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-ABSTRACT

A study is made of the vibration of simmleted gas turbine discs,
Both theoretical and experimental results are given. .

Holographic interferometry is used for experimental analysis. The
design and construction of a low cost holographic facility is described
Various holographic techniques are compared, including time average
analysis in both real and non-real time, stroboscopic analysis and
ruby laser methods.

Theoretical results are calculated by the finite element
method. A circular sector element with sixteen degrees of freedom.
is predominantly used. Various approaches are employed utilizing
different segments of the disc with various boundary conditions
to obtain results in the optimum manner.

Three disc profiles are studied. Profiles selected are
constant thickness, linear taper, and constant.centrifugal stress,
Good agreement between theory and experiment for both natural

frequencies and deflected mode shapes is found.
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NOMENCLATURE

a object length
D bulk modulus

D(x) total derivative of x

-3 sensitivity factor

{F} load vector

£ frequency

fe experimental frequency
ft theoretical frequency

Hij Hermitian polynomials
h cantilever plate thickness
1(x,y) intensity of holographic reconstruction

ig%ﬁx,y) intensity of holographic reconstruction of static object

Jo zero order Bessel function
(x1 ‘stiffness matrix -
Ix] mass matrix

M(x,y) local vibratory amplitude
m number of diametral nodes
N fringe order

N(x,y) local fringe order

n number of circular nodes

n/n mode identification

P load
P ' recording film fringe frequency
r radius |
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element inner radius

element outer radius
disc inner radius
disc outer radius
thickness

disc inmer thickness
disc outer thickness
transverse deflection

transverse slope

object to hologram distance

non-dimengional deflection

deflection
deflection vector

wavelength of light

non-~dimensional frequency

circular frequency of vibration

disc rotational frequency

-material mass density

angle between object and reference beam at recording plane

angular position
lower .element angle
higher element angle
B2-8

stress



angle between direction of propagation of light incident
on the object and displecement vector

angle between axis of observation and displacement vector

Poissons ratio
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1. INTRODUCTION
1.1 SUBJECT OF INVESTIGATION ‘

This study investigates the vibrational characteristics of gas
turbine discs. A theoretical and experizental study is described aimed
at determining natural frequencies and modal shapes of discs. The
theoretical study is based on finite element procedures ;n which a
circular sector element is predominantly used. Results are verified
by experimental studies using holographic interferometric techniques.
These techniques are shown to be very effective in vibration measurement
and are simple and easy to use once initially installed.

It is intended that this work serve as a2 guide for the establishment
of a holographic interferometric system, particularly if funds are
limited; Also,a finite element method of analyzing vibration of objects
of circular boundaries is described which allows use of a few degrees of
freedom with accuracy equivalent to an analysis with many degrees of
fresedom.

1.2 SIGNIFIGANCE OF DISC VIBRATION

Gas turbine design, particularly in the case of aircraft engines,
is a highly complex procedure, The déaigner is faced with high temperature
gradients, large steady state stresses,zand a broad spectrum of §ossible
vibratory forcing functions. Sources of these functions are aerodynamic
fluctuations, gearbox vibrations, partial admission and many others.
Thus, each component must be carefully analyzed to determine its vibratory
characteristics, Parts must be optimized for minimum weight, but . .
reliability mst not be jeapordized since failure of any one component
often leads to catastrophic engine failure, |

The axial flow engine is most popular for aireraft use owing to

1



its small profile, The discs in an axial flow machine rotate at speeds
of ten to fifoy thousand rpm, creating large centrifugal stresses.
Smaller but signifigant stresses are caused by torsional and gas bending
forces exerted from the blades. When a resonant vibration is superimposed
on these essentially steady state stresses, the life of the disc may be
signifigantly reduced. Thus, a knowledge of the disc vibratory phenomenon
is required. Several solutions to the vibratory characteristics of
aniform thickness discs have been found. The purpose of the present study
is to determine the applicability of finite element techniques to the
rapid determination of natural frequehcies and mode shapes of discé of
arbitrary profile.

