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A bstract

In this thesis, the Douglas and Kroll order a®mc® contributions to the 1s2p * Py fine
structure splittings of helium arc evaluated using the new variational wave functions
of Drake [2]. Our results improve the old calculation of Daley et al. [13] by several
orders of magnitude. Extensions are made to two-clectron lons in arbitrary angular
momentum states. The other triplet states calculated are Z = 2, lsnp *Py, n =
Ve M0 L =3,---,12, 182 3P Z=3,---,12, 1s3p 3Py Z =2, -+, 12, 1s3d 3Dy;
and Z = 2, lsnd *Dy, n = 4,---,10. The final numerical values for the reduced
matrix clements and the splittings are tabulated. By including the newly calculated
second-order contributions of Drake, a comparison with the present high precision

experimental measurements for the 1s2p 3P; states of helium is made.
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it



To my wife wenying

v



Acknowledgements

| acknowledge my deep indebtedness to my thesis advisor, Dr. Gordon Drake, for
suggesting the rescarch topic considered here and for his continued guidance through-
out the course of this work.

I wish to thank the Decpartment of Physics at the University of Windsor and Dr.
Gordon Drake for the support of tcaching and rescarch assistantships. Thanks are
also due to the School of Graduate Studies and Research for providing me with the
Postgraduate Scholarships. Finally, and most of all, my thanks go to my parents for

their constant spiritual support and unfailing encouragement.



Contents

Abstract il
Dedication iv
Acknowledgements v
List of Tables viit
List of Figures ix
1 Introduction 1

2 Evaluation of the Matrix elements of the Douglas and Kroll a®mc*

Operators 8
2.1 Description of the Wave Function . . . . .. ... ... .. .. .. .. 3
2.2 Some Useful Expressions of Differential Operators . . . . . .. .. .. 11
23 Caleulationof Integrals . . . . . .. ... ... . L L. 14
2.4 General Procedure of Cancellation . . . . ... ... ... ... .... 25
2.5 Evaluation of the Matrix Elements . . .. ... ... ... .. .... 20
26 Final Numerical Values . . . . . .. ... ... ... .......... 39
2.6.1 Convergence Study and Comparison . ... .......... 39

2.6.2 Final Numerical Values . . . . . ... ... ........... 17

3 Summary and Conclusions 72
Bibliography 74

vi



Appendix
A Final Analytical Expressions

Vita Auctoris

vii

-1
ad |

-1
-1



List of Tables

2.1 Notations used in this work and in Daley ¢l al. work . .. . ... ..
2.2 CocfRcients f(H) and d( ) for obtaining the fine structure intervals,
2.3 First order coeflicients ¢ for mass polarization corrections to the Don-

glas and Kroll operators I}, and A, and the Breit operators ..
Hz,,, and H,,,.

2.4 Comparison of theorctical and experimental fine structure intervals for

------------------------------

the 1s2p 3Py statesof helium. . . . . ... ... .. ... ...
2.5 Convergence study of the reduced matrix elements of the Douglas and
Kroll operators f} and Aa, and the Breit operators I, ,,, ... and
H.y, for Z=2 1s2p 3Py statesof He . . . . . . ... .. .. ... ...
2.5 Reduced matrix clements of the Douglas and Kroll operators //}, and
53, and the Breit operators H,,,, Hz4., and fi_,,.

...........

2.7 Theoretical contributions to the fine structures of helitum-like 1ons. . .

viii



List of Figures

2.1  Schematic of the comparison between theory and experimental mea-

surements for the helium 1s2p 3P intervals. . . . . ... .. L.



Chapter 1

Introduction

The study of quantum electrodynamic (QED) effects in atoms has been an active
rescarch field since the discovery of the Lamb shift in hydrogen in 1947 [1]. QED s a
quantized field theory which describes the interaction of an electron with an electro-
magnetic field with a coupling constant, o = 1/137. QED predicts new phenomenain
atoms which cannot be fully explained by conventional quantum mechanies. lowever,
from a perturbation point of view, if the non-QED part is understood sufliciently well,
the QED eflects can be extracted by subtraction of the non-QEI} part from high preci-
ston experimental results. The extracted QED contributions can further be compared
with high precision QED calculations to test the validity of the theory. The hydrogen
atom has thus been chosen as a major candidate for fundamental tests of QED effects
since 1947, because the Schrédinger and Dirac equations for hydrogen can be solved
analytically and thus the non-QED contributions can be evaluated exactly.

The second simplest atom, helium, is different from hydrogen in that it is a two
electron system. Thus, the Schradinger cquation for this system cannot be solved
analytically due to the existence of the Coulomb repulsive force between the two
electrons. Being a prototype for studying other many electron atoms, helivm has
been intensively investigated since the carlicst days of quantum mechanics. How-
ever, remarkable progress has been made by Drake [2] only in the past few years on
the calculations of nonrelativistic energy levels of helium and helinm-like ions. The
new techniques involve the use of variational basis scts which include explicitly the
screened hydrogenic wave function, together with double non-lincar exponential pa-

rameters for each of the remaining Hylleraas-like terms. A complete optimization is

1



performed with respect to all the non-linear parameters. Although originally designed
for Rvdhbers states, where a direet physical picture could naturally be embedded into
the construction of the wave functions. the method proved equally successful for lower
lving states. The new variational method has also been applied to the ground state
of lithium with parallel success [3]. As we know a major complication in the high pre-
cision calculation of helium properties is from the necessity of obtaining sufficiently
accurate nonrelativistic wave functions so that the expectation values of operators
of relativistic and QED corrections can be evaluated to the required precision. The
difficulty has now been removed in the sense that the solutions of the Schrodinger
equation for helium are essentially exact for all practical purposes, which makes it
possible to take the helium atom as another high precision testing ground for both
relativistic and QED effects.

Among various propertics of helium, the fine structure of the 2 3P; states (with
J the total angular momentum of the atom) has attracted much attention in the last
six decades. In the theory of helium the understanding of the interaction between
the two clectrons becomes essential to the explanation of the fine structure. If we
totally neglect the relativistic motions of the two electrons, the interaction in this
static limit is just the Coulomb repulsive potential ¢*/r, where r = |r; — r3|. Solving
the Schrodinger equation together with the Pauli exclusion principle yields only the
separation between the singlet and triplet levels. There are no further splittings
among the triplet states. If we wish to go bevond the static limit, that is, if we
wish to include the effects produced by the motions of the two clectrons, the correct
interaction is no longer the instantancous Coulomb potential. The motion of the
first clectron generates a magnetic field in the region of the second electron and vice
versa. Therefore, we must determine not only the scalar potential but also the vector
potential due to the second eclectron at the position of the first. The relativistic
interaction Lagrangian for two clectron systems, correct to the order of (v/c)?, was
first obtained by Darwin in 1920. However, since Breit used this Lagrangian to study
the helium atom in the quantum mecharical domain, the interaction is known as the
Breit interaction [4]. The Breit interaction can be reduced to a set of operators in

the nonrelativistic 2 x 2 Pauli form which is suitable for numerical evaluation using



nonrelativistic wave functions. Among these operators are the spin-orbit interaction
with the nucleus f,,. the spin-orbit interaction between the electrons I, and the
spin-spin interaction between the electrons H ... These operators account largely
for the fine structure splittings of the triplet states. Thus, the spin-dependent Breit

interaction is {in atomic units throughout)

Hy=Hzo+ oo + 1. (1.1)
with
Hz,o = 1 Zas(ay - (r_? xp)+02- (:3 X )
Heo = t5(FX7a(Fak25)) = FX i - (4, + 202)
1 ,,1. . 3, . -
[1:.‘.1 = Ia-(;—ja! O - ;(0" ) 7?)(‘72 . F))'

where &,/2 and &./2 arc the spin operators for clectron 1 and clectron 2, and 7 =
7y — 2. The fine structure is largest for the 1s2p *P; states. Therefore, if both
experiment and theory on the fine structure intervals are performed to sufficient
precision, then a precise value of the fine structure constant a could be derived by the
comparison of theory and experiment. Furthermore, the consistency of QED theory
could be verified once this finc structure constant is compared with those derived
from other sources, for example, the hydrogen fine structure and hyperfine structure,
the muonium hyperfine structure, the clectron ¢ — 2 anomaly, the Josephson effect,
and the quantized Hall effect, ete. [1]. Helium is also appealing to the experimenter
in that the 2 3P levels are more widely spaced than those of the 2 P hydrogen atom,
and the lifetime of the helium 2 3P state is about 100 times longer than that of the
2 2P hydrogen, so that the natural width of the fine structure levels in helium is much
narrower. Consequently, one should be able to mcasure the fine structure splittings
in helium to a precision over 50 times greater than in hydrogen [5)].

The theoretical calculation of the fine structure of 1s2p P states of helium to |
ppm or better involves lengthy calculations. The steps to achiceve this goal were sct

out by Schwartz (6] as follows. The 2 3P, energy levels can be expressed symbolically

3



in the form
Ey=8E"+ 02(81:)J + a"(Bp(ED - !{0)_IBP>J + a"(HD)J, (1.2)

where £° is the nonrelativistic energy, the second term is the expectation value of
the spin-dependent Breit interaction [4], the third term represents the Breit inter-
action taken to second order (including both the spin-dependent part A, and spin-
independent part), and the fourth term, containing Hp, is the expectation value of
the sum of all order o a.u. QED corrections to the Breit interaction. This series
expansion in o implics four well-defined tasks. The first is the evaluation of the Breit
interaction taken by first order perturbation theory, with Schrodinger wave functions,
which gives the lowest O(a*) contributions to the fine structure splittings. It should
be noted that only the spin-dependent operators need to be calculated, because the
spin-independent part contributes equally to all three levels of the triplet. This task
has been completed recently with an accuracy of about 1 part in 10% (1 ppb level) [7).
The second task is to apply second order perturbation theory to the Breit operators.
The validity of this second order approach was justified by Douglas and Kroll [8]
in their systematic reduction of the Bethe-Salpeter equation. Initial calculations of
limited accuracy were performed by Hambro [9] and by Lewis and Serafino [10]. The
sums over all intermediate states, including the continuum, were performed by solv-
ing variationally an inhomogeneous perturbation cquation according to the method of
Dalgarno and Lewis [11]. Thereis a clear need to improve their calculations by at least
2 or 3 orders of magnitude. This has been achieved recently by Drake and the results
will be published shortly. The third task is the derivation of all the spin-dependent
operators of order a®me® (Hp term) from the covariant two electron Bethe-Salpeter
cquation with the nucleus considered as a fixed Coulomb field. This was accomplished
by Douglas and Kroll [§], who considered all order a®mc? corrections which arise from
Feynman diagrams involving the exchange of one, two, and three photons, as well as
radiative corrections to the clectron magnetic moment. The final results are also

presented in the nonrelativistic 2 x 2 Pauli form. These operators are

15
Hp =" Hp, (1.3)

=1
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where

Hy = ga“(zawf:—?ﬁl-(ﬂxﬁ:)

p = 3¢ (Zﬂ)ﬂr?(al'f")(ﬁz'rl)

HY) = %a"-’};‘-&'l-(r"xﬁ_‘)

Hy = =30'=(@,- A&

HS = i%a“\"f%&'l-(ﬁ, X %)

Hy = isa'ViL(F- 36 (Fx /1)

Hp = _ga-‘vl%al (r><p,)+”:a?—al (7% )
H} = iga‘ria’, AT X (T p2)h)

HY = —3a'Vi(-9(F: )

HY = ia'Vi5(5 (- 7)

HE = HP' + 13,

2 = -zéa‘*v;r—a[ )G ) + (52 NG - )]
HE = iga“Vf§(61 (G2 Y- )

HE = —5e'5@0 7@ B)

HE = —oa'=d (Fx (51 (P )

Hg’ = —0.328418965(;)2(2}‘12,0 211,,0)

o
9(—0.328178965)(~)? .
+ (2(-0.323478065)(=) +(2h_))!l.,,_,

In addition, there are anomalous magnetic moment corrections of leading order o®meé?,
nucleus relativistic recoil corrections of order (m/M)a*mc?, as well as a correction of
order (m/M)a®mc? [12]. These corrections can be taken into account by including

the expectation values of operators Mg, H,.q, and H,5, respectively, where

9
%635'[']:30'!' flcsa), (1.4)

m _ -
fimﬂi = H(A!! + 2}:!250)! (1'5)

CHy=Z(Hy,, +
g

5
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| W

Hps = o=1=(30 + 21 72.0). (1.6)
with
- Zo* 1 _ _ . | -
Az =—; (=01 (7 XP2)+—30’2‘(7’2><P1))- (1.9)
4 T T2

The next higher order anomalous magnetic moment contribution is included in Hp

as f1}}. Thus, the total spin-dependent operator is
Hyy = Hy+ Hs + Hug + Hos + Hp. (1.8)

The last task is the cvaluation of the expectation value of the Hp term. The
first complete computation was due to Daley et al. [13] in 1972, who used variational
Hylleraas wave functions with the largest wave function of 165 terms. Recalculation
of the Hp term using much more accurate wave functions will definitely lead to
an improvement of the old values by several orders of magnitude. This will be the
objective of this thesis. It should be emphasised that the Schwartz project is originally
intended for calculating the fine structure of helium up to about the I ppm level. Thus,
we should not expect to determine, with high precision experimental results, the fine
structure constant, o, better than 1 ppm as long as there is no strong cancellation
among various higher order terms. In fact, order O(a” In(Za)mc®) and O(a"mc?)
terms may contaminate the fine structure splittings at the 1 ppm level. Theoretical
work is in progress to investigate these higher order corrections [14]. On the other
hand, however, if experimental results are sufficiently higher than 1 ppm, the higher
order contribution can be extracted reliably and will serve as a valuable guide in the
understanding of higher order QED effects.

On the experimental side, high precision measurements of fine structures of helium
and hclium-like ions have been performed. in recent years. Using an optical microwave
atomic beam magnetic resonance technique, Hughes et al. measured the fine structure
splittings of the 1s2p 3P; states of helium to a precision of 0.7 ppm [15]. Very
recently, using laser excitation of an atomic beam, Shiner et al. [16] have improved
substantially the measurements of this fine structure. Future work is under way to
reduce uncertainties below the 1 kHz level [16]. Kramer and Pipkin [5] measured the

fine structure in the 1s3p 3Py states of helium by using the technique of level-crossing

6



spectroscopy. with the purpose of providing an independent test of the calculations
involved in determining e from the n = 2 measurements. Their precision is L5
ppm. The experimental determinations of the fne structure intervals of 1s3d 21
[17] and 1s4f *F; of helium are also available [18]. High precision measurements
on high-n and high-! states could also provide a unique opportunity to detect and
investigate retardation cffects which come from the finite exchange time of virtual
photons between the outer Rydberg electron and the inner core.  High precision
mcasurements of the fine structure of other low Z atoms also exist. In Li*, the
1s2p *P; fine structure splittings were measured by Bayer et al. [19] and Holt et al.
[20] and were improved recently by Riis ¢t al. [21]. In Beryllium, the high precision
measurcments of the 1s2s 35; — 1s2p 3Py, 2 transitions were reported very recently
[22], from which the finc structure splittings could be extracted. Myers el al, [23]
measured the 1s2p 3P, — 3P fine structure of F™* at the 31 ppm level. Very
recently Hallett et al. [24] measured 1s2s 25, — 1s2p ®Pap wavelengths in helium-
like neon.

In view of the recent advances in both theory and experiment of two clectron
atoms, a new possibility of re-determining the fine structure constant to a precision
of about a few parts per billion (ppb level) has been raised, which could be competitive
with those derived from leptonic g — 2 studics and from condensed-matter physics.
In this work we have recalculated the Douglas and Kroll O(a®mc?) contributions to
the 1s2p 3P, fine structure of helium and successfully extended these calculations
to arbitrary states of helium and helium-like ions, using the Hylleraas-type wave
functions of Drake. We have also discussed the computational method in detail,
especially the method of cancelling systematically the divergences which come from
the high singularity of the operators at #; = 72. The precision we have achicved is
consistent with that of the lowest-order spin-dependent matrix clements of the Breit

interaction [7).



Chapter 2

Evaluation of the Matrix elements
of the Douglas and Kroll ofmc?
Operators

2.1 Description of the Wave Function

Let us first discuss the new techniques of Drake to construct nonrelativistic wave
functions of two clectron atoms such as helium. The material here comes from a
review article by Drake and van Wijngaarden {25] which contains the best description
of this new variational approach. The Hamiltonian for a two-electron atom in the

Coulomb field of a fixed nucleus of charge Z can be expressed in atomic units by

1
H_——vz—lv -£—£+l, (2.1)

™ Ta T
where r = |f; — 72|. The Schrédinger equation for this i would be separable if there
were no repulsive force between the two electrons. Hylleraas was the first to take
this corrclation into account by including explicitly the variable r in his trial wave

function for the ground state:

U (7, T2 Z airirirFe P L exchange, (2.2)
L1k

where a;;; are linear variational parameters and a and § are non-linear parameters.
The usual procedure is to include all combinations of 7, j, k such that i+ 7+, < N,
where N is an interger, and then study the convergence of the calculation as NV is
increased. One can show that the expansion of Eq. (2.2) becomes completeas N — co.
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For any finite .V, the a;;; are determined by Schrddinger’s variational principle

W F|W)

g = & e o
E(W) = I = Min., (2.3}

which gives the system of homogeneous lincar cquations

K
da; Tk

= 0. (2.1)

We can consider Eq. (2.4) from a more general point of view. We can think of the

functions in Eq. (2.2) as the members of a basis set

X1 = rxlr_'}.‘rkc—nrl—ﬁrg

[ = 1,2,--. P,

where [ denotes the lth distinct combination of valucs for i, j, &. The solutions to

Eq. (2.4) correspond to finding the lincar combinations

P
q)m = za;”l)xh (. A

=1

t
ot

)

which satisfy

(d’ml(bn) = 6"1,11
(Ol H|®n) = Embrm:

Thus, the solutions to Eq. {2.4) are the same as what onc would obtain by diag-
onalizing the Hamiltonian in the orthonormal basis set constructed from the same
set of functions. If there are P lincarly independent functions, then one obtains P
variational eigenvalues, ¢, (m =1,2,---, P).

An important property of the eigenvalues obtained follows from the MATRIX
INTERLEAVING THEOREM, which says that when an extra row and column are
added to a matrix, the old eigenvalues fall between the new values, with the new
highest higher than the old highest and the new lowest lower that the old lowest.
Since, by Eq. (2.3), the lowest eigenvalue is bounded from below by the true ground
state, the higher eigenvalues must similarly lie above the corresponding uxcited states,
and move progressively downward as P is increased. The result is summarized by the
Hylleraas-Undheim Theorem [26]:



When a Hamiltonian operator whose spectrum 1s bounded from below is
diagonalized in a P-dimensional finite basis set, then the P eigenvalues are

upper bounds to the first P energies of the actual spectrum.

The optimization of the nonlinear parameters in Eq. (2.2) produces a more difficult

problem because the equations

aE

T = 0

oF

—_— = 2.
5% = O (26)

are transcendental. Cne must resort to a process of recalculating the variational
cigenvalues for different values of @ and 8 in order to locate the variational minimum
for a given state.

The Hylleraas method has been applied with great success by many authors to
the low-lying states of helium and helium-like jons, culminating in the 1960’s and
carly 1970’s with the extensive calculations of Pekeris and co-workers [27].

Despite this large body of work, there remain important problems to be solved.
For low-lying states, one should overcome the problem of near linear dependence in
the basis sct as NV increases. Another problem is to develop new techniques to deal
with high-lying Rydberg states. In order to solve these problems, Drake proposed a

new variational approach by doubling the basis set so that Eq. (2.2) becomes

By, 72) = agWo(ls, nl)+ Elaiijijk(als B) +bisexisn (@2, Bo)| VNS L (F1, 72) Eexchange
ik @)
with Wo(1ls,n!) being the screened hydrogenic wave function for the two electrons.
The inclusion of ¥y is to take advantage of the near screened hydrogenic nature of the
cxcited states of two electron systems and thus, ¥q is already a good approximation
to the wave function. The angular function denotes a vector coupled product of solid
spherical harmonics for the two electrons to form a state of total angular momentum
L:
Vi = 3 (hlmymg| LM)Yym, (71) Yigm, (72), (2.8)

mima

10



and. as before.

viji(e. 3) = rir%r"c‘“""’“"". (2.9)

with z, 7, and & are non-negative integers. Each combination of powers ¢, . & is now
included twice in Eq. (2.7) with different nonlinear parameters ay, 3, and aa, Ja. At
first sight, one might think that this would lead to problems of lincar dependence,
but in fact a complete optimization of the energy with respect to all four nonlinear
parameters leads to well-defined and numerically stable values for the parameters,
with the two sets being well separated from cach other. For the first sct of terms
in Eq. (2.7), the optimum values of &; and 3, are close to their screened hydrogenic
values oy & Z and B; = (Z — 1)/n. These terms describe the asymptotic behavior
of the wave function. For the second set of terms, the optimum values of oy and 3,
are much larger. These terms describe the complex inner correlation effects. The
complete optimization, therefore, has the effect of dividing the basis set into two
sectors with quite different distance scales, i.e., an asymptotic sector and an inner
correlation sector.

The new variational method has proven to be very successful in improving the
precision of calculated eigenvalues by several orders of magnitude. An important
advantage in using these techniques is that they do not suffer from a loss of accuracy

as one goes up the Rydberg series to moderately high values of n (i.c., n ~ 10).

2.2 Some Useful Expressions of Differential Op-
erators

We adopt the Condon-Shortley convention {28] for the Clebsch-Gordan cocfficient
throughout this work. That is, the 37 symbol is related to the corresponding Clebsch-
Gordan coefficient by

(jx j2 7 ) _ (=1)r—iamm

™m; M, M

NCESY (J1jamima|jij2j — m).

The Douglas and Kroll terms contain a wide variety of differential operators. It is

convenient to separate the radial and angular parts of the gradient operators according

11



to the following basic formulas written in the spherical component form:

w0 T d d=.. . .T2 0 5
vlu = 3 }lp(rl)('aTl + r %) - ':.3_}131(7"‘) r d +T ("'10)

L 9 2 0 iz 0
Vi = 3Vl + R - S T £ Ve (21D

where g =-1, 0, and 1, and VY, and V3, are understood to act only on the sphericai

harmonics. We also have the following formula (sce Appendix VI of ref. [29]):

rvun,.(f)='§bu;x)u,x)"=‘(§, S G O] (2.12)

g m T

where the notation (a, 3,+++) = (2a+1)(26+1) - - - is adopted and the function d(f; A)
is defined by

Bhi—1) = 1+1
Bhil+1) = -L (2.13)

From the above cquations it is a straightforward matter to obtain the following ex-

pressions:
LW T 1 ! T
Vil FY, = —1)i=ta Mg Tl/g(l ! )( : )
l.ul 111-) mxzng( ) (I,L, ) 0 0 0 pomy 7
l l L . )
% (o e —p) DOUGDIFIYG, (1) i)
ofla 1 T L 1 T
—1)a=l+M+igg 1/2{ 2 2
* m§=;:( D (2, L. T) (0 0 0)(m2 @ .,-)
l l L
8 ("':1 "122 —M)( DG F)Yiymy (1) Y7,(72) (2.14)

s L T\(1 &L T
IF llf:L = Z Z( 11: 12+“(l L T)1/2(0 02 0)( )

myma Tr g mz T

y (11 b -’;W )(D(zl(lg;T)F)Y:,m,(ﬂ)l’z’f(fz)

m Ma -
Jr=lz+M+1 1/2 1 T)(l1 1 T)
PP C s ) [
l l ,,
x (77:1 n:n —M)(D( )F)YTr(rl)Yhm:(Tg (2.15)
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where F is the radial part containing ri. rp. and r as independent vartables and is
written as:

Flri.ra.r) = r{r*‘r ary =y (2.16)

and the various D operators are

p{V = %% (2.17)
Dy = ’;_—‘g; (2.18)
DT = %M&g b(I;’I'):—l (2.19)
DIULT) = a?»frsai + b 1)1~. (2.20)

Since the Laplacian operator Vi may be understood to act on the lefi-hand stde wave

function, we have:
(ViFYiiLl =B+ B: (2.21)

with

B = X (-UMersn (0 B Ly om0 )

mimg m; Mo — M

L | N\f& 1 H
- )=tk MEmtt sz O 2
B = 2T3 3 (b LN E(5 o 6 )(5 g o)
Lh & L )(1 L N)(l L H) §1)
* (o )G G R PG Yin(ia)
where
1 8 a 7} {I+1) 2(r,—rycosl) &
=l 29 2 2.22
b r'fa‘r‘l(rlaﬁ) ’”287'( ar) 3 " r ordr ( )
() = b a) 22 2.23
OUORL CY et = (2.23)
and cos# is a radial function defined by
cos@ = (rf + 12 —r%)/(2rir2). (2.24)
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Note that the formula (see p37 of ref. {29])

Le,Lyrt vV L I L. . 5=
}!m(r }l' '(r) Z ( A (0 0 0)(771 m' A_[)}‘L.\f(r) (2 j)

LM

is useful in the reduction of products of various spherical harmonic functions. Finally

we have the following expression:

1 1 K . N . Y Y :
> ( 0 )Vu,vzu=[Fh,m,(n)mm,(rz)] =AM + AR + AR, (2.26)

arpy VHU M2

where
Ky _ A 1/2 1 [1 T)(]. I'_» 1\)(1 11 T)
A= ;,:%;MU"L’T’A) (0 0 0/\0 0 0/\py m =

1 L Ayl 1 K (5)
(,u;. ms )‘)(#1 2 0) T (b L) F)Y7 (F1) YR (F2)

-

(K) _ Tkl w214 T)(l T A (1 4L T)
A'.‘ - ZZZ( 1) (lhTaTaA) (0 0 0 0 0 0) 1 ™y

Tr AN ap2

1 T A/l 1 K\, n0). . s .
< (0 5 O a0 @ DT )i ()

w0 - przereann( § DG T 4D

Tr AN sruz H1 mz2 T

1 T A\(1 1 KN\, @ i)
< (o 2 3 a8 ) OPT MDY i, (1Y )
with
DR (L, 1) = D1 A) DV T) + (-1)X DP DIV, (2.27)

2.3 Calculation of Integrals

In the evaluation of the Douglas and Kroll operators, the matrix elements of the
operators can finally be reduced to sums of integrals of the type
In(a,b,¢) = '[o * pediy '[) * radra jl" “: rdr 12809~ ~P Py (cos0),  (2.28)
-
where cos 8 is defined by Eq. (2.24) and P,{cosf) is a Legendre polynomial. There
are some recurrence relations which were derived by Drake {30]:
2A + 1

Ina(a,b,c) = IA(a Lb—1,c42)+ Ix(a,b,0), c# =2, (2.29)
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and. for the case of ¢ = =2 we have
I_\.,.l(rf'.rg. =20+ 1)[.\(r‘|‘_'.r;"‘.lu r) + l_\_l(r‘l'.r.f,, o). (2.30)

The recurrence relation involving logarithmic integrals is

20 +1 ..
Ingr(rs, rf’.., r’lnr) = (—+l[l.\(r‘1"l a0 ) (2.31)

T I‘\(r"l"l.rg l.r""'"')] + 1,\_,(1";.1'2.1"'111 r). (2.32)
c+2

In particular, from Eq. (2.21) [i(a, b.¢) can be written as
1
Ii(a,b,c) = ;)-[Io(a +Lb=1c)+ lola=1,b+1,¢) = Iyla—1.b— 1, e+ 2)]. (2.33)

Thus, the calculation of the integral [;(a,b,¢) is reduced to cvaluating fy(a, b.c) for
a sufficient range of a, b, and ¢, which will be the main topic of this section.

It is obvious that
Io(a, b, C) = .:‘l[ + A'_i (2.3")

with

®_ a1 b1 LR
A = f ritle™omdr, / ratie~ 2 dr, ] rtdr
0

" r3—r
=<] ri+ry;

A, = j ro¥le=Pradr, ’ r3tlemonidr, j retldr,
0 r2 r -T2

We first treat A;. The integration over r can be carried out:

T2+71 1 c+2 2((.‘-}- 1)! .,
retldr = ro+ 1) = (ry — )] = —_—_ P,
Lo R P P Rl

Thus,

A = cf et 1) f mr?"'“’” e~ dr, jm rotetd=po—fragy,
peodd pllc+2—-p)lio "

c+2 2(C+ ]'L

* b+c+3—p —fry d at+l4p —ar
, / T 2 dr,. 2.35
p=°ddpl(c+2_p)gj; T2 € T2 A ¢ 1 ( )

Using formula 6.5.12 of ref. [31] and formula 4, 7.621 of ref. [32],

n+1l

jr’r"e""‘drl =12 e Fi(1sn 4+ 2; arp) (2.36)
o ! n+1l ’ '
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A%wmﬁ—nﬂdmnﬂxwxzrwpqum&rﬂm*y (2.37)

where ; Fy(a; by r) is the confluent hypergeometric function. F(a.b; exx) is the hyper-
geometric function, and [{x) is the gamma function. ., can casily be integrated. A,

can bhe treated in a similar way. Finally we obtain

N 8) Ae+ ){a+b+c+5)F E2 1
. hca, =
old,0,cl (a+‘5)a+b+c+6 p=m“p!(c+2_p)!
1 a
[ — S B e —
[a+2+pf‘(l.a b+ c+6:a 4 3+p,a+ )
1 3
e (1, b+ 6:6+ 3+ p——=)|. 238
b+2+p (l.atb+ct "'Pa+ﬂ)] (2.38)

The above expression is convergent as long as the following conditions are satisfied:

a+bt+c+3 = 0 (2.39)
a > =2 (2.10)
bo> =2 (2.41)
c > -1 (2.42)

These conditions are also valid for Ix(a,b.c), because rirdrce=om=f2 > 0, and
Pp(cos @) is bounded and oscillatory, thus making Ix(a,b,c) converge. It is worth
mentioning here that the application of recurrence relation of Eq. (2.29) to J4 amounts
to cvaluating various Jy with more negative powers of r; and r, which could cause in-
dividual fp divergence. Nevertheless, cancellation can always be performed by simply

neglecting the terms in Eq. (2.38) with

a+2+p =0 (2.43)
a+3+p £ 0 (2.44)
b+2+p = 0 (2.45)
b+3+p < 0. (2.46)

Thus, only the nonsingular part of Eq. (2.38) is needed. For the integrals required in
this work, the power series expansions of hypergeometric functions yield numerically

accurate values with rapid convergence.
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A similar method can be applied to the case of ¢ = =2 by noting the expansion

T2 " o
f rlgr = 2T akd = vv__l (— Lysetr

a—ry ra—r L‘_p—i- e,
This expansion gives an infinite series for the integral

Aa+b+30 & |

Io(la.b.=2:a.3) =
o(a a. 3) (o + 3)atb+d ;:62;)-{- 1

i
X [———TF(I.u-i-b-i--l:a-{-'lp-{--l;

—
a+2p+3 o+ 3
1 3
— (1. b+ b+ 2p 4+ 4; (247
T ohropg (hatbadibaIp n+,i)] (2.47)
which is valid only when

a+b+3 > 0 (2.18)
a 2z =2 (2.19)
b > =2 (2.50)

The convergence of this infinite series can be assured by the fact that each term of the
expression is positive and is roughly proportional to 1/p* which is a general term of a
convergent series 3.°7 41/ p*. However, this series converges very slowly and should be
improved before it can be used in numerical computation. If we make the following

transformations in Eq. (2.47),

a+b+4=0H

at+2=c
o
a+f
2p+1=n,

=z

then the first summation becomes
= 1
5= %

n=odd n(n + C)

The hypergeometric function F can be expanded according to the definition

Fll,hn+c+1;z). (2.51)

. e (D)m(b)m _ -
F(l,b,n+c+1,‘)—Em!(n+c+1)m ,?;n(n+c+1)m (2.52)
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where

(Ao = 1
(M = MA+1)-(A+n—1).

Thus Eq. (2.51) can be put into the form of

S= 3 (B)mSnlc)z" (2.53)
m=0
with
[~ =] 1 .
Swm(c) =n§ddn(n+c)_“(n+c+m). (2.54)

The above infinite series can be summed to a finite form by using formula 6.3.16 of
ref. [31]:

S - o) = e, (2:55)

=

where v is the Euler constant
y = 0.577215664901 - - -

and W(z) is the digamma function

U(z) =I'(z)/T(z). (2.56)
Eq. (2.55) is equivalent to
o 1 =1 1
n—gid(n B Tl + n-zc;cn(; - =+ n)
had 1&01 1
B ~n=zodd (n+ + )g(" )
kel 1

=:3

n=oddn(n + :)

i
= 7+:+\Il(z),

+§u+§+wgn

o) 1 1+ -
P e Jlg+¥e) - “I’( ) (2.57)
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which is equal to Sg(z). This can casily be generalized by the method of mathematical

induction. The final result reads

< m (_l)i A_ —_—
S(e) = me i [ 4 U(c+ k) - -w ) (2.58)

At first sight. onc might think that the existence of the oscillatory factor (=1)* in
Eq. (2.58) would cause numerical cancellation for large m. However it is necessary
to extract only a few terms from the hypergeometric function F and to sum up to a

finite number of terms, that is,

- m 3 1 9 By
S= mz=o(b)m3m(6): gdm (1, byn+c+ 1;2), (3_.),))

where Fy is F(1,bn 4+ ¢ + 1;2) with the first N 4+ | terms removed. With some
experimentation we found that the choice of N ~ 10 in the present work is just
adequate to greatly improve the rate of convergence without any loss of numerical
stability.

Besides the general formulas, Eq. (2.38) and Eq. (2.47), there are other expres-
sions for Ig(a,b,c) which could be used under some circumstances. If we apply the

expansion

- nl ] _=orr .
j of g = —Zan_mﬂﬂc (2.60)

to Eq. (2.35), then we obtain

o(a,b,0) = c+2 & (‘2i+1){ﬂ?+‘(a+ﬁ?’+lzo a+B)
q! ( +J)‘ a_\; o
. 2.61
o+ (a + B)P ""‘Z a+ﬁ) ; (261)
In Eq. (2.61),
p = e+2:+42
g = b+c—2142
P = b+2i42
¢ = a+c—2+2, (2.62)
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[z] is the largest integer in 2, and (’:) the binomial coefficient. Eq. (2.61) applies
only for ¢ > =1 and a, b > =2, excluding the casc of a = =2, b= -2, and ¢ = =1,
which would make ¢ and ¢ negative.

et us return to Eq. (2.31). Integrating over r without further expansion. the

integral can be recast as

!0(“$ b, C) = Tl - Tz - T3v (2'63)
with
r 1 * a —-arry - 2
An=c+2A rotle dnL riH B (r 4 1) 42, (2.64)
| AR g © b1 _-p +2
T, = f ratlgmar gy, j B e=Pra () 1 )2y (2.65)
c+2Jo o
L % a4l —or T b1 —pra c+2
Ty = jr?c“&Jrqe'm—m)ﬂm (2.66)
c+2Jo o °

After making a transformation of o = £ — r; in Eq. (2.64) and then changing the

order of integration, we have

1
L= c+2

o0 d
/ £c+2c-5éd§f rclx-l-l (5 - rl)b-i-le(ﬂ-ﬁ)": dry.
0 ()
The integration over 7, may first be carried out using formula 1, 3.333 of ref. [32]:

f:f"“‘ (u—2)efdz = B(p,v)u** "' Fi(v;p + v; Bu)
[Rep >0, Rev > 0], (2.67)

where B(g, v) is the beta function. Thus,

_ B(b+2,a+2)

T c+2

‘LwEa+b+c+Sc—ﬁ§1F1 (@+2;a+b+4;(8 — @)f)dt.

