we say ¢ € MB(V; x V,, W) is normal if it is weak™-
weak* continuous in each variable. Let M B°(V; x Vo, W) be the operator subspace
of MB(Vy x V3, W) consisting of normal maps in MB(V; x V5, W).

The extended Haagerup tensor product V; % V, of V; and V; is defined as
the space of all normal multiplicatively bounded bilinear functionals u : V* x V; — C

~ and we use vy é VZ'): to denote the subspace of CB(V}* é Vs,C) (= (W é V2 )*)
corresponding to MB?(V}* x Vi, C), i.e.,

eh h
K& Vo= (V7 ®Vy)s = MB (W x V;,0).
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eh
We use || - || to denote the operator space matrix norm on V; ® V, induced by the
identification M,(MB°(V* x V¥,C)) = MBo(V;* x V3, My,).
Similar to the decomposition theorem as stated in Theorem 2.4.2, we have the

following version of decomposition theorem for multilinear maps.
THEOREM 3.2.1. Let Vy,---,V}, be operator spaces. Then a multilinear map
(p:‘/l X oo XV;_"B(H;HHO),

is maultiplicatively contractive if and only if there exist Hilbert spaces Hy,-++ ,H,_;

and complete contractions ¢y : Vi — B(Hy, Hx—1) such that

Pvn, up) = p1(v1) - @p(vy)

and
lellms = llealles - - - leplles-

If each Vi, is a dual space and ¢ is normal, then we may assume that each i is

weak*-continuous.

For Banach spaces X and Y, any bounded linear map T : X — Y* has a unique
weak*-weak* continuous extension T : X** — Y* with |T|| = ||T|. In fact, T is
given by T = 7* o T**, where 7 : Y — Y** is the canonical embedding. According
to Blecher-Le Merdy [2, 1.4.8], this statement has its operator space version. That
is, each completely bounded linear map T : X — Y™* has a unique weak*-weak*
continuous extension T : X** — Y* such that ||Tle = IT||ce- In the following, we

show that there is a corresponding extension theorem for bilinear maps.

PROPOSITION 3.2.2. Let Vi, Va,and W be operator spaces, and ¢ : Vi xVo — W* a
multiplicatively bounded bilinear map. Then ¢ admits a (necessarily unique) normal

extension o : V™ x Vo* — W*. This extension is multiplicatively bounded and

[Bllmb = ll@llms-

PROOF. We may assume that W* is a weak*-closed subspace of some B(H) (cf. (2,
Lemma 1.4.7]). By Theorem 3.2.1, there exist a Hilbert space L and two completely
bounded maps ¢; : V) — B(L,H) and v, : Vo, — B(H,L) such that p(vy,ve) =
Y1(v1)¢2(ve) for all v; € Vi, vz € V3, and ||¢llmb = |[¥1]lesf|]|ls- By the argument
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preceding this proposition, ¢, and 1, admit weak*-weak* continuous extenéions ;b: :
Vi* — B(L; H) and 4 : V* — B(H, L) with [|illes = [[lles (i = 1,2). We define
& Vi x V3" — B(H) by §(,52) = $1(51)9e(2) (5 € Vi and 6 € V3*). Since
1@llmo < 1¥1lleli®lles = lallll2ll = ll@llms, W have [[Fllms = ll@lims- Finally, & is
valued in W*, since ¢ is valued in W*, V| x V; is weak*-dense in V}** x V;*, and ¢ is

normal. , ‘ _ O

Now Let V;,V,, and W be operator spaces. From Proposition 3.2.2, it follows
immediately that '

MB(Vy x Vo, W*) = MB° (V2 x V3", W*).

In particular,
Vi@V = (%" @ V5™);.
By the definition of the extended Haagerup tensor product, we have the operator
space identification | |

h eh
ieh) =Vrel;.

PROPOSITION 3.2.3. Let V} and V;, be operator spaces. Then the inclusion map

h h
ieV,—-W, %) V2 is a completely isometric injection.

PRrROOF. We have the following commufative diagram

h h
v'l ® ‘/2 - “/1** ® ‘/2**
eh h
iel, — (e V),
in which the top and right mappings are complete isometries by the injectivity and
self-duality of the Haargerup tensor product. The bottom mapping is the completely

isometric embedding owing to the definition of the extended Haargerup tensor prod-

uct. So, the left map is a completely isometric injection. O

. h
LEMMA 3.2.4. Let V; and V, be operator spaces. Then each u € M,(V} Eb Va) has

a representation of the form u = v; ® vy, where v; € M, ;(V1) and v2 € M;,(V2).

In particular, if ||ullen < 1, then we can choose v; and v, such that u = v; © v, and

l[uller = lforlillvall, ffoalt <1 and fluz|| < 1.
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PROOF. Apparently, it suffices to show the last part of the statements. Suppose
llufler < 1. By Thereom 3.2.1 and the identifications

eh h h
M (Vi8VE) = Mo((V ®V3)}) € Mo(CB(V; & V3,0)
~ CB(V; ® V5, M) = MB(V; x V3, Ma),

there exist H; and contractions v; : V* — B(H;,C*) = M, ; and v, : V' —
B(Cn,Hl) = MJ,n, i.e., N € CBG(‘/I y nJ) nJ(Vi) and Vg (S CBU(V; ,Mjn)
M;n(V2), such that u(fi, f2) = vi(fi)va(fz) and [[ullen = [lulles = llvillallv2lls =

[lv1|||lv]l- In this case, we use the notation u = v; ® vs. ‘ O
Ifv; € M, 5(Vi) and v € Mj,(V2), then v;Ou, can be written into [Z vh ® v,%j] .
keJ

h : eh
According to Proposition 3.2.3, V; ® V; can be treated as a subspace of V; @ V5.
The following lemma shows that in this case, the index set J in Lemma 3.2.4 can be

chosen to be the set N of natural numbers.

h

LEMMA 3.2.5. Let V and W be operator spaces. Then each u € V @ W with
llulln < 1 has a representation u = vOw with ||v]] < 1, ||w|| < 1 and ||u||;l = ||lvliliwll,
where v € Min(V), v2 € Mn1(W).

N .
PROOF. Suppose |lullr, < 1. Since V ® W is norm dense in V ® W, there ex-
n1
ists uy = 5. vi @wi € V®W such that |ju — w| < 1_-l|2£lla with flusfln < |luln-
k=1

1yt

Let v; = (vf,---,v;) and w; = (w},---,wh Then u; = v; ® wy and vy, w;

’nl

: h
can be chosen such that |ju|| < ||u||,t/2 and |jws|| < ||u||,11/2. Foru—u e VW,

n2

there exists up = Y. vP Q@ wi € V ® W such that [lu — u1 — ug|ln < l;g;ﬂa
k=ni+1
with |lug|ln < 1—_J|2i”ﬁ Let vp = (v2 4, -+ ,v2,) and wp = (w2 ), -+ ,wZ,)". Then

1/2
Uy = v2 © wo and vz, w, are chosen such that |[vofl < (1—_”}"1) and ||we| <

1—|julj 1/2 P . } m

( 5 ") . Continuing this process, foreachm € N, wecanfind u, = Y, '®
=nm-1+1

WP € VO W such that fu— s — - = ul| < S with unfs < Sl

Let vm = (V2 _ 41,V ) and W, = (WP _ Ly, ,wi ). Then um = vm ©

1=l \ 172 Lttt \ 172
'LUmv ”Um” < (2171—1"') and “wm” < (gm—lh) . Let v = ('Ul”u2”vs,...) and
w = (wl,wg,w;;,---)t. Then v = v ® w is uniformly convergent in norm. Now
o0
ol = Zl lloml2 < \/llullh+ Lol | 2dle oo = 9, e, |jo]] < 1. Similarly,
m=
fwll < 1. ’ a
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eh :
Let u € M,(V; ® Vo) C MB(V} x Vi, M) and u = v; ® vy, where v; € M, ;(V})
and vp € Mj,(V2). For all f; € V{* and f, € V,

(1 ® fa,u) = (fi,v1)(f2, )
lim [Z fl(vilk)fZ(vI%j):I ;

keF

where the limit is taken over finite subsets F' of J. We let vf be the submatrix of

v; (i = 1,2) corresponding to F. Then vf © vf € MB(V}* x V', M,,) and
(f1® fo,u) = lim{fi, o) © (fo, v) = Lim{fy ® fo, v] O 7).

Thus, ||ullms < liTmllvf © 03 [lms-

On the other hand, vf ® vi € M,(V* ®, V4'), So,
vt © v3 llms = llof @ v5 lln < llof lllwg || < llosflivall-

Then ||uller = ||tllme < lim||vf © vf||mp < |Jv1llllvzll, and hence the lemma below is
F

immediate by Lemma 3.2.4.