1.3 FINITE ELEMENT METHOD

~ Due to the complexity of the design procedure and the cost of
protptype construction, automatic component analysie¢ has become an
important design tool. The advance of analysis techniques has been |
greatly enhanced by the avﬁilability of large, high speed computers.
Before computer based enalysis can become a reality, a problem of complex
conbinﬁa mst be reduced to a finite number of degrees of freedom. This
diseretization was first performed by the process of finite differences.

| Recently, a more general form of discretization, the finite element
procedure, has become known. It is based on the dissection of the continua
into finite blocks or eleﬁents with finite degrees. of freedom. The
influence coefficients of each block with respect to its neighbours are
formed into métrix equations which describe the approximate properties
of the continua. The solution of the equations 1s generally based on
matrix algebra.

The present study illustrates the application of finite element



techniques to the turbine disc problem. Emphasis is placed on elements
with curved boundaries which best approximate the geometries involved.
1.4 HOLOGRAPHIC TECHNIQUE

The recently develope& three-dimensional imaging technique of
holography has found many appliéationso It has advanced interferometry
from optically flat models to include engineering components.of arbitrary
shape. Holographic interferometry provides an elegant method of «
displacement analysis over the full object field with a sensitivity
of approximately one half the wavelength of light. It is applicable to
stafic, transient, and vibratory displacements.

The experimental aspect of the project involves the construction
of a holographic system and the application of ‘the technique to the disc
vibration problem. The constraints placed on. the system at the design
stage are versatility and low cost.

1.5 SCOPE

The study is split into two parts. One is concerned with the finite
element method, the other with the holographic technique. The -application
of the finite element method begins with an analysis of reétangular
cantilever plates for static and dynaﬁic cases., This initial investigation
is undertaken both for familiarization with the technique and to check
the various inversion and eigenanalysis routines to be used in the disc
analysis. In applications to discs, elements with circular arc‘boundaries
are emphasized because of their exceptional modelling effectivensss.

The elasticity matrices for the disc are checked by applying theoretical
static loads and comparing results to those given by various authors

for cases of uniform thickness and linear radial taper. Dynamic results
‘are then obtained for discs of uniform thickness, linear taper and

constant centrifugal stress profile.



The holographic system design is discussed in detall. Initial
static and dynamic studies are carried out on cantilever plates and
compared to the results developed by finite element analysis. The -.:
technique is then applied to simulated discs of various profiles and

combared to the finite element theory.



PR et Y

2. LITERATURE REVIEW

2.1 THEORETICAL DISC VIBRATION ANALYSIS

Disc vibratien in the fundamental umbrella mede has been studied
using a Rayleigh Ritz methed by Biezene and Grammel ( 1 ) and Timeshenke
( 2 ). While Rayleigh's methed is simple, even fer discs fer arbitrary
prefile, enly the fundamental rrequencj is readily feund. The result of
Rayleigh's method is an upper beund en the fundamental frequency.

A Myklestad appreach fer arbitrary prefile discs has been used
by Ehrich ( 3 ). This ﬁechnique prevides results fer the general case,
but réquires successive iterations te determine each natural frequepgy.
If a large number of frequencies is desired, the technique requires a
great deal ef cemputation.

Blech ( 4 ).has used a cellecatien methed fer analysis ef arbitrary
prefile discs. He feund an eptimum degree of the pelynemial deflectien
appreximatien fer each mede desired,

The receptance functions and frequency equatiens fer flat circular
plates with varieus beundary cenditiens have been given by McLeed and
Bishep ( 5 ). This Menegraph is limited te lewer erder modes eof plates
of uniferm thickness.,

Fer the particular case of a2 disc of lenticular prefile, Harris
( 6 ) has shewn that an exact selution te the natural frequencies of
free vibratiens may be feund. Unfertunately, this prefile is seldem
feund in practice.

