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FOURTH MOMENT AND SIMULATED POWERS

LY
yd
b OF MRPP STATISTICS ’
ABSTRACT

In classical tests of hypotheses, assump£ions con-
cerning normality and,homogeneity of variances are needed.'
Often practicaldata/;o not meet some of .these assumptions
and the idea of robustness is advanced. To avoid making
as%umptions underlying a tests, Mielke, Berry and Johnson
introduceq the MRPP (Mulpi—response-Permutation_Procedures{
test. The test statistic & 1is simpl§ a weighted average
of some distance measure between pairs of observations
within a group. It tests HO: Classification of data int5
g groups is random against Hl: Classification is done
according to some a priori scheme. Special cases of ¢ are
eqguivalent to some well-known test statistics. When the
distance measure is the Euclidean distance between ranks
of observations énd:the weights aré proportiona} to the
size of groups, in the 2-sample case, the MRPP statistic,
called 8y performs better than the Wilcoxon test for
some underlying ﬁistributions.

The null distribution.of § is often highly negatively
skewed, and is, in general, asymptotically non-normal. To
account fdf the skewness, Mielke and others have'recommended

the use of the Pearson Type III approximation, determined

by the first three moments of s. -

iv o~
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We defiﬂe 23 symmetric function?_in order to obtéin
the fourth moment of &. In.the case of two egqual sémples,
an explicit result.for the fourth moment of 61 is obtained.
We obtain empirical powers of 814 considering 10,000
samples for both small and large samples,,using a Pearson
type approximation based on four moments, as well as the
Type III approximation. These powe;s are compared with
thgse of the Wilcoxon test agaiﬁét varicus shifts in loca-
tion for several undéflying distributions, wviz., uniform, .
normal, logistic, 10% 3N, 10% 10N, Laplaée, U-shaped,
Cauchy, and exponential.

We conclude the dissertation by discussing the scope

for further work with the use of the fourth moment.
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CHAPTER I

INTRODUCTION

.

1.1 THe Testing Problem

The classicpl approach to testing a hypothesis con-

cerning a set of rameters assumes that we know all

about the population but}for the values of the parameters
under the nuil hypothesis. Often the undexlying popula-
ticon is assuméd to be normal. 1In gesting equality of
several means, homogereity of variances is assumed.\ We
assume that the k populations have common wvariance, in
order to arrive at the F.statistic; Sampling distribu-
tions of many test statistics are obtained on ths assump-—
tion that the parent population is normal. A large propor-
t;on of muliivariate theory is based on normal theory.
Often, in the classical methods, the data are subjected

to some appropriate transformations in order to meet the
assumptions of normality and homogeneity. But, sometimes,
it is not easy fo find a suitable transformation. Kendall
(1979; P 496) indicates that it is difficult to\decide
whether the standard procedures are likely to be approx;—
mately valid or misleading; He points out that the

difficulty in using a transformation is that we must have



knowledge of the underlying distribution before we know
which transformation is beét applied. As an alternate
approach, he discusses permutatidn tests, which we
describe in section 1.3. |

Many articles have been written about the short-
comings of classical tests. In a review paper, Huber
(1972, p. 1042) points out, "The theory of estimaticn
originated with problems where almost all of the statis-
tical variability is due to EEgsurementé of errors." If
we consideér an estimator 6 of 8, we see that 8 is
exgresﬁed in the form 6 = ko + g, where k = 1 for an
unbiased éstimapor and € is‘assumed to be N(O,cz). Huber
quotes Gauss (1821) as saying that he had obtained the
normal distribution as a distributign of errors to suit
the mean. The mean as a location parameter is much cri-
ticized in the literature, since it 1is highlw affected by
extrgﬁé\yalues and thus any infereﬁce based on the mean,
concerning heavy tailed-populations, becomes less power -
fuil.

Boneau (1960) remarks that psychological data too
frequently have an exasperating tendency to manifest them-
selveés in a form which violates one ox more cf the assump-
tions underlying the usual tests of signifiéance. The
researcher usually attempts to transform them in such a

-

way that the assumptions are tenable, or he may look

[



s 3
elsewhere for a statistical test.
A splution to the problem of classical tests is to
devige testing pfocedures that do not make any assumption
jabout the fo%m of the distribution; that is, to follow a
distribution-free approach or use'nqp—parametric methods.
Here one develops a test Statiééié whose distribution
does not dgpend on the distribution from which thé‘sample
is drawn. An alternative -solution is to develop robust
tests that are insensitive to the violation of assumptions

underlying them. We discuss theée in the following

section.

1.2 Non-parametric Methods and Robust Procedures

Non-parametric tests assume that the parent population

is continudus and, sometimes, that it is symmetric. Most .
.

of the tests are based on the ranks of the observations.
These tests are easy to use aﬁd the theory behind them is
simple to understand. However, obtaining the distribution\
of a test statistic under the alternative hypothesis is
often extremely difficult. The non-parametric test that
competes with the classical t-test is the Wilcoxon test.
The asymptotic-relative efficiency (ARE) of the Wilcoxon
test relative to the t-test when data is from a normal
population is 0.955. That is,‘we_have to take about 5%

\ !
more observations when using a Wilcoxon test instead of

a t-test. On the other hand, the ARE of the Wilcoxon



test relative to the t-test is 1.5 when thF underlying
distributicon is a doug e exponential and 3 when it is an
exponential. It is af least 0.864 for any underlyipg.
distribution. Therefore, using the Wilcoxon test, we are
protected from a heavy loss when the underlxing distribu-
~
tion is non-normal but pay a little premium when the data
is normal. For this reason some authors {e.g., Keppel -
1973) prefer to use the Wilcoxon test instead of the t test
all the time. The Kruskal-Wallis H test performs simi-
larly relative to the F test. In section 1.3, we discuss
permutation tests that are distribution free tests but are
not limited to the rank of the observations. .Below, we
discuss robust p;ocedures.

By a robust test we mean a test which is not affected
severely upon violation of the assumptions underlying it.
According to Box and Anderson (1955), a statistical cri-
éerion should be insensitive to extraneous factors, e.g.,
non-normality of data and the presence of outliers, etc..,
and should be sensitive to a change in factors to be N
tested; that is, the test should be powerful as well.
Andrews et al. (1972) have carried out a study on robust-
ness of several test statistics, e.g., the trimmed mean,
the sine wéve, Hémpel statistic , etc. They have shown
empirically that these statistics generally perform better

than the classical statistics.
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Unlike the classical tests, robust tests can handle
non-normal data. However, many do nct like this solution
because robust procedures are based on empirical ;tudiqs
of some limifed number of cases. ©ne determines the per-
b_formance,say the power, of a robust test, by evaluating
it against some limited number of alternatives, for a
limited number of underlying distributions, for a specified
level of sighificance and ‘for limited sizes of samples.
There is a critical discussion in Bickel's (19761 paper,
"another look at Robustness", Bickel himself and, earlier,
Andrews et al (1972), point out that there is no clear
understaﬁding about the definition of robustness among

statisticians.

1.3 Permutation Tests

j=1, ..., n., of

Let there be a random sample Xi i

jf
size,ni from a distribution function F(xi), for i=1,...,
c(22). ‘Let the ¢ samples be mutually independent with
distr}bution functions Fl,..l, Fc' which may or may not

be continuous. Then the hypothesis of interest is

LS

HO:Fl(x)= ce. = Fc(x) for all x ¢ R.
c
Let N=i§lni. Then the null hypothesis implies that
the joint distribution of EN=(xll,...,xcn ) remajns in-
c

variant under the N! permutations of the coordinates of

w7



-

EN among themselves. Equivalently, this implies that the
joint distribution of E . remains invariant under all pos-

N
sible p;rtitionings into\E‘subsets of sizes n ..,N

17" c’

respectively.

A test that conéi&e s the above ﬁrinciple, that is, cal-
culates every possible tesf statiStic and compares the
values of the observeg test statistics on the basis of this,
is called a "permutation test."

Detailed theory of permutation tests are giveniin
Puri and Sen {(1970) and Hoeffding (1952). Permutation
tests are due te Fisher (1935). 1In using these tests, we
do_not require any assumption except tha£ the observations
are drawn independently. We now discuss a permutation
test based on multi-responses, that is, where xi5 are r-

response vectors for each 3=1,..., n,, i=1,..., ¢. .This
LY

1
=
is calledgfhe multi-response permutation procedure (MRFPP)

test statistic.

1.4 The MRPP Test Statistic

The MRPP test.statistic, as introduced by Mielke,

Berry and Johnson (1976), is used to test the hypothesis

F

H : Classification of a set of data into g sub-
groups is 'random against the alternative.
Hl: Classification is done according to some a

priori scheme.



The description of the test statistic is as follows.
Let there be a set of r-vector (rz1) observations

{X X..}. Suppose KiN observations are partitioned

1'°°°'"N
th

into g subgroups such that the i subgroup has nig2
observations, i=1,...,g9. Let 4.4 be some distance mea-

- sure between the observations XI and XJ. Then the MRPP

test statistic § is defined as e
. —

1 g
- - g .
8 igl I<JSNAIJSi(I)Si(J)' (1.1)

g - :
where K=,Zlni and § is an indicator function with Si(I)=l
Li=1

if XI is in the ith subgroup and 0 otherwise.

We note that tke test statistic is simply a weighted
average of the distances between pairs of observations
within a subgroup.

The assumptions underlyiﬂé this test are:
(i) the data are at an ordinal level or a higher
level, and

(ii) when rz2, responses are measured on each indivi-
dual. These response measurements are commensurate

. . L
with one anéther, i.e., each of the r response measure-

ments have an appropriate scale of measurement.

The test is carried out using a permutation procedure

and, since XI' I=1,...,N, are, in general, r-response



measuremehfs,on an individual, it.SS termed "the multi-
response permutation procedure (MRPP} tes% statistic".
Throughout this.dissertation, we shall denote it by §.

When classificgtion‘is done according to some a priori
scheme, there will be some cluster pattern and, hence, ¢
will take on a s$aller value. Therefore, the test rejects
H, when & is smaller than Ga - the a?h percentile of §.

;)The probability of every possible value of § under~H; is

t
the same. There are M = N

= possible classifica-

T.n,!(N-K)!
EIRERRLY

tions. This gives an exact probability distribution of ¢
under H_.
0" .
With larger N, M becomessvery large. For instance,
when ny=n,= % = 10, there are 184,756 different possible
classifications. It then becomes difficult to obtain ad

exact distribution. This difficulty is resolved by
considering an appro#imate distribgtion of § using the
first few moments obtained under the exact distribution.
For this pgipose Mielke et al. (l976)ihaggﬁ§efined 12
symmetric functions wh%ch give the first three exact
moments of §. \These symmetric f;yctions are listed in
Table 2.1.

. Mielke (1979b, p. 1542) has revised the MRPP test
statistic (1.1). Following the s£;e ﬁotation, the re-

vised version of 6§ is



_ 5 g 1y q-1
s =25 [R(ng-1)177 2.0,,8, (18, (9) (1.2)

Versions (l1.1) and (1.2) are speciai cases of the
latést version of the MRPP test statistic (Mielke et al.
1981a,.l981b) defined as follows: |

Consider tﬁe.set of observations {Xl,...,XN}, which
are classified intoc g disjoint subgroups, not necessarily
exhaustive. The ith subgroup, carries niz2 observations.

The left-over observations (N—,g n.=N-K=n 20} belong to
i=1 i 7 gl

the (g+l)th subgroup. Then thé MRPP test statistic § is
Y

g
6‘ = lglclgi ’ (1.3)
] g
where c,>o are some weights with I c.=1 and
. 1 ~ i=1 1
n; -1
gi= ( 2) IEJAIJ‘Si(I) Si(J) lg)an average distance

measure within the ith subgroup.

The distance measure A1 could be, for example,

' AY

by = IIXI - lel , V>0 (;.4)

We note that c. = (2i) in (1.3) yields (1.1)
h‘\v i e - - ’

g () ’
. 1
i=1l1 2
. n Dy .
while ¢y = 3 =% in (1.3) gives (}.2).
I n,



When the subgroups are all equal in"size, both
choices of cy (:%) abaye give the same §. However, when
the ni's are not all equal, the first choice is an inef-
ficient choice for detecting location §ﬁi{i: when K=N

(Mielke et al. 198la). Different choices oF, the {ci}

P

and A, in general, give different MRPP test statistics.

1.5 Applications

The MRPP tests pave a wide range of applications, //
because the assumptions underlying these tests are minimal.
The tests require that data be at least at ordinal level
and, for more thayp one response from inéividuals, each of
the response measurements shoﬁld be commensurate with each
other. An MRPP test examines whether a classification
scheme indicates sdme diffe;encé among the subgroups or
not. Subpose that N individuals in a population are asked
about their level of education, length of service after
completing the education and current income. These H
individuals can be classified according to sex or by
colour or race or by any scheme of interest. Say they
are classified according to the sex of an individual.

Then the MRPP test § tests whéther or not theré is a dif-
ference in socio-economic status of males and females,
assuming that the above tﬁree responses are indicators of
socio-economic status. This illustrates the usefulness

of the MRPP test for data commonly encountered by social

3



11
scientists. Mielke et al. (1976, pp. 1416-1418) have

demonstrated applications with actual social science data-
Mielke et al. (198la, 1982) ‘bave also shown applications
in atmospReric sciences.

There has been an attempt to equate the ordinal
variable>with an interval variable in order to utilize
interval level statistics, especially in multiple regres-
sion and ANOVA, e.g., Labovitz (1967). Alternatively,
Hawkes (1971) and Somers (1968) have tried to develop
multi&ariate analysis for ordinal data. The MRPP test
gives a better approach to resolving some of the problems
associated with these data. . <

' When all observations are classified into g subgroups,
S

the classification problem can be related to the g-sample
problem. Under Ho’ classification is random and one may
look upon the g samples as ‘coming from {the same parent
population. Mielke, Berry, Brockwell and Williams (1981b)
consider the univariate case, i.e., =1 and N=K. In

case the distance measurejis the square of the Euclidean
distance between ranks of observaticns and the weights
+are proportional to the number of observations in a sub-
group, the MRPP—test; called é, here, is equivalent to the
Wilcoxon test for g=2 and is asymptotically equivalent to
the Kruskal Wallis test for g>2. When the distance measure
is simply .the Euclidean distance between the ranks of obser-

(/{‘ vations, the MRPP test, called 61, performs better than 62-
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the Wilcoxon test — for some underlying distribution (see

results, Chapter IV). Mielke and Berry (1982) have

demonstrated £hat two MRPP tests jointly perform better
than the sign test or the Wilcoxon signed-%anks test in
the case of paired observations forithe following under-
lying populations - Normal, Uniform, Laplace, Logistic
and U—shapea. Mielke and Iyer (1982) have shown that the
éermutation verSion of the classical univariate tééhnique
and the Friedman test for randomized blocks with PearSOnfs
and Spearmgﬁ*g correlation measufes are séecial cases of
MRPP tests. Still and White (1981) have emphasized the
u;e of randomized tests in psychological data. Berry and
Mielke (1983) have shown the suitability of.MRPP tests in
ANOVA. T

We find applications of MRPP tests in differentadis—

. hf
ciplines where the classical tests are not robust against

-

o

violation of assumptions or where the data is on an ordinal

scale. T

1.6 Asymptotic Behavior of §

Mielke et al, (1976, p. 1421) give simulated valuéé of
Askewness for different size configurations and different
Q;oportions p of unclassified observationsfsuch that
ng+l=Np, osp<l. The results indicate that for p=o, the
distribution of § is highly negatively skewed and skewness

~ . .
increases with increase in N for the same value of g.
. . 4

-
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When p=0, the MRPP test statistic is a speciél case of
Mantel and Valand's (1970) test statistic T. We note

that T and 8§ are conceptually the same, both being based
on distance measures between pairs of observations; How~-
-ever, Mantel and Valand (1970) used a normal approximation
to Earry out the test, which is shown to be incorrect- and
thus any inference drawn is invalid (Mielke 1978). Be-
cause of the skewness that remains in the asymptotic
case also, an approximation based on at least 3 moments

is recommended. O'Reilly and Mielke {(1980) discuss the
situation of asymptotic normality of the distribution éf

§ and recommend an appzéximation bthhe Beta Type I
distribution in the absence of normality 6f §. Brockwell
et al. (1982) consider the univariate case of the MRPP
test with Axy=|x—ylv, v>0. They establish that for v=2,
the asymptotic distribution of & is the chi~square.dis-
tributlon, while for v#2, it is dependent on the underlying
distribution of observations; i.e., the asymptotic distri-
bution is non-invariant. ]

Mielke et al. (1976), Mielke (1978, 1379 -a, b),
Q;Reilly and Mielke (1980) have recommended the use of the
Beta Type I for the approximate distribution of 6. 1In
using this approximation with three momen£s; cne has to
chodse arbitrarily a value of one of the parameteis of

the Beta density which is determined by four moments.
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Howéver, Mielke et al. (lgéla, b-and later}) have confined
Ehemselves to the ¥Se of’tﬁe Pearson Type III distribution
as an approximation to the null distribution, since %his
also accounts for skewness ané‘}t.ﬁs;determined by-éhree
moménts. :In this dissertation, we oﬁtain the fourth moment
of § and chooae an appropriate approximation from among the
Pearson famiiy of distributions. ) .

In the next section, we discuss the Pearson family of

rs —_—

distributions.

1. 7 The Pearson Family of Distributions

The Pearson family of curves is defined by the differ-

ential equation,

ay _ v {x+a)
dax

2 (1.5)
bo+b1x+b2x
where y = £f{x) is a érobability function or a frequency func-

tion. The above equation is a limiting case of the hyper-
geometric'series.' Elderton and Johnson (1963) give a
detailed expositicon of fitting of Pearson curves. Wé
present here only the points pertaining to our study.

Pearson curves are

ivided into 12 types - 3 are main

types: Type I, Type fV and pe VI, depending on the roots

of bo+blx + b2x2 = 0. The other 9 are called "transition

-

types". These are either (limiting forms of the main types
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or are their special cases. Fitting of a particular type
to given data is decided by either looking at a (81,85)

plot or considering the Pearson's criterion x as given

below:

81(82+3)2
4{48,-38,) (28,-38,-6) (1.6)

K =

Classification on the basis of « is shown schematically

in the following

J’ ) ' ‘ .

K = = K = 0 x = 1 k= w

| K <O* | o<k<l I k>l

1 Type I 1 Type IV - I‘Type VI '

Type III Type V Type III

includes Types Normal - incéydes

* | VIII, IX & XII when 8,=3 Type’ XI
. 4
| as special Type II (VII)
. when B,<3(>3) _ \
includes Type X as its special case L\

The major advantage of the use of the Pearson system
of curves is the existence of tables of their percentiles,
indexed as functions of Bl?and 82 (Shapirc and Gross 1981,

p. .220).

A

{
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1.8 Scope of Our Study

In section 1.5, we discussed applications of MRPP
tests. However, in section 1.6, we noticed that the
asymptotic distribution of § is, in general, non-normal
and non-invariant. Mielke et al. (1976} have used an
approximation to the null distribution of ¢ by a Beta
Type I distribution. They used the first three exact ~
moments with an arbitrary value of one of the parameters
of the Beta density. The complete determination of a
Beta density'fequires the first four moments. Mielke
(1579b) and 0'Reilly and Mielke .(1980) have recommended
its use-ih order to account for the high value of skew-
ness associated with the null distribution of 5. How-
ever, since 1981, Mielke et al. have adopted the use of
the Pearson Type III distribution which is determined
by using the first three moments of the test statistic.
MRPP tests generally cover a wide rangé of situatiohs
and it is not known whether or not the Pearson Type III
approximation will be good in every situatiorf. This
leads us to calculate the exact fourth moment of §,
with the motivation that the use of the fourth moment
will give a better approximation to the null distribu-
t%on of §.

The aim of Chapter II is to.derive the general ex-

pression for the fourth moment of é, defined by (1.3).
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This derivation involves heavy, cumbersome algebra.
Thérefore, to reduce the labour, we adopt a simplé nota-
tion in section 2.2 If we look at (1.3), it can be noted
that 64 will involve sums of the distance functions of

the form & A

A A
. 1391 I95 1393 149,
of indicator functions. The expectations of the product

associated with the product

of indicator functions depend on whetﬁer Ik=J2 or Ik=Il
or Jk=J£(k#2), and whether the observations are in the
same subgroup or in different subgroups. This situation
is simplified by considering two types of sums :
(i) Sums with no restriction on the indices of the A's

{(ii} Sums with all the indices of the &4's being

different.

We obtain relationships between these two types of
sums in section 2.4. In section 1.4, we indicated that
Mielke et ?l' (1976) required 12 symﬁetric functions in
order to express the first three moments of 8 in terms of
these functions. We need an additional '23 symmetric
functions, which will be defined in section 2.3. These
symmetric functions and earlier ones from (Mielke et al.
1976) are expressed in terms of a second type of sum. The
relationships between the two tybésﬁég sums, which we
obtain in sectioh 2.4, can also be seen by the careful
use 6f a combinatorial method thatwwe describe in section

—

2.5, The combinatorial methed serves as a check of some
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of the computations we make in section 2.4. Finally,
in the last section of Chapter II, we obtain an expression
of the fourth moment in terms of the symmetric functions
defined. We partially check the reéult of the fourth.
moment through an independent computer program which cal-
culates every possible value of § for small sets of data.
In Chapter III, we obtain the fourth moment of Gl,
in the case of nl=n2iN/2. Since theldistance measure is
the Euclidean distance between the ranks of observations,
this involves some further algebra in the simplification
of the 23 symmetric functions involved in the expression
of the fourth moment. We show these calculations in
section 3.2. The symmetric functions in @he case of 61
are simple polynomials in N. The long expression of the
fourth moment of 6, for the case of 61, is simplified to
a simple polynomial in N. The last section of this ‘
chapter indicates that for small samples,i.e., N£34, Pearson
Type I .approximation will be suitable, while for large
samples, i.e., N>34, the Pearson Type VI seems to be
appropriate.
In Chapter IV, we carry out a s}mulation study, on
th? basis of 10,000 independent samples, to obtain powers
of 61 and 62, against various shifts in locations and for

different underlying populations. Empirical powers of Gl

are obtained using the Pearson Type suggested in Chapter IIT,



-

-

as well as the Pearson Type III distribution.

Finally, in the last chapter we discuss the scope
for further work. In this dissertation, powers of él
and 62 are calculated for the case of two equal samples.
The cases of unequal samples and g (>2) samples, both
with equal and unequal sizes, are proposed ‘for
future study. We also discuss applications of MRPP
tests in one-way analyiés of variance where the use of

four moments yields better results than when only three

moments are used.

19



CHAPTER II

FOURTH MOMENT OF MRPP STATISTIC

-

2.1 HNature of Computations

The MRPP statistic 6 defined by (l.3) is written as

Y

§ =
i

Il +9

X.La
ldi Jlsti(Jl)Si(Jz)’ (2.1)

where the second summation extends over Jl and J2, each

-

running from 1 to N and K; = ci/[ni(ni-l)]; i=l,...,q,
the ci's being weights. The indices Jl and J2 need not

be distinct, since AJ =0 for J
192

1=J2.

From’ (2.1),

4 4
§* = . . L. . I m.{K., & s. (J
11,12,13,14 g=1"""1 ~J 1

(J
g J2p-1920 1y

29,—1)512 29 W

(2.2)

where the inner summation extends over Jl""'JB' each
running from 1 to N. The indices il’ i2,_i3, i4 run from
l to g.

The expectation of 64 involves the expectations of

4
I‘[ . . +
=1{Si (le-l)si (J5,)1 for various choices of i,

. % %

20



21

£¢=1,...,4. To simplify the sum of these expectations, the

" sums over unrestricted values of indices are expressed in
terms of the sums over distinct wvalues. It can be seen

from (2.1} or (2.2) that fof il=i2=i3=i4, one of the terms

in the expansion of 64 is

g4 8

4
TK. | A Y L .S, (J,).
ivi Jfﬁz JlJ2 L=1"i'"¢

Before the expectation of the above term can be taken,

4

the factor ( EJ AJ 3 ) ° reguires to be expanded. This.

I192 9197
expansion involves 23 different types of distance function,
defined in sectioﬁ 2.3. Most‘of the terms in the expansioﬂ
carry coefficients which are not easily obtaiﬁed by combina-
‘torial methods. Actual enumeration of possible ways of

arriving at a specific term is needed. Another approach

to expanding J AJ J-)4 is to first write it as

(.1
Jyd5 979,

LA A A A . ' .
JlJZ J3J4 J5J6 J7J8 with sum over Jl""’JB’ running

from 1 to N. Then the sum is split in a systematic

-

manner, into two sums - one with two indices taking on the
same values, and the other with two different values of
indices. Since, in the beginning, it is difficult'to know
with certainty how many different terms are in the expan-

sion, the latter cumbersome approach is used. The combina-

torial method is employed to check some of the results of
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alculations.
e the use of multi-level symbols and for ease

n, the following notation is adapted.