. eh
LEMMA 3.2.6. Let Vi and V; be operator spaces. Then for each u € M, (V1 ® V),

we have
lwller = inf{|lvs[l]jvall},

where the infimum is taken over all the decompositions of the form u = v; ® v2,v €

M, ;(V1),v2 € Mj,(V2), and J is any index set.

REMARK 3.2.7. By the argument immediately previous to Lemma 3.2.6, we get
h
for each u € V; gb Vs,

uF =vf @ »u

in the weak*-topology determined by Vi ®Vy'. Butvf Ovf € V1®Va. So, the algebraic

h
tensor product Vi ® V3 is weak*-dense in V; e® Vs.

Let ¢y : Vi — W; and ¢, : Vo — W, be completely bounded maps. Then the

completely bounded map

*

h h * h
wibe: (wav) - (wréw;)
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sends V4 % Vo to Wy % W, since ¢} and ¢; are weak*-weak* continuous. Note that
(7 é 3)" is the unique weak*-weak* continuous extension of the algebraic tensor
product ¢; ® ¢ : Vi ® Vo — W) ® Wa, where the algebraic tensor product X ® Y
is embedded into X & Y via ® y - £ &y by Proposition 3.2.3. We let v1 & s
denote the restriction of (o3 é w3)* to Vg %‘ V. We show that the injectivity of % in
the following.

THEOREM 3.2.8. Let V4, Vo, W, and W, be operator spaces. If ¢ : Vi — Wi (k=

1,2) are complete isometries (resp. contractions), then
eh eh eh
‘P1®<P2:V'1®VV2—">W1~®W2

s a complete isometry (resp. contraction).

PROOF. Suppose ¢r (k = 1,2) are complete isometries. We have the following
commutative diagram

| W8V — (Vo)

| |
Wi B W, —— (W @ W3)",

in which the top and bottom mappings are completely isometric inclusions by the
definition of the extended Haagerup tensor product. By Effros-Ruan {11, Corollary
4.1.9], ¢} (k = 1,2) are complete quotient maps. Then w{égo; : WféW; — V{‘éV;
is also a complete quotient map, since the Haagerup tensor product is projective, and
hence (¢} é @3)* is a complete isometry. That means the right column mapping is
complete isometry, so is the left column mapping.

If pr (k = 1,2) are complete contractions, then so is (¢} é ¢3)* by Effros-Ruan
[11, Proposition 3.2.2] and the property of Haagerup tensor product. Therefore, the

left column mapping is also a complete contraction. O

LEMMA 3.2.9. let V1, Vo, W;, and W, be operator spaces. If ¢ : Vi — Wy are
completely bounded (k = 1,2), then for any indez set J, vi € My ;(V;), and v, €
M;1(Vz2), we have

eh
(p1® p2)(11 O v2) = SOgl’J)('Ul) O] QOgJ’l)(Uz)-
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PROOF. By Remark 3.2.7, we have v; © v, = }l}g]} vF @ vF, where vf € M, p(V1),

vi € Mpn(V2), and F C J is finite. Then

eh ' . eh .
(P1®¢2)(v1Ovy) = lim(p1 @ @a) (0] ©v3)
v‘ i i) E] Jv
= lime{"" @) 0 ™ (f) = ¢ (01) © 5" (v0).

a

THEOREM 3.2.10. Let V; and V, be operator spaces. Then we have.a completely

isometric inclusion
" eh " eh .
WeVy = (Viel).

‘ h eh
PROOF. Suppose ¢ € (V1®V2)* (= V"®V;’). Then by Theorem 2.4.2, there exist
a Hilbert space H and completely bounded maps ¢, : V2 — B(H,C) = H, and 1, :
Vi — B(C, H) = H. such that p(v1 ® v2) = 1 (v1)¢2(ve) and llelle = [¥1llesllvellcs-

Then composing the map

eh ek ‘ eh

Y1 81, : i & Vs — B(H,C) ® B(C, H)
and the multiplication map
eh
m: B(C,H)® B(H,C) - C

given by a ® b — ab gives a completely bounded map

~ . -eh ' eh

p=mo (1 @) : V1 ®Va—C,

since m is contractive. So, we get an extension @ of ¢ and ||@lles = [|¢llcs- On the

other hand,
- eh
IPlle < limllesllllsdr ® 2l < llmlieslls leolltbelice
< Allaslivzlle = el
where the second step follows from Theorem 3.2.8. Therefore, ||@lle = l¢lles, i-€-,

h eh
(Vi @ Vo)* = (V1 ® Vo)*, ¢ — §, is isometric.
Let n € N. Then Mo((V; & V3)*) = CB(Vi & Vi, M) and M, = B(C"). By

h
the decomposition theorem for operators in CB(V; ® V,, M,,) and the same argument
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as above, we see that the map [p;;] — [@;;] is isometric. Therefore, the embedding

h h
ey —-W ® V2)*, ¢ — @, is completely isometric. : O

3.3. Normal Haagerup tensor product

Given dual operator spaces V;* and V', the normal Haagerup tensor product
of V* and V* is defined as the operator space dual of (V}* é V'): and denoted by
| % g V. That is to say

Ve vy = (8 V)"

According to the definition of extended Haagerup tensor product, we have the

complete isometry
V8 VE = (V& V).
From this identification and self-duality of the extended Haagerup tensor product,

we conclude immediately that
* eh * * ah *
iV =Wfel,
is a complete isometry, and hence
* h * * ah *
VeV, o ey
is also a complete isometric embedding. In fact, we can say more about this embed-
ding.

h
PROPOSITION 3.3.1. Let V; and V;, be operator spaces. Then V" ® V5 is dense in
oh h

Vi*Q VY in the weak*-topology determined by V1€®V2 and hence V*QVy' is weak*-dense

oh :
m Ve V).
h h
PROOF. Let us consider the inclusion map 7 : V} Vs > (Vi ® V5)*. Then
h eh ch
ker(i) = {0} and hence *((V;* ® V;')**) is weak*-dense in (V; @ Vo)* = V" ® V.
h h h

But V* ® V5 is weak*-dense in (V* @ V5 )**. Therefore, V;* ® V' is weak*-dense in
ah

revy. O
By the definition of the extended Haagerup tensor product and the normal Haagerup

oh h
tensor product, we have V;* ® V' = (1} %9 V2)* and hence

oh eh
CB(Vy ®Vy,C) 2 Vi ® Vo = MB°(V; x V3, C).
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We show in the following that the above C can be replaced by any dual operator

space.

THEOREM 3.3.2. Let V1, V,, and W be operator spaces. Then we have a complete
isomelry

ch
CB°(V; ® V3, W*) = MB*(V; x V5, W*).

PROOF. Let ¢ € MB (V¥ x V', W*) and w € W C W**. Then wo g : V}* X

V5* — C is normal and multiplicatively bounded since w is weak*-continuous and pis
' : eh .

multiplicatively bounded, and hence it is an element of V; ® V5. Then we may define

a complete bounded map
. eh
P Wo VBV, wrwogp,

since ||g.[les < [[pllm-
h o
Let on = (p.)*. Then @q, : V;* ® V3 — W* is weak*-weak* continuous and
completely bounded with @l = llgulo < ollms-
Forall eV, f;eVand we W,

Pon(f1 ® f2)W) = (1 ® fo)(pu(w)) = (fy ® fo)(w 0 )
= (w 090).(f1,f2) = <P(f1,f2)(w)-

So, @on is the unique weak*-extension of ¢ on Vl*%l Vs satisfying @,n(fi ® f2) =
¢(f1, f2). In particular, we have [|¢|lms < ||@onllcs- S0, ll@onlles = llllme- Therefore,
MB°(Vy x Vi, W*) — CB°(Vy g'g Vo', W*), ¢ ¥ @, is an isometry.

For the surjectivity of this map, we can restrict @, to V;* é V; and denote the
restricted map by <pah|§. Then ‘Pahlg € CB°(Vy (%) Vo, W*) & MBo(V x Vi, W*)
by the property of Haagerup tensor product.

‘For each n € N , we have the commutative diagram

oh
Mo (CB*(Vy @ V5, W*)) —— Mo (MB°(Vy x V51, W*))
oh
CB* (V7 @ V3, Th(W)*) —— MB(Vy x V5, To(W)"),
" where the bottom and the two vertical maps are isometric and hence so is the top
oh
map. Therefore, CB°(V}* ® Vo, W*) = MB?(V}* x V', W*) as operator spaces. [
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ch
If Vi and V5 are replaced by Vi** and V;'*, respectively, then V}* @ V;* =
h = ah h - h
Vi@V, . So, CBU(VI**®V2**,W*) = CBU((VI®V2) ,W*) =,CB(V1®
Va2, W*) and MB?(V™* x Vo™, W*) = MB(V; x Vo, W*). Then the above identifica-

tion is exactly Proposition 2.2.2.
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CHAPTER 4

The Second Dual of a Banach Algebra

In this chapter, we start with a few facts and characterizations concerning Arens
regularity and topological centers of Banach algebras. In Section 4.4, we prove some
new results on Arens products. The second dual of a completely contractive Banach

algebra is briefly discussed in Section 4.5.

