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‘.drfferent shapes df conduits.

‘}.

ABSTRACT . : R

-

Soil-steel structures are flexible conduits made of
. ste uctu ‘ !

.corrugatedwmetgl sheets and buried in a well,compacted

grenular media. Classical methods of design for conven-
. . ’ N LY

tional sized flexible buried conduits are simple and not
suiteble.fer long span structures, especially under rela-

tively shallow cover. Herein,'thellive load effect candot

b

* be considered secondary as in the case of conduits under

ﬁ'deep cover. also, field experienEe has shown that failure

of the structure could be initiated by soil failure. - The

»

present codesg avoid the problems assoqiated with shallow

cover by requiring a'minimum depth‘of cover.' This require-

‘ment is emplrlcal and does not dlfferentlate between the

7 _ :

‘ A plané strain finite element analysis is developed
and used to study lpeg span s;il-steel-structures of different
shapes under any depth pf‘cover and loading condition with due
cénsideration given to the soil state of stress. The struc-~
ture wall is replaced by conventional beam elements. Soil
ls simulated by a comblnatlon of constant strain and linear

strain compatible' elements. Storage and time requirements

for the numerical solution are kept to the lowest level

‘without sacrificing the desired accuracy. Two-noded sprihg

-

type interface elements are introduced between soil and

culvert elements.




-

Nonlinear stress—dependept hyperﬁolic'relationships
are used to model th® soil and shear behaviour of inter- -
face elements. _Coﬁs%ructiOn’prdcedureais simuleted;by
automatically generating the finite.element_mesp layer
by layer and by including the effect of compactidn in the
incremental analyses. Live load is applied concent:ically
or eccentriielly, in incr;;Ents.' Initiation and pfopaga—'
tiod of eoil‘faibﬁre ere detected based on a curved Mchr
envelope, and applying a stress transfer technique.

A finite element program is‘developed on the basis of
the foregoing analyfieal.pioceduré to predict the state of
stresses in the system due to dead and live loads, as well
"as- the 1i§e load causing soil failure. The analyticel‘

results are coﬁpared with EXperimental resﬁlts for live

load tests conducted on eXLstlng long span soil- steel
structures under shallow cover. The resﬁlts of" laboratory
tests carried out until failufe'of soil are also compared
with the analfficaily predicted valuee. Reasonable-agree-
ment is found in both cases. .

1
An analytlcal study establishes the parameters govern—v
'ing soil failure above the conduit. These parameters\ln—
¢lude the depth-of cover, magnitude and pgsition of loading,

and the size and geometric shape of the conduit.

vi
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‘ CHAPTER I '

INTRODUCTION -

'1.1 General

Underground conduits have been used for‘many years as
sewers or drainage structures in hichway,irailwaytend
municipal applications. kIn the last two decades, their use
has been extended to act as bridge substitutes. Currently,
they are copstruptea‘in North America with increasing fre-
quency as hfgﬁﬁi; and railroad bridges, tunnels and highuay
underpasses; au example is shown iu Fig. 1.1 This develop-
ment was accompanied by a steady increase in size of jnstalled

~

conduits (144, lSBj. Spans as large as 52 ft. have been -
successfully constructed and have performed satlsfactorlly';
These buried flexlble condults are being built using -
corrugated metal sheets and constructed so as to induce
beneficial lnteractlon between the conduit walls and thev

surrounding soil. The soil acts as an 1ntegral part of the

structural system. The conduit is referred-to as long span

soil-steel structure or long span corrugated,metél buried ;

structure, if its span exceeds 25 ft.

'Long span soil-steel structures came to be regarded as

economical alternatives- to -conventional short span bridges

AR L)
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‘because of e;se and speéd of the deéign and-const;uétion
(71) . Construction of coﬁventiona} bridges is labour inten-
~sive and much of this labor ié.highly Ekilled. Major
capital plaﬁt‘eguiémehts, such as cranes and the like, are
réquired and the conventional bridgétcomponentscare,usually.
made of high grade mate;ial. In contrast, the major com-
ponent in soil-steel structures is soil which ig wide%y'
available énd,one of the lowest cost’building.material.
Furthermore, the high performance of earth moving equiément
makes the conFtruction of flexible buried'conduits highly

producfive and economical. The cost of maintaining diver-

14 ) ‘ . . s M-
sions and detours is reduced because of the very fast

construction. Normal pavement and shoulders over the
structure eLiminQ;e problems such as bridge deck detericra-

tion (145).

A report by the United States federal Highway
Administration’estimates that using these féw cost bridges-
resul£ in savingsvdf 30% over other cbnventioﬁél éhbrt span
bfidges. Similar savings are reported in Canada (34), while
the Australian experience found the cost of soil-steel,

bridges to be typically one third that of the conventional
rbridges (64). Vvalue analysis by a prdduct'designer (152f

concludes that most conventional'overééss structures do not

represent optimum designs. Alternative design using_flexible
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metal arches and culverts were favored when considering

all governing ' parameters. These parameters are the economy
in design; fabrication, construction, maintenance, appear-
ance and safety features.

The most common shapes for long span f;exible condui ts
are shown in Fig. 1.2. These etructures may be large dia-
meter circular pipes, vertical or horizontal ellipses, low
or high brofile arches, pipe arches or inverted pear eon—
duits. 4

The condult walls are usually made of cold formed
corrugated plates. The pitch of corrugatlon is of the order
of 6 in. with a depth of 1.5 in. to 2 in.. _ The plates- are .
corrugated, puthed and then galvanized and‘curved; They
are usuaily shipped unassembled and bolted together at the
site.. The~steel thickness ot the plates ranges from 0.109 in.
to 0.375 in. (32).

Graigi;Zanaterials are generally recommended for bhed-
ding and backflll which should be well compacted (144).

Such materlals do not exhibit much change in their phy51cal
and engineering properties once they are constructed. En-
vironmental factors such ae moisture ¢hanges do not affect
tnese properties to- the same degree as they affect those of
cohesive scils.

The design of most flexible soil-steel structures has

mainly relied upon observed behaviour of similar systems,



empirical formulae, and gsimple theories. These conventionél
methods of design, as well as modern methods, such as the

finite element methpd, are critically reviewed in Chapter II.

-

1.2 Purpose of Research ' ‘ -
‘Experience in the field has shown that failure of a
soil-steel structure could be initiated by shear‘pr.tensién
failure in soil (109). The Code writers (1, 124) avoided
-suCh problems by specifying a minimum depth of cover of |
one sixth df-the structure span. This requirement is em-
pirical and does not differentiate between di fferent shapes
of eondqifs. In additicdn, a literature survey of available
.-methods'LOIanaiyze soil-culvert systems showéuthat the main
concern is the determiﬁation of stresses in the culvert
walls with no fention of the state of stresses in the soil D -
média. , ' o ) _ ' )
Availablé analyses of soil-steel structures have other
shortc&mings. Some important aspects of the problem, such
‘as compaction and consideration of local failure in soil,
are neglected in—spite of their effects on the behaviour
6f ﬁhe doil-structure system. Moreover, complete fixation

‘at the interface between soil and culvert walls is often

' <

assumed for simplicity.
This research is motivated by the need for an in-depth

study to investigate the actual performance of large con-

b

.;E;



duits under shallow cover. Furthermore, it is necessary
to examine the parameters governing the lower limits for
the height of cover as dictated by soil:failure above the
conduit. - N

In order to achieve these goals, it is "essential to
develop a new computer program for the analySLS of soil-
structure systems under any depth of cover. The program
"avoids the previously mentioned shortcomings by:

1. considering nét only the state of stresses in
the culvert walls, but also that in the soil
media as a criteria to stuéy the.rélationship
between depth of cover and permissible live ‘
loads,

2. being valid for both syﬁhetrical and unsymme-

;trical loading quiifions, and
3. .conslderlng compaction, soil fallure and

probability of slip between structure walls and

soil. : ) _/fk\
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CHAPTER II
LITERATURE REVIEW

2;; General

Many years of field experience have resulted in
simplified theories and empirical formulaé for the design
of conventicnal buried flexibie structures. These widely
used c¢lassical methods were generally confirmed by field
observations of small éized circular pipes built under usual
field conditions (10, 37, 114, 115). They are briefly re-
viewed in this.chapter. Then, the summary of a_considerable‘
amount Sf\research work to study the interaction between
soil and flexip}e culverts‘is outlined. Finally, modern

L ’ k ! L
methods, whichhéve been applied recently to analyze flexible

S

conduits in a more rational way, are discussed.

2.2 Conventional Design Methods

In traditional methods of design, soii structure
interaction is not properly represented. - However, they
are briefly summarized here in order to provide an appre-
ciation of past thinking which eventually led to the more

refined techniques.

Basgically, design of most flexible culverts has relied -
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updn three criteria: -a deflection criterion, a wall
coﬁpression criterion, and a wall bucdkiling criterion.

The deflection_critefion is based on a deflect;on cal-
qﬁlated by the Iowa deflec;ioh formula in which a stress
digtribution suggested by Marston énd Spangler is assﬁmed.
The wall and seam,kompression cri;erion depends o; a design

compression force obtained from the ring compression thecry

as proposed by White and Lager. The wall buckiing criterion .

‘follows the studies conducted by many researchers such as

Booy, Watkins, Meyerhoff, Luscher and Abdel-Sayed.

‘3

2.2.1 Marston-Spangler Method
»
The Marston-Spangler approach (111, 147, 148) was

L]

basiéally developed for small diameter circular conguits.
It is comprised of Marston's estimation of éffectiv; ver-—
tical load acping on the conduit and Spangler's assumption-
for the locad distriﬁﬁtion around it. At the top and bottom
of the conduit, the vertical soil'préésure is assumed uni-
form; and at the sides a parabolié‘horizontal pressure with
a maximum at mid-height is considered. )

As shown in Fig. 2.1, the vertical pressure is distri=-
buted o;er the pipe diameter and the horizontal pressure
over the Arc length subtending a 100° "angle at.the centre.
The intensity of the effective uniform pressure is assumed

to be equal to the weight of a sliding vertical scil column

above the crown of the conduit plus or minus the shearing



resiétance onlthe sideg of the soil column. The sign and
magnitude of the shearing resistance are in part dépendent
on the relative étiffness of the pipe to stiffness of the

| . ‘ :
soil. The Qfximum'horizontal pressure at the ends of the
horizontal 'diameter of thé conduit is assumed to be directly
proportional- to the horizontal deflection of the sides.:
Where a uniform soil support is provided by proper compac-
tion of the soil envelope and with the height of cover
exceeding the diameter, the maximum horizontal pressure on
the sides is up to 35 percent greater than the vertical
pressure on the top of the structure.

According . to the assumed pressure distributién, the
circumferential thrust is a function of -the radius of the
circular crossysection of the conduit, R, and the inten~
sity of the yéitical pressure at the crown, Pc. It varies
‘from'a minimum of a 0.7 PR at the top and bottom of the’
conduit and”P_R at the sides, to a maximum of about 1.1
PR at the haunches. The corresponding circumferential

moment in the wall varies from about 0.02 PCR2 at the

2

“top, sides and bottom, to about -0.02 PcR at the haunches

(116, 147).

4

L) .
The radial deflection under the assumed loading consists
of ‘a downward movemert of the top and outward movements of
the sides of the conduit. The maximum horizontal deflection

d, is given by: .
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4
kﬂ'PcR
EI + 0.061 E” R .
where, 4
E = mbdulus of elagticity of the conduit wall
material in péi, .
I = moment of intertia per unit length of cross-

section of conduit in in.4/in.,
bE’ = modulus of soil reaction, and
ky = congtant,“its value depending on the bedding
angle and deflection igz factor.
Spangler concluded from his experimental investigation
6147)—that, if the vertical diameter of a circular flegible
.conduit decreases by about 20% from thé initial diameter,
the pipe is in a state of incipient collapse. Additional
vertical load on the pipe causes failure due to reversal
curvature or sngp—through buckling. It became customary,
then, to refer to failure conditions in flexible pipe as
20% deérease in vertical djameter. It was also observed
that the dec&éase in vertical diameter is almost equal to
the increase in the horizontal diameter and is obtained
from Equation 2.1. Design is achieved by adjusting the

in-plane bending stiffness of the conduit to limit deflec-

tion to 5 percentor less of the diameter.
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2.2.2 Ring Compression Theory

White and Layer (157) suggested that, once a flexible
conduit has been installed in a compacted backfill capable .
of taking reaction, pressures, it can be analyied as a thin
ring in compression. .The theory was developed on the as- -
sumption that the non-uniform soil pressure distribution
around the ;onduit proposed by Marston-Spangler Theory has
litﬁle effect on the magnitude;and dist?ibﬁtion of. the’
circumferential thrust, jT@us, it simplified. the complex
loading condition by neglecting the effect of any soil
friction forces and assuming a uniform Qressure distribu-

tion. This assumption is consgidered valid for flexible

circular conduits with cover heights exceeding one-eighth

of the conduit diameter. The uniférm pressure, Pc' is

taken as the over-burden pressure plus any distributed

live load, Py, including impact at the top of the conduit:

. Pc = yh™ + Pl ‘ (2.2)
where,
Y = unit weight of fill,
h" = average height of cover above structure, and .
Py = the equivalent. live load pressure.

For cover heights exceeding the diameter of the conduit,

the minimum cover height, h, at the top of the structure
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may be used instead of the average height h™ 'in Eguation

2.2. The average and minimum cover heights are shown in

" Fig. 2.2.

According to the theory the circumferential thrust

in the conduit wall is given by:

= Sy o« L
T = Pc (7) (2.3)

where,

§ = span of the conduit cross-gection,

In the wa;l of a non-circular conduit, the radiél
soil pressure is considered to vary in such a way that
the circumferential thrust in the wall remains constant
throughout the circumference. Hence, the soil pressure

A

% .
on the structure at an?onint may be written as:

P=i : (2.4)
where,
R" = radius of curvature at the point under considera- ~
tion. |
‘ The soil pressure, being inversely'proportional to the

radius of curvature, is maximuom at the point of minimum
radius, as for -example, at the haunches of a pipe arch.
The distribution of soil pressure according to the ring

gdmpression theory for two conduits of different shapes ’
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as shown in Fig. 2.3. For any of these shapes, design is
achieved by supplying sufficient conduit wall area such.

that the thrust stress is safely below the wall strength.

2.2.3 Buckling Considerations

Booy (19) suggested that the conduit wall can, in
some cases, fail by instability before deformations become
iarge enough to cause collapse. Ih order to check the

conduit walls against buckling, he proposed applying the

buckling formula of an elastically supported beam (151) which

results in the following equation:

2 [FIE ' B
g = 2\/BE (2.5)

where,
'fb = buckling stress, and
A = cross—-sectional -area per unit length of the

conduit wall. _
Meyerhof and Baikie (113) and Luscher (108) suggested
similar equations for calculating the buckling stresses
of flexible pipes buried in soil with a high coefficient
of subgrade reaction.

Watking (153) considered a modificatioﬁ of the bﬁck-
ling stress for a pipe under hydfostatic pressure to
account for the friction in actual soil around the conduit.
Based on Watkin's equation, and the studies of Glock and

Kloeppel, Abdel Sayed (2) suggested the following formula
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which considers the relgtive gtiffness of the soil with
respect to the rigidity of the conduitlwall, as well as
the @ffect of shallow coﬁeri/f
' 3EB
. £ = —_ (2.6)
, b (k"R/X)
where,

r = radius of gyration of the conduit wall, and

hos)
o

a reduction factor .accounting for the depth of
cover. R
The value of B is equal to 1.0 if the depth of .cover is

greater than twice the radius of curvature of the conduit, at

the crown; for other cases, its value is given by:

g = hy2r10°> (2.7)

The value of factor k, which depends upon the rela-
tive stiffness of the conduit wall with respect to the

adjacent soil, is given by:

o= AS[EL 025
E'R

(2.8)

The value of the A is equal to 1.22 for the wall in the
sidesléqg_bqttcm where it displacés towards the soil.

For the. upper zone, where the wall is subject to
active pressureé and tangential movement has considerable

_effect on the buckling stress of the wall, X 1is given by:
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A= 1,22 [ 1.0 + 2 (-§£3-)°'25 ] (2.9)
E*R -

Inelastic buckling is consideredﬂzé gtart when fb
equals half the yleld stress fy of the wall material. "’ A
parabolic equatlon is assumed for the tran51tlon zone

k* R
between full ylelding (— = 0). and the elastic zone at

fy/2. This results in the followrng ecquation for buckllng-

o = -
2
£ 2 .

fb = fy - 13 ( ) : . (2.10)

where k* and B have the same values as those for buckling
in the elastlc zZone.
Design, based on the buckling criterion is achleved
by selecting the wall thickness so that it is capable of
carrying the thrust with an aéequate factor of safety ééainst

buckling stress.

2.3 Soil-Structure Interaction Studies

Extensive research work followed the pioneering work
done at Iowa State University by Marston and Spangler.
The aim was to study the interaction between flexible
tubular structures and the surroundihg soil. These
studies.confirmed the importance of two aspécts of the
interaction which are described by Luscher and Hoeg
(106, 107) as arching and pressure'redistribution.

Their conclusions are based on their own experimental '

P
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. and theoregicai studies as well as the work of others.

Lon

2.3.1 Archlng
Archlng (121) is the phenomenon by which the vertlcal

load on the flexlble conduit is reduced or 1ncreased as it
&

deflects in_the vertical direction.: Posiﬁ&ve arching is a

iavourablg_condition wherein a portioniof the overburden

N

" load is diverted-around the pipe in ijcqmpression arch of !

soil. " Hoeg (78) found that the vertical pressure oh the
tops of flexible tubes is sand decreased to about 70% of
the overburden pressure as the flexibilitj of the tubes °

increased. Allgood and Ciani (11) found that the reduction

" in the vertical load on tubes embedded in sand due to

arching would depend on the degree of compaction of the-

gsand. For a height of cover of about one diameter, the \\‘

-

average reduction was 30% when tube was buried in dense
sand, and it was only about iO% when 'sand around the tube
was looge. Sun:.larly, Howard (79), and Howard and-
Sélander (SQ)JiaEEd that.the_pressuée at the crown of
flexible pipeé they tested were always less than the
overburden pressufe. | N
However, it may not alﬁays be possible to count on a .
load reduction due to arching. Davis énd Bacherx(36)
found that the load on a flexible culvert beneath a 170 ft.

deep fill was greater than the overburden pressure. -
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This unfavourable "negative arching" indicated that
a pipe might draw load in excess of the soil weight above
it. Consequently, it can be seen that there exlsts a

case of "neutral arching” where load on a f;exlble pipe

. is equelito the actual weights above it. ' .

2.3.2 Pressure Redistribution

The - Second lmportant aspect of the interaction between
flexible condults and soil is pressure redistribution af-

fected by the conduit flexibility. It is the action by

__whioh the pressure on the side of the conduit is increased

above the vert;cel pressure. As'the structure is loaded
vertlcally and deflects under the locading, the 51des of

the structure push 1nto adjacent soil and the side ‘pressure

increases. The uniform hydrostatic pressure assumed by

White and Layer does not really exist. Hoeg {78) found

that the side pressure on thin metal tubes buried in sand

increased with increasing flexibility of the tubes up to

.a certain point. As the flexibility of the tubes increased

beyond this point, the vertical pressure did not decrease
further but remained equal to about 90% af the overburden

pregssure. Similar results were reported by Howard (79)

‘and Howard and Selander (80) for model tests on plastic

plpes in both cchesionless and cohesive 50115. Selig (141,

142) and Selig and Calabrese (143) condluded that the

¥
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sequence of comstruction operatidns could play an important
part in determining the magnitudes and distributions qf
loads on a buried flexible culvert. They also found that
loads on a structure might be contro;led to some extent
through the use of temporary internal bracing du:ing

construction.

2.4 Recent Methods of Analysis

In recent methods of analysis, the lcad d;stribution
around the pipe} or at least part of it, is not assumed,
but is determined in the gourse of the solution. Solution
techniques may further be classified as analytical orx
nqmerical. Analyticéllapproaches use classical theory of

elagsticity and shell theory to’obtain what is termed an "exact"

- golution. Numerical methods depend on approximating tech-

niques, such as finite differences or finite elements.