The . effect of rotatien en disc vibration has been investigated by
Eversman and Dedsen ( 7 ). Their study is limited te uniferm thickness

discs,



Recently, several works en disc design qtiliz:lng a frequency
censtraint have appeared. DeSilva ( 8 ) has illustrated the design
preblem of achiéving .nimum disc weight while maintaining certain
dimensien:: and tolerance limits. The constraint that the lowest disc
natural frequency must exceed a given value cempletes the preblem, The
frequency is calculated by iterative selutien ef the differential
equations of vibratien using the Mykelsferd-Helzer methed. Olhoff ( 9 )
has censidered a similar problem., He attempted te ebtain the maximmm
fundamental natural frequency fer a given disc velume and diameter.
Olhoff uses a Rayleigh-Ritz selutien te determine the lewest frequency.
He has reperted increases in the fundamental frequency ef up te 5Lh%.

Another technique of vibratien predic¢tienis that of finite element
analysis. The fellowing sectien prevides a brief review of the histery
of the methed.

2.2 FINITE ELEMENT TECHNIQUE

The finitg element technique basically involves the dissectien ef
a continuum inte a ;mmber of pieces er elements,:cennected at a finite
number of points er nedes. The in!luénée of forces and deflections en
each element are;?-prp?gﬁgé and manipulated in matrix ferm te appreximate
the Sehavipur of the continuum. Several authers have previded general,
basic works en the technigque ( 10°) ( 11 ) ( 12 )i( 13 ). A theeretical
analysis of the methed has been given by ‘Oiveira ( 14 ). Analysis ef
the reasens and requirements fer cenvergence has been dene ( 15 ) ( 16 ).
Durme ( 17 ) has analyszed the requirements fer the assumed elemqg;t":':': | .

displacement functien, °



In the realm of vibratien analysis, a centreversy has arisen ever
the form of the mass eor inertia matrix fermulatien. Initial studies
utilized lumped mass ferms. Further werk suggested that a mass matrix
:derivgdﬂqngyhe=assnmption:qfidistributed mass was superier, altheugh
much meve difficult te prepare, Several comparisoné of the twe appreaches
have been given ( 18 ) ( 19 ). A distributed er equivalent mass matrix
may be fermulated en the basis of complimentary energy ( 20 ) or Rayleigh
-Ritz principles ( 21 ). Extension te transient analysis is alse possible.
(22). .

Original finite element studies censidered rectangular elements.
General objects however can ﬁot be easily mndell&d:by such elements.

Thus, elements ef triangular shape have been develeped.( 23 ) ( 24 ).

Triangular elements, hewever, are net suited fer modelling curved
boundariea. Censequently, seveial elements rqpresenting,surraces of
revelutien have been develeped ( 25 ) ( 26 ). For mere general beundaries,
elements with general curvature en the edges are available ( 27 ). Fer
circular beundary preblems, elemen£s are available as secters of circular
ares ( 28 ). |
2.3 EXPERIMENTAL TECHNIQUES OF VIBRATION ANALYSIS

Acceleremeters have feund bread usage in experimental analysis.
The accelersmeter utilizes piezelectric, inductive er resistive principles
te cenvert vibratien inte an electrical signal. Unfertunately, all ef
these devices and their lead wires may affect the vibnatiqn,;pnfticula:iy
if the mass ef the acceleremeter is within several erders eof magnitude
of the ebject mass. Similarly, attatchment ef an LVDT «wr wvelwrity iprobe
te an ebject may affect its vibration. A strain gage may be meunted en
the object. Altheugh the gage is ef very lew mass, it still requires
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lead wires. Often, strain gages must be meunted away frem ﬁha peint
of maximum stress te aveid gauge fatigue failures, necessitating
calibratien pfocedures.

Capacitive er magnetic transducers may be used as nen-centacting:
displacement detecters . Hewever, these devices require careful . -

calibratien fer high reselutien measurements. They must be set at small

distances frem the ebject. Optical tracking devices may be used f‘p

vibratien detectien altheugh the cest is generally high for high
reselutien devices.