4.1. Preliminaries

Let X,Y, and Z be normed spaces over C and m a bounded bilinear map from
X x Y into Z. We define two adjoint maps of m, namely m* : Z* x X — Y™ and
ms: Y X Z* — X* as follows.

For feZ*,xe X,andy €Y, let
- m*(f,2)(y) = f(m(,y))-
m.(y, f)(@) = f(m(y, z))-
In particular, if X =Y =Z and m: X x X — X, then we have
m X" x X =X*,
m*” X" x X* X",
m*** . X*# X X** _)X**.

%k %k

It can be seen that in general m*** is a natural extension of m. Obviously, we have

the counterparts of m, and another natural extension of m, namely m ..

DEFINITION 4.1.1. Let A be a Banach algebra and let m : A X A — A be the
multiplication on A. Then the first Arens product on A*™ is m***, denoted by *,. The

second Arens product on A** is M,.., denoted by *,.
37
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More precisely, if a € A,f € A*,F,G € A*™, then f*x;a, Gx [ € A* and
F 1 G € A™ are defined as follows.
f*1a(b) = f(ab) (be A).
G fla) = G(fa).
FxG(f) = F(G 1)

Similarly, a %2 f, f %2 F € A* and F %, G € A** are defined as follows.

axy f(b) = f(ba) (b€ A).
f *2.F(a) F(ax* f).
FxG(f) = G(fxF).

4.2. Characterizations of Arens regularity

The main references for this section are Arens [1] and Duncan-Hosseiniun [7]. By

the definition of the Arens products, the following lemma is immediate.

LEMMA 4.2.1. The first (resp. second) Arens product is weak*-weak* continuous

on the left (resp. right). That is,
(a) if Fy — F in the weak*- topology, then F, ¥, G — F x; G in the weak*-

topology;
(b) if Gg — G 1in the weak*- topology, then F *; Gg — F % G in the weak*-
topology.

LEMMA 4.2.2. The two Arens products agree if one of the factors is in A. That
5, ifGEAand Fe€ A*, then F¥,G=F %G andGx F =G % F.

PROOF. Let 7 : A — A** be the canonical embedding of A into A**. Then we

can get the following equalities.

fria=frn(a) W
(f 2 F)rya=(f 02 F) wp7(a). &)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4.2. CHARACTERIZATIONS OF ARENS REGULARITY 39

F %y (a) = F %9 w(a). o (3)
And
axe f=m(a)* f. (4)
a*y (F# f) = w(a) x1 (F %1 f). (5)
m(a) % F = m(a) *¢ F. _ (6)

Obviously, (1) and (4) hold. (2) and (5) follows from (1) and (4), respectively.

For (3), let f € A*. Then [F %, (n(a))](f) = F(r(a) *1 f) = F(a*q f) by (4). But
[F *2 m(a)](f) = m(a)(f *2 F) = (f *2 F)(a) = F(a % f). Therefore, (3) is true.
Similarly, (6) is true. O

DEFINITION 4.2.3. Let A be a Banach algebra. A is called Arens regular if the

two Arens products agree on A**.

Let A be a commutative Banach algebra. Then for F' € A**,f € A* and a €
A fxia=ax fand thus F*; f = f* F. So, F¥;G=G %, F forall F,G € A*.

Immediately, we have the following

PROPOSITION 4.2.4. Let A be a commutative Banach algebra. Then A** is com-

mutative under either Arens product if and only if A is Arens regular.

THEOREM 4.2.5. Let A be a Banach algebra. Then the following statements are

eq_uz"valent.

(1) A is Arens regular.

(2) For each F € A*™, the mapping G — F x; G is weak*-continuous.

(3) For each F € A**, the maﬁping G — G *g F is weak*-continuous.

(4) For each f € A*, the mapping b— f *1 b is weakly compact.

(5) For each f € A*, the mapping b bxq f is weakly compact.

(6) Given bounded sequences {a,}, {bn} in A and f € A*, the iterated limits

limlim f(an,bm) and limlim f(a,b,,) are equal when they both exist.
n m m n

PROOF. (1) = (2). Let A be Arens regular and {Gz} be a net in A** which is
weak*-convergent to G. Then for f € A*,

FuG(f) = FrG(f)=G(f % F)=lmGs(f +2 F)
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= llénF *9 Gﬁ(f) = llénF *q Gg(f)

(2) = (1). Suppose (2) holds and let F,G € A**. Since A is weak*-dense in A**,
. there exists a net {Gg}s in A weak*-convergent to G in the weak*-topology. So, by
Lemma 4.2.2,
F*1G=liL13nF*1G5=liénF*2Gp=F*2G.
It follows that A is Arens regular.
(1) < (3). Similar to (1) & (2).
(1) = (4). Let A be Arens regular and f € A*. Let Ty : A — A* be defined by

a+ f* aand m: A* - A the canonical embedding of A* into A***. Then

TP (F)(G) = F(THG))=F(G* f) = F % G(f)
= FxG(f) = G(f 2 F) = n(f 2 F)(G).

So, Tf*(A*™) € m(A*). By Dunford-Schwartz [8, Theorem VI. 4.2], T} is weakly
compact.

(4) = (2). Suppose Ty : A — A*, b— f % b is weakly compact for all f € A*.
Then T}  AY — A_*, Fr— Fx* f. Let m: A* — A*™* be the canonical émbedding.
By [8, Theorem VI. 4.2}, for each F € A**, there exists an f € A* such that

F(T3(@)) = (TF(F))XG) = («(H)(G) = G(f)

Now let {Gp} be weak*- convergent to G. Then T7(Gp) is weakly convergent
to T7(G). So, for any F € A™,F(Gp *1 (f)) = F(T7(Gg)) weak*-converges to
F(G *, f) = F % G(f) in the weak*-topology. i.e., the mapping G + F %, G is
weak*-weak* continuous.

(4) & (6) and (5) & (6). It follows from the Grothendieck’s criterion for weakly
compactness (cf. [13, Theorem 3.1]). O

COROLLARY 4.2.6. Let A be an Arens regular Banach algebra, B a closed subal-
gebra of A and J a closed bi-ideal of A. Then B and A/J are Arens regular.

Before proving this corollary, we give two useful lemmas.
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LEMMA 4.2.7. Let A; and As be Banach algebras. Let T be a continuous homo-
morphism of A, into As. Then T** is a homomorphism of AY* with the first (resp.

second) Arens product into A3* with the first (resp. second) Arens product.
The proof of this lemma can be found in [5].

LEMMA 4.2.8. Let A and B be Banach algebras. If A is Arens regular and h :

A — B is a continuous homomorphism of A onto B, then B is Arens regular.

PROOF. First, We show h** is onto. Since h is continuous linear mapping from A
onto B, B = h(A) = ker(h*)* (cf. [8, Lemma VI. 2.8]) and then ker(h*) = {0}, i.e.,
h* is one-one continuous linear mapping. By Dunford-Schwartz {8, Theorem VI. 6.2],

-we also know that if the range of h* is closed, then the range of h** is ker(h*)+ = B**.
But the range of h* is closed. if and only if the range of h is closed. | Therefore, h** is
onto.

Now we show that B is Arens regular. By Lemma 4.2.7,
h**(F) %, A**(G) = h*‘.‘(F *1 G) = ™ (F %9 G) = h**(F) *¢ h™*(G)

for all F,G in B**. But as we proved above, the range of h** is exactly ‘B*", Thus B
is Arens regular. . O

Proof of Corollary 4.2.6. Let T be the inclusion map of B into A. Then it is

a continuous homomorphism of B into A. By Lemma 4.2.7, for all F,G € B**,
T™(F % G)=T"(F) % T™(G) =T (F) % T™(G) =T*(F %2 G).

Since T™* is one-one, F ¥ G = F %, G for all F,G € B**. So, B is Arens regular.
Since the canonical mapping ¢ : A — A/J is a continuous homomorphism of A
onto A/J and A is Arens regular, A/J is Arens regular by Lemma 4.2.8. O
In the sequel, we always use (A™,*;) (resp. (A**,*;)) to denote the second dual
of A with the first (resp. second) Arens product.