-

2.2 Notation

(1)

(ii)

(iii)

(iv)

A simple summation sign "I" means that the sum
is taken over every index that is involveg in
the summand as a subscript of 4. Each index
runs from 1 to N.

A summation sign with "#" beneath the summation
"i“ implies that the sum is taken over indices
taking on distinct values from 1 to N.

An index Ji is indicated by i, e.g., ZAJlJZis
indicated by EﬁZ' This convention is used only
with summation signs.

Let J,,J be the indices of a sum.

1z’

Suppose %<K of the indices take on values dis-

...,JK
tinct from all the others. Then without any
loss it can be assumed that an index
Ji(i=1,2,...,£) takes on a value 1 to N distinct
from every index Jj(j#i).

(a) A sum with indices Jl’JZ""'J taking on

K
values 1 to N, with the restriction that
indices Ji,i=l,2,;..,g, take on distinct '

value from every other index Jj(j#i), is

dehoted by lé .

B e L T T L e PR F P A, Ch L it ead ecaseml L maam e s L Ll
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(b)) A sum with indices Jy,...,J takihg on
1

K
valyes 1 to N with the restriction that an
index Ji,i=1,...,2-l, takes a distinct
value from every index Jj(j#i) and the
index JQ takes on a distinct value from
Index Jl to JS'

Note that when S8=K then I is T .
L£.5 L¥..

i E
is denoted by 24 S°

2.3 Symmetric Functions Arising in Computing the

Fourth Moment
»

As pointed out in section 2.1, there are 23 different

types of distance function. These are symmetric functions
needed to extend Mielke's (1976, p. 1412) model, which are
necessary to obtain the fourth moment of an MRPP statistic.
For the sake of completeness; the 12 symmetric functions
defined by Mielke are first presented both in Mielke's nota-
tion and then the notation of section 2.2. This is then
followed by a table of additional symmetric functions re-
quired in computing the fourth moment of an MRPP test
statistic.

p
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Table 2.1

The Twelve Symmetric Functions
as Defined by Mielke

Notation of Sec. 2.2 Mielke's Notation
1 1
= A = — T A
D(1) 2y %812 D(1) (27 3,3,73.3,
1 2 1 2
D(2) = & D(2) = I_ A
27 2%12 N (2) 313,79,
1
D(3) = —== LA .4 1 T A
(3) 2%12%13 D(2') = —i— A
L3 3,3,3,°3,9, 3,3,
1 i .
= —— _ TA A n = —_— z A A
D{(4) (4 271234 D{2") @) 3,3,3,3,°3,3,°3,3,
1 3 1 3
= TA = = I A
D). = =5y 2t D(3) (2 373,733,
o 1 2 ' 1 2
= —= . TA% 4 D(3'} = —Y— L _ & A
D () (3) # 12 13 (35 N (3) J1J,345 J3 T, 3754
1 1 T
D(7) = ——=— L& _4& _ A D(3*) = —/— A A fal
N3V # 1271323 DI SO S . S B S 6
1 2 1 2
D(8) = TAS A D(3") = L A A
N8 #12%4 (0 3,3,3,3,%,3,%,3,
D(9) = _%ET L& o8y38,4  D(3¥¥) = 3&) 3.35.3. % 3.%.3.%.3
N # N 1¥2%3Y4 “1Y2 Y1Y3 Y2Y4
D(10) = (14) Idy50138,4 DE***)= (14) g.355.3. %.3.%.3.%.3
N # ) N 1¥2vY3Y4 Y1¥2 Y1Y3 Y1¥a
D(11) =’(15) I8 58985 DEB™) = (lS)JJEJJJ b5 3. % 3. % 4
N ¥ © N 1Y2%3%4%s5 Y1¥2 Y1¥3 “Y4¥s5
D{12) = {16) L0 phyybge  (D3VT) = (%) 3.3.357 J 3. % 3.%.3. %
: N # N 1V2¥3Y4¥5%6 Y1Y2 Y3¥4 Ysvegr
where J¢ (i=1l,...6} takeson distinct

values from 1 to N

z v
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Table 2.2

.List of 23 Symmetric Functions Required in
Expressing the Fourth Moment of MRPP Statistic

1 4 1 3
D(13) = —=— za D(14) = —a £a3_a
L2 #012 3 £12713
1 2,2 1 2
D(L5) = —=— Z4% A D(16) = 26 a8
L3Y £°12%13 S037 #12%13%23
1,3 1 2 2
D(17) = —=— a3 & (D18) = —=— Ia
4y #°12%34 N 212"
_ 1 2 1 2
D{19) = ) 2%12%13%14 D(20) = Ty 5%12%13%24
D(21) = —-5—-i52 b LA D(22) = —L— £AL A A A
AT 2°12%13%34 Sray ;°12%13%24%34
D(23) = —>— ZA_ b _b__0 D(24) = —L_ 182 4 8
S £°12°13%23%14 S0 #°12%34%5
D(25) = —~ 58 A A D(26) = —5— IA__a A A
T5) 4°12%13%s L5 4 12%13% 4%
1 1
= —— — T = ———— LA A
P27} = 757 2%12°13%34%s P28) = 757 2°12%13%14%25
D(29) = —=— IA__A__A__A D(30) = —~— 424
“05) £ 12%13%23%s ) (67 2°12%34%56
. 1 : 1
= ——— LA = —_— A__A A
PBL = —T6y 212%13%14%56 1 P02 = Gy 0120130450
1 _ 1
and

5
. ! -
D(35) = 18T 2%12%34%56%78

N
et
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As discussed in section 2.1, to evaluate the expecta-

tion of (2.2) the sums over unrestricted indices are to be
expressed in terms of sums with distinct values of indices.

This leads to the following section.

2.4 Sums Over All Indices Running From 1 to N in Terxms

of Sums Over Indices Taking on Distinct Values

In this section, the relationship between : and %
for various summands is given. The calculations involved
are of varied difficulty. Some are straightforward, while
some require a systematic approach. ’

This section is divided into two sub-sections. 1In the
first sub-section general results are obtained and the
relationships of interest are then deduced from them. The

latter section involves some tedious calculations. There-

fore results of interest are obtained directly.

2.4.1 Relationships Between I and z When the 'Summand

is a Product of At Most Three Terms

Let o, B, v € S={1,2,...} - the set of natural numbers.
Then

. @ _ a
Gl: VaeS Ifyp = Ebyp.

. a B _ e ,B a+f
G2: V a,B € S EA12A13 = iA12A13 + iﬁlz .
. . . o B — a B a B
G?} Vo, BesS  Ih1yhyy =k f1af3g * 220003
— B a ,B o+B
= Ehyplgq ¥ 420003 Y 2301
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. ' @ B Y _ a2 By
Gd: Va, B, Y £ 8, 2612A13A23 = ;A12A13623.

-

Gs: Y o, 8, vy €85,

B .Y - @ B Y at8, Y
2615013814 = 2353%12%13%14 12 %13

IR T Iy

= 2h..f12%13%10 T Eh12 f13 T gtz 13

+ ZA

B+y a o+ R+y
* o M3 T Lb12

Ge: VY a, 8, vy € 8,

a B ¥ a AB Y

: = a+y B
Bhyp813ta4 T 15..%12%13%24 T P12 f13
' _ A% I a+B AY -a+Y g
= 2%..%12%13%24 * B2 M3 T P12 P

_ a B .Y a 8 7 atf, ¥
= 3012013%24 * 2P12%13%23 T 312 f13

+ u+Y B + ZAa+B+Y

¢ 12 13 # 12 il

G7: V o, B, vy € 8,

B Y a B ¥ g .Y
812813845 = 15..%12%13%5 ¢ 21815813014

a B Y a+B .Y B Y
253%12%13%5 * 1. A12 B3g ¥ 2EA12 13414

_ a B Y a+ B Y
= 25.. %12%13%as T 2 2f.. 232873834 * B412 43

at+B, Y B .Y
+ 2;A A13 + zznlz 13314
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= 7
_ a B .Y A B Y B
= 163,0)585 ¥ 2E0yp0y505, ¢ 2“‘12 13 434
l [
o B .y A a+B Y
| t 25850300, T 20 13 B33 * 5015 b3y
a+B Y aty, B B+vy ., o
A LA A LA A
tARby 8 g 2885 Y3t 25%0 fis
_\/
y 258%TPTY (Using 65)
# 12 g .

GB: V¥V p ¢ S; .
taP A & AP . P 7
122348856 = 12.4%12%3405¢6 * 2781281385 '

= sP a_ a T AP_A__& raP
152203406 * 41f. 2% AT 020r3 %

o _ = .2 AP s al_+ 2

t aPa_.a AP _a__a
2¢.4%12%34%356 1%, .892%3%s5 * 4283%12%13%5

o + 4 aP+la + 4zaP. a8 L X,

TSP 3{7k_*_j; 13°14

. : ' '

r aP_a_ & T AP _A__a r AP A _a
= 2F..%72%4%6 * %2%..%12%3%s * 124, .%12"23" 24

AP p+l
% 1) A A A A
+ 45k, A0 830 + Bk Blo8 g, + 4507704,
+1
¥ taPtia AP
- * 8 b1a%%13 * 451201500,

_ AP
= 3%, Mol3alse * 22E..0 Tataglas * 8£°12 13%45

gaP a8 aP AP a2
* 16587001300 * 1012030 4i 12°13

L + 81aP A 8. + 8

AP ' P+1A
#12%13%0 T O 8P,213023 * 42075

34

+

AP+1A EAP A4
8247 t 41875813554

P P
2005034056 + 45085034835 + BE0T5%13%5
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S
+ 165387501505, * 83075013854 * Séﬂlz 13%14
+ ZYAP 22, 4 85aPoa. s 4+ 4EAP+1A

112734 £ 12713723 # 12 T34

+ 16£A§;lal + 8;512 iB + 4zap+2 (Using GS5).

12
The relationships given by Gl through G4 are trivial.
There is howéver, a need to deduce the following specific
results from G5 through G8.

& -
2812813%14 = 2232813514

+

2 3
LA .
35072813 * 12 , (2.3)

2 . 3 2,2
= LAZ_A
2812%13%14 iﬂlz 13%14 * 23%12%13 +<£&}2 13

-+

4 .
AT . - .
+ I8, ~ (2.4)
2812813824 T BA12013824 * EP12%13%23 7 25’312 13
+ 503, (2.5)
2812

.
2 2 |
I812813%24 T %212%13%24

+

2 3
5812013823 * 23812013

zad .

SV (2,8)
2 A A 'lA Az A

28312813%34 = L8y9873829

2 2 2 2
= 3812833834 * Et12%13%23 F FP12%13

.3 4
A
+ %Al2 13 T éAlZ‘ (2.7)



LByy8y3845 ~

2
A
EAl?. 13 45

£A2 A

12834835 = *8

LBy 5844856 =

LBy 5894856 =

30

10120130,5 * 4E012013%24 T 23012%13%14

-

2 2

' A% A LA
+ 258,50,3053 * B o0 * 830100
3
LA - .
t 220127 (2.8)
\” ' 2 7
= LA A A LA A
B P LI AV PR ELE VIR S PAS E ¥
+ 52 + 582 4 ) 4+ ga3
372013804 * B12%13%23) * 3R12%3s
3 2,2 4
AT A AT A +2 LA
+ 63875813 + 23875813775 12" (2.9)
2
A 1Y
12°13%45
2 2 52
A A_ A LAS A A
12%34%35 * 45°12%13% + 2301251304
2 L2 42 2,2
LA A__A LAZ A AZ_A
+ 2581501303 + 1812%30 F 45012013
3 4
LAY A LA .
b 4Z00,0 5 + 2500, (2.10)
A LA
582034056 + 1250100135 * 2450100130
+ BLA, . A A, +BIA A A . + szaz A,
2°12°13%14 *830 12003023 T BN 1273
2 3 :
LAS A Lo,
+ 20 30305+ alby, : (2.11)

2 2 2
5832034056 % 45012%34%35 * B3 1201305

2 + 82A2 A

+ 163815013034 F 83%10013%4 8;13.“12 13%24
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2,2 3

181281383 7 22012034 T 410120

A + 4 . (2.12)
+*

Summand is a Product of Four Terms

In this subsection, the relationships between Z andVi

involve some tedious computations.

The computational work

is reduced considerably by employing the following rules

of switching the indices.

Rules of Switching Indices

Let a sum be extended over a set of indices

S = {il, i2""' ik}.

Rule 1:

Let Sle

S, so that the indices of Sl take on

values independent of each other. Then any two

indices of Sl can be switched without altering

the conditions over which the sum %s extended.

E.g.:
¥
while

1+

Here Sl =

of {2,3

,4,5,6,7}.

L 21081308587 = 12

L t12%23%a5%7 F g

{2,3,4,5,6,7} or

A

C 8108948565017,

L By0813%45%.

{1} or any of the subsets

In the first case index 3 is

switched with index 7 and index 4 is switched'with

index 6 while in the second case index 1 is switched

with index 2, which together do not belong to Sl'



32

Rule 2: Let 5255 S, such that for any index k ¢ 82 and
any % € 82 # k, k and ¢ take on distinct values.
Then any two ind&ces of 52 can be switched.
e.g.:

2L.. S12%23%4sPe7 = 2%.."12°13%45%67.
Using the above rules, when required, the following re-
sults are obtained:
LA A A A = A A A A + 2 AZ ﬁz + EA4 .
12813024834 = 3P12f13%24%34 F 22012%13 T 212
. (2.13)
[~
2
=.L
Iby,0130 14015 =2%.4 4812013004015 * 22h3%12%13%10

3
+ 2838,
\
_ 2
= 2h.. S12%13f14%15 * 2k f12%13%0
3 4
+ 3583 8,5 + 387,

2 3
= ) A fat .
3k, 212%13%14% 5 + 5E012%13%4 T 4401203

2,2 4
+ 3501205 * B2

_ 2 3
= Bb1of13faates * OR12%13%e T 43%12%13
2,2 4
+ 3507 ,005 * 58], (2.14)

. 2
EA12A13A23A14 ‘§612613A23614 + 22&12613623. (2.15)
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= _L A A A A T
Doy B 38,38, = 9k A158030,530,5 7 28058138038
A
= 2L, . 12%13%23%s * 215, M12M13 %2302
+ 258,58, 3853804
-
- I12%13%23%s * 05P120130 230
+ szaz Al A .- (2.16)
£812%13%23 -
TAL A AL A = _L_A..b._ AL A +2A2}sa
12%13%14%25 = 253%12°13%14%25 F 15..7127137 24
2
L
+tEAT5893814
: 2
= P
25012813%14%25 * 225, "12"13%24
v zad s a1

i) .
B12%13 TH12%13%1e

¥ 2

3i4“12&13“14625 + 2i..612°13324
2
1

.2 3,
* 258750380 ¥ 25P1003%23 * B2t

-

2

+ I8y5B8y387y

= _L

3%..%12%13%4%s 7

5%12%13%23%14

2 2 2
* 301083030 * 3Et12%13%3 4 25M12%13%2e

3 2

+ LA + ZA12613A14

%%12%13

312513%14%5 * 25%12%18%23%14
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2 2 . 2
* 3h0013b3g * 251203000 T FP12%13%1e
2 3 2 42
AT A _ A Ia” A LAS A
*32%2%3%23 312013 T g1
+ 124 (Using (2.4)) | (2.17)
12 g (2.4))- '
TA, A L0, 0 : - 2
= _Z A AT A r A _AT_A
12713724735 = 37 $15%13%04%35 1507127137 24
2
LAS_A_ A
* 71271334
T A A A A z Az Ao A
= 243712713724 35 T 1z.. 12723 24
T zooa. a3 r2
+ : + + a b
2;0.M12713%24 T 1a.T12723 T T12713734
i - L A__A__A_B I A A A lA
24.. 12713724735 T 2z..712713723714
bz, 82 a, + za% a2 4 za?oa oA
Fh2%13%1a Y FP12%i3 T 5012013%3
4
2 3 2
*EhYp0a3ba3 * FR12%13 Y2030
(Using Rule 2).
= 3%, .%12%3%24%5 * 250120130251
vo2ta2 aca .+ za%a b +Ta2 a2
Ff12%13%23 * 3P12%13%1a T 2012503
- £a2 a8 S0S oA 4 TAC_ A b
SRS & o VRS PR E B I I T

R Ry At - i Ae & LA e T e o REot
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= L8;1o013%54035 * EP12%13% 24034

“th

A2 A

T Eh12%13%1

* 2%12%13%23%14

2 2 > 2
+ 2587501305, * 3R01501303 T 250120

3 4
t 2501283 Y312, (using 2.7)  (2.18)

b1a813814%56 = 11, 212%13%14%56 T 2T12%13%4% 5

2
2%.4%12%13%14%56 T 2283%12%13%5

3
* 1% %12%a * 25%12%13%14%s
= 25, . %12%13%14%56 * 22%..%12%3%14%25

2 2
* 28 1af13fs T 40kl P12%13%24
\\
+ 2&3 A + 22A3 ; + 2ZA, A AL 4
IP12%34 7 43%12%13 12%13%14%15

' 2
= _L
3¢4A12A13A14A56 t 25..612A13°45

+ 2 2

+2354815%13%4%5 225, .%12%13%24

2 2 2
+ 25815013%,5 * 45P10%13%0 T 150120302
+ 4 1824 s za3.a, o+ 2ta3a

# 12 13 23 £ 12734 "4 12 13

+ 288, 581387485
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ZA A A A L
Lh12%13%4%6 T 03%12%13%14%25

A
+ 258581384815 * OLBy201382304

2 2 2
*3E87,0138,5 ¥ 65815015054 * OLA1001303y
-’
2 2 3
+ 1228150 13 Brg ¥ 6189281383 * Eh12bay
2 2 3
+ 65075873 + 102875813 * 2:512
(Using 2.14)). . (2.19)
810513024856 = 15..%12%13%24%56 * 21k, .%12%13%14%25
2
T LAy,0138s
= 25, .212%13%24%56 * 225, 212013024825

2 | 2
L z A A A
*oh . A12f13%as t %2i. "12"137 1

-

' 2
I oA_ A A A z A
+ 2,0 P12t13taatas %2, f12t13tay

2 .
+ 28by5% s+ Ph12t130s

= L A A A A L A_A__A_A
344 1213 24 56 T 2z.. 12713723745

L A A A A I A_ _A__A
* 238 BR3Pt a5 + 20k P12 130 23 e

2 2 2

LA A A LA

Y i1213 s v A 12813034 * 23812813804
+ 2562 o 2

E .
I%12%13 * 23%4%12%13%14%25
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. 2 2 2 R
* 2,0 A12%13f20 7 45875814004 + 45015013023
+2A3A +EAZAA

412513 12%13%45

Using the result of (2.9), on simplification

Thy,0y380,006 = k819813854056 * 4E012%13%24%35

+ E85013%3%s * 4E%12%13%14 025

+ 250,50 305,85, + 10585838535,

* 2§A52A13A45 + BET 0 40, 6£A§2A13°24
+'4£Ai2A13A14 + 105835015855 515054

+ 4zl ety 85A32A13 + 2583, (2.20)

z A, B =
b12813045%46 = 1E..812013%a5%86 * %1, .%12%13%14%25

2 EA
+ I8]5873074 Y5%0813%4% s

: =£AAAA+TA2
2%3%12%13%45%6 T 14..%12%34%35

2

&+ A
+2,53015813814%25 ¥ 215, 012003024 T

1%..
LS
2
= A z A
where A I8T,8130:4 * B210013%14%s.

oI.at12813%5%46 ¥ 283%12%13%24%25

[RIPPEURE RN IV SR T SO N
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2 2
LA A A z A A A
T 2£3%12%34%35 T2#..712713714

2
+ 2,5 4015003804055 T 4k 815030
+ 2263 A + A

1%12%13

25.5%12%13%45%6 ¥ 2%.4%12%13%24%45

+ +

354%12%13%24%5 * 2f. 812%13%23%24

+ 2 2

+ 235,01 5803804%5 F 225 212%13%0

2 2
*o8 4%12%34%5 * 283%12%23%

2 2 .2 2
EA Ja LA A A A A
+ 07,0038, ¥ BT84k 00300,

2 4

+ 45875875853

+ 2i“lz 137 A . ™

' Byohyoho A, e
L12813%45%6 * %28..712713%24745

2 .
ook Byo8y385, 3k P12813%24025

2
LA A A A EA A A
+ 25815%13%4%23 Y 712713723

E A A A A LA A A A
+ 23 8.5803%4%5 T 25%12%13%14%23

2 2 2
TAT A A LA A _A E AT A A
25%12%13%34 ¥ 2571271323 * 2#.5712734"35

+ 2LA2 A + 22A2 A2 &+

2812%23%4 12813 * 18

A

2
12813834



324%12%13%45%6 =
3%, .%12813%34%35
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2 2 3
A
+ 4£ 12A13A + 2%

A
4L 23 5092593 4 a

3%12%13%24

2L 012873845046 T 22% . B1aB13854%s

+ 2.%

3% + I

. 2128138%704%5 73k, P12%13%04%25
P o *
2 2

+ 4 1281334 * 8%

A A
Z812%13%23%14 * 2% 287 2%13%23

EAZ A .A 2 2 XAZ A
i%12%34%35 * +

5812834 *5%12%13%4

éAz A A + ZZAZ 2
42°12%13%4

61,005 * 2TA3 A

# 12 13 + A

3%54%12%13%45%46 T 3%..%12%13%34%35

BZa
£

+

* 2334892%13%24%5 12%13%23%14

+ 6EA2 + ZAZ

* 328 2%12%13%4 * 2%12%34%35

5%12%13%14%25

2 2, 2
t 82120 13%23 21281301 4201201302

#

£22 22 4 218282 4238 4
£ 12 # #

+ 12213

34 12713 A

{2.21a)

3%5%12%13%5%6 * 3%4%12%13%34%5

2
A
2612A13A45A46 + 25°12°13934“45 + E072813834-
2

28108938y 4805 + Ehyp8y383,
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L A A A A = Zh i) A A 4 LA A A A .
344 12713 24 45 T £712 13 24 45 7 £ 12 13 24 34

Using these results, (2.4} and (2.14) in (2.2la), we get

Ibiat13t524s = FP12%13%5%6 * FP12%13%4% 5

+ 4LA

012813089405 * 4ES

12%13%14%25

2LA A A A + 8EA. _A__A__A
# 12 13 24 34 # 12 13 23 14
£8%. a4 + 85AS. A A
+ 22%12%34%35 #£°12°13%34

2 2 2
LA A A LA A A LA A A
8E89,803% 14 420128 3% T 8251253 %3
2 42 2 2 3 4
LA A A A 8ra A LA .
FP10%34 + 8187505 + BE0 0% T 225,
(2.21)

+

LhyyByqhyed I A A BB 4. L A _A A A
1271374587 = 17 "12"13745°67 T f1£.. 12713 14 56

P,

+ 4I8y50873874%¢

oF. 212%3%5%7 * 12k, . %12%13%24%56

2

: A
* 450 b12813%14%56 * 2k f12%34%6 . )
+ 12. % b6 A _b A + 12 L Az A &
2£..712713 14 25 24..%12"13 45

72 2

+ 4,F 81,098, t 182, 81281322

3 3
TA A ZA A LA A A A
* A% 0% 8500 %s F 412013 %14 %5



Z292%13%5%7 .