2.4.1 ARnalytical Solutions

¢ Anéiytical solutions for flexible conduits embedded
in soil have been discussed by Savin (138), Burns and
Richard-(23); Burns (24) and Hoeg (77). Savin investigated
the stress state-around % composite liner of a hole in-an

infinite elastic isotropic plate subjected to a sysﬁem of

‘axternal forces. Burns' solution is a closed form one and

is quite convenient to use. According to Burns, a circular
v :

pipe having a depth of soil cover of more than 1.5 times
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the pipe diameter can be analyzed by assuming it an elastic

" thin cylindrical shell encased in an isotropic, linearl?

elagtic medium of infinite extent subject to a surface

overpressure, Even though this theory has several simpli-

- hfying assumptions, it is capable of either neglecting or

taking into account the friction at the -soil conduit in-
terface. \

Several investigators {35, 87) have proposeé deéign
methods based on Burn's solution. To determine culvert
behaviour, the developed equatiéns in cartesian coordinates
were. converted to graphical form. Curves were drawn to
indicate relationships between deformation, bending moment.
and circumferential thrust parameters and a‘soil culvert
stiffness parameter.

. Hbeq generated a plane strain solution, similar to

Burn's solutibn, in polar coordinates.

2.4.2 Numerical Solutions

Many of théc}estrictions and approximations necessary
in applying to practice the solutions obtained from elasfic
theo;y, are‘no longer required when numerical techftiques
are used iﬁ conjunction with an electronic computer .~ The
numerical approaches to analyze soil-culvert structures
may Ee further grouped under two headings. The first

represents the soil system as a set of springs whose

)

1)



19 . N N "

response is designed to simulate that of the soil. The

second approach deals with the 5011 medium as a continuum,

W

and the soil-conduit system is ahalyzed by the finite

element method. ' 'f

2.4.,2.1 Spring Method

The spring method (48, 90, 149) is considered a éﬁsp
forward compared to the Spangler and White méthods, since it
assumes only the distfibution of thé active livé load while
the soil reactlon is obtained in the course of the analysis.
This method was suggested by Drawsky in the United States
and applied by Kloeppel and Glock in Germany. .

. prawsky (48) proposed a mathematiéal model based on
replaulng the condult by a segmented ring surrounded by a
system of radxal gprings instead of soil. The actual com-
plex problem of determining the response of the soil-conduit
system to an applied load is solved to any desired accuracy
-by an iterative numerical procedure. A wide variety of
situations may be handled using this approach such as
various culvert shapes and variation -in spil modulii.

Kloeppel and Glock (90) suggested the.use of a
basically similar method as Drawsky, but with improvements.
Their method consisted of replacing a ‘unit léngth of the |

conduit wall by a partially supported two—~dimensional

polygon as shown in Fig. 2.4. The soil, is replaced by
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discrete springs which are capable of sustaining only
compression. The frame is loaded by a radial pressure,

which is in the form of a sine wave with the maximum in-

tensity, Pc' at the crown, which is calculated as follows:

d
1]

vh + P (for P, < vh) (2.11)

1 1

. Po=1.1 (vyh + Pl) (for P,y > yh) (2.12)

The 10 percent inprease for structures with shallow depths
of cover accounts fqr the effect of load concentration due
to traffic lbads. The radial pressure at o = 90° is recom-
mended to bé O.S'Pc when the depth of cover is more than the
span of the cogduit; and equal to zerc for shallower covers.
The polygon is then trgated as a statically_indeter?inate
structure. However, the accuracy of this épproach is de-~
terred by the lack of information concerning the e?aluation
of the rigidity of the springé. The stiffness of springs
is_equal‘to the coefficientlof soil reaction times the spring
. spacing. ) '

At the present time, constant values for the coeffi&ient
of soil }eaction are aésigned (81, 82). No consideration is
- being g;ven to the stréss dependent behaviour of soil. The
friction between the conduit wall and soil can be acc&unted
for through ah over-simplified épprpach in which the spring

supports act at an angle from the radial direction, tan-l WUy
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where § is the coefficient of friction. . Furthermore aﬁ‘_‘,
iterative proceés, in yhiéh.spfingg subjecfed to tensile
forces are éliminated; is required to determine the zone

of passive soil pressures and the corresponding internal

forces.

2.4.2.2 Finite Element Method .

Because of its flexibility the finite element meﬁhod
ig most adaptable’for tﬁe anaiysis of buried conduit
problem. The method was appliéd By modelling the soil
and culv?rt walls by an assemblage of finite elements in
a tgP—dimensional plané-strain.éroblem. Therefore, it is
assuméd thaf‘therg ig no variation of force effects ip the
longitudinal direction of the conduit (57, 84), which is
an assumption inherent to all other methods mentioned
earlier.. |

Earlier applications of the methed to a flexible
culvert problem were performed by‘Bfown (22) who developed
a finite elemént program for flgxible cuiveLts-under high -
£i11. This was followed by several finite element in-
vestigations reported by Allgood and Takahashi (13y,
Kirkland and Walker (£9), Abel, Mark, and Richards k4),
and Q:-:\a\xraja (119). More scphisticated finite element

progryms have been developed recently. The most general of

' these is CANDE (Culvert ANalysis and DEsign) developed
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by Katona, Smith, Odello, and Alléood (84, 85, 86).

CANDE program uses either the elasticity solution of
Burns (24) wiéh nonlinear modifications or the finite
element methdd. A wide variety of condui£ wall materiais
such as corrugated steel or reinforced concrete may be

handled automatically. The finite element formulation

. in CANDE 'is based on an extended Hardin nonlinear soil

model (73). However, the program has several drawbacks.

A minimum height of soil cdver of 1.25 the average
diametexn measured'from the spring line, is imposed. Com:
pactiOn.is not treated aﬁd‘sequential construction simula-
tion is not accurately enough considered.

Other important finite element programs were de-
veloped by Duncan (53, 56, 57, 58). These programs are
based on the hyperbolic stress-strain relationship for
the soil. Compaction of soil layers is not considered.
Complete fixation between soil and conduit is assumed.
Representat%on of 1ive loads is based on the Boussinesq
elastic theory'aithOpgh its applicatioh in the presencé

of the culvert opening is doubtful.



ggAPTER 111
ANALYSIS PROCEDURE
- - ' g
3.1 General

The capabilities and llmltatlons of the finite
element approech as an effective method for the analy91s
of underground flexible culverts are investigated. The
characteristics and features of the method used in the
analyéis are summarized.

Constant strain triangular elements, as well as
linear strain quadrilateral elements are used to simulate
the soil media in the finite element mesh. A nonlinear
stress—strain relationship is assumed for soil elements.
Beam elements are employed as culvert wall. A two-noded
'interface element is formulated. It simulates possible-
behaviour at the common ;nterface between culvert wall
and soil such as sliding or separatieﬂ. Nonlinearity of
the load deformation relationship of the interface,
elements is taken into account.

Important aspeets of the construction process simu-
latlon are descrlbed ‘ The procedure includes both incre-
mental analysis for each layer of soil added to the system
and compaction offects. Some iteration processes are
apelied to improve the theoretical results. obtained from

the finite element analysis. Failure considerations for

23
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soil elements, as well as interface elements, are pre-—
sented. Finally, the computer program developed to carry
out the computations_involvéd in the analysis is briefly

- #
desgcribed.

3.2 Finite Element Approach

A direct applicaﬁion of the classical theories'of
continuum mechqnics to analyze a buried flexible struc-
tural plate conduit problem is Qirtually_impossible, The
complexities 1nvolved in determining stress d;strlbutlon,
displacement pattern or failure zones throughout the soil
media and culvert walls are beyond the capacity of such
fheories.

The only logical analytical approach able to incor-
porate most of the aspects of a soil-steel structure system
with a minimum of over-simplifying ideélizations is the
finite element méthod. In addition, it is known that this
immensely powerful numerical analysislpossesses many
important features that make it of great potential in
solving interasﬁ&on problems. It has considerable flex-
jbility in assigning and modifying the different material
propertles for individual soil and interface elements.
Hence it is 90351ble to simulate nonlinear behaviour in’

a realistic manner, to account for different types of

soil and to represent nonuniform structural stiffness.
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The consistency of finite elements in dealing with differ-
ent types of soil structure problems allows a reliable
comparison between buried structural plate conduits with
dlfferent shapes and varying helght of cover. It allows
complicated boundary shapes to be accommodated In addi;
tion, by changing the gecmetry of the finite elemen£ mesh;
it, is possible to simulate placement of £ill in layers
around the structure and follow the varying.strﬁétufal
geometry that accompanies actual construction sequences.
Finally, its results offer ; complete picture of the stress
distribution and deformagion in the entire media. The ring
cémpression féfces and bending moments in the culvert wall
are also cbtained throughout construction aﬁd ;nder'appligd

external loads.

VIt should be noticed that the finite element method
is an approx1mate analytlcal tool. Its accuracy depends.
on the mesh size and on the type of .element used as the
basic unit of the meﬁh! The information derived from the
analytical results is heavily influenced by correctly in-
cluding most of the major aspects of the problem during
idealization. As more of these'influéhceg are taken into,
account in the énalytical model, the accuracy, as well as

the storage requirement, computational time and effort,

. increases.
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Bearing these important.factors in mind, the finite K\\\\
element approach is realistically applied td analyze ané -;:
study the interaction between flexible culvert structures

and surrounding soil; The features of the analytical

model are described in the following section.

3.3 Modelling Characteristics of the Finite Element

. The first step in a finite élement analysis‘consists

of replacing the actdai soil structure system by a system

of finite elements or subregions interconnected at a

finite number of nodal points. This idealization results

in a finite element mesh which simuiates the preéence of

the soil méss and tﬁe structure. lA coépleée idealiZa£ion

needs to be three-dimensional. in space to take into account

any varying condition along the axis of the éulvert such

as external loads. The time dimension ﬁay‘also'be in-

cluded to follow the load history effects. However, the

computational requirements essential to lncorporate the

impcft;nt aspects of the problem make it virtually impos-

sible to undertake static three-dimensional finite element’N.J-"‘
%Enalysis._ Therefore, a plane-strain condition~is, ‘

asgumed for the cross~seqtion under consideration. The

thickness of all finite elementé taken as unity is kept .
constant throughout the analfsis to account for the study
of a cross—section instead of the three dimensional

analysis.
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Figures 3.1 to 3.4 show some_ typical meshes that -are
generated throughout th;s study to analyze different
situations encountered iﬂ soil-steel structures. Fig. 3.5

is an enlargement of the elements around the structure.

—

In these-meshes cqnduit walls are replaced by conventional : ;' v
pléne {ramelelements-ana”ééii\media i§ discretized into K5ﬁ
membrane eléments. -

The mesh in Fig. 3.1 is developed fo£ the analysis
of circular culvert structures under shallow cover. It

contains only constant strain triangular elements to

simulate soil media. These simple elements reduce th

comput;tiOnal effort appreciably compared to,highéi‘order-
eélements. Resulting stresses in the ébgduit walls are
reasonable compared to'expérimental results, However, I
they do not convey a clear -and dependable picture of the

. lstate of stress in the soil around the upper half of the |
culvert where possibilities bﬂgfailure do‘exist. The
mesh in Fig. 3.2 is -also used to analyze shallow cover
circuldr culvert structures, It contains constant ét:ain

triangular elements as bas?c goil eleméntS'up'to'the .

épring lines of the culvert. Above .the spring linés_aC/”/’/,///;//<
linear strain quaérilateraLtelements"afe useq to replate e
the soil around Egg,cu1vezE;,’EEEEE,higHéffg;g;;/;;ements' .

//- . 0] - 4 '
are much superior to basi elenments in regions of high

—

stiéss‘grad;gnt.' They are also essential to follow the

»
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start and propagation of failure in so0il under the effect.
of heavy loads. They result.;n a more accurate solution
for the stresses and strains ih the culvert walls.
To study the soil-steel structﬁre system under
extremely shallow cover, the mesh in Fig. 5.3'can be uged.
Constant strain triangular elements and‘linear-strain i
quadrilateral elements are used, however, the top layer

consists of only one elemeﬁt in the vertical direction*\

‘above the crown instead of three. 1In this case, the

height to width ratio of the element is improvéd. De-
pendable results are obtained compared to misleading ones
as in the case of using three elements in the vertical-

direction above the crown with a height to width ratio

: less‘;han 1/3. .

To extend the study to common shapes other than cir-

cular, a mesh similar to that in Fig. 3.4 is used. In

this mesh, the span éﬁé height of culvert, ih';ddition to
the diffefent radii of curvature, é&e needééfto geperate
an elliptical shape pipe. “ )

A standaid displacement method of analysis yield the
nodal point‘displacementsland the internal‘stresseé in
the culVerf walls and in the soil during cons?ruq?ion as

well as under the effect of exterpal loads. o
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3.4 Finite Element Eprmulation : s

Lo The'formulatipn procedures of the finite element
"method can be based on direct agproach,,variational

- principles and other methods such as the method of
weighted'resiQuals. The use of variational principles.

hed

permits generaliiétion of the finite elément; provides

physical 1n51ghts and is éonvenlent in formul;tlng the

equatlons of. the dlfferent types of elements used in

this study. The variational principle of minimum poten-

tial energy in which displacements are adopted as primary

unknowns 1is outlined below.
.For each type of elements, a displacement functidn

that uhiqﬁely describes the state of displacement at all . ‘ -

points within the element is chdsen. The assumed func-

 tion must contain one unknown for each degree of freédomv/

" encountered in the element. Usually a polynomial form

for the displacement in terms of generalized coordinates

.1' is defined as follows: N ‘ - '
' ' {ul = (¢ {a} o (3.1)
where, . . ' \& '
‘ﬂ {u} = is a vector of displacemehts at any point;
{Q} =-is a vector of coefficiénts for the assumed éﬁ
1nterpolat10n function; and ' ) ‘.
N [#] = is the interpolation matrix which, in case of a.

palynomial, contains terms-in ¥ and y.



e

‘_ 30
- _
Sdbstituting the displacements aqd,codkggnates of

the nodes of the element into Equation 3.1, yields:
N _

- . g} = [a] {a) (3.2)
where, |
{gql= vectoé of nodal displacements, and
[A)l= matrix containing nodal coordinates ggfmg.'
The vector of unknown coefficients {a} may be eli-
minated by combining Equations 3.i-and 3.2{‘dnd the vector

of displacements is obtained in terms of nodal displace-
L . .

- . K

ments as:

N
{u} = [o] (a7 {9} (3.3)
where,
4 -1 .
[A""] = invezse of [a).

Applying the strain-displacement relationships to

Equation 3.3, the strain at any point within the element

may be written as:

{e} = {B] [A’l]{q} ' . (3.4) N

-
where,

(e = "strain_ vector, and. . ,

[B] = matrix obtained by differentiating [¢].

From the theory of elasticity, the stresses may be

-+

related to strain by the elasticity matrix as follows:

® .

&

r )
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/ . {o} = [Di{e} . - (3.5)
where, ‘ |

{p], scmetimes called the modulus matrix, contains

the elastic properties of the element such as its

- modulus of elasticity E and Poissen's ratio J.

The total potential enerqgy of the element repreésents
the sum of thg internal strain energy and the potential
énergy of the loads acting on the element. In tgrn,‘the
potential'energy of loads, is the negative sum of the
work ddne by surface loads and by body fofces. Thus the

element total potential energy can be expressed in matrix K

form as:
SEDPRR. . T T -

Hp = kf{e}* {claw -sr{ul"{x} av¥ - f{u}&{f} ds (3.6)
'where,.‘_

_Hp'= total potential energy, -

. : e
{X} =.body forces vector,
{T} = surface traction vector, , y

s = surface of the element,

‘volume of the element, and

¥

{ 1T = transpose of the vector.

L

' Substituting Equations 3.3 through 3.5 into Equation
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3.6 yield - | 7 ’ e

I =i a1 e Tior (1 (2”1 g} av
- T iahTer Tix avw
- _f{q}T[A'l]T[qss]T{ﬂ ds (3.7)

where,

[¢s] = [¢],é§aluated along surface points only.
C

Equation (3.7) represents a sgalaf function of the dis-
cretized unknown nodal displacements {é}. The total -
potential energy of a system of finite elements is the
algebraic summation of the total potential energf of in-
dividual elements. It has a stétionary value when‘equilib--
rium is achieved. Téking the”variation of Equation 3.7 -
.with respect to displacements, and equating the result

+o zero, the element stiffness matrix can be obtained

as:

k] = ria~ e oy Bl (A7Y) aw (3.8)

It is much easier to dexive the element stiffness
matfix with respect to .convenient local coordinates
instead éf global ccordinates. Ih thié-ease,'a standard
transformation matrix ig used to transfer in the local

stiffness matrix into the global system as follows:



" live loads, linear strain elements are used for their
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[k] = [117 (k1 (T] (3.9)
where,
[k] = element stiffness matrix with respect to the
' gldbal coordinate :system, and
[T] = transformation matrix cdntaining direction
. ‘ cosines of the local axes with respect to tﬂe

global axes. )
Finally the total global stiffness matrix of the
structural system is obtained by an automatic algebraic

assemblage of individual element stiffness matrices in

global coordinates. s

3.5 Formulation of Soil Finite Elementé

hvailable finite element prégrams ﬁse either constant
straih élements'br‘ﬁpn-compatible linear strain elements.
to represeﬁt,soil. In this study, a combination of cén-’
stant strain triangular elements and compatible linear

strain quadrilateral elements is employed. Where stress

"variation is not rapid, constant strain elements are used

for their simplicity. Around the upper half of the ‘culvert,
where rapid variation in stresses occurs under the effect of
accuracy. These soil finite elements are briefly formu- °

lated in the following gections.
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.3.5.1 Constant Strain Triangular Element

Figure 3.6 shows a triangular finite element having
three‘corne;‘nodes in global co-ordinates. Since each node
"has two degreeé of freeaom,-the linear interpolation func-
tions for displacements at ‘any poimt are expressed in |

terms of six unknowns. These displacements, which satisfy

‘element boundary compatability, are assumed as:

u.=_ ay + o, X t o,y . (.3‘.10a)
V= oy + agX + ogy . _(3.10b)
where, |
u = displacement in the x—direétion,
v = displacement in the y-direction, and
a; = coefficients of the displacement functions.

Equations 3.10 may be written in a matrix form as in
Equation 3.1. :Using the nodal displacéments and coordi-
nateé,.matrix (A] definéd'in Equation 3.2 is obtaidjd.

The strain displacement relationships for a two-dimensicnal

element are given by:

~ 34
e, = 32 : (3.11a)
v
= £ . (3.11b
ey = 3y )
= au v ‘
Yxy T 5y T 5% (3. 1de)
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where, : ‘ .
€ = strain in the x-direction
€y = gtrain in the y-direction, and
ny = shear strain

Differentiating the matrix expression for the dis-

placement vector yields matrix [B)} defined in Equation
- N N -‘.
3.4. Since the assumed displacements are linear,” the

coefficients of the [B] matrix are constant and reflect

the state of constant strain in the element.
4

For plane strain condition, the following relation-

ships exist between stresses and strains:

o o ‘ ) | . ..
O'x = -(m [(l v) Sx +'\)Ey] (3.123)
___E e 1 o .
Uy = m [\) Ex + .(1'\J) EY] . (3.12b)
T = gl Y (3.12c)
Xy 2TIFoT 'xy :
WhErEf . A
, 2
Gx = gtress in the x-directibn\
q? = gtress in the y-direction, and
T = ghear stress \

Xy
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Writing Equations 3.12 in a matrix form, the modulus

matrix [D] is obtained, BY substituﬁing the matrices [A], [B]
. *»
. o
and [DP] into Equation 3.8, and performing the integration
over the volume of the element, the element stiffness

matrix is generated. It should be noted that since a

‘unit thickness is assumed in plane strain analysis,

the integration in Equation 3.8 is performed over the area
of the element.

Thé element stiffness matrix is developed directly
with respect to the global axes shown in Fig. 3.5. There-
fore, no transformation matrix, as suggested in Equation

3.9, is needed. The details of matrices [A]l, [B] and [D]

are given in Appendix (Aa).