PROPOSITION 4.2.9. Let A be a Banach algebra. Then A has a bounded right
(resp. left) approzimate identity if and only if (A*,*;) (resp. (A**,x;)) has a right
(resp. left) identity.
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PROOF. Suppose A has a bounded right approximate identity {e,} and ||ey|| < M
for all A. Since the bounded ball in A** is weak*-compact, there exists a subnet {ey,}
of {e)} weak*-convergenet to a point E in A**. We show that E is the right identity
of (A®, %), ie., for all f € A*, F % E(f) = F(f). But F %, E(f) = F(E *, f), it
suffice to show E *; f = f.

In fact, for alla € A, E#*; f(a) = E(f*1a) = li)\I;le)‘B(f x1a) = lirgl(f*l a)(ex;) =
lé\r;l flaex,) = f(li\gl aey,) = f(a).

Conversely, suppose (A**, ;) has a right identity E. Then since the unit ball of
A is weak*-dense in the unit ball of A**, there is a net {e,} in A with ||e,\|.| < ||E]||
such that li,{n ey = E in the Weak*-topology of A**.

Let f € A*. Since F(f) = Fx E(f) = F(E*, f) holdsfor all F € A**, f = E*, f.
For all z € A and f € A*, we have .

f(z)

E x; f(z) = E(f x1 ) =lif\neA(f *1 T)

liin flzey) = f(lif\nxeA).

Hence z = limze, in the weak topology of A. Then there exists a net {a,} such that
each a, is a convex combination of e, and ||za, — z|| - 0 for all z € A. Therefore, A

has a right bounded approximate identity. O

4.3. Topological centers

Although Arens regular Banach aigebras are nice, unfortunately, many important
Banach algebras are not Arens regular. For example, the group algebra L;(G) is
never Arens regular unless G is finite. A natural question is how to describe the
non-Arens regularity of a Banach algebra. As we will discuss, the topological center
with respect to each Arens product is one of such measurements. The main reference

for this section is [15].

DEFINITION 4.3.1. Let A be a Banach algebra. The topological centers of A** are
defined as follows.

Z\(A*) = {F € A*: G F %, G is weak*-weak* continuous on A**}.

Zo(A*) = {G € A* : Fi— F % G 1is weak*-weak* continuous on A**}.
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Clearly, A C Z,() Z; C A**. Furthermore, Z; = A** or Z, = A if and only if A
is Arens regular.

Denote the algebraic center of A** with respect to the first (resp. second) Arens
product by C;(A**) (resp. Co(A**)). Then

Ci(A™)={Fe€A”:FxG=G* F forall G € A}

and

Co(A™)={F € A" : FxG=Gx* F for all G € A™}.
PROPOSITION 4.3.2. Cy(A*) C Z1(A™) and Co(A™) C Zo(A™).

PROOF. For any F € C(A**), the mapping G — F *; G is just the mapping
G +— G *; F. But the latter is automatically weak*-weak* continuous on A**, so
F € Z,(A™).

Similarly, we can get the second inclusion. (]

COROLLARY 4.3.3. If A is a commutative Banach algebra, then C, = Co = 2, =
Zy.

PRrROOF. We show Z; = C). By Proposition 4.3.2, it sufﬁce to show Z; C C;. Let
Zi={F€A*:F+G=Fx%G forall G € A*}.

Claim. Z;, = Z]. Clearly, Z] C Z;. Conversely, for each G € A**, there exists a
net {G,} in A such that G, — G in the weak*-topology. For any F € Z;, F%,G, —
F x; G in the weak*-topology. On the other hand, F ¥ G, = F %G, — F %, G in
the weak*-topology. So, for all F € Z; and G € A**, F# G = F %, G.

By the argument immediate preceding to Proposition 4.2.4, Z; C C,, therefore,
Z1 € Cy. The proof that Z; = C, is similar. O

'PROPOSITION 4.3.4. Zy and Zy are subalgebras of A**.

PRrOOF. It follows from the associativity of the Arens products. O

Let A be a Banach algebra. We define
A'A={f*a:f€ A ac A}

and

AA*={ax f: f€ A", a € A}
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If A*= A*A (resp. A* = AA*), we say A* factors on the left (resp. right).

DEFINITION 4.3.5. An element E of A** is said to be a mized identity if for all
FeA* FxE=FxF=F.

By Proposition 4.2.9, we have the following result immediately.

PROPOSITION 4.3.6. Let A be a Banach algebra. Then A** has a mized identity
E if and only if A has a BAI {e,} such that e, — E in the weak* topology.

PRroor. It follows from Proposition 4.2.9 and its proof. : O

For convenience, we use (f,a) or {a, f) to denote the duality between A* and A.

PROPOSITION 4.3.7. Let A be a Banach algebra. If (A*,*;) (resp. (A*™,*s)) has
an identity E, then E is a mized identity of A**.

PROOF. Let E be the identity of (A*™,*;). We need to show that for all F' €
A, Ex3 F = F. For F € A*, there exists a bounded net {F,} in A such that
F, — F in the weak*- topology. Then E x; F, — E %, F in the weak*-topology. But
E %y Fy = Ex Fy, = F, — F in the weak*-topology. So, E #o F = F and E is a
mixed identity of A

The (A**, x¢) case can be similarly proved. : O

PROPOSITION 4.3.8. Let A be a Banach algebra with a BAI. Then the following
statements are true.

(a) A* factors on the left if and only if (A**, *,) is unital.

(b) A* factors on the right if and only if (A**, *2) is unital.

(c) If A* factors on both sides, then the identities of (A**,*;) and (A*,*;) are

the same.

PROOF. (a). Suppose A* factors on the left. Since 4 has a BAI, A** has a mixed
identity E. Then for all F € A**, F %) E=F. We want toshow Ex; F=F. i.e.,
for each f € A*,(f,E*1 F) = (f,F).

Since each f € A* has the form g *; a for some g € A* and a € A, we have

(Ex  F,f) = (E*1F,gxa)={a*y(E=x F),g)={ax; Ex F,g)

= {ax1 F,g)=(a% F,g) = (F,g* a) = (F,f).
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Therefore, E x; F' = f for all F' € A**.

Conversely, suppose FE is the identity of (A**,*;). We show A* C A*A.

Since E € A*™, there exists a net {€a} in A such that e, — FE in the weak*-
topology. Then for each F' € A** e, x; F — E % F = F in the weak*-topology of
A**. So, for each f € A*,

<F,f*1€d)=<F,f*zea>=<'€a*2F,f)=<€a*1F,f>“"(F,f),

ie., f %, e, — f in the weak topology of A*. By the Cohen’s factorization Theorem
(cf. [14, Theorem 32.22]), A*A is norm (and hence weakly) closed in A*. So, f is in
A*A. .

(b). The proof is similar to the proof of (a).

(¢). Let Ey, E» be the identities of (A**, ;) and (A**, *,), respectively. Then we
show E, is the identity of (A**, ;). By Proposition 4.3.7, it suffices to show that for
each F € A**, FxyFE, = F. This is true since Fx, F} = Fx3(E1%Ey) = FxEp = F.
For the second and the fourth steps we use the assumption that F, is a unit of

(A**,*q), and for the third step we use the fact that E,; is a mixed unit of A**. O

DEFINITION 4.3.9. Let X be a normed space. A sequencé {zn} in X is said to be
weakly Cauchy if {f(x,)} is Cauchy in C for oll f € X*.
X said to be weakly sequentially complete if every weakly Cauchy sequence in X

is weakly convergent.

PROPOSITION 4.3.10. Let A be weakly sequentially complete Banach algebra with
a sequential BAI. Then the following statements are equivalent.

(a) A* factors on the left.

(b) A* factors on the right.

(c) A is unital.

PROOF. (a) = (c). Assume (a) holds. Let {e,} be a sequential BAI. Then any
f € A* isof the form f = g#*;a for some g € A* and a € A. Since ae,, — a in the norm
- topology of A, (f,en) = (g,ae,) — (g,a) in C. This show that the sequence {e,} is
weakly Cauchy. Since A is weakly sequentially complete, {e,} is weakly convergent
" to some element e of A. It is immediate to see that e is the identity of A.

(c) = (b). It is trivial.
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(b) = (c). The proof is similar to the proof of (a) = (c). |

(¢) = (a). It follows from Proposition 4.3.8, since the identity of A is also the
identity of (A*,*;). a

COROLLARY 4.3.11. A weakly sequentially complete Banach algebra A with a se-

quential BAI can not be Arens regular unless it is unital.

4.4. Some new characterizations of Arens regularity

In this section, we prove some new characterizations for a Banach algebra A to
be Arens regular, which were obtained when we attempted to unify some bf existing
approches to the study of Arens regularity.