~ Another non-coﬂtacting technique has been develeped using the
ceherent speckle pattern preduced from a laser reflectien ( 29 ). The
laser is alse the basis ef diffractegraphic vibratien analysis (30).
The technique utilizes the diffractien ef light frem an aperture fermed
bétween the ebject and a fixed reference. This last technique has the
unique capability ef preducing vibratien amplitude infermatien aleng
a centinueus line.

All ef the aBovq metheds, except for the diffractegraphic technique,
give informatien abeuﬁ vibratien at a peint. Te ebtain a picture abeut
the vibratien ef a ﬁody, large numbers ef sensers er sc#nning techniques
must be used. Te aveld this preblem, aéveral full.field techniques have

been develeped.

One of the earliest full field techniques is the Chladni pattern,
A fine sand is sprinkled en the ebject and is threwn eff by the vibratien
at every peint except the nedes. Other metheds ef nedal determinatien
are based en meire matho&s ( 31 ).and’eptichliitechniguss“t 32 )o ALL

of these techniques give ne infermatien abeut frequency er amplitude



of vibration.

For very large amplitude vibration, a stroboscope may be used to
determine amplitude and frequency of vibration. This technique has been
used to analyze soft rubl;ﬁr models (33) although only qualitative data
is basically given.

In laboratory studies photoelastic modéls: may be used although
Poissons ratio may introduce .modelling uncertainties. Interferometric
techniques are applicable if opticallj flat models are available.

For '1aréer amplitude vibration, projected fringes may be used as a
non-contacting vibration detector (34).

. An vexperimental analysis of actual hardware disc vibration has
been done by French (35). He studied the vibration of stationary discs
using Chladni patterns as a preliminary step to experimental rotating

tests. In the rotating tests, capacitive gages were used as stationary
detectors. Strain gages with slip rings were employed as vibration

detectors on the disec it‘self.

In another series of experiments, Tobias and Armold (36) studied
static and rotating disc vibration. They encountered non-linear effects
in the vibration at maximum amplitudes of II.O-3 vdiameters.

Holographic interferometry. has proven a very usefu}. tool for
vibration analysis. It provides full field, non-contacting amplitude
information at a sensitivity of approximately the wavelength of light.

It is frequency independant ‘and'can yield frequency information if
stroboscopic illumination is used. The current study outlines the

application of holographic techniques to the vibration of discs. A
review of the development of holographic interferometry follows.



10
2.4 HOLOGRAPHIC INTERFEROMETRIC DISPLACEMENT ANALYSIS

‘Standard photography involves the recording of the amplitude
distribution of light reflected from or created by an object.

The light from the object must be focused on an image plane by either
a lens or a pinhole. A two dimensional image of the object is then
stored on a photosensitive material. No information about light phase
is recorded.

Holography, or wavefront reconstruction, stores both amplitude and
phaselinformation regarding the light from the object. The recorded
image, or hologram, bears no resemblance to the object. Rather; it -
éonsists of a series of blobs, specks and whorls. The creation of aﬁ
intelligible image from the hologram is known as the reconstruction
process. »

The holographic technique was first conceived in 1947 by Dennis
Gabor of the Imperial College of Science and Technology in London (37)(38)
At the time of this discovery, Gabor was attempting to increase
resolution in electron microscopy. He and later researchers in this
field were seriously hampered experimentally by lack of a sufficiently
intense source of doherent light.

The Gabor-type hologram is a photograph of yhe Freenel diffraction
pattern from an object. This recorded pattern is then reconstructed
oy passing a beam of coherent light through the hologram.
Unfortunaﬁely, phase information is lost in this type of hologram.

The technique is only suitable for transparent objects with small

opaque areas. Also, an extraneous image is formed which is superimposed
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on the desired image aleng with an intermedulatien distertien cempenent.

The discevery ef the laser in 1960 previded Leith and Upatnieks (39) eof
the University of Michigan with a highly ceherent seurce. They develeped
the twe beam technique shewn in Fig. 1 which preduces separate high '
quality images, even ef centinueus tene ebjects. The ebject is illuminated
with cellimated coherent light. It's Fresnel diffractien pattern falls
en the helegram recerding plane. This ebject beam interferes eptically
with the reference beam deviated by the prism. Thus phase infermatien
regarding the light frcm the ebject is retained and recerded by the
phetesensitive medium at the recerding plahe.