Furthermore, using Eq. (2.37) will complete our evaluation of T:

_ Bla+2,b+2)T(a+b+c+6) _ B-a
ho= c+2 Botbrets F(0+2,a+b+6+6,a+b+4,—ﬁ-)
e (2.68)



As for the case of 3 < a. the Kummer transformation (see 13.1.27 of ref. {31])
1Fila+Zia+b+ 5 (F=-0a)) = c(‘i"‘)‘.lf-‘;(b +2a+b+di(a—- 9 (2.69)

can be applied. which results in Eq. (2.63) with the interchanges, @ — b and a — 3.
The integral T» could be done by making a transformation ol ry = ry + £

L /™ bl ~(atd)r ® bt =€ cobd
T = c+‘7]n riT e ‘drlll (ry + &) eI

b+1 oW

= : 2 bl wra+b+2_pc-("+m" dr ) erbetT ol ge

c+2 P 0 ! ! o s
~p=0

1 "‘E b+1 (@a+b+2=p)(p+c+2)
T e+ 2 (a4 B)etb+d-r  griotd

Ty can be obtained from T, by the interchanging of @ « b and o — g. The final

expression of Iy(a,b,c) is

fo(a b c) T,, — 7_5, (2.70)
(@+ DI+ D! 1 , e
= " 2.8 3 I/ N , 2 -
& (“+b+3)!(c+2)g,+lr(a+ s Lathddi— ), B>a
(a+Dib+1)s! 1

a—p
= 2,8+ 1 1y —— >
aibr et amlbthsthatbtdi—=) o24

Ib4+ 1) (e +b+2—p) (p+c+2)!
gm0 Plb+1—p)(c+2) (a+ p)rtt+i-pgricts
T - f(a+1'(a+b+"—p) (p+c+2)
3 pl(a+ 1 —p){c+2) (a+ B)etotd-popretd’

p=0

where s = a + b+ ¢ + 3. The above expression is valid for

a > -1
b > -1
c =z -1

and is usefu] when a ~ 8, because, for this case, the hypergeometric function con-
verges extremely fast. Compared with Eq. (2.61) the above expression contains only

single summations.
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We also need to calculate the integrals containing Inr when Eq. (2.30) is used.

We: first write down the following integral:

oG o r2+ry
Lir*,r5,rlnr) = retie=anige [ pb¥le=Bragp, r nrdr
! = ! r “ r r
] a2=Tr
at+l TS W RN -
+ f """drf ra e '”dr:f r*"ardr (2.71)
0 ryI=r2

where the integration over r can be performed by

e+t rd 1 c+"] ret?
f nrdr=——r nr—(c+2)2.
Thus, Eq. (2.71) becomes
1 -
Io(r2, v, rInv) = Hy = Hy — Hy — s 210(33 b, c), (2.72)
with
H, = c-:-‘)./m e+l g =uTi gy / 1782y 4+ 72)* In(ry + r2)dre
1 —ar
Hy = C+2f°°r,+1 o g L b e=Pr(r) — 1 )2 In(ry — ry )dre
1 n
Hy = (H_2./“‘:"'1""1 ""’drl./; B e (r — 1) In(ry — r2)dr.

We deal with H, first. After making the transformation of r2 = £ —r; and integrating

over ry with the use of Eq. (2.67), we have

1 o0
H = +.)B(b+2,a+2)/o e ¥ In g, Fy(a+%a+b+4; (8 — a)e)de

[

1 . —~_(a+2); (B-a) -
= ——PB(b+2 2 3+ ,—B¢ .
c+2B( Tt )g,(a+b+4)q qt ff ¢ IngdS

Here we have used the series expansion of the confluent hypergeometric function,

1Fi(a;7;2 Z (@) —_—2", (2.73)

n—On'(‘y

and that s = a + b+ ¢+ 5. Furthermore, the application of formula (see 2, 4.352 and
4, 8.365 of ref. [32])

me e * Inzdr = —[!I' n+1)—lny] (2.74)
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vields

b+ 1) (s He ta
e B L
(c+2)3 5 (a+b+3+ ¢!

; a V(s +1+q) =gl (2.7

Although this expression is valid for both @ > 3 and a < 3, it is best suited for
the case of a £ 3, since then an alternating series can be avoided. As for a > 3

iy,

the use of the Kummer transformation results in Eq. (2.75) with a = band a = 3

interchanged. Ha can be treated in a similar way. Let 7 = 7 + &, then

1 oo £ medd
-5 /:“ Pty [ 4 e g

1 bt (6+1)!
c+2z f\‘r

at+b+2-p ~(a+B)r1 fmc;»+«'+2 S e
1 ¢ dr, & ¢ n&ds
p=0p!(b +1- p)! 0 \]

1 % (b4+1)! (a+b+2-p)l(p+c+2) ,
¢+ 2pz=%p!(b+ 1~ p)l (0’ + ‘B)u+b+3—p ﬂp+c+3 [W(p +c+ ';) ~In .H]a

H,

which also holds for H3 when a = b and a « 8 are interchanged. In summary, we

have obtained the {ollowing expression:

1
To(r$, rhr¥lar) = Hy = Hy = Hy = —=Iofa,b,c), (2.76)
where
() 2(stle+lt ) B _ S
o= Cropmi arbrarqy (g ) brita-fl fza
(a+1)! S(s+9)ie+1+q)! a=48,,
- <
(¢ +2)e¥1 g (a+b+3+q)!q!( g J[Vstltg)—lnal, B<a
_ 1R G+ (a+b+2-p)(p+c+2)!
H = c+2§=(:,P!(b+1-—p)! (o + B)e+b+3=p  Bret3 W(p+c+3)-Inf
a+1 1 5 _ ' Y
Hy = 1 T (a+1)! (a+b+2 p)'(p+c+~)'[‘1’(p+c+3)—Ina].

c+2.23pl e+ 1 —p)! (a+ B)rtttd=r  qriedd

Eq. (2.76) is valid for a, b, ¢ > —1. The above derivation may be applied to fo(a, b, —2)

to obtain a similar expression:
Io(a, b, "'2) = I{l - I{z - 1{3, (2.77)
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wherc

s g B -
K, = ([i'u'i'bi')l.z(ﬂ‘i';"r 1) (»Bﬂ )"[‘I’(a+b+-'l+q)—ln,6‘], 8>a
=0 :
= ;’LLZ(“”") —yua+b+1+q)—Ine], B<a

Ko = bif (+1)! (a+b+2—p)!
2= (b+1— p)! (o + B)a+s+3-p g+

p-O
e = %‘ (a+1) (a+b+2-=p)!
ta = (@ + 1 — p)! (a + B)a+o+3-pgptl

[¥(p+1)—Inf]

[P(p+1) —Inaj.

p=0
Eq. (2.77) is valid for a, b > —1.

The last thing we have to do is to deal with even more singular integrals with
¢ < =2. In particular, we should separate the divergent part from the whole integral
that may further be combined with the corresponding exchange terms in order to
obtain finite results. This can be achieved in analogy with the previous derivations
that lcad to Eq. (2.76) and Eq. (2.77). We list the final result without any repetition.

If ¢ = —2 — n with n a positive integer, then

IO(asb’—?'—n) =Ol +O2+O31 (.'

>
e |
[74)
j

where

Il{e+1)(b+1)l(a+b+3—n) 5 B—a
— — :‘ - - >
Or n (a+ b+ 3)last2-ngb+2 Fl+2ne+b+4 3 ) B2«
_ 14 DG4 Dt b3 —n)t o o B
- n (a + b+ 3)|Bb+2-nqa+2

I (b+1)! (abt2-4) o g
O = Z1:)3'(£:-+-1—3')' (a+3“+b+3-JF5 at

_1E (@+1)) (e+b+2-j)
O = Z Xt 1)l (ot Brroress

BLa

~3y '™y

Jememta.

=0
Eq. (2.78) is valid for a, b > —1. The divergence can easily be identified with the

uncalculated integrals of j < n — 1. Thus, we can obtain the following expression:
Io(a,b,—2 — n) = Regly(a, b,—2 — n) + Singlo(a, b, —2 — n), (2.79)

where ‘Reg’ stands for the regular part, and ‘Sing’ the singular part.
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The computational methods and the formulas discussed in this seetion have been
tested extensively for accuracy and speed and proven to be ellicient in dealing with

all integrals appearing in the present work.

2.4 General Procedure of Cancellation

As mentioned before, the integrals of type [g(a.b. ¢) with more negative powers of r
generally diverge individually. However, these integrals always occur in combinations
with those coming from cither the direct or exchange terms of the wave function,
thus, resulting in a final complete canceliation of singularity (in other words, if there
still exists a residual singularity, one must have made some mistakes, because the
expectation values of the Douglas and Kroll operators arc proven to be convergent). 1t
is, therefore, important to find a general scheme of eliminating the virtual singularities
for arbitrary triplet states. The starting point is Eq. (2.29) by which the integral

Ig(a,b,c) can be written as
Ef
Ig(a,b,c) = Z g(EsA e+ 2) (e —1,b—1,c+2) + [ g)-2(a,b,c) (2.80)
A=w(E)

where ¢ # —2 and the two functions of ¢ and w are defined by

2A -1
g(E; A e+2)=(1-6bgo)(1 —bg,4) g

and

2 if E=cven
=1 2.82
w(£) {3, if E=odd (2.82)
In Eq. (2.80), &' means that the step of summation is 2. Note also that fg{a,b, —2)
is convergent.

From Eq. (2.30) the following expression can be obtained immediately:
Mf
Y G(B)Igla,bc) = wi(p, M;Gsa,b¢) + Ji(p, M; G)Iy-2(a, b,c), (2.83)
E=u
for ¢ > —4, where
MI
Ji(e, M;G) = 3 G(E). (2.84)
E=p
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(;( 1) are the angular coefficients, and =, a quantity defined by

=1 (J“w M; G! a, ba C) (. .

(3]
v /]
(]
f S

Al E
=3 Y GEW(E:Ac+2)aoi{a—1,b—1.c+2), c# -2
E=ul=z=w(u)

M
= Z'G(E)IE(G’ ba —2) - J[(ﬂ, J”; G)Iu{,u)—'.‘(a? b1 —'2), c= —21
E=un

which is convergent for ¢ = =3 and ¢ = —4. The sccond term of Eq. (2.83) may
diverge and should be combined with other divergent terms to obtain finite results.

By repeated applications of Eq. (2.80), the higher singular cases can be handled:

A
Y GE)Ig(a,be) = map, M;Gia,b,c)

E=u
+ Jo(p, M G ) ey -2(@ = 1, b= 1,6+ 2)
+ Jl(.us M; G)Iw(u)—Z(asb’ C)’ (286)
for ¢ = =5 and —6, where
M E
(e, M;Gie) =3 > G(E)g(E;A,c+2), (2.87)
E=pA=w(u)

and

M E A-1
o, M;Giabe) =3 3 S G(E)(EiAc+2)

E=pA=w(p)A; =w(ut+l)
xg(A — LA c+4)h (e —2,b—2,c+4). (2.88)

Notc that the second and third terms of Eq. (2.86) have different degrees of divergence
for ¢ = —5 and —6. The most singular integrals we have met in the evaluation of
the Douglas and Kroll operators are those with ¢ = —7 and —8. The corresponding

reduction formula is:

M
S G(E)Ig(a, b,c) (2.89)

E=p

= w3(p, M;G; a,b, ) + Ja(p, M; G; &) Iuguy—2(a — 2,0 — 2,c+4)
+J2(}l, M; G: C)Iw{#-i-l)-?(a - 1sb —-1l,e+ 2) + J1(,u, M; G)Iwm}-&(as b’c)'r
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for ¢ = =7 and =38. where

M E A=
Jap MG =3 S T GE)E: e+ Da(M— EAe+ ) (2.90)
E:u.\:w(n).\::u(u+l)

and

A-1 Ar—1
Y

M E
(e, M:Giab =Y S Y Y GEE A+

Ezpd=mw(p}h =ufpn+ 1A =w(in)
xg(A = L ALe+Dg(A — LA, e+ ) g, mi(a =36 =3.c+6).  (2.91)

Also, it might be convenient to define

J"
wolpts M;G;a,b,¢) = 3 G(EMg(a,boe). ¢ =2, (2.92)
E=u

which has no divergent part.

From the above discussion it can be scen that we only need to deal with the
singular integrals of type Ig(a,b,¢) with E = 0 and 1, rather than ones of a higher
E value. This strategy is the key point that allows our calculation to be applicable,
in principle, to arbitrary triplet states of two electron atoms.

Let us develop some special formulas for integrals of the form [g(a, b, c), with
E =0and 1. By Eq. (2.24) and

(r? + r2)Py(cos 8) — 2ryry = r* Py(cos 0) + %TlTQ(P’_)(COS 0)-1), (2.93)
we can derive the following reduction formula straightforwardly:

Iw{u)-2(a +2, b,c) + Iw(u)—Z(aab +2,¢) - 21w{u+l)-2(a +1L,b+ 1,¢)

= TI(#’C + S)Iw(u}—Z(as b? c+ 2)7 ¢ ?é _23 (2-94)
where
(4,0) = { 1, if 4 =cven (2.95)
T =V e+ 1)/(c=3), if p=odd, e

and ¢ # 3. In the right hand side, the degree of singularity at r = 0 is reduced by 2
compared with that of the left hand side. The following are the reduction formulas
of another type [33]:
IO(a!b'sc_ 2;a:ﬂ) - Il(a - 11b+ I,C—Q;O,ﬁ)
= Jf~(e+ Dlola =2, b B) +alle —Lbga B, (296)
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for a+1#0and ¢#0, and

I (a bye-2a,83)—Ni{a+1.b=1,c~2a.3)
= —[ (b+ Dlo(a.b—2,60,3) + Blola, b= 1, e, 8)], (2.97)

for b+ 1 # 0 and ¢ # 0. Thus, the quantity defined by
Dif(a, b;d’, b ¢,a,8;1,7) = Li(e,b,c; e, 8) — I;(a', ¥, 5, B), (2.98)

where (4,7) = (0,1) or (1,0), @ = ¢’ £ 1, and b = & F 1, is convergent as long as
c 2> —4.

Eqgs. {(2.94), (2.96), and (2.97) arc mainly applied to the cancellation between the
direct-direct (or exchange-exchange) terms. For more singular operators, however, the
direct-direct type cancellation is not enough to climinate the singularity completely.
Under this circumstance, onc has to resort to the exchange part of the wave function
that can provide the partners (that is, the divergent terms having similar singularity)
for cancellation. This is due to the fact that the wave functions for the triplet states
arc antisymmetric in space so that the wavefunctions are zero at r = 0.

Let us go on to consider this problem. As expressed in Eq. (2.79), the singular
part of Iy(a,b,c) can be scparated from the convergent part uniquely. In particular,
from Eq. (2.78) we have:

) b+ 2)! %
s.nglo(a,b,_;a;a,ﬂ):%( f:’g-xe-aedﬁ fo le~®de)  (2.99)

B9
Singlo(a, b, —4; . f) = 3(a:af+bla(fm gtemotde + [ g e dg)
1 (at+b+1)

AT o) ~1 -0t -1,-6¢ 9
e pemn(@t) [etemtag+ o) [Teled). (2100)
The typical combination of singular integrals appearing in the present work is
Ho(a, bv @, ﬁ; a’7 5’7 0’1 B'; C) = Iﬁ(aa b, S Q, ﬁ) - IO(a"J b'a S C!’, ﬁ’)7 (2‘101)
wherca + b = a'+ 8 and a+ 8 = o’ + 5. With the help of the following two
cxpressions (see 2, 3.434 and 1, 3.421 of ref. [32]):

1 v
—uz _ —vE\ = il 9 5
fo (e e )xd:c ln# (2.102)
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oo ¥ 1] : 1
] (R o He ™ — eV =dr
0 I3
= (a + IV (a + 3V + (o' + Nn(e’" + 5
—(a+aYInfa+ o'y = (3 + ) (3 + J). (2.103)

as well as with egs. (2.79). (2.99). and (2.100}, 1y can be worked out without any

residual singularity:

Mo(a. b.a, Bid, ¥, ', 3" =3)

m iy
G LRI

= Reglo(a, b, —3;a, B3) — Regly(a’. b, =3:a’. 8') + -
ol

My(a. b,a. By d', ¥, o', 3" —1)
= Regly(a, b, —4; @, B) = Regly(a’, ¥ =450’ ')

2\t
+l( + )(alna-i-ﬁlnﬁ o' Ina’ ="' Ingd)
LG T 2 5 A .
_~ ) [In alnz-i-blng-i-(a—u)lu;;] (2.105)
with
: = a+b=d+ ¥
T = a+B=do +45. (2.106)

Finally, by Eq. (2.33) and Eq. (2.101), onc introduces a nseful quantity
Can(a,b,a,B;a', b, ', 8, ¢;1,7) = lia,b,c 0, B) = [;(e b, ;e\ '), (2.107)

wherea+ b=+ anda+B8=ao + A, and 7,7 = 0,1. Eq. (2.107) is regular at
r =20 forc> —4.

2.5 Evaluation of the Matrix Elements

After the previous preparation we are in a position to evaluate the matrix clements
of the Douglas and Kroll operators. However since the procedure of calculation is

lengthy and similar for all operators, we present the analysis for a typical case in
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detail. We thus choose the operator £} for this purpose. We adopt the LS coupling
scheme in our caleulation. The quantity we are going to evaluate is:

!

. i lo . = A
AER = oy USTMANF - 592G SOk LSIM). (2108)

The above integrand can be decoupled (see 5.52 of [34]) into the products of the spin
and orbital parts:
(6952 V1) = T(-DFGHe&™ - VeV ™. (2109)
.

where A" means the rank of an irreducible tensor operator. Thus, Eq. (2.108) becomes

1 cvLysaa [ LD SJ
AEbs = ﬁa.‘ Z‘SJJ"S.'-IJ.’\!Jn(_l)A+L+b +J'{ ; I\’}
K
tpe ]l = = Y PETE = - R P
x (Y L5V20 VWU LIS G © & I1S), (2.110)
r3

where a standard formula has been used (see 5.71 of ref. [34]):

(v L'S" I M| AR SRy LSTM )

- L I
= 5.1.1-551,5;,.(—1)“3 +"{ s

© 1R Iy SRS) R 1)

with A®) being an irreducible tensor operator of rank A with respect to L and W)
an irreducible tensor operator of rank A with respect to 5, and the matrix elements
with || represent the reduced matrix elements of the corresponding operators. The

reduced matrix clement for the spin part can be easily calculated [34]:

1/2 1/2 1
(S']I[6r © F]PS) = 6(S, S’,A’)‘“{ /2 1/2 1 } (2.112)
s § K
which implies that the above 95 symbol is zero unless K is an even integer; this is
because the 95 symbol is multiplied by {=1)* with X being the sum of 2ll the nine
parameters if we interchange the first two rows, and also because § = §’ in our work.
Also we even don’t need to consider the case of ' = 0 which corresponds to a scalar
g, - G2 in Eq. (2.109) and, thus, contributes equally to the triplet states. Using the
Wigner-Eckart theorem (see 5.14 of ref. [34]), the reduced matrix element for the
orbital part can be evaluated through
L' K L

(YL MIRGD LMY = (_I)L'-M'(—M' 0 M

) LIRE L), (2.113)
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where

(T2 Q O, (2110

The operator (A may further be expanded as (see 5.36 of [34])

(K) 1 1 K
RO = ;;\/.2]\-{*-12(

« ws o)
AF CA
H1L2 .Iul ,“: 0 =41 1p:

Y e G

1
M 2 0 )vh‘lv'-'m- (2.1 15)
Hyuz 2

According to the construction of our wave function (see Eq. (2.7)). the state vector

|¥LM) is a linear superposition of the following basis set:

{ l F ‘l‘:{: L) }

F(d, b,c a, B) = rr;rgr-:c—orl-t)rz_
Therefore, the main task is to calculate the following matrix element:

T

F Y B \FYL) (2.116)
T _1\K 1 1 K o1 .
= 2K + 1(_1)h Z ( Q )(F'y!!:flz'!,’l;vlmvhlz|FJ’!:{;,L)'

arpe V1 H2

Using Eq. (2.26) and letting
f——— . . 1

T;' =B Z (_l)l;—lz+ﬁf(2L+ 1)1/2( l‘l l2 L )Ash)’ (2117)

mymg my; e — M

we obtain:
3 3
T= [dRdRy T = [drdy T, (2.118)
r=1 r=1

where the volume element is

dﬁdﬁ = r;drlrgdrzrd'cgin Oldﬂl d¢] de, (2.1 19)
& ry
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with 8, and ¢, being the polar angles of the vector 7, and x the angle of rotation
of the rigid triangle formed by 7, 72, and 7 about the 7y direction. With the help of

Eq. (2.25) and the angular integral [30]:
[ YoulF1)¥op(72)d02 = 2m(=1)* Pe(cos 0)6pESpme, (2.120)
onc obtains:

j T,d92

%\/21\' + (=D (0, by LU 1, L)Y

X Z(T,A,E)G(Tl,O)G(T;)g(Df\'}:’(I;.,I,)F)Pg(cosO), (2.121)
TAE

where

LT 1121\)(:;1*3):;1\13) ,
G(T"O)‘(o 0 o)(o o 0/lo o o (0 0 0 (2.122)

G(T) = > X 22(—1)‘(;‘1 ,i —?la’)(rfz fi -ﬁw)

mymz my'ma! B1U2 TAE

(1 1 I\’)(l L T)(l ly A)
X
py g2 0 B T B2 T2 A
L' T EN{L A E) 919
% (ml' T e)(mg’ A o—e/)’ (2-123)

In Eq. (2.121) we have neglected a phase factor which is

(_1)11-12+M+11'—1:'+M' =1

k]

because l; — I+ 1" — I’ =cven, due to the existence of Eq. (2.122), and M = M’ (see
Eq. (2.124) below). Using the standard graphical methods of dealing with angular

momentum [29], Eq. (2.123) can be recast into

_ e I K L)
G(TI) - ( 1) (_Ml 0o M
NS A A
x (-1)”“’*'”“’{% b ’;} K11t (2.124)
A I' T A

Similarly,
jngQ = % V2K + 1(_1)K([1! 127 L7 ll’a 12’!L’)1/2
x (T, A, E)G(T2 0)G(T) 5 (D DW(h; T)F) Peeos 6) (2:125)

TAE
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_ 1 11 T)(l ’1‘ .\) I|’ .\ 1':) L_\' Iv_\ f':) . oy
G(Tz‘o)_(o o o/\o o o (0 0 0 (n 0 0 (2.126)

apf L' K L
G(T‘.!) = (—I)L Y (—.U' (; ”)

_pLetensaan [ Lo !:}{L' I 1:'}[1 Y 5 P
X (=1) {:\ L' K oL A 1!1 A T}(_.l..n)

[T5d0 = SVERFT(=DR (b L1 I LY

-

x 3 _(T,A,E)G(Ts, O)G(Ta)%(D(”(T; AYDS F) Pi(cos 0) (2.128)
TAE

_ 1 12 T 1 T A ll’ 11 E [-_\’ J\ E) K R
G(T?"O)"‘(o 0 o)(o 0 0)(0 0 0)(0 0 0 (2.129)

e LY KL
G(TS) = (_I)L M (__jwf (; A[)

s fL b zg}{y X zg'}{l t 1\'} .
x (=1 {A K USVE A L\ A T (2130

We consider Eq. (2.121) first. According to Eq. (2.27), onc has

F' (k
< DR (I, L)F = Fuy + Fuab(h; T) + Fiab(l; A) + Fuab(l; T)b(l5 A), - (2.131)

where
9
Fu = Y8 (2.132)
=1
S, = abF(a—1,b—1,6-3%4&258)
S, = —aBF(@a—1,b,é-3;&058)
Sy = —baF(a,b—1,6-3;&73)

Si = aBF(&,bé-3;4,0)

Ss = cbF(a+1,b—1,6—54A)

S = caF(a—1,b+1,6-5;& f)

S: = —caF(a,b+1,é-5;&f)

Ss = —cBF(a+1,b,é~35&p)

So = (L+(-1)¥)e(c—2)F(a+1,b+1,-T;&48),
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or for brevity,

8 = coe(S)F(a+a'(i), b+ b(i), e+ c(Q)), i=1.2,---,9 (2.133)
and
Fia = bFla—1,b—1,6—3)~-8F(@-1,b.é¢-3)
+ cFla—1,b+1,6=5) (2.134)
Fs = aFla-1,b=1,6=3)—aF(a,b—1,6-13)
+ cFla+1,b—1,6-5) (2.135)
Fu = Fla-1,b-1,6-3) (2.136)

with the notations of

@ = a+a
b= b+d
¢ = c+c
& = a+d
B = 8+4.

In the following, we do not write out & and B explicitly to save space. Introducing

Gu(E) = S (T, A,E)G(T1,0)G(Th) (2.137)
Gr(E) = %(T,A,E)G(T;,O)G(Tl)b(ll;T) (2.138)
Gul(E) = gj(tr,A,E)G(T,,O)é(rl)b(tg;A) (2.139)
Gu(E) = }Z::j('r, A, EYG(T1,0)G(T1)b(k; T)b(lz; A), (2.140)

where G(T;) are G(T}) with

v UK L)
(~1) (-M' 0 M
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removed. then one obtains the contribution from 77 which is denoted by )y

vl LK L N\eey [
D, = {(-1)* M(-.w A .u)} ’jI,.z.—.m

4
= lr’(l:i)ZZGl,-(E)fF“.-P;,-(cos{))dr (2.141)
=1 K
with
U(13) = sVAR T (=1 (b b Lo b b L) (2.112)
Similarly,
_ qonesmf LK L) 1 fop
D: = {(-1) (_M, N [!-_«Irdﬂ
= U3 T Cu(E) j F; Prs{cos 0)dr (2.143)
=1 E
with
Fat = acF(ab,é—5)—acl(a+1,b,é—5)
+ cle—2)F(@a+2,b¢&~7) (2.144)
Fap = cF(a,b&-5) (2.145)
Gu(E) = Y.(T.A, E)G(T2,0)G(T2) (2.146)
TA
Gun(E) = Y (T,A, E)G(T2,0)G(Ta)b(ls; T), (2.147)
TA
and
[ [} L’ [\’ L
— — L'-M -] 4 al
Ds = =1 (—M’ 0 M)} j“‘”‘m
2
= V(13T 3 Gu(E) [ Fy: Py (cos 0)dr (2.148)
=1 E
with

Fy = (b+1)cF(a,b,&—5) — fcF(a,b+1,&—35)
+ cle—DF(a,b+2,6—1) (2.149)
Fy

cF(&,b,&—5) (2.150)
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CGalE) = 3 (TVAE)G(T3.0)G(Ts) (2.151)

TA
Ga(l) = Z(T,A,E)G(T;;,O)C(T;i)b(T: A). {2.152)

TA
Note that the ranges of summations over £ are determined by the triangular rule of
37 symbols contained in G(7;,0), (sce Eqs.(2.122), (2.126), and (2.129)). namely, if

we define

I‘I] = min(ll -+ [I’+ 1,12+12’+ l) (2.153)
.4"2 = min(ll + [1’ + 2, 12 + lg’) (2.154)
My = min(l + 4% b + L' +2) (2.155)
wi = w(M)-2, 1=1,2,3, (2.156)
then
< E<M for G(T.0). (2.157)

Finally, Eq. (2.116) become

— L'=Af? L’ ]\’ L -
T = (=1) (_M, A M)U(m)D (2.158)
D = (D +Ds+ D3)/U(13) (2.159)

It is obvious that the individual integrals contained in D; are divergent for low & by
remembering the fact that fg(a,b, c) diverges unless ¢ > —2. Thus one has to perform
the cancellation procedure among them. After substituting the expressions of F;; into

D;, one can group the following terms with similar singularity:

A=Y Gr2E)ele(@a=1,b+1,8=5) + Y Gr3(E)els(a+1,b-1,&-5)
E E
+3 Gua(E)clg(a,b,e=5) + 3 Ga(E)elg(@, b,6~5) + 3 Gao(E)clg(a, b,e-35).
E E E
Of course there are other groups of terms with similar singularity. However, we

demonstrate the cauccllation procedure only for A in order to avoid unnecessary

repetition. Applying Eq. (2.83) and then Eq. (2.98), one has:

A = cmp, Mi;Giasé = 1,b4+1,6-5)
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e (py. My Gia) y-a(@ = Lb + 1.6 = 5)

ot

czi{m . M Gusa + I.EJ— l.e —5)

+ + +

cli(p My G guy=a(a + L= 1.¢&~35)
ez (2. M2 Gaai . b, & = 5)

eJi(p2. Mas Gaa) Loy 41y=2(@. b & = )

ez {3, My; G @,b.& = 5)

eJilpta Ma; Gan) oy 41)-2(a. h.é —5)

ez (jia, My; Gan; @, b, ¢ — 5)

+ + + 4+ o+ o+

CJI(!l:h 11{3; G:S'.')]u(;q-t}-l)—'.!(&n b! c- 5)

e (1, My; Grasi — 1,b 4+ 1,& = 5)

ez (g, My Giaa+1,b=1,6—5)

ez {2, max(Ma, M3); Gaz + Gr + Guns @,b,8 = 5)

ei(pr, My Gra)Dil(a = 1, b+ 1@, b; & — 5, &, Brw(pn) = 2ow(pu + 1) = 2)
eJi(pr, My; Gia)Dil(@ + 1,6 — 1;&, 5,8 = 5, &, Brw(in) = 2,0ty + 1) = 2)

+ + + + +

£l 1’ by ) Ly +1)—2(@, b, & — 5), (2.160)

where we have defined

f(ll', L, L) = J(u, My;Gr2) + (g, My Ghg)
+  Ji(p2, Ma; Goz) + Ji(pa, Ma; Gy ) + Jy(pes, My; Giagp).(2.161)

In Eq. (2.160), every term, except the last term, is convergent due to the existence
of the coefficient ¢, thus, there is no singularity for ¢ = 0. The further cancellation is
necessary by resorting to the exchange terms. By including the exchange counterparts

of the above divergent term, the last term of Eq. (2.160) will be replaced by

Qr

Ac = C&(ll'3[2'1 11312)Iu(m+l)—2(&»536_5; afé)
+ € by W) g ery-2(b,&,E — 5; B, &)
~ (L 1l ) gy 14 1y—2 (@ 6, & — 55 &, B)

— (0 oy W) Ly arny—2(V, @6 = 5, B, &) (2.162)
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with the notations of

ad = a+t
B = b+a
& = a+p
g = B+a.

Since we have the following symmetric property:
]E(G, bs G «, ﬁ) = IE(ba a, g 1{39&)1
Eq. (2.162) becomes

Ac = £l ) gy 41)-2(@, 5, & — 33 &, B)

- CE(['..”'! 11'1 llv 12)Iw(m+l+L]-2(&’5 B'a c— 5; &'1 B’)
with
(0 0y ) = (0, 1 I k) + 60" I I, ).

Further cancellation can be made using Eq. (2.107) to get

-

Ac = Cf(l", 12’1 lh 12)

(2.163)

(2.164)

(2.165)

x Can(a,b,& B;&,b,&, 8¢~ 5w(p +1) = 2w(p +1+ L) —2)
+ el b 0 ) = E( 1 by o)) g 141)-2(@, B, & = 5;.8, B).(2.166)

The last term in Eq. (2.166) would diverge for low ¢ unless the coefficient were identical

to zero. The coeflicient does equal to zero which may be verified either analytically

or numerically, that is,

EQ ' 0, 1) = £, I, I, b)),

and, thus, the singularity in A is completely eliminated.
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2.6 Final Numerical Values

2.6.1 Convergence Study and Comparison

All the numerical calculations in this study are performed on an IBM RISC/6000
350 workstation using quadruple precision. It is important to avoid recalenlating the
basic integrals of type Iy(a.b,c;a. 3) in order to save computing time. To ensure
that the algorithms for evaluating ly(a. b, c: e, 3) are correct. a number of ditferent,
analytical expressions of this integral arc used for comparisons. The cpu time for a
complete computation of one triplet, including the different sizes of the basis sets, s
about four days. Before making comparison with the old results of Daley ef al., we
should note here that our notations for the Douglas and Kroll operators differ from

the notations used in ref. [13]. Table 2.1 is a one-to-once correspondences

Table 2.1: Notations used in this work and in Daley ¢l al. work

This work H), Hp I3 I iy iy, H s,
Ref. [13) H? HS H$ s ¢ u¢ oHnE ong+ HE
This work HY HF HY HF '+ HFE HE N5 05 miMd,
Ref. [13] HS, H$ HY, HS, Hy,  HY HY H'w

Table 2.2: Coecflicients f(H) and d(H) for obtaining the finc structure intervals.

H | Hy, HL Hy Ny 05 0y Iy iy 0y 0P
fl-s¢ 2 32 -3 -3 - -i -1 -§ -}
-d| 5 4 4 4 4 5 5 5 5 5
H | HY HE HE HP HF Az Moo Hzwe e
AN A
—d| 5 5 5 5 5 3 3 3 3

The fine structure intervals are determined from the reduced matrix elements

according to the formula
vi(H) = P20 (ufm)y O [NCEV L) in 2R, (2168)

where the last factor in the above expression represents the reduced matrix element

of operator H; p = 4 is for the Douglas-Kroll operators, and p = 2 is for the Breit
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operators and Ay; d( H ) is the degree of homogeneity of operator H; g = maA/(m+Al)
is the reduced mass; A = 1 is for spin-orbit type operators, and A = 2 is for spin-spin
type operators; and (i,7) can be either (L —1,L) or (L, L+1) or (L—=1,L+1). The

. K .
cocflicients C’fj ) are given by

¢, = \/6{{ ; Ll‘l}m/é{f B Il‘} (2.169)
N S L
e, = NS{{‘ [1J L;1}+2 5{[1‘ }‘ f;} (2.171)
NV e BV B S € 3 1)

The cocfficients f{H) and d{ H) arc listed in Table 2.2. It is easy to show that

2L +1

(1 (n 5 1~

CL-)I.L-}-I L+1 CL L+l = (2.173)
2L+1 2 R

o) )x LT Cz(. }.+1 (2.174)

(2L-1}(L+1)
Thus, il we define the following two quantities,

2L +1 -
L-[-l vy L4 (2.1(5)

+ 2L+1
VE-1,L+1 (‘7L—1)(L+1) Ve L+1,

Vas = Viynp4r—

(2.176)

Vsa =

then within first order perturbation theory, v,, only contains the contributions of
spin-spin type interactions, and v,, only contains the contributions of spin-orbital
type interactions.

In Eq. (2.168), the two factors Z~##} and (u/m)~%") come from some scaling
transformations as fol'lows. Assume that A is an operator which is homogeneous of

degree n in two clectron coordinate space such that

A(Br, Brz) = B A(r,73), (2.177)
and A and ¥ satisfy the original Schrédinger’s equation
R? 2,1 1 e? -
[——(V +V3) - —Vl Vo — Ze"(;— + -;_—) + — + A(r,7)]¥ = EP, (2.178)
1 T2 12
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and also assume that A, and A, are 4 expressed in atomic and o scaled atomie

energy units respectively, with the corresponding wavelunctions W, and W

I . ! ol ! 1
5N F VI = Ve = A= ) — AT, = R T)
-‘n_l ; ™ " o2
1 ., . 1 1zt
(V34T - £ T — - T (R, = s (21N0)
2 = .\I ™ " o

then, if all the wavefunctions above are normalized to 1, we can obtain the following
scaling law:
S L
(W]AWY = (WA, 007 "(;;;) "(2R)- (2181)
In this work, all operators are expressed in atomic units and wavefunctions are in
scaled atomic units.

The results for the 1s2p 3 P, states of helium are presented in Table 2.5, together
with a detailed account of the convergence process as the size of the basis set s
enlarged, and a comparison with the previons calculations for this triplet by Daley
et al. [13]. In the table, we have converted the results of Daley et al. to the corre-
sponding reduced matrix elements defined by Eq. {(2.168). using their fundamentad
constants. The extrapolated values are obtained by taking differences between sue-
cessive calculations, and by assuming that these differences obey cither bexp(—afl)
or Q272 for large 1, where Q labels the size of basis set in the variational calculitions
of wavefunctions. The exponential law reflects a faster convergence rate, and the
power law a slower convergence rate. The least square method is used to obtain the
best fit parameters. The final extrapolated result is a weighted average of these two
single extrapolations, being closer to the one which has the smaller uncertainty, The
convergence study presented in Table 2.5 shows that the present work improves by
at least 2 or 3 orders of magnitude in accuracy over the previous results.