Given a Banach algebra A, let

Z = {G € A™ : for each f € A*,G *, F,(f) — G %, F(f) whenever F, = F}
and
S ={f € A* : for each G € A™*,G %, Fo(f) = G *, F(f) whenever F, 5 F}.
Then Z = Z;(A**) and it is easy to see that S = wap(A), where
wap(A) = {f € A*:a— f*1a,A— A*, is weakly compact}.

By Dunford-Schwartz [8, Theorem V1.4.7), for each f € A*, Ty is weakly compact
if and only if T} : A™ — A*is weak*-weakly continuous, where T¢(a) = f *; a. So,
f € wap(A) if and only if f € S.

Let W = {(G,f) € A™ x A* : G % Fo(f) — G %, F(f) whenever F, = F},
Z=ZxA*,andS=A"xS. Then ZC W, 5 CW, P(Z) = Z, and P(S) = S,

where P, P, are the natural projections. Clearly,
Ais Arens regular <= W = A* x A*.
For (G, f) € A* x A*, we define a map ¢g s : A** — C by

¢c,f(F) = (G* F, f).
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Obviously, ¢g,s is linear and bounded. So, vg,s € A™*. In particular, (G, f) € W if
and only if ¢g s is weak™-continuous, i.e., pg s € A*.

Then we get a bilinear map ¢ : A*™* x A* — A** given by (G, f) = ¢g,5. We
note that ¢(a, f) = f *; a and ¢ is weak*-weak* continuous with respect to the first
variable. Also, we have W = p~1(A*). Therefore,

‘A is Arens regular < ¢ 1(4*) = A*™* x A*.

LEMMA 4.4.1. Let A be a Banach algebra and let ¢ be defined as above. Then
A*AC o(Z) C p(W) C A",

PROOF. The last two inclusions are clear by the arguments above. Recall that
A*A={f*1a:f € A* a€ A}. So, to get the first inclusion, let f € A* and a € A.
Then a € Z and thus (a, f) € Z. Therefore, f *, a = ¢(a, f) € (Z). a

~

We consider now the relation between A*A and ¢(S).

PROPOSITION 4.4.2: Let A be a Banach algebra. Then

(1) p(S) C S. '

(2) o(S)=S5SC A*A if A has a BAL

(8) A*A C S if A is a right ideal in A**(i.e., AA™ C A). In par’ticdlar; if A has
a BAI and A is a right ideal in A**, then p(5) = S = A*A.

PROOF. (1) Let (G, f) € §. Foreach E € A*,if F, 3 F, then (Ex, F,, 0(G, f)) =
©G,(E %1 Fo) = (G %1 (E %1 Fy), f) = ((G*1 E) %1 Fy), f) = ((G*1 E) 1 F), f), since
f € S. Therefore, (G, f) € S.

(2) Suppose A has a BAI (e,). We first prove that S C A*A. Let f € S. Then
[ *1€q is relatively weakly compact in A*. Without loss of generality, we may assume
that f*,e, — g weakly in A*. Since (e,) is a right BAI, by the Cohen’s Factorization
Theorem (cf. [14, Theorem 32.22]), A*A is a norm (and hence weakly) closed linear
subspace of A*. In particular, we have g € A*A.

On the other hand, since (e,) is a left BAI of A, for all a € A,

(f *1 eaaa> = (f7 eaa’) - <f7 a>’

" i.e., f*1eq — fin the weak*-topology of A*. It follows that f = g € A*A. Therefore,
S CA*A.
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To get the equality <p(§) = S, we only need to prove that S C <p(§) Let f€ S
and E be a weak*-cluster point of (¢,) in A*. From the above arguments, we may

assume that e, Y, E in A* and f *1 €4 = f in A*. Then, for all G € A**, we have

(SDE,faG) = (E ¥ G’ f) = li};n(eouG *1 f)
= lic{n(G,f'*l eq) = (G, f)-

Therefore, f = pgs = @(E, f) € <p(§). _
(3) Let f € A* and a € A. For any G € A™, if F, 5 F in A*, we have
(G#*) Fy,f*10) = (a%1 G*) Fo, f) — (a % G*; Fa',f) sinceax; G € A, O

REMARK 4.4.3. A proof to the inclusion (S =) wap(A) C A*A can be found in
the proof of [16, Theorem 8.1], which contains an oversight on (e.): (ea) was only
assumed to be a left BAI of A there.

COROLLARY 4.4.4. Let A be a Banach algebra with a BAI If A is Arens regular,

then A* factors on both sides.

PROOF. Under the Hypothesis that A is Arens regular, S = A* is obvidusly. From
Proposition 4.4.2(2), S C A*A C A*. So, A* factors on the left. The right case can
be proved similarly, since one can also prove that S C AA* when A has a BAI. O

PROPOSITION 4.4.5. Let A be a Banach algebra. Then A*A C o(S) if A is
Arens regular. In particular, if A has a BAI, then A is Arens regular if and only if
A*A = o(8) and (A*, *,) is unital.

PROOF. Assume A is Arens regular. Then S = wap(A) = A*. In this case, for all
feA*andac A, (a,f)e€Sand frx a= ¢(a, f) € ¢(S). Therefore, A*A C o(S).

Now suppose that A has a BAI. Then (A**,*;) has a right identity E. Assume
A is Arens regular. Then, by Proposition 4.4.2(2), ¢(S) = S C A*A C <p(§), ie.,
A*A = ¢(S). In this case, E is also a left identity of (A**,%;). So, (A**,%;) is unital.

Conversely, assume A*A = ¢(S) and (A**,*;) is unital. Then A* = A*A (see
Lau-Ulger [15, Proposition 2.2(a)]). Therefore, by Proposition 4.2.2(1), A* = A*A =
¢(S) C 8, ie., A is Arens regular. : (W
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4.5. The second dual of a completely contractive Banach algebra

We start this section with the following two definitions, which are adopted from
[11]. In Proposition 4.5.3, we consider the completely bounded norm of the adjoints
of a bilinear map. We present a characterization of a completely contractive Banach

algebra in Proposition 4.5.5.

DEFINITION 4.5.1. Let A be an associative algebra over C. We call A a completely
contractive Banach algebra if A is a complete operator space and the multiplication
is a completely contractive bilinear mapping, i.e., for all m,n € N and for all a =

[ai;] € Mn(A) and b = [bu] € M,(4),

llaszbm]ll < Halllla]l.

DEFINITION 4.5.2. Let A be a completely contractive Banach algebra and V an
A-bimodule. Then V 1is called an operator A-bimodule if V is a complete operator

space and the left and right A-module operations
p:AXV -V, (a,v)— av
and
Pr: VxA— V, (v,a) — va
are completely bounded.

PROPOSITION 4.5.3. Let X,Y and Z be operator spaces and m : X XY — Z a

bilinear map. Then ||m*||s < ||mlles and ||malles < [[m|c-

PROOF. We only prove the inequality ||m*||s < ||m||s- Recall that m* : Z*x X —
Y* is defined by (m*(f,z),y) = (f, m(z,y)).

Let n € N, f = [fi;] € My(Z*) and = = [z);] € M,(X). Then (m*), : Mp(Z*) x
Ma(X) = Mya(Y*) sends (f,2) to [m*(fij, o)) € Mya(Y*) = CB(Y, Myz). So,

I)a(fs D = Nim* (fig zr)lllep = llfm* (fiz, )] ™I,

- where [m*(fij, 7i)]™" is the n-th amplification of [m*(fi;, zx)] which is treated as a
map from Y to M.

We note that f € M,(Z*) = CB(Z, M,) and hence ||f|le = [|f®] = [|f®V|.

Also, we have my, 2 : Mp(X) X M2(Y) — Ms(Z). Now, for y = [ys) € Mp2(Y), we
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have
1im (Fisy @)™ @laye = 1[0 (Fig Ta)s Yoe)] s,
= I {(figsm(@nt, o)) e
= £ ([m(za, yst)]) Nl |
< 1FN s yoo)] llags2)
= 11 Mllmnne(z, 9l
< N fllesllmn e izl 1y
< lmllslzlil iyl
ie.,
I (fig ze)] ™| < lImllsllz I £1l-
Therefore,

)l fs 2) < lImllesllL A
foralln € N, f € M,(Z*) and x € M,(X). It follows that ||m*||es = sup ||(m*),]| <
neN
lImlles- O

COROLLARY 4.5.4. Let A be a completely contractive Banach algebra and V' an
'operator A-bimodule. Then V* is an operator A-bimodule under the natural A-module

operations.