3.5.2 Linear Strain Triangular Element

-

The formulation of linear strain triangular element
is based on complete quadratic polynomials to describe
displacéﬁents in the x and y directions. The assumed

displacement functions, for any point.in the element, are

- expressed as:

2 2
&y + 0 X + Ogy + 0,xT + ey + Xy (3.13a)

[+
n

_ 2 2
v = a, +oogX + oy + 0yp% + oYt g XY (3.13b)

Six podal points, each having two degrees of freedom,.

are needed to determine the twelve constants in Equations
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3.13. It is conveniert to locate interior nodes at mid-

points of the sides of the triangle in addition to exterior

nodes at the ‘corners as shown in Fig. 3.7 Convenient local

axes are chosen such that the point of origin coincides

with a corner nodal point, assigned number 1, and. the

x-axis extends along the base. The use of such local axes
greatly facilitates the derivation of the element stiffness
matrix. Assuming the numbering system shown in Fig. 3.7, .

only three nodal coordinate values are sufficient to fully

define the position of the six neodal points, namely, Xy
Xqr and Yq-

Matrix [A], which relates the nodal displacements

vector {9} to the vector of interpolation coefficients {a}

is obtained by substituting nodal-.displacements into
Equaticns 3.13. ' Details of [A], as well as its inverse
[A]_l,'are given in Appendix A. ‘

' The strain-displacement relationships and stress-
strain equations for a plane strain condition are given
in Equations 3.1l and 3.12. These equations yield the
same matrix [D] as that obtained for a constant strain
triangular element. cheverl the resulting‘matrix [B]
contains linear elements, obtained by differentiating
quadratic'quantities assumed in. the displacement inter-

polation functions. Therefore, the state of strain is’

varying linearly within the boundaries of the six-noded
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triangular element.

Finally, the derived matrices IATl}, [B] and [D] are
substituted into Equation 3.8. The integration over the
volume of the element ié replaced by an integration over
the triangular area since the constant thickness of the
element is unity. Details of matrix [B], the resulting
local element stiffnéss matrix, and the orthogonal trans-

formation matrix [T] are included in Appendix A.

3.5.3. . Compatible Linear Strain Quadrilateral
. ~Element

The formul%ted linear strain triangular element is
not eﬁﬁlicitly included in the finite element mesh. It
is used as a bhasis to derive the stiffness matrix of a
linear strain quadrilateral element. The purpose of the
quadrilateral element is to provide the advantages of a
linear strain triangular element in addition to appreci-
able savings in the storage and compufatzgnal requirements
of the developéd computer program discussed later on..
These ad;éntages are more noticable by using an eight-
noded quadrilateral element which is handled through the
derivatiop of the stiffness matrix of a nine—nﬁéed

element.

3.5.3.1 Nine-Noded Quadrilateral Element

Figure 3.8 shows a gquadrilateral elemen%;ghich has
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four corner nodes} four mid-side nodes, and one interior
node at the centre of one of the .diagonals. Convepient
loc;l axés which fggilitate the derivation of the elements
stiffness matrix are chosen as shown in the figure. The |
point of origin coincides with a corner nodal point which
_is assigned nﬁmber 1. The x-axis lies aléng the diagonal
containing the interior node and divides the element into
‘two tr#iangular regions. t
The node numbering system‘for the.quadrilateral
element is shown oﬁtside'the element. For derivation
.pdrpoéés, the six nodes‘forminé the upper triangle are
internally numbered as.shown inside its boundary. The
internal numﬁering sy8tem is identicai to that of the
formulated linear strain triangular element. Therefore,
by~ assuming complete quadratic disélacement functions for
any point within the upper triangle, as gi&en by Equation
3.13, its local stiffness matrix becomes identical to
that of the triangular element.
The lower six-noded triangle may be treated as an

inverted linear strain triangle by satisfying two condi-

———

tions. . First, the six-nodal poinfs-shoulﬁ be numbérgd
locally as shown inside the boundary of the lower triangle
in Figure 3.8. The numbering system in this case is '
clockwise compared to the céunter—clockwise numbering of

~the lipear strain triangular element. ' Second, the same

s
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cohplete quadratic displacement'fﬁnctiops adopted within
the upper triangle are valid within the iower triangle
with respect to the ;;ﬁe local axes.

"Because of the inverted sifﬁation'of the linear
strain iowef triangle, its local st%ffness matrix isrnot
ideptiéél to that of the upper region. Since the -chosen
numbering systems of the triangles are such that both

triangles have a common base lying along the local

"x-axis, the need for a rotational transformation matrix

to relate their local stiffness is eliminated. Only some

l.‘

sign chandés in the upper'local stiffness matrix are re-
quired to obtain the stiffness matrix for the lower re-
gion. The changes reflect‘the geometric properties of
the triangle affected by being inverted. To illustrate
the ?hanges, consider the three coordinate values that
défipe‘éompletely the six nodes of the triangular shape

whi¢h are Xy, X3 and yj. Since the sign of x,, which

geometrically means the base of the triangle, is not

R

affected by inversion, it does not need change. Similarly,
the sign of x, remains the same whether the triangle is
inverted or not. However, Y3 indicates the height of the

triangle which is8 positive for the upper triangle. Thus,

the sign of y, of the lower triangle should be changed

when substituted in the stiffness matrix expressions. In

addition, some elements of the stiffness_matrgx should
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also change sign to keep consistent sign conventicn for

“-the force-displacement relationships. These are the
‘elements relating an x-displacement to a y-force oxr a

' y-displacement to an x~force. Mathematically, this is

done by multiplying all the elements of the matrix by - .
(_--l)i+j where 'i' is the roﬁ number and '3’ is tﬁe column )
number'of the element in the stiffness matrix.

|  The tgtal stiffness matrix of the quadrilaterai _ ' -

element is obtained by combining the stiffness matrices

of the upper ‘and lower triangular regions. Corresponding

- expressions relating common degrees of freedom to common

nodal forces are added algebrically. The details of the
final stiffness matrix with respect to local axes are
given in Appendix A. It consists of eighteen rows and

eighteen columns.

3.5.3.2 Eight-Noded-Quadriléteral Elemént‘

It is possible to reduce the number of degrees of
freedom of the nine-noded quadrilaﬁeral element to sixteen
by eliminating the internal node as shown in Figure 3.9.

A copdénsation technique (65) is applicable since the

‘interior degrees of freedom are not’ common with other

finite elements. The reduction in size of the element

_ stiffness matrix results not only in an overall reduced

number of degrees of freedom at the assembled levél, but

~
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4180 in én-efficient sﬁorage scheme of the assembled
_ total étiffness.matrix. This is'due to a reduction
iﬁ the band width. - Therefore, the peripheral proces-
sing time is reduced.

Theée are two approaches to perfofm condensation;'
a direct approach and an approacﬁ that‘émplofs the con-

cept of a coordinate transformation; The direct approach

is illustrated below and applied to eliminate the inter-

[nalvnode of the quadrilateral element and its degrees

1

. of -féedom. .
y The original stiffness matrix of the nine-noded

quadrilateral element relates eighteen degrees of free-
dom,‘ the nodal displacements, to corresponding nodal .

forces as follows:

(k] fa}, = {p}n‘ . (3.14)

where, ‘ ) '
[kl = nine-noded quadrilateral element stiffness =
matrix
{q}n = vector of nedal displacement for‘tge element,
and {P}n = vector of nodal fordhas for the element.

+
The matrix-[k]n'in Equation 3.14 may be pértitioned
into four sub-matrices relating four sub-vectors .as shown

in Equation 3.15.

[N

—

e bR
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\\ kaa Ekab qa Pa

- - -y - - =

K, T ';?‘bb aQy Py f (3.15)

[kaa] = gub matrix relating the sixteen exterior

where,

displaceﬁent degrees of freedom {qa}to
. regponding forces acting at the ex erior
nodes, {Pa},
[kab] = gub matrix relating the two -interior degréeg
of freedom at node 9, {qb}, to the sixteen
' exterior nodal . forces {P }, and
k] “two by two submatrix relathg the interior

nodal dlsplacements {g, }to correspondlng

? .
:’».nter:.or«fc>r<'_:EB-—-£.EiE,’,'L/.)D «

L3

,Only_{qa} consists of degrees of freedom common with
other elements, thexefore théy are not to be condensed out. -
In order to eliminatQ,the Lnternal degrees of freedom [ab},
flrst the lower partltlon 1s;aolﬁed to yield:

‘[kab] Tla,) + U_cbbl{qb} = (P} . (3.16)

-
IS
. Reargangingxsquakégi 3.16, an expression for {qB} ig

obtained as follows:

,' -1 Iy -1 T | 7
{a,} = [kbb]‘ (Pp} .-&bh} [kopl™ {9y} (3.17)

“

. ) $imilarly ‘the upper partition is expanded_apd written as:
o . . 5\ A
- [koglla,} + [k lig), = (Bp - ., (3.18) .

Substituting for the internal degrees of‘freedom from

Equation 3.17, Equ .18 becomes: o
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a

[xgp) i) T (2
IR E N

{p}

N .
kab? {QA}

(3.19)

The condensed element equations'may be written in

the f£form:

S e

*]{q } =

* 1 .
where [kaa ] is the'r

element stiffness matrix given by:

~—

’

ga*l = tgy]

- Ika

°
{P *}

-

o) g

]

-1

by

(3.20)

5.

equired eight noded andrilatefal

(=3

.
[k,y,] (3.21)

Rl

and {Pa*} is-the vector of ecquivalen nodal forces cal-

culated as:

(P*} = (P} -

+

'Fkab

1k

-1
bb)

{P

b (3.22)“

7

1t should be mentioned that the inversion of [kbbl

* in Equations 3.21 and 3.22 is a formal one and may be

avoided.

tions required to get t

‘ simple technique.

equivalent nodal forces is reduced

method of calculatlon is achxeved by using the follcw1ng.

Consecuently, the number,pf\matrix multiplica=-

he condensed gtiffness matrix and

This eff icient

Each matrix multiplication involving
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*
s

the inverse of [kbb]'is replaced by one unknown hatrix.'

In other words, the following-relations are assumed:

IR [kl ” [k "= ) S~y (3.23)
and E .
! Tieyy) 1(? } = (s} (3.24)
v where, | .
[r] =

an unknown matrix, 3nd

{s}

_an unknown vector.

- . ‘Applying the bagic definition of the inverse of a

matrix it is clear that:

[k

[k, ] (r] ] (3.25)

and

Il

[k.bb]{s}

{Pb} | (3.26)

A standard 11near equations solution (112) is used
to elevate [r] and {s} dlrectly from Eqﬁétlons 3.25 and
3.26. _

Combining Equations 3.21, .3.22, 3.23 and 3.24, the
required condensed element stiffness matrix and equivalent
nodal forces are expressed in simple fqrms as follows:

[k, ,*] = qual - [k 1ir] (3.27)

and

IO PV Y
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'{ea*} = {P_} - [k,l{s} (3.28)

where [kea*] is the element stiffness matrix in local

-

coordinates. The corresponding transformation matrix

is given in Appendix A. The condensed global element

gtiffness matrix is obtained by substituting these
matrices into Equation 3.9.

3.6 Soil Model = L e _ﬂ

In general, the mechanical'properties of soil are

‘complex. The soil state of stress is‘a ‘function of dif-

ferent variableé and may be expressed as:

-

o = Fle(t™), T (&%), wlty), x (), . . . t%)

~ : (3.29) | -
where, .
g(t*) = strain conditions, A‘
T~ (t*) = temperature effect,

w(t~) = the moisture content,

x~ (¢£~) = anisotropy, and

t~ = time.
In addition, soil variability in the groynd poses_another' &
challenge to accurately model real soil by any unique |

stregs-gstrain relationship. Therefore, soil models in-

"clude only important variables in the.domain of interest,

while unessentlal varlables are excluded For cohesionless

~soil, which -is used around steel culverts, it is possxble

AP
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to discard for example, time effects.

(_/.J .
3.6.1 Time~Independent Stress-Strain Model

Principal time-independent stress-strain relation-
ships used in‘soil—mechénics may be claS;ified into three
broad groups: linear elastic qgéelsérnonlinear or |
variable modulus models and elastoplaékic models.

Elastic isotropic models.a;e fully defined by only
two independent parameters. No complicated programming
or large computational effort is involved in a linear
elaséic solution. These models may givé an insight to
the behaviour of soil in some cases, however, the results
are unreliable in most cases.' Bilinear elastic models "
assunie initial values for the independent parameteré >
until the stresses reach a yield value after which their
values are reduced. Such models offer only marginal l
. improvements.

Nonlinear modulus modeis expreds the independent
soil properties as mathematibal'funétiong of stress or
sﬁrain?or both. Early developed stress-strain mathema-
tical models were based on idgalizing the geometric shape
of particles by assuﬁing regular spheres arranged in.
hexagonal L162) or other forms of packing (50, 105). ‘
These attempts were follcwed'by nonlinear idealizations

based on experimental stress—strain curves of actual soil

specimens.
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There are two major differences among the variable
modulus models., Firstly, the mathematical function and
to define the streﬁs-strain relationship is Assgmed to
be one of the @ollowingQ ‘a parabola, a hyperbola, a
polynomial or a ;piine. Secondly, the method is set up
to define either a secant or a tangential modﬁlus. all
these models, however, illustrdte the same trend: the
stiffness of gsoil is increased with the increase of con-
fining pressure, as well as, with the decrease in shear
strain. The details of the variable modulus médels may
be obtained from References 21, 31, 39, 40,'44, 45, 4;,
51, 73, 88, 93, 94, 134, 135 and 160.

Elasto-plastic.models relate the rate‘of stress to
the rate of strain. They require a yield criterion, a
hardening '‘rule, and a £1ow rule. The first requirement
is fulfilled by specifyihg a yield surface which is a
function of stress or stress invarients. If the state
of stress lies within the yield surface, the stress-
strain,law.is assumed to be elastic. Plastic strains
are superimposed on the elastic if the state of stress
reaches the yield surface and attempts to cross it. In
thié-casé, the yield surface changes and strain hardening
occurs. The hardening rule redefines the ‘yield criterion
after plastic deformation and is usually a function of

plastic work and stress el., The third requirement

L g

i SRR D

-———
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is achieved by assuming a plastic potenﬁial, the gradient
of which relates the plastic strain rate to the plastic

stress rate. The flow rule is associative, if the plastic

potential is assumed to be equal to the yield gurface

function, otherwise it is said to be non-associative. The

" different elastoplastic models assume different yield sur-

faces, hardening rules or .flow rules. Some of these models

are referenced in 99, 126, 129, 130, 137, 139, 156, and 164.

Theoretically,‘elastoplastic médels should simulate
constitutive laws for soil better than variable modulus
models. Abrupt increases in stiffness upon unloading are
automatically taken into account. ' However, on the negative

side, some of the models do not consider frictional contri-

butlon to shear strength of soil such as the non-frlctlonal

models . Frlctlona; models with associated flow rules seem
to predict unreésonably large dilatational strains. In
addition, elastoplastic models are generally difficult to
correlate with laboratory test data, which means that it
is relatively difficult to determine their parameters.

On the other hand, the reasonable past success of
the elasticity theory in soil mechanics lends some justifi-
cation for its use in the soil steel structure problem. In
partlcular, the use of an elastic solution is probably more
appropriate for compacted sand than ﬂ%frhany other soils

to which it is commonly applied. Furthermore, the variable

- =
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modulus models have the ability-to closely approximate
experimental data. -Hence, the parameters of these models
are determined with relative ease. Addidg their relative
computational simplicity to these advantages, variable
modulus models become more attractive to use.

The hyperbolic soil model is found td be the most

suitable to simulate soil behaviour around culverts in

this study. Its parameters, which are easily obtained

from triaxial tests, have physical meaning. It ié rela-
tively easy to program in a finite élement analysis. It
has been widely and successfully used. 1In addition,
typical reliable parameter values for different types

of soil under different loading conditions have been

completed and classified.

3.6.2 Hyperbolic Stress Strain Model

The hyperbolic stress-strain relationship is
originally attributed to Kondner and Kondner and
7zelasko (93, 94, 95).. They showed that, for‘soil i
loaded under constant radial stress in a conventional
triaxial compregsion test, the plot of principal :tress

dif ference versus axial strain can be approximated by a

rectanqular hyperbola with a high degree of accuracy.

The shape of the proposed hyperbola is controlled by

the initial slope and the asymptotic value of the stress
. ’ -

.
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difference as shown.in Fig. 3.10a. The hyperbolic curve
can be represented by an equation relating the principal

stress difference to the axial strain, as follows:

€a

(07°03) = zFhe (3.30)

0y = major principal stress,
0y = minor principal stress,
g = axial strain, and

parameters whose values depend on the sand

w
fu
=]
[o 1)
o
]

tested and the confining pressure.

Both 'a' and 'b' may be determined experimentally. -
Physichlly 'a' meaning can be visualized as for 'a' to~
be equal to the reciprocal of the initial tangent modulus
E,, and b is equal to the reciprocal of the asymp-
totic value of stress difference, called the.ultiméte
stresas difference, iol-UB)ult' Using transformed axes
as shown in Fig. 3:10b, Equation 3.30 is simplified to

a linear form written as:

fa .1, 1 €. (3.31).
G=T " " oo iy .31,
S k! El_ 1793’ ult a .

where,

éL ig the inﬁercept of the resulting straight line, and -

i
————ELT—- is the slope of the line.
(g,=0
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Tt should be mentioned that Hansen (72) suggested

other complicated hyperbolic forms, such as:

E : .

a
g, =C = 3.32
(91=93) -a+be ( )
a
"and )
(04-04) Fa (3.33)
1793 a+be_ . ;

-

However, because Equatioﬁs 3.32 and 3.33 cannot be
simplified’ or trangformed to linear forms, they were not
pursued by other researéhers._

The valﬁe of the two parameters in Equatioﬁ 3.31
can be obtained by plotting the experimental data in
the transformed form and detefmihing_the best straight
line fit for it. , -

The described stress-strain model 'is stress-depen-

dent for all soils, except fully saturated soils tested

‘under unconsolidated undrained conditions. An increase

in confining pressure regults in a steeper stress=-strain
curve and a highér strength. Both the value of E; and
(°1-°3¥h1t incréaselif g4 is‘increased. An empirical
relationship between the initial tangent modulus ;nd_
confining pressuge has_ been suggested by Janbu (83).
Based on hié experimenta; work,’the stress-dependent

initial tangent modulus is expressed as: -

[P
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Cq Q- '
3,m :
E, KSP&(E;} (3.34)

where, .
)
K_ = an experi@ental parameter called the modulus

number,
m'= an experimental parameter called the modulus

exponent, and

-

Py = the atmospheric pressure.

Both K, and m, which are dimensionless numbers, may

be determined by plotting the experimental values of
E, Tq’

3 . ‘
§£ versus E_ for a series of tests on a log scale,
a a

and fitting a straight line to the data. Fig. 3.11
shows the étraignt line representation of Equation 3.34.
The atnospheric pressure in Equation 3.34 is ‘introduced
to keép the parameters Kg and 'm ' unchanged when using ’
different systems of units, as long-as the.units of Py

-

are the same 3; nhat of Ei and Oq- .
The compressive strength, or the stress difference

at failure, (01_03)f' may be expressed in terms of the

confining pressure, o, using the familiar Mohr-Coulomb

failure criterion, as follows (160):

203 sin o + 2 ¢ cos &

1l - sin ¢

where ¢ and c are the'Mohr-Coulomb strength parameters

. LR

~
i
P
:
H
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shown in Fig. 3.12. ¢ is the angle of intérnal friction, '
and ¢ is the cohesion intercept.

Duncan et al. (51) contributed to the deVelopment -
of a coﬁvénient expression for the tangent modulus based
on the foregoiné relationships. They related the stress
difference at failure ta the asymptotic stress difference
through the use of'; failtire ratio parameter, Rf, as

follows: -
B F

(oy-03) ¢ = Relog=oa) g1t . (3.38)
where the failure ratio - Re is always smaller than unity,
and varies between 0.5 and 0.9 for-most soils.

For a constant minor principal stress, o,, the

tangent modulus Et can be expressed as: ~

_ .9 g _o

An expression for the tangent modulus value may be
obtained by carrying out the following three steps. First,

Equation 3.30 is differentiated with respect to ¢ Second,

ar
€y is eliminated from the result of differenti?tion by ~
ﬁsing'its value from Equation 3.31. Finaliy, Equations
3.34, 3.35 and 3.36 are substituted into the regsulting
expression. The following equation for the tangent * ~

modulus results:
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Rf(cl-cé)(lrsin¢) ' g

im
55 1E_p_(=7)

E. = [L - :
3 8in ? + 2 ccos § sTap,

o (3.38)

The five parameters in Equation 3.38, Rff,i' c, K
and m, may be directly evaluated on the basig of data
obtained from standard triax%al tests. The values of
‘ th;se hyperbolic paramgters have also been compiled

for a wide range of soil types and testing conditions’
in several reports (98, 160j.