We have also evaluated all expectation values for the 1s2p * P, states of helium by
including the mass polarization operator —p/MV, - V2 in the unperturbed Hamil-
tonian. This procedure in effect sums to infinity the perturbation series in p/M.
However, since p/M is small, it is accurate enougn to keep only the first order con-

tribution in u/M:

(War B Was) = (Doal H|Wo}(1 + 1), (2.182)
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where Wy is the wavefunction with the mass polarization term included. and W is
the wavelunction withont the mass polarization: the parameter ¢ can be extracted by
differencing, as Listed in Table 2.3

Thus, the result from the first order perturbation calculation can be expressed as

follows:
AR = (Woolly + s + Hpa + Hiyps + Hp|W) + 6”:,. (2.183)

where the last term 8/} is the correction due to the inclusion of the mass polarization

ejif M term from Table 2.3.

Table 2.3: First order cocflicients ¢ for mass polarization corrections to the Douglas
and Kroll operators 1}, and Ay, and the Breit operators H,,,, Hz,, and H,,.

He Z=2 1s2p 2Py

iy  7.620(18) MY 3.755(35) ML -0.961(95)

HY  -1.6954(21)  HY  4.085(8T) As  2.856435(13)
H3  -28.0784(11)  HY®  2.815(10) H.,  3.106409(27)
HY  367T5T(11)  HY  3.230(26) Hz., 3.359373(13)
HY  3.21655(76) HE'  2.968(17) H., 2.400909(16)

HY  250.206(19) H"’"’ -5.2(1.5)
Hp, -2002(78)  HE  5.013(39)

Very recently, Drake has greatly improved the second-order energy calculations of
Lewis and Serafino [10], with uncertainties less than 1 kHz. By including his results,
full comparisons with the present high precision experimental measurements for the
Ls2p * P, states of helium are possible. Table 2.4 lists all the theoretical contribu-
tions through order O(a®me?) and the best experimental data of Hughes et al. [13]
and Shiner et al. [16]. The mass polarization term is included directly in the un-
perturbed Hamiltonian. The two experimental measurements are not in particularly
good agreement with each other. Their values differ by 118 kHz and 23 kHz for vg,
and vz respectively which are greater than their error bars. With no explanation for
this, another independent measurement may resolve the discrepancy. The theoretical
values agree with the values of Hughes et al., and differ from the values of Shiner et
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wl, by 108 k2 and 31 klz. However, a recent study 11 shows that the phenomeno
logical treatment of the a%me? radiative part of Douglas and Kroll is not sulliciently
accurate. A new correction [HH has been found which contributes 10,838207(11)
kHz to 1o and 217761 11(22) kilz to ppa. Furthermore. order Oga™ In(Zadme’) and
O(a"mc*} contributions are important at 50 to 100 kllz level [33]. A meaningtul
comparison with experiment at 10 klfz level must include these effects, Work on this
problem [35] is in progress. On the other hand, comparisons with high precision ex-
perimental measurements on helinm and helinm-like jons in other states, for example,

He 1s3p ? Py and Li* 1s2p * P50 may help clarily the sitnation,

Table 2.1: Comparison of theoretical and experimental fine structire intervals for the
1s2p 3Py states of helium®.

Term Vo o
77 20552.1-1-1002(61) 2316.279:112(99)
i, 51.68537123(11) -22 538016 18(16)
Hona LA31TT43195(71) 2.903518639(1-1)
Hos 0.0016361019(0) 0.003372200(0)
Hp -3.332735(13) 1.5329G8(21)
&1} 9.890379(38) LOS179( 14)
Second order 1.713458(90) -R.02868(3%)
Viheo 29616.85304(11) 2291 .20350(39)
8. 29616.904(-13) 2291 .283(81)
Vexp 1° 20616.844(21) 2291.196(3)
Vexp 114 29616.962(3) 2291.173(3)
Mheo — Vexp | 0.010 0.008
Viheo = Vexp 11 -0.108 0.031

Vya Vao
Theory 28471.25219(72) 35344.86260(72)
Experiment [ 28471.246(23) 35341.831(23)
Experiment II  28471.373(3) 335344.894(5)

®In MHz. Here m/M=1.370933543 x 10™", o~' = 137.0359895(G1 ),
Roo = 109737.315709(18) cm™!, and ¢ = 2.99792458 x 10" cin - sec™!,
®Lewis and Serafino Rel. [10]. “Hughes et al. Ref. [15]. “Shiner et al. Ref. [16].
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Theory

@
Hughes et al. Shiner et al.
o—o—20 @
0 to 1 interval
1 1 1 : ]
29616 80O 850 900 950 1000 (kHz2)
Theory
o
Shiner et al, Hughes et al.
o000 o—Co—0
1 to 2 interval
L 1 1 1 1 ]
2291 160 170 180 180 200 210 (kHz)

Figure 2.1: Schematic of the comparison between theory and experimental measure-
ments for the helium 1s2p 3P; intervals.



Table 2.5:

Convergence study of the redoced matrix elements®
Kroll operators /f and Ai. and the Breit operators H,

1s2p ¥ Py states of He .

e

of the Donglas and

for Z=2

and {1,

ND i iy, H oy,
101 TLL57T88] -6.2830668 LAZE09036 S2.008TH2
145 11447321 -G.2830877 12378001 AZO040458
197 11413786 -6.2R3R3N6 LA25R8042 20051216
261 11.1.-12609 -6.2537216 1A2R9 138K A2.090587%05
342 11442081 -6.2836TN L L12592570 52905280,
136 11141930 -6.2836:191 142303180 STO0H0015
539 11411820 -6.2836393 LA23937 01 529050257
658 11141722 -6.23363-10 1.-12593824 S2.9019976
T24 [1-1-I1GR6 -0.25836333 112503873 529019953
S04 11411719 -6.2836316 112593861 520010875
oo 111.41657(19) -6.2836208(131) LA2503800(15)  52.90-19785(55)
Old®  114.128 -6.3091 1139 52886

I3 1y, i, 13,
104 -22.6877102 0.33344252 3.25962 -101.21019
145 -22.68488.44 0.33618661 3.28797 10117313
197 -22.6843416 0.33733827 3.20038 10116768
264 -22.6843819 0.33798037 3.28662 10117177
342 226841707 0.33306023 3.29075 -101.16599
436 -22.6840899 0.33810.838 3.20289 -101.16205
539 -22.6810614 0.338116:11 3.2037 -L0L16175
658  -22.6840500 0.33512115 3.20119 10116113
24 -22.6840488 0.33812220 3.29422 10116108
804 -22.6840457 0.3381239. 3.29.438 -101.16086
o -22.6810435 0.33812395(62)  3.29190(25) -101.16020(34)
Old®  -22.636 0.275 3.297 -101.209

i3 my i} i}
104 -8.864306 36.650751 37.991320 -50.242153
145 -8.853349 36.634470 37.951660 -59.20050:1
197 -8.852008 36.630634 37.941345 -39.190550
264 -8.832967 36.6:30623 37.940899 -59.19027
342 -8.851538 36.628932 37.936449 -59.155842
436 -8.850787 36.628061 37.934157 -59.183558
539 -8.850493 36.627707 37.033238 -59.182642
658 -8.830338 36.627530 37.932771 -59.182175
724 -8.850326 36.627513 37.032726 -59.182131
804 -8.850272 36.627452 37.932569 -59.181974
o0 -8.850129(75)  36.627307(36)  37.932428(97) -50.151829(9%)
Old®  -8.871 36.6649 38.0480



Table 2.5 {(continued),

= Hy Hy An
101 (.232183 -11.568.482 1.6538.19 152..1159-10-46
145 0.218027 -11.55188:1 1.653763 15241007721
197 0.251730 11517916 1.659933 15241101717
2641 0.251638 <1 L5177H5 1.659923 152.411167%7
342 0.253348 -1 1515908 1.660522 15241112555
136 0251217 ~11.511948 1.660832 15241107764
539 0.251572 -11.54-4571 1.660955 15211107160
658 0.251749 -11.544373 1.661020 15241108013
724 0.251765 -11.514353 1.661026 15241107881
804 0.25.1826 -1 1.514289 1.661047 15211107871
o 0.251884(37)  -11.544224(41) 1.661070(15) 152.11107920(19)
Old* -11.58 1.653 152,417

T+ 17.801035(2%)

Ohl' 14.9036

Hc.'m I[Z.m Ilcss
104 -105.07878702 -106.12319681 -50.356995938
115 -105.07859601 -106.12197360 -50.356672100
197 -105.07911229 -106.12176382 -50.356628169
2610 -105.07926594 -106.12173632 -50.35665-1646
342 -105.07920506 -106.12172293 -50.356630517
436 -105.07918871 -106.12171965 -50..356624637
539 -105.07913400 -106.12171781 -50.356622565
658 -105.07918244 -106.12171645 -50.356622033
21 -105.07918235 -106.12171627 -50.356621979
S04 -105.07918200 -106.12171656 -50.356621833
o0 -105.0791817427) -106.12171634(12) -50.356621703(76)

gn 107 a..
bN is the number of terms in the doubled basis sets.
“Daley et al., Ref. [13].
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2.6.2 Final Numerical Values

Tables 2.6 and 2.7 contain our final results of the numerical calealations for the
reduced matrix elements of the spin-dependent Breit operators and the Douglas
Kroll operators, as well as the total contributions to the teiplet sphittings, for the
various triplets of the helium and heliumelike jons. without the mass polarization

term p AV - Voo The lundamental constants used in conversion are:

o™ = 137.0339895(61)
Re = 109T3T.315709(18) em™!
c = 299792158 x 10" ¢ sec™t,

where o™t

and ¢ arc from Cohen and Taylor [36]. while I, is from the more re-
cent measurement of Biraben ef al. [37]. As for the mass ratios, the binding energy

corrections have been taken into account.
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Table 2.6: Redueed matrix elements® of the Douglas and Kroll operators I3, and Aa.
and the Breit operators 1,0 Hy,,. and ..

He Z=2 1s2p 70

I 114.41657(19) B} -101.16020(34)  H} 1.661070(15)
HE o 6.2836208(13) M3 -8.850120(75) Ay 152.11107920(19)

iy L42503800(15)  H)Y  36.627397(36) ., -105.07918174(27)
HY,  529049785(55)  HL 37.032428(97) Hz,, -106.12171634(12)
ff, 226810435017y [ -530.181829(98) H...  -50.356621703(76)
Iy, 0.33812305(62)  H* 0.2548%.1(37)
H;j 3.20190(25) HE  -11.544224(04)

Lit 7Z=3 1s2p 2Py

i}, 289.581544( 1) 3y -24427395(33) HE 1.675722(36)
3, -6.6843158(29) i3 -25.558033(81) Ag 313.17333016(96)
i3 -5.04701413(10)  #7 8§2.91636(11) M., -217.56508837(32)
i1}, 128.1501669(97) my 97.23008(27) Mz, -217.600168.470(53)
iy -53.0164859(36) HEY -138.89394(28)  H.,,  -97.926999616(91)
HY 10.5276448(33) HE*: -3.01440(11)

Hi  -8.81570(22 HE  -35.56543(11)

Bet Z=1 1s2p 3Py

HY  109.082583(34) Iy -315.45628(37) MY 0.827009(32)
H}  -6.0269206(27)  HY  -38.476828(39) A 106.608299520(60)
Hi)  -10.0731552(10)  HJY  111.391656(94) M. -285.27115316(30)
H}, 178.9033185(91)  H}'  140.61398(24) Mz, -283.461822645(19)
Hj) -73.0701901(30)  Hj' -194.70066(24) He,, -125.532042490(76)
HY  19.5700484(20)  HF* -6.729139(94)

o -22.4181(27) 5 -31.343368(96)

B3t 7=51s2p 3Py

i), 190.815627(69) Iy -416.72582(32) H} -0.060820(27)

03 -5.3954423(24) I -47.926323(77) As 465.36896876(44)
HY  -14.267390064(94) HE  136.202413(81) FHeso  -320.08393334(23)
Y 213.5953491(75 HE 171.64204(20)  Hz,. -325.56626123874(53)
Hfy  -86.6659125(22 HEY -233.89923(20) H., -143.136794612(54)
HY  26.3789258(25)  HE®  -9.833578(80)

Hp  -33.66816(23) HE  -68.089920(83)

%In 10~* a.u..



Table 2.6 {continued)

Ci+

Hp
Hp
3
i},
S,
np
H},

Ns-i-

H} D
H3
Iy
"y
I}
Iy

Qs+

H),
HE
H3

HS
HE

Fr+

")
"2
i
I7§3
",
HS
Hp

Z=6 1s2p 3P,

549.168552(12)
-1.8317695(22)
-17.100325790(87)
238.5180962(66
-96.38997-15( 19
22
0)

—_———

31.5180559(
-12.56982(2

2=7 ls2p 3Py

593.10.11623(37)
-1.-1787091(19)
-19.2:48536082(80)
257.2114958(59)
-103.6634070( 18)
35.4899399(19)
-49.66961(18)

Z=8 182}) 3PJ

109, >996698(Iu)
35.6363096(17)
-55.41841(16)

Z=9 1s2p 3P,

654.637629(15)
-3.8863739(15)
-22.272125770(66)

283.3075560(51)
-113.7917774(16)
41.1839672(14)
-60.14923(15)

3
[I IU
H },'
H 121
H

I })3

%
3
ny
iy
iy

iz

i

j/5:3
"
o
H
IIIIJ'.! 1
][})22
uy

AGRO3602(28)
5 199U87T(69)
152.030035(71)
1O.L5T03T(18)

26258191 18)
-12.318012(70)
STRIA66A52(T1)

-508.63166(25)
-60.-110990{61)
164.012067(63)
212.10117(16)

-280.37710( 16)
-11.311985(62)
-86.278347(67)

-539.76.443(2:
-6:1.750082(5
173.366612(5
225.90213(15

-301.46220(15)
-15.933785(57)
-92.535276(61)

)
)

)
5
)

-564.79942(21)
-68.240508(51)
180.867940(54)
237.03317(14)

-315.19917(14)
-17.272895(54)
-97.598068(58)

N
i;z
...
iy,
H, o

1y
Ax
H,..
..,
H s

1y
Ay
...
iy,
l!rnn

inh
Ay
I[C.if)
![Z.-m
[{4‘.'.1.1
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ALRBIR025)
H05.56663016(11)

3R AL HIBE28(20)
SRALGLLESRI2S( L)
- LAR2RERBEHEH{ 35)

LAANBNTS(22)
534 TARI20TH{3T)

SIS LO1639360(19)
-3TARO9S 104 1(37)
LG 62040885 27)

-2 ()"(5\'1'1("())
HHGRHM04HNL(32)

-399.01617276(18)
S50 1.947821006(50 )
S 1T0.092TROSGT(22

-2.483565(19)
H74.19069302(25)

A12.50763664(17)
-A04.638034426(46G)
-176.252057578(19)



Tihle 2.6 {(continued)

Ne®t =0 1s2p PPy

1! b HT6H.TST253(26)

1} b 366580 16( 13)
3, -28.372973645(61)
0 292.7610861(47)
HY o -1174512326(15)
HY,  43.2860111(13)
Hi,  -6410013(11)

Nal' Z=11 1s2p 2Py

I}, 695.187130(23)
3 -3.1803619(12)
Iy, -20.289977976(56)
I}, 300.6203342(:14)
I -120.4965365(14)
1Y, 15.0481513(12)
HE  -6TA4802(13)

Mg!®t Z=12 1s2p 2P,

Hp  T10.712139(20)
03 -3.3224601(11)
I3, -25.065322372(51)
Hy  307.2557786(+41)
HY  -123.0634068(14)

H§,  16.5466144(11)
HL  -70.31573(12)

He 7Z=2 1s3p 3Py

ol 38.024582(18)

I3 -1.251994 s 6(333)
Iy -0.109229803(14)
Iy, 16.24184718(31)
it}  -6.78381661(47)
HY 1.05527902(-15)
H} 0.102087(28)

Hy
3
H 10
i}
s
i
i}

153
n3
HiP
1t
i}
ny
iy
HE

I3

3

e
Hi

f[ 121
][ 1 ’,"D
II

5.35535(19)
11204 78(-17)
187.011103(50)
216.19308( 13)
-326.47671(13)
-18.304534(10)
-101.774355(53)

a8
-7

-602.52303(13)
-73.536230(-11)
192.14010-(16)
253.85802(12)

-335.80709(12)
-19.346282(-16)

-105.275953(50)

-617.08501(17)
-75.500764(41)
196.179461(-14)
260.36644(11)

-343.88193(11)
-20.163227(43)

-108.252870(47)

-30.547703(33)
-2.8665114(73)
10.6913608(96)
11.584554(26)

-17.506914(26)

0.013277. 1(94)

Hy -2.8T1336(18)

Ay 5S8.141208385(21)
H.,, -123.12008174(16)
Hy,, -111.875980670(12)
H..  -150.552872427(16)
1y -3.203747(16)

Ay 590.61222973(16)
Hewo o -132.12929244(15)
Hzew -123.308490884(39)
H. -134.097313940(14)
ny -3.191363(16)
Az 609.20628742(12)
H. -139.99055929(14)
Hzy -430.373717292(37)
H.ys -187.069107643(12)
HE 0.4055521(0)
Az 44.88683329(43)
Hewo o -30.001479195(13)
Hyzso  -30.77960476(12)
Hey  -13.7685088633(12)




Table 2.6 (continued)

He Z=2 1s1p™ry

i,
i3,
13
HY
H3
i,
J764

16.1691553( 19)
-0.15208927(23)
-0.279696651( 13)
6.8682516(12)
-2.84790205(75)
0.57139113(52)
-0.075911(52)

e

He Z=2 1s5p3P;

j7¢8
3
"
I53
HS,
S,
i}

8.5035360(83)
-0.21L.140587(-11)
-0.166660592(6-1}
3.500353500(94)
-1.45074976(15)
0.3202182(11)
-0.065714(45)

He Z=2 1s6p 3Py

HL
3
1
b/ §)
bi g
H
Hp

1.93511(24)
-0.11850196(16)
-0.103420753(40)
2,02561110(11)
-0.836053050(32)
0.19348337(72)
-0.04619435(72)

He Z=21sTp3Py

H
HE,
i3
i}
it
HS
HY

3.110793(12)
-0.07280987(30)
-0.067659032(16)
1.27255759(31)
-0.524741165(42)
0.12478144(51)
-0.0320840(80)

i %
i
I n
j]fél
Tz
pL
D

"
i
O
7
o
iz
He

S12R62017(51)
L231124(12)
AIBBINR(13)
AROI2T(RR)
STA2ARG(31)
-0.003336( 13)
LTASTTO(15)

-6.560103(10)
-0.6332795(30)
2 2606308(-11)
2.197516(11)
-3.725617(11)
-0.0037687(:41)
-0.89T1626(-19)

-3.7R30494(19)
-0.366%2859(52)
1.3003471(13)
LAI11119(44)
-2.1453377(40)
-0.0028240(12)
-0.5212570(19)

-2.3752001(27)
-0.230022755(69)
0.8152331(15)
0.9051426(35 )
-1.3458466(3%)
-0.0020089(13)
-0.3287216(16)

i
A
H, ..,
H,.,
H, ..

"y
-'SI!

...
Hy.,,

..

iy
Ay
I[r‘.'lu

Hy,.
!Ir:.'m

np
Ay
!!':.'m

11 579
..,

0.1583 136(H2)
IRGOR10TTET(7H)

123003868003 (2%)

SL2TR2B2A62T0)Y

B TOROSLRGR(-1H

0.07TS1059(17)

9. I8TAR0539(6O)
-G.26TOS011(35)
GAARGTI6TOT(64)
2N 1O032202:4(69)

0.0-120110(57)

5.A5D19385:1{98)
-3.597900200(27)
-3.720111270(50)
-LGI3046355(-1 1)

0.02714312(46)
341917634 1{G5)
-2.252831607(46)
“2.38T120534(51)
-1.00827534%(15)



ithle 2.6 teontinued )

He Z=2 LsSp 2Py

i},
i3
iy,
iy,
iy
I }",
i

2.08382(23)
-0.04TRI821( 1)
AL6381520(63)

0.8507T21022(77)
-0.35050107 1{16)

0.08180790(-12)
-0.022T4807(11)

He Z=2 1s9p*P,

i),
i3
13
Iy
3
)
n;

1AG34(15)
-0.03321101(34)
-0.03306590( 15)

0.596177(32)
-0.24569767(97)

0.06012092(98)
-0.016666(31)

e Z=2 1s10p 2Py

i}
13,
i,
y,
I
Iy
iy

Li*

ip
i3,
3,
IS
s
LS
I

1.0660916(33)

-0.02398282(35)

-0.024354811(51)
0,131 128816(58)

-0.1787880259(73)

0.0 10452(-11)
-0.01239795(20)

Z2=3 1s3p 2P,

96.1451.10(12)
-1.20882835(45)
-3.143813667(21)
38.206136440(21)

-15.37163475(21)

5.8667301(11)
-5.2:10306(12)

i }‘)
1"
ny
i
e
g
n ,‘)3

g
i3
ny
HY
H!
it
ny

I3
i3,
Ho
i}
I 1132 1
I b’l’l
Hp3

-1.58T37336(66)
-0.15-157850{22

0.5-112812900{5G)

0.6050135-1(55)
-0.80890596(-42)
-0.001-139935( 19)
-0.22028991(-41)

-1.112655(12)
-0.1084761(14)
0.3812158587(65)
0.42113330(73)
-0.62982828(7:1)
-0.001061488(.16)
-0.1547007-1(26)

-0.80973040(17)
-0.079006195(21)
0.277327907(60)
0.30S70033(31)
-0.1582:4410(26)
-0.000798150(52)
-0.11273669(15)

73.391621(18)
-8.1099214(48)
24.185687(11)
29.349390(28)
41.226605(29)
-1.1416240(95)
11.824495( 14)

N
An
I,
Hzo
",

I
Az
Heso
H 230
ey

HY
A,
Heso
Hzy

Hess

Y
Az
Heso
Hzso
Heys

()]
[

7]
=
e s ®

=
o —

[~ ™
[Y-—\
P s B U e
(4T T { L)
e g

be b

S S o=
7%
o D

o
-} &
Sy oes =1 I
A~ ——

0.012697390(93)
1.598706:4(79)
-1.05210269(22)
-1.09256519(32)
-0.469888918(93)

0.009207824(37)

1.16282942(12)
-0.765020545(45)
-0.794673459(34)
-0.3414652239(82)

0.1762155(50)
87.73303938(42)
-60.277365304(10)
-62.108902773(95)
-26.0641920043(31)



Table 2.6 {continued)

Be?t Z=1 1s3p 30y

HE  137.283596(85)

HE  -1.16968861(12)
3 -5.212990605(31)
HY  53.0894523(12)
HY  <2L08819L1HTH)
HE  9.99705377(89)

0y -10.661139(54)
B3 Z=5 1s3p ey

H},  166.263255(51)

HE - LATI63413(11)
Iy -3.681810910(15)
HY  63.37TS8G115(9%)
H}  -25.01161768(43)
HE o 13.12541301(90)

HY  -15.039546(32)
7=6 1s3p 3Py

HL  187.496927(64)

03 -1.18951327(40)
H3  -7.7378085010(64)
H}  70.83960189(7S)
i1} -27.84631001(31)
HE  15.50679088(81)

Hp  -18.490829(22
Nt Z=7 1s3p 2Py

H}  203.643684(68)

A3 -1.21204163(40)
3 -8.57T4608987(44)
HYy  76.47539171(87)
03 -29.98312558(31)
HS  17.36100927(73)

Hi  -21.238140(23)

H3
"y,
ny
HYy
HE
np?
i3

i,
0
Hy
ny
g
iz
iy

105 122TRG(R3)
122017200 16)
3658163 18)
A2515125(35)
-AR.AT0225(80)
S2.392001( 15)
17.931973(18)

SLAR22H(62)
15.232164( 18)
10.379049( 12)
52.125055(26)
-70.691602(28)
-3 1288875(95)
2A2THR5(14)

-1-11.979361(46)
-17.520750(14)
15.3370445(92)
59.282254(22)
-70.848325(23)
-4.25T8411{S6)
-25.806938(11)

-157.937721(45)
-19.20666S(13)
49.130110(11)
64.798793(21)
-86.882827(23)
-1.023647(11)
_28.4203925(98)

)
A

H/
..

i
:&3
..
Hy,.,
1.,

iy
Ay
L
Iy,
H,o

i}

H o
”Z.m
!{nnn

ALGREIN )
HLT62040939( 1)
STRABOT IO TIS(16)
SSTAGGTSIS2LO)
SELA00ISETEI0( 1)

LG 1S92(50)
126,81 03 1258(25)
S00.181 [258391(81)
93ATHTIGTHL)
37907315 131 T(62)

-0.95 LL4N(39)
137,104 15545(30)
08,8599 111234 (1)

-102.18582983(11)
11282604 1899(72)

-1.2137441(36)
114.56T81203(20)
-105.0531626065( 18)
-108.62487GR0( 16)
-A3.706T 11 3382(65)



Table 2.6 (rontinued)

OFF 7= 1sidp By

H},  216.306835(72)

H7  -1.23487495(39)
HY -9.213985108(49)
H},  SORTI94143(79)
H7  -31.64889191(29)
HYy  18.N3880522(G5)
Hp  -23.461193(22)

F™ 7=9 1s3p 30

H} 226.491502(74)
3 -1.25640029(38)
HE -9.T27331352(.18)
HY  84.10113246(78)
2.98277233(26)

Hy o <32
HYy 20.01134198(58)
Hp  -25.201180(21)

Ne® Z=10 1s3p 2Py

HE 234854506 75)
Iy -1.27610944(36)
0} -10.148217229(-14)
1}, 87.28966981(S4)
HE  -34.07442446(23)
Yy 21.03759747(54)
HL  -26.820134(19)

Na™ Z=11 1s3p 3Py

H)  211.841367(73)
I3 -1.29394019(35)
Iy -10.199330590(41)
i}y 89.69770835(88)
I -34.98405406(21)
Hy  21.87574433(49)
Hp  -28.115249(18)

1y,
i,
1o
i}

Hi
iz

i

iy
i
ny
ny

i
i

iy

it
i,
o
HY

s
o

HE

I
3

"

nj

HE!
nye
HE

-1GRITTST6(41)
-20.709303(12)
52.117393(15)
(G9.168129(20)
-92.141905(23)
-53.-165809( 1)

-30.-19:1678:1(90)

-176.16206{37)

-21.858830(11)
54.528573(11)
72.708892(19)

-96.939:300(22
-5.913997(10)

-32.1779717(83)

-183.296093(34)
-22.8104061(99)
56.5142420(89)

75.633679(18)
-100.649806(21)

-6.2898137(85)
-33.5698267(75)

~189.027070(31)
-23.6108447(91)
58.1771613(76)

78.088960(17)

-103.761521(20)
-6.6090220(74)
-34.7391303(68)

iy
Ay
IIC.'H)
Iz

I!rs.'l

iy

I]CJI.')
'”Z.w
H ey

uy
As
Heso
Hzvo
Heas

iy

Hego
750
Hey

-1.4300611(34)
150.22891972(21)
-109.8137366399(25)
-113.57453939( 16)
-15.568059051(63)

-1.6104318(32)
154.66933427(17)
-113.585T252378(28)
-117.49642509(16)
-47.0418188168(61)

-1.7626231(30)
158.24512054(14)

-116.6473926626(34)

-120.67964506(15)
-48.2374362931(57)

-1.5925008(28)
161.18625316(11)
-119.1817548826(25)
-123.31453873(15)
-49.2267578951(55)



Table 2.6 (continued)

Mg Z=12183p 8Py

Hp  27.764201(69) I -193.000108(30) i} SLO0E193427)
Hi,  -131000405(33) /3 -24.2031926(37) A, TGO GATR2R2(10)
H3y  -10.796723432(39) )Y SOSRGIGO(T3) Ho.oo 1213110336093 13)
HE 91.73564567(74) 1)} SO 1TSEO1(16) Hog  -12553032062(11)
0y -35.75352528(20) M5 106.107713(19) H,.o  -BOBRSSTT2055(51)
HY  22.59025927(45) HE  -G.8832508(70)

Hy o -29.225456(17) HE -35.T3ISTET(6)

He Z=2 1s3d %Dy

Hp  0.77555047(63) 13 SGSBI9LI9Ey 0y 0.USOYSER21{G1)
HE  -2.8251270339(26) I} -0.023560209(78) Ay A ITHIS0(1)

HE  1.2689423634(30) 11)P 1.G310D181(12)  H... -X.5T010183972(6G0)
i3 1.051588166(14)  #}} 0.99193358(415)  Hyz.,  -S.5851192833(11)
HE  -0.361030647(17) MY -2.5161433(42) M., -2.009940535700(69)
H  -0.985056902(14) I} 0.01323870( 12)

Hj  1.00808287(18)  11}} 0.1668256.1(23)

Lit Z=3 1s3d 3D,

Hp  3.18646509(99) I3 -16.91156262(81) 1)) 0.326069-100(77)
I} -6.668649513(29) I -0.152865278(28) Ay 6.229:193290( 11)
H3 2.8842804288(73) H}P 1.05985902(30) M. 220001 LEB12160{18)
Hf  3.52562628(35) I} 2.7530TT03(33)  Myye  -20.3425313010(62)
03 -1.17668022(82)  HE'  -6.1499918(16) M., ST.OT1TI522(T4)
HE  -1.53084419(23) HyR 0.02294783(20)

H 1.98082973(12)  HE 0.3963232(12)

Be** Z=4 1s3d 3D,

HbL  5.6541067(11) i3 -24.77429239(30) N} 0.56G96996(32)
HY  -9.464827340(22)  fi3 -0.324818439(23)  Aa 6.16552937(20)
H}  4.0300622347(43) # Y 5.948107T424(17)  H,,,  -29.145865927(12)
HY  5.81820943(27) Iy 4.2700039(11) My -28.9058115012(27)
H}  -1.913127105(34) I} -9.0659744(15) - -9.9685390333(25)

HY  -1.51329515(17) ;e 0.00921175(13)
H 2.26825138(62) g 0.97478668(95)

o

ot
ot



Table 2.6 {cantinued)

B Z=5 1s3ad Dy

i} T.T200103i{57)
Hf),  -11460683170(20)
IS 1.8380018239(23)
Hj  7T.6663106659(51)
HE 2019834 1288(210)
HY,  -132201154(55)
Hj,  2.3071858395(51)
CH 7=6 1s3d 2Dy

Y  9.1353379(31)
I3 -12.932137869(15)
Y 5.1316421039(36)
Y 9.132011834(14)
m} -2.958369132(24)
HY -1.09449957(38)
HE  2.251107(14)
N 2=T 1s3d ® Dy

HY  10.78178606(23)
H}  -14.054692367(20)
HY  5.882145395(21)
11}, 10.3059679(13)
0y -3.3246274(15)

Hf,  -0.8715096(10)
Hy  2.161177(20)

0%+ Z=8 1s34 3D,

I}, 11.90570482(20)
HE  -14.936648989(15)
H}  6.2351955460(-1)
Y 11.2609892230(76)
0y -3.621303872(22

Hf  -0.674634416(94)
Hj  2.062106608(-16)

HY
1y
HiP
Hhy
Jr{l"’l
e it
H})‘

i3
1y
Hwo
iHy
nyt
e
g

H EJ
gt
H‘Dl
H ID'.’ 1
D

HiF?