PROOF. In Proposition 4.5.3, welet X = A, Y =Z=V,andm=p;: AxV >V
the left A-module action. Then it is seen immediately that m* : V* x A — V*
is the right A-module action which is completely bounded. Similarly, the left A-
module action on V* is also completely bounded. Therefore, V* is an operator A-
bimodule. a

We note that if A is a completely contractive Banach algebra, i.e., A is a complete

operator space and the multiplication

m:AxA— A, (a,b)— ab
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is completely contractive, then A itself is an operator A-bimodule. By Proposi-
tion 4.5.3, m*, m,, m**, m,., m*** and m,.. are all completely bounded with cb-norm
bounded by [|m|e-

Note that m*** and m,.. are the first and the second Arens products, respec-

*Akk

tively, and m**|4x4 = Muus|axa = m. So, combining with ||m***||s < ||m||e and

*kk

|Manslls < limllcs, we have [[m***||cs = ||msnslle = |Imllcs. Therefore, we have the

following proposition.

PROPOSITION 4.5.5. Let A be a Banach algebra together with an operator space
structure. Then A is a completely contractive Banach algebra if and only if A** is a

completely contractive Banach algebra under either of Arens products.
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CHAPTER 5

Extended and normal projective tensor products

Inspired by the study of the second dual of a Banach algebra, in this chapter, we
define and study the extended and normal projective tensor products, which are based
on the projective tensor product and parallel to the extended and normal Haagerup

tensor products.

5.1. Extended and normal projective tensor products

Given operator spaces V and W, let V ég W denote the subspace of (V* é W*)* =
CB(V* ® W*,C) = CB(V* x W*,C) corresponding to CB°(V* x W* C), which is
called the extended projective tensor product Qf V and W. And we let the
normal projgctive tensor product V* %\ W* of dual operator spaces V* and W*
be (V%S W) . That is

VOW = CB°(V* x W*,C)
and
oA eA *
Ve W= (V®W) .

PROPOSITION 5.1.1. Let V and W be operator spaces. Under the operator space

identifications CB(V* é) w* C) = CB(V* x W*,C) = CB(V*,W**), we have
VOW = CB(V* x W*,C) = CB*~(V*, W),

where CB?~%(V*, W) denotes the space of weak*-weakly continuous completely bounded

linear maps from V* to W.

PRrROOF. Let @ : CB(V*xW*,C) — CB(V*,W**) be the natural complete isome-
try. Then & is given by (®(T)(f),9) = T(f,9) (T € CB(V*xW*,C),f €e V*and g €
WH).

52
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Let T € CB?(V* x W*,C). We claim that ®(T)(f) € W for all f € V*. Indeed,
whenever g, ¥ g in W*, we have (2(T)(f), ga) = T(f, 9a) — T(f, 9) = (®(T)(£),9),
i.e., ®(T)(f) : W* — C is normal. Therefore, ®(T)(f) € W.

Next, we show that ®(T) : V* — W is weak*-weakly continuous. Let f, —
fin V*. For any g € W*, (®(T)(fo),9) = T(fa,9) — T(f,g)- So, ®(T) €
CB°~¥(V*,W). Therefore, ® (CB’(V* x W*),C)) C CB°~(V*,W).

Finally, we have ® (CB°(V* x W*),C)) = CB°~*(V*, W). In fact, for any T €
CB°~*(V*, W), if we define T(f,g) = (T(f),g) (f € V* and g € W*), then &(T) =
T. Clearly, T € CB°(V* x W*,C). O

PROPOSITION 5.1.2. Let V,W, and X be operator spaces. If W is reflecive, then

we have a natural completely isometric identification
CB°(V*x W*, X*y= CB°(V*,CB°(W*, X™)).

PROOF. *Since W is reflexive, CB°(W*, X*) = CB°(W**, X*) = CB(W*, X*) =
w* é X} . So, the space on the right hand side makes sense.

Let @ : CB(V*xW*, X*) — CB(V*,CB(W*, X‘)) be the natural complete isom-
etry given by (®(T)(f)(g9),z) = (T(f,9),z) (T € CB(V* x W*, X*),f € V*and g €
W* z € X). '

Let T € CB°(V* x W*, X*). Apparently, for f € V*, ®(T)(f) € CB°(W*, X*).
The surjectivity of ®|cpo(vexw-x+) : CB°(V* x W*, X*) — CB°(V*,CB°(W*, X*))
can be proved in a similar way as used iI}: Proposition 5.1.1. We only need to show
o(T):V* > CBW*, X ;‘) = (W* ® X ) is weak*-weak* continuous on a bounded
ball.

Let f, = fin Ba.ll(V*). For any elementary tensor g ® z in W* ® X,

(@(T)(fa), g ® ) = (T(far 9), 2) = (T(f,9),2) = (B(T)(f), 9 ® 7).

Therefore, we have ®(T)(f.) 5 ®(T)(f) in (W* ® X) " So, ®(T) € CB*(V*,(W*&
X)*) = CB°(V*,CB°(W*, X*)).

So, under the assumption that W is reflexive, we have

CBU(V** X W**’X*) I_\__] CBG'(V**, CB(W**,X*)) g CB(‘/" CB(W**,X*))
&~ CB(V x W*,X*)=CB(V x W, X*).
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This is parallel to Proposition 3.2.2. From here, we may define some kind of tenéor
product to linearize the normal completely bounded bilinear maps.

When the above X is C, the first space in the identiﬁca&ion sequence is exactly
v %\ W* we defined before and the last space is | V é W} . So, if W is reflexive,

then the extended projective tensor product is the dual of projective tensor product.
A
LEMMA 5.1.3. The algebraic tensor product V* @ W* is weak*-dense in V* 78 |

PROOF. First we observe that forve Vandwe W, 1@ w € CB°(V* x w*,C),
where 17<§1/U(f, 9) = f(v)g(w) (f € V* and g € W*). Obviously, vRw: VI x W —
C is separately weak*-continuous. '

For f = (fi;] € M,(V*) and g = [gr] € M,(W*), we have

IS wWlf Dl = I Fis@)gra(w)] Il = I[fi5(0)] ® [gra(w)]lar,
= [Ifis()laa lgu(w)]llar. = ILf @) gw)l
< lf Mgl
So, for all n € N, || @ w)a|| < [[v]llwll, and hence [[v @ wlles < |fu]l[lw]l. That is to
say, v ® w is completely bounded.

Next, we define a natural linear injection V* ® W* — (CB°(V* x W*,C))*. For
an elementary tensor f ® g € V* @ W*, let

o(f@9)(T)=T(f,9) (T € CB*(V* x W*,C)).

Then |2(f ® g)(T)| = IT(f,9)| < [ITIHIf gl < NF gl Tlles for all T € CB(V* x
W+, C), ie., ®(f ® g) € (CB°(V* x W*,C))*. We then extend ® to a linear map
V*@W* — (CB°(V* x W*,C))*, which is still denoted by ®.

Claim. @ : V* @ W* — (CB°(V* x W*,C))" is injective. Suppose f; € V* and
gi € W* such that d (f:l fi® g,') = 0. We may assume that fi, -, f, are linearly

independent. Let w € W be fixed. Then for allv € V, & (Z fi ®gi) (178?-1/0) =
i=1

f: fi(v)gi(w) = 0, ie., Zg,(w ; = 0. Since fi,---, fn are linearly independent,
i=1
g(w)=0(@=1,--- ) Smce w € W is arbitrary, we have g; =0 (i = 1,--- ,n).
n
Therefore, Y fi ® g; = 0.
i=1
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We want to point out here that, by the same arguments, one can see_that the map
v@w— CB’(V* x W*,C), v@ww— m, is also injective.

For the weak*-density, we note that V@ W+ = [t(V* @ W) *, where L(V*®
W) ={T e CB°(V* xW*,C) : ®(f,9)(T) =0forall f € V* and g € W*}. So,
V* ® W is weak*-dense in V* ® W* if and only if 1(V* @ W*) = {0}. But that is
true by the definition of . ' O

For operator spaces V' and W, let V**® W** be the abstract normal spatial
tensor product of V** and Vlf**, i.e., the weak* closure of the algebraic tensor product
V@ W* in (V* Q%W*) . We call (V,W) a bi-normal pair if V*@ W* =
(V* ® W*) *

For example, if V** and W** are both von Neumann algebras, then (VW) is a
bi-normal pair (cf. [11, Theorem 7.2.4]). In particular, for all C*-algebras A and B,
(A, B) is a bi-normal pﬁir.

It is not clear for us whether there are bi-normal pairs (V, W) such that V** and

W** are not von Neumann algebras.

PROPOSITION 5.1.4. Let V and W be a bi-normal pair of operator spaces. Then
the algebraic tensor product V ® Wis weak*-dense in CB(V* x W*,C), and hence
CB°(V* x W*,C) is weak*-dense in CB(V* x W*,C). Therefore, for all n € N,
M,(CB’(V* x W*,C)) is weak*-dense in M,(CB(V* x W* ,C)) .