(24489589 3854845
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+ 8.%

I A A A A A A A A
3#.. 12 13 45 67 3#.. 12 13 24 56

4+ Ia2

) il A A A A A
+ 438 8555%13%14%56 Y 3712734 56

A A A 1Y
24,2 B15003%14%05 * 83k 212813824535

2
A A A A Fa
42895%13%23%45 T 45812734 35

A A A
16;A12 13%45 * 2058715%14%53% 14

2 2 2 2
A LA A A A A
365875838, + 25%70%34 245512713 2

2 3 2
A A A A A
4L07,009% 4 * 45815534 + 28E215%13% 03

4EA2 AZ +8¥A

£%92%13 + 4zl

A A A
12 13 12 13 14 15

+ 4k8,58738,5%6

8181501380485 45’312 13%14%56

2
B079034056 * 32287158138 14%25

+ 42815813%23%s

4T6. A AL B _ + 6£A

# 12 13 14 15 12 34 35

2
16201,8,48,5 * 4044

12813%23%14

85815813%4%34 * 405“12 13%34



Now,

we cal&ulate

LB12834%56%78

42

+ 28TA% A A 4 2 + 2502 a2

EAZ _A__A
£012%13%0 240120000 T %4 1203

3 2, 2,2
La LA _A__A TAZ A
HR PV S TR EI L IR P

3 L4
LAT A LA .
t 2450058 4¢ 12° P (2.22)

1%, .%12%34%56%78 T €12, .%12%13%45%67

+ 12,7 Byohyaby pBeg + BIO 840448
z
2k, B1oPaabselye t 122k, 812%13%45%67
+ 24,5 815080308, ,050 + 245%  Byo033854856

+

6,k . 12 3% s¢ * 82k, . %12%13%14%5

- 2
A A
+ 48,3 Bio0138y 40,5 + 48yE 87, 13 45

22 _a + 48,5

52
+ 2425.. 12%13%14 2% 12A13 24
+ 12;A12 34 F 24%“12 137 8T81589381485

P

3%, . %12%34%56%78 * 43%..%12%34%35%7

| »
+ 1233 B,o0.38, 586, + 430 By5084,085584¢

* 723, f12%13° 24 e +3%43$..512“13914“56



43

- 2 .
. LA i A A A i A
: + 6281503,05¢ + 4B3h  By501385,05

AL A A A A
+ 963k 215013%14%35 * 483k 12%13%24%35

A A A
+ 83k Ay,0y3814%5 72£512 13%45

LA A A AT A A
2428050130030 T 24 201003405

2

A A A LA Ja A A

+965015013%04 T 2025125137235 14
2, ,2 2
e + 12587005, + A0EA1o8y38,, l44%“12 13%34
' + 12 A + 32'23&‘3 A + 96 A
2010834 12513 5 12°13%23
a4z’ a2 8LA. A b, B ‘

+ 2450, 8,4 + BLLy 01381 ,815

2

'Upon further simplification and using-the result of (2.14),

. we- get

TA_ A A b :
1273456 78 = ; Al2é34656A78 + 24%612A13A45A67

| 2 ‘ -
+ 12587,854856 * 962815%13%24%56

+ 48zA, A 48, 4 + 3'256

2212%13%45%6 12%13%14%56

+ 96£A 12%13%23%5

12%13%45 + 3218

&7<; S 483075034035 * 1923812%13%24%35

* 192;A12 13%14%25 T 1648158138748 5
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* 16;512 34 ¥ 192307 58,3034
. " E
+ 19250, 50738558, + 4828583385453,
+ 963542 + 96542 + 12382 82
« £12%13%14 E212%13%24 £°12%34
2 2 .2
A LAZ A LAT _A
+ 64RL by + 9607583055 * 48507503
4 .
Ll .
850 (2.23)
2.5 Combinatorial Methods
This section presents an occupancy model which is ap-
plied to obtain the relationships between L and i. This
gives an alternative approach to the method of section 2.4
and hence can be used to check the results of lengthy
calculations made in that section.
An Occupancy Model
Let there be M pairs of identical items, labelled
i3 i = l(..,, M, j=1,2. Let Ail be linked with Aiz
through a string s, for i'=1,..., M. suppose all strings
Si {i=1,..., M) are identical and stretchable to any length.
Suppose also that there are 2M identical urns, each big
enough to carry any number of items.
All the items occupy K (52M) urns with a condition

that each member of a pair of items Aij’ j = 1,2, must occupy

a different urn. ™
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Given any specific occupancy pattern of K urns (K»2),

J ufns-(J =\1,..., K-2) are to be vacated. The items of an

L]

urn to be vacated move together into one of the K-J occupied
urns without Qiolating the condition of the model. How many
different occupancy patterns of K-J urns are there for a
given K (K»2) and for J = 1,..., K-3? If items are dis-
tinguished by their labels, what is the number of ways of
arriving at a specific occupancy pattern of K-J urns?

We consider the case for M = 4, which is pertinent
here in obtaining the relaﬁionships between I and i, for
some cases in the following. |

As an illustration, we consider the expansion oﬁ
Eﬁiza34A56 in terms of sums over distinct values of”ih—
dices.

The indices of the above term correspond to. K = 6
occupied urns - two of the urns carrying each of the two
pairs of items, while the remaining 4 urns carry the otlier
4 items. This occupancy pattern is represented by the

following graph:

5 6

The labelling is immaterial, since the drﬁs are all iden-

tical (urns are labelled for reference purposes only).
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Given the above occupancy pattern of 6 urns, we find
various possible occupancy patterns of 6-J urns, for
J =1, 2, 3, 4 by moving all the items of an urn into one
of the 6-J urns, still meeting the conditions of the model.
When J = 1, there can be only.two different occupancy
patterns of 5 urns, which cérrespond to the following graphs:

/ " or | /

\___/’ ~ \_

~
The first graph can occur when any of the ans U3,
U4, U5 or U6 cbuld have been vacated and its contents trans-
ferred to Ul or U,; equivalently the contents of Ul or U,
might have tran§ferred to one of the urng U3, U4, US' U6'
Tf items are distinguished, the first graph can happen in
4 x 2 = 8 ways.
Therefore, it is apparent that “the expansion of
ZA§2A34656 will have %Ai2A13A45 as one of its terms with
a coefficient of 8.

’ * The second graph is a resul£ of combining Fhe céntents
of Uy or U, with Ug or Ug. This can happen in 2 x 2 = 4
ways, indicating that another term in the expansion of
EA§2634656 is ;A2i2A34A35 with a coefficient of 4. ,

When J = 2, the different possible‘occupancy patterns

of 4 urns can have the following graphs:
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2a) @ 2b) _\_/ /

2¢) L\\ﬁ__#’;,/ 2d) ~—_ ‘\\s___//,/

2e) ‘ N~—

The terms corresponding to the above graphs and their
coefficients are given below:
Graph Corresponding Coefficient One of the Possible

Term of.the Term Ways of Arriwving at
the Coefficient

3 , .
2a) AT 40 : 2 x 2=4 The contents of U3z, Uy
; 12734 . are combined with the~
contents of Ul' U2 or
U2, Ul'

2b) EA%2613A24 : 4 x2=28 The contents of U3z or Uy
- F with the contents of Usg
or Ug are combined with

the contents of Uy and U,.

2¢c) EA§2A13A34 8 x 2 =16 First the contents of
F either U3z, Uy, Ug or Ug
are combined with the
contents of U; or Uj.
Then the contents of a
member of the pair (U3,
' Ug or Us, Ug) not com-
bining with U, or U,,
- - combines with the cdunter-
K_ part of the urn combining
U; or Uj. )

2 .2 | ;
24) ZA12634 2 The contents of Ug and

Ug are combined with
the contents of U3 and
U4 or Uy and Uj
respectively.
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Graph Corresponding Coefficient One of the Possible
Term of the Term Ways of Arriving at
- the Coefficient

i
o

The contents of each
member of the pairs
Uy Uy, Ug Ug combine
with the contents of
Ul or U2.

2
L212%13%14 4x 2

]

Whepn J = 3, the different possible occupancy’ patterns of

3 urns céxgsipond to the following graphs:

Z AN

3a) 3b) _— 3¢) @ TY—

With considerations similar to the cases of J = 1 and, 2,

: 3
the above graphs correspond to the terms of £A12A13,

\

2 2 . -
EA]2A13 and 2512513323 respectively. ?he coefficients

of these terms are 16, 8 and 4 respectively.
Finally when J = 4, the only possible graph is ffffff?’:

which corresponds to the term gaiz having coefficient 4.

2y,

Y

In the expansion ofzn§2§34556, one considers various

cases of equality of indices. The above sum is partitioned

into sums over distinct values of indices. There are 6

indices and we considereg\éhsve J indices (J=i, 2, 3, 4)
to be equal to the other 6¢J’/indices. The case for 3= 0 .

is a trivial case for which the corresponding term is

i
. o
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2 .
“w £512A34556 with a coefficient of 1. Now, considering the
@& o
terms arising in each of the cases =0, 1, 2, 3, 4
we obtain
'zAZ B = raz Aa + BZA + 42A2 A_ A
12°234°56 £ 12734756 12 13 45 £ 12 34 35
+ 42&12 34 + 85“12 13 bag ¥ 165612 13%34
+ 8582 8. 8. + 8182 + 2582 42
28122813514 1812813823 581703y
+ 162A3 | + 8582 a%. 4+ aza?t .
12%13 2%12%13 389,-

This confirms the relationship given by (2.12).

The combinatorial method can be used in this manﬁer to
obtain any relationship oﬁZ%hg last section. One needs to
enumerate carefully the different graphs, then determining
the coefficient of a term corresponding to any giaph is
straightforward;

The expfessionsfBI-ZA12A13A45A67 and ZA12A34A56A78
by the methpd of the last section, involve very cumbersome
calculathge. Wlth the use of the comblndg%rlal method,
one needs only tqQ identify different possible terms of the
expansion and compute ﬁhe coefficients using the occupancy‘
model. -

The expansion of these terms are indicated by the

following tables:



Table 2.3

‘Use of the Occupancy Model to Obtain Different
Graphs and Coefficients Corresponding to the
Terms in the Expansion of Lhqyoby30,e8¢4

L3

.

Different Graphs No. of Ways of

/ No. of Urns The Term Corres-
" to be Vaca~ Corresponding to Arriving at ponding to the
ted the Value of J the Graph Graph
3
0 o1 3*12%13%15%7
2 .
1 . 1 5%12%34%s6
8 F412%13%24%56
P b 2%12%13%14%56
A
/// yd 4 : £A12513645 46
2/,& |
VAN 4 I812%13%23%5
' . - 16 ZAZ Al _A
L £412%13%5
2
ar
— £ 6 5%12%4%5
L 24 F412%13%34%5
z A
\déi:; 4 5%12%13%14%15
f L/ 32 5815813814825
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Table 2.3 (cqpt'd.)
L
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No. of Urns
to be Vaca-

-

Different Graphs No. of Ways of
Corresponding to Arriving at

The Term Corres-—

ponding to the

ted the value of J the Graph Graph"
J
' n A
3 5525// 10 %%12%13%23%14
8 I83873054034
2
é%;71 | 28 101201314
r— 4
40 ZAL A qbig,
I815813034 :
= )
4 2 N
—J 24 5812013524
2 2
N \\,/) : £812%34
- 3
— 4 £8312834
| v 2
4 {é;} L 28 Ft12%13%23
-~ . .
: 2 .2
ZA A
e 16 :f12%13
3
z
kEEEi 24 ¢612A13
. 4




Table 2.4

Use of the Occupancy Model to Obtaln Different
Graphs and Coefficienhts Corresponding to the
Terms in the Expansion of B8y 5844056844

No. of Urns Different Graphs No. of Ways The Term Corres-
to be Vaca- Corresponding to of Arriving ponding to the

ted the Value of J at the Graph Graph
J
0 1 5212%34%56% 78
1 i . 24 1212213845867
12 187,50 3406
2 - > F . —
. 96 5812%13%24%56
!
Z;// 32 £812%13%14%56
[/ 48 Z812813045%6
2 AN 32 2812%13%23%5
* 96 EAZ A A
_— 281281385
/ 48 22 a0
— g 812834835
L__, 192 £812%13%34%45
té:; 16 Z12%13%14%15
L.
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Table 2.4 {(cont'd.)

No. of Urns Different Graphs No. of Ways The Term Corres-—

to be Vaca- Corresponding to Arriving ponding to the
ted 5 the Value of J at the Graph Graph
Z 192 £812813014%25
_3 & 192 59152"‘9‘13’523'314
18 L812%13%24%3
é - 26 5652%3614
192 za% 8 A
— 5°12%13%34
Id 26 ﬁ”‘izau‘“u
— — 12 iaizag4
&= — 16 ;Aiza34
4 @ 26 1075813053
é 48 iﬁizﬁia
é} 64 ,2632513
I P
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2.6 The Fourth Moment ﬁnder the Null Hypothesis
tz&n fhis section we obtain an-expression for the fourth
moment of §, defined by (2.1). The result is expressed in
terms of the 23 symmetric functions defined in section 2.3.
The computation of E(54) requires the relationships given in
section 2.4. |
The test statistic-is

- 1 x
§ = it83.g

L L Si(Jl)Si(JZ)'

2
The fourth power of § can be expfessed as a sum of
products of r-part partitions (r= 1, 2, 3, 4) and their
coefficients. . : -
Dwyer and Tracy (1964) define a combinatorial coeffi—.
cient C(P) = (p;l...pzs) of P as the number of ways that

the distinct units of P may be collected into distinct

parcels described by the specified partition of p. For the
m m

r-part partition P1 1 rre Pg s, the partition coefficient
. T ﬁ
I 8 Sy _ P!
C(P)—-(pl - -« Pg ) = T T
(pl!) . e . (pS!) LETE - "s!
s : s
where iél p;T, =P Fwelght) and 21" = T (order) .

The multinomial theorem is then expressed as

[1]p = i}pl - s - pr) [Pl b Pr]:
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“where the summation applies to every r-part partition of

p and r=1,..., p.

Using the multinomial theorem, 5% can be written as

s =T(py . . . py) [Py - - - RIS 0

where KiZAJlJZSi(Jl)Si(Jz) takes the\giji:*zfq§i~and
the summation applies to every r-part partiftion of 4,
=1, 2, 3, 4. |

-

In the notation of Dwyer and Tracy (1964),

4

§% = [4] + 4[31] + 3[22] + 62111 + [11lll], (2.24)
where X, is KiZAJlsti(Jl)Si(Jz).
. The expectation of each of the terms he right side

of (2.24) is célculated as follows:

I

E([4]) = ECKY (283,08, (308, (30D .
i i i1 i 2 :

172 4

4
1 {S;(T5,_1)8; (T,,) 1)

4
= E(IK LA A
iti®Tg 5J6 J7J8 2=1

A A
195 9394 9

4 4
i
ik, i E( £=1si(J22-1)Si(J22))}

L 2
1l

Iy s s A
ity 3,3, 043, 3535 J,3g

L}

Expressing the sum over J, to J of the -sum
1 8

over distinct values of indices and then taking expecta-

tions of the product of indicator functions,
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— 4 (8) (8)
E(141) = % G05.5,%,0, J5J66J7J8 /N : 56
L (7)
+ 24EA A 7
MR X J1J3 J4J5 J6J7 | a
2 (6)
+ 122A /N
* q192 J3J4 JSJ .

# J1J2 JlJ3 JlJ4 J5J6

(6)
+ 962A A /N
#Jd, JlJB J2J4 T i

‘- . - (6) ’(6)
+ 4BEA ) /N
J1J2 JlJ3 J4J J4J6

+ 962A§ g b5 385 5 (5)/N(5)
1°2 Y1%3 “4°5

(5)
+ 3238 A A /ner s
# 3,7, J1J3 I3, J4J5

"+ 48182 _ 4 A a3}y

1%3,9,%950, 00,9, 04 .
+ ?92iA31J2 3;3, J2J4AJ3J (5)/N(5)
o - 192£AJ1J2 3,3, Jl 4AJ2J5 iS)/N(
+ 16ﬁAJlJ2 3,3, ta3,09" 15)/N(5)
4 + 16£AJ T AJ3J4 (4)/N(4) )
: + 192£A§1J2 J1J3AJ3J4 (4)/N(4)
+ 19284 J’. A (4)/é4) ="
T 9T, J1"3 J2J3 33,0
\ + 483h,4 195 o 193 J2J4AJ3J4a44)/ ‘o
+ 96§AJ 585 585 5 (4)/N{4)

172 7173 "174

a8 (4. / |

) 2 (3)
o+ 9621

2% J1J2 313, J2J3\}

2

2 (3) (3) a4 T (2) ,.(2)
+ 48LA A /N + BZIA n.”" /N
C# J1J2 JlJ3 . f JlJ2 i
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a -

Using symmetric\functiéns defined in section 2.3 and

rearranging the terms, we get

) E([4]) = ZK {8 (2’9(13 +16n% (4D (14) + 3D(15)
»

+ 6D(1€)] + 4ni4)[4D(17) + 3D(18)]

¢ \\‘~;ﬁ.;% 48n{4)[2D(19) + 2D(20) + 4D(21) + D(22)

. + 4p(23)] + 16n!>) [3D(24) + 6D(25) + D(26)
+ 12D(2?)+12D(28) ; 2D(29)] + 4n§6)[3n(30)
+ 8D(31)]1 + 48n % [D(32) + 2D(33)]
+ 24n{7)p(34) + néa’n(ss)a. (2.25)

The expectation of the‘l/4 second term of R.H.S5. of (2.24)
is | _
E([31)) = ¢ K3K. E(zA S.(J,)S8.(J ))3
i#3 i™J JlJ2 ittliTit2

(za S.(J5)8. (Jg)
y » 3,355 7755 )

The first factor in the braces can be written as

3
(za S, {(J,)8.{(J,)}
J1J2 i*T1'7it2

&
. S.(J,.)
JlJ J3J4 b3 J6 s=1 1“8 . -

=LA
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gf

£ 6
i, S, (J
J J J3J4 JSJGR =1l Ti E)

‘H-M

5
+ 12Z4A A A N, S.{(Jy)

L= L
. # J1J9, JlJ3 J49g 1 i

4.

3.5.83.7.85.3, 201 5;(3,)

+ 24iﬂ
172 7173 "274

4
+ 8-2’& H .
3+ lJZ JlJ3 Jl 4=l Sl(JR)

2 4 :
+ 6z JlJ by gty SS90

2 7374
O\ . L4

) * 80y 5, 00.5,00,0, S1071)8:1192)8;(93)

+ 24 QAJ 3 J S. (Jl)S (J )S. (J3

2 9193 2

1

2
+ 4£AJ I

L $; (3118, (J,).

2

*

Multiplying each of the terms of the right side above
by zAJ7JBSj(J7)Sj(J8) and taking expectations on the pro-

duct of indicator functions, .we get

2
i3

192°95 295765350y

(5) {2) 7).
+ 12z A ng /N
$ta,3,%9,9, 3,959,377

| | . (4) 12) 6)
+ 24% A ng /N
38 195 J1J3 J2J4 JT i



(4)_ (2} ,.,(6)
+ BiAJlJZAJlJ3aJlJ4AJ5J6ni nj /N

+ 6£A2 A A nf4)n§2)/N(6)
# 310, 30, JoJe i
‘ »

(3)_1(2),.(5)
+ 8IA A A A n, n: /N
# JlJ2 J1J3 J2J3 J4J5 i J

2 (3)_(2) (5)
+ 24 ia A A n;” ng /N

& 2 (2)_(2) ,.(4)
+ 4£AJ 7855 ni‘ ng /N

In terms of symmetric functions, the above becomes

. 3 * 2 l 1
B(I31]) = I Kinnj( )§4n12’n(17) + 24n£3)D(25)

+ 8n£3)D(29) + 6n£4)D(30) + 8n£4)[D(31)

+ 3D(33)] + 12n£5)D(34) + nés)D(BS)}.
~ : (2.26)

The expectation of 1/3 the third term on right side of

(2.24) is
22 2
E([22]) = iinin E {(ZAJlsti(Jl’si(Jz)).
(£8- - S.(Je)Sas (3,112}
J.3,7375°%3°6

The term in the braces is

59



60

4
(za S (J )} + 4za s (3,)
TP J3J42_l i 3,3, JlJBE 0,8

2 :

* 2§AJ 134" 1,8, 0,00 - By 5,850,505 B54503,) .
2 .

(3,) + 25 S5(3,)) .

7
1=5 j JlJ 2 5

Taking the expectation of each of the terms in the
: ®

' above product, E([22]), in terms of symmetric functions,

becomes

(3)n(z§)

E([22]) = iiniKi {4n£2) ; 'p(18) + 8(n;

+ (2) (3))D(24) + 2(!’1(4) s ) + n].(_z)n:§4))D(30)

"0 3 .
+ 16n{*'n{p(32) + 4(n(4) ;3’ + n a4
(4)_(4) ‘
. p3a) + n{ni¥p@39)). 221 @

The expectation of 1/6 the fourth term of the R.H.S.-

of (2.24) is

2
E([211]) = KKy E((Iag 5 8;(31)8; (7 y2
i akfy 3,3,% | 2}

( S.{(J,)S.(J.) (LA Sy (J5)8, (Tg)}.
33,734 736 3,357k "7k V8

2 - .
The factor (zaJlsti(Jl)Si(Jz)) ~in the praces is



»S

K.
i

A - %

4
$3,3,0050 p S Ty) + 4y g

A N.5.{(J3 )
394 195 JpJd32=1 2

2
+2Ey g gﬁl S ()

Using this, we get

/f
2o, g2 (2)_(2) 5 (2)
E(1211)) = & k2. n!?'n{?) r2n?tp(30)
ipgek T 3 KT K L

+ 4n£3)D(34] + n'%p3sy. (2.28)

i

E([1111])) = K.K.K K

% A A
i#jFk#r ii kL Jd, J

5 A
394 576 T798

L3
5 (3,05, (T,)85 (33)85(T) S (I5) 8y (Tg)

. 8,(3,)8,(Tg) .

: (2)_(2) _(2)_{(2),
= ifj%k*g KinKkKini nj n, o 'n D(35).

(2.29)

Combining (2Z25) through (2.29) and placing
(2)

= ci/n. , we get

1

-

" The expectation of the last term of the R.H.S. of (2.24)
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4 c. 4 (2) (3} (3)
E( ) =T([( (2)) {Bn D(13) + 64n; 'D(1l4)+ 48n, D(15)
.t n.

i
+ 96nP'pe) + 16 o7 + 12n{p(18) + 96n!?)
1
.(D(19) + D(20) + 20(21)1 + 48n{* [(D(22) + 1D(23)]
+ 48n{°) [D(24) + 2D(25)] + 160.°)D(26)
+192n°) [D(27) * D(28)] + 32n{°'D(29) + 12n{®)D(30)

+ 32nif)D(31) + 48ni6)[D(32) + 2D(33)] + 24ni7)D(34)

+ niB)D(BS)}]

3
C, C.
2) _(2)
+ 43 [—2 i an®nPhpan
i#j (ni(21)3 n§2) i 3

+ 24ni3)n§2)D(2?) + 8n£3)n§2)D(29)
'

(4)_(2) (4) _(2) (4) _(2)
+ 6ni nj D(30) + Bni nj D(;l) + 24ni nj D(33)

+ 12ni5’n§2)o(34) + nis)ngz)D(BS)}]
) [~

c,c.
(2) al2 3 2) .
+ 35 (2) 5 *{an n; 'p(18f + 8(n n;
i
+ 0l p2g) + 20l 4 n{Pn i 15 (30)

i i J

' r
{t3-+ 16n£3)n§3)D(32) . -

J

At e —— e e -
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+ a3 nis)n§4)D(34)+n(4)n§4)D(35)}]

i J i
c]-c. G (2) (2)_(2)
+6 T ) 2n; ' n;""n, “'D(30)
e @, f @) /
L (ny 5 Py
13} _(2)__(2) (4)_(2)_(2)
+ 4ni nj ny D(34) + n; nj n, D(35)1}
2.
T e daenCiC5E P B3 - (2.30)

The above result has been checkéd for several cases
in the following manner.

A computer program named Afs,in Appendix A.l generates
all possible samples of sizes nys Dy with anls}o and
n,+n, = N. The fourth moment is obtained considering e&ery
possible value of the test statistic and is compared with
the one obtained using (2.30). Checks are made for various

2-sample configurations and for the following distance

functions:
a) b, = lx-yli B) b, = [RG) - R(y)| and
c) Axy = IR(xa - R(y)[% where R(x) is the rank of x in

the combined sample. .
The test statistic for the case of (b) above is dis-

cussed in detail in the next chapter.



CHAPTER III

SOME RESULTS CONCERNING A SPECIAL MRPP STATISTIC

3.1 The Special MRPP Statistic

‘An interesting case of the MRPP test statistic is
n
obtained from (1.3) by letting g=2, Cl=3%' C2=1—Cl and Y

AIJ =|R(xI)—R(xJ)|, where R(y) is the rank of y in the

-+

/////Eombined sémplé. This test statistic is designéted by

61. When the underlying saméling distribution is Laplace,
logistic or a U-shaped distribution, then the empirical
power of 61 is higher than that of the Wilcoxon test
{Chapter IV).

The symmetric functions for the A as given above are
simply functions of N - the total number of observations.
Thg long expression fqr the fourth moméﬁt, as given by
{2.30), is simplified to a simple expression involving
ni(i=l,...,g) and N. .We obtain a simplified form of the

fourth moment of 61 taking nl=n2=N/2. In this case the

fourth moment of Gl is a simple polynomial in N.