HY

HY
ol
P
ny

2

HE

-30.638:31920(23)
01893 TTTI(38)
7.35302484(18)
5.16179948(23)
-11.25810391(S0)
-0.01.428196(19)
1.26201302(6)

-35.0957721710(43)
-0.6333805-4136(42)
8.420417055(21)
6.40349328(50)
-12.93304898(79)
-0.039638215(57)
1.17915105(60)

-38.57264574(14)
-0.756386976(25)
9.250914035(74)
7.15205926(S0)
-14.2435000532(63)
-0.06380416( 14)
1.64660368(56)

-11.350623474(15)

-0.861061294( 12)
9.91356625(16)
7.75967231(76)
-15.29316690(71)
-0.08581979(16)
1.77876142(54)

i 0.7635-1681(20)
6.15939166(47)

Ay

., -35.1313352015(88)
Hyw -35.0180273076(21)
Hewo o -12.051269320(38)
Hp 0.9196630:3(40)
Ay 5.72414646(47)
Heyo  -10.09962328(11)
Hzywo -39.52340040473(77)
H.., -13.591097959(27)

g 1.0445018(18)

Az 5.28683014(56)
Heso  -43.67500726(13)
Hzs -12.95979198712(64)
Heys  -14.763309658(14)
0y 1.14580727(15)
Ay 4.88394579(57)
Heso  -16.49384501160(40)
Hz, -45.65915025767(51)
H.y -15.6842629650(19)




Table 2.6 {continued)

F'+ 7=9 1s3d * Dy

o} 12341104300 16)
H7 o -15.646741359(16)
HY  6.5189292963(56)
HY  12.0502716509(-19)
HP  -3.865697993(21)
HY  -0.196948390(30)
Hi  1963062477(31)

Nt Z=10 1s3d 3D,

HE  13.62966535(14)
HE  -16.230212707(19)
H3  6.7517157239(53)
HY  12.7121475377(31)
H}  -4.070121672(20)
5 -0.34001512(18)
HY  L.8T3205844(22)

Na¥t Z=111s3d 3Dy

L 14.30234285(16)
H3  -16.7178T1638(34)
H}  6.946123477(15)
I} 13.274427335(10)
Hi  -4.24343359(24)
Hj  -0.20142300(26)
H} 1.7885347(60)

Mglot Z=12 1s3d * Dy

Hp  14.88231988(36)
HE -17.131373330(16)
Hp  T7.1108012063(61)
HY  13.7576121121(16)
HE  -4.392117560(30)
Hp  -0.07868469(15)
Hi  1.710842762(40)

)
13
"y
ny
i
n;*
i

H};
H}‘J
v
I 11
D
1"t
1
HE

I
i3
I
i
i
"
"3

f ;,‘J
i
i
”11)21
”?22
][{)3
D

ARGIGSTLIBN(
-0.950502167( 15)
10.45351555( 13)

S.26126214(6T)

- 16130922264 62)
-0.10551977(1.1)

1L.N8A3261-1(10)

-15.198T51502(32)
-1.027456-192(19)
10.90152345(11)

S.68162996(51)

-16.86:1 18 135(50)
-0.12304736(11)

1.OT288533(13)

-AT.0853007882(96)
-1.09417S102(:31)
11.27880085( I 7)

0,0386386-1(54)

-17.16616502(29)
-0.1386395(19)

2.04600659(43)

-48.440344202(25 )
-1.152473382(22
11.60099508(15)

9.34539540(38)

-17.98077598(57)

-0.1525283(14)
2.10793320(38)

nhy
As
I
Iy,
Hoas

i}
du
!!rsu

He
11('."."

iy
A:i
llﬂﬂﬂ

[[Z:-a
![c:m

Hy
l!cnn

”’Z.'m
in,.,,

1]
|

1220322000 11)
AA2106190(55)
IR THROATRAANIG)
TR LARAB6TTAD
SIBA2RTO2GT LI

1299 18T90(12)

L205T1469(A5)
SA0LG135R1007T6(58)
A1O.GITIO L33 T2(0)
17035 1386G9280(S3 )

1 35501 149(51)

302162591 (-12)
-52.21268665(11)
-51.10932565G2(59)
SITSAT250(34)

1.40020327(66)

3.6TH82602(37)
5354517934 153(G1)
-52.3TA2464T595(64)
-17.976392006( 18)



Table 2.6 (continued)

He Z=2 lstd 2Dy

I}, 0A30591318(32)
HE - 1.190827933(23)
HYy 0.5226270532(19)
Iy 0.50919197(15)
0y -0.17314T146(42)
HY  -0.35658047872(71)
i,  0.4209919(18)

He 74=21s53d3Dy

H}, 0.241991592(96)
H}  -0.609377368:4(91)
HY  0.26452470638(81)
HY  0.276252002(28)
H3  -0.093560915(24)
f,  -0.1684873818(19)
HE,  0.20350901(-19)

He Z=2 1s6d 3Dy

Hj,  0.14918206(10)
HE  -0.352521100(47)
HE  0.1521073490(17)
HY  0.164748647(88)
3 -0.055680586(28)
HY, -0.0930613323(37)
Hi,  0.11576605(83)

He Z=2 1s7d 3Dy

H},  0.0970587-1(16)
HE  -0.2219337828(41)
Hg  0.09541383678(22)
I} 0.105593077(62)
HY  -0.035645433(17)

o}, -0.0569132090(85)
HL  0.07170041(60)

Hy o -2.0207133(25)
I3 -0.01398163(61)
H ,' ;' 0.70261356(-16)

HIY 0.4411934(12)
H‘ P -1.0574419(12)
01 0.00700368(-16)
H },“ 0.03590763(-19)

HY  -1.51286657(85)
i} -0.00816149(29)

i },0 0.36309007(25)
Hiy  0.23116243(63)
Hi 2 -0.51650223(63)
H‘ 0.00390397(25)
u};‘ 0.04751692(25)

HY  -0.8794632(11)

iy -0.00504557(23)
Iy 0.21115405(23)
HY  0.13510994(65)
HE'  -0.31810505(64)
HE?  0.00235610(24)
HE  0.02858472(27)

HY  -0.53330851(83)
"3 -0.00330070(20)
Y 0.13335666(16)
oY 0.08588693(:41)
HEY  -0.20094676(41)
HE*  0.00152013(16)
HE  0.01840818(16)

HED 0.04333314(15)
A 1L.7129792:4(98)

Hew  -3.621240081( 1)
Hye,  -3.G3137325730(25)
oo -1.2610234059(41)

"y 0.02.4336-4418(73)

A 0.87098992( 10)
H.w -1.8573773772(19)
Hz. -1.86118315081(30)
H..o -0.6344372271(18)

oy 0.014755103(88)

Az 0.50207284(79)
Heo -1.0753413729(54)
Hz. -1.07739004788(87)
Ho\w -0.3725278542(24)
np 0.009545761(31)
As 0.315423(10)

Heso o -0.6773326248(77)
Mz -0.6787633887(14)
He,s  -0.2344286548(21)

o
o



Table 2.6 (continued)

He Z=2 1a3d %Dy

H}  0.06628935(35) Iy, -037264703(50)  H' DL00GR0INSH30)
H3  -0.1486531005(47) M3y -0.00226551012) Ay 0.2100512(27)

I3 0.06375564679(15) My 0.08030351(11) . -0.538133672(34)
HY  0.0T13I5119(33) HY D05TR0279(20)  Hy.  -OLDATROISSS5(66)
HY  -0.0241315389(11) HJFY -0UBISRETA(2R) L -DLSGYT2RIT(12)
HY -0.0373908600(49)  HE™ 0.00103379(11)

Hp  0.04750909(37) 5 0.01250716(12)

He Z=21s9d 3D,

HEL  0.04716869(11) HY 0 -026202150(33) M) 0.004621150{21)
HE  -0.10438836675(92) M}, -0.001617111(79)  du 0. LIT98T6(11)

I3 0.04469784093(18) /1) 0.062039301(67) 1., -0.318T479920(20)
o 0.050634042(23) HE 001072320018) My, -0.215A3062127(15)
HY  -0.0170693302(69)  HF' -0.00486239(17) ., -0.11020816563(56)
1Y -0.0259056306(51) M) 0.000733631(68)

HY  0.03311492(241) HE  0.008868388(71)

He Z=2 15104 %Dy,

HY  0.034703635(26) M3 -0.191167S0(38) N} 0.003396522(25)
H} -0.0760001973(13) [/},  -0.001192535(88) Ay 0.107TYSTH(35)
H  0.03234275127(20) H)Y  0.045922019(82) M., -0.2323751995(21)
HY  0.037112880(27) M1} 0.02075270(20) Mz, -0.2328T458112(71)
H3  -0.0125064329(86) 7' -0.06922013(20)  #.,, -G.08032065621(73)
HS -0.0186997636(68)  H[7*  0.000533706(50)

HY,  0.02400881(28) HE  0.006508667(7-)




' fL] ]l

Theoretieal contributions to the fine striuctures of helium-like tons®

Term VE-11 VL d40 V5 =1.0+1

He Z=21s2p 2P, mi /M =1.370933513 x 10~

i, 20552.1:11002(61) 316.279:442(99) J18GR.723.14(15)

i, 54.68537423(11) 22538 1G18(16) 32.11642805(2:1)
H o LASITT3105(71) 2.003548639( 1-1) 1.355322958(21)
s 0.00168610-19(0) 0.00337:2209(0) 0.00505831.1(0)
iy -3.332735(13) 1.532968(21) -1.799766(31)
Sum 29605.250102(62) 2208.180:39(10) 31903.43049(15)

Vra 28:156.159909(--1) Vso 35350.70107(30)

Lit 7Z=3 1s2p 3Py, m/M=7.82081472) x 107"

H,
s
I -~
i,
Iy
Sum

Vys

155306.16158(21)

263.18330243(45)
8.685419509(87)
0.0100S736(0)

-15.97156(21)

155532.36886(32)
186748.13425(29)

6217 1.34705(38)
-339.5401508(61)
17.37089902(17)
0.02017473(0)
61.36022(16)
-62432.13078(412)
UJO

Be*t Z=1 1s2p 2Py, m/M=6.088575076 x 10~°

i, 3
s

I ona

s

fip

Sumn 3
567247 .11656(93)

Vs
B** Z=5

I, 47
iy
]!m-l
[Im.'v
Hp
Sll n
Vas

11757.57459(50)
197.55415737(92)
151016048(10)
0.031881879(0)
-173.10758(79)
15109.20406(94)

37.
97.
27.

1s2p 3P;. m/M=1.98
TSH87.20932(73)
428.3038631(13)
62.28.135201(20)
0.07233765(0)
-219.2854(21)
TR823.6744(22
62637.1655(23)

-143272.19395(S3)
-1626.1530573(13)
54.902032007(28)
0.063763753(0)
577.19621(72)
-444276.4850(11)

Vso

4116218 x 10™°

-1565665.0881(12)
-5003.3133990(19)
124.56870-102(40)
0.14467531(0)
2926.7060(20)
-1567616.9821(23)

US (]

%In MHz. The fundamental constants used here are o~

03135.11452(57)
-76.36071265(92)
26.05631853(26)
0.03026209(0)
15.39766(24)
93100.23308(62)
-547.9581(12)

-98514.9194(13)
-1138.5988999(20)
$2.353048145(42)
0.095645633(0)
403.7886(11)
-99167.2809(17)
-765582.0084(32)

-1087077.878S(19)
-4574.9195360(29)
186.83305603(59)
0.2.701297(0)
2677.4206(30)
-1088788.3077(35)
-3440213.7808(66)

1 = 137.0359895(61).

Reo = 109737.315709(18) em™!, and ¢ = 2.99792458 x 10'® cm - sec™!.

60



Table 2.7 (continued)

Term

PrL—1.L

'L+

' 1,141

CH Z=6 12p3 Py, m /M =1572733026 x 10™°

H,
Hy
'Hmd.
”m."
Hp
Sum
Vss

No+

Iy
Hyg
Hos
IImS
Hp
Sum
Vs

Qs+

H,
Hy
Hos
Hos
Hp
Sum

u.'l 3

=

350311.7932(10)
~176.320-1565( 18)
127.94757851(37)
0.14859957(0)
119.1257(-16)
350382.6946(17)
2365454.8205(50)

-334038.9258(16)
-2951.0026180(29)
213.86418946(50)
0.24838396(0)
3639.1790(SS)
-333137.536S(S9)
3967806.2714(96)

-1956023.0256(25)
-T937.043762(48)
331.42824024(64)
0.38492101(0)
13074.810(15)
-1950553.497(16)
6161059.066(17)

~HO02R0933. 745 1(19)
STTO3RBA11613(29)
253,805 1570 1(TH)
0.29719914(0)
10173.8372(42)
1030111269 7(16)

Pao

T 1s2p 3Py m/AM =3.918611850 x 10-°

-860T912.2869(31)
-24346.6085073(52)
427.7283789(10)
0.19676T9(0)
20943.0539(50)
-860188T.6164(85)

30

Z=8 1s2p 3P;. m/M=3.430655299 x 10~°

-16252509.6761(19)
-44538.8508819(91)
662.856-1805( 13)
0.7695180(0)
73159.784( 14)
-16223225.126(15)

VJ [

F'+ 7=9 1s2p 3Py, m/M =2.888255457 x 10~°

I,
Hs
-Hm-I
Heos
Hp
Sum
vﬂl

-4984799.4269(35)
-16574.1581963(67)
459.54996801(68)
0.53372584(0)
35172.371(26)
-4965741.130(27)
9035829.322(29)

-28087987.1495(GS)
-75234.065055(13)
919.0999360( 14)
1.0674516(0)
159160.442(24)
-28003140.905(25)
Vi

61

SATRE2ROMO(2N)
SI2HLERTIGLT T
SHRI A RAREHIRED!
0.3157987(0)
LOSH2.9629(63)
SIGTOTGLATRIES)

OT2I0TT.OR0( 13)

ROAN051.2127(16)
27208511 1253(TH)
G4 1.59256%4( 15)
0.7-151519(0)
33582.233( 12)
-8935025. 153 13)
-21837S56.5TR(21)

- 18208532.7017(73)
-52475.951258( 1-1)
99.4.2817207( 19)
1. 151772000}
SG230.504(21)
SIS1TETTS.G23(22)
-42508616.312(41)

-33072786.877(10)
-91808.223251(19)
1378.6499040(20)
1.GOI1775(0)
194332.814(36)
-320688%2.035(37)
-T4973593.393(60)



Table

2.7 {continned)

Term

Vi=1.1

Vi L+

Pl =1.1+1

Nt

2=10 12p 2Py mfM=

2.74.1689933 x 10"

i, A0977020.0341(46) 154 14245.3:113(90)

i, -30208.1919198(90) 119556.448387(17)
i 630.19513240(83) 1360.3902648(17)
fHon 0.78998530(0) 1.5799706(0)
i, 80268.506( 12) 316661.725(40)
Sum -0026270.035(22) 15215778.095(-11)

. 12681610.013(45) Vo

Na* Z=11 1s2p 3Py, m /M =2.386818081 x 10~

iy -17577130.5824(GO) -69707.113.020(12)

I -501389.599972(12) -181039.939290(23)
Hopa S81.21242286(53) 1762.4248457(17)
Hos 1.02314875(0) 2.0168975(0)
Hp 163886.303(62) 586919.670(60)
Sum  -17462751.143(63) -69299768.517(61)

- 1T187133.265(67) Vso

Mg!0t Z=12 1s2p 3Py, m /M =2.287802960 x 10™5

My  -28516844.2376(76) -102617355.978(15)

s -78869.472622(15) -263621.582847(30)
Hoa 1213.441623560(8S) 2426.8924712(18)
Hos 1.4093083(0) 2.8186167(0)
Hp 308207.037(92) 1026911.261(ST7)
Sum  -28286291.818(92) -101851636.589(89)

Voo  22630526.177(99) Vs

He Z=2 1s3p 3P, m/M=1.370933543 x 10~*

iy
Hy
"ru-t
Hm!v
Hp
Sum
Vya

8096.547975(1)

14.821165882(31)
0.442145323(14)

0.000513360(0)
-0.9647178(26)
8110.847382(14)
T780.1231265(29)

665.851571(27)

-6.124656252(63)
0.884890646(28)

0.001027720(0)
0.5356784(22
660.348511(27)
Vso

-35301265.375(14)
-1.19764.940306(26)
20-10.5853072(25)
2.3699559(0)
396030.231(60)
-551.12057.129(61)
-122065724.27(11)

8728:543.602(18)
-231.129.539263(35)
2613.6372656(25)
3.0703462(0)
750506.47-1(90)
-86762519.960(91)
-190712173.19(17)

-131134200.216(23)
-342491.055470(45)
3640.3387065(26)
4.2279251(0)
1335118.30(13)
-130137928.41(13)
-282915383.29(25)

8762.399545(41)
$.396509630(94)
1.327335969(42)
0.001541581(0)

-0.4290393(33)

8771.695893(41)

9762.965660(82)



Table 2.7 (continued)

Term

Vi—1.L

L

-1 4t

He Z=2 lsip 3P m/M=1.370033513 x 10!

[[.|
i
I!m-l
[Im.'-
Hp
Sum

Vs

3300.0109539(96)
6.018620365(21)
0.1852257962(32)
0.0002151230(0)

-0.1003971(35)

3305.811618(10)

3170.6162041(-1-1)

272.450031(19)
-2.660565333(-10)
0.370:1515025(65)
0.0004302461(0)
0.2355801(35)
270.396828( 19)

,’.‘u

He Z=2 1s3p 3Py, m/M=1.370933513 x 101

H,
s
-"m-t
H’m.":
Hp
Sum
Vis

1658.512882(10)
3.019733606(21)
0.0941120793(29)
0.0001093026(0)

-0.2028352( 10)

1661.423949(10)

1593.4886261(-11)

136.907 128( 19)
L3ATITITTS(39)
0. 188221 1585(50)
0.0002186053(0)
0.122419:41(72)
135.8706.16( 19)

1’.“ o

He Z=2 1s6p 3Py, m/M=1.370933513 x 10~

H,
Hs
I!m-l
I mb
Hp
Sum
Vss

948.8832078(76)
1.726108516(16)
0.0541445764(34)
0.0000628840(0)

-0.1165983(45)

950.5469255(38)

911.7022871(24)

78.283670(15)

-0.77-1113203(30)
0.1082891529(69)
0.0001257680(0)
0.0713048(89)

TT.689277(17)

Vs

He Z=2 1sTp 3Py, m/M=1.370933513 x 10~"

Hy
s
I{m-l
Jr{m.'i
Hp
Sum
Vssk

592.978766(12)
1.078007178(25)
0.0339456670(26)
0.0000394248(0)

-0.07305046(44)

594.017797(12)

48.896464(20)
-0.484993410(37)
0.0678913340(52)
0.0000788496(0)
0.04304758(53)
48.521488(20)
Vse

ARTOAGIRSH(2R)

3.358055032(60)
D.AHS6TTINNT(97)
0.0006-15369(0)

AL LGN TO(52)

A5T6.211-116(29)
JORLNOGOSK(HT)

LTOR.120011(2%)
1.GT235NNE2(5%)
02862 TR(NN)
0.000327905(0)

-0.0804388( 1 1)

i TOT 20-0505(28)

2001.100561(57)

1027.166878(22)
0.951995313(:15)
0.162433729(10)
0.000188652(0)

-0.015293(13)
1028.236:202(26 )

1144.7701 1S(52)

6:41.875220(30)
0.593103769(56)
0.1018370011(78)
0.0001 182744(0)
-0.0280028%(53)

642.542285(30)

715.320017(59)



Table 2.7 {continned )

Torm Vit Vi, L1

V=1 L+1

He 7.=2 1s8p 3Py, m /M =1.370033543 x 10"

N $95.076723(26) 32.561870(28)

I 0.718037754(57) -0.323666104{17)
o 0.0226627342(70) 0.045325168( 14)
Hon 0.0000263207(0) 0.000032641(0)
iy -0.048751541(33) 0.030221018(43)
Sum 395.768695(26) 32.31680:3(28)

Vs 379.610206(27) Vo

He Z=21s9p 3Py, mfA=1.370933513 x 10~

i, 276.339069(70) 22.77091(11)

i, 0.50211544(153) -0.22661803(21)
Hos 0.01587112(25) 0.0317182:(50)
Hys 0.00001843(0) 0.00003687(0)
Hp -0.0341362(28) 0.0212427(56)
Sum 276.822941(70) 22.539729(11)

Vya 265.524296(55) Vso

He Z=2 1510p 3P, m/M =1.370933543 x 10~

Hy 200.8118732(95) 16.543606(17)

i, 0.364817848(18) -0.164836011(30)
Hou 0.011546-1835(40) 0.0230929671(79)
Hus 0.0000131101{0) 0.00002635203(0)
Hp -0.024829292(65) 0.01548334(12)
Sum 201.1631217(95) 16.417374(17)

Vas 192.9547319(46) Vso

Lit Z=3 1s3p 3Py m/M=7.820814724 x 10~°

Hy  40280.394092(56)
oy 66.53127395(13)

-18658.25157(11)
-97.40170795(26)

Hons 2.321370661(39) 4.642741321(78)
Homs 0.002696062(0) 0.005392125(0)
Hp -12.418185(21) 21.214099(12)
Sum  40337.334248(59) -18729.79105(11)

v 49702.229771(25) Yoo

64

427.641593(42)
0.394371651(71)
0.067988203(21)
0.000073962(9)

-0.01853052:1(67)

428.085501(42)

476.560705(79)

299.10998( 16)
0.27546741(32)
0.04762235(74)
0.00005530{0)

-0.0128934(84)

299.42023(16)

333.31616(32)

217.355480(26)
0.199981837(46)
0.034639451(12)
0.000040230(0)

-0.00934595(19)

217.580795(26)

242.206855(52)

21622.64252(17)
-30.86743400(39)
6.96411198(12)
0.00808818(0)
8.795914(18)
21607.54320(17)
-6487.14337(34)



Table 2.7 (continued)

Term Vi1l VL2 VLot B
Be®* Z= 1s3p Py m /M =6.088375076 x 10™*

Hy SA637.6853-1(19) SI3122188316(37) SIGANL 19933 (06)

Iy 1131078663 1(-13) -7 LIRS 19380(86) SBARGTTRITA(1R)
Hoa 6.842390:19.1(-13) 13,621 730989(86) 2052717 LIS(L)
Hons 0.007916319(0) 0.01589363(0) 0.023%:10-45(0Y
Hp -39.57332( 18) 200.32184{25) 160, T-1852(38)
Sum 34718.07072(26) SI31T9.61TSA(5) SIGTELATTIYOT)
Vix 150457.8946-1(16) Py 239810039 131)

B3t 7=5 1s3p 3Py, m/M=1.981116218 x 1077

Hy 103907.97730(52) -161901.1564( 10) -3RTO93.4THI(15)

Hs 53.1932720(12) - S.GI62037(21) 1395152031 7(36)
Hona 14.85510758(12) 29.71021515(25) L LAGR322TI(IT)
Hos 0.01725286(0) 0.03150573(0) 0.051 TH860(0)
Hp -11.16372(39) 1020.024:38(59) 1OOR.RGOGG(NR)
Sum 103963.17921(65) -162300.3335( 12) 358335, 1503 18)

Vss 335115.34597(32) Vo - 105 ET83.6516(35)
Cit Z=6 1s3p 3P;, m/M=1.57275302G x 10~*

I, 34964.1816(13) -1187-116.8101(27) ~1152452.6285(-10)

H, -273.4835605(31) -3467.5531689{62) -3T11.036T291{91)
o 29.59625139(28) 59.19250278(57} SN TRSTHIT(8S)
Hos 0.03437337(0) 0.06374675(0) 0.10312013(0)
Hp 358.2310(10) 3662.7719(18) A021.0059(27)
Sum 35078.5597(17) -118T162.3271(32) -1152083.7671{19)

Vss 628659.72323(64) Vso “2032827.2551(97)
N3* Z=T7 1s3p ®P,, m/M=3.918611850 x 10~°

Ha -211258.6023(27) -2536417.2781(54) S2TATOTH.B804(8])

Hs -1089.2620163(63) -T088.732615(13) -8177.994632(19)
Hoa 48.36713292(44) 96.7342G584(88) 145.1013988(13)
Homs 0.05617406(0) 0.1123481(0) 0.1685221(0)
Hp 1771.5295(27) 10499.2480(4%) 12270.7775(72)
Sum  -210527.9115(38) -2532909.9161(72) -2743437.828(11)

Vss 1055927.0465(16) Vso -G542802.702(22)




Table 2.7 (continued)

Term

i 1.1,

Vi L+1

Vi=1.L+1

O Z=8 1s3p 2Py, m /M =3.430655200 x 1077

i,
I
i
!!m.'-
Iy
Sum

Uy

Ol

I,
Hy
o
flm.’-
Hp
Sum

Yy

-T19779.9259(46)
-2675.561969(11)
73.667508418(54)
0.08555851(0)
5618.1386(65)
-T16763.5960(S0)
1641521.6333(-10)

-1T21578.8304(73)
-5374.412007(17)
100.75223452(63)
0.11701463(0)
11308.708(12)
-1712543.666( 1)
2409807.9265(53)

~1780:132.2459(93)
-12992.901110(22)
147.3356170(11)
0.1711170(0)
25707.185(11)
-1776570.159(15)

Vo

72=9 1s3p 3Py, m/M =2.888255457 x 107°

-8278945.754(15)
-21981.489313(34)
201.50-14690( 13)

0.2340292(0)

56022.319(23)

-8244703.185(27)

”.!O

Nt Z=10 1s3p 3Py, m/M=2.741689933 x 10™°

i,
He
Hona
s
Iy
Sum

U.‘J

-3293554.335(11)
-9588.025315(25)

117.47097309(S1)

0.17127423(0)
31674.833(22
-3271319.885(25)
3381805.8181(77

-13389188.350(22)

-34976.054890(50)

204.9419462(16)

0.3425484(0)
111617.743(43)

-13312251.407(48)

Vo

Na?* Z=11 1s3p 3Py, m/M=2.386818081 x 10~°

Iy
Iy
H oy
”m.‘i
Hp
Sum
Vas

-5658627.484(15)
-15779.102848(35)

189.29278214(92)

0.2198464(0)
63436.500(38)
-5610780.574(41)
4590281.267(11)

-20556605.635(30)

-53019.550784(71)

378.5835643(18)

0.4396929(0)
207122.481(74)

-20402123.682(S0)

U.! ]

66

-5530212.172(14)
-15668.-166080(32)
221.0031254(16)
0.2566755(0)
31325.323(17)
523334.055(22)
638189.712(43)

3
-12

-10000524.584(22)
-27355.902220(51)
302.2567036(19)
0.3510439(0)
70331.028(34)
-9957246.851(41)
-22324301.629(31)

-16682742.715(32)
-44564.080204(75)
442.4129193(24)
0.5138227(0)
143292.576(65)
-16583571.292(72)
-36551948.40(14)

-26215233.122(46)
-68798.65363(11)
567.8783464(28)
0.6595394(0)
270558.98(11)
-26012904.26(12)
-56616089.78(24)



Table 2.7 {continued)

Term

-3OB0O88BAT(61)
ST0ETLRTOS29( 1)
TIOOGITTRI(M
0901 113:540)
ASDURG.A0( 1S)Y

1399, 7T096270(36)

0. 70550376 121( 1)
-0.31332620.18( 7-1)
-0.0003639001(0)
-0.165946524(32)

1399.99G9 1951 (36)

PrL-1.L YL ~
Mgl Z=12 1s3p 3Py, m /M =2 287802060 x 10~
i, -9035565.990(20) 302690 2.567(-11)
Hsy “2.0170.32510.1(1T) STT2TLB82819(95)
Hya 253.6349261(12) S1T.2698522028)
s 0.3003311(0) 0.6007622(0)
IHp LIT730.776(61) 362755.62(12)
Sum  -8912046.604(G1) ~200983 123,60 13) SAROURLTO06G( 1)
Vas 60-19515.126(16) Vao -NBRONRER 2H{3R)
He Z=2 1s3d 3D, m /M =1.370933513 x 10~
I, 1298.16549791(15) 1016029518022
i, 1.99707561681(30) =120 08185560(-11)
Hopy -0.1253304819(30) -0.1879957229(.15)
Hops -0.0001455600(0) -0.0002183-100{0)
Hp -0.128130180(23) -0.037816044(23)
Sum 1299.90896700(15) 100.08795283(22)
Vs 1233.1836651 11(40) Vo

Lit Z=3 1s3d 3D, m/M=T7.820814724 x 10~

Ha 6861.716601(72) 1331391577 (-18)

Hs 7.75034074(17) -22 34332527(11)
Homa -1.1435649794(12) -1.7153474691(18)
Homs -0.0013281475(0) -0.0019922213(0)
Hp -2,22216821(47) -0.3277S08T(43)
Sum 6866.099880(72) -1355.750032(48)

Vss 9769.95323(10) Vso

Be*t Z=4 1s3d *D;, m/M=6.088575076 x 10~"

H, 11364.138258(16) -32028.281244(23)
Hy -1.315179110(28) -115.963954103(38)
Hima -4.474141742(39) -6.711212613(59)
Hums -0.005196312(0) -0.007794468(0)
Hp -12.1934006(17) 0.6947715(20)
Sum 11346.150341(16) -32150.269433(23)
Vss 32779.6632064(84) Vso

67

FIRH.60133808(18)

I530L32502:1(336)
-LBO2O84537(72)
-2.8589124485(31)
-0.0033203650(0)
-2.549955808(H9)
2510.319848(36)
90.142053(34)

-20664.142985(38)
SHIT.279133213(62)
-11.185354354(08 )
-0.01299078(0)
-11.4986291(30)
-20804.119093(38)
-38G65.3T988(51)



Table 2.7 {continued)

Term

=1L

1,041

VL1 L+t

B Z=5 1s3d P Dy mfAf =198 E6G218 x 1077

H,
He
Hoa
e
)
Sum

Vsx

(_"-H-

I,
sy
”m-l
”m.’.
Sum

ay
N+

I,
Hs
Tl
Hm."
in
Sum

Vyy

ot 7=

I,
I,
o
I!m.'n
ip
Sum

Fys

-905.606894(28)

67.908T25712(55)

-11.19963767(19)
-0.01335579(0)
-39.4235162(37)
S 102:4.152129(29)
TT02.279739(25)

7=6 1s3d 2Dy mfM =

HGS,

=253,
-25.6

A1707(50)
851291 12(S6)
2309965(36)
-0.02075891(0)
-92,080707(54)
-56415.00192(51)
150759.93854(30)

-190507.14057(S9)
-665.0837443(1)

-45.3431370-1(67)

-0.05266196(0)
-168,30074(17)
-191385,92086(91)
259960.53445(25)

~151165.626775(38)

-1101.657055078(89)

-73.2982493(10)
-0.0851293(0)
-213.204818(33)
-152883.872030(51)
412085.472853(67)

-117265.380312(36)
-371.094095578(G:
-17.2:40915650(2
-0.02003363(0
13.6555963(39
-1176-10.007502(36)

Vyo

(o
3)

1.5T2753026 x 107°

-300882.79116(70)
-912.8280638(11)
-38.43464948(5+)
-0.04163837(0)
71.687813(81)
-310762.41070(71)

Vyo

Z=7 1s3d Dy, m{M=3.918611850 x 10~°

-675299.2350(13)
-1902.4533463(21)
-68.0147056(10)
-0.0759929(0)
250.09911(26)
-677019.6830(13)

Yyo

8 1s3d 3Dy m/M=3.130655299 x 10~3

-129.198.788795(31)
-3537.408217754(71)
-109.9473740(15)
-0.1276939(0)
692.254757(28)
-1207454.017324(42)

Yso

-118170.996706(57)
1;9 002821320
.719094 16(+
-0 osmms(
-25.7679199(59)
-118664.519931(58)
-184020.159%21( 76)

97)
)
)

-365921.2082(11)
1171.6793549(18)
-64.0577-1913(90)
-0.0743972(0)
-20.39289113)
-36T177.4126(12)
-539823.1963(15)

-865806.3756(22)
-2567.5370906(34)
-113.3578426(17)
-0.1316549(0)
S1.79837(43)
-865405.6038(22
-1244527.6499(30)

-1745664.415573(37)
-1939.065272832(84)
-183.2456233(26)
-0.2128232(0)
449.049939(35)
-1750337.889334(51)
-2471145.676757(64)



Table 2.7 (continued)

Term et

L+

F™ Z=9 1s3d 3Dy, m /M =2.888255.057 x 107°

iy -895253,58169T(38)
Hy 2607, 73040 114 1(8T)
H o -10:1.988595.1( 13)
s -0.12193:17(0)
Hp -251.792179(52)
Sum -898218.231808(6:1)
Vs 61.1193.652179(82)
Ne™ Z=10 1s3d °Dy, mfAM =
i, -159037.1.83986(61)

s -44-16.6067-150( 1.1)
Hoa -159.1520087(16)
I{mS -0185]891(0)
Hp -67.652303(71)
Sum  -1595048.73610(61)

Vs 873301.08918(10)

Na%* Z=11 1s3d 3Dy, m/M=2.386

Hi  -2614549.2665(33)

Hy -7105.6823447(58)
Homa -210.9430777(19)
Mo -0.2449913(0)
Hp 522.40486(59)
Sum  -2621343.7321(33)

Vss 1196410.2667(23)

226 1050.5 19008(35)
-605 1337699299 79)
S LATASINO3(20)
-0.1820021(0)
164 1.691573(1-)
226861 7.830930(56)

2 '." 4]

2711680933 x 1077

-3696051.72133(91)
9T 13.9907683(21)
-239. 1780 131(24)
-0.27TTS36(0)
3180.332065(69)
-3702524.73793(91)

”.il')
818081 x 10~°

=BTIS256.3428(41)
-LA831.3120563(71)
-316.1116165(28)
-0.3671870(0)
GT7T3.A3883(78)
-5726630.9981(:41)
Vso

Mg'%* Z=12 1s3d *D;, m/M =2.287802960 x 10~

Hi  -4056126.8396(11)

Hs -10796.4048084(26)
Hona -295.5519173(23)
Hos -0.3432568(0)
Hp 1847.94675(47)
Sum  -4065371.1928(12)
Vss 1590456.7413(17)

-8473872.20500(74)
-217454073433(17)
-143.3278760(34)
-0.5148853(0)
12319.55185(48)
-8483741.90115(88)

Vo

63

SO0 TA0TOLMTY
SRERY.ORR00T1(1 D)
S22 A TLISRG(R)
-0,3048369(0)
L3S0, 809301(56)
-3G6RIGOEHTIT(TD
~RI2T1TO.05113(05)

SHENGA26.506:12(15)
THTRLAITH A 35)
-305.6300218(-10)
S0.1629728(0)
112.730662(95)
BY3ATI0NN)
RILGGIS(2M)

3
T

529
-735

-S332805.6093(71)
-21936.991101(11)
-527.3576912(47)
0.G121T(D)
T295.8437(13)
S3ATOTLTH02(72)
-1 1529436.3955(96)

- 12529999.04546(46)
3254 1.8121517(11)
-T3S.8707033(57)
-0.8581422(0)
14167.50160(70)
S12549113.00394(84)
-17262303.03903(97)



Table 2.7 (continued)

Term ULy 1], 1.4+1

Yh=11+1

He Z=2 1std 2Dy, m /M =1.370933513 x 1077

i, A16.TE58957(21) B L2HRRR33(32)

i, 0.830276T969¢12)  -0.5131630219(52)
Hos -0.053814674(28)  -0.080722011(41)
Hon -0.000062500(0) -0.000093751(0)
Iy -0.051590222(91)  -0.01472052(10)
Sum  5ATA467051(20) 13.62018.10(32)
Vaa 518.3665824(17) Vso

He Z=2 1s3d 2Dy, m /M =1.3709335.13 x 10~

iy 279.61601397(60) 22.99-119004(55)

s 0.1288673220(13)  -0.2776385364(10)
Hos -0.0277768195(29)  -0.0:116652712(-13)
Hons -0.0000322603(0)  -0.0000483904(0)
iy -0.028068637(-12)  -0.007239622(39)
Sum  280.01900354(60) 22.66759822(55)
Vys 26-1.90727 110( 76) Vo

He Z=2 1s6d 3Dy mfM=1.370933543 x 10~

i, 161.7336390(11) 13.4115422(13)

iy 0.2479024637(21)  -0.1605109919(22)
Hoq -0.016144371(22) -0.024216561(33)
Hos -0.000018750(0) -0.000028125{0)
Hp -0.016273951(-15) -0.004095426(48)
Sum  161.9191194(11) 13.2226911(13)
7. 153.13402197(99) Vyo

e Z=2 1s7d 3Dy, m/M=1.370033513 x 10~%
N 101.30301G3(13) S4853141(18)

H, 0.1559986898(24) -0.1010115991(29)
Hoa -0.01019245(29) -0.01528868(43)
.5 -0.00001183(0) -0.00001775(0)
Ip -0.010264298(32)  -0.002542951(35)
Sum 101.9435464(14) 8.3661501(19)
Ve 96.36591299(88) Vso

590.9747790(53)
0.2061137750(82)
-0.13453665-(G9)
-0.000156252(0)
-0.06931075(16)
591.0665891(53)
615.3003247(70)

302.61020-100( 1)
0.1512287856{12)
-0.0694421237(72)
-0.0000806507(0)
-0.035308259(53)

302.68660176(75)

315.27971183(96)

175.1452311(21)
0.0873914718(33)
-0.040360935(36)
-0.000046875(0)
-0.020374377(72)
175.1718404(21)
182.5177799(28)

110.2933304(30)
0.0349840907(47)
-0.02548113(72)
-0.00002959(0)
-0.012807249(53)
110.3099966(31)
114.958024:4(41)



Table 2.7 {continued)

Term L) 'l

Proovd+r

He Z=21s8d 3D, m /M = 1370033543 x to~?

i, GRUIS3A927( 1) 57015036 19

H,, 0.1011543060(23)  -0.0676117000{31)
Hua  -0.006339859(31)  -0.010250T88(x2)
Hysn  -0.000007913(0) -0.000011915(0)
Hp  -0.0068R1717(23)  -0.00168TSO5(25)
Sum  GR2TA2175( 14) 5.6219923(19)
Vs 6:1.52622257( 73) t

e Z=2159d 3Dy, m /M =1370933513 x 10~

Hy AT.STTO4450(35) JL0DP2E8T6R(-R)

i, 0.07333501693(62)  -0.04T19156529(78)
Hqa o -0.00180931¢12) -0.00721396(17)
s -0.00000558(0) -0.00000837(0)

Hp -0.004835738(13) 0001177384 1)

Sum  A7.940T2888(37) 3.95669590(51)
Vss 15.302931G1(23) Yy,
He Z=2 1s10d 2Dy, m /A =1.370933543 x 1077

H, 31.89653503(-12) 2.92940091(57)

Hs 0.053M674106(76)  -0.03161 29278593}
Moo -0.0035086195(98)  -0.005262930(15)
H.n -0.000004074(0) -0.000006112(0)
Iy -0.003526517(15) ~0.000854676G( 16)
Sum  34.94294256(42) 2N8R6TI2T(57)

Vss 33.01716038(30) Vs

TRRNRIONGRD)
0,0368 1 26060( M)
01709965 1.1)
0000 THRA(0)
-0LDORAEHE T2(:30)

THROG2008(32)

TT.OL0A38S(13)

HLRSHI2IA(TY)
LR35 16412)
0120232729
-0.00001396(0)
-0.00613581(21)
DLSYTA2ZITS(NA)
HHO09RHRO2( 1 L)

37.8250.110.0(93)
0.018R338162( 15)
-0.008TT1550(25)
A0.000010187(0)
0004881 193(21)
ST.RB161583(93)
AOABGIR3(12)




Chapter 3

Summary and Conclusions

Advances in both theory and experiment raise the possibility that a vaiue for the fine
structure constant o competitive with that derived from the quantum Hall effect can
he obtained from the 1s2p * P, fine structure splittings of helium. The fine structure
problem cannot be fully explained unless QED cffects are taken into account. The
Douglas- Kroll operators, together with the spin-dependent Breit operators and the
Breit interaction taken to second order. account for the QED cllects up to a®me®.