The simplest mnt;hod of raconstructing the helegram is shewn
in Fig. 2. The straight through pertien ef the incident beam, shewn |
as the zere order, prevides the seme recenstructien as the earlier
Gaber-type holegrams. The fine interference pattern recerded by the
helegram acts as a diffractien grating which preduces:a:pair«ef first-
or_der off-axis diffracted waves. One ef these creates a real image which
may be seen by placing a screen beyend the helegram at its fecal peint.
The ether, termed the virtual image, appears en the eppesite side ef the
zereth erder. .

Beth real and virtual images are of geed quality. They are separated
* frem each ether and t,he. intermedulatien term. Beth images are seen
te be hanging in space at the same distance frem the helegram as the =
objecf. was frem the helegram during the recerding precess. Te meintain
geed quality imagea;. the helegram must be clean, free frem dust and

scratches, and if en a flexible backing, must be placed in an index
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matching fluid to minimize film thickness variatien effects.
Extensibon: ef the twe-beam technique to diffusely illuminated

and three dimensicnal ebjects was again pieneered by leith and Umatnieks

(40 ). They placed a diffusing element, such as opal glass, between

the sewurce and ebject in the system shown in Fig.cd. Altheugh: -

the diffuser destreys the ceherence of the object beam, it dees se in

a time-inhvarjant. way so that the requirement fer ceherent illuminatien

is met.

‘ On recenstruction the helegram behaves much as the nen-diffuse

1iiunination helegram described abeve, preducing both real and virtual

imsges. Hewever, beth images new beceme visible to the naked eye as

images of transparencies illnmimteé by a reconotfncted diffuser.

Tue virtual image may be geen by 1ooking threugh the heolegram as a

windew and the real image appears suspended in front of the helegram.

The helegram ne lenger retains the Fresnel diffractien hattern of the

ebject but rather appears as fn:Pig. 3 + The regular structure is

due enly to dust particlesi:and ether light scatterers in t._he reference

beam. This "%elise" ..ees not affect the recenstructed image in any way.
Alse, wnder diffuse illuminatien, each part ef the ebject illuminates

all parts e the helegram. The helegram may be breken er ’cut s but each
piece will retain the entire image as leng as it is large eneugh to

previde a signifigant recenstructing aperture.

By a similar argument, pertiens of the helegram may be damaged
or removed by dust particles, scratches er fingerprints without affecting
the reconstructed images.

The cencept of diffuse illuminatien helegraphy leads directly
te the helegraphic recerding ef the three- dimensional objects. The
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basic technique is illustrated in Fig, 4 « Cpherent niensthrematic
light 1is reflected by the objoct te the recerding plane te previde the
object beam. The reference beaw ia:produced: by seflecting d pertier .
of: the incident 1ight beam te.the rooorditng plurfe with.a mivrer.

.. The reconohruction precess fer a hologram of three-. di.menoional
obj_octs is .shewn in 5?5,35 5 o The holegram is illuminated by a
bom of nonochromt.ic llght. Beth roal and ;itrual images may be seen
by t.ho naked eye. The virtual image is observed by loeking through ;'
the: hologram as if it were a windew.and appeara hanging in space .

bohind t.he hologram. It appears exoctly as the eriginal obJoct and
reta:lno both dezth of f:lold. and parmax or three-dimensienality.
It nay ‘be photographed by :I.na.ging with a lons, but the lens must be
ot.oppod down te previde onfficiont- depth of .field if the entire image
is t.o ‘be kopt. in sharp fecus. The roal mge io formed.in frent ef :the
hologran a.nd may be phetegraphed by placing a photographic plate
at tho hologram fecal pesition. In this case, the holegram reconstrnctlon
is difficllt te focuo since the real in;ge alao has depth. of fiold.
The roal mgo appoars to . bs. psoudoaeoplo, that io, it is rovoroed
frem’ rront to rear. .