PROOF. As pointed out in the proof of Lemma 5.1.3, we know that the linear
map v@w - 1@ w, VW — CB°(V* x W*,C) C CB(V* x W*,C) = (V*® W*)*
is injective, and hence it suffices to show the weak*-density.

Note that
V®W§ V**®W** g_ V**@w** g <V*éW*) .

Since Vj.j<1 (resp. Wy <1) is weak*-dense in Vii<y (tesp. Wiilie,), V @ W is weak™-
| dense in V** ® W**. By the assumption, V** @ W** = (V‘ 6% W*) . It follows that

*

V @ W is weak*-dense in (V* é W*) . Consequently, (VW C) CB?(V* x W*,C)
is weak*-dense in CB(V* x W* C).
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“To consider the weak*-density at level n, let f € [fij] € Ma(CB(V* x W*,C)).
For each (4, j), there exists a net ( fa;;)a;;ea,; in CB°(V* x W*,C) such that fo, = fi
in (V* é) W*)*. Let A= H A;; and order A by § > « if and only-if 8;; > oy; for
all 1 < 4,5 < n. For each las’isgaij) € A, let fo = [fo,,]. Then fo € Mp(CB°(V* X
W*,C)). We claim that f, % f in M, ((v ® W)) o (Tn (V* ® W))

Note that the duality between M,, ((V* é W*) *> and T, (V" é) W*) is given
by

(fiz)= Y filzy)

1<i,j<n

for f = [fi;] € My ((V éW*>*) and z = [z] € Ty, (V* éW*). Now for all
z=[z;] €Ty (V* ® W*) , we have |
(fo— fix) = Z (fai,- - fij,-'Eij) — 0.

1<i,j<n

Therefore, fa % f in M, ((V ® W*) ) . O

LEMMA 5.1.5. Let V;,V, and W be operator spaces, ¢ : V; X Vo — W a bilinear
map and ¢ : W — X a linear map. Then

1% 0 @lles < ll9llesliellen

and

1% © @llmp < 19 llesll6pllm-

PROOF. For vy = [v};] € My(V}) and v; = [v}]] € M,(V4), we have

”("»b ° ‘p)n(vh 'U2)HM"2(X) = | ['l»b ° ‘p(vilj’ /Ul%l')] ”an(X)
= || [w(e(vg, vi)] lla,20x)

= ”"/}(n2) ([‘P(vilj7 Ulzcl)]) ”an(X)

< I {o(h, vin)] liageom)
= [[¥llevllpn(vr, v2)llag,ow)

< lllesllenltitoaliffozll

< ¥lleslilicsllva I llve]l-
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Therefore, || 0 pf|e = sup @ 0 @)nll < NP lleolilles-

For the second inequality, we get now

I o @) (n, vl = I |D %o elvi, vﬁ,-)] (I )

| k=1

= w(zw(vzk,vz,-))] ot
. k=1 .

= [lp®™ ([Z @ (Vi vl%j)} ) l| ¢ ()
. k=1

n

< ™ [Z (v, vl%j):| I Moy
k=1

= [[™llle™ (v, v2)llatncw)

< l#lleslle™ Kllvalfflvell

< l1bllesll@llmplioalillvzl-

Therefore, [|% 0 ¢llms = sup 1@ 0 @)™ || < ¥ lleollspllme- O

DEFINITION 5.1.6. Let V and W be operator spaces. We say that (V,W) satisfies
condition (*) if the unit ball of CB°(V* x W*, M,,) is weak*-dense in the unit ball
of CB(V* x W*, M) (= (Tn(V* ® W*)) ) for alln € N.

It is not clear for us whether a bi-normal pair (V, W) automatically satisfies con-
dition (*) (cf. Proposition 5.1.4). However, it is the case at least for the following
bi-normal pairs.

According to Kaplansky Density Theorem, if A is a weak*-dense *-subalgebra of
a von Neumann algebra M, then the unit ball of A is weak*-dense in the unit ball
of M. Suppose V and W are *-algebras such that V** and W** are von Neumann
algebras (e.g., it is the case when V and W are both C*algebras). Then CB(V* x
w*C) = (V* éW*) = V**®W™* is also a von Neumann algebra, and hence
M, (CB(V* x W*,C)) is a von Neumann algebra for each n € N. The algebraic
tensor product V ® W with the multiplication

(Z a; b«,)(z C; ® dJ) = Z a;C; ® b,'dj,
i J

i’j
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and the involution
O ueb) =) aob
k k

is a weak*-dense x-subalgebra of V**® W**. The same is true for M,(V @ W) in
Mﬂ(v**'@ Wt*).
So, applying Kaplansky Density Theorem shows that condition (¥) is satisfied in

this case.

PROPOSITION 5.1.7. Let V and W be a pair of operator spaces satisfying condition

(*). Then the linear injection
DV W* — (CB°(V* x W*,C))"

considered in the proof of Lemma 5.1.8 is a completely isometric embedding. There-

fore, we have a completely isometric embedding
‘ A oA .
VW= V'@ W
PROOF. We already have the completely isometric embedding

TVW o (V* ® W*) = (CB(V* x W*,C))"

given by ¥ ifi ®g,-) (T) = iT(f,-,g,-) for all f; € V*,g, € W*, and T €
CB(V* x W*.C). =

Let i : CB°(V* xW*,C) — CB(V* x W*,C) be the inclusion map and let p = 7*.
Then p : (CB(V* x W*,C))* — (CB°(V* x W*,C))" is completely bounded with
Iplles = |lélle = 1. We observe that ® = po ¥ and hence @ is a complete contraction.
To finish the proof, we only need to show that for all n € N and u € M,(V* @ W*),
we have [$(w)] > lul .

Let n € N and u = [u] € M, (V* ® W*) C M, ((V*éW*) ) which is
identified with CB(CB(V* x W*,C), M,,). Then

lulla = llulles = ™1,
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where u is considered as a linear map from CB(V* x W*,C) to M, and hence ul™ :
CB(V* x W*,M,) — M,2. Now

3 V* @\ W* > (CB°(V* x W*,C))*

and
®™ : M, (V* @, W*) — M, ((CB°(V* x W*,C))*) = CB(CB’(V* x W*,C), M,,).

Thus,
®™(u): CB°(V* x W*,C) = M,
and
o™ @)l = 12" (W)l = (@™ (w))™|,

where (2™ (u))™ : CB°(V* x W*, M,)) — M,2. Therefore, to get the inequality
|@™ (u)|| > ||lulla, we only have to prove that {|(®™(u))™| > ||u™|. We observe
that for T € CB°(V* x W*,C), (2™ (u))™)(T) = u™(T), or (™ (u))™ is really the
restriction of u(™ to CB°(V* x W*, M,,). We also note that CB(V* x W*, M,,) =
M, ((V* & W*) *> o (Tn (V"‘ ® W*))‘ and 'Mn-z & (Tp,2)*. It can be seen that

now

ul™ - (Tn (V* Q% W*)) — (Ty2)*
is weak*-weak* continuous. Therefore, it suffices to show that the unit ball of
CB°(V* x W*, M,) is weak*-dense in the unit ball of CB(V* x W*, M,). By the

assumption of condition ( *), the statement follows. a

A alA
By the definitions of EZ) and ®, the following operator space identification are

immediate:

CB°(V* @ W*,C) = ((V%S W)**) ~V@W = CB(V* x W*,C).

o

We show below that the above C can be replaced by W* if (V, W) satisfies condi-
tion (*).

PROPOSITION 5.1.8. Let Vi, V, and W be operator spaces such that (V1,V2) satis-

fies condition (*). Then we have completely isometric identification

CBo (Vi @ Vy, W*) = CB°(V; x Vi, W*).
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PROOF. Let ¢ € CB°(V*xVy,W*)andw € W C W**. Thenwoyp : Vi xVy — C

is separately weak*-continuous and jointly completely bounded with ||w o ¢|le <

A
wleslielie = lwlliels (by Lemma 5.1.5). So, wo s in Vi & Vp.

Now we define a linear map
en
O W=V, w—woe.

Then |lgulle < ll¢lles- To see this, let w = [w;;] € Mu(W). Then [w;; 0 ¢] €

Mo (Vi @ V3) € Mo(CB(Vy x Vi, C)) = CB(Vy x Vi, M,). Note that w € My(W) C
M,(W*) & CB(W*, M,,). So,
()™ (w) = fwis 0 rtanovy =20 P

where w is treated as a map from W* to M,,. Therefore, by Lemma 5.1.5,.