In this thesis, the expectation values of the Douglas-Kroll fine structure operators
and the spin-dependent Breit operators have been evaluated numerically, with high
precision, using the wave functions of Drake, for the different triplets of helium and
helium-like tons. The triplet splittings we have caleulated are Z = 2, lsnp Py,
no=2 100 Z =3 12, 1s2p 3P Z = 3.+ 12, 183p 3Py Z = 2444012,
1s3d *Dy: and Z = 2, 1snd *D,, n = 4,---,10; but our computer codes apply, in
priucple, for arbitrary Z, n. and L. We have improved the old calculation of Daley et
al. for the deepest triplet states of helium, 1s2p 3P;. by several orders of magnitude.

As for the computational methods, the results of this work provide a general
scheme for analysing and cancelling the divergent parts of integrals which commonly
arise in the calculation of higher-order QED corrections with nonrelativistic correlated
wave functions. Also, general formulas are obtained for evaluating the remaining finite
parts of matrix elements. Althougi. simpler results can be obtained for various special
cases, the general formulas are more broadly applicable, and they provide a valuable
check that the cancellations are done correctly.

Therefore, the understanding of the fine structures of helium and helium-like ions

2



up to order ame” will be completed onee the second-order perturbation caleulations
of the Breit interaction are tinished, However, order OQra™ ng Zodme) and Ora” e’y
contributions must be included in order to mateh the present experimental precision.
One immediate application of the isoelectronic sequence for a triplet splitting s to
extract the coefficients of the terms a® e Z°% 2 me 27 0" met 71, ete which come
from the theory of Z7' expansion [33L The leading two coellicients can also be
calculated from the single-particle Dirae wave functions with the wclision of the
relativistic Breit operators. I these are subtracted {rom the calenlated energies,
estimates of the higher order (in Z71) coctlicients can be obtained, This will allow
detailed comparisons with the recent relativistic nmlticontiguration calenlations of

Chen. Cheng and Johnson [39].
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Appendix A

Final Analytical Expressions

In this appendix, we list our final expressions of the matrix clements of the Douglas
and Kroll operators, as well as those of the spin-dependent Breit operators.  All
the intermediate steps leading to the final expressions can, in principle, be filled
without major difficultics by the procedures demonstrated in section 2. Besides, some
notations used below have local meanings only. As we know, the Douglas and Kroll
operators are spin-dependent. The spin part of an operator can be easily calculated,

which equals to either
"= 5 12 S 1/2}
- 1S 1/2
(1508 = Va-D3 s s Ty Y
or

) 1/2 172 1
(57 @ &) S) = 6(S, 8, K)V3 172 172 1 g,
S’ S K

depending on how many spin operators the operator contains. As for Lhe orbital part,
it will be calculated through the Wigner-Eckart theorem:
L' K L

rrinqgr p(R) — (1M A R -
MRS = (0¥ (B o g )@ IR,
(1) HL:
3, ’ LS J
AE, = —éﬁa"%ﬁmm,w-n"*s*’“’{ S I 1}
x (A LRV LS 1E N S)
with
1 - -
R=V?;.]T1XV].
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The arbital part 1%

, o/ LT b Ly,
YN Y = =Y (__”, 0 M)(-(l)!).
where
(1) = -;‘_/—)6(:1.12.1..1.'. L LY'VE,
D o= ZZ(_:’,,Q(SI)CO(t(IIi)]nffz+a'(i)—l.i).(‘r—}-(&'(i):d.,;')
{2 =1
Q+1 S
+ ZL('H"(Q cO((I)[)Q+1[Q+, a+ali)—1.b+1.6—2:4.3)
Q =t =
+ ’Qi- Tooi(@+a(f) = b+ 1.8 —2:4.3)]
+ ZL Q)coe( I;)ela(a + «'(7), b+ 1.8+ ) —2:4.5)
o =1
d Q+1 ] e e ae s
+ 303 Gra(Q)coe( S )e [) Iom(a+a(1).b+2.6 -4 a,3)
Q =1 Q+l
+ 7Q+l[n @+ a(i). b+ 2.8 1:a. 3)]
+ ZC\'\(Q)(!‘I a—d.b+1.é6=2a.9)
+ ZG n(Q)ec' Ig(a - 3, b+2,&—d; . 3).
Also.
cocl H;) a'(z) | ¢'(2)
(o = L'} +1+10,7)] -4 0
=2a'(a’ + 1) -3 0
o' 2 | 0
d(2 ++ 1) -2 -2
=2a'c -1 -2

coe(J;) | a(z)
—2a'c | -3

2a'c" | -2

The angular coefficients are:
Gua(Q) = S AT.T.Q)G(T0,. 0)G(T)b(1y: T)
T
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Gl = SO 00 )

e

(::;-_\(Q) = z k.\.’. [{’. -1‘. l‘.-‘.2)(:{'!“:1.ln(‘r'(-]‘_ll)‘._)ii!{!,': -\"‘ht[l: !'\
Nqapre

('.".‘I(SE) = Z (.\-f. !!’. -]‘- I‘. ‘(..2‘!( r'(-['_‘-.'.n](‘;l -]l_\_t)‘l.")L!,’: \J\
NTU

with
) 3 l II .]. I .1. l‘ I‘I l- 82 , 2: I»_- sz
G(T.0) = (0 0 0)(0 0 n)(n 0 n) 0o n)
LI _ 1+l=+1_~‘+!.+l,‘f L fl !2 l’[" [" l‘;li‘ I I !
G(Tw) (=1) roLo }1 Q L U\ oroT
Gre0) = (§ 0 0) ' )

0
———
>3
3
f—
]
—_
-
o
-
=
+
+
F
.+.
+
"

1
LG B
i Q 0 N
LU NINL U N L TN L L)
G(T,0) = (0 0 0)\0 0 0)(0 0 u)(u 0 u)
y (N’ T Q)(H’ I Q)
0 0 o/\0 0 0

L { l'-: t ' ;
C(T-z-_,) (__1)1+h+l;.f | ll ; { L I-_,”}
LT T o

H}p, is the only operator which has no singularity.

(2) H3:
- e . A A |
AEL = iZaS5pbu,ar,(=1)° H{ P 1}
x (' LI RO L)S]15711)
with
1 - - . =
R = ——=(7fi x 7)(F- Va).
T Tt
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The orbital part is
Y70 AR AR B A W
HYML B EYH Y = (= 1)k -"(__U, o M)((zu).
where

[7(2) = ([, Lo L L L LY

“'|%
S

D

=i My 1 6G oy + Gasa — 1.h.é =36 5)
~ A=, My Guia = 1Lb+ 1.8 = 3:4.5)
('wl(ﬂ” 1[1] Cl” (l—l b+ 2 C 3 d ’a';’)

ez ftra. Mo Grod b+ 1.6 — 5:6.,.’3)

+ 4+

Zr(ptar, Moy 6Gan + Gaiand = 2.0+ 1.6 — 3: 6, 3)
— Bz, Mas ozt — 2.+ 2.6 = 3:.6. 3)
ey (fiag, May; Goysa = 2.b+ 3,6 — 516, 5)
cmy(paze Mag; Gaasd — 1. b+ 2.8 ~ 5:&. 3).
Also,
My = min(h+4"+2.L+5L"+2)
Mo = min(ly +4"+3. L+6L'+1)
My = min(h+4"+1.L+L"+3)
My = min(l + 4, +2, L+ 1" +2)
p; = w(M;) =2, ij=12
The angular coeflicients are:

Giu(Q) = Y (AN T,TOG(T1,0)G(Tn)

ANTT

Cna(Q) = S (M N.T.T.Q)G(Ti. 0)G(T1)b(12; T)
ANTT

Gi(Q) = S A N.T.T.QG(Th2,0)G(Tha)
ANTT

Gaui(Q) = 3 (A NT.T.QG(Tn,0)G(Tx)
ANTT

Gaa{ ) = 3 (AN, T.T.Q)G(T21. 0)G(To1 )b(1e: T)
ANTT

Gu() = (A, N.T.T.Q)G(T22,0)G(To2)
ANTT
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with

((11,.0)

G(Tw)

(?(11220)

G(T)

G(T5.0)

G(Tx)

G(T22s 0)

G(Taa)

(3) H}:

B (1 1 1‘)(1‘
A0 0 o/\0
AN AR A
x (0 0 u)(

=(—

l )11"'1.
AT R

Il
e ——

T (-

[1’ .\\ { i !:!

0 0 .)\n 0

N T

Q
0 0 0 )

l)'\l+'\.‘+\Jk‘\‘. \a

/ i i

T
U k n o

SRYEY

--\:L)l .\ !ll

\ ll[l.

\a ”11

.\') (1 1,
0 0O v

,
0

VL Y
L R N Y A W

.\:1 .\.
bl
RO

.].)
0

_ (I 1 1‘)(1,' ) Iy )(! L, '!‘)
T \0 0 0/\0 0 0 0 0
HEEEII
0 0 0
Ll L
*lra 1A
= (- 1)=+L+’t (=DM 000 A : '
g {1 Xa }{.N r U}{L Ao 1_.'}
A X LA 11 1, 1
_ (1 1 )(1' ) L' l { '!')
N0 0 0 0 0
CGINE Y
0 0 0 0 0
. . AN A
— (_1\l+L4l’ _pyMEAg ) 1 A
= (DT L (-0 Coma{ ¥ W arla o
y {1‘ Ao ,\1}{1, Aa 12’}{,\2 NEPYR B PR AR
L N LIy o I A 1A 1 1 [
) 1. carasas [ LTS I
AE} = 54045.1.1'5.»!_,.&1,.;(—1)" +L+5+J{S LK
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x o LIRS LSS, = &]00)8)

with

RK) = —[, R,

The orbital part is

h A Ty ARy L [-' [\. L .
BV B IFYi) = (=0 (_M, 0 _,,,,)0(3)0.
where
1 n
[7/(3) = ;\/21\' FENYEAN A A% R A ML
D = =, M:;Gyia— 1.5.6—3:6,3)
+ = My Gaza = 2.+ 1.6 = 314, 3)
+ D MG GODIa — Lbia—2,b+ 156 — 3,60 Brw(pny) — 2ol + 1) —
Also,

My = min(lh+L'+2,L+1L)
11{2 = mill(11+11’+1.12+12’+1)

3V

e = u.'(U,) - 2, : = ].,
The angular coefficients are:
G(E) = Y (N.E)G(T:,0)G(T)

N

GoE) = S (H.N,E)G(T:0)G(Ts)

HN

oy _ 1 1 KA N i N L' N E ! b E)
o = (y ¢ o)(o 0 )(0 0 o)(o 0 0
(L b LD L0

Gry = (=l oo 2l e

. _ 1 I, H (1 l N)(ll' I E)([;_»’ N E)
¢(10) = (0 0 0) 00 0

¢ 0 O
g = — Ligly+1a' L' 11" 12’} . - ST
G(T) = (-p*" {E v B {I\ 1 1}.

with



)

with

N P TN Y AR
AEL = —5ialSpdy (-1 +Jll~: ! !}

xR DY (S LS

The orbital part is

where

+

Also,

IATATM (1) ] S=ar / L! I [‘ i
(F}l:{tg'[,‘|ﬁﬂl IF}!.:E'.‘L) = (_]‘)I M k -\ un M ){ (1)1)*

6

1S

UM) =il b L L)

Al

zl(”’l?‘;\"rl;bcll + Gr_);(.f. + 1.?)“‘- l.(-'— 'l;(..\'.}';)
.B::l(#ls-'l"ll;ctl;a'*' lvi,sé_"l;d‘!r‘})

@ (s, My; Gog; &,b,& = 13, B)

Sl My Gra)Dif(@ + 1, = L by é = 4,60 Frwl(pn) = 2wl + 1) — 2).

M, = mn(; +"+ 1, L+ +1)
11/13 = min([l + [1’, [2 -+ [‘_:' -+ 2)
o= w(M) =2, =13

The angular cocfficients are:

Gu(Q) = ST, 1, Q)G 0)G(T)

TH

Gl Q) = ST QG 0)GT M T)
TH

Gu(Q) = ST, H, Q)G (T3, 0)G(T3)b(la; T)
TH
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with

S I [ S TCRE R (I

Gty = (){ il
LT T

ato = (35 0)o o o)(5 5 0)(5 b 5

s = ol n T THS

(5) 1}y
Nd I LY \. s' L’ OS" -]
ALy = “§”l¢5JJf¢5.1rJ.\IJ. ;:(—I)‘r s '*'“'{ i }
x (Y LRSS LY (S5, @ &2)™)1S)
with
(K) _ e U
.ﬁ) = T{r H_';j F] .
Tl »
The orbital part is
IR " L' K L\N,..
<I 'J/l‘fi '1' ]“-}hlf) = (_I)[ a (—.'11' Q 1])&('))0.

where

VIR + L L L L’)Ug

D = molp.M:Grra+2.h~2:

(o)) D_r
T -

+  Tolpta. Ma; Gaa. b +2,-2

(o]
D
T
e
I
e

+ molptge My: Gz + 1,b+ 1, =2

1) :'Cl(ﬂ; ’1!1 C[ (l+ 2 b —d: a B)

“:.l(,“" “[ﬂ G'\ a. !)+ 2 —l Q ,B)

-4-

:1(}-‘.3 “13 Cg (l+1 b+1 —4 B)
S Mz GOl Wogu)y-2(@,0, =26, 8), é=2
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D ol My Gra +

:'.:(.“Zl- .1];(,: (l":\: (‘I -+

+ Dif(d = L+ liabe — LaLdia( + 1) -

S(X g 1E(XL ).

[RLLL ) Canga, hoa. 3’ W.o . e — b

S Y PN P AN S ﬁ(l-_-'.f,'.ll.13))!“,(,,1+,.,_3(¢':'.

Db~ 60 )

o Mo (U G+ 20— 6. 3)

b 1.é— 0.9

- ht(a + Lb— Y hie — -I.d_.;';.,.:(lrl + 1) = 2oy -

:‘.w‘t!f|) - :.‘.‘
Y i F Y-
ji'.t" —- l:t‘}'. ')"}]

oot )
('7- ....‘l-

where "Xy = |7 means the direct part of the wave lunction on the risht hand side of

the matrix element, "X = |

" the direct part of the wave function on the lelt hand

side. We can prove that the cocflicient (which will be delined below) ol the last terin

cquals Lo zero at least when ¢ =0, I;

T LVLR) =SB L L) =0,

=101

-3

Hence, there is no residunal divergence. Also.

."1!1

The angular coefficients are:

G ()

Ity
p—

Ga(F)
with
e (1

min(l; + 4"+ 2. L+ 1))
min(l; + 1, L 4+ 1" - 2)
min(lh+ 4"+ i L+ 0"+ 1)

r=1.2.3

w(M;) =2,

SN, EYGUTL0)G(T)

N

SN, EYCG(T3,0)0(Ty)

N

2D N E)G(T,0)0(T,)
N

Iy
0

11 ."V
0 0
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ol — i I.+I.’+.’;‘r[- [ 121[[.' L0
cih) = (=1 YN L RJLE L ,\'}

/U U R\(K L N\/L' & !-.‘) I, N E
G(I=0) = (0 0 0)(0 0 o)(o 0 0 (n 0 0
i _ Wl L L LYl L kY

6r = 0y & e N G

(1 L HN{U I, NN/ I O EN(L N E
G(I5.0) = (0 0 0)(0 0 0)(0 0 0)(0 0 0

[.r ! ’ l ' L Il 1’.‘
~ SRR AXS e Xy I 2 1 {2 .
Gy = (o LR
We have also defined:
(i Ly lne =) = S, M Gic—6)
1(h L e ~4) = Ja(p, Mo Gaié — 6)
vl Ly lyé—4) = Ja(pa, Mai (a3 € — 6}
+ Jign, M Gon(pe.c = 1)

‘7(!1’v 12'3' e~ ‘1) =" (11’, I-_:’, ¢~ 1)
+ 72([|’s [2'111’[2;6— '1)
+ 73(11'! ['-‘,111112;&_ ‘1)

B hIne—4) = (LG L e —4)
+ (L4 b hse=4)
(6) Hp:
1. sy (LS J
x (YL BVIYLIS15:S)
with
R = Vi=(T, x 92).
The orbital part is

M mef L1 L
(Pt BV = (0P (5 o )ueD,
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where

L(6) = —i@(!l.lg. L4 L

D = LZO'J & ‘!J.“, ﬂ/[“ Gul,ﬂ.'{'(l“) b+ b(l) C+C:J ,Q 3)

i=13=1

+ ZCOC(S.')WU(#ns My Gz + G + Guass
&+ a'(i) - 1,b+ 6(i) — 1,6+ (i &, B)

— B3 coc(Si)molpn. Miii Guzsé + a'(3) = 1, b+ ¥(3), &+ ¢(3); &, B)

=1

— o coc(S)molpirs Mut; Guzyé + @'(i), b+ (§) — 1,6+ €' (i); &, B)

=1
+ QC'iCO‘-‘(Qi)WI(#zthz:, Gan; @ + a(i) — 1,b + b(i) + 1,&+ (i) — 3; & B)
+  wolpar, May; 26¢ Gonz + 2a¢' Gz + 2 Gora; & — 2,b, & — 3; &, 8)
- 28cwo(ptar, Mar; Gz @ — 2,6+ 1,é — 3; &, B)
- 20cmo(par, Mar; Guzs @ — 1,b,6 — 3; &, 8)
+ A+ A,

A, = ZT:coe(S,-)c

i=1

x [=i{pn, Min; Gz & + a'(d) — L+ ¥'(3) + 1,&+ '(8) - 2; &, B)
@ (g, My Guss @ + a'(3) + 1, b+ b)) —1,6+() — 2 &, B)

+ = (min(p2, piz), max(Mg, Miz); Giz + Gis;
&+ (), b+ b(5), é+ ) — % &, B)

+  Jy(pn, Myy; Guaa2)Dif(@ + o'(3) — 1,5+ §(3) + 15.& + a'(3), b + b'(3);
&+ () — 2,6 Biw(un) — 2, w(pn +1) - 2)

+ Jilptnn, My Gua)Dif(@ + a'(8) + 1, b+ ¥(8) — 1; & + (), b+ ¥'(2);
&+ (i) = 2,& Brwlun) — 2,w(pn +1) —2)]

A = 2cc'[‘g71 (#21, M21; Gy @ — 2,E+ 2,6- 54, B)
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+ =(par. May: Gzt it b, & ~ 51 &, 3)
+ =i(min{gaz. pea).max( Vo M) G + Goara = 1L bt l.é=516a..3)
+ J{pz, Mag: Go2)Dil{@ — 2.6+ 2ia — 1.b 4 1:
&—5.& B + 1) = 2w(pen) = 2)
+  Ji(par. May: Goua)Dif(@.bia ~ 1+ 1:

&—5.& Brwlpan + 1) =~ 2w(pn) — 2)].

Also,
coe{@;) | a(?) | b(3) | cl#)
ab -1 -1 0
—af -1 0 0
-bo 0 -1 0
a3 0 0 0
ca -1 1 -2
—co 0 1 -2
-3 1 0 -2
cb i -1 -2
coe(.S;) a'(z) | ¥(3) | <(2)
ala +1+) -4+ | -2 0 -1
—a'[2(a’ +1) + ¢ -1 0 -1
o 0 0 -1
d(c+1+a') 0 0 -3
-a'd -2 2 -3
—-a'd 1 0 -3
o'c -1 2 -3

O,(;) = coe(S5;)« coe(Q;)
o) = a'(i)+a(j)
(1) _ s .

bi; = ¥(z) +6(3)

) = dG)+eld)
My = min(h+4'+1,L+5"+1)
My = min(h+4'+2,L+1)
Mix = min(!1 +[1', !2-{-!2’-!-2)
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My = min(h+4'+2.L+0L+2)
My = min(lh+8'+3.L+8L"+1)
Mpy = min(lh+4"+1.L+5L"+3)
i = w(My) =2 i=12 j=123.

The angular coeflicients are:

Gm(Q) =

Gi12(Q)
Gua(9)
Gr4(Q)

Gi2(9)

G1a(Q)
Gann(Q)
G2i2(®)
Gaa(Q)
Gua(Q)

G=(9)

G2a(€2)

with

G(T11,0) =

G(Tw)

G(Tl'.h 0)

é(TI2)

ST A Q)G(T11, 0)G(T)
TA

ST, AL Q)G(T11, 0)G(Tua)b(1; T)
TA

Z(T, A, Q)G(Ty, O)G(Tu)b(lz; A)
TA

ST, A, Q)G( T, 0)G(T11)b(h: T)b(iz A)
TA

ST, A, Q)G(T12,0)G(T12)b(1; T)

TA

3 (T, A, Q)G (Tha, 0)G(Tia)b(T; A)

TA

S (N H T, A Q)G (Tar, 0)G (T Jb(1y's N')
NH'TA

S (N, H, T, A, Q)G (Tar, 0)G(Ta1)b(L's N')b(ly; T)
NU'TA

3 (N HL T A Q)G(Tor, 0)G(Tar )b(1s Nb(l2; A)

N'H'TA

3 (N H, T, A Q)G(Tor, 0)G(Tor )o(hy"s N'Yo(h; T)b(1; A)

NUHITA

3 (VL H T, A Q)G(Taz, 0)G(Te2)b(lh'; Nb(h; T)

N'H'TA

S (N H' T, A, Q)G(Tas, 0)G(Tas)b(h's N)B(T; A)

N'H'TA

(1 L T)(l 1y A)(Il' T Q)(Ig' A 9)
0 ¢ 0 0 0 0 0 0 0 0 0 0
, L L I
(_1)1+11+I:'+L'{ L T' A’ } A 1‘ 12
@ LB K\ pop oy
(l L T)(l T A)(ll' A Q)(lg' I, Q)
¢ 0 0 0 0 ¢ 0 0 0 0 0 0
~ (_1)1+,l+,z,+L+L,{1 1 1}{1: I 12}{1;' X 12'}
L A TJILA L' 1 Q L A
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ol TN T AN 9) L'\ Q)
GlIis.0) = (0 0 0)(0 0 0)(0 0 0 (n 0 0

e of LT LYf1 U YK LA
G(Tw) = (=175 1 ;\}U' I, .\}1!2 L 1.'}

A ;\-")(1; 1 !1')(1 I8 ‘1‘)
G(T2.0) = (0 0 0/\0 0 0/\0O 0 O
< (1 l :\)(.‘\" T Q)(!l’ A Q)
00 0/\0 0 O0/\0 0 0
! ! L lt ['.‘
- (L T AY(L L L
G(T'.’l) (_1)11'(-’.{9 H! .N'}{l }I[' 1.'1 {I 1 l}
(L1 AT ( 1 H’)( LT
G(T=,0) = (0 0 0) 0 0 0/\0 0 O©
N (1 T A)(N’ A Q)(H' L, Q
0 0 0 0 0 0
- , I, L
G(Tz) = (-erwee{ }{A P
{' sHE W
10 H’ N "N
(6 0 5)(5 ) )0 ¢ o)
0 0 0 0 0 0/\0 0 O
(1 T A)(N I8 Q)(H' A Q)
0 0 0/\0 0 0/\0 O O

= L1 L 1 1 1
_ L+l +L
G(TZS) - ( 1) ? ! [| }{ T [2 A }

9 {L’ 4 A}{L’ ' l-_»’}
Q H NJI1 H NJ

I

G( T'.’B? 0)

X

(7) Hp:
_ 3 .. ] L’ S' ']
AEp = —7ia'8subu,m, (-1 +J{ S L1 }
x {v'L'[RV|lyLUS"|5:S)
with
= vf(% V)7 x Vy)
The orbital part is

g e LT 1 LY\,
(FIEa AR 1PV = (<07 (L o 40 JUD,

-
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where

u(r) = -f\/g(h,l-.-, L. L)

and

D= lZ."I'errn(i).

i=1
For Term(1),
Tr(pt1y, Mhy; GuaA+1,B+ b('-'-)(j), C —3;a, B)
+ @ilpsr, May; Gay A, B+ 63(G) +1,C = 3;:4.5)

T\(k)

M

Term(1) = ‘Zieoc(si)coe( A_(fz))Al (27)

i=1y=1

Mq(if) = Ty(0), C=1
A (3F) = Tu(1) + Klpan, My Ga2)Dif(A + 1, B + 83(5); A, B + BB () + 1;
C-3 &»Eiw(#n) ~2w(un+1)-2), CZ0.

For Term(2),

Ta(k) @r(p1n, Mi;Gnz — Gz + Ga; A+ 1, B+1,C — 5&, )
+ w2, Mya; Gran; A+ 2, B,C — 5; &, B)
— wi(pan, Maa;Gaan; A= 1,B+3,C — 5:&,8)
+ ‘~3_k(#13» Mya; —Graz + Gag2 — Gagn; A, B +2,C = 5;&, B)
Term(2) = zcoe(S,-)cA-_:(i)
AG) = T0), C23
Bo(i) = To(1) + Sr(pans Miss Gue)[=n(p11 + 1, CMoguyy 41)-2(4, B, C — 3)
+ (g1 C)luuy)-2(A-1,B+1,C=3)], 1<C <2
Aq(3) = Ta(2) +7Dif(A+1,B-1;4,B;C -3,&,5;
wipn) = 2,w(pn +1) —2)
+ (m+72)Dif(A,B;A=1,B+1;C — 3,&,f;
w(pn +1) = 2,w(pn) — 2)
- wDif(A-1,B+1;A~2,B+2C-3,&48;
wlpn) = 2,w(pn +1)-2), C<L0.
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For Term(3).

Ts(k) Telpn. MG A+ 1L.B = 1,C = 314, 9)
- I-'.L(!lm Mg Guae ALB.C = 3:a, 3)

Term(3) = Zcoe :1A5(2)

As(i) = T;»,(O), C>1
Az(z) = Ty(1), C <.
For Term(4),
Tyk) = =z Mz Guans Ay + 1L.BLCyL =3 &-3)

+  =i{pas, Mag; Gasyt Ay, By +1.C, — 31 & 3)
T 6
Term(d) = ZZCM(S;)coc(C;I))A.l(ij)
i=13=1
Az) = Tu(0), Ci =21
A-;(ij) = T_,(l), -1< Cl <0
Ay(i7) = To(2) +1sDif(AL, B -1 A -1, B;;Cy - L, &, B;
wlpn) = 2w(pn+1)-2), G-
For Term(5),

Ts(k)

@1 (13 Mag; Grazs A, B + 83(7),C = 3; &, 8)
+ w,c(m,1'v13:.,, Gy; A—1,B+63(j)+1,C - 3; &, 8)
Term(5) = ZZCOG(S coe(C'(z))A-(zJ)

i=1j=1

As(if) = Ts(0), €21

Ag(i7) = Ts(1) + Ji(par, Mig; Gra2)Dif(A, B+ B35 A = 1, B + B3(5) + 15
C -3,& Bwlpn +1) = 2,w(un)—2), C<O.

For Term(6),

Ts(k) = wk(ﬂ'l31Ml3: G A+ a%(j) +1,B8,C - 3;&, )
Term(6) = ZZcoe(S :Jeoe(CF) Aq(if)

2 1=17=1
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Aq(27)
Agliy)

For Term(7},

T-(k)

Term(7)
ACICH)
Az(1j)
Az(z5)

For Term(8),

Ts(k)

Term(8)
Dgl2)
Dg(z)

For Term(9),

To(k)

+ +

Term(9) =cdAg

A,
Dy
Ag

Te(0)
Tﬁ(l)~,

c>1
C<o.

(g Mi;Guns A+a(j) + 1, B+ 1.0 -5 4, B)
Wk(#z-u My Gaa A+ ‘:I(j)s B+2,C-5a, B)

T 2
D2 coe(S:)coe( D;)Az(35)

i=13=1
T7(0)7 C 2 3
Tx(1), 1SC<L2

T-(2) + 7:Dif(A + &(j), B; A+ a(j) — 1, B+ 1;
C—3,& Bwluy +1) = 2w(uy) —2), C<O0.

@21, Mar; Garo; @, b+ 5(2)(5) +1,é-5;a, 3)
(a1, Mi; Gaizs @ — 1,04+ 69(1) + 2,6 - 5; &, B)

2
> coe(A{)c' Dg(3)
i=1
T8(0)7 ¢ 2 3
TS(I)S- c S 2.

e(pten, Maz; Gaga;a + 1,5+ 1, = TG, B)

@i(fa1, Ma1; Gara — Gogz + Gazo3 8,0+ 2,6 = T;&, 8

ka3, Maz; —Gazz + G2 = Gaazs @ — 1, b+3,8—T;&8)

i frazs Miag; Guza; @ — 2,6+ 4,6 = T3 &, B)

T9(1)$
To(2) + 1Dif (@,0;& — 1,6+ 1;& - 5, &, B;
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lpn + 1) = 20we(pn) = 2)

+  (re+ mo)Dif(a— L+ ia—-2.b+2

(£
~
I
2
Sl

)

wlpn) = 2wy +1) = 2)

— yDif(&d = 2.0+ 2a = 3. b+ 3¢ — 5.4, 5

For Term(10),
Tho(k)
Term(10)
FANTS
Aro
For Term(11),
k) =
-+
Term(1l1) =
Au(i) =
An(i) =
Anfz) =
For Term(12),
T12(k) =
-+
Term(12) =
A(3) =
A12(i) =

(g + 1) = 2ow(pun) = 2), e

¥

= @(par, Moy Gl &,i).é -5 53)

- milpes, Mag; Gongsa — 1,b+ 1. — 51.&. )

= By
= T(0), ¢23
= Tw(l), ¢<£2

@23, Mag; Gy Az, B2 + 1,C2 — 514, )

@i (ftazs Mag; G A2 — 1, By + 2,C2 — 5, &, B)
S cod(C)¢ AL ()

;111(0% C223

(), 1=2C:<52

T11(2) + 11aDif(Az — 1, Ba; As = 2, By + 15

Cz— 3,& Biw(py +1) — 2,w(pn) —2), C2<0.

@iptos, Maz; Gaag; @ — 1,6 + B9(3) + 1,E — 5; &, B)

Dk (az, Mag; Gazzs & — 2,5+ 5D(3) + 2,& - 5; &, )

zzzcoe(C,!z))c'Am(i)

Tof0), 623

Ti(1), E<2.
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For Term(13),

Tis(k) = walpon, Mog: Gogar @+ @®(@). b+ 1,& - 5; &, 5)
Term(13) = ZCOC(CP])C'A,;;(i)
=1
Aafz) = Twa(0), €23

A7) = Tia(l), ¢x2
For Term{14),

Tialk) = me(ptos, Mag; Goars @ + a(3), b+ 2, — T; & )
+ @r(pran Mag; Gz a + (i) — 1,0+ 3.8 = T; &, 8)
Term(14) = zz:coc(D.-)c'AH(z')
An(i) = :T_‘,l..((]), E>5
Aufz) = Ti(l), +<é<4
Awli) = Tia(2) +sDif(@+&(f) — 1,b+ ;8 + &) — 2,0+ 26— 5,& 5

wlpn) = 2,w(pn +1)—2), &<2
Also,

My = min(h+4" +3,L+0L" +1)
M = min(h + 0’ +4,L+15)

My = min(h+4'+2,L+05'+2)
My, = min(h+4 +3,L+05L' +1)
My = min(h+4"+1,L+0L"+3)
Mg = min(h+54' +2,L+1L'+2)
My = min(ly + 4’ +4,L+L'+2)
Mss = min(lh+4 +56L+5L"+1)
My = min(h+4"+3,L+6L"+3)
My = min(h+4L'+4,L+5L"+2)
Mos = min(h+4'+2,L+15L +4)
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Mag
May
Maa
Mss
My
Mg
Mg
My
M

M3

11’{45
-"’I-IG

His

min(ly + 1" + 3.+ L'+ 3)
min(fy + ' + 2. L+ L'+ 2)
min({; + ' +3. L+ L'+ 1)
min(ly + 4"+ LI+ L' +3)
min(ly + ' + 2. L+ L'+ 2)
min(ly + L)' L+ L+ 1)

min(l; + L'+ L.+ L'+ 3)
min(l, + 4’ + 3. L+ L'+ 3)
min{{; + ;' + 4, + L' +2)
min(ly + L' +2, L+ L' +4)
min(ly + 4’ +3. L+ L' +3)
min(l, + ' + 1, + ' +5)
min{ly + L'+ 2, L+ L'+ 1)

w(Mi;) =2, i=1,--+,4.
A = a+dd)
B = b+¥(3)
C = ¢+4d(3)
A = a+d@)+aly)
By = b+¥(i)+b5()
G, = é+cE)+&aNy)
A» = a+al"q)
B, = b+Y9)
C: = &+&V()
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coe(S;) a'(t) | ¥'(2) | £(2)
a'(a' + 1+ C’) - 11'“1’ -+ 1) -2 0 0
—o2(a + 1) + ] 1] 0 |0
o' 0 0 0
o +1+a) 0 | 0 | 2
—a'd -2 2 -2
—-a'c 1 0 -2
o'd -1 2 -2
coe(AL) | aW() [ 61G) | (3
ab 0 -1 0
—af 0 0 0
—ber 1 -1 0
af 1 0 0
ca 0 1 -2
ch 2 -1 -2
—-C0 1 1 -2
—cf 2 0 -2
e(c—2) 2 1 -4
coe(AR | a@(8) | 63(2) | (3)
b 0 -1 0
- 0 ] 0
c 0 1 -2
coe{ APY | a®(3) | 89(3) | B)(3)
a 0 -1 0
- 1 -1 0
c 2 -1 -2
coe(CY) [a() | 50) | eM(i) |
—a(b+1) -1 0 0
afB -1 1 0
—af 0 1 0
a(b+1) 0 0 0
—ac -1 2 -2
ac 0 2 -2
coe(C¥) | a®)(3) | BR(3) | &@)(3)
—(b+1) -1 0 0
B -1 1 0
—C -1 2 -2




coo(CHY | a® () § B™GY | AN

a 0 0 0
—a -1 0 0
coo{ D) | a(2) | b(7) | e(4)
—ac 0 1 -2
ac | 1 2
The angular coeflicients are:
Gua(®) = 3 (T.TLN, E.Q)G(T01.0)G(To)(L: T)
TTNE
Gna(Q2) = Z(T,l’,N,E,Q)G(T,,.0)(.?(.7‘”)6(1,:,'I‘)f:(lv_-;.-’\’)
TTNE

Gra2() = X (T, 0N, E,Q)G(T12, O)G(T12)b(1; T)
TCNE

GISI(Q) = Z (T»Fs N, E,Q)G(Tmao)é(-'rm)
TTNE i
Gi2(Q) = Y (T.T, N, E,Q)G(T13,0)G(Tia)b(1; 1)
TI'NE
GIM(Q) = Z (T!P?NaEsQ)G(TIIhO)G(TIS)b(T; N)
TCNE
Giaa() = 3 (T.T, N, E,Q)G(T13,0)G(Tia)b(Ly; T)N(T; N)
TCNE

Ga(®) = 3 (T.T, N, E, Q)G (T14,0)G(T14)
TCNE i

GM'.‘(Q) = Z(T$F7NsEsQ)G(Tl-ho)G(Tl-i)b([l;r)
TINE

G2a2(?) =2 > (N, H',T,T, N, E, Q)G(T21, 0)G (T )b{ly; N')b(13; T)
N'HITTNE :

G214(Q) =2 S (NS H,T,T,N, E,Q)G(T21,0)G(T21 }o(1y'; N')b{(1y; T)b(lz; N)
NH'TTNE

Gan(R) =2 S (N, H'T,T,N, E, Q)G(T22,0)G(T2)b(1i; N'Yb(1; T)
N'H'TTNE

G231(Q) =2 z (N,‘l H’! Ta Fa N! Es Q)G(Tﬁi O)C-"(Tn)b(ll’a N’)
N'HITCNE

Ga(2) =2 3. (N, H',T,T,N, E,Q)G(Ty,0)G(Tas)b{ly'; N')b(1; T)
N'H'TCNE
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(N H . T.T.N.E.Q)G(T3.0)G(Taz)b{1y's N)B(T: N)

HTTNE

(N H' T.T. N E.Q)G(Ta3.0)G(Taz)b(1;"s N)b(1,: T)b(T: N)

NUPTUNE

S (N H.T,T, N, E.Q)G(T24, 0)G(T24)b(1ys N*)
N'H'TUNE i
(N, H' . T.T. N, E,Q)G(T2s. 0)G(T20)b{1y; N)b(11; T)
NIH'TTNE

Gu2(Q) = Y (T,T, N, E.Q)G(Ta1,0)G(Tar)b(11; T)

TCNE

Gae(R) = 3 (T,T, N, E,Q)G(Ts2, 0)G(T2)b(1y; T)

TUNE

G331(Q) = z (T'F'Ar-E’Q)G(T&‘O)C’Y(T&)
TCNE

Gan(®) = Y (T.T, N, E,Q)G(Ts,0)G(Taa)b(ly; T)
TrNE

Gan(®) = Y (T.T, N, E,Q)G(T54,0)G(T)

TTNE

Gaa() = Y (T.0, N, E,Q)G(Tss,0)G(T34)b(1y; T)

G-::'.'(Q) =2

Gaa(2) =2

Gm(Q) =2
Gi(?) =2
Gua(l) =2

Gaa() =2

TITNE

S (N, H'.T,I,N,E,0)G(Tn,0)G(Tar)b(1y's N')b{(1y; T)
N'H'TUNE

Z (A"s H": Tv F': "Vv Ev Q)G(T42s O)G(T-IZ)b(Il'; 1\")6(11; T)
N'H'TUNE

(N, H',T,T, N, E,Q)G(T4s,0)G(Ti3)b(4y; N')
N'H'TTNE

> (N, H.T,T,N,E,Q)G(Ti3,0)G(Tua)b(Ls N')b{(1y; T)

N'H'TTNE

(N', H',T, T, N, E,Q)G(Tss, 0)G(Taa)b(1s'; N')
NtH'TTNE -~
> (N, H'T,T,N,E,Q)G(Tu,0)G(Tas)b(h's N')b(h; T)

N'H'TTNE
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with

G(Tl'l? 0) =

G(le) =

G(T‘l:h 0)

G(T1a)

G( Tl-h 0)

f—

(
(

=)

O —

L T)(I {2
0 0/\0 O
N E) E ;
0 0 (0 0 0

= -n{f 5 Y

111}
LT T

(65 5)(6 0 o)

B
0 0 0/\O

(—n”“{L p

r L1

L
= (-1
LI

r

0
N ON\/b
o o)

"
-

z} L “'!;}
{a L :

_ (1 L r)(h 1 T) 1 T N
= (g ¢ o 0 0 0

0 0 0

< (5 % $)
0 0 0

ET Q)(V
0 0 O
L

0 ¢ 0O

(o & )

- ( I)L-H-'-!-l{

(5 0 o)

Il

0
(11{ E)(E b 9)(H
*No o o/\o o o/\o

(L 4 1 1
{1 Ll 1%
= (-1) {F 1 U}{b r }

?