| Holography of threo-dimensional objects imediately feund nany
uooo, mclnding nevel forms of photography and true t.hree;-dinonsional

inogoo displays which may exist in colonr (1,,1) a8 well as black and

whito. It hu been uged for transient ana.lyais of aeresel particle
diotributions(h?.). In this ‘case’ a hologram of - t.he partlcles was. taken

using a Lshort high :mtonsity pulse rron a ruby laaor. This "stop acf.:l.on"
,throo-dinonoional helegram was thon analyzod at loiouro oiuco it
stored a- tmo three- dimensienal inago of the particloo.

: The helegram has alse been suggested aase uedium;for-data rstorage.
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It is particularly interesting fer this applicatien since scratches,

fingerprints and se en which would destrey a pertien of the image
of a normal phetegraph de net degrade the hoiographic image. An added -

attr’,ac’ti’dn", te helegraphy for image or data storage is that a number eof
images may be stored en a single helegram by retating the helegram
between each expesure in a technique knewn as mmltiplexing.

Helegraphy is able te stere phase objects as well as coutinnouu
tene sbjects (43 ) . It thus has appliqaf.;ona in micrescepy, acceustical
werk and aeredynamic fiow visualizatien,

An ebject te be recerded hoiographically need net be directly
accessible. It may be h;lographod by fibre eptics (44 ), mirrers er
other image cenducting elements.

2.2, HOLOGRAPHIC INTERFEROMBTRY < STATIC ANALYSIS

Classical interferemetry is an exceptienally elegant technique of
out:.of plané displacement analysis. Iis advantages include high -
sensitivity (better than half a wavelength of light) and the determinatien
of the entire surface displacement at one time, Disadvantages eof
cl;a’s'ical interferemetry are that it can only be applied ‘to eptically
flat m,]_,‘ s requires careful eptical alignment and demands a stable
bench :I.s.ola'ted frem envir§nmental perturbations. It has net been used
a great deal fer engineering studies as eptically flat ebjects are
selden encountered. It has hewever been useful in plastic medel:studies
similar te pheteelasticity ( 45 ).

Helegraphy has served te eliminate the most severe limitation en
interferemetry - that ef eptically flst medels. Indeed, helegraphic
interferemetry 1is applicaﬁle te almost any surface er velume since it
invelves differential rather than:abselute (classical) interferemetry.
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The first werk in helegraphic .interferemetry appears te have
‘been done by Herman ( 46 ) whe was studing flew visualizatien in gas
dynamics, and by Burch (lo7:)..'<-Explahations' of helegraphic interferometry
were given by Cellier (- 48.7) . based en Hoire'?ithéory and by Stetsen
and Powell i( 49 ) ., whe shewed the interferemetric fiinges were
the same as these found by many early holegraphers in static holograms
which were caused by insufficient envirenmental iselatien, Further
work was done by Heflinger ( 50) whe illustrated the pessibility of
using a pulsed ruby laser fer differential interferometry.

Analysis ef fringe pesitiens for general motions of the ebject
have been given by Stetson and Pewell ( 51)y Hajnes and Hilderbraud
(.52 and Vienet ( 53 ). A review of the equatiens invelved is given
. by Brown, Grant ana. Stroke (.54 ). The inversempr.blon of determining:
.a generai uuknewn wotien from the interferometric fringes; generated by
the motion has been considered by Sellid: (55:)e

Holographie interferemetry exists;in two medes: real time and
non-real time. Nen-real time or deuble expesure helegraphic inter: ferometry
is available to any experimenter whe has a helegraphic recerding - '
apparatus. The system is set up as fer cenventienal holograbhy, bnt‘
only ene half eof the expesure required fer the optimum recenstructien

is used. Loads er strains are then applied er varied and the second
half ef the expesure taken. Precautions must be taken to insure that
the enly mevement of éomponenti in the system between exposures is

the ebject displacement. When this deuble-exposure helegram is processed
and reconstructed, twe images are fermed corresponding to g;he
andeformed and defermed ebjects. If these twe images nearly coincide,
jnterference fringes will be superimpesed en the recenstructien at
peints where the optical path length has changed one wavelength. The
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disadvantages of double expdsure holographic interferometry are that
one holographic plate is consumed for each data point and results are
not available in real time. Results, however, are stored permanently

on the hologram and are impervious to fingerprints, scratches or even

fracturing of the hologram.