: Parameter values used in this research are obtgined

frém published properties for soils for which the stress-

strain data are considered to be of the highest quality

and the dreatest dependability.

4

3.6.3 Unlaading and Reloading Modulus

~ - It has.been reported by mahy researchers (62, 74,
75, 91, 98, 160) that primary loading st;ains for soil
a:e’éniy partially recoverable upon unloading. If soil
is reloaded, it behaves nearly elastically. Fig. 3.13
shows the stress strain curve for a soil sﬁecimen in a
tiiaxiai test during primary loadiné} unloading at some

. stage during the test, and reloading. During unloading,
the streSSastra%P“cutve is steeper than the initial
tangent for primary loading. During reloading, the slope

- of the curve is almost as steep‘as the unloading curve.
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Exéerimentéi work b& Duncan and Chang (51) has shcﬁn

that‘}t is reésonably accurate to approximate the'behabi%ur

during unloading and reloading as a linear and elastic bhe-

haviour, thus ignoring any hysteresis effects. One value

for the modulus, Eur' may be used for both unloading and .

reloading. It is representfd“by an equation similar to
Equation 3.34 as follows:
3. m
E, = Kurp (=) (3.39)
where Eur is the unloading-reloading @odulué value, and

Kﬁr is unloading-reloading moduliis number. ' .

-

- The value of the exponerit 'm' in Equation 3.39, which

is a measure of the effect of confining pressure, is prac-

tically equal to -the 'm' value during primary loading.

However, the value of Kur' which is always greater than

the value of Ks’ may wvary between 1.2 Kg for stiff soil

‘such as dénse gands and 3 KS for soft soils like loose

»

sardds (160} .- ' L

3.6.4 Hyperbolic Volume Change Behaviour

To represent tﬁé'mechanigal behaviour of any

material, at least two independent stress-strain coef-

ficients are required. Wong and Duncan .(160) have deter-
mined a nonlinear expression for tangent Poisson's ratio

by analyzing the volume chénges‘which oceur during a

¥

e ime ek

.
e TSR T
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triaxial test. The volumetric strai

, is given by:

\ K ’ N .
= Ea + 2€ . . ‘3.40) SR

where ér is the radial strain.

' . ——

Fig. 3.l4a 1llustrates the varmatiou of €5 w1th v
+ The resulting curve may be reasonably approxlmated by a

hyperbolic:equatlon'of the form:

Ea = m"s—' . (3.41)

E

-

where vi is the lnltlal Poiséon s ratio, d® is an ex-

perimental parameter representlng the change in the value

- of Pomsson g ratio with radlal straln. . .

r The hyperbollc equatlon may. be transformed into a

PR

‘linear equation represented in Fig. 3.14b and given by:

- gf \. .
- vi=dey - -(3.42)

-
(o]

-

. o ' - '
For most soils, except saturated:soils under un-
drained conditions, vi/éecreasesw;th the increase in

confining préssure as shown in Fig. 3.15. This relatiocn
is expressed by the following ‘equations
T _ ‘ ) -cf e : "
v, = G-F log g (=) . (3.43)
i 10 P, L . ’

in a triéxi._a:l test k

PR ——
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where,
G = value of v, at one atmosphere confining pressure,

.and

- PR . :
21 4 i e 1

F = the reduétion in vy for a ten-fold increase
indy.
By diffefeﬁtiating equation 3.41 yith reépect to €., "
eliminating the strain using Equatidns 3.30, 3.34, 3.35
- and 3.36, and substituting Equation 3.43 into the result,

the tangent Poisson's ratio may be written in terms -of

stresses as follows:
o

G - F log (51) )
v, = ‘ a
_ d‘(o‘:L —03) . 2
1l - -
Kk b (B[ - Rg(9,-03) (1-sin?) ®
sPa P, 204 sin? + 2 c cos?
(3.44) '

3.7 Beam Finite Element for Conduit Walls -

Qﬂ.’.
Because no buckling analysis is involved in this
study, curve@_finite elements are not necessary t; re-
present conduit walls. The straight beam elements are
adequate, érov{ded that a sufficient number of elements
areused to approximate the curved shape of the éfoss—

' gection. The element is defined by two nodes; each

having three éégrees of freedom as shown in Fig. 3.16.
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The beam has constant properties along its longitudinal
" axis. The displacement interpolation functions of the
beam element with respect to local coordinates are given

by the following expressions:

1 o= G.l + Clzx (3.45&)
v = 0. + & # + e x? + & x° - " (3.45b)
3 4 5 c °
_ dv o S 45
A= e | _ , (3.45¢)

where A is the rotation; and the coefficients &, to o

are given by:

a; = uy | . ' ‘ (3.4%) .
a, = uz;ul (3.47)
0y = ¥ | - | (3.48)
a, = A (3.49)

. o = L—lé- (3v,=3v, =2LA; -L},) - ' (3.50)
o = 513- (2vy-2vpsth sty (3.5D)

where 1L is the length of the beam element.
The local stiffness matrix of the beam element and

= 'its transformation matrix are given in Appendix A.
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3.8 Interface Finite Element

'In the conventional finite element analysis, the

common nodes at the contact surface between two materials

undergo displacements which are the same for the two

materials. Therefore, poeeible relative movements be-
tween the two materials under certain cases pf loading

are not accounted for. In order to overcome this de-
ficiency; caused by'using the same node for both materials,

an interface finite element is introduced between dif-

- ferent materials. The element is designed to handle

the interface behaviour, and allow for Lndependent

displacements of the two

erials in contact. This is

basically done by assigning a different nodal point

number on each side of interface.

¥

3.8.1 Available Interface Elements

Interface conditions in a finite element foeﬁﬁiation
may be treated by using either the method of congtraints
or the method of stiffness. The first method is based on

constraint equations to model ineerfaces (25, 30). A

Y

complete finite element formulation u31ng the method of
constralnts for soil-culvert System is given by Katona

et al. (84). This method requires a larger stiffness

matrix, more computer time than the method of stiffness,

1' »

and an iteration technique, which does not always
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>
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converge,
The method of stiffness is basically a simple con-
cept in which an element across the interface with dif-~

ferent normal and tangential stiffnesses is used. The con-

cept~of adding a linkage element stiffness to the local -
)
stiffness matrix was developed by Ngo and Scordellis

(120} in the course o€ the analysis ofr reinforced con-
crete beams.' Goodman (69) developed a one-dimensional
fifpite element to represent the interface behaviour for
the jointed rock. 1In his formulation, the interface,
between two adjacent locations.a; a digtance L apart,
is represented by oné element having two‘pairs of
nodes as shown in Fig. 3.17. Ellison (Ql}‘used a
linear interface.element for symmqgfic loading on a
pile-soil system. Gggboussi, gg.gi; (66) presentéd a
different approach to develop a one-dimensional inter-
face finite element by using,rélative displacements
between opposing sides of the glip surface as degrees
,of freedom. Although the linear interface}element’has
been used éuccessfully in retaining wall applications

{27), its application in culverts and other curved gur-

™

faces between different materials causes several prob- /rae—)
~ . .

lems. At common nodes between consecutive interface
elements, there is a considerable difference between

resulting st:esses-calgulated in each element.

2
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1

CQntradlctlng results are usual%& obtained if failure
occurs 1n an element while inclined nelghbouring ele-
ments are still working. Iterations necessary to

treat such failure may be unsuccessful.

3.8.2 Spriné Type Interface Element

A simple interface finite element ig used here to
reflect the state of nommal and shearing stresses be-
tween the soil media and ;he eonduﬁt wall in a consis=-
tent manner., -

While the spring type interface element represents
a length along which the two materiais ere in‘contacé,

("—h
it actually has no physical dimension. Oonly

its mechanical properties are of importance. Therefore,

it can be placed petween the conduit and s@dl without
disturbing tﬁeir.geometry.; The elemené can/be concep-—
tﬁallywthought of as consisting of two Set% of springs:
one in the tengential direction to the su;%aee of the
conduit wall and ene in the normal directﬂon.
The spring type interﬁace eiemen£ haé only two

medes as shown in Fig. 3.18. Initially, ﬁhe-two nodal
points of the 1nterface occupy the same p091t10n when

no stress exists between the two materials. The local

coordinates‘originate at the element location itself,

®
and the '"x' axis is oriented in the direction tangential

/

[ U )

-
Toim e
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to the surfaég at the‘interface. The strain energy
stored in a system of springs is known to be éqﬁal'to
Jhe work do.ne by internal forces in each sprihé’ dui'ing
its deformation. The strain e_nefgy of the interface

element, ds' may be written as:

~

=1 .
U, = fzsi P, (3|.52) _ ,
where, \
. - . \\
/ . Si = the relative displacement between the two \
nodes of the element in the/direction of \
spring number 'i' and
P, =rth% force in the same direction. N

In matrix notation, Equation 3.52 may be réwrittep{'

as: o . / -

1 ,.,T ‘ .
us, =3 {8} {p} (3.53)
in which . ] ,
. . Lﬁ} e u2-u1 .
Va1 |
*
{p} = (P
’ .
Pn
& [
where, .
u, = tangential displacement of the top node.
y —
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u; = tangential displacement of the bottom node,
v, = normal displacement of the top HEEET;

v, = normal displacement of the bottom node,

f = tangential force, and

"P_ = normal force
r

The force vector is related to the relative dis-
: L . , .
placement vector through a matrix of spring stiffnesses

as follows:

\\

PNp) = klisr (3.56)

in which [kD] is a diagonal material propert& matrix

given by:
[kl = L‘[ks }'{o] (é‘.sv)
© n )
where, R & .
' ks = unit tangential stiffness for the element,
Ky = unit normal sE}ffness) and ‘
L® = length along the interface corresﬁbnding to

.the element, °

& variables kg, and kn are determined experimentally.

WA

as explained in Section 3.9.
. Substituting Equation 3.56 into Equation 3.53
yields:

N T
Us = 5 {8} [kD]{G} N (3.58)
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The re.laﬁ.ve displacement vector {8} is related to

the nodal displacement vector {gl as follows:

L d

{8} = [El{q} (3.59)
i% which) - |
{)q}T = {u, v, u, v,) (3.60)
. $ 3
and
[(E] = [ -1 0o 1 o _ (3.61)
0o -1 o0 1

_SubStQ:uting' Equation 3.59 into 3.58, yields the
strain energy, in terms of the nodal displacement

-

vector as follows:

.1 T ..T
U, =5 {q} EE] [kD][E] {ql} (3.62)
' Comparing Equation 3.62 with the strain energy
expression in Equation 3.7, the element stiffness matrix

of the interface finite element, with respect, to its

local coordinates may be written as:.

[kl = (E17 U] (E]  (3.63) -

which yields
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] kg - © %k, O
0 ko 0. =k
[k_1=L" .. B (3.64)
& x_. .0 k 0 '
s 5
o -kn 0 kn

The following transformation matrix is used to
transform the local element stiffness matrix, given

by Equation 3.64, to a global matrix:

. coshb . éine VI 0
[T] = -sind cosb 0 0 (3.65)
) 0 0" cos® sing

0 0 -sing cose
where 8 is the anglé of inclination éf the local
coordlnég\g with respect to the global coordinates. '//f
Under the” effect of loads applied to the so;l—stress
structure, the nodes of the interface element.lnltlally
at the same position, are displaced. The average inter-~
face stresses can be directly Pﬁ%ained, in terms of

relative displacements, as follows:

o, = kn (vzevl)_ ‘(3.66)

Ty = kg (upmup) (3.67)
where, . %
) 0, = average normal stress, and . .
Tg = average shear stress. -

r

.

Y il o etk e b A =
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-3.9 Interface Model C::>g—

' The value of tﬁéjinterface unit normal stiffness,

kn} is expected to increase with an increase in the nor-
mal compressive stress, and to diminish to zero once ’
tension is developed. The assignéd values:bf kn used

in this study are discussed in Sect;pn 3.9.1. On the
other hand, the unit sheﬁr itiffqess, ko is exgectéa‘
to increase with an increase in the compreféive normall
stress, as~well as with a decrease in the shear stress
level. Herein, the variation of the interface shear
stiffness with the acting normal and shear stress is
assumed to be nonlinear. The mathematical formulation

of this nonlinear conduct of the interface finite

element in shear is given in Section 3.9.2., .

3.9.1 Unit Normal Stiffness at the Interface

Equation 3.66 suggests that the unit normal stiff-
ness kn' may be obtained from a direct shgar box test en
‘composite specimens., Each specimen consists partly of >
granular soil similar to that used in the soil-steel
structure gystem, and paftly of structural galvanized
steel. When a normal stress is applied, the specimen
shortens. The total measured deformation in the’ nor-

mal direction may be regarded.as.a summation of three

distinct deformations., These are: elastic shortening
A ) ) o

'
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of the structural steel, the deformation of the ‘granular
soil, and the interface normal deformation. If the in-
terface defoffation is calculated for several .applied
normal_stresses, tge results may be plotted on a’graph'
as shOWnlih Fig. 3.19. For working stresses, the normal
stress deformation curve would be a straight -line indi-
catlng that the unit normal stiffness is constant.

In the absence of accurate test data, the normal
' stiffness may be assigned a very large value to prevent
significant overlap between the two materiais. A value

6 lb/in3 reflects a very small inter-

~in the order of 10
ference between the two nodes in the normal direction
under the effect of an acting compressive stress.
Physically, this means that the soil and structure
wall are almost rigidly connected in the noxmal direc-

; tion when the two materials are pressed against each
other. The validity of this assﬁmption has beep checked
during the study. It has been found that a large
change in the assigned value of the uniﬁ.normai stiff-

neds would almost yield the same state of stresses at .
the end of a finite element analysis. Only the re-
lative displacements between the;pwo nodes of each in-
terface element in the normal dirggtion have been

affected.

It is cbvious that no tension stress can exist

———
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at the interface between the soii_and condpit wall.
Therefore, the value of the unit normal stiffness is
adjusted to zero 1f gjgen31le stress exlsts 1n the normal

direction of the interface element. Physmcally, this

'implies that the ‘two nodee of the element are not con-
g‘ - . N .

nected to each other. . Therefore, an analysis based
on this assumption yields a separation between the two
ﬁateriels and a state of no stress at thesinterface - -

element location.

-

3.9.2 Unit Tangential Stiffness at the Interface

Figure 3.19 also shows the exﬁected shear stress-— .

shear‘deformation curve for a direct shear box test on a
composite specimen under constant normal stress. The
sldée“of the curve is a measure of the unit tangential
stiffeess, ks; is not constant as in the case of unit
normal stiffnees. It is'a functiOn.oﬁ“the acting normal

and shear stress as well as the angle of friction between

{
the goil and structural steel wall. Clough and Duncan (27)”

have shOWn that the nonlinear shear stress—displacement re—

latlonshlp may be represented by ‘a hyperbola of the form

“s = a¥BsT . (3.88)

where GE;is the interface shear displacement, and ’'a’ and

'b' are embirical coefficients determined experimentally.

As shown in Fig. 3.20, the stress disPiacement rela-

> | .

[ T T
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onsh:.p, given by Equati’on 3.68, may be transformed to

another set of axes, on which hyperbolae plot as straxght
lines. The transformed straight line equation is written

in the following form:

»

Lo}

S =3 + BS_ - - (3.69)

~
w

-
.

L1
Consequently, coeff1c1ent 'a' becomes the intercept

of the best fit straight line for the experimental values
of § /rs plotted against values of 8 .. The slope of the

stralght line on the transformed graph ylelds coeff101ent

', The physlcal meanlng of the hyperbollc coeff1c1ent :

-

'I‘a‘ may’ be clarified by observ1ng Equation 3.68 when the

shear displacement GS approaches Zero. - In this case, the
- T
initial unit shear stiffness, Koyt which is equal to {—, ap-

proaches %" As the shear dlsplacement approaches Lnflnlty,

the shear stress in Equatlon 3.68 approaches i Therefore,

-asymptotlc, the failure shear, f,uis agsumed to be re-

bo

‘b’ is the reciprocal of the asymptotlc value of shear gstress |,

denoted by T ult’ Since the. shear strength at failure is

reached before. the shear stre93¢dlsplacement curve becomes -

A ]

.

‘lated to the ultimate shear through the following equatlon..

Te=RsTae S BT

. where R_¢ is the fairgpé/;atio which is ‘always smaller than

unity.

The shear strength is directly proportional‘to the

v

=~

>
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acting normal stress. The constant of.§roportidnality is

the coefficient of friction between the soil ‘and the wall

" \ - )
material. The strength characteristics may be expressed

' as follows:

Il

‘Tf =0, tgn,¢ . - (3.71)

where ¢~ is the angle of friction between soil and conduit

wall,

»

_The initial shear stiffness, k_;+ can be related té the

normal stress acting on the interface according to an equa-

tion of the general form suggested by Janbu (83):
. , . . O. : n .

« = J’l 8 - .
Ksi KIYW'EPa? ‘ - (3.72)
where,
K; = dimension@ess.stiffnesé number,
hs = gtiffness exponent, and
Yy = unit weight of watﬁr expressed in the same
units as K ..
= Tei
As show Fig. 21, K; and n, are determined experi-
. R k

u o - o . .
mentally by plotting log ($§&J versus log‘(EEJ, as obtained
~ - ' ) . W a . ,
from the results of a series of shear box tests in which the

acting normal stress varjes.# The intercept of the best fit
J .
straight line gibes log (KI), and' the slope of the line
'ieias n_.- '
¥ S . - -
Substituting Equations 3.70 through 3.72 into Egquation

5 .

'3.68 yields: S : .
. §
[N 'TS = > - .
’ 1 __EEEEE__ (3.73)
T O’n ns gntanAdJ" ) _ *
. Ky, (57

~J
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By definition, the unit shear stlffness is the slbpe

»

of the tangent to the shear stress-d:.splacement curve.’

It may be obtained by differentiating Equation 3.73 with®

' respect to §_. Substituting the shear displacement from

; Equation' 3.69 into the expreésion resulting from differen-

tiation yields the following relatlonshlp for the. un:.t
shear st:.ffness.

Sf )2

= I s
kg = KoY, (p—a-) (1 (-,—---T (3.74) ~

The four parameters KI’ n s Rop and ¢° appearing in

the nonlinear equation foh shear stiffness can be obtained

from ghear box tests on composite specimens. *
P !

J\ ~

"3.10 Construction Simulation®-

As first pointed out by Terzaghi (150), the sequence

-of construction has a significant influence on earth pres-—

sures and structural behaviour. The effect of construc-

. N - . . [
tion on long span corrugated metal conduits is even more pro-

snounced because of their flexibility. Thus, it is essen-

tial that a reliable analytical technique has the capability

to simulate anticipated construction processes. Furthermore,

the construction simulation in available finite ele‘.mefnt ap-

plications is not complete because it also neglects compaction
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simulation. Therefore, it is worthwhile to explain how °
; c .

these two important aspects df'consﬁruction'have been

dealt with in the analysis-. * ,

- "7 ) )
3.10.1 Sequential Construction . -

-

Goodman and Brown (68) ﬁege the first to propose an
incfepéntal pr?cedgre ta caléﬁlaﬁe dead lqad stresses,.
An anaiogéus incfemental;analysis procedure, which takés
into acéount noﬁlinearify, is ‘used in { i.s research. E%ch
finite elémeﬂt'meéh used in analyzing a éoil;;;ructure-

system, (Figs. 3.1 te- 3.4), is broken into a series of
small construction incremeqt; or layers.JQOng layer at a
time''is added to the system_ and its effects on existing
layers are analyzed. Placement of the layer is simulated

by applying nodal forces that represent the weigh% of the

added layer. The weight of a constant étrain triangular

dlem@ént is distributed equally between its.three nodes.
For linear strain triaggles,the weight of the element is
equally distributed between“its three mid-side nodes,

as determined by equating the work done by the two systems

of loads. The’gguivalent nodal forces fdbr a linear strain

_ quadrilateral element under its own weight are obtained

by adding the equivalent wodal forces of its two linear
strain triangles. Then, a condensation technique (65) is

used to distribute the internal nodal forces between the

.

s
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'elght nodes of the element.