0 0

12
FT

1 TT
0 0 0

G(Ti6,0) = (h 1 N)(% é g)(é

0 0 0
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i
r T E 0
(1 4 r)(& 1 T) LN
_(000 00

E N Q

6 0

2 N
0 0
L'k

[4

0

—e N =

)G o o)

N
0
N
0
1
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(1 L' L‘)(E
0 0 0

N
0
are) = B EHG

, L' 1 NYN/L 1 H
G(T2,0) = (6 0 9)((2) 0 )

TG )

(s
E
0

X

hL
0

r
0

Q
0
. B varf L 4 l}{L' Y }
G(Tn) = (-1) {p ' 1 1 H' N

aN/L T Q
0)(0 0 0)
L

vt
)(o : 9)

it
(@

1 }{ !1 N
T [

E G

1\:

)(

(L1 NYNIL 1 HN(1 & T)
G(Tz,0) = (0 0 0)(0 0 0)(0 0 0 (
. (I‘ 1 N)(l N E)(E N Q
0 0 0/\0 0 0/\0 0 O
. _ L &, Lifl1 1 1YfL T
C(T) = (“1){r L 1}{[1 r T}{N’ H’
E A E )
E N QJl1 H N
_ (b 1 NN 1 H'N\(1 L 1")(
G(Ty,0) = (0 0 o)(o 0 o)(o 0 0
y (1 T N)(l N’ E)(E r
0 0/\0 0 o0/\0 0 O

0
L
. L'
¢ = -0{] @ ;,,}{1

L' 1 N'\rL' 1 H'\/(1
G(T24,0) 0 0 0)(0 0 0)(0

I
N
(=]

—p —  {_3\1+L L ll' 12'}{
G(Tz) = (-1) {1 H NN H

0
9 (I‘ 1 N)(l N’ E)(E N
c 0 0/\0 0 O/\0 O

T T L"}{I‘
QJLE

1

_ (W1 N')(Iz' 1 H’)(lz T)(l
69 = (3 o 0)(5 o 0)(s o 0)o
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1 T T
0 0 O
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H I, Q
0 0 0
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Q
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0 00
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0 0 0
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y (r 1 .\-‘)(1 A F)(! I, Q)(H’ Ay n)
oo o/\o o o/\o o o/\o o0 o

LN
. Lot byl o oy o ol
— (_1\i+L 1 2 1 2 y
6t = ov{n Y BT B s He v )b 9}

G(Tas)

L' 1 N'\/L 1 H'N\N/L 1 N\(flL | T
G(T2,0) = (0 0 o)(o 0 o)(o 0 o)(o 0 o)
N (1 T T (1 NFE (E N Q)(H' I’ Q)
00 0 o o/\0c o o/\o 0 o
L
1

L I 12} ro z._.'}
r 1 L’{ H N’
rHw o al{s & o)
N’ H' E N 0
/1 L T\(1 L N\/1 T T
G(Ta,0) = (o 0 0)(0 0 0)(0 0 0)
(11' r Q)(I L' E)(E N Q)
0 0 0/\0 0 0/\0 0 0
. L L LYCL L L'Y(L U 1)(k N I
G(In) = (“1)1“{1" E f}{a [12 f‘}{z, r T}{E L' n}
_ (1l L T\(1 T I°'\(T 1 N
G(Te2,0) = (0 0 0)(0 0 0)(0 0 0)

x(l{NQ)(l L' E)(E ly Q)
0 0 o/\o 0 0/\0 o0 0

il

,...4

-
—
+
t
+
N

I_H\-—-/

L L L
- 1 1 1Y(L 4 & 2
G(Tw) = (-1 He & 2Re v
L T TJ\T L' 1 L Q E
_ 1 4 T L 1 T T N)
G(Ie,0) = (0 0 0)(0 0 0) 0 0
» (I;' T Q) LY EN{E N Q
0O 0 0 0 0 ¢ 0



_ (L1 T\(1 T I'\f1 T N
CG{T,0) = (o 0 o)(o 0 o)(o 0 o)
(z,' I Q)(l L' E)(E N n)
0 0 0/\0 0 0/\0 0 O
N L L LY(L & Y1 1 1y(T N 1
e — - 1+L 1 - 1 -
G(T) = (=1) {r 1 L’}{Q r z,}{lg r T}{E L’ 9}

/L1 Nk 1T IT[‘)
G(T56,0) = 000)(000)(00 0

(Il’ N 9)(1 L' E)(EI‘Q)
0 0 0/\0 0 06/\0 0 0

r u
- o erafL b 12}{1 1 1} 2
G(er) - ( 1) {F | Lr [2 r T [1 N

[,'lN’)(lg’lH’)(l I T)(l L N)
0 0/\0 0 0/\0 0 0/\0 0 O
TI‘)(N’FQ)(I H! E)(ENQ)
0o o/\0 0 o0/\0 0 0/\0 0 O
= L L LYl L
o = =05 o THY & ow
x{1 1 1}{12 N 1}{r L, L’}
L T T\E H Qf\H N &
_ 11'1N')(1;1H')(1 I T)(lTI‘)
G(T“’O)‘(ooo 0 0 0/\0 0 0/\0 0 O
(I‘IN)(N’NQ)(I H E)(E IR 9)
00 o/\0 0 0/\0 0 0/\0 0 O

. (I T b
- _ o awafl 1 1}{L L lz}{L' h lz} '
G(Tw) = (=) {zer r 1\ g YYD

G(‘-T-l.h 0) =

H 1 E

LU NN/E 1 EN/L b r)(12 1 :r)
G(T0) = (0 0 o)(o 0 o)(o o 0/ o 0 0
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(1 T .-\-')(.-\" I S])(l 7 1) EONOQ
0 0 0 oooooo(nun)
r ! 'l r rry - [- 1| [-1
S (L0 lg}fl roLgT N 15k
GTw) = GO\ v\ v QN E 0 9 ’; 11 ]1
_ Il’ l J\” I'_!' ]. !'!’ I [l 11) 1-_\ l 'I')
G(Tw,0) = (0 c 0)(0 0 0)(0 0 0 (0 0 0
3 (F 1 N)(N’ N Q)(l i .‘-J)(E T Q)
00 o/ \o o o/lo o oJlo o o
L oL LY(L T T
: roy o[k b EfET
G(Ty) = {1 i \} ' T THA N @
: Lo )l vk
LU NN L HN(L 1 TN(U T T
G(Tss,0) = (o 0 0)(0 0 0)(0 0 0)(0 0 0)
v 1 T N)(N' L Q)(l H L)(L‘ N Q)
(o o 0/ o o0 o/\lo o oJlo o o
) L L LYCL N LYfL 11
o (_\I+LHL 1 b U
G(Tis) = (=1) {I’ 1 L'}{l i N’}{lz r T}
y {1‘ N 1}{ L, T L’}
E H QflH N Q
w1 NN(E 1 OHN\(L 1 N) L o1 T)
G(T:0) = (o 0 o)(o 0 0)(0 0 0 (0 0 0
g (1 T I‘)(N’ N 9)(1 o E)(E 5 9)
o 0 0/ c o0 oJ\o o o/lo o o
ION W
. Ll LY(L I Y(t 1 1
G(T) = (-1)1+L{ }{ }{ } L N 1
R U/5 AT A WA 6 T A

We have also defined:

71(C)
72(C)

713(C}

7(C)

Jo(p12, Miz; Gr22; C — 5)

Jo(211, M1y; Gri2; € — 5) — Jolpe1a, Mra; Grazs € = 5)

Jz(}l;;g, M32; G322; C - 5) - (Z G]]z(E))T[({ln + 1, C) B
E =

—J2(pt13, Mha; Gran; € = 5) + J2(pa1, May; Gaiz; € — 5)
J2(ptaa, Mag; Gaaz; € = 5) + (3 G2 E))nlpn, C)

E
—Jo( 33, Maa; Gasg; C — 5)
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1(Cy) = Ja(piz. Mia: Giai €y = 3)
16(C1) = Ja(pas Mayi Gasi; G — 3)
4(C) = Jalptry, M14:Grap: € = 3)
w(C) = Ja(pas, Ma13Gani € = 5)
(&) = Jalpza, Ma2; Gaz;¢ = 1)
No(8) = Ja(pt21, May; Gz €= 7) = Jo(p2as Moy; Gaai €= 7)
+  Jopaz, Maz; Gaan; €= 7)
() = —Ja(pas, Ma3; Gaaes € = 7) + Jo(pary Ma; Ganzi € - 7)
= Ja(ptas Mas; Gaszi 6= T)
128) = —Ja(pas, Maz; Gaza;¢ —7)

73(C2) = Ja(pos, Masz; Gaz; Ca2 — 5)
14(C2) = Jo(praz, Maz; Gazr; C2 — 5)
Jz(#'.'-h Moay; Gz-u; ¢— 7)

115(€)
‘716(&) = Jopaa. Mas; Gau;é=T).

(8) H}:
. wafLl 8 J
AEL = —2046JJ'61L"JA‘,JI(_1)L+S +J{ S L 1 }
x (Y LRV L) 15:]9)
with
7 35, 3%
R = VI; x (sz - 'S—vl)'

The orbital part is

, el L0001 L
(F'J)II:{I'."L'['RS)[FJJIT{;\L) = (_I)L M (_Mr 0 A,I)U(S)Ds

where

ues) = ilﬁg(m by L, I, 1, )2
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ad

D = GZCOt .'? =1 ;111 ‘!11 1?C131T(!:1‘: 11—1 B—-1.0C:a. '))

- 5ZCOC(S§):1(#13. .‘1[13: (le] + Gm;ﬁ A-1LB + 1. (" a, .;)

i=1

- szcoe Si)=1(pize Miat Gian A + 1. B.C: 4. 3)

=1

+ 502‘300(3:'):1(!‘13, MG A B+ 1.Cia, i;)

=1

+ Zcoc(S;):zl(min(pn, .“12).ma..\‘( My, 11'112): 3Giia + 6G e AL BLChé, B)
i=1

+ 6J1(p12. Miz; Giz2)>_coe(S)Dif(A, B A+ 1.B ~ I

=1

C, &, Byw(pnr) = 2, + 1) = 2)

-+ 5J1(}.lu,lwl1; G]IQ)ZCOQ(S,‘)D“(A, B;A-1,B+1;

i=1

09 &Hé;w(#ll) - 29""‘(#11 + I) - 2)
-+ 6C wl(p-;,, 1"!’!3, bG231 + G""! I ¢ - 5; &1 B)
- (#m?Mﬂ aG..31 + G’.’337 295+21&_5:dsl§)

68¢'m1(st23, Mos; Gaa3 @, b+ 1,8 ~ 5. &, B)

Sac'm (e, Mag; Gasisa — 1, b+ 2,& — 5, &, B)

¢'wy (min(pay, pran), max(May, Maz); 5Gayz + 6Gaza; @ — L, b+ 1,& = 5; &, B)
5¢'Ji(pa1s May; Gn2)Dif (@ — 1,b+ 156 — 2,b+ 2

+ 4+ +

&=5,& Biw(pn +1) — 2,wlen) - 2)
+  6¢'Jy (a2, Maz; Gagg)Dif (@ — 1,0+ 1;a, b;

&= 35,8 Biw(un +1) = 2,w(pn) - 2).

Also,

My = min(lh+4"+2,L+1)

My = min{h +4 L+ +2)

Mz = min(h+4"+1,L+0L +1)

My = min(h+L'+3,L+5"+1)
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Ma = min(h+4'+1LL+L +3)
.‘1/!2 = min{l; + Il' -+ 2, 12 -+ L_\’ -+ 2)

pi; = w(My)—-2, i=12, ;=123

A = a+a(s)

B = b+¥()

C = ¢+c(i)

coe(S;) a'(z) | ¥(3) | €(2)

@ +1+) LG+ ] 2] 0 | -3
—a’[2(a" + 1) + ¢ -1 0 -3
o' 0 0 -3
d(icd+1+a) 0 0 -5
—~a'e -2 2 -5
—a’c’ 1 0 '5
o'c -1 2 -5

The angular coefficients are:

Gir2(E)

S (T, H, EYG(Tv,, 0)G(Tu1)b(L; T)
Gina(E) = E(T, H,E)G(T12,0)G(Th2)b(l2; T)
Gin(E) = ’f;(r, H, E)G(Ti3,0)G(Tia)

Gin(E) = :Z:(T, H, E)G(T13,0)G(T13)b(l2; T)

Gin(E) = YT, H,E)G(Tia, 0)G(T1a)b(ly; H)
TH

GauaE) = 3 (N, H'T,H,E)G(Tay,0)G(T21 )2b(l's NYb(1y; T)
N'H'TH
Gana(E) = Y. (N, H',T,H, EYG(Tz,0)G(T22)2b(l'; N)b(la; T)
N'H'TH
Gam(E) = Y (N, H T,H,E)G(Ta,0)G(T23)2b(1y'; N')
- N'H'TH
Gu(E) = Y (N, H',T.H,E)G(Ts,0)G(Toa)2b(ly'; N)b(I; T)
NH'TH
Gas(E) = 3. (N, H',T,H,E)G(T2s,0)G(Tea)2b(ly"s N)o(ly; H)

N'H'TH

s = (8 D)6 T NG Y DE GO
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/

G(Tn)

G(Th2.0)

-

G(The)

G(T13.0)
G(T3)

G(T'.’h 0)

G(T=)

G(T221 0)

G(T2)

G(Ta3,0)

G(Tx)

(9) H3:

1
=
« ( 7
(1)L+l|+lz d 4y ’}{ i}’
<o w
- (s
“ (5 o

= (-

-
-

(—1 )L"H: -H:'{ L

«
Ll 4L 2
( 1)+1+2{H I 1}{
la

}{[1 H I’
L' 1 N7l H' I
0 0 0)(0 0 0)(0 0

L E

AEp

1 L T)(I
0 0 0/\0
H

Lo H)(tg
00 0/\0

E

0 0 0

L H
E H

1 T H)(N’
0 0 0

{g 1
1
2 T}{E
1 N’
0 )( 0
[2 (N’
0 0 0 0

I
1)l+t:+l'2'

3. '
= —§2045JJ'5MJM,.(—1)L+S +J{

)l+1:+12'{ L 4

1+L+L'+1.+I;'f L
D \H I

T
0

1
1

H
0

la
LI’

T

0 0

L

T F

yol \)( N H')(

0 0 0/\0 0 0/\o 0
l'

1 T H)(N’ H E)

l:

1

0
1
H'
1
0

H
0

X

Lol

(5

o)

l
H'

H H
0 0

vl
0)(0 s

o)
o

H T

0 0
L H
E H

x (' LIRD v LUS 52.5)
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0
E)
0
L }
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H)
0
o)
0
v
N!

L’ !g’
S L

L
i
L

J
1

)

Iy
1
17

I
\
T
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with

The orbital part is

’ ’ AL L’ 1 L
(F M:'I:'L'IRE)”[Fym:L} = (-I)L M (—.IW' 0 J\/I)U(Q)D~
where
U(g) = iﬁ(zhl% La Il's [2’7 L")u2
and

D= iTerm(i).

i=1
For Term(1),
Ty(k) = @ulpn, Mu;Gngd+1,b—1,6-5;4,8)
+  @i(par, May; Gara; @, 5,& — 5,6, )

Term(l) = Ty(0), €23

Term{l) = Ti(1), 1<é<3

Term(1) = Ti(2)+nDif(a,b—2a—-1,5-1;

¢—3,a, B;W(#u +1) = 2,w(pn) —2), ¢=0.

For Term(2),

Ta(k) @r(p11, M113 Gz + Gaaa + Gaazi @ + 1, b+1,&6—T;& B)
+  @r(min(gz, 14, fa1), max(Myz, My, My )

Giaz + Graz + Gaizia + 2,0, — 7; &, B)

+  @i(pza, Mag; Goaz + Garg + Gnz; @, 0 + 2,6 — T; &, B)
+ wi(por, Ma; Gz — 1,6+ 3, = 7; &, B)
Term(2) = cA,
A = T(0), €25

A = T'-'(l) + Jl(lulh Mll; Gll?) [77(#11’ ¢ - 2)Iw(m:)-2(& -1, E +1,c— 5)
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= gl + L& =2 en-a(@ b= 5). 3
Ay = Ta(2) + wDif(a+ 1.b— 1:a.b:

i/
N

& - 5,&.‘5:.‘.‘:(;111) —e(pn+1D=-2)
+ (v3+7)Dif(a.bra— .o+ 1
& Brew(pn + 1) = 2w(pn) - 2)
4+ (a+va+rs)Dif(a=1.0+1a=2.b+2

m

-

é—5,0,Fw(pn) - 2w{pn+1)=-2). 0<e<3.
For Term(3),
Term(3) = 0.
For Term(4),

Ti(k)

@ity Mar; Gougs A, B+ 2,C = 5; &, )
+ Te(pa, Moy G A+ LB+ 1,0 —

-
T
ot

Term(4) = icoe(AE-”)A.‘(z‘)
AL3) = ';.:(0), C>3
A = Ta(1), 1€C<3
A i) = Ty(2)+4:Dif(A-1,B+1;A,B;

C-3,4&, B;w(#n +1) -2 w(p)—-2), C=0.

For Term(5),

Ts(k) = we(pn, Min;Gua @+ 1,b+69(),2 - 5:&,5)
+ @iz, May; Garz + Gazs &, b+ 6(3) + 1,& = 5 &, )
+ wilpar, Mar; Gz @ — 1,5+ 69(3) + 2,6 - 5,4, B)
Term(5) = icoe(A?))As(i) + Term(5)

=1

Ag(z) = T5(0), €23
As(?) = Ts(1) + Ilen, My Gu2)n(pn, g y~2(a — 1,b 4 63)(i),& = 3),
1€é<3
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Ag(i) = T(2) + wDif(@, b+ 6(7) — 1:a — L b+ b=3):
=36 Biw(pn + 1) = 2.w(pn) = 2)
+ (4o +71)Dif(@ = 1, b+ ()& = 2,54+ 83() + 1;
&= 3,6 Brwlpn) — 2uw(pn +1)-2), &é=0
Term(5) = [bSs(h'L'll:)Can(a —2,b,&, 3;a' — 2,8, &, B';
é—3hwlpn +1) = 2,w(pn +1+ L) -2)
- BSy(l"l'hI)Can(a — 2,5+ 1,&, B;a — 2,8 + 1.8, &
é=3wlun +1) = 2,w(pn +1+ L) - 2)
+ aS(L''Ll)Can(a,b— 2,8, 3;&, 8 —2.&, 8"
¢=Fwlun +1) = 2,w(pny +1+ L) - 2)
— aSs(L'L'Lh)Can(a + 1,b— 2,4, 5;& + 1,0 —2,&, 8

&= 3wl(pn + 1) = 2,w(py + 1+ L) = 2)]6(Xp, 1)6(X 1, 1)6(¢, 0).

For Term(6),

ill

To(k) e(ptar, May; Gaizsé + () + 1,5, — 5:&, B)

Term(6) = icoe(AEal)As(i) + Term(6)’
Ae(z) = ;:(0)7 cz3
Agli) = Te(l), 1<é<3
Agi) = Te(2), &=0
Term(6) = [(an2(li'l'hila) + byia(la’l' 1)) Can(@a — 1,b—1,&, 8;&' — 1,4 — 1,
&, B¢ - 3w(pn) — 2,w(pn + L) - 2)
- o'l )Can(d,b—1,&, 3:&, 0 — 1, &, 8,
¢ = 3w(pn) - Zw(pn + L) - 2)
- Bma(ll'2h)Can(a - 1,b,&, 5@ — 1,8, &, B5
¢ =3 w(pn) — 2,w(pn + L) — 2))6(Xg, 1)6(X1.1)6(¢, 0).

For Term(7),

T:(k) = wr(ps, Mig; Grani + 2, b+ 89(),& - T; &, B)
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Term(7)
Az()
A=(i)
As(2)

For Term(8),

Also,

Ts(k)

Term(s)
Agl)
Asg(2)
Ag(?)

=elptaae Moz Gamra + L+ B + 1é = Tra.3)
icoc(.—ls'”);l-;(i)

ibL >3

T=(1). 3<é<s

T+(2) + 11aDif(@ + 1. 4 V(&) = 1:a.b + 890

&— 5.6 Brw(pn) = 2wl + 1) =2, &< 3.

Wk(‘ug.h J“Ig.;; G'.‘-l.l: @+ (l(r')(i). F) +2.¢—T6. ,l})
Zr{paes Mas Gz a + a(‘r'}('i) +1Lb+1.6-T; d—,B)

icoc( AS"’) YA(2)

be €25

Ts(l), 3<é<5 _

To(2) + 1sDif(@ + a™(G) = L b+ Lia+ «'™(), b

&—5,& Bwlun) — Jwlpn +1) = 2), &<

My = min(h+4" +3L+5L'+1)
My = min{h +4" + 3;[-_».-}- L' +1)
Ma = min(lhy+4"+2,L+ L' +2)
My = min(h +4" +4,L+ 1)

My = min(l +8'+ LL+6L'+3)
My = min(h+4" +1,L+6L"+3)
My = min(h + 4/, L+ L' +4)

My = min(h+4" +2,L+15L"+2)
My, = min(h +0' +2,L+ 5L +2)
Mz, = min(h +4'+2,L+ L' +2)
Mz = min(h+4L'+1,L+5L'+3)
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M,
M,
M
Min
My,

Hi;

min(l; +

('{1 IJ)

=1,

(
(
(
min(fy + 4" + 1. + &' +3)
(
1;

min(fy + ;' +3. L+ L' +1)
min(ly + ' +2. L+ +2)

L +2. L+ 1L +2)

min(fy + 4" +3, L+ L'+ 1)
-4

coe(A;)

alt}(1)

b(3)

<V(7)

ab

-1

-1

0

—af

1

0

~bar

0

-1

of

0

0

o|le|le

ac

L
[

1

-1

L]
(V3§ 3 W 8] | B

— = O -

1
0
1

'
W~

b""’(i)

a®(3)

-1

(4

59)(3)

(3] N

2®)(7)

o

| —
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A = a+aM()
B = b+
C = &+ M.

The angular coefficients are:

G112(Q2)
G114(£2)

Gr2(Q)
Gin()
G132(2)
Gra2()
Gan(Q)
G212(2)
Gonr(%R)
G242(02)
Ga12(€2)
Ga()
Gan(f2)
G342(92)
Gan(Q2)
Ga12(Q)
Gaa(9)
Ga14(£2)
Gan(Q)

S AP TN Q)G 0)G(In )bz N)
APTN

3 (AP T N QG 0)G ()bl N)b(lx T)
APTN

3 (A P.T. N G2, 0)G(Jy2)
APTN

3 (AP.T. N DNGC(J13.0)G(ra)
APTN

3 (AP.T. N, Q)G(J13.0)C ()bl T)
APTN

S (AP T, N QYC(J1a. 0)G(1)b(T: N)
APTN

3 (AP, T, N, Q)C(J21,0)G( o )

APTN

3 (AP, T, N,Q)G(Jay, 0)G (2 )b(ly; N)
APTN

Z (A's P9 T',- N! Q)G(J2-120)C’;(J24)

APTN .

S (AP T, N, Q)G (J24,0)G (s )B(T; N)
APTN N

S (AP, T, N,Q)G(J31,0)G(Js1)b(i; N)
APTN

3 (AP, T,N,Q)G(J2,0)G(Js2)

APTN )

Z (A,P, Tv N! 9)6(-]33,0)6'(-]_53)
APTN .

> (AP T,N,Q)G(J,0)G(Ja}b(T; N)
APTN :

S (AP, T, N, Q)G(Ju1,0)G(Jay )
APTN :

Z (A': P'r Ta Nv Q)G(tho)c('jdl)b([l; N)
APTN }

Z (A, P, T, N,Q)G(Ja1,0)G(Jin )b(1; T)
APTN .

> (AP, T, N, Q)G(J01,0)G(Jay )b(Ly; N)b(lp; T)
APTN -

Z (A'J -P1 Ts N,Q)G(J.|4,0)G(J4.;)
APTN
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Gia(®) = 3 (A PTNQ)G(as 0)G(J)b(T: V)
APTN
with
' /11 AL A P\(1 L N\(l L T
G(Jn.0) = (0 0 0)(0 0 0)(0 0 0)(0 0 0)
PN O\ T Q
X (0 0 0)(0 0 0)

- . 12 1 T L A'..’ T
G(Ju) — (_I)1+L+L Z(_l)-\z()\l,/\z){/\ﬂ L Il }{AI L 1}
Atz -

o L1
S N P
N
X { r 1}{.’\ L' Al}{’\l‘ 1 ;\}
o L' A P\(1 &L N\/1 L T
w0 = (53 G S DG DG ED
N Q -1 T Q
< (60 DG T
. . ] T Q U
Gl) = (- 1)“"‘ Z( 1)“(’/\=+1){ }{1 v fx}
Q N P :
’ 1
8 {A b N { A ;,}
G{13,0) = (0 0 0)(0 )( 0 o)(o 0 0)
(P 5 0)(5 0 0)
0 0 0 0
Ty N boh L 1ohy
G(hs) = (-1) ;Z_:\:( (s Aﬂ{ T 1J1a A 1
2, L P L X T
X { L {,\ L A} Lo
1 1 1 L' 4\1 N
(11 YA PN/l L T (1 T N
G(J14,0) = (0 0 )(o 0 0)(0 0 0) 0 0 0)
P L' L Q
X (0 )(0 0 0)
Glh) = (- 1)‘+’=+L+’°'Z(’*l+1){,\ o lf}{zll f:z [ﬁ}
3 {Q N P} 111 i ’{
A Il’ Al /\1 A N:
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1 4 .-\')(1 s ‘!‘)
g 0 0 0 0 0

Lo LY\fL N b))
\

1 1 A\/L AP
G(J2.0) = (o 0 0)(6 0 0)
y (z,' N Q)(P T 0

0 0 0/\0 0 O

G(Jn) = (=D (=DM

Mz

VR A N 1 O T A O
T Q P

A 1 I VAR v x
1 N 1}{:\*‘ A 1}{‘\‘ iy '\}

Loy

L
—— e N

f
GU=0) = (
(

1 1 AN/ A PN/l &, NN/l &L T
ooo)(o 0 o)(oo 0)(00 0)
o (N Q)(PT )
0 0 0/\0 O

Q
0
) , N A S W A
G(Ja) = (=1)ith+t 2(2.\.+1){1{ . 1} L1 18N N A
M - L' N THILD O
1 1 A [2’ AP 1 [2 T T 1 N
G(J3,0) = (0 0 o)(o 0 0)(0 0 0)(0 0 0)
(zl' 3 Q\(P N 9)
0 0o 0/\0 0 ¢©

L % TY(L X\ N
% {1 1 1}{12' A P}
I a Ny 4 9
1 1 A\/L' A P\f1 &, T\(1 T N
G(J20,0) = (o 0 o)(o 0 o)(o 0 0)(0 0 0)
W N Q\/P L Q
(0 0 0)(0 0 o)

1
G(Jna) = (—1)”"*'**""'Z(—1)-"(2A1-H){){‘l 2 ’f}{1 1 1}

A1

M AN

X Ig P O
ooy

e = (5 0% 5 G o ) e o)
AN Q\(P T 0
% (0 0 o)(o 0 o)
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” 2 ._.\.'
Gldn) = (=1)iHhshsleld Z’/\wl){f ; lf}{lf ,\11 1}
1 -

M

{, N }{A, I L}{I: T 1}
ooflL L ofle L oQ
: Lo 1 P\(1 &4 N

G(Jx,0) = ( 0 )(o 0 0)(0 t; 0)

( Iy )( N Q)(P T Q)
0 0 0/\0 0 O

- ' 2 ! !
G(J) = (~1)HEE 37 (—1)™ (N *"*3){,\ fE 11' }{II i} fz}

'\1 v'\'q’ |‘\3

" {,\, L 1}{7‘ Q P}{L' Aa P} ’}2 f\‘,
1 1 XJtid L0 XJL1 ’ s
X 1 1

1 AN L PN LT TIN)

G("“’O)“(o 00)(0 oo)(oo 0)(00 0
x(:\ I Q)(PNQ)
0 0 0/\0 0 O

- . 1 1 1 A i 1
G(J;;;;) = (_1)12 +iz+L Z (_1)-\14"\2(‘\1,4\2, 4\3){ ll /\o A] }{ .A- [:I n}

RYRERYY

PN A N A SV U
{ Lo 12} N 1 T N P Q
1 bV W J A P

G(Jz,0) = ([6’ 0 o)(o o o)(o l(; :g)
<G I NGOG ED

Gl) = (-1 T mlm{ﬁ » THN R D)

M OA L L bk
{1111'}121}:
M T O
L'1 AN/L' 1 P\f1 &L N\/1 I T
G(-I-I'l&O):(O 00)(0 00)(00 0)(00 0)
X(ANQ)(PTQ)
0 0 0/\0 0 0

- L |1 L 1 N
ArAzAs

-
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§ {,\2 \ 9}{\3 \a l}{P Aa 1'} P
_,\.' \ 1 \ []’ l [ll 12' l \ \
Ay An
L1 AN(E 1 P\/(1 & .fv)
GlJi,0) = (0 0 0)(0 0 0)(0 0 0
§ (1 I, T)(:\ z Q)(P T Q)
o0 0/\o o o/\lo o o
] Vol b o BY (A Lo
GlUa) = (=) 5 ,\1+1){ N Q} 1 1 IWT @ P
vonor)leon o
IR A)(Ig' 1 P)(I L, T)(T 1 N)
G(J”’O)_(ooo 0 0 0/\0 0 0/\0 0 0
y (A L Q)(P N sz)
o 0 o/lo o o
) L oL LY(hL A Q
Gw) = (™ T TH }
S Y AU T S PARE W

L /\1 T PYIED PR |
N @ P
L' Ly L
Y 1 P\N/1 I, T
ClJes0) = (5 )(o 0 0)(0 0 0)
9 (1 )(A N Q)(P I8 Q)
0 0 0 0 0 0
O R
Ao " o 2

x{l L .\,}{N 1 ,\,} ‘}2’}{},
1 N T/l 9 A 2 .

L n

G(Jqq) =

We have also defined:

71;(11’12'1112; &) = Jo(p11, M11;Gra3€=5)
12(b'l iz €) = Jo(par, May; Garg; €= 5)
Yl hh; &) = JL(pn,Mu;Gua ¢ —T) + Ja(pas, May; Gaaz; €= 17)
+  J2(paas Mag; Gaag; € = 7) = S, M3 Guz)ni{pn +1,6—2)
1l ;€)= Ja(paz, Mia; Ghraos € — 7‘) + Ja(tt14, M14; Gra2;¢ = 7)
+ Jo(pa, Ma; Guai €= 7)
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AN, Jo(p24s May; Goani € = 7Y + Ja(ptar. Mar; Gar2; € = 7)
+  Salpar, May; Gz € — 7) + i (pa Mg Gadn(pn, € — 2)
16(l'l 2 €) Jo{p2y, May; Gmgs €= 1)

w{(L'L L2 C) J2(p21, Ma1; Gan; € = 3)

w1 C) = Jolpar, May; Gann; € = 5)

Y(h'l' L2 €) = Ja(pa, Mig; Guazs € = 5)

To(li' I3 11135 &) Ja(p21, May; Gz € = 5)

fl

"‘[“(ll'lg'lllz; E) = Jz(}l,’n, M31; G:ﬂg; é - 5) + J2(#¢Il1 "‘/Lll; Gol'l'-’; c— 5)
+ S, M1 Gae)n(pn, €)
"}’|2(!],[2'1112;é) = JZ(#-lh M41;6413;E—5)

n3(l'la' 1123 €) J2(p13, Mrz; Ghay; € — 7)
Tall'L'hl258) = Jo(pas, Mag; Gany; €= T)
ns(h'l'hil2;€) = Ja(pae, M2g; Gaar; €= 1T7)
Nell'L'hi€) = Ja(paay Mag; Gaar; €= 7)
Ss(l'l' iy &) = 4o(L'l' 123 E) + mo(hl2 Lika; ) + 1 (L'l lhl; &).