The alternative technique is real-time or live-fringe holographic
interferometry. In this case, the full exposure is taken and the hologram
processed, It is then returned to its initial position within a fraction
of a wavelength of light. Reconstrﬁction is carried out with the reference
beam. The virtual image is exactly superimposed on the object, which is -
illuminated by the object beam. When the object is viewed through the

hologram and loads or strains applied, interference fringes are formed

between the reconstructed image and the deformed object. Results are thus
obtained in real time, and may be stored by photographing the image-
object interferogram. In the real time mode, the virtual image may be
considered a master "object" and the object the comparison object. .ii-.
Disadvantages of real-time interferometry are that a specially designed
plateholder is required for exact repositioning of thé hologram ( or a
liquid gate may be used to process the plate in place ). Also, processing
of the plate must be undertaken with‘great caution to minimize image
distortion due to inevitable changes in emulsion dimensions,

Numerous applications for such a method of full field deflection
analysis can be envisioned. Butters ( 56 ) and Jeffers ( 57 ) have used
it to study deflections in transducer diaphrams. Grant and Brown ( 58 )
have a non~destructive test unit based on holographic interferometry for
determination of de-bonds and other flaws in automotive tires and

sandwich structure paneis up to five feet square. Plate deflection is
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anether ebvieus area of investigation and has been studied by several
peeple, such as Beene (59 ), Wilsen et al (60 ) and Hageniers ( 61).

The sensitivity ef the methed is eften too high fer measuring

large deflections. Leadbetter and Allen (62 ) evercame this preblem

when studying the prebuckling behavieur ef:cylinders:by using =

differential interferemetry and incremental leads. Varmer (63)
i1lustrated a holegram-moire technique ef decreasing the sensitivity

of helegraphic interferemetry using :-nnilt.ipleha’\'relghgths.

The technique is alse suitable fer meésufenent of torsien (64 )

and eof in-plane surface strain (65 )« A helegram ef a master part may
be made and its recenstructien compared interferemetrically te a test

ebject if the object beam strikes the ebject at high incidence angles
in erder te minimize effects ef surface finish. This technique has
been applied to inspectien ef cylinder beres by Ennes (66 ) (67) (68 ).

Hoiigraphic interferemetry has greatly simplified the separatien

of principal stresses in pheteelasticity. In the past, this type of
study required optically flat medels te determine isepachic fringe

trajecteries fer cembinatien with isechrematic data (69 ). Helegraphic
intex‘ﬁggﬁﬁstry has relaxed this restrictien allewing isepachic data te
b6 Gikeh from pheteelastic materials. It is often pessible te obtain a

Qingle helegraphic image containing beth isechrematic and isepachic
data sets, although quantitative ihterpretation of the results may be
extremely tedieus (70 ) (71 ). -

In many cases ef analysis of platés s the experinenter is interested
in stresses rather than deflectiens. Several mef.hods for determinatien
of bending mements frem helegraphic interferog:ggs have been suggested

(72 ) (73) but all suffer frem lack ef accuracy or de net yield full-
field bending mement infermatien.. .
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2.4.3. HOLOGRAPHIC INTERFEROMETRY. - VIERATION ANALYSIS

An ebject which undergees simple harmenic metien épends most ef
its time near the peak values of displacement. Thus, a helegram taken
of an ebject vibrating under the cenditiens ef simple ham‘nic motien
centains twe reasenably well defined images ef the object n&ar the peak
vibratery excursiens, On recenstructien, these twe images .will interfere
in a similar manner te that described fer deuble expesure tio\lo'g_réphy'f-: ;.
This phenemenen was presented experimentally and" theoretically by