Each element in. the layer belng placed is assigned
| !
preliminary stresses consistent with the overburden

pressure at its center. These assigned stresses are

K -

used to calculate the element tangent modulus and
foisson's ratio .according to the honlinear hYperbolie
medel. Then, a finite elementanalysis of the existing
mesh,, ingludinglthe new layer under_its own weight, is
carried out. The resdlting incremental displacements
and stresses are aéded to the previously accumulated dls--
placements and stresses for existing nodes and elements
to yield .the flnal values after constructing the new
layer For the new layer, the nodal points at the top
are assigned zero die;lacementé. This ﬁeane‘that the
positlons of the.top nodes immediately after placement .
of the layex are taken as the reference poeitlons for
meesuring movements due to.subsequent loading. The pre-
limlnary assigned stresses to the newly placed elements
are replaced by the resulting incremental stresses at
the end of the analysis. The final state of stress in
each soil or interface element establishes' the conditions
for the next incremental analysis.

A new layer is then radded and the procedure is re-
peated until the placement of £ill above the crown of

the steel structure i1s complete, .-

»
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Since the weight of the steel structure is relatively

small when compared to the weight of the soigﬁglements it

can be neglected. In general, during the first phase of . -
bconstructmon where backfilling is completed to the crown

of the steel structure, the nonlinearities are more. pro-
‘ ncunced than those of the second phase wherg soil layers

are added gbove the crown level. The vafying geometry
“which accompanies the inqremental analysis in both phases

is taken into account by allowing the finite element mesh

*

to be modified as explained in Segtion 3.14.2.

3.10.2 Compaction Simulation

Accounts of the soil-steel'structure behaviour
duriﬁg construction indicate that the specific-degree
of compactive effort in regions adjacent to the conduit
is strongly reflécted in the system response. Therefore,
the compaction-process also réquires simulation. This
is done by assum% g a specified surface locad to be
acting-along the tqp of the mogt recently’added'ipérej
: ﬁeﬁtal layer during ‘the sequential éonstructfon simulation.
.The value of thls unlformly distributed surface load de-

N

pends on the type and leght of compactlon equlpment to b
5
be used on site. Equivalent nodal forces that produce

A}

ar=
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the same work done by the assumed suéface load aré ap-
plied.in tﬁe incrgmenéal analysis: &n;the”cage where
constant straih triangular elements have bases along-the
top of. soil, the equivalent nodal forces are obtained"
directly by dividing the total surface load on the top

of the element equally between the two top nodes.- Where-—
ig, in the case of linear strain éuadrilateral elements,
an unequal distribution of the total surfaéé-load, be-
tween its,three top nodesffesults froﬁ energy considera-

<

tion. The equivalent compaction force on each corner

v . "
node is one sixth of the.total element surface load.-ff%e

-

intermediatg node attracts two third§ of the load. ‘

The incremental finite element analysis is_perfafmedt
under the effect of both the body weight loads of the new
added_layer; mentioned. in Sgcti6£ 3.10.1, and the surface
compaction load on the top layer. Resulting ingEETental
stresses and displacements are added to exisﬁing sé;esées
and displacements before the addition of the new la;er to
thé system. The stresses and displaéements_of the new
layer are treated as described in the previous sectioq.
Next, the material properties for soil and interface ele;
menfs are updated.according to thée nonlinear relationships.

In order to complete the compaction simulation, the’

assumed surface loads must bé removed, This ‘removal cor-
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responds to the compaction equipient leaving the area

after compacting the added layer of soil. If another
layer of soil is to be added to the system during con-
struction simulation} the removed compaction loads are
simul taneouslylapplied. _In'othér wofdé, each compacted
layer is subject to the effect-df re}easing the pre-.

vioﬁsly applied compaction loads during the following

incremental analysis. Therefore, during. an intermediate
incremental finite element analysis that simulates the,

- ’ . -
construction process, the acting nodal forces result from-

>

" the algebraic summation of three domponents. The first

* component is due to the weight of the neﬁly'addéé layer

and acts at all the nodes of the elements in the layer.

The second component acts at the tdp surface nodes only,

.anepresents compaction loads on the new layer. The

third component of the nodal forces acts at the bottom
surface nodes only, simulating.removél of the compaction
loads which were épplied earlier on the lower layer.
‘Although the specified compaction loads onEtop of
thg added layer are removed during the simulation of
the newest layer, their effect in denéifying the soil
is locked in the finite elements. This results from
changes in "both the elemental properties and geometry

already being accounted for prior to removal of the

-
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forces. Stiffer soil properties will result, causing less
deformation durffy unloading than loading. This simulates

actual field compaction.

X .
3.11 Iterative Procedure for Accurate Representation .

of Material Properties

A nonlinear finite element analysis employing an
incremental technique usually starts with assigning ini-
tial values to define élement properties. .Next;'analysis
under incremental loading is performed. Finaily, the
resulting stresses are used to determine new element
properties. These new propefties constitute the initial
conditions for the following incremental step.

The application of this traditional method of
analysis leads to an increasing diﬁergence between the
biecewise linear element'proPerties used in the incre-
mental analysis and the assumed nonlinear properties
for the element. A simplified clarification is pre-—
sented in Fig. 3.22. The gmééth curve shows the non-
linear stress-strain re}aéionship that is followed ih
" the cpﬁrse of successive incremental analyses, Duriné
eacﬁincremental fin;te element analysis, element proper-
ties remain constant. Therefore, the stress-strain path,
during the first step, would follgw the straight direc—

tion 'oa®' instead of the curved direction 'ca'. This
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leads to a deviation between the actual and computed
stfains and stresses in eléﬁehts. This deviation will
be further amplified in the following incremental analysis
as the stress-strain path follows 'ab™' instead of ‘'ab’,
and go on.

In this study, each incremental analyé;s is coupled

with an iterative procedure to bring the piecewise linear

§:£§ss—s£raih path much closer to the smooth curve. The

-

_details of the proceaure are given below for soil and

interface elements.

3.11.1 Iteration for Soil Elements

To improve soil properties representation during
the incremental finite element analyses, the following
iterative procedure is used:

i. Under a certain loading condition, the incremen-
tal énalysis starts on the basis of initial.element pro-~
perties, for example, the initial tangent of the nonlinear
curve shown in Fig. 3.22. The stress-strain path would‘
follow the straight line ‘'va"',

ii. At the end of the an&;ysis, the resulting
stressés are used to calculaté final element pr0per£ies
as given by Equations 3.38 and 3.44.

iii. The initial and fingl broperties‘are averagea,

and the analysis is repeated for the same léading con-
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dition using the average properties. The stress-strain
path changes to 'oa' where 'a' is much closer- to the

. '
nonlinear path 'oca'.

iv. The stress-gtrain path may be.improved by re-
peating the iteration: i.e., final stresses and proper-

e

ties ére'calculated at the end of the first iteration,

these properties are averaged with the initial properfies

to yield new properties that will be used in the repeated

analysis.: ]
- b .
v. At the end of the iterative procedure, the .

' final stresses will be used to calculate the initial pro- °

perties in the subsequent increlmental analysis.

This procedure of iteratively refin;ng the presentation
of the soil elements yields results that are closer to the
actual behaviour of soil-steel structures.

b
)

3.11.2 Iteration for Interface Elements

The value of unit tangential stiffness for an in-

terface element at each increment is obtained by follow-

r

ing the iterative procedure outlined below:

i. Under the effect of a certain loading condition,

. -4 . d
the initial properties for . the interface element are used

in a primary analysis, and corresponding normal and tan-

gential stresses are determined for the element.

ii. The resulting stresses in the element are substi-
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gl .

tutéd intp Equation 3.74 to calculate the cdrresponding
unit faﬁgential stiffness. The average'fangential stiff-
ness is then calculated.

iii. THe finite element analysis is repeated under
the same loading condition, using'éhe averagé unit tén-_w
gential stiffness. The resulting stresses are more ac-
curate thén‘those obtained at the 'end of the first

iteration.

-

iv., A further improvement may be obtained by re;
peating the-anéiysis using a modified ?verage tangential
stiffness.

v. At the end of the iteration, the final normal
and tangentiél'stresses are used to calculate the cor-
responding unit tangential stiffness. This new value is

used as the initial stiffness for the interface element

~

»in the next incremental analysis.

3.12 PFajlure Consideration innéoii Elements

In the course of the incremental finite element

analyses, tension or shear failure may occur in some

soil elements. Tension failure is associated with a
state of no pressure, and a possibility of migration
of some soil particles to fili any gap that méy ée—
velop. Shear failure is associated with a rela-

tive movement between soil particles along a plane
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of shear. The analytlcal \%eps taken to consider these

two types of fallure are summarized below. Thelr effect

on the state of gtress is nelghbourlng elements is taken
into account through a stress transfer technlque (76,

163) descrlbed in Section 3.12. 3

3.12.1 Soil Tension Failure

At the end of each incremental analysis, ??e prin-
cipal stresses ?n each element are'calculated. It is
knbwn that for cohesionless soil, the presence of ten-
sion c?nnot be é realistic staté of stress. The strength

envelope passes through the origin of thé-shear-normal

stress diagram, and lies totally in the compression gzone.

Therefore, if a tensile stress is detected in a soil
element, the element is congsidered to have failed and
cannot sustain any stresses.

In order to reduce the stresses in the finite

element to zero, without violating equilibrium, a stress

transfer technique (Section 3.12.3) is B;ed. At the end

of this process, the stregses ip the element dissipate
to neighbouring elements. Because the remaining stresses

in the element become almost zero, the apparent tangent

-

modulus given by Equation 3.38 reduces to zero. 'chgver,

another assigned initial tangent modulus of the element *

under consideration is computed using .a value of 05 equal

{ -
{

4
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to 0.1 of the atmospheric pressure. This is used for the

-

failing element in the following incremeﬂtal analysis.
It should be mentioned that the idea of using a minimum
value for the stiffness of a soil finite element is not

new (44, 45, 5B). Similarly, the initial value of

Poisson's ratlo for the element to be used in the follow-

ing 1ncremental analysis' is assumed to be equal to 0.49.
The usezgf_the.suggested material properties for an
element in fension failure leads to two possibilities
during the follewing incremental analysis. The'element

may attract compressive stresses under the effect of

 incremental loading, and the analysis contlnue$ ot the

element may remain in tension. The stress transfer

technique is reapplied. If several elements along a

->

‘line indicate the development of tensile stresses during

consecutive loading increments then local failure in the

s0il is assumed to have occurred and a fajilure load is

calcdlated according to Section 3.12.4.

3.12.2 Soil Shear Failure

3.12.2.1 Curved Strength Envelope

Shear failure occurs in an element if its maximum
shear stress exceeds the soil. strength (Equation 3.35).
For cohe91onless 5011 the cohesion 1ntercept 'c!' is

equal to zero. If the angle of lnternal frlctlon ‘o
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is copstant the Mohr failure envelope becomes a straight
line as shown by the dotted line in Fig. 3.23. However,

it is known that the Mohr eﬁbelope is curved to some ex-

_tent,’ and the wider the range of ‘pressures involved, the

greater the curvature. To represenf this curvature

-analytically, the value of ¢ is assumed to vary with: the

confining pressure 'd4'- In this case, '¢' is determined
experimentaily by enveloping each triaxial test circle of

stress by a straight line starting at the origin. Wong

“and Duncan (160) have found that values of ¢ determined

by this method decrease in proportion with the logarithm
of the confining pressure. The equation representing °

' v

this variation may be written as:

. g
. 3 E
$ —L®o - A¢lqg10 (E;) (3.75)

where, ¢O is the angle .of internal friction for a con-
fining pressure equal to the atmospheric pressure, and

Ad is the reduction in ¢ corresp0ndingﬁto a 10-fold in-

crease in G- ' - -~ .

3.12,2.2 ﬁroposed Modifications
If at the end of .an incrgmental analysis, a soil element.
fails in sheaf, the g&aphical'representation of the stat;
of stress will intersect the strength envelope as shown

in Fig. 3.23. The stresses in the element subject to.
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failure are'reduced from g and 0 to @O and ¢ .

1fb 3fb 1f 3f

respectively. This reduction is achieved by using the

stress transfer technique whezge 91 and ¢ g are deter~

3
mined on the basis of the initial princfpalqétresses
Uli and Gjiff"Duriﬁg the incremental loading, the rate
of change in the minor principal stress is assumed pro-

portional to the rate of change in the major principal

stress. This assumption can be expressed as follows:

: ’ -» /
93£7%3 _ T3ep~%3i

%187%5 %1%

(3.76)

Both Equations 3.35 and 3.76 deal with the principal

stress at failure. They are used to determine the limits

within which the principal stresses are kept during the
stress transfer process.

The element ér&perties used initially during the
following incremental analysis Gannot beobtained from
Equaﬁions 3,38 and 3.44 becaﬁse‘they yield zero tangent
modulus and infinite Poisson's rhtio. Instead, the
modulus islcalculated on the basis of'g stress level -
eqﬁél to 0.95 of the stresé level ét failure, and
P;isson's ratio is no£ allowed to exceed 0.49. If

-~

during the following incremental analyses, the shear ..

_—

failure still exists in the'e}ement or propagates to

A
h *

W
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neighbouring elements along a line, ldcal failure is:

. . assumed to occur and the failure load is determined

as explained in Section 3.12.4.

L4

3.12.3 Stress Tfansfer'Methéd

Following Ziemkiewicz et al. (163), the stress

transfer method,used in this study to keep stresses

in an element within limits without disturbing equi-

librium is summarized in the following steps:

i.

ii.

iii,

iv.-

The equivalent nodal forces required to chahge
the stresses i; a certain element are evaluated.
Equal and opposite pairs of nodal forcés are
imagined to act at the. element nodes. Thi§
will not disturb equilibrium.

One set of the forces fanishes when the stresses

are reduced to the desired level.

‘The other set of nodal forces is apgliéd as an

external loading to the system. The analysis
is carried out using the’same properties for
each éiement used in the incremental analysis. -
The resulting stresses and displacements are
added to the corresponding stresses and dis-
placements calculated at failure. .

The final stresses obtained in step 3 may in--

dicate failure once again in the soil element

-
+
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at which failure has been initiated and continued to

87

However, the deviation between the limiting
statelof stress; Oy g and Tage and the new
state of stress will be considerably less
than in the first case, fhiqiﬁeviation is
transferred into equivalent nodal forces and
the procedure is répeéted until the deviation
from the limiting state of stress becomes
negligible.
Local failure is assumed if the.stresses in the
element do not converge to the }imitihg valwes or if

other neighbouring elements fail under the effect of

" the equivalent nodal forces.

3.13.4 Determination of Failure Load

Stability analysis of soil cover is performed by
applying live load in equal increments. The continuously

increasing applied load eventually leads to the start and '

proéégation of failure along lines extending between the o

upper part of the structure walls and the surface of the

-s0il. An example of a failure pattern under a centric

concentrated load is shown in Fig. 3.24. A number is
assigned to each of the soil elements that have failed.
This number represents the number of live lodd increment

»

exist in the element. The linear arrangement of soil
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elements that have fgiled-represeﬁt planeé_of éhear
failure. In this example, increment|\No. 3 of the live
load causes shear failure in the soill elements to extend
along a full line. Therefore, failuré is assumed to
occur between increment Né. 2 and increment No. 3. The
exact value of the total live load that causes failure
is determined graphicaliy according to the. state of stress
in the lagy element to fail. A range of two increments
before failure and two after is considered. .

For each of these increments, the fraction of strength

mobilized, or. the stress level s, is calculatea as follows:
© 9179,

Sz'—‘tcl'-UBSf (3.77)

Substituting Equation 3.35 into Equation 3.77, yields:

- (g, =0,}(l-8in 9)
s, = 1 3. (3.78)
') 203 sin ¢ + 2c cos °

Before failure, S, is less than 1, and after failure
it exceeds 1. The four calculated valués of Sn are then
plotted on a stress level-load graph as shown in Fig. 3.25.

The failure load correSp?nds te a value of Sg equal to 1.

3.13 Faiiuré Copsideration in Interface Elements

During the incremental analyses of a soil-steel

structure system, the interface elements indicate the

[l

AN
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shearing and normal stresses existing between the soil'

and structure. If an interface element is subjecigg

tb tepsiie stresses at the end of an_incremental

analysis, a tension failure_mﬁst 5e considered to re-

'1preseﬂt the actuai'no—tension,behaviour at the inter-

face. If the shear.stressés at an interface elements

suﬁjécted to compressive normal stresses, exceed the

allowable limits, then shear failure will occur. g
' {7

3.13.1 Interface Tension Failure

The soil and conduit walls are not bonded: thus no
tension stress can exist between the two materials. If,
under certain loadihg conditiom.a.tensile'stress deve-
lops in an interface element, the incremental aﬁalysis
is repeated after chahging the element properties. Both
the unit normal and unit tangent&al stiﬁfness,.are as-
signed a value of zero for the above element. The.zero
tangential stiffness reflects fhe fact that no shear
stress.can exist in the absence of a normal stress. The
results éf the repeated aﬂélysis demonstrates that a
compléte separation between the two nodes of the failing
interﬁ;ce L1ements.will occur. The corresponding shear
and normal stress at the location ‘under. consideration

will be zero.

In the following incremental analysis, the initial,
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¢onditions for the element, after failure are:
i, The two nodes of the element are assumed to
be coineciding,
ii. the total normal and shearing stresses are
set to zero,
iii. the unitanormal stiffness is assigned its
original value, and
iv. the unit tangential stiffness is assumed equal
to the }ast value prior to failure.

If the results at the end of the incremental analysis

show compressive stresses, the analysis will continue.

3.13.2 Interface Shear Faillure.

During an incremental aﬂalysis, shear failure occurs
at an interface element if its resulting sheér’streqs ex-
ceeds the shear strength given by Equation 3.71. if fail-
ure takes place, the unit tangential stiffness of the ele-
ment is reducéd and the.incremental analyses is rebeated.
A larger relative displacement between the two nodes of
the element occurs in the tangential direction. The re-
duction factor is taken inversely proportional to the

shear stress level defined as: .

.
s == ' . (3.79)
S £
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Substituting Equation 3.71 into Equation 3.79, the

reduced unit tahgential stiffeess becomes-:

o -‘tan ¢

Kor = kg X —— {3.80)

Repeated analysis yields alsmaller value of shear
stress. 1If it still exceeds the limit given by Equation

3.71, the unit tangential stiffness is reduced once

‘again according to Equation 3.80. This procedure is re-

peated until shear failure is eliminated.

3.14 Computer Program

A computer program was developed to handle the
mathematical computations for the incremental analyses
described in this chapter. The main featuregiof the

program are briefly discussed in the following sections.

~

3.14.1 Automatic Mesh Generation

Providing the mesh data required by the finite
element program on cards rgquires time, effort and a
large number of data cards. The gverage mesh contains
285 nodes, 556 degrees of freedé;; 30 beam elements,
30 interface elements, 38 quadrilateral elements and
186 triangular elements. ‘

In order to simplijy the use of the program, a

scheme for an automatic generation of the incrementally
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constructed finite element meshes is aeveloped. The‘
mesh data is generé&ed ffom a' minimum number of geo- ’
metric parameters such as height and span 6f_;he con-
duit, height of cover and number of lifts. -

Unlike other programs {55, 56, and 84) this program
uges a numbering system for the nodes that leads to
a minimum bahd width. This considerably reducé% the
,cémputing time.

Eccentric loads are analyzed by generating a full
mesh extending a length.of six times the span of the .
c&nduit. The variables involved in the automatic mesh‘
generation are handled with relative easé. The number
of-layers bélow or above the conduit and height of cover
are determined by the user. Locations of external ap;

plied loads may be given either by their nodal positions

or by thei¥t coordinates.

3.14.2 Moving Local Axes

At the end of:each incremental analysis, geometrical
changes are taken ifto account. Nodal coordinates are
updated by adding the incremental global displacements
to the coordinates at the start of the incremental anal-
ysis. Therefore, local coordinates and areas of tri-
angular and quadrilateral elements are modified accord-

ing to the new nodal coordinates. -This incremental up-
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dating process compensates for nonlinearity due to

large deformations of the soil-steel structure.

3.14.3 Automatic Initial values for New Elements

buring construction simulation, a new layer of soil
is added to the mesh and the nodified system’is'analyzed.
The incremental analysis is carried out after assigning
initial material properties. For .soil elements, the
height at the centroid of the element is autométically
calgulated and used to get the vertical and horizontal
stresses. 'These values are substituted into Egquaticns
3.38 and 3.44 to aefine the initial elemeﬁt properties.
As previously menticned in_§egtion 3.11.1, these proper-
ﬁies will be modified after the first iteration. Similarly,
whenever contact between the culvert wélls and the new
layer occurs, a new interfaée element is inserted between
the nodal points that are in contact. The depth 6f soil . .
at the interface location is used to get épproximate
shear ‘and normal stresses. The calculated unit shear
- stiffness is used in the initial analysis, and its value

is modified after iteration according to Section 3.11.2.