(10) HY:
3 carases [ LS T
AER = —5046.!.]'6M;M,a ;(-UA"'H:’“{S L K}
x (7L ROy LYS N[5 © &1%1S)
with

R®) = v2lirg A,
7.5
The orbital part is
- el I' K L
PV ROV = 0P o i )uaoD,
where
U(10) = 2VER + 1k, o, L, b, b, L2,
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A4(2)

A(2)

A(3)

+ + + 0+ + 0

+ o+ + + o+

n 4+ + + 00 + + | +

+ +

‘Z-’-\t(f) +2¢A,

i=1

coe(S) ol M G A + 2. B.C: . 3)

olprz. Miz Gra: A B+ 2.C: 4. 3)

2Zo(pizs Miz: Gzt A+ LB+ 1.Cia.8)). C =2

coe( ;)= (. M Gras A + 2. B.C: &, 5)

=1 (13, Mya; Gz A, B +2.C; &, 3)

2, (pt13, Mia; Gaas A+ 1, B+ 1.C: &, B))

Ji(par, My Gu)n(pnn C + )M uquy-2(A, B,C +2)]. C=-=d

coe(S;) w211, M11; Gir; A + 2, B.C; &, B)

@3 (12, Mz Guzi A, B +2,C3 &, B)

2@a(13, Mra; Gras A+ 1, B + 1,C3 &, B)]

mDif(A+1,B — 1; A, B;C + 2,& Biw(pn + 1) = 2,w(pn) ~ 2)
1Dif(A -1, B+ 1; A, B;C +2,&, Biwl(pn + 1) — 2,w(pn) — 2)]
[coe(S)v(I' ' hl)Can(a + o' (3),b + H(3), & B; & + V' (3), I + o(3), &', B;
C +Zw(pn) — Z,w(pn + L) - 2)

coe( S (&'l bl YCan(a + V' (3), b+ (i), &, B; & + (i), B + ¥'(3), &, B5
C +2w(pn) = 2,w(pny + L) = 2)16(Xr, 1)8(X1, 1), C # =2,—4
olptor, May; Gz @ + 1,0+ 1,8 = T; &, B)

wo(p2e, Mog; Go3 @ — 1,6+ 3,& = 7; &, B)

2wo(ptaa, Mas; Gos; @, b+ 2,6 =Ty &,8), €=5

@1 (p2r, May; Gy @+ 1,5+ 1,6 = T3 &, B)

{22, Maz; Go2; @ — 1, + 3, — T; &, B)

2@, (23, Mo3; oy &, b+ 2,6 — T3 &, B)

Ji(pa1, Mar; G )n(pn + 1, = gy ary-2(@ — 1,6+ 1,&—5), &=3
@a(pa1, Mat; Gnsa + 1,b+1,6-T;8,8)

wa(p22, Moz; Gozy @ — 1,b+3,6—T;&B)

20523, Mas; Goz; &, b+ 2,& ~ T; &, B)
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mDif(a,bia— 1,b+ 16— 5,6, Frwlpn) = 2owlpn +1) — 2)
+ aDif(@ =20+ 2a— 1,b+ 1:é = 5.6, Frw(pn) — 2owl(pn + 1) = 2)
+ [p(h'L'GL)Can(a — 1L+ 1,&, 3:a + 1,6 = 1L&. 3"

é¢—Swlpn + 1) =2,w(pn + 1+ L)-2)
+ p(b'l'LL)Can(@+1,b-1,4,8;& — 1,8 + 1,&, 8

&= 5;wlpy +1) = 2,w(pyy + 1+ L) = 2)J6(Xr, 1)6(X. 1), €#3,5.

Also,

My = min(h +4' + K, L+ 1)

My = min(h +',L+ L'+ K)

My = min(h+4" +1,L+L"+1)

My = min(h+4'+K+1L,L+8L+1)
Man = min(h+4"'+1L,L+L'+K+1)
Moy = min(h +4'+2,L+ 5" +2)

wi; = w(My)=-2 i=12 j=123

A = a+d(@)

B = b+¥(9)

C = ¢+d(2)

coe(S;) a'(z) | ¥(3) | <(z)

ald +1+)=4L'(L,"+1) | -2 0 -5
—a'[2(e + 1) + ¢ -1 0 -9
o' 0 0 -5
d(d+1+a) 0 0 -7
—-a'd -2 2 -7
—-o'd 1 0 i
a'd -1 2 -7

The angular coefficients are:

Gu(E) = %(N,E)G(TH,O)G(TH)

G E) %(N,E)G(Tm,mé(m)
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Gis( E)
Ga(E)
Gaal E)
Gas(E)

with
G(Th,0) =
G(Ty) =
G(T12,0) =
G(Ti2) =

G(TISsO) =
G(Ts) =

G(T2,0) =

<ﬂﬂd =

G(Tzz, 0) =

G-!(ng) =

G(Tys) =

= > (H.N.E)G{T12.0)G(T1a)

HN

= Z (NH' N, EYG(Tq).

N'H'N

NUH'N

0)G(Ta)b(1"s N*)

= S (NVH N EYG(Tea . O)YG(To)b(l,'s N

)

= S (NLH NN EYG(Ta 0)G(Ta)b()'s N

N'H'HN

(1 1 [\')([\'
0 0 0 0

' o L
1L +L+h
(=1) { N

C 1 K)(K
0 0 0/\0O

wf L 4
HV{N K

(1 I3 H)(l
0 0 0/\0

(—1)L+htt { L

(5 o 5 )(
(o 5 o)
(=1 { L
(
(

N

o5 o)(%
0 0 0

1L L !1 .}{
(1) ’{N K L’{ i

¥
(

(5 0 5)

(:f'so)('ff)

(—1)r+ha’ { L

o o)l
Y
5 0)(s

—
-
-~

~mh o

Lo }
l-_- .’\"

L !3)(-_
¢ 0 0 0

zz}{u L z.;}
LSVE N

l;
0 0

[2’ 1

0 0

N' N

0 0
L b

L' K

1 )(1'1!]’(1)
0 ¢ 0 0 0 O

N 11
L

L' 1
¢c 0

IEEIIE
A

H’)
0

0

N E)(I-_.
¢ 0 0

On.-

L l 5
K 1 1
L H N

):

(IIK)
0 0 0

E)(H' L E

0 0 O

HY o v
1 H N

)
0)(s
)

I
0
E

v

H

S o)

L H N
E I

1

0
H'N'
s 0 o)

N b

{L
£ i N

)

3l

L

E

L
K
LI

L N
H N’

L b
1 1
H N

}

}

}



¥t

We have also defined:

n(h'hl) = Ja(pn, M Gus ©)

T(l'L'hW) = S22, Mz Gias C)

W(h'L'Lhk) = 2J2(pya, Mia; Gias C) + Ji{pn, M Gu)n(pn, € +5)
FL'LhL) = ' hk) +%(L'L L) + (hlh k)

nm(l'L'hk) = Ja(p2, Ma;Gnze =7

na(l'l'hl) = Ja(peoo, Ma2iGaay €= T)

(LG ) = 2J02(pes, Maa; Gz € — T) + Ji(par, Moy Gar (g + 1,6=2)
p(h'l'hl) = m(U L)+ na(h'BL) + (B’ L)

If
coe(S;) = filly,d' &),
then
coe(S5;) = fi(l, ¥, 8').
(11) HY:
AEp = i "5JJ';5wr,M,, ;(-UK.FHS’“{ LS’ i' }{ }
x {7 LIRP LIS 5 @ 5] " S)
with

. |
RE) = Vilr e T,
The orbital part is
4 {R) r AT L’ I\’ L
(F’yﬁ{l:'L'IRQ IFJJI-T{:L) = (_1)L M (_Mr Q M)U(ll)D’
where

V(1) = SVER F 1(h, b, L, ', Iy L2
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f)l';

D= Z'I'crm( 7)

=1

Term(1l) = ZZOE (=1 M G ﬂ-t-a Y. b+ B(i). ¢ + i) 6. 3)

i=15=1
wl(pm, i‘[p Cwl,(l +(1( ) b+ b’( )+ l E‘-i-c"(r)c'y l})
+ Ji(prr. Mg G )Dif(a + am +Lb+ 0 ($)sa+ aEJ).b—}- b'(2) + 1:

&+ ¢(8), &, Brwl(pn) = 2ow(pen + 1) = 2))

Term('.?) = ZCOC(S{)[WI([I”, i‘r’l'“; Gn:: a-+ a'(i). ED -+ b’(i).é + C'(Z.);(i’. B)
=1
+ = (ma, Mi2;Grogya+ a'(2) — 1, b+ b))+ 1.é +c();a )
+ S, M Gu2)Dif(@ + a'(3). b+ (il a + a'(i) = L+ 6 () + 15

&+ (i), & Bywlim) — 2owl(pn + 1) - 2)]

Term(3) = Zcoe ;)eAs(z)

=1

As(d) = wolprr, Myy; Ginn; A+2, B,C — 2 &, B)

+ 2w0(p12, Miz;Grais A+ 1, B+ 1,C ~ % &, B)

+ wolphs, Miz; Gia; A, B+2,C - 2%&8), C=0
Aj(z) = =(pn, MG A+2,B,C -2;&,8)

+ 2@ (g Mig; G A+ 1, B +1,C — 2,6, )

+ @iz, Mis; Gia; A, B +2,C — 2;&, )

+ Ji(pn, My Guan(pen, C + 3y -2(A, B,C), C=-2
As(d) = @opi, Mi;Giis A+2,B,C — 2,6, B)

-

2@ (p12s M12; G A+ 1, B+ 1,0 = 2,4, )
@z, Mia; Gia; A, B+ 2,C — 2;&, 8)
1Dif(A+1,8B = 1; A, B; C, & B;wl(pn + 1) — 2,w(en) — 2)
1Dif(A -1, B +1; 4, B; C, §,ﬁ;w(,1” +1) = 2,0(pn) — 2)
1I52,)-2(A, B,C), C #—=2,0
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L]

Term(4) = Zcoc(Q,-)c'[::‘l(pg;. May;Goqyia + a('i).f;-i- 1,6 =3:&.5)
=1
%1 (a2, Maz; Gaor3 @ + a(i) = 1, b+ 2.6~ 5;6, B)
Si(p21, May; G2 )Dif(@ + a(i), b+ i@ + a(d) — 1, b+ 2;

&=5,6 Biw(pn +1) — 2w(pn) — 2)]

Term{5) = = (pn, Ma;Gnrzié — 1,b+ 1,6 =5;&, B)
+ @y (pan, Mag; Gaani @ ~ 2,0+ 2,8 — 5;&, B)
+ Ji(pa1, May; Go2)Dif(a — Lb+1;a—2,b+2
&= 5,8, Biw(pn +1) — 2,w(pn) — 2)]
Term(6) = cc'Ag

A = @olpar, May; Ganni @ + 1,b+1,6—T:& B)
+ 2w@o(paz, Moz Gon3 a,b+ 2,6 = T; &, B)
+ wolptes, Mag; Gom3a — 1,b+ 3,6 = T;&,8), é=5

A¢ = (g2, Mar; Gaza+ 1,0+ 1,6 - T3 &, 5)
+ 2wy (poz, Mag; Gony3 @, 0+ 2,8 = T; &, B)
+ i(pas, Maz; Gaor3 & — 1,6+ 3,8 - 736, 8)
+ Jilpar, Mar; Gar)n(pn + 1,6 = Qg pry-2l@ ~ 1,6+ 1,E = 5),

c=3

As = wa(po, Ma;Ganza+ 1,0+ 1,6 T;&,5)
+ 2@a(ptae, Mon; Goa3 8,0+ 2,E — T; &, B)
4+ wo(pas, Mog; Gos; & — 1,b 4+ 3,8 - T3 &, B)
+ 7Dif(a,ba~1,b+1:& = 5,&, B;w(pn) — 2w(pn +1) = 2)
+ +sDif(a — 2b+2%a~1,b+1;8—5,& Biw(pn) — 2wlpn +1) —2)
+ Flugury-2(@ — 1,6+ 1,6~3), &#3,5.

Also,

‘n’I‘H = min(ll + 11' + ?., lv_: -+ lg’)
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M = min(h+4" +1LL+L'+ 1D
My = min{y + 0. L+ L +2)

My = min(li +L'+3.L+5L'+1)
Me = min(h +4" +2.L+L"+2)
Moz = min(h + 4"+ LI+ +3)

pi; = w{M;)—2 =12 j=123
A = a+d(i)
B = b+¥()
C = &+c(i)
coc( ¢ () |50 | @)
ale'+1+)=4L'(L,"+1) | -2 0 -3
—a2(a" + 1) + ¢] 1|0 | 3
o 0 0 | -3
did+1+d) 0 0 )
—a'd 2 215
—a'c 1 0 -5
o' -1 2 -5
coc(Q:) | a(z) | b(z) | c(2)
a -1 0 0
- 0 0 0
c I 0 -2

o) = (i) +a(j)
By = )+ 80)
i) = <(i)+eli)
O,(;-) = coe(S;)coe(Q;)-

The angular coefficients are:
Gin (E) = Z(T, N, E)G(Tm O)G-'(Tu)
TN
Guz(E) = Y (T, N, E)G(Tu1,0)G(Tu)b(h: T)
TN
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with

Chin(F)
(i1 E)
Chs( E)
Gan(E)
Uma( E)
G (E)
Gan(E)

G (E)

G(Thn,0)

G(Tn)

G(Tha, 0)

G(Ta,0)
G(Th3)
G(T5,0)

G(T=)

G(T22,0)

ST N EYG(Th2.0)G(Thz)

TN

ST N E)G(T2.0)G(Ti2)b(1: V)

TN

S(T.N.EYG(Ty3. 0)G(Tha)

TN

2

5

(NI,

NUE'TN

2

Y (NLHL TN E)G(Tar,0)G(T)

NUITN

> (VLA

NH'TN

.

T (N H

NUHITN

2

(

' o L
(_1)1+L+L +h+i2 { N

1

S O(NLH.T

NU'TN

h

T. N, E)G(Tez,

T'.' -JV, E)G(T227 0)

0)G(Tua)b(1

T. N. EYG(T21.0)G(Ta1)b(1,"s N*)

b(ly

LN T)

'3 V)

C?(ng)b(l1'; N'Yo(ly; N)

T. N, E)G(Ta3,0)G(Tx)b(l'; N')

T)(I T N)(ll'
0 0 0/\0 0 O 0

N E)
0 0

L b }{L’ L'
L' KJLE L

([2’ l» E)
0 0 0

L' }{ 1 1 K
N 11 N T

1 &4 NN/l 1 T\¢y4' N EN(l' T E
(0 0 0)(0 0 0)(0 0 0)(0 0 0)
’ ’ L 4 I
L'+l,+l«{ L' b } K 1 1 }
T N {L’ N T
T N\/L' & EN({L N E)
(0 0 0)( 0 0)(0 0 0)(0 0 0
(1)1+,,+,2{L 3 tg}{ﬂ L' 12'}{1 1 K}
N K I'f\E N Lf\L N T
W1 NN/ 1 HN\/1 L T\(1 T N
(0 0 0)(0 0 0)(0 0 0)(0 0 0)
N N EN(H L E
(0 0 0)(0 0 0)
L LoL

1)L+h+lz { L

I }{ L
K 1

1 2
H' N’}{

}



! ’ - e L 1] I"
~ : A [.' I I-i I.' .'\ I 1 .
_ {_1y1Fh+h 1 2
G(Tw) = (=)' {1 e .\_,}{E i _\,,J{A U }

Y1 NINR L HYN L F)l ! \)
G{Tes.0) = (0 0 o)(o 0 0)(0 0 0 (0 0 0
(.f\-" Il E)(H’ N c)
0 0 0/\o0o o

0
G(Tes) = (_I)L'+z.+r,'{ L,- h 12}
y {L’ I, N.}. ‘
E H N
We have also defined:
= Solpn, M Gz é+ d(8) - 2)
2 = Ja(pas, Mz Gia €+ €'(3) — 2)

fza = 2J2(ﬂ12,11’112;612|;&+C'(-':)"2)+JI(F[I»-"’IH;Glll)’f(}‘ll-é'i'c'(i)+3)

YT = MYt
Y1 = Jolpor, May; Gan; €~ 1)
Vs = Jalpas, Mos; G € —7)
b6 = 2Ja(pan, Maz; Gony; € — 7)) + J1(ptar, Moy Gan)n{pen + 1,6 = 2)
T = Tatrtre
(12) HE:
We split H}} into two parts:

HY = HY + HE,
where
HE = o' Vi(@ MG ) + (G DG o)
HE = 3a'Vim (@ 7Y@ A7 o).
(a) HE

AEIR — —la"é .6 Z(1+(—1)"')(—1)"+3'+J{D LY J}
b T Tt MMy & S L K

x (Y LIRO LS5 @ &) F1S)
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with
. 1 I
R[h} = \7;-—?_3—[1’@ V—_»]U\).

The orbital part is

ot oK) s el L' K L\,
(PR A RIS = (07 (5, o 3 )b,
where
U(121) = SVER 1l by L1, 1 L)

D= iTerm(i)
i=1

Term(1) = Zcoe(S,-)b[wl(pu, MG A+1,B-1,C4, B)
=1
+ @1 (3, Miz; Giar; 4, B, Ci &, B)
+ Ji(p, My Gia)Dif(A+ 1, B — 1 A, B

Cv &v B;w(p'll - 25“"(#11 + 1) —'2)]

Term(2) = —6Zcoe(3{)[‘u71(#uaMn;Gm;A+1sBaC;&uB)
=1

@1 (13, Mra; Giais A, B +1,C;5 &, xé)
+ Sl Mu;Gu)Di(A+ 1, B A, B+ 1;

09&7 6?‘-"(#11) —2':“"(”'11 + 1) “2)]

Term(3) = z‘:coe(S;)cA;;(i)

i=1
Aq(d) = 2wo(p, Mi; G A +1,B+1,C = %4, 8)
+ wo(mz, Mia;Gia; A+ 2,B,C — 24, 8)
+ wo(p1z, Mi3; Gia; A, B +2,C — 2; &, B)a C=0

As(i) = 2=y(ps Mi;GuiA+1,B+1,C =24, 8)
@1 (pt1a, Mh2; Gro; A+ 2,B,C — 2;&, 8)
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+ x;(ﬂ]g. .‘"[13: G];“: AB + 2. C - 2:(:\. .'})

il
!
I

— Al MG (s + L.C+ 3V +n-204.B.C). C
2= (i My G A + LB+ 1.C = 2:4.9)

a(firze Mia; Gias A + 2, B.C = 24, 3)

®2(tti3s Miz; Gz A, B+ 2.C = 26, 8)

12Dif(A+1,B = L A, B; C. & Brw(pn) = 2w(pn + 1) = 2)

[
(2]
——

-,
e

Il

%DIf(A = 1, B+ 15 A B C.d Biwl(pn) = 2wy + 1) = 2)
(Mm+r+ 73)Iu(un+l)-'.‘('4’ B8.C), C ?{- -

+ 4+ + 4+ o+

Term(-'l) - ZCOC(S.‘)[W:[([IH, ﬂ'[“; Gng; A -+ 1, B - 1, (:': 6\’, B)

=1

+ @iz Mig; Gra; A, B, C; &, 8)
Jg([.l“, .n/[n; Gug)Di[(A -+ 1, B - l; A, 13;
C,&sﬁ-§w(ﬂzl) =2 w(pn +1) —2)]

Term(5) = bc'w (g1, May; Gy} @, b, & s,a,ﬁ)
— Bmy(par, Mar; Gonn; 8,0+ 1,6 =5
4+ bc'w(fan, Maz; Gomza — 1,6+ 1,& — 5&,[3)
—  Bc'w1(iaz, Mag; Gazi; @ — 1,b+2,& - 5, &, B)

Term(ﬁ) ‘A= 67:’1(#211 M2l; G'.HZ; && Bs‘: - 5; 6’1 B)
+ dwi(pas, Moy Gonaia — 1, b+1,8—5;&,A)

Term(7) = <d'As
A; = 2@5(pa1, May;Gani @, b+ 2,6 — T3 &, B)

@apiaz, Maz; Gaz; & + 1,0+ 1,6 = 7; &, B)

@223, Mas; Gany; @ — 1,b+3,6-T; &,3)

vsDif(@, b;a — 1,5+ 1;& — 5,&, Bjwl(pn + 1) — 2,w(pn) — 2)

vDif(@ — 2,6+ 2;& — 1, + 1;& — 5,& Byw(pn +1) — 2,w(py) — 2)
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+ (va+ s+ Yol loguy-2(@ — 1 b+1,6—3). &#3.5
BA: = 2z (pm, M2iGans @b+ 2.8 — T &, B)

+ =i pt2, Moy Goia + 1,0+ 1,8~ T &, 8)

+ @i(pron Magi Gasi @ = 1, + 3,6 - Ti6&,8), é=3,5.

Also,

My = min{ly+0'+1,L+0L"+1)
Mz = min(h+4'+2,L+15)
My = min(l + L\ L+ 5"+ 2)
My = min(ly +4' +2, L+ L' +2)
Moz = min(h + 14 +3,0+ L' +1)
Myy = min(l+ 4" +1,5L+5L'+3)

Hi; = w(M.-j)—Z?., i=1,2, j=1,2’3

A = &+d@)

B = b+¥(:)

C = é+c(i)

coe(Si) a'(z) | ¥(3) | €(2)

d@+1+)=L'th'+1) | -2 0 -3
—a[2(a’ +1) + ¢ -1 0 -3
o' 0 0 -3
d(d+1+4a) 0 0 -5
—a'd -2 2 -5
—a'd 1 0 -5
a'cd -1 2 -3

The angular coefficients are:

Gui(E) = ;(T,HsE)G(TmO)é(Tu)

Gua(E) = YT, H, E)G(T11,0)G(Tu1)b(lo; T)
TH

G(E) = S.(T,H,E)G(Ti2,0)G(Ts2)
TH
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Gua(E) = S (T.H. E)YG({T1a.0)G(Ti3)

TH
Gin(E) = 3 _(T.H. EYG(Ti. 0)G(Tia)b(lz: T)
TH
Gan(E) = 5 (N H.T H.EYG(Ta.0)G(Ta)2b(1's )
NUH'TH
Gnax(E) = 35 (N H.T. U EYG(Tar.0)G(T2)2b(1"s N'Yb{ly: T)
NH'TH
Gan(E) = 3 (NLH.T.H.E)G(Tz.0)G(Ts)2b(L's N
NUH'TH
Gan(E) = Z (N's H',T.H. E)G(T23~O)G(T.‘:t)?-b(ltfi N%
N'H'TH
Gun(E) = 3 (N'.H'.T.H.E)G(Tx.0)G(Ta)2b(1)'s NVb{1x: T)
NIPTH
with
(1l L H\(1 L T ,nr 2r1-:)
G(Tu,0) = (0 0 o)(o 0 0)( (0 0 0
: v [ L0 1.. " ' 2
— (1 \1FLHL 1 K
G(Ty) = (—pmesw {02 { ! }}
(1L T 1'1*}1)(I HF(_ ZE)
G(T1,0) = (o 0 0)(0 0 0 0 0 0
R e [ L L YL L L T
— 1YL+l + 1 2 1 2
G(h) = (177 2{}1 1% 1{}{; L 1}{ H .’r}

G(Tl3a 0)

Ge)s b o)( o o)
G(Tis) = (‘1)"%'{1[} jé L}{E IPII I, }{ : h}

L1 N L1 H 1
G(Tzho) = (6 0 0)(8 0 )( h

1
L
H
0)
(1 L T)(N’ H L‘)/H' '. E)
0

X

0 0 0
. L L L
— 1y 1 2
G(TZI) - ( l)l 2{1 f[' NI} E !If
_oh 1 N’)(I{ H’)(l t, )
C(Tm,0) = (0 0 0 0/\0 0 O
E)(H’ ly E)
0 g 0
lx

1
0 0
" (1 T H)(N' H
0 0 O 0 o0 it ,
A ~ (L ! L 4 L'if1 1 K
G(Tzz) = (_1)1+L+11+12{H Ll" J; }{1 f}' ;'}{[1 H T}
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L H 12}
E II' N

f
1
_ LY 1 ON'N\/L 1 H'N/D b T)
i(T2,0) = (o 0 0)(0 0 0)(0 0 0
(l T H)(N’ I8 E)(H’ i E)
0 0 o 0 0 0 0 0 0
N e (L L LY(L 4 L'yrl 1 K
oy _ IR R E 7 AR T 1 2 1 2
G(Tw) = (1) Z{H K L’}{l H N'}{lg H T}
9 {L’ I8 H}
£ H' NJ
We have also defined:

N = 2h(pn, M G € = 2) = Ji(pns Mus Gunp(pn +1.C + 3)
Y2 = Jalmiz, M2 Gi2s € = 2)

Y3 = Ja(pz, Mig; Gras © ~ 2)

Y = 2a(p2, May; Gon;€-7)

Y5 = Ja(prz2, Mag; Gom;€—17)

Yo = J'z(#::za Mog; Gogy; € — 7)-

(b) HE:

0o 3 > . L' S’ J
AEID"" = —adé_].]'én,f My (—1)h+L+b +J{ ,}
S JMa ; S L K

(' LIRP LS5, @ & |1S)

X

with
RH) = ViZFo AR 7,)
The orbital part is
(FYS ROV = (E (5, o )Ua2aD,

where

U(122) = SVAR ¥ 1l b L, ', 1, L)
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and

FOI.‘ .’l,'j(l),

Ta(k)

A;(1)
Ay;(1)

A;;(1)

+ + 4+

D = Y 0P25(1) + FeoelS)Aali) + T eon(S)Aal)
=1

i=1=1 i=1

+ oA+ c’Zcoc(Q;)As + ' g

i=1

@kt M Gy A+ 3. Bl Cis &, 5)

@x(min(1a. is), max(Myz, Mis): Giay + Gisi A + 2. By + 1,.C1é B)
=r(ptra, Mg Gra: Ay, B+ 3,C1&.8)

i (min(py, fhie), max(Myz. Mig); G + Grans Ay + L By + 2.C3 & 8)
7:(0), Ci=-=2

(1) + S (ptars M Gra) (g0 Cr 4+ Sy =2 + 1. BL Gy + 2)
7(en +1,Cr + 5) ugu41)-2(AL BL + L1 +2)],  Cr = —4

= Ti(2)

+ + +

For Aq(i),

Tx(k)

Do(3)
Ao(3)

n + + -+ 1

+ o+

mDif(A; +2, By — 1; Ay + 1, Bi; C1 + 2,6, Brw(pn + 1) = 2,w(jn) — 2)
1aDif(Ay = 1, By + 2 Ay, By + LGy + 2,6 Biw(in) = 2wy + 1) —2)
(m+v2+w)Dif(A1+ 1, B AL B+ 15

G +2,&,B;w(#n) -2wlpn+1)-2), Cr#-4,-2

@iy, Miy; Guz A +3,B - 1,C; &, 8)
Z(min(puz, ms), max( Mz, Mig); Gizz + Giszs A + 2, B, C; &, B)
@x(min(s, te) max(Miz, Mig); Graz + Gros A+ 1, B+ 1,C; &, B)
w14y Mia; Grizs A, B + 2, C; &, B)
T>(1), C=-4,-2
T2(2)
7DIf(A+2,B—2A+1,B-1;C +2,& Biw(pn +1) = 2,w(pn) — 2)
11oDif(A = 1,B+1; A, B;C + 2,&, B;w(pn) — 2,w(pn + 1) — 2)
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+ (vt + DA+ 1,B-1;4,B:
C+2,6 Biw(in) = 2wpn +1) =2), C#F—4,-2

Ts(k) = we(min(uyy, s, i), max(Myy, Mg, M) G + Gis + G
A+3,B+1,C-2&8)

+  wr(min(p2, s, pres f112), max(Mya, Mys, Mig, Mii2); Gzl + Gisy

+ Gi+GLnA+2,B+2,C—24pb)
@ (min{pg, fie, fr10), max(Mia, Mig, Miro); Gia1 + Gier + G103
A+1,B+3,C—2;4,8)
k(1 Mis; G A, B+ 4,C = %&,8)
(s Mz Gimy A+ 4, B,.C — %&, 8)
As(i) = Ty(0), C=0
Da() = Ta(1) + 24 (g, My Goa)n(pen, € + 3ugun-20A+ 1, B+ 1,0)

= Ji(pan, My Guan(pna + 1, C + 3) L 4+1)-2(A, B+ 2,C)

= Ji(paa, M G n(pen + 1L, C + 3) g +1)-2(A+2,B,C), C=-2
T3(2) + Men(t11, C + 3)ouyy-2(A — 1, B+ 1,C +2)
(11, C + 5 )-2{A+ 1, B=-1,C +2)
(ms +2ne)n(en + 1,C + 5} (uy +1)-2(4, B,C + 2}, C=—4
T5(3)
&Dif(A+2,B—2A+1,B —1;C +2,& Bw(pn + 1) — 2,w(pm) — 2)
(€ +&)DIf(A+ 1, B = 1; 4, B;C +2,& Biw(pn) — 2,w(pn +1) = 2)
(& + & + &)Dif(A, B; A= 1, B+ 1;C + 2,4, B;
wlpn +1) = 2,w(pn} —2)
+ (G +&+&+EDIEA-1L,B+1;A-2,B+2C+2,&5;

+ o+

Ba(2)

+ +

Aa(7)

+ 4+ +

wlp) = 2,w(pn +1)=2) -
s
+ (Zgi)Iw(#ni'l)—'-'(A'_ 2,B+2, C+ 2)7 C # 0,-2,—4

=1

135



()

For .5..1 .

Ti(k)

Ay

Aq

For As,

Ts(k)

+

+ +

nm 4+ 4+ |

+ + +

T (min( gz pos o) emax(May, Mag, Man): Gy + Gas + G
a+2,b+2.¢-96.8)

@ (min(pag. fas, foos tare)s max{Maa, Mas. Mg, Maa): Gany + Gang
Gao+ Gaynid + 1L+ 3.6 —9:4.3)

= (min(gag, fas, f210) max(Maa, Mag, Maro): Gang + Gagy + Gaao:
a,b+4,&~9;&8)

i paay Mag: Gaz @ — 1,b+ 3,8 - 9: &, 8)

@i (par, Maz; Garya + 3, b+ 1,6 —9; &, B)

Ty(1), &é=5,T

To(2) + v n{pn + 1,& ~ 2 oy, 41)-2(@ = 2,0 + 2,8 = 5)

Yean (gt + 1, € = 2) Ly, 41)-2(8, b, & — 5)

(Y20 + 2720 )0 (p11s & = Dy y-2(& — 1D+ 1,6 =5), &=3
T4(3)

€10Dif(@ + 1,6 - 1;a,8;& = 5, &, By w(pn) = 2,w(p + 1) — 2)

(66 + £10)Dif(a, Bi@ — 1,b+ 18— 5,6, Biw(pu + 1) = 2,w(pn) - 2)
(s + & + E1o)Dif(@ — 1,b+ 1;@a — 2,b + 2:¢ = 5, &, B;

wlpn) — Z,w(pn +1) —2)

(€6 + & + Es + E10)Dil(a — 2,0+ 2;a — 3,0 + 3,8 - 5, &, Bs

wlpn +1) —2,w(pn) —2), €#3,57

@i(par, Ma; Gans @ + 2,0+ b(3) + 1,6 = T3 &, )
wi(min(paeg, pas), max(Mag, Mag); Gogy + Gasrs 2 + 1, b+ b(i) + 2,
¢-T7;4,B)
w(min(pzs, f2s), max( Mo, Mag); Gaar + Gasrs &, b+ b(3) + 3,
é-T;&8)
@e(p20, Mag; Gaans@ — 1, b+ b(i) +4,& — T; &, B)
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As = Ty(l), &=3,5
Ay = Ti(2)
+ yuDif(@+ 1L+ b();a, b+ b(i) + 1;
&~5,& Bwlun) = 2,w(pn +1) —2)
4+ (You + ¥24)Dil(@, b+ (i) + 1;& — 1, b+ b(3) + 2;
&= 5, &, Brwl(pn +1) — 2,w(pn) — 2)
+ (Fan + Yau F Y25)DI(@ = 1D+ b(3) + 2& — 2, b+ b(i) + 3;& — 5,&. B;
wlpn) = Z,w(pn +1)=2), &#3,5

For Ag,
To(k) = @alpar, Mar; Gnoi@ + 2,6,8 = T: &, B)
+  wi(min(pae, pos), max(Maa, Mos); Gaze + Gasz @ + 1,5+ 1,
&-T;&4)
+  wr(min(paa, pag), max(Mas, Mag); Gasz + Goeo; @, b+2,
é-T;& )
+  wlptas, Mas; Ganz; @ — 1,0+ 3,6 — T3 &, B)
A = Te(l), &€=3,5
D¢ = To(2) .
+ 7eDif(@+ 1,b— 1;a,b;6 - 5, & Brw(pn) — 2,wlpn +1) = 2)
4+ (Yar + ves)Dif(&, b6 — 1,6+ 1;6— 5, &, B;
w(p + 1) = 2,w(pn) = 2)
+ (Yor+7es + 720)Dif(@a — 1,b+ 12— 2,5+ 2,8 - 5,&, 3
wlpn) —2,w(pn +1) =2}, ¢#3,5.
Also,

X
N

min{ly + ' + K+ 1,L+6L'+1)
My = min(h + 4 + K, L+ 1)

My = min(hL+4'+1L,L+0L +K+1)
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Mo
M“llz

-

Hij

min{/y + L L+ L'+ N+ 2)
min(lh + L'+ 2. L+ L'+2)
min(f, + '+ L.L+ L'+ 3)
min(h + 4+ KN +2. 5L+ L)
min(l; + '+ K+ L.L+ L'+ 1)
min(fy + L' lo + '+ K)

min(ly + 4+ LLL+ L'+ K +1)
min{l; + I/ + 3.l + &' + 1)
min(l, + I}’ + 2, L + L'+ 2)
min(ly + L'+ K +2.L+6L'+2)
min{ly + ' + K + 1, L+ L'+ 1)
min(l; + 4L +2, L+ L'+ KN +2)
min(ly + 4’ + LbL+ L'+ K +3)
min(fy + 4" + 3,0 + L'+ 3)
min(ly + 4 + 2, L+ L'+ 1)
min(ly + ;' + K + 3, L+ L'+ 1)
min(ly + L'+ K + 2, L+ L' +2)
min(ly + '+ 1L, L+ L'+ +1)
min(hy + 1"+ 2,6 + b’ + K +2)
min(l + 4, + 4,0 + L' +2)
min(l; + ;' +3, L+ L'+ 3)

w(My) =2, i=12, j=1,---,12

A = a+d()

B = b+ ()
| C = ¢+c(7) -
A = a+d(i)

B = b+¥()+4()
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C, = &+ c(7)
OE;) = coc(Sijcoe(Q;)
coe(5;) a'(i) | ¥{7) | ¢'(i)
dd+1+)=-0L'L"'+1) | -2 0 -5
—-a[2(a’ + 1) + ] -1 0 -5
a’” 0 0 -3
did+1+a’) 0 0 -7
—a'd -2 2 -7
—-a'c 1 0 -7
a'c -1 2 -7

coc(Qi) | b(z) | (2)
b

-1 0
-5 0 0
c 1 -2

The angular coefficients are:

Gu(E) = Y (T,N,A,E)G(T11,0)G(Tn)
TNA

GuaE) = Y_(T,N,A, E)G(T11.0)G(T11)b(I2; T)
TNA

Gin(E) = Z(Ta N, EYG(Tha, O)G(Tle)
TN

Cu(E) = T%: (T, N, A, E)G(T13,0)G(Th3)
A

GISQ(E) = Z (Ta -Ns Av E)G(Tlih O)G(TI:S)b([?; T)
TNA

Gui(E) = Y (T,N,A, E)G(T14,00G(T14)
TNA

Gua(E) = S (T,N,A, E)G(T14,0)G(T14)b(lo; T)
TNA

Gisi(E) = 3 (T,N,A, H,E)G(Tu5,0)G(T15)2

TNAH

Gis2(E) = Y (T,N,A, H,E)G(T15,0)G(T1s)2b(l; T)
TNAH
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GuelE) = S (TN A HEG(Te MG(T6)2
TNAH
Gu;‘:(E) = Z: (T. .\" .\. 1{. ]‘:)(;('r"'““)(t‘( -[‘“;)2()(12: ?‘}

TNAH

GiE) = (T NAEG(Tin 0OG(Ts)

TNA

Gis(EY = (TN AE)G(Tix 0)G(Ths)

TNA

G(E) = Z(N- E)C(TI1)~0)(.:(’I'I£I)

hi

GriolE) = Z(Te-‘vsl\-E)G(Tx.m-o)é(’rl.m)
TNA

GialE) = X (TN AH, EYG(T 00 0)G(T 11)2
TNAH

Giri2(B) = 3 (VN AH, EYG(T) 42, 0)G(T 12)2
TNAH

G211(E) = z (N’,H’,T,IV,A,E)G(T-_)l,O)é(Tm)?.b“l’;N')
N'H'TNA .