3.2 Symmetric Functions When 4 = |R(xI)—B(xJ)|

IJ

When the distance function is the Euclidean distance

between ,ranks of observations, symmetric functions are

64
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simple polynomials in N - the number of pb§ervatiOns_
Mielke (1981b, p. 723) has listed the results for the first
twelve symmetric functions. We calculate all the sym-
metric functions, defined in section 2.3, fér the above
‘case and for completeness sake show the calculations car-

ried on in the first twelve symmetric functions as well.

From section 2.3,

1 " 1
= = _ L -
D(1) N (2) ;Alz S(2) 1,3 | 1-3]
2 *
T @ 157 30T)
il ? N+1
=3 (3.1)
o 1 2 1 2
D) = oy B2 T [Ty ads ) N
2 2 2
= ——— [NZI“—-(ZI)"]
N2 I I
_ N(N+1) :
= BlEL). (3.2)
1 1
D(3) = ——— I = £|T-J] | I-K
| D Fh12813 53 PAESMIEERY \
1 o122 2
_ = [Z(HT-T]) =2 (1-0) 7]
N+1

|
..‘l-.
2
+
'—d

N (3.3)
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l .
4y %12%34

D(4) =
"N

1 2 2
—_— - A -2Z4h
TSI PL S P E R 123

Il

1 2 2
) [(z]1-T|)° - 4r|I-K| - 2.8 (1-3) 7] .

Using previous results, on simplification we get

(N+1)

p(4) = B2l (sneq). (3.4)
1.3
D = — =
. DI(5) N(z) éﬁlz
_ 1 rog|? = (N+1) (3N°-2)
Sy il = 30 - (3.5)
L 2
D(6) = 137 £812%13
_ 1 —0 21~
e 3 (1-0) | I-K|
1 .2 3
= —r e [ I - I-K|- I-J
e [T |- 2 | T-317]
ML) (inP+an-6) . L (3.6)
D(7) =

1
N3 3812813853

[}

L I-J]{I-K||J-K
weIEMEEC I ER LR
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(~ =& 3 (I-3)(I-K) (J-K) (using symmetry)
N 3) I35k

N (N+1) (N+2)
30 .

(3.7)

1 2 —

D(8 ——  LAZ_A
(8] N(4) # 12734

[}]]

2
= = i(I J) “|K-1L|

= —%37 [IEJ(I-JJZKzLIK—LI- 4N(3)D(6)‘— 2N(2)D(5)]
N r : r

= % (5N2+3N—2). (3.8)

L LA

D(9) = —p
| A #

12%13%24

Il

o
- I-K||J-L
mogARIEIEe

|

L ip|1-g)1-x] |o-n] - n3p(7y - 2883 pye)
Ty |

(2)
- N Dp(5)].

Now,

r,atx, ol T-91 1kl oz

= 2;§J(I‘J)(12"(N+l)1+§i§%%l)(J2,1N+1)J+N(N;l))



2 (N+1)

2

+15N+2) 1% -

1 (16-3 (+1)T° + 3 (LIN

I

L
I

2

(8N2+14N—6)13 + (N—;]-'-)—(3N3+9N +N—4)12 -

. (N+1) % (3N-2)I]
»

2
_ N(N“-1) 4 oo
= Fgzg (7N -39nT+24).

Using the above result with previous results, we get

D(9) = L (sin’+59N-2) . S (3.9)

In a similar way, we find

1
D(10) = N(—4) £312A13614
h 1
= —— £|1-J||I-K]||I-D
L p1x-alizx 1-r
L3 (2)
1 3
= Z(Z{I-J -3N D(6 - N DI(5
;'(W[x‘qi 1)°; (67, (5)]
: = %%% (18NZ+13N-4) . ' (3.10)
" D(1l1l) =

l . .
—— LA, A, A
q(5) # 12713745

= N(l_:) I 1-51 | % | L-u]

N e Bt
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S s dregllt—x! z_|T-g| - ag®
5] [I’J'KII gllz-xl 2 11-3] - 4v™" D (9)
- ex3pe) - vl p(s)3
" f?§6149N2+59N+5). : ‘ (3.11)
D(12) = —hr ZAy,84,8
= L (6) £°12°34%56 N

N

L
= ——— [|I-J}|K-L]||M-P}-
_%?T [(IleI-J[)3 - 128®pyy -
N r

. {24D(9) + 8D(10) + ép(8)} - N3 (8D (M)

+ 24p(6)} - 48'®)D(5)] b
N+, ey 2 . '
= 575 (35NT+49N+12) . . (3.12)

We now proceed to obtain the symmetric functions

D(13) through D(35).

- 1 4
D(1l3)= N—(z—)' 5612

L

S 2 . ,
1-;) % = R 2N 23) 0 3 43

L q
N(2) I,J



1
=2
i
e
s |
q
-
I
=

3 4
—a7 | §'K|I—J| |I-K|—‘z(I-J) ]

_ N+l _
= 55 (16N°+4N%-25N-8) . (3.14)

1 2 2

1 4 2 2
= ———— ¥ (I-J)°(I-K)
L3 %

= A1 aniam? - (r-m %)

I,J,K 1tg

N (N+1) (2N° -3) L
60 . (3.15)

1 2 ‘

D6 3y #12°13%23 | :

sl vy rem 21| l9=x]
= 74 L 7)<l 1-x| [a-x|.

+ The above is simplified by observing ._Qmetry among

' different inequalities in I,J,K. We obtain’
) . o

'f
= 4 - - —L
D{16) = e K<J<I(I J) (I-K) (J-K) + (3)

. ('I—J) (K I) (J—K)
I<K<J

70
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oy 3!
5520

o1 W
N(3) 2520

(N+1) (N+2) (5N°-3) +

(N+1) (N+2) (5N%-3)]
' ™~

N+1

— 2_-
= 37¢ (N+2) (5N"-3}. (3.16)

L4

! 3
D7) = LY x275%3,

1 13 e
;TET £|I J|7 k-1

1 3 =l - (3)
;TET [I§J|I—J| IEJII J| 4N ‘"'D(14)

-28{%Yp 13

- %%% (21N> +9N2-32N-16) . | (3.17)

M .2 .2
Ty 287,834

11

D(18)

i

\ 1 2, .2
F{T=J) -
ay L J!”(K L)

- 1 12,2 _ 4u(3) = on 2}
ETET [(IfJ(I—J) ) ‘4N p(L5) - 2N '°'D(13)]

1

~

- N(N+1) 2, o
= T8 (5N“+N-6) . (3.18)

1.2
N(4)%“12“13“14

"D(19)
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n

1 2 B
W £(I—J) |I-K| |I-L]|

- 1 2_ (3}
= N(4) [IEJ(I J) (L(I -K})“- N 7 'D(15)

N(3)D(14) - N(Z)D(l3)]

_ N+l 3 2 cane
= 555 (59N +19N°-88N-32). (3.19)

1

o 2
D (20} = L@ 3412813 24

1 2
.= —— p{(I-3)°|I1-K||J-L]|
MNP

(4, (z(1-9) 2|1k 13- - vV (p(16)

+ 2p(14)) - N @)p13)]

5 Here,

1 (1-3) 2| I-K| | 3-1]

ZJ(I—J)Z{IZ—(N+1)I + El%;ll)(Jz-kN+1)J

L MWL) ) 2 (w2-1)2

: e (282-3)
Using this, we get
- ‘ - .
0(201 = %%% (LANS+12N2-17N-12) . - (3.20)
\

S e il i
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_ T 2
D(21) = N(q) iA12513A34
1 2 '
= ——— £ (I-J)°|I-K]||K-L} N
RENE ,
= —%?T [z(I-J)2|I-K||K—L|—N(3){D(16)
N :

+ D(15)1+ p(14)} - N ¥p3y

-

The first term in the bracket, ;T o (I-3)%|I-K||K-L]
. r1,3,K,L _ :
2 2 N (N+1)
= _ I - _ _
1,5 @D S TR - bk + =)

N

=13 IEJII—J|1612-6(N+1)I + (N+1)(2N+1n(2J2—2(N+1}J-+ N(N+1))

- égzol)(53N ~129N%+88) (on simplification)

Using the above result, we g€t
. . ’ .
—3

ML —54AN-32) . - (3.21)

D(Zl} = S (53N +45N2

. Now, we come.to some results which involve some cumber-

some algebra. - «
. -
"D(22) = —rr §By,0y 38448
, @) £812°13%24734 .
'/,,,/”&
1 | o o
ey %ll J||1-k| |J-L| [R-L| 'QJ

o _—— e Y
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We first examine carefully the sum of the above sum-
mand over each of the 24 inequalities in I, J, K, L.

Noting the symmetry in different inequalities, the above

sum can be written as

;II-Jlll-KIIJ-LlIK-LI
.

-

= 8{ |1~3||1-K| |J-L] |K-L|

"

I>J§K>L

K-l

+ K>J§L>IlI-Jl| <K||J-L| |K-L|

Py

. ¥ L>K§I>J|I“Jl‘I‘KIIJ-LllK-L\L
We evaluate each of the terms in the bracket above,

as follows: To obtain the first term, consider

reakien| T30 117K ] 13- [K-L]

P K (K+1)
N IZ§2K(11J)(I-K){JK (T+K) ==5—

K(K+1) (2K+1) }
6

+

¥ (IQ?T g {K4-(3J+I)K3 + (31J+37-1)K%
123 kE1'H -

0
o[-

- {3J-1)iIK}
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|~

H

2 4 3
L - -15IJ° + 5(2I-3})J

70 13g 0" {11d )

+ 15I3%-2(51-2)J}

6 5 4 3 2
= T - -351°+1051°-351°-841+60)
coqg L I(10I°-21I

(3)
_ NV ) 4 3 92 0N+24
= S—oTeg (SN +18N°-N N+24)

2 2
z - -
1>5>K (I-J) (J-K)

J 4 3, 2 2
= _L_ = - 21°46I4+1)J
153 6{2J (4I+3)J {

- (3I+2)1J + I%)

I 5 4 3
T — - - +6
1 360(21 6L +5I -71I+6)

(3)
_ N 3 2
= 3530 (N+1) (2N~ +4N"+3N+6)

« 4

AP
4

Ll

R I>J§K>L|I—J||I—K|[J~L|]K-L|

i

(3) ' " -

N (N41) 4 3 _ 0\ - oaon 4 24 - 8 (23
——m—{SN + lS.N N N - {

" + 4N% + 3N + 6)}

-

~ .

o R Al Bty B RIS pe e def % s e

2 2
Vaotran | IO 1I-RI-D KL = gy (3-9) 7 (I-K)
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-

(4)
N (el 3 2 3 23
= “—p1gg (53N +17NT+18N+8) . (3.22a)

Using a similar f&pproach,
N

k>aipo1l TI1 1 I-K | I-L[ [R-L]
— T _ _ _ _
KZJZLZIII Jl|1-x||J-L] |K-L]|
2 2 2
- I - _ _ _
phg T 20K+ IR T @0 Y
4 : /)/
* gk (3°9)
] ]r = gizliﬂili(33N5+160N4+131N3-232N2—212N+48)
) 20160 .
el 5
- XN +1) 4 3 a2
Mol 2 (20n" +a2n7 298 63N+46) -
f} - aon? + 84n® - 58N% - 126N + 12}
2, 2
: + H—(—lg'@_ﬂi(zNz-—'B) -
< ) ,
- Eijliﬁill(33N4+5N2742N~8) (3.22b)
20160 A - .
and -
* L>K§I>JII—J1|I-K[IF'L‘IK‘Ll
= L 51 T=31 | 1-K] {g-L| [R-L]
. ) i . _
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_ ') e

£730 (N +5N +6N) (3.22c)

Adding the results of (3.22a) through (3.22b), we get

Cs)1-) 11-K| |o-L| k5] |

(4)
- §01§0tN+1)(41N2+37N—6)
4
L D(22) = Eé%%%L(4lN2+37N—6). - (3.22)

I ;
D(23) :N(q) £A12A13Q23A14

_ L
Ly

taj1-3||1-x] |3k| |T-L|
™ )

)

—%?T[ﬁTI—JllI-KIII-Ll - 283 p16)
N : ’

We can write
L!

z|143]|i-K|JJ-K1|I-Ll

= z(Ize(N+1)I+§iﬂill)|I J|1I—K|1J-K|

The right side above is evaluated considering every
possible inequality in I, J, K. Using the results, we

get




L

(3) 2
. _ 1 N(N+1) (N+2) (15N ~23)
(3)
- (N+1) (N+2)}(5N —3)
2N 315 ]
_ (N+1) (N+2)
= 1360 (15N +5N 8). {3.23)
1 2 - .
D(24) & —==— LA A, 0
( N (O) # 12734735 L
' 1 2 (3) - (3)

= (5)[EA 258y 5874 —'ZN D(13) - 4N D{(14)
’ -
‘ (3) (3) (4)

- 4N D(15) - 2N D{(l6) - N D(18)
\’-‘- - ‘. +

-

(4) (4 ’
- 2N D(19) - 4N D(21)] .{(using (2.10))-

But,

2
_ 5 Tedl 1o
I8y, D8yp8y3 = pig (- 7 r,5,xlT {|1I.$|

_Pnwen P e on®os)
g 50

;"uﬁr : ' o

o~

R

Using the above result and the results-of D(13) through

D(19) and D(21}, upon simplification we get

g . _ o
D(24) = g?gg(49n +41N2-42N-24) . (3.24)
1 2

D(25)

m

»

78 .
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" (2)

(5)[2(1 J) |1—K|z[1 -J| - 2N D(13)

(3) (4)
“ 2N {3D(14) + D(15) + D(1l6)}- N {D(17)

+ 2D{(19) + 2D(20) + 2D(21)}] (from (2.9)).

On simplification, we get

p(25) = ML) (154x34 1268%-1728%120) . (3.25)//////

7560

@

D{26) L(57 £°12°13%14%15

= & gl1-9) {1-x]| l3-1] | -]

M)
1 s @ 3
= N(S)[%(gll-J|) -N DY - N {4D(14)

(4) .
+ 3D(15)} - 6N D(19)] {from (2.14)).
LV —
) N
- The first term in the bracket is - .

_ 2 (N+1) , 4

= B(I%- (941 THnR=) .

_ 8 v, . 6 . 2

= 201° —anT 4 2(WL NI T - 2 (N+1) (5N°+7N

L]

2
215 + WD riene2) 1 - N (N+1) 3 (5N+2) T
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4+ d

N2(N+l)3 ]
16

+ X (4N+3) T2 + N

3 v+ ?
5

(2) -
- ——§é§§%l(83u ~343n%+560N%-384)

<

Using the above and earlier results, we get

.
D(26), = (§3i5(83N3+39N -110N- 8) . (3.26)
¥ .
. .
D(27) = —= L&

(5) F212%13%24%35

n

5 ;II-JII;—KIIJ-LIIK-MI

il

E%%T £|I—J||I-KILK—L||L—M|

(2}

1 [z|1-3}|1-K]| |K-L||L-M|- N D(13)

‘ Y

(3) :
- N {D(14) + 2D(15) + 3D(16)}

(4) .
- N {D(19) + 2D(21) + D(22) + 2D(23)}]

(from (2.18))

" 7o evaluate the first term in the bracket, we first find

-

glI-KllK~Ll(12-(ﬁ+1)1+§l§ill)(Lz—(n+1)L+§LEiLL)

= 2 1 {(K-L) (K-T) (T2~ (N+1) I+

N(N+l))
"K>L>I 2
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e L o) (k-n) (2f- (L T

+

N(N+l))(K2_(N+l)K+N(N+l)

N (N+1)

(L2 (N+1) L+

Eiggll)(Kz—(N+l)K+

“ * x
2 (K24+N(N+1) ) L-K>

3
2ofpg LIZ7 - (6H (1)L

+ (K2 - NOHLIKID - {(R+N+1) L7

-

- (K2+_2(N+1)K + (N+1)2)i.2—(K3—4(N+1)K2

2
+ (N+1)2K - EE—(gill—)r, - (N+1)K- + (N+1)K?

_ N(N+l)zv _ NZ(N+1)2
2 o 4

3

1T2 - {(K-2N-2)KL

- 2
+ (K3-2 (N+1)K2 + (N+1) (4N+3)K - I—q-i-"\%?‘-—’-—)Lz

2 | :
- (N+112(K2+NK+§—)L + N(N+1)K(K2—£%§})K

-

3

+ %N(N+1)}}I,+ (K—N-L)KzL - (N+1)(K3—(N+1)K2

2 ’
CON(N#1), , NO(N+1) ;2 33 2
Pl o B UPL 12+ wowl) (k7-3 (941

2, 2
N (N+lx K2

N .
+ Z(N+L)K)L + — ]



= % kL [3L7-(7%+7N+13iL6 + (K2+(20N+32)K
>L

b (78%423N+19)) L0 + {7K3-(13N+19)K2

- (23N%461N+43)K - (N+1) (3N2+158411) )1°

2

- [2(4N+7)K> - (L8N2+50N+37)K> - 2 (N+1)

(7N2+19N+8)K + (ﬁél)(N3-llN2-22N—4)}L3'
2 3 ‘ 2 2
+ [ (6N2+12N+5)K> — (N+1) (15N%+33N+17)K"

- ) (33433ne32n-4)K = 3N (we1) 2112

- D) g an-1)k3 - 20387 + 188%415N-2) K

_ N(N+1) (3N+2)K - N2 (N+1)IL - 3N% (N+1) 2K?)

1 5

=07G K[791K8-4(476N+1223)K7 + 2(1288N%+5096N+5663)K°

— 4(441N3+2856N2+5012N+3122)K> + (735N%+65108°

+ 1725582+18340N+7399)k? - 2(1155n8%+3780N°

+ 5355N2+4228N+1414)K> + (178581+3570N°

5

4 .
o mae w6 D m s s s B e Cmm e e b e, f




“

@ -’
83
+ 2849N2+1708N+644)K> - 6 (35N +126N°
J
% 12
91N2-28N-8)K] .
(2} |
= N (N+l) (N- 2’(3191\15-»10751 —883N —281N%4756N8+288)
37680 8 .
©(3.274).
Now,
-l o
e Ao e ¢ ML, 2 o
'_ ‘_ I,K 4 ) b r
L= Np(rf- LT+ §i§§ll)2(1£=(u+1)1 v ANHL) (2NF1))
: - L2
= u§[16-3(u+1)x5 + é§§LL(26N+19)14_~ iﬁgll—
- 3 (N+1)2 2 2 N(N;1)3 .
(11n+4) 13 + WNED 53n2400n42) 12 - ML)
12 12
NZ(N¥1f3(2N+1)
(7N+2) I + ] -
77
= §3—§——Ll(59N -165N2+136) - (3.27b)
2520 : . ‘

Addlng (3.27a) and (3.27b), we get 2|I-J|lI-K|lK-Ll[L-M|

Using this and earller results, we obtain



“f‘;: \
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p(27) = {EtL (3198 +a770°-22N- -156) (3.27)

D(28)

il

1
—_— LA A A A
) 2%12%13%14%25 : _ \

- (5}I|I JIII-KIII-LllJfMl.

- (2)
= (5)IE|I J||T-K||1-L| |3-M| -~ N D(13)

(3) ; (4)
- N {3D(14) + D(15) + 3D(16)}—N {D(19)

+ 2D(20) + D(21) +°2D(23)}] (using (2.17))

The first term in the bracket [|I-J||I-K||I-L]|J-M| is

N(N+1),2
2

_ A 2_ N(N+L), o2 N
= L I-DIT-(N+D T+ ———) (J (N+1)J*’_j‘ﬁ\\\\

~
A

-z|I—J|(J2—(N+1)J +

NLY) (2o (n41)1 +

(N+1) (I+J) + N(N+1)}

+ g(N_;l_)_{ 12+J2 -

,
' N(N°-1) 6 4 2
- = 223N°-815N"+1096N°~576)
' _ 15120 )

i {
. Using this and earlier .results, we obtain . -

3

D(28) = %%%%%(ZZBN +303N%-118N-168) (3.28)
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The remaining symmetric functions D(29) through (D35)
are obtained easily using relationships given in section
(2.4.2). Since calculations are straightforward, we give

below the simplified results.

|

1
D(29) = tl1-3| | -8l | 3-x| | 2-M|
| LT
_ (NH1) (N42) 002, 4
= =15 (7N“+4N-3) | (3.29) .
: ) .
D(30) =. L(I- K-L| |M~
(30) = —fgy L(I-9) |x-1] [n-p]
_ (N+1) _
= 1890(35N +35N 28N-24) (3.30)
- l N [
D(31) = tlr-gl{z-kllz2L] | M-P]
ople) # ,
- (N+1) —_En
= a5t (9N3+11N2-5N-6) | (3.31)
1,2 ‘ /
D(32) = Ll1-31 |-kl tn-M| |L-P]
n'6) # .
]
2 (N+1) 3 _ _ .
= 553566(3087N +4523N%-218N 1392) (3.32)
.1
D g - - - -
(33) {6 $|I J||1-K| |g-L| [M-P|
. (N+1) 3 2, o
= 11340(153N +247N°+2N-84)) . (3.33)

-

'&‘i



1
L
N7 ¢

D(34) =

(N+1) 3
18900

D(35)

H1

(8)

{N-+1) 3
14175

{(L75N"+315N

= =) (245N +401N2+40N—104)

2

]I—J]]I-KllﬁfmllP—Ql

glI-JllK-LIIM-P|lQ-Rl

+86N-48)

86

(3.33)

(3.359%

The values of the above symmetric functions are

required in obtaining an expression of the fourth moment

of § when the distancé function is the Euclidean distance

between -the ranks of observations.

3.3 Fourth Moment of 5]

"~ In the general expression of the fourth moment of

the -MRPP statistic, given by (2.30), if we put g=2,

c,= %, i=1, 2, with N=2n,

(2)

we get

-,

(2n )3E(5i) = 8D(13) + 16(n-2) { 4D(14) + 3D(15)

"+ 6D{16)} + 4 {(n-é(n—3) + n{n-1)}.{4D(17)

§

n

+ 3D(18)} + 48 (n-2) (n-3) {2D(1l9) + 2D (20)

+ 4Df21) + D{22) + 4D(23)} +°48 (n-2}

+ {(n-3) (n-4) + n(n-1)}{D(24) + 2D(25)}



~"

n~

B

= z - - -M P- .
D(34) = 7 #|I J| | ®-k| |L-M{| QI.
_ L) s roin?e40n- 3.30)%
= 18900(245N +401N +40N-104) ( }=
) 1 ]
E - - M-P -
D13%) = T plr-glIx-r||n-pllQR]
(N+1) 3 2

+86N-48) (3.35)

3

The values of the above symmetric functions are’

=7 175(175N +315N

required in obtaining an expression of the fourth moment
of 6vwhen the distance function is the Euclidean distance

between the ranks of observations.

3.3 Fourth Moment of 5]

<

I the general expression of the fourth moment of’
4 .

the MRPP statistic, given by (2.30)/ if we put g=2,

i=l, 2, with N=2n, we get'

+ 3D(18)} +48(n-2){n-3) {2D(19) +-2D(20)
+ 4D(21) + D{22) + 4D(23)1} + 48 (n-2)

B

+ {(n-3Y(n-4) + n(n-1)}{D(24) + 2D(25)}



( o

4 16(n-2) (n-3) (n-4) {D{26) + 12D(27} + 12D(28))
+ 32(n=2){ (n-3) (n=4) + n(n-1)1}D{(29) + 12(n-2)
(n-3){ (n-4) (n=-5) + 3n({n-1)}D(30) + 32(n-2)

(n—3){(h—4)(n-5) + n(n-l)}{D(jl) + 3D(33)}

T

+ 48 (n-2){ (n-3}) (n-4) (n-5) + n(n-1}) (n-2)3}D(32)

‘+ 24(n—2}£n—3){(p—4)(n;S)(n—G)'+ n{n-1) (n-2)
+ 2n(n-1{n-4)}1D(34) + (n-2) (n-3){(n-4) (n-5)
(n-6) (n-7) + 4n{(n-1) (n-4) (n-5) + 3n(n-1)

(n-2) (n-3) }D(35).

k]

Using the results of last section for D(13)-D(35), upon

simplification we get

4, (N+1) 8 coev?