CHAPTER IV
EXPERIMENTAL VERIFICATION

4.1 General

| In order to verify the analytical formulation and
the developed computer program, the experimental results
of a series of live load tests conducted by the Ontario
Ministry of Transportation and Communications on existing
soil=-steel struqtures‘ﬁith shallow depths of cover are
used.

The details of two of the tested structures are

-first described. This is followed by a brief summary of

s,

the instfhmentation and test procedure; Finally, a com-
parison between the analytically calculated and the
measured,gfatic load responses of the conduit wall for
each structure is preéented.

A laboratory scale test was also carried out to
verify the analytical prediction of load causing failure
in soil. A brief description of laboratory instruments

: ) .
used in the test, procedure and results is given at the

end of the Chapter,

94
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4.2 Live Load Field Tests

Several existing long span flexible culverts were
tested in Onta&}o (17) in order to measure thrusts and
moments in their walls due to live loads. Two of these
cplverts can be classified as so?l—steel 5tructures‘under

’ \

shallow cover. The details of these two structures are

given below since their experimental results are later

i 1

compared to theoretical values obtained from the developed

computer progra!-n .

4.2,1 Details of Soil-Steel Structures Tested

Under Shallow Cover

The two flexible'culvérts tested under shallow cover
are the White Ash Creek and the Adelaide Creek culverts.
They have different cross;sectional,shapes; however, -their
height of cover to span ratios are less than 1/5, which isa
considered fairly shallow.

The first culvert, the White‘Asﬁ Creek soil-steel
strqcture'is located on Highway 21 in Thamesville. Its
details are given in Fig. 4.1. Tt is a Westeel Rosco k-D
plate pipe. Its metal wall is composed of 6 in. x 2 in.

_corrugated plate with a thickness of 0.184 in. Its cross-
section is circular with a diameter of 25 ft. The soil
cover ranges beéween 3 ft. and 4 £ft. 1 in. which is con-
sidered to,be.extremely shallow in comparison to its span.

The conduit is free from any special features such as
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| ‘ . - ,"
transverse ribs, etc. Backfill is reported to be of well
!
compacted, good quality, granular matérial.
The.second tested structure is the Adelaide Creek

goil-steel structure, which js located on Highway 22. This,

too, is a Westeel Rosco k=D plate pipée; however, it is of

‘horizontally elliptical cross-section having three radii

as shown in Fig. 4.2. The span &f the structure is 23 ft.
10 in. andithe rise is 13 f+. 5 in. The structure has a
fairly shallow cover, ranging between 4 ft. 1 in. and

4 £t. 4 in. As in the case of White Ash Creek, the conduit
wall is composed of 0.184 in. thick plates of 6‘in.‘x 2 in,
corrugation profile. WNo special features are'present and
backfill i§ of well compacted good quality granular

material. .

477.2 Instrumentation

-

Strains in culvert walls were monitored by means of
tempéraéufe—gonpensatedruniaxial electrical resistance
gaugeswihstalled on the inside of the culvert; At every
location, three gauges were installed. Positions of
gauges at a typical location are shown in Fig. 4.3. It
shéuld be noted that while it was possible to install a
guage at tﬁé crest and another one at the valley of the

corrugations, the middle gauge could not always be fixed

at the exact center of the corrugated metal. Gauges were
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installed at six different locations in the centfal Cross-
section of White Ash Creek spruc;ufe. For the Adelaide
Creek structufe, nine iocati#ns were instrumented at iti‘
central cross secticn. Posi&ions of the instrumented
locations on.the central cross-section ef each structure
~are shown in Figs. 4.4 and 4.5. )

Displacement trangducers were used to measure vertical
deflection of the crown and relative horizontal movementé
of spring lines at each instrumented cross-section;under
the effect of applied live loads.

The strain gauges and displacement transducers were
connected to a computer based data acquisition system. It
had the ability to instanféneously rgad the outpﬁ%\of all
the gauges and transducers, keep it in a memory, and then
 write‘£he results through a printer:-

Two testing vehicles were used to apply the live load. *
Their axle weights were regulated by means of concrete
blocks. For each vehicle, two levels cf weights were used.
Load level No. 2 has heavier weights on the rear axles than
for load level No. 1. The axle spacings and weights of
one of the testing vehicles are shown in Fig. 4.6. The
other testing vehicle has the same dimensions and vény

similar weights.

e 2
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'4.2.3 Testing Procedure

Preparation of the site for testing started by deter- '

mining a transverse center line on the’ highway directiy‘

“-7ab9v6‘ﬂhe crown of the buried structure. This was done,

‘using ordinary surveying procedure. .After marking cleafly

’
this main transverse line, seven parallel lines were drawn

5 ft. apart on one side of. the center line. These trans-

verse lines indicated the positions at which the centroid
of the rear two axles of the testihg vehicle or vehicles
would be located during testing. Fig..4.7 shows the posi-
tions of the transverse lines, :éferred to as rear tandem
positions,'as they are numbered in ®ach test.

/ = A
In the longitudinal or highway direction, the center

line of the highwaj waé located in the same vertical

N ‘
plane containing the cross-section of the soil-steel

. strqcture'that wag instrumented. To study the load dis~-

persion in the longitudinal &irec@ion of the structure,
six lines that are"'pﬁrallel‘ to the longc_;itudi;xal c:enter
line of the highway were marked. Each of these lonéitudinal'
liqes‘including the center line constituted a lane along

which the testing vehicle would travel, tHe longitudinal

center‘iine,ofrtﬁe vehigle being in the same vertical plane

‘as the longitudinal line. The distances between these

lanes and their numbering system are shown in Fig. 4.8.

In addition to the seven- lanes along which a single testing
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‘yehicle'travelled, Fig. 4.8 shows what ig referred to-

as lane number 8. It is designated to indicate that two

-

testing vehicles travelled parallel to each other

in the same direction symmetrically about the instrumented

cross-seétion, one at line number 2 and the other at line

:number 6. It may be mentioned here that since the study

‘'of the live load dispersion in the londitudinal directibn

of the soil’ steel Sstructure is bey0nd the scope of this
research, only lane number 4 and lane number 8 are of
interest and are,_ analyzed using the theoretical formu-

lation and finite element mesh mentloned ln Chapter III.

Hence, only the experlmental results corresponding to

these two lanes will be presented_and discussed.

Before each static test, readings of all instruments
were taken without live }oad on the structure. ‘Heavy con-
crete blocks of known weight were mounted in position on
one ﬁesting vehiclée, The operation of meunt%ng the con-
crete blocks was completed away from the soil steel
structure iocagion,

* With the weights of each axle of the testing truck
known, the vehicle moved slowly towafds the site.
A guide had to direct the driver to trevel egactly along
lane. number 1. At position number 1, the-vehicle was
stopped and the computer based data acquisition system |

produced the readings of all the strain gauges and
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di splacement transducers in the'instruménted cross-gection
‘of the culvert. Then, the xehiélq had to move slowly in
the same lane uﬁtil the next stop at position number 2,

5 ft. from position number 1; and the reading procedﬁre'
and printing was repeated.

This sequence was repeated until the output of the
' eight positions in lane number oﬁe,wéte recorded. Then,
the testing vehicle moved away from the site, and a final
set of readings of all strain gauges and displacement
transducers were recorded without any load in the lane
or en the structure.

Then, for each of the lanes number 2 +o number 7, the
same procedure was repegked where an initial and a final
set of readingé, withou? load on the structure, in addition
to readings for the testiqg vehicle at each position in the
lane under consideration, were recorded.

At the same time, the second testing vehicle was
loaded with concrete blocks away from the site of the
- gtructure to yield approximately the same axle weights
as the first testing vehicie. The final step in the test
started by taking instrument-readings without load on the
structure. .Then the two vehicles moved as one unit to
diffefent positions along what is termed lane number 8.
Each time.; set of readings-for the gauges and transducers

wag recorded. A last record of the readings was taken
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after clearing the site from the moving vehicles.

After finishing this first found of testing on the .~
goil-steel structure,| the number of concrete bloéks‘on
éach vehicle was increased and a second round of testing

was carried out for the new live load level.

4.2.4 Preparation of Test Results

The'M.T.F. provided the recorded test outputs and
the ﬁéiter h;d to interpret the stféin readings and cal-
culate thrusts ané moments in each structure wall ‘under
‘different loading conditions. The following s£ep"s Ruve
been done to prepare results for presentation. '

First, the strain at each uniaxial electrical re~
sistance gauge position due to live load effect was
calculated taking into account the possible gauge read-
. ings drift. The drift in gauge readings was detected
_ by éomparingpth; reading recorded before starting the

loadihg in a certain lane to the reading taken after
the fest?ng truék lefﬁ,the lane away from the_éite. In
most cases, these two readings were not the same, the
.difference being a few microstrains;

To eliminate the effect of this drift, it was dis-
'-triputed equally according to the number of Iqading con=-
ditions between the twec readings. Hence, the strain at

v

a.certain location due to‘aﬂgiven live load was calculated

as:
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€O£n+l-ﬁ ) + ef(n‘)

£ = € - .
=T (4.1)
where,
E® = gtrain gauge reading under the.effect af live
load,
€ = initial reading before the live load entered the

lane under consideration,
Ef = final reading after the live load left the lane,

n® = number of the position of the load, and

n = total number of'positionsf )

Second, the calculated strains of the three electxiéal
resistance gauges installed at a certain location in the
cross-section of the soil-steel structure are considered..
The thrust and moment are calculated using only two strains:
that at the crest, and that at the valley of the co;ruga—"
tions. The middle gaﬁge strain is used only as a control
to check that the variation between the top and bottom

‘gauge_stfainé is approximately linear, since it was not
possible to fix it exactly in position.

The thrust at a location is given by:

= LA
T = a={e, +g,) (4.2)
where,
€. = strain calculated at the crest of the corrugation

[ c

i : at the location where the thrust T per unit
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length of the culvert wall is measured, and
-]
e, = strain calculated at the valley of the cor-

- rugation.

The moment per unit length of the culvert wall is

calculated as fdllows:

M = = - ‘
a_ (e, — &) (4.3)

where, d, = depthof corrugation which is 2 in. in the case
of the White Ash Creek and Adelaide Creek structures.‘

Using the structural notations, positive strain means
tensile stfain, the thrust given by Equation 4.2 is/zénsion
when its sign is positive. - Positive moment given by
Equation 4.3 causes tension at the extreme fibers on the
inside of the structure. : !

Modulus of elasticity of steel is assumed to be -
29,000 ksi and Poisson's ratio 0.3 The two structures are
made up of 0.184 in. tﬁick plates. The moment of inertia
of Qﬁis plate was taken to be 0.108 in. 4/in. and its’
cross;sectional area ﬁo be 0.228 inz/in.

The measured structufe wall thrusts and moments are
presented below and compared With analytical results

computed using the developed computer program.
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~In general, the two-dimensional plane-strain
analysis involves an inherent assumption regarding live
loads. It does nb£ consid;r the variation of their ef-
fects in the third dimension, i.e., it deals only with
line loads. preﬁer, the strué£ureé under consideration
have been tested under axle loads which disperse through
soil both longitudinally and transversely. A realistic”

simulation of a concentrated live load in the two-dimen-

sional analysis of the transverse- direction should account

~
.for a dispersion in the longitudinal direction at a s lope

of two'vertically,to one horizontally (124).

Tﬁo methods of representing the applied aﬁle loads in
the plane strain finite-element analysis are compared. In
the first method, the intensity of an axle lcad is obtainedl'
by dividing the load value by the axle width. The full in-
tensity is aéplied in position at the top surface‘of'fhe goil
mesh; and a corresponding part pf thé applied load intensity
is assumed té be acting in an uﬁward direction at the bottom

of each layer below the position of the axle load. These

F

 upward forces account for the dispersion in the longitudinal

direction by representing the parts of the load supported by
: y
neighbouring two~dimensional slices at different depths.
The second method accounts for the longitudinal dis-

persion first, then a line load equivalent to the dispersed
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load is directly applied in the'two-dimensioﬁal finite
element mesh. In this simplified method, the intensity
of the loading at the level of the crown of the conduif,
after dispersion at an angle of two to one i; the third
dimension, is applied as a surface line load.
~In a preliminary investigétidh, tﬁe White Ash

preek and the Adelaide Creek Structures aré analyzed
under the efféct of one tésting vehicle load having

the rear tandem in a concentric position with the centre-
line of the cross;section of the conduit. ‘For each
structure, the live load is represented according to the
first method and the thrust and moment results in the
.different beam elements simulating the structure walls ;
are shown in Table C.l; The first method ié denoted
| by P4. The results obtained by represéhéing the live
load according to the second method, denoted by Pd;,‘
are also summarized in the table. A compa?&son between
the two methods indicat?s that the differepce between
the resulting thrqsts or moments does not exceed 5%.
The -second method is on the conservative side. Based

on these comparisons, the live axle load is represented

throuﬁhout this study according to the second simplified

method.,
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‘4.2.5 \COmparison of Experimental and

Analytical Results

Experimentally obtained thrusts and moments in the
central cross-gsections of White Ash and Adelaide Creek
structures under the effect of live loads are compared
with analytical results, Two positions are congidered fof
each conduit: Position 1, in which the rear tandem load
is concentric with tﬁ, conduit centre line, and Position
2, in which.the eccentricity of the rear tandem load is
5 ft. Only Load Level 2 results are presented éince its
larger response has the same trend as that of Load Level
1.

The analytical results are based on.incremental
‘analysié in whiéﬁ the following prOperties.fbr dense sand
are assumed (160): X = 3100, R; = 0.92, m = 0.52,

0, =145°, A6 =3°,G=0.34, F =0.12, & = 75.9 and

Yy = 0.069 leing. The nonlinear behaviour of the interface’
elements is reflected by using the following experimental
parameters (L10): K. = 43070, R__ = 0.834, n, = 0.6, and

T sf
o~ = 23°.°

4.2.5.1 Axial Thrusts

Live load thrusts, due to ond and two vehicle loads.

in Position 1 over White Ash.Creek structure, are shown in

4

Figs. 4.9 and 4.10. The conduit wall thrusts computed
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from measured strains, and those obtained by the proposéd
finite element ahalysis are plotted.

‘In éenéral, good agreement is found betweén the
analytical anéd experimental resulﬁs. It may also be
noticed that the analytical results are closer to the
measured responses.for the ‘case of Lane 8 when compared
to those for Lane 4. This is attributed to the fact that
two vehicles beside each other cause the applied loads on
corresponding axles to be closer to the line load assumed
in the finite element analysis.

o Both experimental and analytical results show that
the live load thrust is fér from being uniform around the
conduit as assumed in the ring compression thebry. The
thrust is maﬁimum at the haunches of the upper -half of the
conduit. It diminishes quickly in the lower half because
of the effect of dispersion of the applied surface loadi;g.

The effect of loading eccentriecity for circular soil-
steel structures is noticed in Figs. 4.1l and 4.12. In
these figures, the analytical thrust distributions due to
truck loads in Position 2 over White Ash Creek culvert are
coﬁbared to experimental values. The eccentricity of the
nearest axle load to the centre line of the conduit cross-
section is 2 ft, and that of the centroid of the-rear tan-

dem load is 5 ft.

Reascnable agreement is also noticed between ) -
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thrustg as computed from meésured strains at the six strain
gauge locations and the Correséonding tErusts obtained
analytically by the finite element method. Few points

show experimental results which are slightly higher than
the corresponding ?naiytical values. However, these

points are located in the zone of low thrust level.

Compared-to the centric s}tuation, the maximum thrust
occurs at the haunch of'the upper duarter,dn the side &f
" applied loads, and is slightly shifted towards the load
side. There is also-a similar shift “for the thrust dis-
tribution on the other side of the conduit. Maximum thrust
is ;lightly.lower than that of the centric case. For the
lower half of the cond%it, thrust values are much smaller .
on the side away from the load, than on the load side. On,
the load side, thrust is larger than that in'the lower -
half for the centric case.

Figures 4.13 to 4.16 sﬁow experimental and analytical
live 1oad thrusts for Adelaide Creek socil-steel structure
for the same loading level, position and lane as in White
Ash Creek. 1In general, the same remarks mentioned for
White Ash Creek structure remain valid for Adelaide Creek
structure. The value bf magimum thrust that governs seoil-

steel structure design occurs in Position 1 under concentric

load,
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Thg pressure between the conduit walls and the soil
is not directly measured during testing. However, by'
'néglecting the moment effects, it is possible to estimate
the experimental pressure a£ a certain location by dividing.
the measured thrust by the radius of.curvature of the
structure at the 1ocatioﬁ according to Equation 2.4.

The éxperimental and'analytical 1ive'load pressure
as obtained by dividing the thrust values by the correspond-
ing_rgdius are shown in Figs. 4.17 fo 4.24. On the same
figures, the radial soil pressure is shown as calculated
around £he étructuze according to Bgussinesq equations
.(132). The Boussinesqg's preésure is obtained by assuming
each cgsevof loading.to act on the surface of a semi-

»

infinite elastic media having Poisson's ration of 0.3.

Fl .

For all the cases considered Boussinesq's sqlution
'yiélds a maximum stress which is larger than thé analy-
tical or experimental results. -The presence of the
conduit changes the pressure distribution considerably.
The_pressufe is reduced around the crown area because

of the arching effect, while it is increased at the spring

lines due to the passive resistance of the soil.

4.2.5.2 Bending Moment

Moment values measured at the six gauge locations in

-
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the White Ash Creek st£ﬁcture are negligible. Analytical
moments are larger, with a mggimum at the crown where no
me;surements are taken.

The Adelaide Creek expe;imental moments computed
from recorded strains are plotted in Fig. 4.25 for Lane

4 and Pogition 1, in Fig. 4.26 for Lane™8 and Position 1,

“in Fig. 4.27 for Lane 4 and Position 2, and in Fig. 4.28

for Lane 8 and Position 2. +

On the same figures, the corresponding analytically
obtained moments are given. It should be noticed that
the plotted values of moment are not large. The maximum
observed moment corresponds to a maximum fiber stress of

only 930 psi. For live loads in Position 1, Figs. 4.25 e N\

- f
and 4.26, the maximum negative moment, which causes ten-

"sion on the outside fibers, occurs at the haunches of

the top portion of the conduit., The maximum positive

moment occurs at the crown zone. Maximum analytical

values are in a reasonable agreement with the maximum

experimental moment values. ‘ : N
Moment distribution due to eccentric live loads in ¢

Position 2, Figs. 4.27 and 4.28,,is-similar in‘shape to

for th§centric case with a shift towards the load side . __,///

Experimental moments are not in full agreement with cor=-

responding moments obtained by finite element analysis.

—~
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However, maximum pOSlthe and negative values in both cases

are comparable, 7.

A final remark concerning the lower portion of the con-

~

duit is valid for both concentric and eccentric loads. Mo-

ments are negligible in magnitude as in the case of thrusts.

. + 4.2,5.3 Relative Vertical Deflections

A comparison between measured relative vertical deflec-
tion, between the crown and bottom line of White Ash and
Adelaide Creek structures, and aneiytical valﬁes is shown in
Table C.2. Analytical values of deflections are larger than
experimental values. In general, measured deflections seem
to be unreliable since they incorporate relative'displace—
ments of small magnitude which are measured by transducers

connected by very long flexible wires.

a

4:3 Soil Failure Laboratory Tests o

A full scale failure test of a soil-steel structure is
very difficult to conduct. The alternative is to conduct
tests on small scale flexible culverts in the laboratory
until failure of 5011 or conduit is noticed. The detarls
of these tests are briefly presented in the following sec-—

tions and results are compared with analytically predicted

failure load.