I(e) ™ W)II = llfws; © ¢ = |lwoplles < lfwlleslleplles-

en
Mn(Vl ®V2)

It follows that || [l = sup [|[(s) ™| < |l¢lles- Hence
: neN

1(@2)"lles = Nluller < fleples-

Let § = (¢.)*. Then @ : (W ® o)y =W %\ Vs — W* is weak*-weak* continuous
and completely bounded, i.e., € CB’(V}* ® Vo, W*), and ||@lla = llesller < l|ollcs-
Forall fieV*, foeVyandwe W,

?(f1® f2)(w) = (fi ® fo)(pu(w)) = (1 ® fo)(wo )
= (woy)(fi, f2) = (1, f2)(w).

So, P is an extension of the linearization @ of ¢. Note that ||| )= llolies

CB(V;&Vy W*
and

W eV — (CB(V; xV;,0) 2V ® V5

is a completely isometric embedding (Proposition 5.1.7). Thus, we have

[1Zlles > Il = lielles-

CB(Vy&Vy W*
Therefore, ||[@||lc = |l¢||ler- So far, we have the completely isometric embedding

CB(V; x Vi ,W*) = CB(V; @ V3,W"), ¢ .
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In fact, it is onto. ‘
To show this, let S € CB"(‘G*%\V{, W*)and S : Vi x V' — W* be the completely

bounded bilinear map corresponding to S % é Vg — W* (cf. Proposition
Ve 1 2

8v;
5.1.7). Then S’ : V}* x V¥ —» W* is separately weak*-weak* continuous.
Indeed, let f, %> fin V;* and g € V;. Then f,®g % f®gin (CB° (Vi x V3, C))*

under the embedding V;* ® V5 — (CB°(V;* x V,C))*. Thus,

S(fa®9) B S(fRg), ie,S(fag) S(f9).

Similarly; if f € V}* and g, ¥ g in V5, then S'(f,ga) ¥ S(f,g)- Therefore, S’ €
CB°(V* x V,C). By the definition of §’, we have §'(f®g) = S(f®g) for all f € V;*
and g € V;'. Due to the weak*-weak* continuity of S and S’ and the weak*-density
of V@Vt in V! %\ V3 (cf. Lemma 5.1.3), we have S = §'.

Therefore, we have the completely isometric identification
CB(V; x Vi, W*) = CB"(V; & V5, W*)
O

Let ¢y : Vi — W) and P2 Vo — W, be completely bounded maps. Then the

completely bounded map
* A *\ ¥ * A * : * A * i
(P1ows) : (WeV)) — (W eW;

sends V; %\ Vi to W, %\ W, since ¢} and ¢} are weak*-weak* continuous. Note that
(o1 ® ©3)* is the unique weak™*-weak* continuous extension of the algebraic tensor
product 1 ® @3 : V1 @ Vo — W, ® W,, where the algebraic tensor product X ® Y
is embedded into X %3 Yviaz®@y—2Qy (see proof of Proposition 5.1.4). We let
©1 %\ 2 denote the restriction of (] Q% v3)* to Vi %\ V2. We show that the injectivity
of %\ in the following

PROPOSITION 5.1.9. Let V1, Vo, W, and W, be operator spaces. If p; : V; = W;
A A
is completely isometric (resp. contractive) (i = 1,2), then so is ¢, ® w2 W ® Vo —
’ A
Wi ®W;.

PROOF. Since ¢; and ¢, are completely isometric, ¢] and ¢} are complete quo-

A A A
tient maps, and then ¢7 ® @3 : Wy @ WS — V{* ® V¥ is a complete quotient map.
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Therefore,
(o] é\@ 9 <V1* QAD Vz*) =2 CB(W} xVy,C) — (Wl* t§> W;) =~ CB(W; x W,,C)

is a complete isometry. It follows that as a restriction of (3} é 3)",
P ® e Vi®Vs— Wi Wy
is a complete isometry.
* The case for complete contractions follows from the corresponding property of the
projective tensor product and the fact that the completely bounded norm of a linear

map is the same as the completely bounded norm of its adjoint. a

5.2. Comparison with other operator space tensor products

In this section, we compare the extended projective tensor product with some

other existing tensor products.

5.2.1. %\ and the injective tensor product. Let V and W be operator spaces.
A *
Then Vé»W is the norm closure of the algebraic tensor product VW in (V* ® W*) .

*

By definition, V %\ W =CB°(V* x W*,C) is a closed subspace of (V* é W*) .
Also, V@ W C CB(V* x W*,C) (see the proof of Lemma 5.1.2). Therefore, we
have the completely isometric embedding

VeWw CVew

5.2.2. %\ and the normal spatial tensor product. Recall that for dual oper-

ator spaces V* and W*,

VW=V W+ C (V é\@ W> = CB(V,W*) = CB°(V*,W*),
and
v* %\ W*=CB°(V* x W*,C) = CB*™™(V**,W*) C CB°(V**,W*).

So, both operator space tensor products are subspaces of CB?(V**, W*).
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If W is reflexive, then CB~%(V**, W*) = CB?(V**,W*) for all operator spaces
_ en ’
V. In this case, we have V*@ W* C V* @ W*.

In fact, the converse is also true.

PROPOSITION 5.2.1. Let W be an operator spaces. Then W is reflexive if and
only if CB°~¥(V** W*) = CB?(V**,W*) for all operator spaces V.

PROOF. We only need to show the sufficiency. Let V = W*. Considering the
canonical embedding i : W — W** we have i* € CB*(W*** W*) = CB ¥ (W***, W*).

So, i is weakly compact (cf. [8. Theorem VI1.4.7]), and thus i(W),<1) = Wy <1 is
weakly compact. By [6, Theorem V.4.2], W is reflexive. O

(3) Considering the symmetry of the projective tensor product with respect to the
two underlyingb operator spaces, we have CB°~*(V**, W*) & CB°~*(W**,V*) and
CBo(V* , W*) = CB°(W**, V*). Therefore,

V* %\ W* — V*§ W*

if either V or W is reflexive such that (V, W) is a bi-normal pair. In particular, if V
\'
or W is of finite dimension, then the injective tensor product V* ® W* and the above

two tensor products are all the same.

5.2.3. ié\ and the extended Haargerup tensor product. Recall for each
@ € B(H)., the right slice map R,, : B(H) ® B(K) — B(K) is defined by

R, (Z a; ®~b,-> =" (a:)b; for a; € B(H) and b; € B(K).

Similarly, for ¢ € B(K)., the left slice map Ly, : B(H)® B(K) — B(H) is defined
by

Ly (Z a; ® bi) = z a;1p(b;).

The right (resp. left) slice map has the unique extension to (B (H). é B(K )) (or

(B(H),, ® B(K)> ) which is still denoted by R,, (resp. Ly).
Let V and W be operator spaces with V* C B(H) and W* C B(K). The Fubini
product F(V*, W*) is defined as the set

{u€ B(H)® B(K) : Ry(u) € V* and Ly(u) € W* for all ¢ € B(H)., ¥ € B(K).}
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The normal Fubini tensor product V*®@zW* (= <Vé W) ) (cf. [11, Theorem
7.2.3]) is

{u€ B(H®K) : Ry(u) € V* and Ly(u) € W* for all ¢ € B(H),,¢ € B(K).}.
Since B(H) % B(K)(= (B(H),.= é) B(K),,) ) can be treated as a linear subspace
of (B(H),. ® B(K)*> (= B(H ® K)), F(V*,W*) C V*&sW*. By [4, Theorem 3.1

eh e e
(i), F(V*,W*) = V* @ W* (cf. [4, Theorem 3.1(ii)]), i.e., V* ® W* and V* @ W*

are both subspaces of V*®zW* and they may be equal under some conditions.

PROPOSITION 5.2.2. Let V' be an operator space and H a Hilbert space. Then we

have the completely isometric identification
eA eh
V®H,~VQH,.

h
PROOF. Since V*®(H,)* = V*®(H,)*, CB(V*x (H,)",C) & MB(V*x(H,)*,C).

h
Then their normal parts should also be identified, i.e., V %\ H, = Vv f@ H, by the
definitions of the extended projective tensor product and the extended Haagerup

tensor product. , O

5.3. Some open questions

We conclude the thesis with the following open questions.

1. What is the characterization for a pair (V, W) of operator spaces to satisfy
condition (*)? |

2. Do we have a canonical subspace X of A* such that X C wap(A) C A* and
X plays a role similar to what A does in the sequence A C Z;(A**) C A** when the
strong Arens irregularity of A is concerned?

3. How can we establish the relationship between the Arens regularity of a Banach
algebra A and some operator space structures, say on A* X A**, involving certain tensor

products?
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