14175N° (N-2)

6 5

+315N

-1035N

4 3 2

+4818N —-6180N"+1640N"+8640N-4608) (3.36)
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We note the following from Mielke et al. (1981lb,

p. 722). )
5oy = NEL 2 | 4(N+1)
HiC1 3 %4 I5(N-2)
e ) -
and vy = - _1—6N_2
%1 7(1-N"¥-2n"2) 03

#
* Using these, with the result (3.36), we obtain
\ .

»

16 (N+1}) 3(31N4-175N3+180N2+260N—96)

u,{(8y) =
4771 4725N% (N-2)

(3.37)

. 2_ 02 .
81(51) _ %% (;u 11N-6) (3.38)
N (N-2) (N+1)

_ 3 (31n%-17583+180N%+260N-96)
8, (61)=3 > _ (3.39)
(/// N° (N-2) (N+1)
. . w
24 (2045 74N3+157N%+125N-258) S
28,-38,-6 = =% 2 (3.40)
_ N2 (N-2) (N+1)
In the following we present a table of Bys By

282-381~6 and the "Pearson criterion «, given by (1.6),

for the test statistic Gl;for'vafﬁais valuesd of N.

. - (‘“

™



Table 3.1
Values of 81, 82, 282-381-6 and
v for Selected N
N By B, 28,-38,-6 K
4 0.5000 1.5000 -4, 5000 -0.1250
6 . 2.0991 4.3878 -3.5218 -0.7227
8 3.0995 6.3095 -2.6794 -1.5724
10 3.7418 7.5732 -2.0765 -2.6403
20 5.0963 . 10.3093 -0.6704 -12.9733
30 5.5664 11.2764 -0.1462 © -68.2866
32 5.6257 11.3991 -0.0788 -128.7936
34 5.6782 11,5077 -0.0190 -541.0672
36 5.7249 11.6045 0.0344 ° 303.7323
38 5.7668. - 11.6913 0.0824 128.2103
40 5.8045 . 11.7696 .. 0.1257 84.8653
50 5.9483 12.0685 0.2920 © 38.0022
60 6.0446 12.2690 0.4041 28,1763
70 6.1136 12.4127 0.4848 23.9192 :
" 80 6.1654 ©12.5209 0.5457 21.5428
90 6.2058 12.6052 . +0.5932 °  20.0267
100 6.2381 12.6728 0.6313 - 18.9754
1000 6.5012 13.2240 0.9443 13.5664
w 6.5306 13.2857 . 0.9796 13.1750

The. above table indicates that for NsZO and Nz80,
the value of|232—331-6|is more than 0.5 while the condi-
tion for Pearson ?ypg ITI distripution is "282-381-6 = 0",
On the basis of the values of Pearsoh criterion Qnguré-
ferring to (sl,ez) plot, we note that Pearson Type VI is
recommended for N>34 and Pears&n Type I for 'Ng34. -

L]

We obtﬁin‘empirical powers of 61 using above approxi-=

L

mations as well as Pearscn Type III approximation and

compare these with tjre power of 62, in the following

chapter.



_

- CHAPTER IV
POWER OF SOME MRPP TESTS

4.1 Test Statistics

- For the MRPP test statistic 6, defined by (1.3), we
consider the univariate casg with g=2, nl=n2=N/2,and the

distance function given by the following:

. (i) &

IR(x) - R{y)]|

(R(x) - R(Y¥)}Z,

[}

(ii) Axy

where R{x) is the rank of X in the combined sample. The

above cases of distance functions give 61 and 62 respec-—

tively. As mentioned in section 1.5, 65 is an equivalent

to the Wilcoxon test with which 61 competes.

The asymptotic. distribution of-Gl is not known.

Therefore, we obtain‘poweré of 61 using the Pearson Type
IIT approximation as well as the approximation suggested
. *by Table 3.1, that is, the Pearson Type V? for N>34 and

Type I for Ns34. We Eompafé these poweré with the power.

of 62'— the Wilcoxon test, using the Pearson Type III

L]

di3tribution.

For the case of large samples, we consider ‘two samples

.

-
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of size 40 each, while for fhe smaller sample case, we

take samples of size 10 each. We conduct a simulation
study on the basis of 10,000 inéepéndent samples. We
describe the details in section 4.3. 1In the following
section, we indicate trans&o;mations that enable us to
use'IMSL‘routings in order t6 obtain p values under

different Pearson type approximations.

4.2 Transformations

This section is divided into three subsections
according to the Pearson Type approximation used in cal-

culating empiiical powers'of the test.

4.2.1 Pearscn Type I Approximation

The Pearson Type I distribution with origin at the mean

is given by S '

x .M )
f(x) = K(1+=) (1-=) =, <A, <X<A,,
A -\ 1 2
1 2
where
ml+1 _ m2+l !
Al A2
and .
™ my
K < 1 (gl+l) (m2+1) P(m1+m2+2)
S A1+A2 | ml+m2 - *
(m; +m,+2) - .Q(mlfly I'{m,+1)
=1
. _ X
The transformation u = KI;X;(1+Kin give; .

~



1 .M My
f = 1- s O<u<l.
W = s, mr0) ( (1-u) "

Therefore, under Type I approximatioﬁ,

Prob‘fdl<§l} = Prob {u<ﬁoI-

where
Al xo
u, = (1+=—) and = &7 —u, -
0 T Aj¥R, TA] %= "1 Ty
u0 m . m
Prob f{u<u,} = J- {1-u) 2du 0su.s1 *
5 B(m +l m, +1) 4 0

The above probability is calculated using IMSL
routine MDBETA. The constants, Al,Az,ml,m2 are obtainea
in a manner described in Elderton and Johnson {1969,

|
" pp. 51-52).

4.2.2 Pearson Type VI Approximation

The Pearson Type VI distribution, with origiﬂ/gt the mean N
and for u;<o, is -

| -q; oy @
E(x) = K(L+E) (LD ilkd,ﬁ///\ x<=Ry
1. . 2

where ( +l)q2( a z)ql_qz f @)
; q q,-495~ d
K = 1 2 1 "2 1 , A>A

q .
(@;=1) T Tlay-ay-1) Tlay+l)

ql-l q2+l

Ay Ay

and
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. 93
.. A2+x v

In this caée, if we let u = Al+x' Ee get
¥ -
_ Tay) 95 9)~9,"2
f(u) = u “{l1=-u) , O<u<l

I {q,+1) T(ql-qz-l)

Ll

N

The probability Prob-{61<5i}under this approxima-

tion is Prob {us>u,.}, where u, = and x\K= §i= u, -
V] 0 1 0 1 61

Thus evaluating the constantsq'ﬁggz;n calculate the above

probahility, again using IMSL routine MDBETA.

4.2.3 Pearson Type III Approximation

The Pearson Type III distribution with origin at the mean

and for ug<0, is ' - .

d
- . p - °
£(x) = y— B ()P VX, L e,
: Pt T (p+1) .« -
2y
where y = ——£<0, P = yad= A =1, A = pt+l and ‘*P
W3 Bl Y .
2
2u2 Mg
a=—-+—.
vy 2up

The transformation u = (p¥l)+ yx gives

£(u) —FT§:IT uw e . u>0.

%

. e 4 ) e
. . Prob {5l<51} = Prob {u>:§ + Yxo}, where Xg = 61 psl.
1

-~

The RHS above is calculated using IMSL routing MDGAM,

a
—ndy



after calculation-of constants. ¢y

4.3 Metheodology

We consider the following symmetric underlying distri-
r . .

butions for our simulation.study:

_l. Uniform N 2. "Normal .
3. Logistic \\\ 4. 0.1N{0,9) + 0.9N(0,1)
5.. D.1N(0,100) + 0.9N(0,1) 6. Laplace (Double
/ Exponential)
7. U-Shaped 8. Cauchy

In addition to the above, in order to observe the power
4 .

performance of the tests in the case of asymmetric situa-

tions, Q; consider an exponential distribution as . f

’ theunderly;ng distribution. The U-shaped, distribution ﬂ.
that we consider is f(x) = 9\j~3 2 j-<x<j- The oth;r
distributions are standard &istrlbutlons.

We generate 10 sets of 1000 independent pairs of
- samplesafrom each of the above populations. Samples fromthe
' uniform, normal, Cauchy and exponentiél distributions are
obtained by invoking IMSL routines GGUﬁS, GGNML, GGCAY and
GGEXN, respectively. Samples from logistic,‘Laélace and
U-shaped distributions are obtalned by ;ransforming the
unlform random nu@bers. For a mlxture of normal dlStrl—
butlons, we obtain a. random number U from uniform (0,1)
\}?r every random number drawn from N(O, l) When U is

less than 0. 1 we multlply the correspondlng random -
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-~

number drawn from a normal population by.cg otherwise, we
do not mﬁltiply. This gives a random obsérvation from
0.1N{0,0?) + 0.9N(0,1). te
To calculate the power of the tests agaiﬁstfa shift
of Kg, we shift first N1 ‘observations by Ko and count thg
number of rejections. For Cauchy as underlying distri- °
bution, ‘we take ¢ to be the solution of F(o) = 0.8413;
i.e., 1.83672. This.apprqach is adoptéd by Randles and .
Hogg (1973}. -~
We calculate étandard deviations of the estimates.of
powersrpased.on'looo samples and obtain estimatgs of
powers based on 10,000 samples. Results are indicated
in Tables 4.1 to 4.9 for the large'samples (N1=N2=40)
and in Tables-4.10 to 4.18 for small samples (N1=N2=10).?
Folloﬁing each table we provide a power plot which 'is obj
tained using the spline meéhod of interpolation. The plot
gives an overall view of the infor@ﬁtion contained in‘the;
table. .
.In the following section, we present our results

and draw conclusions.

LI

-~

4.4 Results for Large Samples - S

We first present empirical powers of tﬂé tests) for -

.

‘ ]
large samples.

et
In the case of large samples, powers of 61 are computed

-

using the Pearson Type VI, as well ag‘thg_Pearson.Type III

g

iy



.Table 4,1

Empirical Powers, When Underlying Distribution

96

h? is Uniform, N1=N2=40
Shift: Ko = 0.0 K=0.1
Statistic 616 613 623 - ?lﬁz/’—"“?ﬁzh 623 .
o
0.001 .0011 .0012 .0012 .0015 .0017 .0020
(.0010) (.0010) (.0010) (.0018) (.0017)  (.0016)
0.01 L0117 Jo115 .0116 .0154 ',0150 L0172
(.0036)  (.0036)  (.0032) (.0041)  (.0042) (.0037)
0.05 .0512 .0505 .0515 .0663 ,0651 .0722
(.0076)  (.0078)  (.0072) (.0075) (.0075)  (.0062)
0.10 .100D .0998 .0998 .1198 L1194 .1325
Co (.0041)  (.0041)  (.0066) (.0082)  (.0080)  (.0074)
-~
Shift: - Ko = 0,2 K=20.3
Statistic 616 513 623 616 613 623
a
0.001 .0053 .0053 0071 .0133 L0142 .0191
(.0022)  (.0022) (.0030) - (.0041)  (.0044) .(.0039)
0.01 .0342 .Q336 .0435 .0689 ,0682 .0898
‘ (.0039) (.0041)  (.0056) (.0065)  (.0060)  (.0104).
0.05 .1103 .1089 1377 .2014 .1986 :2500
(.0112) (.0112) (.0082) (.0100)  (.0098)  (.0134)
0.10 .1908 .1902 L2244 .3040 .3033 .3621
(.o113)  (.0112)  (.0128) (.0194)  (.0190)  (.0164)
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Table 4.1 {(cont'd.)
Shift: Ko K= 0.4 = 0.5
Statistic 616 13 623 ) 616 613 623
o
0.001 .0331 .0345 L0471 .0714 .0729 .0976
(.0027) (.0030)  (.0045) (.0071) (.0075)  (.0090Q)
'0.01 .1365 .1348 L1791 L2442 L2418 .3064
(.0097)  (.0097)  (.0082) (-0118)  (.0116)  (.0179)
0:05 .3260 .3232 .3957 L4816 L4784 .5557
(.0171) (.0162)  (.0201) (.0194) (.0202) (.0233)
0.10 .4536 4526 .5179 .6129 L6121 .6802
(.0215) (.0212) (.0248) (.0198) (.0198) (.0166)
i =
Shift: Ko K = 0.6 = 0.7
Statistic 616 13 623 616 613 623
a -
0.001 .1410 L1450 - 1914 .2469 .2534 L3177
: (.0087) (.0090) (.0100) (.0142)  (.0l41) (.0170)
0.01 - .3848 , .3824 L4578 .5367 .5326 .6170
(.0187) (.0178)  (.0197) (.0182) (.0186) (.0210)
0.05 .6373 L6341 .7082 L7767 L7742 .8238 |
(.0176)  (.0185)  (.0167) (.0148)  (.0142)  (.0141)
. 0.10 .7557 .7551 .8028 L8644 . .8630 .8957
(.0172) (.0171)  (.0124) (.0102) \.(.0105) (.0099)




o
o
| v
F1y ~
+

Vr"'xr‘w o,

S
A

D

s

Voo _Jl

e

F BN

f

s

Y

"

PR
AN

TR I SRR I Tl
! : fy

——e 813

v o - - -
T '1 + L] " r ] . r '1 r *1 :
s " K .
! X - ~ N
. ,
“ FIe -~ FISRNTR S FIe de au o ,

. ' o L :
e FISLERA TV I LI s IR EFT VN

623, —m

FAGURE: 4.;1

P T L A TR T




~—

AN
99
AT
h ) Table 4.2
Empirical Powers, When Underlying Distribution
is Normal, N_=N,=40"
1 2
Shift: Ko K = 0.0 K =10.1
Statistic 616 .613 523 .616 '613 623
a
0.001 .0012 .0013 .0012 L0024 .0026 -.0027
(.0011)  (.0011) .0010) (.0013)  (.0013) (.0013)
0.01 .0119 .0118 .0120 0181 .0176 .0180
(,0028)  (.0030) .0025) (.0041)  (.0038)  (.0054)
0.05 .0488 .0482 .0515 .0686 .0682 .0719
(.0065)  (.0063) .0089) (.0061)  (.0061)  (.0066)
0.10 .0963 .0960 .1008 .1213 .1211 .1265
(.0101)  (.0101) .0103) (.0096)  (.0096) ., (.0089)
Shift: Ko K=0.2 y K= 0.3 -
Statistic 616 613 623 616 613 623
x
0.001 -0069 .0075 .0077 .0209 .0219 L0212
(.0026) (.0027) .0024) (.0053)  (.0057)  (.0047)
0.01 L0417 L0414 .0437 .0887 .0876 .0936
' (.0060) (.0058) .0051) (.0071)  (.0068)  (.0066)
0.05 .1265 .1248 1347 .2329 .2307 *. 2506
: (.0092)  (.0086) .0094) (.0128)  (.0126) (.0107)
0.10 .2049 .2040 .2220 .3428 - .3416 .3639
(.0128) (.0128) .0131) (.0177)  (.0169) (.,0162)
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Table 4.2 (cont'd).

, S
. /
Shift: Ko K = 0.4 /r K = 0.5
Statistic 616 613 623 616 613 623
a .
0.001 .0489 .0511 .0523 .1050 .1078 L1126

(.0052) (.0047) (.0043) (.0091) (.0086) (.0069)

0.01 .1778 .1753 .1895 .3094  .3072  .3302
(.0108) (.0110) (.0101) (.0111) (.0110) (.0115)

0.05 " .3826 .3800 L4044 .5448 .5415 5747
(.0177)  (.0172)  (.0148) (.0166)  (.0171) (.0195)

C.10 .5003 .4999 .5268 ~.6666 .6660 .6948
' (.0163) (.0162) (.0150) (.0192) (.0192) (.0181)

Shift: Ko K=20.6 K= 0.7
Statistic 516 613 623 §16 .i;3 623
a _ . , l
0.001 .2053 .2102 .2190 3432 .3500 .3646 .
*(,0103) (.0101) (.0086) (.0112) (.0160) (.0081)
0.01 4701 L4676 L4919 .6324 .6294 .6579
(.0173) (.0177) (.0146). (.0201) (.0203) (.0158)\L
© 0.05 .7035 .7010 L7345 - ,8318 ° .8305 .8551
. (.0181) (.0177) (.0174) (.0169) (.0171) (.0160)
0.10 . .8037 L8034 .8291 .8981 .8977 9148

(.0176) (.0176) (.0177) (.0086) (.0088) (.0085)
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Empirical Powers, When Underlying Distribution

is Logistic, th N2= 40

Table 4.3

102

Shift: Ko

K = 0.0 K = 0.1
Statistic 816 \\\_,613 894 816- 815 P
o4 .

0.001 .0009 .0009 .0010 .0027 .0029 .0029 -
(.0011)  (.0011) .0011) .0016) (.0017)  (.0015)

0.01 .0106 .0106 .0118 .0192 .0190 .0196
(.0037)  (.0037) .0041) .0036)  (.0037)  (.0051)

0.05 .0527 L0517 .0552 .0781 .0772 .0790
(.0079)  (.0077) .0095) .0059)  (.0057) -(.0075)
. . ' '

0.10 L1067 .1064 .1106 .1370 .1368 L1417
(.0115)  (.0115) .0121) .0120)  (.0125)  (.0095)

Shift: Ko’ = 0.2 = 0.3

Statistic 516 613 523 516 613 523

[s ]
L 4
0.001 .0101 .0107 .0095 .0299 L0306 L0274
' (.0032)  (.0034) .0031) .0047) (.0046) (.0046)

0.01 .0523 .0521 .0525 .1201 . .1184 .1188
(.0064)  {.0064) .0067) .0077) . (.0075)  (.0063)

0.05 .1531 L1514 .1587 .2783 .2759 .2888
-(,0106)  (.0103) .0115) .0161) (.0153) (.0132)

0.10 .2384 .2376 L2470 .3909 .3901 .4051
(.0112)  (.0108) .0117) .0123)  (.0120) (.0150)




Table 4.3 (cont'a.)

103

Shift: Ko 0.4 - K = 0.5,
Statis;ic 61§ 13 623 616 13 ‘623
a "

0.001 .0722 .0743 .0714 .1536 1568 .1532
(.0045) .0045)  (.0054) (.0077)~ (.0079)  (.0086),

0.01 .2286 .2268 2325 Tl .3792 .3885
(.0130) .0126)  (.0153) (.0115)  (.01l4)  (.o151)

0.05 L4479 L4445 L4641 .6263 .6237 .6389
(.0166) .0166)  (.0142) (.0172)  (.0167)  (.0153)

0.10 .5689 5684 .5840 .7336 .7329 .7501
(.0179) .0177)  (.0205) (.0119)  (.0119)  (.0084)

Shift: Ko ' 0.6 K = 0.7

Statistic 616 13 .621 616. 13 T 623

Q

0.001. .2811 .2868 .2808 L4398 L4472 L4423
(.0134) .0130).  (.0125) (.0172)  (.0125)  (.0140)

0.01 .5641 .5608 .5687 L7241 7220 .7328
(.0184) .0177)  (.0202) (.0120)  (.0125)  (.0140)

0.05 .7759 .7739. .7894 .8795 8783 .8874
(.0089) .0094)  (.0088) (.0081)  (.0076)  (.0083)

0.10 .8554 .8551 .8651 .9287 9285 £ .9369
(.0074) .0076)  (.0080) (.0089)  (.0089)  (.0073)
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Table 4.4

Empirical Powers, When Underlying Distribution

105

is .1N(0,9) + .9N(0,1),N1=N2=40
Shift: Ko 0.0 = 0.1
Statistic $16 13 $23 $16 813 623
a

0.001 .0009 .0010 .0009 .0038 .0039 .0032
(.0011) .0012)  (.0009) (.0018)  (.0019)  (.0014)

0.01 L0106 .0104 .0105 L0226 - .0224 .0213 ..

\ (.0045) .0043)  (.0041) (.0060)  (.0059)  (.0057)

0.05 .0515 .0507 .0521 .0838 .0827 0861
(.0075) .0076)  (.0077) . (.0081)  (.0080)  (.0098)

0.10 .0998 .0993 .1009 L1466 . .1459 .1518
(.0079) .0081)  (.0111) (.0107)  (.0102)  (.0131)

Shift: Ko 0.2 = 0.3

Statistic 616 13- 623 61@\ 613 623

4 4

0.001 ~.0126 .0128 .0129 .0394 L0414 .0396
(.0030) .0029)  .(.0034) (.0074)  (.0064)  (.0054)

0.01 L0641 ",0631 L0641 L1527 .1518 .1527
(.0072) .0073)  (.0074) (.0099) (.0102) (.0131)

0.05 1772 .1759 1840 .3423 .3403 .3512
(.0106) .0104) (.0099) (.0116) (.0112) . °(.0130)

0.10 L2745 .2737 . 2819 4575 L4564 4717
(.0120) .0116) (,0134) (.0124)  (.0128) . (.0119)
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- Table 4.4 (cont'd.)
\
Shift: Ko = 0.4 1§.§0.5
Statistic 616 613. 623 616 6}3\ 623
—7
a .
0.001 .1067 .1086 .1051 .2255 .2318 . .2256
(.0087)  (.0085)  (.0103) (.0120)  (.0106)  (.0128)
0.01 L3042 .3016 .3072 " .4928 L4898  .4995) ,
(.0095)  (.0099)  (.0132) (.0159)  (.0154 ) (.0139)
0.05 .5334 .5314 .S5474 .7255 .7235 7354
(.0130)  (.0132)  (.0147) (.0112)  (.0112)  (.0126)
0.10 .6543 .6538 .6721 .8192 .8187 .8345
(.0127)  (.Q128) = (.0138) (.0150)  (.0149)  (.0141)
»
Shift: Kg = 0.6 K =0.7
Statistic 616 613 '523 616 613 623 :
o “‘\
. ) ]
0.001 .3951 .4019 .3972 .5961 .6022 .5916
(.0119)  (.0130)  (.0112) (.0140) © (.0121)  (.0119)
0.01 .6864 .6843 .6916 .8364 .8349 .8398
(.0121)  (.0124)  (.0130) (.0148)  (.0148)  (.0133)
0.05 .8675 .8672 .8746 .9461 .9458 . .9483
(.0138)  (.0135)  (.0123) (.0099)  (.0101)  (.0082) /
0.10 .9223 L9221 .9298 .9711 L9711 . .97§£ .
(.0104)  (.0102)  (.0099) (.0046)  (.0046)  (.0055)
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* Table 4.5
. Empifical Powers, When Underlying Distribution
is .1N(0,100) + .9N(0,1), N1=N2=40
Shift: Ko K = 0.0 ' K = 0.1
Statistic 616 ‘ 613 623 616 513 ‘ 523
a -
0.001 L0014 1.0016 .0014 .0170’ L0174 .0158 -
(.0014) (.0016) (.0012) (.0042) (.0041) (.0037)
0.01 .01Q3_.. .0103 .0104 .0819 .0809  .0798
(.0034) (.0034) (.0029) (.0075) (.0074) (.0100)
0.05 L0461 L0455 L0477 .2210 2184 .2216
(.0068) {.0067) (.0070) (.0140) (.0147) (.0177)
0.10 .0957 .0954 .0969 .3257 .3248 .3312
(.0096) (.0096) (.0081) (.0161) (.0158) (.0177)
b'
&
Shift: Ko K=0.2 K =10.3
; Statistic &6 <843 o3 " 816 513_ . $23
o 4
0.001 .1739 L1792 .1608‘ .5861 - .5935 .5485
(.0126) (.0144) (.0093) (.0200) (.0194) (.0197)
,0-01 o WJA4272 _ L4243 .4087 .8359 .8339 .8125
\ (.0169) {.0176) (.0198) (.0115) (.0122) (.0135)
I'g
0.05 .6652 L6621 .6558 Y L9451 9447 .9359
(.017q3 {.0178) (.0164) (.0059) (.0057) (.90471
0.10 7701 L7692 . (7694 9711 L9711 .9682
(.0160) (.0158) (.0142) {.0056) (.0056)

(.0049)
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Table 4.5 (co;f'd.)
Shift: Ko K=20.4 K= 0.5
Statistic 616 613‘ 623 616 613 623
& -
0.001 .9098 .9124 .8752 ..9907 .9911 .9807
. (.0074)  (.0067) (.0104)  (.0033) (.0035) (.0053)
0.01 .9818 .9814 .9736 .9992 .9992 .9978
(.0049)  (.0047) (.0055)  (.0013)  (.0013)  (.0016)
0.05 .9964 .9963 .9948 ,9998 .9998 .9997
(.0025)  (.0025) (.0031)  (.0010) (.0010)  (.001ll)
0.10 .9990 .9989 9977 1.000 1.000 1.000
& . (.0015)  (.0014) .(.0017) (0) (0) (0)
- <
Shift: Ko K=0.6 K= 0.7
Statistic : 616 . 613 623 616 _513 623
a - -
0.001 .9995 9995 * .9977 1.000 1.000 0,999
(.0011)  (.0011) . (.0016) (0) (0) (.0003) ~
0.01 1.000  1.000  .9999 1.000  1.000 1,000
(0) (0) (.0003) (0) 0y . (0)
0.05 1.000 1.000 1.000 1.000 1.000 1.000
) (1)) (0) (0) (0) 0
0.10 1.000 1.000 1.000 1.000 1.000 1.000
. (0) (0) (0) (0) (o). (0)
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Table 4.6
Empirical Powers, When Underlying Distribution
4 is Laplace (Double Exponential), N1=N2=40
Shift: Ko K= 0.0 . K= 0.1
Statistic 616 613 623 616 613 623
a
0.001 .0009 .0010 .00d7 .0024 .0027 .0019
: (.0009)  (.0011)  (.0008) (.0011)  (.0013)  (.0010)
0.01 .0108 .0106 0112 .0216 .0209 .0205
- (.0030)  (.0030) (.0042) (.0056)  (.0050)  (.0041)
0.05 .0477 0471 .0502 .0856 .0851 L0871
(.0055) (.0992) * (.0047) (.008% (.0090)  (.0094)
"0.10 .0967 .0960 .0986 .1480 .1477 .1508
(.0098)  (.0096)  (.0079) (.0082)  (.0081) (.0110)
. . ey :‘{; ’ ! - 7 )
Shift: Ko = K=0.2- K =03
. . 4
; Statistic &), $13 823 T %13 823
a . ‘
0.001 .0133 .0141 .0122 .0503 L0521 . .0422
(.0037)  (,0045)  (.0032) (.0076)  (.0079)  (.0064)
0.01 .0728 \0722 7 .0672 .1794 1774 .1632
‘N , (.0095)  (.0091)  (.0089)  -(.0109) T.0106)  (.0120)
. 0.05 .1982 .1955 .1938 .3782 .3759 .3628
*(.0119y  (.0121)  (.010d) (.0202)  (.0199) (.0199)
0.10 . .2987 .2982  \ .2947 4975 .4969 4851 _ ™~

(.0166) (.0168)  (.0138) (.0219) (.0223) (.0241)

D
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Table 4.6 (cont'd).