4,3.1 Details of the Tested Sorl-steel Structure

Two tests are conducted on a soxl-steel structure

-
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modél, built by Ekhande (60), uéder shallow cover. Fig.
4.29 shows the model lying in an open top rectangular
box 12' long, 5'1" wide, and 6' high. The box is made _
of 3/4 in. thick plywood and 1/2 in. thick plexiglass. ;
The soil used in the box ié ciean,dry sand from Lake Erie.
" The soil bed is 12 in. deep, Iaid.in two layers. oOn the
sides of the structure, the soil was placed in four equal
laye;s. Thereafter, one layer of sbil having a depth of '
5 in.lis placed over the crown of the conduit. Each of
these layers is. compacted manually leading to a. soil
density of 119 pef. ) ' ' ' \
The’condult is 31% in diameter, 3/16" thxck 60" long,
andlls made of an aluminum alloy 6061-T< 6 plate having a

modulus of elast1c1ty of 10 x 145 psi, a Poisson's ratio -
"of 0. 33, and a yleld stress of 40 ksi. The conduit ends
are ézgﬁﬁed with foam rubber to seal the gaps between the
_ends and' the box wall. This sealing deces not obstruct
the fre?,pbvement of the conduit at thé\hnds.

- . " ., 0 .
4 | i
4,3.2 Instrumentation and Set-Up '

1

A hydraulic jack is used to apply load'on the soil.
The 1oadﬂis distributed along a line diréctly above the,
. crowh,through an I-beam 58 inches long as shown in Fig. ) -
4.30. The Jidth of the base of the I-beam is 4 inches.

A flat Universal load Cell is placed between the

.
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' hydraulic jack and the loadihglI-beam to ﬁeasurp the mag- ¢
nitude of the apbiied load.. The maximum capacity of the
load cell is 10 kips. A portéblé_strain indicator, with
'Qiich thé‘ioad cell has been calibrated, is used to take
regdings of the ceil.
| six dial gauges are in;talléd along the beam line’
as shown in Figure 4.30. The one ;nch range dial gauges
are dgéd.to measufe the defleétion of the I-beam during
loading. Three more dial gauges are placed inside the
conduit to take measurements of the vertical deflection
along the crown line. ) ST

_Installed electrical resistance strain gauges are
used to monitor the strains at several poéitions along
the conduit wall. A multichannel automatic digital strain
indicator is connected td the strain'.gauges to record

~
their readings during loading.

4.3.3 Testing Procedure and Observations

Two tests are conducted until failure of soil is
noticed. Each test starts by zeroiné the dial and strain
gauge readihés. In fhe first test, load is applied'through
the I—beaﬁ, dirgctlf restipg on_soil in incremenﬁs. At the
end of each increment, the dial gaﬁges‘reading are taken,
énd the strains are recorded by the autocmatic strain.in—'
dicator. lAfter a maximum value of applied load is reached,

£
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the measured load cell reading begins to decreasé in spite
of the.‘coﬁtinuaus hydraulic sﬁpply.‘ This is accom-
paniea by an increase in deflections along the I-Beam as
‘measured by the dial gauges. Loading is then released and
dial and strain readings are recorded. Reloading is'applied'
in inerements, and readings of dial and 'strain gauges are
taken.. Test 1 ends when continuous visual and measured de-
flections of the I-Beam is first noticed and continues to
inc:ease in spite of load decrease. Upon unloading,~ful;
elastic deflection of the conduit is récbvered.

" In the second test, a 10.5 inches wide wood élate is
inserted between the I-Beam and the soil to test failure
of soil Under a more distribﬁted load. Testing procedure
is similar to that of the first test. However, when soil
faiiﬁ;e occurs, a wedge of soil is trapped underneath the

wide plate, and almost all the deflection of the beam is

transmitted to the crown level. The test is stopped when

large deflection of the crown of the conduit is noticed.

4.3.4 Experimental and Analytical Results

"~ The measured displacements in Test 1 and Test 2 are given

in Tables C.3 and C.4. The curves for load versus average

displacement of thg loading frame and 1load versus average
deflection of the crown of the conduit are shown in Figs.

4.31 to 4.33. The first load cycle for Test 1, Fig. 3.31,
L]

-
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reveals-that méasured deflections are.almést linear. The
deflection at the surface of soil is almost twice that of
tﬁe conduit.

At the maxi@pm applied load, 2.5 kips, measu?ed.
strains indicate tﬁat the stresses in the cénduit are
still in the elastic range. The drop in loading is ac-
companied by a large displacem;ht of the top surface of
the soil and a small deflection of the crown. Upon re-
leasing £he applied load, the conduit wall recovers com-
pletely its original shape as shown in Fig. 4.32. This
is another indicatioq that streases, during the first
cycle of loading, are in the elastic zone. However, a
permanent measured displacemen£ of the top éurfacg of
the soil of about 0.3 in, remains. The only poséible
cause for such soil displacement is soil failure.

The second ‘load cycle shows the post failure beha-
viour. Maximum applied load is less than in the first
cycle. Deflection of the conduit crown,'however, is
identical to the crown deflection during tﬁe first load-
iné;

[ Figure 4.33 shows the experimental results of Test
2. There is no apparent fajilure load as in the case of
Test-1. However, the rate of increase in measured deflec-
tions at the crown and the loading frame levels are rapid

after the applied load exceeds 3 kips. At the start of
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the increase in rate of deflection, measured strains in-
dicate that all the stresses in the conduit wall are Qell
below the yield éoint. Therefore; the only explanation

for the rapid rate of. increase is soil failure. The de-

i

flection of the conduit crown is increased because, after
soil failure, a wédge,og soil below the wide piece of
wood is trapped and is transmitting the load directly to
&éc&ﬁd@. o

An analytical study of the tested conduit, cafried
out prior to the testing, is based on the éame interface
properties mentioned. in Section 4.2.5 and the following
soil properties (160): K, = 1200, R, = 0.85, m = 0.48,
¢O =45°, 49 =7°, G=0.5, F = 0.23, d* = 11.7. The
resulting failure load is 3.22 kips, which is in a rea-

sonable agreement with test-results.a



CHAPTER V
STABILITY OF SCIL COVER

5.1 General

The proposed finite element analysis and the cor-
résponding camputer ﬁrogram are confirmed by the experi-
‘mental verification outlined iniChapter IV. The analy-
tical procedure is also capable 6f determining the streéss
conditions in the éoil and the possible soil failure in
the c¢onduit cover, as deécribed in Section 3.11.4. This
capability is also.confirmed by the laboratory tests
presented previously. ‘

This chapter is directed to the study of the para-
meters governing the soil failure above the conduit due to
iive loads. Several soil-steel structures are examined
using the developed computer program. For each case,
cbnstruction sequence is simulated to yield the state of
stresses in the system, as well as the soil  elements
properties,before the application of live load. There-
after}li&e load_is apﬁligdfin increments énd analysis is

carried out until a.complete line of failure is detected

through the soil.
Four parameters are included in this study., These

are: height of cover, size of conduit, shape of conduit,

117
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and eccentricity of loading. Each parameter is varied
while the others are kept constant. In general, sta-
bility of soil is considered under two different cases
of lecading: a) one centric axle load, and b) multi~-
axle truck loading. The centric load is simuléted by
6ne nodal fprce applied on top of ;oil directly above
the crown of the structure. The milti-axle truck load-
ing consists of five-point loads such that the distances
between consecutive loads are as shown in Fig. 4.6. The
intensifieé of consecutive point loads are proportional
to the corresponding axle loads of the truck. .

For all the cases‘éqnsideied, the nonlinear pro-
perties for the granular mateéial around the structure
are considered the same as those used in the analysis
of the.live load tests. The type and size of struc-
ture walls considered are galvanized steel 2x6 cor-

rugated sheets, Qith a thickness of 0.184 inches.

5.2 Effect of HBeight of Cover

Several structures un@er varyirng height of cover
are analyzed. Each st;ugture has a span of 300 inches
and a height of cover between 24 and 96 inches. Three
different shapes for the conduit are considergd: a

circular cross-section, a horizontal and a vertical el-

' \
[

l\"
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liptical cross-section. Their height to span ratio is
1, 0.6 and 1.6 respectively. |
The final results are presented in Figs. 5.1 and
5.2. Fig. 5.1 relates the ratio of height of cover to
span %, to the ratiq of the centric axle load causing
soil failure to a standard axle load of 32 kips ;f .

-,

Fig. 5.2 relates .3, to the ratiq of the rear loading
-in multi-axle coﬁdition to the staﬁdard axle load ;ﬂ .
Each of the three-shapes show the same trend, i.e.,a
an increase in the height of cover'above the structure
leads to an increase in the expected value of appliéd
load causing soil failure. -

in ggnefal, the rate of increase in Pf incfeases
with the soil cover height. This trend is expecﬁed be-
cause of the combined effect of load dispersion and
increased failure resistance of soil with the increase
in depth. For the truck loading and circular shape
an apparent increase is observed in the load causing
. soil failure, when the ratio of height to span decreéses
below 1/6. This may be due to.the‘effect of eccentri-

city of the two rear axles of the truck relative to the

801l cover depth.
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5.3 Effect of Conduit Size

One -of the important paﬁémeters that affects soil
failure above conduits is tﬁeir‘sizel Upder a depth of
cover of 48 inches, several soil-steel structures: of
different sizes and shapes are analyzed.

The conduit span was varied between 150 and 450
inches. Horizontal and vertical elliptic shapes, as
well as circular shapes are considered. Thé risé to
span ratio for horizontal elliptic shapes is constant
and equals to 0.6, and for vertical elliptic shapes l.6.+
For each case, failure in soil is detected under the re-
lative loads shown in Figs. 5.3 and 5.4. For each of

¢
the three shapes under consideration, increasing the
span while height of cover is constant causes a decrease
in the value of applied load which-results inlsoil fail-
ure. This conclusion is consistant . with the conclusion
drawn by varying the héight oﬁ cover while span is
constant. However, for the circular shape\under tfuck
ioad, the span increase is associated with:a decrease of
the failure multi-axle locading, except when the span to
height ratio is above 7. For the vertical eliiptic
shape, soil failqre‘occurs under smaller,trﬁck loads-
when the span to height of cover ratio increases above

5. Below 5, smaller truck loads also cause failure in

soil. The only explanation that may be givg&;iii;;his
. ‘ P |
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)

“behaviour is the effect of eccentricity of load, which
.increases the possibility of seil failure within certain

limits.
'i

5.4 Effect of Conduit Shape - ) v

The cross—secﬁional shape/of a soil-steel structure
Has a considerable effect on fgiiure of soil above the
structure. Any set of graphs in Figs. 5.1 to 5.4 reVeais
that the lecad causing failure in'soil_is much higher for
a vertical elliptic shape conduit than for a horizontal
- elliptic shape-conduit of equal spaﬁ and height of cover.
'Failure in soil above a circuiar conduit occurs under
an intermediate value of applied loads.. This may be
attributed to the sensitivity of each shape to deform
under applied load when surrounded by compacted granular
material. The horizﬁntal elliptiéal cross—section‘is
more‘susceptible.to‘vertical deformationrof the portion
around the crown under tﬁe effect of applied live load
than the circular cross-section. This negatively affects
the shear stresses in soil and the failure load. On the
other hand, a vertical eiliptical cross-section is stiffer
than the circular cross-section when it comes to vertical
deformations around the crown area. Thus, the soil above
it_aﬁpears to be stronger because it can sustain more
load without failure in comparison with the circular

cross-section. '



122

5.5 Effect of Eccentricity of an Axle Load

Typical effect of eccentricity of one axle load
applied over a circular conduit, with 300 inch span
and 48 inch height of cover, is shown in Fig. 5.5.

The graph pfovides the analytically obtained relation-
ship between thg ratio of eccentricity to half span,
' %?v and the ratio of EE. As the eccentricity increases

Fa

from zero to a certain limit, the failure load de-
c;éases gradually. If the eccentricity of the applied
axle load increases beyond that limit, the increase'in
the. amount of load required ‘to induce failure becomes
considerable.

This behaviour may expiéin the previously pre-
sented results for soil failure under testing truck
load, which seem to be oppbsite to the general con-
clusions drawn for, the case of single axle load. For

' example, in Fig. 5.4, the curve for vertical elliptic
'structures shows a decrease in failure 16ads in spitg
of span decrease because the eccentricity of the rear
axle céuses a decrease in the value of failure loads

compared to the case of concentric loads.
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CHAPTER VI

CONCLUSIONS AND RECOMMENDATIONS

6.1 Conclusicns

The main objective of the present thesis is to study
the behaviour of soxl -steel gtructures under shallow covexr
7/

and the parameters governlng goil failure above the struc-

ture. A finite element analysis, using linear strain com-

~ patible elements and two-noded interface elements is used.

The important aspects of the interaction and constructlon

simulations are accounted for. Analytical results are

e in agreement with field tests.

under truck loads and with laboratory tests under line

ds causing soil ailure. The influence of several
parameters Yn'soil failure above the conduit is demon-

strated.

The following conclusions may be drawn ouﬁ of the
present gstudy: - |

1. The finite elémént method is capable of incor-
porating most of the nonlinear.interaction aspects of a
soil-gteel structure with a minimum of over-simplyfying
idealizétidns. '

2. A compatible eight-noded linear‘strain quadri-

123
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lateral element offers important savings in time and storage

' requirements over linear strain triangular elements, while

ﬂaintain ng the same accuracy.

3. The proposed two-noded interface element congiders the
possibility of slip and separation between scil and conduit
wall much better than available linear interface elements'
and requires less computatlonal efforts

v

‘4. The hyperbolic nonlinear soil and interface models’

- are accurate enough to represent soil and interface behaviour,

5. Compaction simulation is important in a soil-steel

structure finite element analysis; It affects the stress

" distribution around the structure.

6. Failure in soil or interface elements may be con-

_sidered using simplified procedures instead of complicated

plasticity spproachesi

7. Under the effect of symmetrical live loads about
the centre line of a‘conduit cross-section,‘maximum thrust
and negat;ve moment occur at the‘haunchcs of the upper half

of the steel structure. Maximum analytical positive

- moment occurs at the crown.

o

g. Stresses in the bottom third of the structure

X

due to surface live loads are negligible. -
9. As eccentricity of live loads increases above
half the span, internal forces in structure walls de-

crease considerably.
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6.2 Recommendations for Future Research

v .. 125 : : .

1,

9

10. In-general: an increase in héight of goil cover
leads to an increase in the value of applied loads-which
cause failure of soil above é conduit.

11. 1In general, under a constant cover, an increase
in conduit size is associated with a decreaselin load re-
sultiﬁg in soil failure. : |

12,' Vertical elliptic conduit shapes can ;upport'
mére load beﬁore'soil failure than circuléé’conduit’éhapes.
Horizonta; glliptic shapes can supéort much less loads be-

fore soil failure than the other two shapes.

13, Small eccentricity’of axle loading leads to a

-

reduction in the value of soil failure load, compared to

that of centric loading, up to a limit. However, beyond
the limit, agy additional eccentricity is accompanied with

an increase .in the value of failure load.

"

The analytical approach used in this study is limited
. L4
to the investigatio% of static live load effects on ini-

tiation of failure in Soil. Future research may be exténded

to cover the following areas:

1. 'Transient dynamic load responses and their effect

" on initiation of soil failure should be studied.

2. BAn elastoplastic andlysis could be used to examine

post failure stress distribution under higher loads.
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3. The effect of special features aésoﬁiatedeith
- thé construction of sﬁil steel structures sﬁch'as tie
rodsC-thrust‘beams, and relieving slabé,'should be .
studied. |
4. The use of éeinforced earth in cons truction may
;be coﬁsidered'in the future. )
5. The interactién of 1oca£\pr Qeneral buckling of

the conduit with s0il failure should be examined.

%
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Soil-Steel bridge structure.
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a

>~ Round Vertical Ellipse Horizontal Ellipse

aArch

Pipe Arch

Under,pass

Inverted Pear

Fig. 1.2. Common shapes for long span flexible conduits.
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1.35 P
c

Fig. 2.1. Pressure distribution assumed
in the Marston-Spangler Method.
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Fig. 2.3. Pressure distribution assumed in Ring
Compression Theory for non-circular Cross-

sections. TG
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Fig. 3.6. Constant strain triangular element.

:_\‘.

T b



H

!

. s 4

-

-




i

s . ~
. 3
141 *
N &
. .
GI
- X )

Fig. 3.8. Nine-noded linear strain.
- quadrilateral element
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Fig.

3.9.

Eight-noded linear strain
quadrilateral element.
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Fig. 3.10a. Hyperbolic stress strain
relationship.

= o
a

Fig. 3.10b. ©Transformed hyperbolic stress-
strain relationship.
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Fig. 3.11 vVvariation of initial tangent modulus.
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Fig. 3.12. Mohr -Coulomb strength parameters.

.
v



l46

Fig. 3.13. Unloading-reloading modulus.
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Fig. 3.l4a. Hyperbolic axial strain-radial
. strain relationship.

. i
T “Er
Fig. 3.14b. Transformed hyperbolic axial

strain-radial strain relationship.
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© Fig. 3.15. Variatiiiéiifipitial Poisson's Ratio.
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Fig. 3.16. Beam element.
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Fig. 3.17. One dimensioMal interface element.
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Fig.

3.

i8.

Spring

type interface element.
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Fig. 3.19. Stress deformation curves for the interface
element.
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Fig. 3.20. Transformed hyperbolic shear .
) " stress - shéar deformation
. relationship.
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Fig. 3.21.

Vvariation of initial unit

tangential stiffness.
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Fig. 3.22. Nonlinear analysis using
incremental techniqgue. N
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stress

level
1.4

Eig.

3.25

‘ P, . P,
i-1 Pl Pi+l i+2
2 Applied load - ~
Interpolation to determine °

fractional increment for
failure loads
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Fig. 4.3. Typical strain gauge positions at one
: location. ~ )
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3

Distarice to gauge location from
top C/L., {(in feet).

Fig. 4.4. Instrumented locations at 4
the Central cross-section of
White Ash Creek structure:

1
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Fig. 4.8. Different vehicle lanes during testing.
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Fig. 4.9. Experimental and analytical live load thrust in
T - '~ White Ash Creek due to Load.Level 2, Lane 4 and .
Position 1. ‘ »

Scaler: 0 1-—-—“-! 100 1b/in.’ . <
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'91.0k | -91.0k

.10..[Experimental and analytical live load thrust in
White Ash Creek due to Load Level 2, Lane 8 and
Posjtion I.

Scale: 0 +——i 100 1b/in.
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Fig. 4.11.

Experimental and analytical live load thrust in
White Ash Creek due to Load Level 2, Lane 4 .and
Position 2.

Scale: 0 4——y100 1lb/in.

' '

" Seaid

R, AL )

KN



.
. -

Fig.
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Experimental and analytical live load thrust in
White Ash Creek due to Load Level 2, Line 8 and
Pogition 2. ; ‘

Scale: 0 p——j 100 1lb/in.
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Fig. 4.17.
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Live load pressure distribution in
White Ash Creek due to Load Level 2,

Lane 4,

Scale:
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Fig. 4.30. Dial Gauge Locations on
Loading Beams
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Deflection

Load deflection curves for the first cycle
of loading in Test 1. '

Analytical fdilure load = 3.22 kips
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Fig. 4.32. Load-deflection curves for two cycles
of loading in Test 1.

Analytical failure load = 3.22 kips
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Fig. 4.33. Load-Deflection curves for laboratory
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Fig. 5.3.

Effect of conduit size on soil
failure under centric axle lcad.

y = 0.069 lbs./in>
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- ~ APPENDIX A

STIFFNESS MATRICES FOR FINITE ELEMENTS

Al

The stiffness matrices for the finite elements used in
this study are given in this appendix in the same order of

their appearance in the dissertation.

A.l Derivation of Constant Strain Triangular Elément

Stiffness Matrix

.The cohstant strain triangular element.shown in Figure

3.6 is considered directly with respect'to the global axes.
The polynomial functions for displacements at any. point

n#ifhin the'triangulaf'element are given in Equations 3.10a

and 3.10b. In matrix form, they are written as:

g

{u} = [901 {a} . (A.1)
where,
(ulT = {u v} . (A.2)
(6] =1 x y 0 0 0 (a.3)
. : 0 0 0 1 x y .
fa}” = la

: 1

1 %p @3 @, 0 o) . (n.4)

: The vector of interpolation coefficients {a} is related
to the vector of nodal displacements {q} through Equation

3.2:

198

RS
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{q} = (a] {a} (A.5)
where,
T ¢ : o
{ql” = {ul vy U, v, Ug v3} (A.6)
[A]_ =11 X ¥y 0. 0 0 .
N 0 0 0 1 xq ¥y
; Xq Yy 0 0 0
0 0 _0 1 X, Yo
.

Lo ¥ - 0o 1 xy; oy, a.7)

o

(xl,yl), (xz,yéj and (x3,y3) are thg‘nodal coordinates
for the triangular element in the counterclockwise

direction.