112

Shift: Ko = .4 - = 0.5
Statistic Jp 513 8,4 816 814 L
[a ]
0.001 .1281 .1319 1124 .2652 .2706 .2389
(.0121)  (.0121)  (.0125) (.0158)  (.0155)  (.0155)
0.01 L3497 .3481 .3195 .5482 .5461 L5119
*.(.3;09) (.0208)  (.0195) (.0222)  (.0218)  (.0203)
0.05 .5882 .5854" .5657 L7721 .7707 7442
(.0203)  (.0206) (.0198) (.0120)  (.0118)  (.0ll4)
0.10 .7058 7053 .6836 .8530 .8525 .8400
(.0149)  (.0150)  (.0150) (.0104)  (.0105)  (.0113)
Shift: Ko = 0.6 = 0.7
Statistic 616 513 623 516 613 623
o
0.001 .4506 4568 .4050 .6359 6420 .5861
(.0245)  (.0230)  (.0222) (.0152)  (.0151)  (.0170)
0.01 .7322 .7305 .6915 .8660 .8646 .8375
(.0120) (.0123) (.0138) (.0088) (.0095) (.0109)
0.05 .8931 .8917 .8762 .9590 .9584 .9481
(.0059)  (.0065)  (.0086) (.0046)  (.0048)  (.0050)
0.10 .9415 L9414 .9302 .9785" .9784 .9734
(.0061)  (.0062)  (.0062) (.0043)  (.0043)  (.0043)
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Table 4.7

114

()(
Empirical Powers, When Underlying Distribution
is U-shaped, N1= N2=40
Shifts. Ko = 0,0 = 0,1
Statistic i 616 613 623 616 613 623
o
0.001 .0004 ,0005 .0002 .0048 .0050 .0075
B} (.0005)  (.0007)  (.0004%) (.0020)  (.0020)  (.0024)
0.01 ,0079 ..0078 .0072 .0322 .0317 ,0492
(.0032)  (.0033) (.0030) (.0056)  (.0054)  (.0044)
0.05 .0462 .0458 .0469 1247 .1228 .1566
(.0078)  (.0076) - (.0085) (.0100)  (.0101)  (.0115)
0.10 . 0942 .0941 .0953 .2121 .2109 2475
(.0102)  (.0102)  (.0086) (.0141)  (.0143)  (.0121)
Shift: - Ko = 0.2 = 0.3
Statistic 616 613 623 616 613 623
a -
0.001 .0362 0376 .0531 .1411 1447 1743
(.0051) (.0056)  (.0064) (.0123)  (.0127)  (.0121)
0.01 .1595 .1581 ,2004 4275 4243 .4359
(.0093)  (.0085)  (.0119) (.0099)  (.0097)  (.0086)
0.05 .4099 . 4063 4299 . 7404 .7370 .6843
(.0125) _(.0121)  (.0111) (.0113)  (.0118)  (.0153)
0.10 .5726 5711 .5592 .8807 .8796 .7840
(.0088)  (,0080)  (.0100) (,0099)  (.0096)  (.0125)
[



Table 4,7 {(cont'd.)

115

Shift: Ko = 0.4 K = 0.5
Statistic 616 613 623 616 613 623
a .

0.001 .3285 .3361 .3419 .5307 .5393 L4986
(.0168)  (.0156) (.0179) (.0100)  (.0102) (.0108)

0.01 .6959 .6926 .6400 .8632 8608 .7703
(.0123) (.0126) (.0104) (.0106) (.0105) - (.0132)

0,05 .9319 .9301%  .8366 .9897 ,9892 L9141
(.0084)  (.0082) (.0090) (.0027) (.0027) (.0065)

0.10 .9833 .9830 .9016 .9997 © L9995 .9525
(.0032) (.,0029) (.0061) (.0005)  (.0007)  (.0053)

,', .
Shift: Ko = 0.6 K = 0.7 _
Statistic 616 613 523 516 613 623
a3

0.001 .6830 . .6912 .6156 .7817 .7887 L6877
(.0124)  (.0113)  (.0094) (.0121)  (.0124)  (.0108).

0.01 L9465 L9450, .8487 .9810 .9795 .8885
(.0052)  (,0051)  (.0097) (.0049)  (.0047) (.0082)

0.05 .9999 .9999 L9514 1.000 1.000 .9697
(.0003)  (.0003)  (.0039) (0) (0) (.0037)

0.10 1.000 1.000 .9767 1.000° 1.000 .9867

(0) (0 ..0051) (0) ~— (0) (.0025)
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Table 4.8

Empirical Powers, When Underlying Distribution

117

is Cauchy, N1=N2=40
Shift: Ko K = 0.0 = 0.1
Statistic 616 613 523 516 513 623
a
0.001 .0009 .0009 .0007 .0027 .0028 .0024
(.0012) (.0012) (.0009) (.0020) (.0021) (.0018)
0.01 .0091 .0090 .0096 .0179 . ,0178 L0170
(.0037) (,0036) (.0032) (.0057) (.0056) (.0058)
0.05 .0460 L0454 L0478 0730 .0716 .0702
(.0093) (.0097)  (.0105) (.0076)  (.0074)  (.,0075)
0.10 .0928 .0923 .0955 .1376 L1367 .1294
(.0116) (.0114) (.0146)- - (.0121) (.0121) (.0129)
Shift: KXo K =0.2 = 0.3

Statistic 616 613 623 616 613 623

a .
0.001 .0087 .0092 .0075 .0294 .0305 .0210
. (.0035) (.0040)  (.0040) (.0070) -(.0071)  (.0066)
0.01 .0524 0516 .0432 .1292 L1275 .1004
(.0087)  (.0085)  (.0091) (.0138)  (.0134)  (.0107)
0.05 L1634 .1623 L1442 .3082 .3064 .2688
(.0111) (.0112) (.0125) (,0165) (.0170) (.0142)
0,10 #2533 .2527 .2363 L4211 4204 .3849
(.0136) (.0129) (,0148) (.0142) (.0120)

(.0140)




Table 4.8 (cont'd.)
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Shift: Ko K = 0.4 = 0.5
Statistilic 616 613 623 616 613. 623_
o

0.001 .0775 0798 .0555 .1702 1743 .1163
(.0085)  (.0075)  (.0092) (.0118) (.0120)  (.0109Y

0.01 .2602 .2575 .2070 L4164 .4137 .3347
(.0130)  (.0139)  (.0143) (.0129)  (.0132)  (.0169)

0.05 L4829 L4797 L4252 .6563 . .6545 .5770
(.0121)  (.0128)  (.0121) (.0i01) (.0102)  (.0106)

0.10 .6029 6017 .5438 .7597 .7591 .6933
(.0101) . (.0105)  (.0136) (.0097)  (.0094)  (.OLl4)

Shift: KXo K = 0.6 = 0.7

Statistic ‘516 613 i 623 616 613 623

[a ]

0.001 .2989 .3043 .2165 L4647 L4502 .3343
(.0154)  (.0153)  (.0114) (.0097)  ¢.0102)  (.0135)

0.01 .5827 .5805 L4783 .7239 L7214 6142
(.0074)  (.0070)  (.0009) (.0114)  (.0112)  (.0126)

0.05 L7943 .7919 L7124 .8915 .8908 .8154
(.0066) . (.0071)  (.0115) (.0066)  (.0065)  (.0104)

0.10 .B747 .8743 .8045 L9441 .9439 .8867
(.0057)  (.0056)  (.0107) (.0050)  (,0052)  {(.0080)
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- Table 4.9

Empirical Powers, When Underlying Distribution

is Exponential, N1=N2= 40

Shift: Ko . K=0.0 | K=0.1
Stati?tic . 616 613 623 616 613 623
- _
0.001 .0006 .0006 .0006 0039 -..0040 L0047 _
(L0005)  (.0007) (.0007)  (.0018) (.0049)  (.0013)
0.01 . .0088 ° .0085 .0087 .0255 .0252 .0301
, ' (.0023) (.0022) (.0018)  (.0054)  (.0055)  (.0067)
0.05 0448 L0444 .0481 .1032 .1022 .1106
(L0063)  (.0065)  (.0073)  (.0138)  (.0139) .(.0147)
0.10 0927 .0924 .0953 1776 .1767 .1862
(.0096)  (.0094)  (.0112)  (.0124)  (.0125)  (.0143)
-
Shift: Ko K= 0.2 . K=0.3
Statistic 616 613 : 623 _ '616 613 | 623 .
o .
0.001 .0221 .0229 .0246 .0933 .0948 .0892
(.005&1\ (.0050)  (.0058)  (.0133)  (.0133)  (.0134)
0.01 1117 .1101 L1140 .3057 3034 | .2877

(.0145)  (.0139)  (.0142) (.0183)  (.0188)  (.0186)

.0.05 . .2910 .2890 .2904 5682  .5648 .5300
(.0194)  (.0190) (.0159)  (.0204)  (.0204)  (.0257)

0.10 .4207 .4197 L4111 ..7013 .7009 .6500
(.0226)  (.0233) (.0252) (.0183) (.0183) (.0205)

LR R TN ARl TSN G ! ™ e D e - el ot dalh
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Table 4.9 (cont'd.)
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«

. Shift: Ko = 0.4 K = 0.5
. .Q" ‘
Statistic 616 613 623 616 613 5231
a
0.001 .2563 .2618 2294 4741 4819 4191
(.0196)  (.0199)  (.0164) (.0239)  (.0239)  (.0253)
0.01 .5576 .5552 .5016 L7734 .7715 L7079
(.0226)  (.0223), (.0230) (.0218) (.0223)  (.0228)
0.05 .8004 .7988 .7382 L9319 .9308 8792
(.0184)  (.0184)  (.0203) (.0077) (.0077)  (.0133)
0.10 .8904 .8899 .8296 .9684 .9683 .9325
(.0117)  (.0115) (.0155) (.0056) (.0056). (.0093)
[
Shift: Ko = 0.6 K k\0.7
Statistic 616 613 523‘ 616 613 623
[+
0.001 .6933 .6997 L6158 .8431 .8481 .7760
(.0175) (.0186)  (.0212) (.0148)  (.0149) (.0182)
6.01 .9080 .9064 .8498 .9690 .9682 L9332
(.0108) (.0101) (.0150) (.0072) (.0073)  (.0104)
0.05 .9809 .9807 .9520 .9956 .9956 .9833
(.0056) (.0056) (.0086) (.0017)  (.0017)  (.0046)
0.10 .9930  .9930 .9768 . .9990 .9990 .9927
(.0024)  (.0024)  (.0052) (.0009) (.0009)  (.0023)
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distribution. The tests in these cases are indicated by
\ .
alg\and 8y3¢ respectively. Powers of 62 are obtained

using the Pearson Type III distribution and we label the

" test as 553

A table gives empirical powers of tpe tests against
the shifts of one sample by K¢ for K=0.0TﬁTET;T; and
a=6.001, 0.01, 0.05, 0.10 for a specific underlying dis-
tribution. The plot gives power curves of 61 ;nd 62 for
a specified underlying distribution. In the case of 51,
it shows power curves under both approximations of the

null distribution of 61, Any difference in powers of 0.0

or more is significant, since max {2V (pg/10000)} = 0.01.

We conclude the following from Tables 4.1 to 4.9 and
the corresponding plots.

l. Powers of 61 under the Pearson Tyée Vi app;oiiﬁation
are almost always more than those obtained under the
Pearson Type III approximation for @¢=0.01, 0.05 and
0.10. For «=0.001, the situation is the other way.
around, i.e., powers of 61 under the Type III approxi-
mation are generally higher than those under tgé |
Type VI approximation.

2. With the exception.of tﬁé logistic as én-uﬁderlying'
distribution, empirical e¢'s are all witﬁin acceptable
limits. In most cases these are lower ;han nominal

Y
a's for both §, and 8,; however, a test using 61 is

a conservative test relative to one using 62.
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ﬁheq the underlying distribution is uniform or'nérméi
(Tables 4.1, 4.2), empirical poﬁers of 8, arq signi-
ficantly higher than those of'51 under both approxi-

mations.

When the logistic is the underlying distribution,

~Table~%2.3 indicates higher powers of 62 compared to

those of 61. But we note also that empirical «'s are

" significantly higher than nominal o's. There-

fore, it_cannot be concluded that‘a2 performs better
than 81+ = ,
When the underlying distribution is 10% 3N; i.e., -
0.1N(0,9) + 0.98(0,1), we note from Table 4.4 that
the empirical power of PN is slightly higher than‘
Fhat of 84 undié both épproximations.

In.the‘casé of 10% 10N (Table 4.5)/ as underlying dis-
tribution,-empirical powefé of éi under both approxi-
|matioﬁs are higher than those of §, for shifts of
20.30." | |

From Table 4.6, we note that powers of §, under both
app}bximations are significantly.higher'than those of
§o when the underlying distribution is a Laplace
Aiistrapugion. ; ’
wﬂen the underlying distribution is a Ujghééed dis-—
tr;pqtion, powers of §, are significantly lower than -

~tho$é 6f,62 for shifts of 50.20,%hi;e gain in powgr

N
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is appreciable for shifts of 20.30.

9. In the tasé of Cauchy as underlying distribqgion{
powérs'of §, are almost always siénificantly higher

than those of 62.
10 When underlying distribution is exponential, powers of

3y aré\ggﬁe than those of 5, for shifts of z0.30.

4.5 Results for Small Samples

" Now, we preﬁgnﬂ the results for small samples. nge
we obtain powers of §, and ¢, against shifts o§ gé\fith
X=0.0 (0.2)1.4 for the underlying d%ggyibﬁzioqs'already
mentioned with the exception of the "contaminated normal"
0.1N(0,100) + O.BN(O,I) distribution for which we take
K=0.0(0.1}0.7. This eﬁception is made because the power
increases rapidly for the case of 10% LON as aﬁ underlying
distribution. .

For‘él, powers are obtained using both the Pearson
Typg I and thg Pearson Type I1II distributions. However,
we note from Tables 4.10-4.18 and Figures 4.10-4.18 that
.powers of 51 femain the same under both approximations.
Following each table, we give a plot to show power curves
of 61 and 62 for '«=0.001, 0.01, 0.05, 0.10 for the spe-

cific distribution.



Table 4.10

Empirical Powers, When Underlying Distribution:
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is Uniform, N1=N2=10
- Shift: Ko K = 0.0 =0,2
Statlsti; 516 613 62} 616 613 - 623
@ 7
0.001 .0013 .0013 L0010 .0018 .0018 .0012
(.0009)  (.0009)  (.0009) (.0020)  (.0020)  (.0016)
0.01 .0117 L0117 .0127 L0164 L0164 .0184
(.0034) (.0034) (.0032) (.0039) (.0039)  (.0040)
0.05 L0487 L0487 .0525 .0625 0625 .0695
(.0054)  (.0054)  (.0049) (.0051) (.0051)  (.0042)
0.10 .0959 .0959° .1053 ,1215 .1215 .1356
: ¢.0041) . (.0041)  (.0054) (.0079)  (.0079)  (.0060)
o
shift: Ko K= 0.4 = 0.6
Statistic 516' 613 623 616 613 623
. N 7
o . . .
0.001 .0046 .0046  .0036 .0097 .0097 .0086
(.0027) (.0027) (.0023) (.0032) (.0032) (.0033)
0.01 .0292 .0292 .0371 .0610 .0610 .0802
(.0059) (.0059)  (.0059) (.0060)  (.0060)  (.0084)-
0.05 .1081 L1081 .1297 .1917 .1917 .2323
(.0084). (.0084)  (.0110) (.0128) (.0128) (.0159)
0.10 .1877 .1877 ,2233 .2983 .2983 .3462
(.0126) (.0126)  (.0113) (.0166) (.0166)  (.0197)




Table 4.10 (cont'd.)
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(.0159)

Shift: Ko K = 0.8 = 1.0
Statistic 516 613 623 616 613 523
o
0.001 L0210 .0210 .0191 .0448 L0448 L0410
(.0059)  (.0059) . (.0064) (.0067)  (.0067)  (.0069)
0.01 ~.1180 .1180 .1505 - .2039 .2039 .2538
(.0074) (.0074) (.0099) (.0126) (.0126) (.01890)
0.05 .3064 .3064 .3615 G417 4417 .5019
(.0197)  (.0197)  (.0192) (.0195)  (.0195)  (.0173)
0.10 L4325 L4325 .4936 L5761 .5761 .6385
: (.0160) (.0160) (.0175) (.0145) "(.0145) (.0157)
. -ghift: Ko K=1.2 = 1.4
Statistic 616 613 523 : 616 513 623
b
a
0.001 .0908 .0908 .0853 .1623 .1623 .1551
(.0075)  (.0075%) (.0070) (.0136)  (.0136) (.0126)
0.01 L3246 3246, .3871 L4617 L4617 L5311
{.0201) (.0201) (.0191) (.0178) (.0178) (.0167)
0.05 .5850 . 5850 .6515 .7223 .7223 L7773
S (.0133)  (.0133) (.0162) (.0094)  (.0094)  (.0122).
0.10 .7136 L7136 .7695 .8252 .8252 .8696
(.0159) - (.0131) (.0101) (.0101) = (.0111)
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Table 4.11

Empirical Powers, When Underlying Distribution .

is Normal, N

=N,=10

129

Shift: Ko = 0.0 = 0,2
Statistic 616 613 623 616 613 523
o
0.001 .0008 .0008 .0005 .0024 .0024 .0019
(.0008)  (.0008)  (.0007) .,0019)  (.0019)  (.0014)
0.01 .0102 .0102 .0116 .0162 .0162 .0188
(.0029)  (.0029)  (.0044) .0047)  (.0047) -(.0042)
<+
0.05 .0463 0463 .0505 .0705 .0705 .0755
(.0044)  (.0044)  (.0069) .0080)  (.0080)  (.0087)
0.10 .0992 .0992 .1033 .1313. .1313 .1374
. (.0090)  (.0090)  (.0080) .0082)  (.0082)  (.0097)
) l\—_ . :
T v
hift: Ko = 0.4 = 0.6
‘St tistic 616 613 623 616 613 623
o
0.001 ,0051,  .0051 . .0037. .0158 .0158 .0125
(.0029)  (.0029)  (.0024) .0035)  (.0035)  (.0033)
0.01 .0398 .0398 L0442 .0855 .0855 .0954
(.0074)  (.0074)  (.0085) .0096)  (.0096)  (.0093)
0.05 .1317 1317 L1377 .2298 .2298 L2451
(.0114) . (.0114)  (.0096) .0124) + (.0124)  (.0170)
0.10 L2114 J3114 .2248 .3338 .3338 .3606
(.0109)  (.0109)  (.0123) .0156)  (.0156)  (.0192)
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Table 4.11 (cont'd.)

Shift: Ko K = 0.8 ' gF =1.0

Statistic 616 613 623 616 613 623
o

0.001 .0359 .0359, .0296 _.0777 .0777 .0660

(.0057) (.0057) (.0052) (.0077) (.0077) (.0057)

0.01 .1593 .1593 «1797 .2656 .2656 .2980
(.0134) (.0134) (.0156) (.0144) (.0144) (.0159)

0.05 .3603 .3603 .3868 .5178 .5178 .5493
(.0184) (.0184) (.0197) (.0131) (.0131) (.0091)

0.10 .49i8 .4918 *.5237 .6522 .6522 .6848
(.0160) (.0160)  (.0135). (.0087) (.0087) (.0086)

shift: Ko - . K=1.2 i K= 1.4

Statistic 616 613 ‘623 616 613 623
a

0.001 1421 1421 .1240 .2405 .2405 .2149

(.0142) (.0142) (.0134) (.0123) (.0123) (.0118) .

¢.01 L4093 .4093 L4457 .5646 .5646 .6077
: (.0151) (.0151) (.0145) (.0124) (.0124) (.0090)

0.05 .6758 6758  .7057 - .8031 8031 ©  .8280
(.0067)  (.0067) (.0080)  (.0102)  (.0102)  (.0099)

0.10 L7845 . 7845 .8138 .8853 .8853 .2090
(.0095) -(.0095) (.0088) (.0111) (,0111) (.0083)

T
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Table 4,12

Empirical Powers, When Underlying Distribution

132

is Logistic, N1=N2=10
Shift: Ko K = 0.0 = 0.2
Statistic 616 613 623 616 613 523
u -
0.001. .0014 .0014 .0011 .0023 .0023 L0017
(.0012)  (.0012)  (.0011) (.0014) -~ (.0014)  (.0014)
0.01 .0099 .0099 .0103 .0186 0186 .0191
' (.0033)  (.0033) (.0031) (.0063)  (.0063)  (.0059)
0.05 .04696 0496 .0528 .0720 .0720 .0763
(.0078)  (.0078)  (.0060) (.0085)  (.0085)  (.0068)
0.10 .1005 .1005 .1068 .1293 ©.1293 .1369
(.0125). (.0125) (.0125) (.0100) (.0100) (.0102)
Shift: Ko K = 0.4 = 0.6
Statistic 616 613 623 516 613 623
o
0.001 . 0066 .0066 .0048 .0188 .0188 _  .0152
(.0031) (.0031) (.0030) (.0044)  (.0044)  (.0038)
0.01 0425 0425 L0461 .1023 .1023 .1093
(.0072) - (.0072) (.0063) (.0063)  (.0063) (.0056)
0.05 .1398 .1398 .1469 .2573 .2573 .2667
. (.0096)  (.0096) . (.0077) (.0113)  (.0113) (.0083)
0.10 .2279 .2279 L2425 .3723 .3723 .3887
(.0089) (.0089) (.0103) (.0084) (.0083)

(.0084)




Table 4.12 (cont'd,)
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Shift: Ko = 0.8 = 1.0
Statistic s 16 613 623 616 613 623
a
0.001 .0456 L0456 .0384 ..1029 .1029 ,0841
(.0037) (.0037) (.0058) (.0073) (.0073) (.0077)
0.01 .1915 .1915 .2038 .3222 .3222 .3378
(.0130) (.0130)  (.0099) (.0138)  (.0138) (.0139)
0.05 L4110 L4110 L4231 .5721 L5721 .5842
(.0063) (.0063) (.0093) (.0142)  (.0142) (.0104)
0.10 L5412 L5412 .5558 .6920 .6920 7120
(.0109)  (.0109) - (.0125) (.0087)  (.0087) (.0109)
Shift: Ko =1.2 = 1.4
St;tlstic 516 513 623 616 613 ‘ ‘623
o
0.001 .1843 .1843 .1539 - ..2977 .2977 .2550
(.0090) (.0090) (.0082) (.0087) (.0087)  (.0090)
0.01 . L4670 . L4670 L4849 .6143 .6143 .6332
(.0098) (.0098)  (.0121) (.0083) (.0083) (.0091)
0.05 -.7223 - .7223 .7358 .8390 .8390 .B482
(.0086). (.0086) (.0073) (.0093) . (.0093) (.0091)
0.10 .8216 .8216 .8377 .9061 L9061 .9163
- (.0095) (.0095)  (.0099) (.0062) ({.0062) (.0059)
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: Table 4,13
Empirical Powers, When Underlying Distribution
is .1N(0,9) + .9N(0,1),Ni=N2=10
s>
Shift: Ko = 0.0 K= 0.2 .
Statistic 616 613 623 §16 613 623
. s ] . .
0.001 .0017 .0017 L0011 .0036 .0036 .0029
\ .0016)  (.0016) .0014) (.0015)  (.0015)  (.0009)
0.01 L0114 .0114 .0120 .0227 .0227 .0253
:0044)  (.0044) . (.0045)  (.005R)  (.0057)  (.0060)
0.05 0540 .0540 .0548 . .0782 .0782. .0830
.0103)  (.0103) .0095) (.0095)  (.0095)  (.0110)
" 0.10 .1014 .1014 .1085 - .1371 1371 .1461
.0114)  (.0114) .0149) (.0112) (.0112)  (.0094)
Shift: Ko K = 0.4 K = 0.6
Statistic 816 815 8,4 816 84 853
oo r
0.001 .0105 .0105 .0081 .0302 .0302 .0231
» .0032)  (.0032) .0030) (.0065)  (.0065)  (.0053)
0.01 .0559  .0559 .0618 :1237 .1237 .1341
.0070)  (.0070) .0093) (.0093)  (.0093)  (.0081) )
0.05 .1584 »1584 .1650 .3082 .3082 .3209
.0120)  (.0120) .0110) (.0220)  (.0220) (.0184)
0.10 .2530 .2530 .2672 J4279 4279 L4462
.0162)  (.0162) .0212) (.0187)  (.0187)  (.0206)




Table 4.13 {cont'd.)

136

Shift: Ko K = 0.8 K=1.0
Statistilc 616 613 523 616 613 623
o

0.001 .0713 .0713 .0558 .1458 .1458 .1203
(.0094)  (.0094)  (.0091) (.0122) (.0122)  (.0087)

0.01 . 2484 2484 .2628 L4121 L6127 L4265
(.0167) (.0167) (.0172) (.0183)  (.0183)  (.0198)

0.05 . 4880 .4880 .5035 .6680 6680 L6774
(.0160) (.0160) (.0151) (.0143) (.0143) (.0118)

0.10 L6164 L6164 .6365 L7799 .7799 .7923
(.0163)  (.0163)  (.0143) (.0189)  (.0189)  (.0112)

Shift: Ko K=1.2 ‘LK = 1.4

Statistic 616 613 623 516 513 623

a F

0.001 .2619 .2619 .2193 L4071 L4071 .3457
(.0147)  (.0147)  (.0117) (.0164)  (.0164)  (.0157)

0.01 .5846 .5846 .5966 -  .7363 - .7363  .7358
(.0116)  (.0116)  (.0114) (.0120) (.0120) (.0130)

0.05 .8114 .8114 .8128 .9066 .9066 .9059
(.0156) (.0156)  (.0153) (.0112)  (.0112)  (.0131)

0.10 .8900 .8900 .8979 .9528 .9528 .9543
(.0110) (.0110)  (.0120) (.0081) (.0081) (.0067)

"‘\_/J !
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Table 4.14
Empirical Powers, When Underlying Distribution
is .1N(0,100) + .9N(0,1), N1=N2=10
Shift: Ko K = 0.0 = 0.1
Statistic _f61 613 623 616 613 ) ”//‘623
o

0.001 .0010 .0010 .0007 .0043 .0043 .0030
~ (.0007) \ (.0007)  (.0007) (.0017)  (.0017)  (.0013)

0.01 .0107 .0107 .0121 L0242 0242 .0253
(.0020)  (.0020)  (.0018) (.0039). (.0039)  (.0033)

0.05 .0489 .0489 .0514 .0875 .0875 .0893
(.0065)  (.0065)  (.0042) (.0067) (.0067)  (.0068)

0.10 .0976 .0976 .1054 .1533 .1533 .1618
.(.0072)  (.0072)  (.0075) (.0074)  (.0074)  (.0084)

Shift: Ko k = 0.2 = 0.3
Statistic 616 513 523 616 - 613 623
.“' -

0.001 .0138;  .0138 .0100 .0460 L0460 .0339
(.0085)  (.0035) (.0020).  (.0064)  (.0064)  (.0060)

0.01 0739 .0739 .0782 . .1861 .1861,,  .1890
(.0060)  (.0060)  (.0058) = -(.0103) (.0103) (.0097)

0.05 .2090 .2090 .2125 - .3959 3959 .3929
(.0118)  (.0118) (.0108) (.0125)  (.0125)  (>0149)

0.10 .3087 .3087 .3193 .5231 . .5231 .5254
(.0116)  (,0116)  (.0145) - (.0132) (.0132) (.0110)

4




Table 4.14 (cont'd.)
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Shift: Ko , = 0.4 K= 0.5
Statistic. 516 513 623 616 613 623
s 3 ’ .

0.001 .1203 .1203 ,0903 .2339 .2339 .1783
(.0108) . (.0108) . (.0100) (.0123)  (.0123) (.0132)

. 0.01 L3471 L3471 L3404 .5349 .5349  .5076
{.0133) (.0133) (.0182) (.0193)  (.0193)  (.0188)

. t

0.05 ©.6021 .6021 | 5847 .7728 .7728 L7477
P (.0171)  (.0171) (.0138)4 (.0115)  (.0115)  (.OL47)

0.10 =~ .7187 .7187 .7119 8607 .8607 8409
(.0136)  (.0136)  (.0144)  (.0114)  (.0114)  (.0136)

Shift: - Ko = 0.6 K = 0.7
StatisFlc 616 513 623 616 613 623
-—_____‘ . A
24 .
0.001 .3762 .3762 .2802 .5210 .5210 L3711
(.0128)  (.0128)  (.0140) (.0124)  (.0124) : (.0155)
0.01 .6959 6959 ' .6525 8107 8107 . .7449
(.0141)  (.0141) --(.0127) (.0125)  (.0125) (.0162)
0.05 .8860 .8860 8486 " L9619 19419 .9046
(.0132)  (.Q132)  (.0u45) (.0072)  (.0072) (.0139)
'0.10 .9388 .9388 . 19140 .9735 .9735 ,9501
(.0089)  (.0089) (.p111) (.0049)  (.0049)  (.0079)
‘.’.- T

/:
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Empirical

Table 4.15

e

-N_=10
Ny

owers, When Underlying Distribution
" is Laplace (Double Exponential), N,

141

Shift: Ko K = 0.0 = 0.2
Statistic 616 613_ 623 516. 613 523
a [ Y

0.001 .0009 .0009 .0005 .0024 0024 .0015
(.0006) {.0006) {.0005) (.0016) (.0016) (.0010)

0.01 .0098 .0096 .0101 .0186 .0186 .0216
(.0031) ~ (.0031)  (.0021) - (.0035) ~(.0035)  (.0029)

0.05 0481 .0481 .0500 . .0805 . .0805 .0838
(.0054)  (.0054)  (.0049)  -(.0095)  (.0095)  (.0088)

0.10 .0960 .0960 .1018 1448 1448 .1508 _,.
(.0099)  (.0099)  (.0055). * (.0109)  (.0109) (.011515

Shift: Ko K = 0.4 - 0.6

Statistic 616 613 623 616 6}3 623

o . .

0.001 .0103 .0103 .0074 .0330 .0330 .0236
(.0034)  (.0034)  (.0031) (.0062)  (.0062)  (.0058)

0.01 .0592 0592  .0622 .1420 .1420 1461
(.0055)  (.0055) ~ (.0069) (.0071)  (.0071)  (.0086)

0.05 ~ 1825 .1825 1831 . .3319 .3319 .3269
(.0107)  (.0107)  (.0093) (.0100) (.01d0)  (.0104)

0.10 .2789 . .2789 .2792 L4542 L4542 4513
(.0112)  (.0112)  (.0130) (.0158)  (.0158) .(.0177)




Table 4.15 (cont'd.)
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Shift: Ko = 0.8 = 1.0
Statistic 616 613 623 616 513 623
a .
0.001 .0791 .0791 .0588° .1584 .1584 .1185
(.0078)  (.0078)  (.0078) (.0080)  (.0080) -(.0059)
0.01 .2676 .2676 2645 L4199 L4199 ’.4125
(.0095)  (.0095)  (.0087) (.0126)  (.0126)  (.0l41)
0.05 .5086 5086 .4970 .6702 .6702 .6566
(.0187)  (.0187)  (.0199)~ (.0136)  (.0136)  (.0160)
0.10 .6347 6347 .6259 .7824 . .7824 .7715
(.0145)  (.0145)  (.0178) (.0102)  (.0102) (.0136)
Shift: Ko = 1.2 = 1.4
Statistic 616 513 623 616 613 523
BN
~
o
0.001 .2617 .2617 .2067 .3867 .3867 .3127
(.0089)  (.0089)  (.0093) (.0122)  (.0122)  (.0l12)
0.01 .5674 .5674 .5601 £7026 7026  _.6928
.(.0178)  (.0178)  (.0154) (.0144)  (.0144)  (.0159)
0.05 .7988 .7988 7847 .8902 .8902 .8779
(.0153)  (.0153)  (.0153) (.0095)  (.0095)  (.0088)
0.10 .8817 .8817 .8736 .9441 9441 .9364
(.0104)  (.0104)  (.0107) (.0064)  (.0064)  (.0083)
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Table 4.16

Empirical Powers, When Underlying Distribution
is a U~Shaped distribution, N1=N2=10

Shift: Ko K= 0.0 : . K=0.2.
Statistic’ 616 613 623 . 616 Glﬁ 523

o ) —~:
0.001 .0012 .0012 - .0007 .0035 .0035 .0030

—(,0008) (.0008)  (.0007) (.0030)  (.0030)  (.0027)

O.di .0109 .0109 0121 .0286 .0286 .0375 v
: (.0030) (.0030) (.0028) (.0024) . (.0024) (.0036)

0.05° .0480 L0480 .0505 L1119 .1119 .1350
: (.0067) (.0067) (.0056) (.0100) (.0100) (.0082)

0.10 . .0995 " .0995 L1061 .1989 .1989 .2281
(.0106). (.0106) (.0099) (.0070) (.0070) (.0090)

shift: Ko K = 0.4 | K = 0.6

Sta@1st1c 616 613 623 616: 613 623
a

0.001 . .0121 .0121 .0109 .0311 .0311 .0294

(.0023)  (.0023) (.0028)  (.0039) (.0039)  (.0042)' T

0.01 .0904 .0904  .1200 .1595 .1595 L2040
(.0087)  (.0087) (.0095) - (.0115) (.0115) W0109)

s
0.05 .2678 .2678 .3050 L4179 L4179 L4352 ¢+
(.0122) (.0122) (.0141) (.0157) (.0157) (.0124)

0.10 ©.4070-. 4070 L4409 L5668 .5668 ~ .5741

(.0122)  (,0122) - (,0138) y (.0140)  (.0140)  (.0084)
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Table 4.16 (cont'd.)
Shift: Ko K =0.8 . K=1.0
Statistic 616 513 623 616 613 623-
o _ .
0.001 .0436 . 0436 0426 .0506 .0506 .0502
- (.0050)  (.0050)  (.0047) (.0048)  (.0048)  (.0048)
0.01 .2045 .2045 .2482 .2294 .2294 .2676
(.0103)  (.0103)  (.0113) (:0111)  (.0111)  (.0125)
0.05 .5050 .5050 - .5108  .5396 .5396 .5452
\/ (.0140)  (.0140)  (.0123) (.0109)  (.0109)  (.0101)
# 0.10 | .6500 .6500 .6341 6754 .6754 .6554

(.0091) (.0091) (.0078) (.0088) (.0088) (.0075)

ks
Shift: Ko K = 1.2 J S K=1.4
Statistic 616 613 623 616 613 623
a
0.001 .0560 .0560 .0559 .0684  .0684 .0676
. (.0049)  (.0049)  (.0047)  (.0056) ' (.0056)  (.0056)
0.01 . 2449 . 2449 .2867 .2788 .2788 .3278
(.0082)  (.0082)  (.0122)  (.0124) (.0124)  (.0173)
9 E
0.05 .5521 .5521 .5660 .5797 .5797 .6056

(.Ollii\ (.0117) (.0111) (.0l16) (.0116) (.0094)

0.10 . L6847 . 6847 .6775 .7086 .7086 L7195 .
(.0086) (.0086) (,0075) (.0093) (.0093) (.0091)
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(.0118)

* ’
¢ Table 4.17
Empirical Powers, When Underlying Distribution
is Cauchy, N1=N2=10
shift: Ko = 0.0 K =0.2
Statistic 616 613‘ 623 616 13 623
[»3 .
0.001 .0014 .0014 .0011 .0030 .0030 ~.0025
(.0014). (.0014)  (.0012) (.0017)  (.0017)  (.0018)
. 0.01 .0102 .0102 .0115 .0181,. .0181 .0178
(.0042) (.0042) (.0048) (.0047) (.0047)  (.0041)
0.05 .0485 L0485 .0499 L0743 .0743 0744
(.0063) (.0063) (.0065) (.0084) (.0084) (.0070)
0.10 .0958 .0953 .1058 +1364 L1364 .1381
(.0086)  (.0086) (.0108) (.0099)  (.0099) - (.0072)
&
-
1.
Shift: Ko K = 0.4 K = 0.6
Statistic 616 613 623 616 613 623
J
o
0.001 .0086 .0086 .0053 =  ,0219 .0219 .0139
(.0025)  (.0025)  (.0028) (.0048)  (.0048)  (.0031)
0.01 ~0454 L0454 0458 .1035 .1035 .0930
(.0041)  (.0041)  (.0054) (.0055)~ (.0055)  (.0081)
© 0.05 .1498 .1498 .1408 L2562 .2562 L2346
(.0061)  (.0061) '(.0067) - (.0115) . (.0115)  (.0094)
0.10 2367 . .2367 .2251 .3766 .3766 .3472
(.0118)  (.0116) (.0175) .(.0175) . (.0160)

=



Table 4.17 (cont'd.)
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Shift: Ko = 0.8 K = 1.0
Statistic 616 613 623 516 513 623
a

0.001 L0476 L0476 .0305 .0889  .0889 .0569
(.0072) (.0072)  (.0058) (.0075)  (.0075). _(.0066)

0.01 .1823 .1823 .1617 .2767 ¢ .2767 .2403
(.0091)  (.0091)  (.0102) (.0134)  (.0134)  (.0137)

0.05 .3923 .3923 - 3497 .5122 L5122 .4525 °
(.0154) (.0154) (.0174) (.0151) (.0151) (.0171)

0.10 .5211 .5211 L4701 6435 6435 .5797
(.0123)  (.0123)  (.0l51) (.0102), (.0102)  (.0l44)

’ ”

Shift: Ko = 1.2 K= 1.4 ,

Statistic 616 613 623 616 _613 623

Y - ‘ |

0.001 .1430 L1430 0875 .1985 .1985 .1226
(.0098)  (.0098) (.0077) (.0061) (.0061) (.0081)

0.01 .3755 .3755 .3220 L4667 L4667 .3971
(.0128) (.0128) (.0122) (.0178) (.0178) (.0194)

0.05 .6209 .6209 .5496 .7138 .7138 6334
(.0129) (.0129) (.0119) (.0137) (.0137) (.0121)

0.10 7471 L7471 L6783 .8242  .8242  .7507
(.0135)  (.0135)  (.0145) (.0155)  (.0155)  (.0l44)

9

P2
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Table 4.18

‘zzmpirical Powers, When Underlying Distribution

7

is Exponential, N, =N,=10

150

Shift: Ko

K = 0.0 = 0.2
Statistic 616 613 ?23 616 613 623
a
0.001 .0012 .0012 .0011 .0032 _ .0032 .0023
(.0006)  (.0006) (.0007) (.0018) (.0018) (.0015)
0.01 .0113 L0113 .0128 .0281 .0281 .0320
(.0035)  (.0035) (.0046) (.0066) (.0066)  (.0071)
0.05 .0511 .0511 .0538 .0994 .0994 .1089
- (.0077)  (.0077) (.0075) (.0060) (.0060) (.0072)
0.10 .0987 .0987. L1046 .1751 .1751 .1879
(.0076) (.0076)  (.0089) (.0176)  (.0176)  (.0162)
Shift: Ko K= 0.4 = 0.6
Statistic. . 616 613 623 516 613 623
(s }
0.001 .0158 .0158 .0125 .0540 .0540 L0415
' (.0044)  (.0044)  (.0033) (.0062) (.0062) (.0056)
0.01 .0877 L0877  ".0950 L2074 . L2074 .2139
(.0099) (.0099) (.0076) (.0167) (.0167) (.0160)
0.05 .2438 .2438 .2539 L4448 4448 L4375
‘ (.0163) (.0163) (.0137) (.0184) (.0184) (.0128)
0.10 .3659 .3659 .3734 .5833 5833 .5687
(.0214)  (.0214)  (.0168) (.0150) (.0150) (.0143)
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Table 4.18 (cont'd.) ™
Shift: Ko K = 0.8 = 1.0 |
StaFistic 615 613 623 - 616. 613 ~523
‘ 9
o ' .
0.001 T 1243 .1243 .0932° .2282 .2282 .1732
' (.0117)  (.0117)  (.0112) (.015Q)  (.0150)..- (.0112)
0.01 3664 . .3664. 3617 .5247 .5247 .5109
(.0141)  (.0141) ~ (.0155) (.0147)  (.0147)  (.01l11)
. . -
0.05 .6269 .6269 .6076 .7735 ..7735 .7418
(.0164)  (.0164)  (.0167) (.0146)  (.0146)  (.0135)
0.10 .7563 L7563 .7227 .8682 .8682 .8359
(.0142)  (.0142) (.0116) (.0142)  (.0142) (.0128)
=
Shift: Ko K= 1:2
Statistic 616 :513 623 616 613 623
. 4
0.001 .3460 .3460 .2733 L4677 L4677 .3752
(.0169) (.0169)  (.0134) (.0112)  (.0112) (.o1g9)
0.01 .6653 .6653 .6420 {7747 L7747 7464
(.0144)  (.0144) (.0128) (~0119)  (.0119)  (.0096)
0.05 & 8672 .B672 .8377 .9262 .9262 .9015
(.0166) (.0166)  (.Ol1l5) (.0106)  (.0106)  (.0126)
0.10 ,  .9356 .9356 .9069 ~.9701 | .9701 L9492
(.0122)  (.0122) (.0138) . (.0066) (.0066)  (.0064)
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The qonclusioné-drawn from Tables 4.10-4.18 and
Figures 4.10-4.18 are the following:
' : S~ .
1. For «=0.001, the power of Gl is higher than that of

v o .

Gz‘for every shift and each underlyding distribution

g

considered. ‘ : s

2. For o=0.01, 0.05,and 0.10, results are less favour-

able for ¢, than they are in the case of large
safples. However, like the large samples case,'6l

e{forms significantly better than 6, when the under-

. 1lying disé;ibution is a Cauchy or an exponential
-/_\\ distribution. - |

—



‘CHAPTER V
SCOPE FOR FURTHER STUDY

In Chapter II, we obtained the fourth moment of
MRPP statistic ¢ in terms of an arbitrary choice'of
weights and sample sizes and the 23 symmetric functions

" for a distance measure A.

. * In Chapter III, we simélgfied"thé 23 symmetric
S~ ~~~functions in the case where the distance measure is the
absoiute difference between ranks of the Abservations.
We then obtained a simplified form of the fourth moment
of &, for the case of two equal'éamplgs.l
- _ Following the results of Table 3.1, we carried out
an eméiriéél‘stﬁdy for the powers of 61 anduﬁz, for two
equal samplés. In the case of 61, we approximated the
. null distribution by the Pearson TYpe I1T as well as by
the Pearsoﬁ Type I for small samples énd by the Pearson
Type VI for large samples |
Our study has beén limited to the case of two
equal sémples for large and small sample sizes. Based
ohw#ﬂé;%ésuiié,of.Chapfer,IV, the following reqommenda—
tions}fdf*fﬁfther study -can be made.

Since results with the use of four moments are

154
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encouraging in the case pf large samples, empirical powers

of 61 can be studied for' the following cases:
i} two unequal sémples, e
ii) g equal samples (g>2), and

iii) g samples -not gfi equal.

In case (i}, it willﬁbe interesting to. investigate
whether the performance Jf 61 relative to the Wilcoxon
test remains the same as in the case of equal samples.

For the cases (ﬁ%) and ({(iii}, powersugf 51 can bé com~
pared with those of 62'8r the Kruskal-Wallis test. The
test statistic 62 for g>»2 is onl& asymptotically equivalent
to the Kruskal Wallis test, therefore‘it may be worth ~
simplifying the expression for its fourth moment for the
above cases. This canfhelp‘reveal the asymptotic equiva-
lence for finite N.

Berry and Mielke (1983) have proposed a moment approxi-
mation procedure as an alternative to the F test, using "the
three exact moﬁents. . The example they provide indicates
that the p value based on thislprocedure is qloéer_to the
exact é value than are the p values corresponding to the
usual ¥ test or a Monte Carlo test. To illustrate an
improvement in the approximation on using the four moments,
we consider the example of Berry and Mielke and also an

additional example from Siegel (1956, p. 187).

3 | '



_test is 0.0411. The usual F statistic for the data is
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Example 1 .
Data from Berry and Mielke (1983, p. 205)

S S S

1 2 3
43.75 46.00 50.50
50.50 61.75 68.50
43.75 46.00 64.00

52.75 68.50
- 50.50
66.25

The exact p value‘usiné Fisher-Pitman randomization
0 " \A
F2 10 ='§;70 and the corresponding p value is 0.0364.
I N .
A program named GENAPP (Appendix A.2} gives the four

moments and related constants as follows:

u(8) = 183.029, ¥, (6) = 1045.56,
uqa(8) = -44096.629, . My (8) = 519549.1025,
"oy (e) = -1.3043, B,(8) = 4.68313,
28,-38,-6 = -1.7375, -
Pearson criterion k = -1.06025.

Thé criterion suggests a Pearson Type I approxima-
tion. .

The. MRPP, test statistic § is related to the F
statistic by the following:

- 2Ns2 R
N-g+(g-1)F !

where ' S



—-—-—_’

. 4

s

z -
2 _ i=1 j=1 X397

g ni *3
z

— 2

N

For the above data,

¢ is 113.231.

The p values,
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with the aid of the transformations proposed in sections

4.2.1 and 4.2.3, are 0.0426 and 0.0377 urider the Type I

and the Type III approximations, respectively. ~We notice

that the use of the‘%our moments gives a closer approxi-

mation than the one obtained by using the three moments.

Example 2
Data from Siegel (1956, p. 187)
5 S2 53,
k-]

96 82 115

128 124 149
83 132 166
61 135 147

101 109

Using an algorithm given by Berry (1982),. we find

the exact p value to be 0.0247. The F statistic for the

data is F, ;; = 5.4935 and the p value under the F test
i . p) )

is 0.0222.

For

uis)y

U3(5)

the moment approximation procedure, we have

1029.5903,
1741.3626,

-26604811.4041,

uz(ﬁ) = 76184.5650,

\ g
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u, (8) = 25764338418.0756 -
v, (8) = ~1.2652, B,(8) = 4.4390
28,-38,-6 = -1.924, and x = -0.888

The Pearson criterion for the above data again sug-
gests a Type I ap?roximation.

The p values under the Type I and the Type II1I ap-
proximations are 0.02438 and 0.02197 fespectivelyéﬁﬂ\\

Here'again,‘the p value 0.02438 based on the four
moments is closer to the exact p value 0.0247 than the
p value 0.02197 based on the three moments.

Both the examples akpve indicate that it is worth
exploring fhe use of the fourth moment in the analysis
of variance situations. The performance of tﬁ%'moment
approﬁimation procedure based on four moments should also
be compared with the performance of 61 in the g-sample
problem.

The Kruskal-Wallis test competeslwith the classical
E;;est and performs betéer than it in the absence of
normality and homogeneity of variances. Therefore,.é

test based on 8q which competes with §, and the

2
Wilcoxon test, may provide another alternative to the

F test.. The main advantage in using 61 is that we do
.y - 3 . ‘
not have to calculate the moments frqp the data. ’

Finally, since the MRPP test covers a wide range

G
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of tests as its special cases for various choices of
weights and the distance measure, therefore, it is worth
exploring the optimal choices of weights and the distance

measure for the variou™ situations.