Solving Equation A.5 for {a}, yields:
(e} = (al™t (g} ) (a.8)

where,

PR ———
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0 Tr2x -0 Ex-Ix ¢
0 mm.l.._”h . 0 Tr € 0
0 Tx2y-2xtx ., 0 . EAlx-Tx%x 0
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At is the area of the triangular element given by:

A =k [x)(y,-y5) + X%, (yy=yy) + x3(yl—y2)] ‘ (A.10)

The strains at any point within the element are given

by Equations 3.1lla, 3.1lb and 3.llc. In matrix form, the

strain vector may be written as:

{e}. = [B] {a} (A.11)

where,
{E}={Ex E‘.y Exy} | ‘ (A.l2)
Bl ={0o 1 o o o o0 (A.13)

For plane strain condition, the stféss;strain relation=-
ships given by Equations 3.12a, 3.12b and 3.12¢c can be

represented in the, form:

{c} = [p] (e} ] (A.14)

where,

{o}T = {Ux Lo, T } - (A.15)

and

[T — - |
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‘ ) . i _
[D] = W) | l=-v v 0

v l-v 0

0 0 1?;v (a.16)

Substituting the matrices [A] from Equation A.9, [B] from
Equation A;13 and [D] from Equation A.l6 into Equation 3.8, and
performing the integration over the volume of the element,

the element stiffness matrix is generated. It is given by:

-
[kl = 4At(l+v?t(l—2v) kg ko ki3 kg Kys Ky
kyp  kao ka3 kyi  Kps Kopg
kyp  k3z K33 kyy  K3g Ky
ka1 ka2 Kaz o Ky Kae Re7
ksy ksp  Ksz kg Kgg Kkgg
.. - Lksl k§2 ke3 kg4 - Kgs kesa
(a.17)

/

where, ' e
t is the thickness of the element taken as unity,

2, 1-2v _
(lfv)(Yz-y3) + = (x3 xz)

K 2
11

1-2v

k].?_ = v(x3—x2) (YZ-Y3) + = (x3"x2) (YZ_Y:;)

1-2v

k

1-2v

klA = v(xl—x3)(y2—y3) s (x3-x2)(y3-yl)

T
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1-29 ‘
15 (1-v) (yl_yz) (yz—y3) e -—2—— (x3-x2) (xz-xl)

kjg = Vixy=x ) (yy-yg) 4 = (x3-%5) (¥ =¥,)

kyy = (1-9) Geymxp) 2 + 1522 (y, oy

kyy = vixg=xp) {yg=yy) + 252 (x=x) (¥,77)

kyy = (1-63(x1—x3)(x3—x2) 4 222V 2“ (y,=yq) (¥5- yl)'
k25 = v(x3fx2) (yl-yz) P '3 ) (xz—xl) (y22y3)

kQG = (l-v)(xz—xl)(x3—x2) + 152V 2v (Yl yz)(yz y3
k‘33 B (_:L?\J)(nyl)2 + l:fv ("1"‘3)2

~
I

34,5 V(X ~x3) (y5=yy)

~
]

35 = (27 (7)) (¥

P
]

36 ”(‘xz'xl’(y3‘yl) +

}c44 = (1=v) (x :»:3)2 +

k45 = v(x x3)(yl Yz)

Keg = (1-0) (xy=x) (xy=x5) + 222 (y11y2)(y3-le

- (T Y-
keg = {L v)(yl Yz) +

kse = vixy=%x1) (v -¥,).

)2 .

~
|

66 = (1-v) (xz-—x

l¥2v
+ = (xl—x3)(y3-yl)

- 1l=2v
——-—(x x)(x2 1)

1-2v

(x)-x4) (y1-¥,)

‘1?“ (Y3"Y1)

1- 2v

1=

1-2v 2
T (xymxq)

l

1-2v - V.2
+ = (yl-yz)

Remaining terms are obtained by symmetry.

NS |
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vy, A.2 Derivation of Linear Strain Triangular Element

Stiffness Matrix . \\
N Y

: . . .
The linear strain triangular element shown in Figure

3.7 is first considered with respect to its 1ocai axes.

The agsumed displacement fﬁnctions at any point within the
triangular element are given in ﬁquations 3.13a and 3.l3b;

Ih matrix form, they are expressed as in Egquaticns A.l and
A.2: however, here the interpolation matrix reads as ‘

follows:

i ] = |1 x y x° y° xy 0 0 0 0 0 O

1 J0 0 0 O 0 0 I x vy x2 y2 Xy.

(A.18)
r
?nd the vector of interpolation coefficients is éiven by:
\‘
Loy T = - |
g“} "oy ay, a3 oy wg G @; @g Gy p Oy %))
\ ) {A.19)

*

o

‘Accordingly, the vector of nodal displacementzkand

ma%;ixw[A],in Equation A.5,take the form:

-

{qi = {u, v, u, v, u

1 V1 %2 V2 v

3 V3 8y V4 Ug ?5 ug vs} . (AL20)

)
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(0.0), (0,x,} and (x5, y5) are the local coordinates .

of the corner nodes of the element in the anticlockwise

direction. The mid side nodal coordinates, in terms of
- , Xat%3 Y3 3 Y3
corner node coordinates, are (——5——, 1;0, (Tr' 7;4 and

X
(£ 0.

.~ In Equation A.8, the inverse of matrix [A] is obtained

as:

Al = = |2, | Ay
1
Y
%
Ra1 1 P22 (A.22)
where the submatrices in [A]-1 are given as follows:
All=’— 1l 0 -0 "0 0 ' 0
-3 -1
o 4] E; -0 0 .0
X x
Y3 2 ¥3¥%; ¥3
2 2
x—T 0 — 0 0 0
2 *2
x x X
Y3 2 2 Y3 2 Yy’
x X
—a 1= o A3 0 0 0
XaY3 ] X
¥3 % §

(A.23)
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[ o
0
0
0
_4(.}-{1
2%,
Y3
4
| X2¥3

207

o

(A.24)
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A= |0, 1 0 0 0 0
0 =3 0 =i 0 0
X9 X5

. X X
0 =3(1- ;3- 0 = 3 o =
Y3 2 2Y3 ¥3
0" —22 0 —22 0 0
X2 )
x
x X 2 3,2
0o 211 22~ )] o ~7E) o £
Y x2 x2 Y3
3 o ¥q
| X, X
0 d -3 o 2R 0 0
i ¥2¥3 x2 Y3 *2

{A.25)

and
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0
0
0
0
X
_:_‘.4_2; (=)
3, 2
4
X2¥3

209
0
[~
0
4
s
0
X
Ao- 3
. Y3 2
-4
*2¥3

-4 (1- 2x3)
Xa¥3 )
(A.26)
.\.
o- ,
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By applying Equations 3.lla, 311lb and 3.llc the
strain vector {e} in Equation A.ll remains as given in
Equation A.12. However, the matrix [B],relating the

strain vector to coefficients vector, becomes: -

0 1 0 2x O y 0 0 0 O 0 ]
[B] = ¢ 0 0 o0 0 0 0 0 1 0 2y x|«
' 0 0 1L 06 2y x 0 1 0 2x 0 vy
(A.27)~
v

The vectors and matrix of the stress-strain relation-
ship for plane strain conditions are given by Equations
A.14, A.15 and A.16.

L from Equation

By substituting the matrices [A]~
A.22, [B] from Equation A.27, and [D] from Equation
A.16£”into Equation 3.8, -and performing the integration
over the volume pf the triangular element, the elemeﬁt

stiffness matrix is obtainedﬂas follows:

‘ k], =& r-kl_l' Kjpg « = =« =« + K _g7 Ky 1y
" kzii\‘kz-z s e e skl kol :
gy Xgopg » =+ v+ o o Kg_yy Ky oo
_ kgp Kgg v oo e oo oo Ky qg k3_i2
ko1 Ksep oL L L ¥s-11 *s5-12
Kgoi Xgoz + ¢ -4 -« < Xelp1 Ke1g
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-
k7—1 k’?‘z - » L] - L] -’ - k7-ll k7—12
gy Kgog + » + <+ - » Kg_11 Kg 1,
kgoy koo - - -+ - kg11 Kg_12
k10-1 K10-2 - kip-11 Ky0-12
Ky3-1 Xp1-2 0 ¢ 0 0 e s Kypogn k11-12
kyg1 ¥z o 0 o e - Koy Kyolgo
(A.28)
where, ' £
d X X
11 3.2 %3
K, o= =L +d..(1- 32 2.
1-1 o 33 X ¥3
. ,
kl—2 = (d12 + d33) (1- x—z-)
1 ¥ *3, *3
Ky o= = [dy, == = dqq(l- =) =2 ]
1-3 3 11 Xy 33 Xy Y3
R _1 *3 *3
ki—g =3 [=d15 5o + da3(l= ) ]
. 2 2
1 Xy X5
) Ky o = S2d..(1- =5 2
1-5 3 .33 Xy ¥,
_ 1 .
ki.g = 395, .




2.0} ' . -

o

wir

Wi Wi

o

d

22

(1 -

212
o
x3) X2
¥2 - Y3
© X X
= + dgg (1 - 2y 32
2 Y3
X
3
(L - =91
33 Xy
x Y
fetayn
X3 23 Xy
, 1
p.4 X
3 3
2 " %33 %]
X, X Y
=) 7o * 433 ]
X2 ¥3 2
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4 x3. ) x3
3 [-4,,1 g’ +dy3 571
4 X3 *3 ¥
[d,, (1 =) ==-d4,, —
3 tTa22 X, ¥ ,33 x,
3 . o
X b 4 X
dy, 2 ¥ d33‘x_32 2
3 2 Y3
“x G2 * d33) S
X
343 o
¥3
1
7 912
N R |
3 —33 Y3
4
3 912
0
0

[T ety
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Y3 I N

»a

o b 4 X
4 3 . 3
7 [-dy, (-9 +dy3 &7
- 2 2
X, o X y
3.2 %2 3
don (=% 2 4a,, 2
22 ‘%) 7, Y g
l .
- 7 d33
X
1 3
d.. =
3 V22 Y3
4
7 933
X
4 dzz"i
) Y3
0 )
0.
X x
4 3 3
7 04y, %, dyz {1 i;)l
X, X y
% [d,, (1 - Ei) = - dj; Ei
2 Y3 2
X
d33'ié
. YB
0

4
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X
k =ﬁ-d _l
5-7 3 933 7,
4
ks_g = 3 933
_ X, X
k =2y 1-3 2
5-9 3 933 %, ¥ ,
-3
k5-10 = 73 %33
kg1 = O
kg_yp = 0
X
_ 2
kKeg = dzz §;
4
kg7 = 3993
x L]
k =:.4_.d _3’ i
6-8 3 22y3
_ —4
kg = =345
-4 73y 22
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9-11

9-12

10-10

Kig-11 =

10-12

11-11

k11-12 =

k12-12

Wi

Wi

:
3

=83

217
(d,. + 4 )(1-25) '
12 33 ‘%, . ‘
G L1
X3
; 33 Yq
(d35 + dg,)
X x x y
Flay, 2 0-2- D%+ dy3 £
- 4e T3 2 X% 2
4
3 (dy3 + d5,)
B4, 3 .
3_ 22 ¥3
8. Y3 %9 X3 X3.2
(d,. == +d,, = [1--=4+ (=%}
3 *M11 X, 33 y, x, X,
X
4 : 3
(da + d,,) (1=2 =)
T (dy7 33 X,
x X x Y
2 3
fd,, =2 (1 - =2 - (2% +4a,, 2
22 Y3 X, X, 33 X,

dll’ dlz’ d22 and d33 are the components of the constitutive

matrix. For plane strain, these components are given by:

Ef{l=-v)

d (TF0) (1-29)

11 = 49y =

(A,29)



207

¥
s e kg Rk

218

= —-—E—.—-—-—-— A.30 N -
d12 = 05 (1229 o (3.30)

e
a.. = E

33 E-'(T:\-JT (A.3ll)‘

The above local element stiffness matrix is transformed
into the global system using the following transformation

matrix:

COVEN S
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0 0 guUTs 9S00 0 0 0 0 0 0 0 0
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A.3 local Stiffness Matrix for Nine-noded Linear Strain

220

Quadrilateral Element

The nine-noded linear strain quadrilateral element

is shown in Fig. 3.8. Following the steps described in

Section 3.5.3, the local stiffness matrix is given by:

el =

Nt

—

kKi-1

* e

17-1

18-1

kl_2- .

17-2"

18-2"

-

Ky17-17

18-17

ki17-18

ki1g-18

(a.33)
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X
4 2 _ %4
-3 @y * a3 %)
X X X'
a1 (- N2 3 1-2?
1
- 5 d33
-
la -2y f
3 22 LK ¥,
X X
1 2 _ %4
T 4y +d33) 0 - 5)
1 Yy Y3,
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7 d33
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2
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S R R SO

where dll' d12' d22 and d33 are glvgn in Equations A.%Q,
A.30, and A.31.

A. 4 Transformation matrix for the Eight-noded

Quadrilateral Element

'The following transformation matrix is used to transform
the local stiffness matrix of the eight-noded linear strain

quadrilateral element into the global axes:

-
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A.5 Beam Element Stiffness Matrix

The element stiffness matrix of the beam element in its

local co oEg;Agzldn is given by:

A A ]
[k, ="E_ = 0 0 = 0 0 "
- . 121 6T . o - -l2I 61 .
> ‘ . L IEE- : L . ‘I.T.
. 0 % ' f'}_ 0 _._'5:; 21
L L L . L
-4 0 o A 0 gy?o
T T
0 -121T -61 '0 121 -6T
. - 13 1.2 L3 f?\\
. . ‘ﬁ*Qf\x
' 61 2T -61 1
N . .0 2 = 0 = -
\\“\\9///) , ¢ 12 L - 2, L
. . ) . - - ] d =
4 (A.35)
Where, - - . "‘"-..__._f
| E, = —2= ~ (a.36),
" ' 1-v L ©

and A and I are the cross-sectiongl area and the moment of .

trix may:be written-as: / i
)
‘
& 4
| \\\;
. -
; o

- : ' .
inertia per unit length, réspecti;ETy. The transformation %

i
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. Table C.1 Comparison between analytical results using method

1 and method 2 for representing live load. °

Thrust (1b/in) Moment (lb/in)

Beam White. Ash Adelaide Adela;de

Eleentl  p, P~ Py Py P4 Py~
1 | -l6.6 -11.5 10.8 14.5 5.9 6.0
2 -31.8 -23.2 2,6 8.4 1.7 |  -1.9
3 -19.0 ~16.2 -19.9 ~19.0 1.0 1.3
4 -65.1 | -52.7 -39.1 -32.1 26.0 26.7
5 -31.2 -41.1 -59.0 -59.8 -26.0 -26.6
6 -86.7, | -72.8 -48.8 -41.9 6.5 6.3
7 -87.5 -89.7 -77.5 -79.0 6.5 5.2
8 -150.9 | -136.6 -62.8 -56.3 ~21.4 -22.5
o |-156.7 |-161.1 -84.8 -86.6 1.8 0.6
10 |-225.6 |-217.3 | -203.1 | -203.3 96.0 - 99.0
11 -239.3 | -246.0 =235.3 -242.3 -60.3 -65.5
12 | -254.1 |-249.8 | -227.2 | -228.8 2.3 2.5
13 -239.3 | -246.0 -235.2 -242.2 4.9 3.9
14 -254.1 | -249.8 | -227.5 | -228.7 ~90.8 -93.3
15 -298.9 | -307.8 -321.6 -332.1 69.4 72.9
16 | -207.7 | -303.5 -315.8 ~324.6 -96.2 .-97.5
17 -299.0 | -307.8 -321.7 -332.2 84.1 87.1
18 -297.7 | -303.5 -315.7 ~324.5 | -100.3 -100.4

e vy |



Table C.1 continued
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Moment (lb/in}-

Thrust (lb/in) -

Beam White Ash adelaide Adelaide
Eliﬁf?t Pa Far. Pa Fa~. Pa Pa-
19 -337.2 | -350.1 -385.9° -400.6 97.3 100.0
20 -327.4 | =341.8 | -370.0 | -384.6 -94.3 -96.4
21 | -337.2 | -350.2 -355,9 -400.6 90.0 ' 93.6
22 |-327.5 | -341.8 | -370.0 | -384.6 .| -88.3 | -92.4
23 | -289.7 | -307.0 | -399.9 | -420.5 82.4 86.9
24 |-28L.5 | -300.7 | -387.8 | -409.9 —a2.1,| -44.9
25 | -289.6"| -307.0 | -399.8 | -420.3 | 41.6 45,0
26 | -281.5 | -300.7 | -387.6 | -409.7 |/~ 1.4 - 3.1
27 | -150.7 | -167.1 | -201.2 | -218.6 4.6 7.1
28 [ -151.17| -168.5 | -202.9 | -221.3 69.2 72.8
29 -149.7 | -166.1 -200.5 | ~217.8 -67.2 -70.4
30 |-150.3 | -167.7 | -202.2 | -220.6 | 138.0 146.9
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3 o a
Table C.2 Analytical and Measured Relative
: . Vertical Displacements at Crown of
the Tested Conduits (in inches):
P i :
Lane- Position Measured Analytical
Structure No. No. Vg;ue value
White Ash 4 1 0.024 0.08280
White Ash 8- 1 0.044 0.10370
~White Ash 4 2 0.027 0.06118
White Ash 8 2 0.050 - 0.07277
Adelaide 4 1 0.000 . 0.12508
Adelaide 8 1 0.000 ~ 0415179
Adelaide 4 2 0.010 - 0.09496
Adelaide § 2 - 0.010 0.11652
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Table C.3 Measured displacements at dial gauge locatibns

250

&

Gl to G9 in Test No. 1. (In inches x 10-3)

[

e et e | a| el o] o] e ] o
0.50 56 | 63 | 17 | 24 | 27 | 10 | 21 { 19 | 17
1.00 (132 | 130 | 69 | 71.} 79 | 60 | 52 | 52 | 47
1.50 ;91 189 | 128 | 127 | 139 | 9s¢| 90 | o1 | 79
2.00 | 277 | 265 | 197 | 181 | 209 | 155 | 132 | 135 | 119
2.50 | 369 | 344 | 290 | 256 | 300 [ 217 187 | 191 168
1.90 | 562 | 473 | 492 | 356 | 523 | 300 | - - |85
0.00 | 335 | 269 | 337 | 230 | 369 | 180 9 [ 11 5
0.50 | 399.| 325 | 369 | 254 | 395 | 205 3 | 36 |° 26

1.00 451 | 378, 46;, 283 | 441 | 220 62 |- 66 | 53
1.50 509 | 427 4s§ 321 [ 495 | 260 |95 | 97 | &1
2.00 | 578 | 488 |.s22 | 371 565 | 300 | 128 | 133 | 123
1.92 | 933 | 830 | 884 | 703 | 926 | 630 .| 141 | 147 | 136

**
* dr &

n

G3 to G6 are I-Beam .displacements
G7 to GY9 are conduit crown displacements

~y

61 and G2 are loading frame displaceménts&



N2

ed displacements at dial gauge,lbcatiohs
G 5@ G9 in Test No. 2. ¢In inches x 10-3)

n
[§

6j2|- 65%| et| o3| & &
- 0.50 87 | 100 | 71.| 85 | 71 | 70 | 23 | 23| 23
1.00 162 | 221 |I39 7["I25 | 139 | 136 | 54 52 46
1.50 237 | 262-| 194 | 179 | 198 | 192 | 8 | 83 | 72
2,00 |296 | 311 | 248 237 | 256 | 255°| 118 115 | 100
2.50 {351 | 363 | 299 | 295 | 311 | 314 | 151°| 150 | 128
5.00 |408 | 412 | 353 | 351 | 366 | 371 | 189 | 188 | 162
13.50 479 | 546 | 422 | 395 | 43¢ | 408-| 242 | 245 | 213
3.75v | 524 | 571 | 465 | 425 | 486 | 454 | 277 | 282 240
4.00 "554" 611 | 513 | 460 | 526 | 492 | 319 | 324 |®7s
4.30 694 | 736 | 641 | 570 | 666 | 590 | 433 449. 383
0.00 | 31- 284 | 201 | 235 | 307 | 295 { 100 | 104 | “90

* Gl and G2 are loading frame displacements
*%*  G3 to G6 arg I-Beam displacements
**%  G7 to G9 are conduit crown displacements

e e tp - . '
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