Ed



: AFFENDIX ALl
P .

AFST GENERATING ALL FOSSTELE SAMFLES R
L, c THIS FROGRAM CALCULATES FOUR MOMENTS AND OTHER CONSTANTS BY'
2. L - GENERATING ALL FOSSTIELE SAMFLES FOR THE TWO-SAMPLE CASE WHERE
3. C N1/N2 ARE MORE THAN 2 AND N2 I8 AT MOST 10.THE $S1ZES ARE TAKEN
4, C DEFENDING ON HOW LARGE THE DIMENSION OF I IS DECLARED.
5, REAL X1(15)sX2(10)
6. REAL X8 D(50000) s SEED, STy DEL L » TEME y S1, IML » IIM2 y M3 y 1A »
7. C GCy PRy YLC15),Y2(10)
8, DATA S1sIM2yLME s IMA yNLy N2/4K0,0r 105/ 2 SEED/ 67089, 01O/ 9170/
9. FRINT 91sSEEDNLyN2
10, 91 FORMATC 17y  INITIAL SEED UALUE=' sF9. 1y (NLyN2Y=C/ y 10y 7y v 12y
11, C).’/¢ THE TWO SAMFLES FROM U-DISTRIEUTION ARE: ‘)
12, © CALL GGUES(SEEN,N1yX1)
13, CALL GGURS(SEEN,N2yX2) 5
14, CALL STAT(YLsY2sNLsN2yDELLsL) S
15, [¢LY=LELL
16, FRINT 93y (X1(1)sI=1sN1) '
17. FRINT 93y (X2CT)sIs1yN2)
18, 93 FORMAT( 0’ »6F15,7/)
19. IO 3 Ke=lsN2
20 NZKL=N2+ K
21 NLIKL=NL+L-K
22, NZKZ=N2+2-K
23, NEIK2=NL+2-K
24, N2K3=N2+3-K
- 25, NIK3=N1+3-K
26. | NZKA=N244-K \
27, NIKA=NL+4-K
g, . N2KS=N2+5-K
29, NIKS=N1+5-K
30. N2K&=N2+6-K
31 L NLK&=N1+4-K
32, N2K7=N247-K
33, : NLK7=N14+7=K
34. N2KB=NI+B-K
35, NIKB=N1+8-K
36. NZKF=N24+9~K
37, NIKS=N1+9~K
38, N2K10=N2+10-K
39. N1K1O=N1+10-K
20, N0 71 I1=1,N2K1
a1, - 00 71 Ji=1rN1K1 &
42, Y1¢J1)=X2(I1)
‘é’? ; Q
o




43,

440
4%
44,
47 .
48,
4‘?0
a0,
51,

G2,

93,
H4 .,
I
aé
57
58,
59,
a0,
&1
A
43,
-
C')E.:io
66
&7
6)80
&9 .
70,
71,
72,
73,
74,
AT
760
77
78.
79,
80.
g1,
82.
B3,
B84,
83.
g6,
87.
B89.
89,
?0.
?L.

12

14

YRCT1) =X1 (1)
IFCK WNE. 1) GO TO 11
CALL STATC(YLyY2sNLyN2yDELL L)
DL ) =DE] 1 '
GO TO 131
Til=d1+1 _
JLLl=00 41 -
OO 72 12=T11yN2K2
DO 72 J2=J1 1y NLK2
YL (JR2Y=X2CLI2)
YRCL2) =X (J2)
TF (K WNE. 2) GO TO 12
CALL STATCYLyY2yNLsN2yOELLyL)
0O =DIEL )
GO TO 132 -
T21=T241
J21e= o
N0 73 I3=121,N2K3
00 73 J43=J21yN1K3
Y13 =X2(13)
Y23 =X1¢J3)
LF(K +NE., 3) GO TO 13
CALL STAT (YL %2y N1»N2yDELL L)
[l =DNELL
GO TO 133
I131=13+1
J3 =341
N0 74 IT4=T31,N2K4
N0 74 Ja=J31yN1K4
Y1¢.J8)=X2(I4)
Y2(I4)=X1(J4)
IF(K WNE. 4) GO TO 14

-

CALL STAT(Y1sY2yN1sN2yDELLSL)

LD(L)Y=DELY

GO TO 134

T41=14+1

Jal=J4+1

N0 735 IS=I41¢N2KS

00 73 JS=J41sNIKS
Y1(J5)=X2(I5)
Y2(I5)=X1(J5) o
IF(K NE. &) GO TD 15

CALL STATC(YL1yY2yNLyNZ2yIELL1YL) .

DCL)=TELL v
. GO TO. 135

I51=T5+1 LR

JE1=J5+1
00 76 I&=I51yN2Ké
D0 76 J6=JS1yNIK6

ot

16l

2



v,
93,
94,
o
P4,
97 .
9,
99,
100.
101,
102,
103,
104,
105,
106
107
108,
109
110

-

-

-

-

B N R

112,
113
114,
113,
114,
117,
118,
119,
120,
121,
122,
123,
124,
123,
1::36 *
127.
128.
129,
130,
131,
132,
133,
134.
135,
136,
137.
138,
139,
140,

-

1

1

1

s

L

=

8

?

0

140

Y1(J6)=X2(1)
Y2(T18)=X1(Jé)
IF (K /NE. 6) GO TO 14
CALL STAT(YL,Y2rNL1sN2sDELLyL)
I(E)=DELL
GO TO 136
Té61=T6+1
NESENEYS B
N0 77 I7=161yN2KY
00 77 J7=J61 s NIKY
Y17 =X2(I7)
YR(I7)=X1(J7)
IF (K +NE. 7) GO TO 17
CALL STAT(Y1sY2yN1sN2yDIELLyL)
L¢L) =TELY
GO TG 137
T71=17+41
J71=0741
0 78 I8=171sN2KS
D0 78 J8=J71sNLKE
Y1(J8)Y=X2(18)
Y2(I8)=X1(J8)
IF (K WNE. 8) GO TO 18
CALL STAT(Y1yY2yNLyN2sDELL L)
0CL) =T
GO TO 138

I81=18+1
J81 =084
L0 79 I9=I81yN2KY
00 79 J9=J81yNIKY
Y19 =X2(19)

“(I?) =X1(J9)

JNE. 9) GO TO 19

'ﬁaLL STATCYLyY2yNLeN2yDELLYL)

(L) =DE L

GO TO 139

191=19+1

J91=1941 o
00 80 I10=I191syN2K10
10 80 J10=J9L1sNIKL1O
Yi¢J10)=X2¢I10)
Y20I10)=X1¢J10)

JIF (K WNE. 100 GO TO 20

CALL STAT(Y1sY2yNIsN2yDELL1sL)
DLy =NEL1L

GO TO 140

1101 110+1 e
J101=J10+1

Y1(J1LOY»=X1(J410)

162



1at.
142,
143,
144,
145,

146,

147.
L4,
149,

150,

))

1351,
1352,
153,
L34,
155,
156,
157,
1358,
L5% .
L60O.
1461,
1 6)2 L]
163.
La4a.
1465,
l. C’)(.ci *
167,
148,
149
170,
171.
1723,
173,
174,
175,

176, .

177,
178.
179.
180.
181,
182,
183,
184.

185.
186.
187.
188.
199,

80
139

73
132

73
131

102

?4

-

YA2CI10)=X2(110)
CONTINUE
YLOI9)=X1(J?)
Y2(12)=X2(I9)
CONTINUE
Y1(J8)=X1(J8)
Y2(I8)=X2(18)
CONTINUE
YLCAZ)=X1CJ7)
Y2(I7)=X2(17)

"~ CONTINUE
YILCJE)=X1(J&)
Y2(IH)=X2(16)

CONTINUE
YLCIG)Y=X1CJS)
Y2(I5)=X2(T3)

CONTINUE N
Y1.C04y=X1(J4)
Y2(I4)=X2(14)
CONTEINUE
Y1CJ3)y=X1(J3)
YR2(I3)=X2(L3)

CONTINUE

YL G2 =X CU2)

Y2OL2)=xX2012)

CCONTINUE
YL (a1 )=X1¢J1)
Y2CT1)=X2(I1)
CONTINUE

CONTINUE
ooo1rLl I=1el
S1=51+0C1)
IMLl=51/¢1.0%L)
DO 102 I=1sL
TEMF=DC(I)-DMI
UM2=0M24+ TEMFXTEME
IM3=0M3+TEMFXX3
IMA=IIM4+TEMF¥X4
IM2=0M2/ (1. 0%L )"
IM3=0M3/ (1. 0%L)
OMa=0M4/ (1 . OXL.)
DEL=(OMI3/0M2)XK2/0M2
DE2=(0OM4/0M2) /0IM2

FR=DR1IK(DEZHI.0)XX2/(4,0%(4, 0XkDR2-3

GC=2.,0%DE2~3 ., 0XDER1—-&6,0

[

JFRINT 946,0M1yDIM2,DM3» DMAy DEBL y DEZ2y PRy GC

FORMATC( G/ /"

CE1 K2

STOoF

MV 1

K

MV2
2R2-3B1-6

163

MV 3 ,
‘e /15F12.8)

+OXDRL )X (2.0X0R2-3. 0XDE1-6.0

MV4



1920,
191,
192,
193,
194,
1935,
194,
197,
198.
199.
200.
201,
202
203,
204,
205,
206,
207,

208,

209 .
210,
211,
212,
213.
214,
215,
216,
217,
218.

(]
LA

END

FOLLOWING SURROUTINE GIVES DELTA FOR
SUBROUTINE STAT(YLyY2yNLyN2»DELLyL)

REAL %8 YL1(NL)yY2(N2)yDELL,SD
L=l 1

CALL OIST(YLsNLySID

NEL1=8D

CALL GIST(YZ2sN2+SIND
DEL1=(NEL1+S0) / (NL+N2)

RETURN ' -

END

164

TWO SAMPLES.

FOLLOWING SUBROUTINE CALCULATES N TIMES THE
AVERAGE EUCLILEAN DISTANCE WITHIN A GROUF

OF SIZE N.

SURROUTINE DIST(XsNySID

REAL %8 SHsX(N)

S0=0, 000

0o 31 I=1sN

IFCT JEQ. N) GO TO 42

J=T41

00 41 K=JyN
IF(X(RK)YJGE.XCI)) DE=X(K)=X(T)
ITFOXCR) WLTWXCI)) -DE=X(I)=-X(K)
SU=S0+DE : -
CONTINUE

CONTINUE

3 8L=2,0KSD/(N~1.0)

RETURN

END



L.

D e

14

P ar s
’

e
7
8.

10,
10
12,
F3.
:I.‘QO
15,
14,
17,
18.
19,
20,
21
:.)A."

23,

24,

Y
.'3 wl oy

26,
27
28,
29
30.
3
3325
33.
34,
35,
36
37,
38.
39.
40,

Aal.

42,

ooonNoOoaO0oOoao

L ¥

g— g
1) 4

[

IMFLICIT REAL %146 (ID
REAL X1& NF(E) rNRKCB) s NKF(8y8) 2 L(8) )

DIMENSTON DKCBOy4) s IMCBOy80YyIISACBOy8O) y DI (35) 4
CODE(4) s DID2C2YyDIACL) »DI4ACL)
REAL %8 X(100)»yY (812D ' ‘ f\\
NATA I DMy DSQy OFPy D01y DO2y O3y DDAy OM2F y OIM3F y IM4F /131 466%0 ., 000/ "

yDF 7y DFPy DF 16y DF20DF23y OF1Oy DF LAy DIFLSyDF19» 01211y D13E L, D222

y IF2L s DF22y DF27yIIF28/716%X0. 000/ v LGy NyNU/4r 142/ ‘
REALD (&Gy11) (NR(I) s I=1y1G)
Nno 10 iI=1+1I06G

AFPENIIX  A.2

GENAFF: COMPUTING FOUR MOMENTS

-

THE FROGRAM CALCULATES-FOUR MOMENTS AND OTHER CONGTANTS

OF DELTA IN THE CASE OF FOUR SAMFLES FOR A SFECIFIC CHOICE

OF WEIGHTS AND THE DISTANCE MEASURE.IT NEEDS SLIGHT CHANGES

FOR ANY NUMBER OF SAMPLESyCHOICE OF WEIGHTS ANI' THE

‘TISTANCE MEASURE. . .
) NSIJ-DISTANCE RETWEEN X(I) & X(J)

OR-(Ns4) MATRIX WITH SUMS OVER I

OF LOSTJXDSIK ¢

IM~C(NyNY MATRIX WITH SUMS OVER L

OF DSTJRDOMC)LD :

™ DE-akRAY TO GET 3% FPARAMETERS

RO —-ARRAY OF ®UM OF FOWERS OF DK(Ls1)

In2-ARKRAY OF SUM OF FOWERS OF DK(Te2)

no3 &nn4 ARE LIKE ARQOVE

OFE-INTERMEDIATE VALUE OF & PARAMETER

T

L(ﬁ)“(Nh(I)—L 0)/{1 . OkN~IG) "
NKECTy 1)=NKCT) . ~

CONTINUE

READ (511) XD rd=1+4) . -

READ (5113 (X(J¥rJ=5¢8) : o E
REAL (Sy11) (X(4)rJ=9r12) o o

READ (Srll) (X(D)»J=13+N)

WRITE(&»21) (X{J)rJ=1yN)

NFCL ) =N '

no 20 r=2,8

NF(IX=0.0 ' . .

Do 25 J=1,I6 . ‘ :
NKF(JrI)=0.0

CONTINUE

CONTINUE
np 3¢ I1=2,8

IFCI +LE. N} NP(I)=NP(I"1)*(~+1.0*I)

LS

165



. ‘ 166

L]

43, ~ ne 35 J 1,10 ‘
44, . IFCI W LE, Nh(J)).NKF(Jrl)mNhP Jrl~l)*(Nh(J)+l 0-I»
45, - 35 CONTINUE
46, 30 CONTINUE
47, OO0 40 I=1yN
a8, , N0 50 J=1.%—

49, .. . IF(XCIY JGE. XCd)) DSIJ=(X(I)~X(J) I)%KNU
50, IF(XCI) JLT. X(J)) DSIJ=(X(J)=X(T))%KNU
51, - DR(I»1)=DK(I¥1)+D8TJ

52. LKCI s 2)=0OKCT » 2) OIS T IRX2, 0

53, DK(Is3)=DKCIy3)+0OSTIXXI . O

54, - DK(Iy4)=DK(Iy4)+NSTI%%X4,0

55, [0 BO K=1sN -

56, IF(XCT) JGE. X(K)) DSIK=¢(X(I)-X(K))RKNU
57. ‘ CIFCXCIY JLT. X(K)) DSIK=(X(K)~-X(I))%KNU
58, IMCD P K) = =DM (Js K) +ISTIKDISIK

59, 80 CONTINUE

60. ' S0 . CONTINUE

61, 40 CONTINUE

62 N0 90 I=1lsN

63, OMT=0.0
64, : DO 100 J=1sN
65, - COIF(X(I) WBE. X(D)) DSIU=(X(I)~X(J))kKNU
664 . IF(XCI) LT XCJ)) DOSIJ=(X() =X (1) ) *KNU
67. - DF7=DF7+DSTJXIM( Ty )

68. , ) C "DPO=DFPFDSTIJIKDK (I » 1) XIKC(Jy 1)
69. S . DF16=TIF146+0SIJXX2, 0KDM( Ty J)
70, ., - Cg DF23=NFP2340ST JKOMCT y J)KINSCI v 1)

71, . DF20=DF204DSTJKK2., OKLK (11 )KDK (A1) :
72, ) DF28=DF28+DK (T 1) XKD, OKIK(Jy 1) XIS .
73. Y IMT=DIMT+OMCI D)

74. , - O 110 L=1sN

.75, , . ODSQ(IsL)= DSG(I;L)+DSIJ*DH(JrL)\

76, 110 CDNTINUE
77, 100 CONTINUE :

78 . : OF21=0F214+0K (I 2)XDMT

79, 20 CONTINUE , - °"
80, . D120 I=1,N- . :

81, . : d%o 130 J=1sN AR

82, - IF(XCI) JBGE. X)) DSIJ=(X(I)~X(J))%%NU 3
83. . . ) IFCXCI) WLT. XCJ)) DSIJ=(XC(JI)-XCI)IRKNU - *
84, . | LF22= nPg”+DSIJ*QbQ(I;J)

‘85, o . - IHCH=0.0 'ﬁﬁw

86, - * N0 170 K=1sN - Lo R,
87. ’ . . DCH2UCH+DSQCJ KD ' - s lre,
88, "170 . CONTINUE . - '
89. . ' y DP27= DF°7+DCH*DSTJ

20. . *'130 CONTINUE .

21, 120 CONTINUE A S

. / . -
.



23,

4,

(?5 +

Y4
c 27

P8,

PP
190,
101,
102,
103,
104,
105,
1 O(f) *
107.
108.
109,
110,
111,
112,
113,
114,
115,
116,
117,
118,

119
120,

121,
122,
123,
124,
125,
126,
127,
128,
129,
130,
131,
132-,
133,
134,
135,
136,
137,
138,
139,
140,

140

N0 140 I=1sN
L0 150 K=1s4
DD (KD =001 (K)4+DK (T rk) -
CONTINUE
DO2C1) =002 C1)+0K (Ty1) kK2,
D02 C2)=DR2(2)+DK (T o2 ) KK2 .
DD (1) =003 ¢ +IK Ty 1) X%3. 0
D04 1) =004 CLYHIK T v 1) k%4 . ON
01211=0121 140K (T s 1)KOKCT v 2)
D1311=01311+0K¢(Ty 1 )KDKC Ty 3)
D1221=0122140K Iy 1) XKD, OKIK (T s 2)
IF10=DIF104+0K (T »1)%%3, 0 .
DF19=DF 19+DK (Ty2)KIK (T y 1) k%2
CONTINUE
LFECL)Y=O0L 1) /NF (D)
DFC2Y=D01(2) /NF(2)
DF3=002¢1)-D0t (2)
LF4=D00L (1) KKD . 0~4 . OKOD2 (1) +2, OXD0L (2)
DE (F) =IIF3/NE(3)
LF(4)=TIF4/NE(4)

L DR CSY=RD1(3) /NF(2)

NF&=01211-DD01(3)

TR (&) =TFS/NF(3)

DF8=DD1 (1) X001 (2) =4, 0%01121 142, OX0DL (3)
DFCEI)=0IFB/NF(4)

OF(7)=0F7/NF(3)

LF2S=DF9

F9=0F9~DF7-2,OkOF&~D01 (3)
DEC2)=0F?/NF(4)
LF10=0F10-3.0%0F&-0DL (3
DFCLIQ)=DNFL10/NF(4)

DFLL=0F3X0D01 (1) -4, 0OXDF?~23 0X0OF10~-4, 0%kDF &2, OXIF7

OF (11 =DF11/NF(5)

HP(12)=(HD1(1)*DP4~Q;O*HP1I~4,0*DP8W8.Q*DP9)/NP(6J

DEC13)=D01(4) /NF(2)
DF14=01311~001(4) -
DP(14)-DP}4/NF(3)

DE15 §p<ﬂ> -1 4)

OF(15)=0F15/NF(3) -
DF17=001 (3)%DD1 (1) -4, 0k 14~ h.o*nn1<4>
DF(C17)=NF17/NF(4)

< P2 8= D) X%2.,.0~4, OXDF15-2, 0kDIN1 (4)
JEC18)=IF18/NF(4)

TF19=UF19-DIF15~2, OXDIF 14— nn1(4>
OF419)=DF19/NF(4) °
OFC1&Y=IF16/NF(3) .
UF20=0F20~0F16-2,0XIF14~001 (4)
OF(20)=0F20/NF(4} :
DF21=0F21-DF16-DF14-0F15~001 (4)

le7



T&E.
144

165,
1 \{)é) +
167,
168,
16%.

170, .

171,
172,
1732

174,
175
176
177
178,
179,
180,
181,
182,
183,
184,

185,

186,
187,
188.
189,

168

uDF(?1)“DF?1’NF(4)

o2

o

[F2 4% nnjrﬂ>*01rw|é? DO (TP LEFLFLEHINL (40 - 4, Ok
COFP2 L DF TSI 14y 10 1 ¢ .
[F (24 = [ 24 /NF (5)
OF25=0N1 I XNI211-2, Ok (DIF204DF2LHTIFL9+DF Lo+ B0 C4) +TI15)
~& . OKDP14-TIF17
[E S Y=DF25 /NP (5)
OF30=N0TC2)KDIDL CL)Y XKD, 04, o*(mp>4+m+17+mm1<4>\-a OX (NIF 285+
OF19+DF204 DR 16ATIF LS9 )~ 16 OXCIF21+DP14) -2, OXDIiF 1 &
DF¢(30)=0F30/NF (&)
OF20=0E22-2, OkDF15-0001 (4)
[ ¢ =MF22/NF (4
DED23=NF23-2,0%kDF I &
W23 =NIF23/NF (4) 5
OF26=004¢1) -6, 0%kDF19-3 . OXDF 154, 0kIF14-1017(4)
DE(26)Y=TIF26/NF(5) .
DED7=0F27-DF22-2, 0kCOF234+DF21+0P 1S+ 0F 14 )
OF19-3,0XK0F 14001 (4)
UF (27 =DIF27/NF (5)
NF268=0E28-2 ,OXK(DF234+TR20) -3, 0X (D141 4) - D21~
[F19-0F1%-011(4)
DF (287 =DE28/NPCS) |
DER29= 700 (LY ~&6 . OX 23 +0F 16D o
UF(29)=0F29/NF(5) -
DE31=003¢1) kD01 1) - & O (UPF28+ P23+ DE204+DE2 L+ DF L &40 1 5) -
DLO0K(DP244T0L (4 ) =3 OXDF2%5—12, 0k IF19-DF17-10. o*ur1a
R 21 =NF31/NF(6) -
DP32=002 1) Kk2, 0-IF246~2, 0% (OF224DF24+TI001 (4) ) - 8L OK(IFRIHDF2 1+
DE1&EDFL9HIF14) -4, 0*(D!“/+HI“8#H!JO)—DIL8 AH.OXDFLY ™
D CE2)=NF32/NF ()
OF3Z=0RPY9SXIDL L) =4, Ok (NP 274 0F 284 DF19+LF1S) ~DF 292, o*(n122+n|°*
AUNLCA) ) =10 OX(DF2F4 1 16) -8, 0XIF 21 -4, OXDF20~DF17-8, 0*DF14
OF(33)=TF33/NF (&) ‘e
DF3A4=002CLYXDDL CLY XKD 0—4, OX (DF324DF3L+IF29+IF 26+ 0P 1L 7+001 (4) ) -
8,0 (DFP33H0NE22) =24, OX (D27 FDF204+0F 14 32, OXIIF28~40 ., o*cnpg3t~
OF21)-6.0%kIF24-28, 0% (DFP1940F16)~TIF30~16. O*(DFS&!DFl -2, 0018
IF (N WGE. 7) DF(34)=0F34/NF(7) B
OIF3S=D01 (1) %X4-24, OXDIF34~12, 0%k (IF30+0F18) -6 OX (DF334+0F2 ”+DP19
+OF2040F 16) 48 . OX(IP3240P244+DFP2240F15) ~32, OX(DFILHDF29)-192.0
*(DF27+DF58+ﬁF’1+HF 13)~16 , OK(DF24+0F17) 6% . OXDF14-8, o*nn1(4)..
IF (N .GE. 8) DF(35)= UF3J/NP(8)
OM2F=0F(4)

no 240 I=1,16

OM2F= DM°F+2.0*C(I)**“/NRI(Iy2)*(2.0*(Nh(l) 2.0)

XCDF(3) DR (4) ) +DF (2 -DF (4))

DM3F=IM3F+ (CCI) /NKFCTy2) YRR3R (NKF (T s 6)XKDFC(12)+12  OXNKF (T2 3)
XDF(11)ENKP (IS 4)% (24, OXDP(QLtB JOXIP (10)+6 . OXDIF(B) ) +8.0X
NKF(Iy3)K(IFC7)+30OKDF (&) ) +4% OKNKF (I »2)XUF (5) )

DMAF=D0MAF+ (C (1) /ZNKF (T 2))Kk4% (8. OXNKF (L » 2)XDP L3+



1ve.
195,
1e2,
123,
194,
195,
176 .
197.
198,
199,
200.
201 .
200,
203,
204a.
20%.
206,
207,
208,
209.
210,
210,
) l ")
’la.
214,

21;.}0
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END :
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