Gua(E) = 5 (N, H',T,N, A, E)G(Ta1,0)G(Tr)26(1y"s N'Yb(l T)
N'H'TNA

Ga(E) = 3 (N',H'T,N, EYG(Ta2,0)C(Taa)2b(1y"; N')
N'H'TN

Gan(E) = 3. (N, H'T,N,A,E)G(Tas,0)G(Ta)2b()'; N')
NHITNA .

Gaso(E) = 3. (N, H,T,N,A, E)G(T, 0)G(Tpa)2b(1)"s N')b(12; T)
N'H'TNA

Gor(E) = 3. (N, H',T,N,A, E)G(T24,0)G(T24)26(1y'; N')
N'HI'TNA .

Gua(E) = 3. (N',H',T,N,A,E)G(Ta,0)G(T2a)2b(L"; N')o(l; T)
NIH'TNA
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('-'.'.’.lr[':) = Z (.\'l. ]!'. T‘. .\-. .\. ![. E)G(T'-)-F“0)(-.;(7:25)‘11)([1’:‘\-’)
NIPPTNAH

(;252( L} = (.‘\". H.T. N A, E)(_;(T:_.:._ 0)(.,'( T.‘.—v }‘lb“l’; ‘.\-1)’)(!2: T)
NUPTNAH
Cir(F) = S (NLHL TN ACHE)G(T26. 0)G(Tag)J4b(Ls N)
NUPTNAK
CurlE) = 3 (N H.T.N.AH.E)G(Tas, 0)G(TasMb('s N)b(1e: T)
NYH'TNAH
GorE) = 5 (N.H.T.N.A E)G(Ter. 0)G(Taz)2b(1's N')
NYH'TNA
G'.‘S(E) = (.‘\,”, ff". T’ j\"’ A E)G(Tgs, O)G(Tgs)gb(!1’: “\H)
NTH'TNA
Gx(E) = z (J\“! H'. N, E)G(Tm,O)é(ng)Qb(ll'; .J\,-r)
N'H'N
GolE) = z (N'H'\T.N,A, E)G(T= 10, O)G(Tg,m)‘Zb(!I’; NY)
NUPTNA
Geni(E) = S (NLH,T.N.AH, E)G(T2a1, 0)G(Taa1)db(k's N')
N'H'TNAH
Gai(E) = (N, H', TN, A, H, EYG(T3 12, O)C;(Tz,u)‘ib(ll'; N
N'H'TNAH
with

1 1 K\/1 &L T\/K 1 N\/L N A
G111, 0) = (o 0 o)(o 0 0)(0 0 0)(0 0 0)
5 (1; A E)(l;.’ T E)
6 0 o/\0 0 o
Lo L
}{ N 1}
AT

s
o = (34 6§ D65 DE T DE D
G(T) = (-1yires{ o 3,

}{ g
L N

C(Tn) = (—I)IH"'“:H—.»{ L

N L'



G(T13.0)

G(Tia)

G(T14.0)

G(Ths)

G(T15,0) =

G(Ts) =

G(Ts,0) =

G(Te) =

G(Ti7,0) =

G(Tv) =

G(Ts,0) =

X

(

1

(o
(s

L+l r[.
(_I)H- + 1

(
(

(

1 K
00

r

1 1t K

0 0 0

¢
0 o)

)6

L' I E)
0 0 0

_q)het’ {

0 0 o)l

L
A

l
0

Lo T\/L 1 N\/T K A
0 0 0)(0 0 0)(0 0 n)
L' \ E
(5 o o)
l :._\1{1.' oL ORI
T NJLE A NN N T
Lo T\/1 K N\/T N A
0 0 0)(0 0 n)(n 0 n)
L' A E
(5 o o)
L LY(L 4 LYyl 1T
K L'}{E A I.}{N A I\'}
L, T\/ly, N HN\/T 1 A
¢ 0)(c 0 0)(0 o)

(11’ H E) (L_" A E)
0 0 O
’ L L L L [~
1L Lt 1 2 2
(=1) 2{5 A }%’\‘){1 ,\.}
L N T
K 1 1
)\I H Il L' H A
( I s T)(I, I H)(T N :\)
0 0 0 0 0 O 0 0 O 0 0 0
(l; H E)(g' AE
0 0 0 0 0 0O
i f L L YN T L L i L
_\IELH b 1 b
(=1) '{E A H}{ig A T}%:(A‘){l AN
{1 1 K}{L L K}
H )\ H X A
(1 1 I\')([; 1 T)(I' 1 N)(T N A)
0 0 0 0 0 B 0 0 0 0 0 0
(1,’ A E)(!{ L E)
o 0o 0/lo o0 o
(—1)L+L'+h+l:'{L L [2}{14' ' [2'}{ L 1 T}
ALK E I A N A K
(1 1 K)(l; 1 T)(T K N)(lz 1 A)
0 0 O 0 0 0 0 ¢ 0 0 0 0
([1' N E)(lg' A E)
0 0 O 0 0 0
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i b (L L LY(L W LY(L LK
vorpe - _ 1+ Ll 1 - - 1 -
G(Tw) = (=1) {1 A 7'}{5 A .-\'}{.:\-‘ T A}

11 KN(k K N\ E)(z; N E)
G(T19,0) = (0 0 0)(0 0 0)(0 o o/ o o o
Fopr RIS TYRS N PR ¢ }{L' L' 12'}
G(hy) = (-1) {N ¥ LIVE N &
e _ 1 1 K L 1 T 1 K N ., N .’\)
G(110:0) = (o 0 o)(o 0 0)(0 0 0)(0 0 0
(1,' T E)(l-;’ A E)
o 0o 0o/ 0 0 o
- L L L L Il [2
G(Tia0) = (—I)HL'H‘“’{E '\ ;,,} K 1 N
! L' T A
) 7 T)(l ] N)(T N H)(If. 1 A)
G(‘F‘-”’O)‘(ooo 00 0/lo o o/lo o o
(1,' H E)(t; A E)
o o o/lo o o

L L b

- e (L0 L YN 11 A
C(Tin) = (—1)‘*"*‘°{ \ }{ } B
E A H LW H T ' H A

_111T11NT1H)(12NA)
G(T,12,0) = (0 0 0)(0 0 0)(0 0 0/\0 0 O
(11' H E)(Iz' A E)
0 0 0/\0 O O
. RS O A A N L bk
G(Thys) = (_1)1+L+l;+!2{E ;\ I:;'} (_1)A;(J\1){N 1{ A}
A
y {1 1 N}{AI T 1}{L M A}
L A TJl1 K HJ\H L' K

G(T=x,0)

Il
VN
="

-
o
o Z
—
N
on

-

11)(1 I T)(KIN)
0 0/\0 O O0/\O0 O O
E
0

2 S
— (_1YhH 1 e
G(Tw) = (-ipe{Y 1, N,}
H
0

G0 = (B0 (%

~— l'ql'“'
>

f—-’"—\

"’h—v—-’

'( I(l[-,
0000



G(T20,0) = (

G(Tzs) = (_I)L-}-L'-{-I"{

{L' N A
E H N

G(T24,0)

G(T24)

G(T,0)

G(Tas)

X

{

X

(s
0

X

(!,' 1
0 0

(_1)1+L'+h +l='{

{12 1
N A
(1; 1
0 0

(Tl
0 0

N 1
{A:H
L1
(6 o
T N
(o o

t
0

4

_,.\r)
0 0

e
R .
0
0 0
AN
0 )( 0

N’) L'
0

o)

NI
0

In N 1 1
(‘1)'{1,_ AT

el

A

N

L 4 0
1 A N

I :\") (
0 0
1

(T K
0 0

AY

0

Iy
N

0

L
l

)

0

H
H

o)

HT

L'

0

1
0

L b
T N

LI
E
L
H

o o)

H
H!
L
A

144

i’

A

i

0
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H
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Iy
0
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Hi
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0
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0

H

1 N)(l

0 0 O

F )
0

He

1 K
0 0

NOE

0 0
Lot
N

Y }
H N

E
)
Loy
1 A
1 1
H X

N

)

I\
HoN'J

(o
H

Ly

Ly

)
Nl
K
LS

T

T
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}

t
0
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0
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N
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)

)
)
-
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L
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IR N VA /AW B B A4 T)(f\' 1
((Taz,0) = (0 0 0)(0 0 0)(0 0 0)(0 0 0 0 0
y ('1' N A)(.f\” A E)(H' I E)
0o 6 0/\0 0 0/\0 0 O
" L L LYl 4 L'yh VT
g - T+ Ll 41" 1 2 1 2 1
G(Tx) = (1) {.,\ L [{}{1 H 1\"'}{-’\" A K}
L' A b
X {E H' N’}
o _ (o N')(iz’ 1 H’)(l 1 K)(h 1 T)(T K
60 = (g o 0)(6 0 0)(o 0 0)(s 0 0){o o
(12 1 A)(N' N E)(H' A E)
00 0/\0 0 0/\0 0 0
o (L 4 [2}{1,' I’ 1-_.'}{1, L K}
G(Ts) = (-1)’{1 A TIL1l H NN T A
x L ‘N; Al}
E H' N
. (L1 NN 1 HNYN/L 1 K)([:z K N)
G(Tw,0) = (0 0 0)(0 0 0)(0 6 0/\0 0 O
y (N' hL E)(H’ N E)
0 0 0/\0 0 O
- L L LYW W\ (L L N
_ L'+ 1 b 12 !
G(Tn) = (-1) I{N K L’}{l H N’}{E H N'}
_ (W1 NN/ 1 HN(L 1 K\(L 1 T\(1 K
G(T210,0) = (0 0 0)(0 0 0)(0 0 0)(0 0 0)(0 0
y (12 N A)(N' T E)(H’ A E)
o 0 0/\0 0 0/\0 0 0
L L 1
L WYL T A L
G(Tg‘lo) = (_1)11'{"!2 { 1 , -" }{ ' ; } I\' 1 N
1 H NJVE H N[)y o
A N’)( 1 )(11 1 T)(l 1 N)(T N
G(T'~'-“v°)—(o o/\o o o/\o o o/lo o o/\o o
y (12 f\)(v' )(H’ A E)
0 0 0 0 0
- :L’I'L. 1 1\fL H A
_ ! i
G(Trn) = (-1)? 1 H N’}{l: H T}{E H N'}
L L ©h
X K 1 1
L' H A
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G(T212)

X

DG DE L D6 N6
D
e 4E B S peon

{ }{ 11 .'\"‘L{,\l T 1 }{ L N A
N 1\ 4\1 [§ Il 4\1 T J i N i H L' K J )

We have also defined:

T
T2
T3
Ta
¥s

Yo

Tz

--

e =

+ +

s

= Japtr1, Miy; G €©)

= Ja(pz, M2 Gr2i; C) + Si(pns M Guddn(pn . C + 5)

= Jo(miz, Mz Gras €} = Ji{pens A Guan(pa + 1.C +5)
= Ja(pray Mii; Grar: C)

= Ja(prs, M15; Gisi; C)

= Ja(pre, Mg Gre1: C)

¥r = Jalpir, Mi; G C)
Y = Jo(pizy Mz Grai €)
Yo = Jalpia, Mra; Giaai €)
o = Ja(p14, Mra; Graz €)
e = Japis, Mis; Gisa; €)
Tz = J2(pes Migi Grezs C)

Ja(py1, M3 G € = 2) + Jo(ptans Mins G € = 2)
Jo(prs, Mig; Gis; C — 2) = Ji(pn, Mus; G )(pen + 1,0+ 3)
J2( 12, Mi2; Gr21; € = 2) + Ja(pr15, Miz; Gisr € — 2)

Jo(p19, Mrg; Gro; C — 2) + Jo(p112, Mirz; Gra2; € = 2)

221 (pr1, Mu; Gann)n(pn, € +3)

J2(p13, Mha; Grar; € — 2) + Jo(p16, M1e3Grar; € — 2)

J2(#110, Mu10; Grao; € — 2) — Ji{py, Miy; Ginyy(pnn +1,C + 3)
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“f1n

o

Y20

Yor
Y28
Yo

“Yao

;ﬁ:‘n

‘an

+

+

o+

+ 4+ 0+

Ja(pra, Mt Gras € = 2)
Jo(peyz, Mz Gt C-2)

Jalpay, Mor; Gagyi € — 9) + Jalpos, Mas: Gogi €~ 9)
Ja{ 21y, Moyy; Gani €= 9)

Ja(ptan, Maz; Gan; € — 9) + Ja(pas, Mas; Gasii¢ — 9)
Ja(pt20, Mag; G293 é — 9) + Jalpt212, M212: G225 € = 9)
Ja2(p23, Maz; Gos € = 9) + Ja(pze, Mosi Gaari € — 9)
Jo(u210, M210; G2.10: ¢ — 9)

Jo(p24y M2g; G2 € = 9)

Jo(ptar, Maz; Gars€ = 9)

Ja(p21, May; Gapg; €= 1)
Jo(paz, Maz; Gay; € ~ T) + Ja(ptas, Mas; Gas13€ = T7)
Jo(pan, Mog; Gaz; € — 7) + Jolpogy Mag; Gari € —T7)
Ja(pe24, Mas; Gan3 €= 7)

Jalpor, May; Gy € — 7)
Jo(pr20, Man; Gana; & = T) + Ja{ptas, Mas; Gasa; € — T)

Jo( 123, Maz; Gaga; & — T) + Jo(ptas, Mag; Gaea; € — 7)
Jo(pag, Mag; Gag2; €= T)

Ja(pans M Giag; € = 2) + J3(pu1s, Migi Grs; € — 2)

Ja(g111s Mi; Gin € = 2) + nen(pn, € + 5)

Ja(pr2, Mra; Giar; C — 2} + Ja(prs, Mis; Grsis € — 2)

Ja(p19, Mrg; Gro; € = 2) + Ja(p112, Mi12; Grazi C — 2)

(ms + 2ne)n(p11 +1,C + 5)

Ja(p13, Mhs; G € — 2) + Ja(pss Misi Grer; C — 2)
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+ S(pie Vi Gran: C =2 + nan{pn . C + 5)
& o= J:;(}l:.;. M Gl-ll: = _2)
&= ol MG C = 2)

S = Jalpn Mot Gans € = 9) ++ Ja(prass Maxs Gasié = 9)
+  Ja(pan. Mo Goaié = 9) + yoan{pon 4+ 1.6 = 2)
& = Ja(ptan, MoatGoas @ — 9) + Ja(piase Mast Gangi ¢ — B)
+  Ja(ptas, Mans Gaoi € — 9) + Ja{ptman, Morni Gaguié = 9)
+ (20 + 2y2 )01, € = 2)
£ = Jslpaz, Maa; Gaars € = 9) + Ja(piag. Mag: Gagri € = 9)
+  Ja(p210 Maro; Ganoi € — 9) + van(pu + 1,6 = 2)
& = Js(#z-n May; Gan; €= 9)
&10 = Ja(ptar, Maz; Gazse = 9).
(13) HE:
AEY = %a“ B1rSatag,, S (—1)FHASH { g T !{ }

N
LIRS LUS 8 @ &2]Y5)

X

with
. | - .
RE) = T—s[Vz ® V;]“‘)

The orbital part is

L KL

f] ! (K) —_ [N
(F’J’;h'!z'L’IRQ |Fyl}:dl,zfa) - (_1)1 M (_M.r Q M

)U(l:})D,

where

1 . i
U(13) = 5(-1)’* V2K + 1(ly, b, L L B L)Y

D= z?:Term(z')

i=1
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il

Tertn{l) = ele = ) 2=q ;. M Gryra+ 1. b+1.6—T1a.3)
+ wolpa, Mo Gy a4 2, b.é—Tia.3)
+ wolpy, Ma; Guyyab+2.6-T6.3). =5
Term(1) = cle—2)R= (1, Mi;Grza+ 1,0+ 1.6 — T3 &, 8)

+ w,(u-_',M-_,;Gz,;&-i-ZZ,b,E—T;d,ﬂ)

+ wips, Ma:Gay @, b+ 2,8 — 11 &, B)

= Ji(p, My Guomli + 1, = 2o 1@ b, = 5)], &=3

Term(l) = cfc— 2)2walpr, My;Graza+ 1,6+ 1,&— T3 &, B)

+ walpn, Moy Garja + 2,56 — Taﬁ’)

+ walps, Ma; Gay; s b+.2,c 7; &, )

+ 71Dif(d@+1,b- 1;a B w(p) — 2,w(m +1) = 2)
+ -yal)if(a-1,b+1;&,5;5-5,5,E;w(y,)—2,u(m+1)-2)]
+ fc -2l LL)Can(a, b, &, B; &, U, &, B

E=5Siw(m +1) = 2w(p +1+L)~2)
+ (3L ) = F( L D)) a1y -2(E, B, E = 5; &, )]
x 6(Xg,1)6(X.,1), &#3,5

Term(2) = be[wy (1, My; Guza+1, b—1,8—5;&, B)
=1 (3, M3; Gy @, 5,6 — 5; &, B)
Ji(p, My; Gn)Dif(@ + 1,5 — 1; 8,5, ¢ —
w(n) = 2,w(pm +1) = 2)]

+ +
PI
Fa

Term(3) = acfm(p1, Mi;Gnzé—1,b+1,&— 5;&, B)
@ (2, Ma; Goy3 &, b, & — 5; &, B)
Ji(pr, My; Gy )Dif(a — 1,0+ 1; 8,56 — 5, &
w(p) = 2,w(p + 1) = 2)]
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Term(d) = —nc[:,(m..\h:(?”;c}.ix+l.:"—:'):('\.‘:f)

=1 ta. MaiGoyia + I.E:.c" - D1 a, :;)

+ +

JUn My GoDIl(a b+ ia + ke = 5.0, 3

() = 2 + 1) = 2)]

or

Term(5) =3c= (1. My: Gryiéa + 1 b & = 514, 3)

'..T,"l(‘[tg. .’1!'3: G;nlf-l. Z) + 1.é =510, .:)')

+ +

(1, Mi;G))Dif(a@ + Lobsa b+ 136 — 5.6,

w(p) = 2wy + 1) = 2)]

Term(6) = cmi(p, Mi;Gisa — Lb+ 1,& = 5,4, 5)

e (g, M3 Gy a + 1. b — 1.& = 5;6. )

cw (min(pa, g3), max(Ma, M3): Gaa + Gy + Gt a, b,é— 5; &, B)
edy(pa, My; G)Dil(@ — 1, b+ 1y a,b;¢ = 5.6, 3;

+ + +

wl) = 2,w(n +1)-2)

+ ei(pr, My;Gra)Dif(@ + 1,b — L&, b ¢ — 5,6, 8
w(p) = 2,w(m +1) = 2)

+ £ L) Can(a, b, &, ;& V&, B é — 5;
wim +1) = 2ow(p + 1+ L) = 2)6(Xp, 1)6( X1, 1)

Term(7) = wl(,u,,Ml;abGn+bG|2+aG.3+G,.,;&—l,i)— 1,&—3;&,[3)
— (g1, My;eBGy + BChp3d — 1,b,6 - 3; &, )
— @i, Mi;baGhy + aGlig;d b — 1,E - 3; 4, B)
+ wl(pl,Ml;c;ﬁGll;&,E,E—3;&,5")
+ [n(h'l'Lk;eb)Canla —1,b-1,4,8;a - 1,V - 1,&, &~ 3;
w(m) — 2,w(m + L) = 2)
+ 7(l'L'Ll;eB)Can(a —1,b,& Bia — 1,0, &, 86— 3;
wlp) — 2,w(pr + L) — 2)
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Also,

-+

T 5([1'['1'! !.., f;n)(;.—tn(a

hb=1.&.83a

wlp) = 2,w(py + L) = 2)

('L s aB)Canla, b, &, 3;&' 8, &, B8 — 3
wlp) = 2,w(py + L) = 2)]6(Xp, 1)6( X, 1).

ﬂ’!l = min([1+ll'+ 1,[2+!2'+1)
+4L'+2, L+ 1)
M; = min(l, + L+ L' +2)

ﬂ/['_, - min([l

B o= w(M’,-)—..

The angular cocfficients are:

with

1=1,2,3

Gu(E) = 3_(T.AE)G(T:,0)G(Th)
TA

Gia(E) = Y(T,AE)G(T1,0)G(T1)b(L1; T)

TA

Gis(E) = (T, A, E)G(Ty,00G(Ty)b(ls; A)
TA

Gu(E) = 3 (T,A,E)G(T1,0)G(T1)b(h; T)b(lz; A)
TA

G(Tla 0)

G(Th)

Ga(E) = Y (T, A E)G(T:,0G(T2)
TA

Gn(E) = 3 (T,A E)G(T2 0)G(T2)b(; T)
TA

Gu(E) = J.(T.A,E)G(Ts,0)G(T3)
TA

Gn(E) = S(T,A, E)G(T3,0)G(T3)b(T; A)
TA

_(1111‘)(1
= \0 0 0/\0

— (_1)1+L'+lx+lg {

Iy A)(h T E

0 0

L’hIg
E AT
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GI2.0) = (0 0 0

1 b
oo = (5 5

We have also defined:

14 T)(

~ IR Y 2 FAS HT N 3.9 L L b }{ L f:' 1-"1
&T) = (-1 { J

T)(l T .\)(1,' 4 l-:)(t-.’ A l-;')
0/\0 0 O 0 0 0O 0 0

G(Ts) = (—1)f=+f='+~{ﬂ h f:}{u L' 1-.-'}

1T .\)(1.' A 1-.')(1._.' I 1-:)
o0 o/\o o o/\o o0 o

E LA\

ALK

AR U

nh'L'hh) = 2&(p, M Guié=7) = L MGy + Le = 2)
nll''hl) = Jo(pa MGz =T) |
(LG ) = Ja(ps, Ma; Ga3¢6—1T7)

T = ntrtn
Jh'LLE) = AWL'L'LE) + (L )
EL'L'LL) = Jlp, My Grz) + N, My Giz) + Ji(pa, My Gn)
+  Ji{pa, Ma; Gar) + Ji(pa, Mas; Gaz)
L) = &L L)+ E(LT'LL)

a1 (Ll [ a; ab)

a2o(l'ls L1232 B)
aa{ly' ' 11 1y; be)
ALY T
i (§' G ) 1g; ab)
72(l' i lil2; a3)
ra(li' ' [ Iz; bex)
AUY IR

(14) H}:

abJy(py, My; Gy ) + bJi(per, My Gh2)
aJi(pr, My Gia) + S, Mis Gua)
—aBJy(p1, Mr; Gn) = B, My; Giz)
_baJl(FITMﬁGH) — adi(p1, My; Grs)
By (1, My; Gr)

a1 (1Ll s ab) + o, (L'l ' bl ba)
ool 'l s a ) + aa( 'l ly; ¢ 3)
aa(ly' ' s bar) + oo Ly ba)
a(li'l'his; af) + Qa(lz'fl'lzll; pa).



First of all, one should decouple the spin part from the original operator because

it is not in the form of (&, - O, (&2 - O2). Let
A= G- {Fx [5G - (Fx V1)|Va). (A1)
Since
Ga {F X [61 (71 Xx V1)|V2} = &2+ {Fx [F1 - (72 % V1) Va}
G2 {(Fx V)61 - (71 x Va)]} = 52 {71 x [61 - (72 x V1)]V2}
+ G {Fax[dr-(F2x 6'1)]62}
(G2 (Fx V2)|[51 - (7 x V)] = &2 - {71 X [61 - (72 X ¥1)]V2}
+ [61- (72 x V)][62 - (72 x V2],

pN
il

fl

Il

thus, onc only needs to consider the following operator:
B = ;- {Fl X [51 -(ra % V-}1)162} = Uziéijkhja'lsEalmf‘ztalmazk

= G uf.'jkﬁa:m?'zz("z jalm)azk = 0’2."71scsjkésxmf‘ez(almru - 5mj)azk

= (O14CstmT2t01m ) (O2i€i671;021) — 02:01,72002( 61 63t — E1t6is)

=[G (72 x V)|[G2 - (7 X V)] = (52 72)(&1 - V) + (51 - &) - V)
Substituting the above expression into Eq. (A.1) and using 7 = 7} — 72, one obtains

A = [5G (Fx V)6, (Fi x V)] =[G+ (72 x V))][2 - (F x V)]

+ (&2 F)E - Va) = (1 - &) Va).

After interchanging 7 and 72, and &, and &; in the first and third terms and neglecting

the last term which is proportional to 7, - &,, one arrives at the expression of
A =2 <[5 Fx V)G (F2 x V3)] = [61+ (2 x V1))[F2 - (F x V)]
+ (& -7)(F:- V), (A.2)

where = means that Eq. (A.2) is used only in the calculation of the energy splittings.

Finally,

Hp = Hp"+Hp*+ Hp®, (A.3)
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where

HE' = —ima'=[d (7 x SII6: - (7 x T
HY? = -%a-‘% Gy (R x ))[F2 - (7 x V)
HE® = %a*;l;(al cF)(Es - )
Thus,
ABY = =i, D=0N s E © A1)
16 = S L K
X ((YLIRWDINLY + (' LRRM) L) + (' LN ER ) L))
with
RM(1) = %[(Fx V1) @ (7 x Vo)tV
RFN2) = %[(‘ V1) ® (F x Va)]t¥)
R9E) = -=ff e I

The orbital part is

2 ! LKL
(FYM L RSVNFINLL = (-1)L-M(_ : )U(“)D

=1 M’ Q M
where
U(14) = 3V2K + 1(h, b, L1, I, L)',
and
Z’I rm(z).
i=1
For Term(1),

Tl(k) = wk(w(M(ll + 11')) -2,M(l + [1');3:31(!1'12'[1[2; E);
a,b,& - 5;&,B)
+ we(wML+ 4L+ 1)) =2, M4 4+ L' +1); Q4L E;
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i=1.b+1.6=56.9)

4 omple( ML+ L+ 1)) =2, MG+ L+ D (B LG EY:
a+1.b=1.6=54.3)

~ @M+ 1Y) = 2. M + L)' L B
&b é-56"3)

— =ML+ L+ 1) =2, M + 6+ 1): (8" L5 E);
a -1, +1,6-546.3)

— mlw(MG + L+ 1) =2 ML + 1+ 1): Qa4 L E);
@+ 1 -1.¢6~54&.58)

Term(l) = T(0)8(Xr.1)6(X.1). €23
.-\f([g-f-h'-i-l)
Term(l) = [Mi(1)=-2 Y  GAns(h'L'hb)n(h + 4"+ 1.8
E

x I'---'U:+~'1'-f-l)-—:!(¢‘I - 1,?)— 1.¢— 3)
Al +1"+1)
+ 2 3 GAn(EWhk(h+6L'+1.8)
E
X Lnanren-2(@ =LY =1, = 3))8(Xp, 1)6(X.1), 1KEL2

]

Term(1) = {Ty2) + 72(L"L'LY)Dif(a,6 - 2;6 — 1.b— 1: & — 3, &, B;

wh+ 1) =2 w(h + 4 +1)-2)

+ (L'l bh) + n ELE)Di(a - 1,6 = 1:6 — 2.5;6 — 3,&,53;
wh+ 0 +1)=2.0(h+4)-2)

— (il LL)DIf(E . - 2d - 1,0 —1;6-3.&, 5';
wlh+ &)= 2wh +6L +1)-2)

— (B Lh) + (L L L) Dif(E — 1.8 — 18 — 2,86 - 3,8, 6
el + 5L+ 1) =2w(l + 1) =2)

+ [0l L) + (L' L) + 12(L' L )] Can(a — 2,5, &, 8;
& =206, 855 3wl + 1) =2, w(h + 1) - 2)}

x &§Xp,1)6(Xz.1), é=0.
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Term{2) = 0.

For Term(3).

Ta(k) = eme(w(MG+ L) =2 MG+ 1) Qui + 2006 = T16..3)
+ emelwMG + L+ D)) =2 ML+ 0+ 1D:Qa + Lb+ Lé—Tia, 3)
+ em(w(ML+ 0N =2 ML + 4 Qa b + 2.6 — 7160 3)

Term(3) = T4(0). ¢=5
Term(3) = T3(1) = (3. GAr2)nl + 1 & = 2y w2l boé = 5),
© 3<e<
Term(3) = Ti(2) + cwaDif(a+ b= lia, b:& — 5. 4. 3
wlh + 4+ 1) =2l +4")—2)
+ o(ys +v)Dif(@.bd — 1, b+ 16— 5.4.53
wh + LY =2, wh+4"+1)=2)
+ [eSi(L'L' L) Can(a — 1, b+ 1,6,8;&" — LI + 1,8, 3
E=Swlh +4'+1) 2w+ L' +1)=2)
+ Silb'h'Lh)Can(a+ 1,5 — 1,4, 8;a" + 1,0 — 1,&', 8%
e=5Sw(ly + L'+ 1) =2 w(ly + L'+ 1) = 2))6(Xp, 1)6(X), 1),
E<2.
For Term(4) + Term(5),
Tes(k) = (I L, ', Vo', B} = S(L 0V ' 3 o)

with

=L L, d 6. 8 =

am(w(MG + 4 +1)) =2, ML+ 4" +1): (b’ L) d - 1,b+ 1, = 5,6, 8)
—aw(w(ML + L'+ 1)) =2, M(h + 1+ 1); Q6L W) @b+ 1, = 5; &, B)
+hm(w(M (Il + L) = 2, ML + 0): (L' L' L); &,0,& - 5; &, B)
—Bm(w(M(L + 1)) =2, ML + 1,); Q' L) a,b + 1,6 — 5;&, )
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ezl ML +07)) = 2, MU+ 1) (W' h )i 4 b é = 51 &, )
—a::'k(u;(M(l] + ll')) -2, .’1’!(!‘ -+ 11’): Qs(!l’lg’lxlz)l a+1. i).é - -'-J: &. 5‘) +
’)‘.:’k(b.)(."‘/f(h + [1,+ I)) - 2, Jlf(ll -+ l|'+ I);Qﬁ(lg’ll’lgl;)la + 1.?)— l,é- 3

Term(45) = Tus(0)8(Xr, 1)6(XL,1), &3
Term(45) = Tus(1)8(Xr,1)8(XL,1), 1<E<?2
Term(45) = {Tus(2) + avs(l'l'Llo)Dif(a — 2,58 — 1,b— 1,6 — 3. &, 5;
wh +4) =2l +4'+1)=2)
— aw(l'L'L)Dif(a@-1,ba,b—1;6-3.& 5
wlh +4") = 2wl +4L'+1)=2)
+ bs(l'l' LI)Dif(E,b - 28— 1,b— 1;6— 3,4, 5;
wli + 4 = 2,w(h + 4" +1) = 2)
~ Byl L4)Dif(E, b~ 138 — 1,56 — 3,&, B;
w(lh +4") =2, w(h +4"+1) = 2)
~ ap(l W LL)DIf@E ~ 2,858 ~ 1,8 - 1;6—3,&, B
wh+ L) -2 wh+6L'+1)-2)
+ oye(l'L'LL)DIf(@ — 1,858, 8 — 1;6 - 3,8, B
wh + &) =2 w(l +L'+1)—2)
— bW lLL)DIf(E, b — %8 - 1,6 - 1;6— 3,8, B';
wlh + 1) = 2wl + L +1)=2)
+ Byl LL)DIf@, B - 1,8 — 1,836 - 3.&, 5,
wlhi+ &) =2,wlh+L'+1)=-2)
+ [eH L' L) + bH (L'l bh)]Can(a — 1,6 - 1, &, B;
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W

-1 L& e =+ + D) =2+ L+ 1) = 2)
- aHWL'hL)Can(a.b— 1.a. 34 6 = 1.a8". 316 = 3

W+ + D)= 2elh + 0 +1)-2)
— SH(L'LL)Can(a — 1 b.é. 3id" — LV &' 36— 3;

wlh + 0"+ D) =2l + L'+ D) =28 ( N DN D). é=0.
For Term(6),

To(k) = acmi(w(M{l +4) = 2. ML + ') GAogz b+ 2.8 = T2 & )
— acmplwMG + 40N -2 ML+ 1) GAean a + L b+ 2.8 — T4 )
+ (a+ Deme(wMGL +0) = 2. ML + 4GB b+2.6 = T 6. 8)
— acmp(wMU +4)) =2 ML + 1);GBrza+ 1,b+ 2.6 =T34, )

Term(6) = T4(0), é=25
Term(6) = Tg(1), 3<Lc<d
Term(6) = To(2) + [(2e + Doy (Li''hk)Can(d — 1,b+ 1,&, B;a' — 1,0 + 1,
&, Fre—Swlh + 40"+ 1) =2l + 1 +1) =2)
- 2aem(L'LLL)Can(a, b+ 1, &, 3;&, 6 + 1,6, 8%
E=Siwlh+ 0+ 1) =2 w(ly + &' +1)=2)
+ (2b+ Dem(L''bh)Can(@+ 1,b- 1,8 8;& + 1,6 = 1,&, 45
c=-Swlh+4'+1) =2 w(l +L'+1)-2)
— 28em(bL'l'LL)Can(a + 1,5, &, B3 + 1,6, &', B3 & — 5
wlly + 4"+ 1) = 2wl + I’ +1) = 2)]6(Xp, 1)86(X,1), <2

For Term(7),

Tr(k) = w(wML+1') =2, ML +1);,GB; A, B,C; &, f)
Term(7) = icw(Ags))Ar(i)+§:A7
Ad) = THO), Cz—2
As(i) = T(l), -4<C<-3
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Here,

T-(2), C< -3
[Ala, b o, B; ) ns(l' ' hla)Can(A — 1. B ~ L&, 3;& + '9(7) = 1,
F+b90G) - 1,&.85C+ 2wl + 4+ 1) = 2.w(l + L +1)=2)
A(b,a, B, 05 1) 13l Ll )Can(a + 8¥(:) — 1,6 + a'(2) — 1, &, 3;
&+ 60 = 1,F +a®() - 1, &, 85C + 2

wlh + 4" +1) = 2wl + &' +1) = 2)]§(Xr,1)6(X2,1), C < -5

0, otherwisc.

M(3)

20, i=-cven

= 19, i=o0dd

A = a+a®()
B = b+ b9()

C = &+cd90)
coe(AM) | aM(z) | 8(3) | M(3)
ab -1 -1 0
—af -1 0 0
—ba 0 | 0
afl 0 0 0
ca -1 1 -2
ch 1 -1 -2
—co 0 1 -2
—cf 1 0 -2
cle—2) 1 1 -4
coe(A™) | 6@ | 2)(3)

b -1 0
) 0 0
c 1 -2
coe(AY) | e®)(E) | ()
a -1 0
- 0 0
c 1 -2
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coe( A 1 a¥(i) | ()
ac 0 )
—Ck i .2
cle—12) . -1
coe( A | p3) | t®)h)
(5+1c | 0 2
—cB 1 2
c=2) 1 2 N
CDC(AEB)) a(t“)(i) b(ﬁ)(i) C(m(i)
(a+1)b 0 0 -5
—bor 1 0 5
—@+1)B| O© 1 5
af 1 1 -5
cb 2 0 -7
(a+1)c 0 2 T
-t i 2 -T
—cf 2 1 -7
clc—2) 2 2 -9
coe( A | 89 | (i)
b 0 -5
-8 1 -5
c 2 =T
coe(AY) | a®(3) | B(3)
a+1 0 5
—a 1 -5
¢ 2 -7
coc(Af”) | 693 | (i)
be 1 -7
—fe 2 -7
cfc—2) 2 -9
coe( A | a00)(3) | 10)(4)
(a+2)c 1 7
—ac 2 -T
cfc—-2) 3 -9 :3]'\;
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coe(AMY) | a1 (g) | BON(1Y | 15
ab -1 1 -5
—bo 0 1 -5
—a 3 -1 2 -5
a3 0 2 -3
cb 1 1 -7
ca -1 3 -7
—cox 0 3 -7
—cff 1 2 -7

clc—2) 1 3 -9

coe(A) | 607)(3) | (i)

b 1 -2
-8 2 -5
c 3 -7

coc( AP | a®)(3) | 3)(3)

a -1 -9
—ey 0 -3
c 1 -7

be 2 -T
—Be 3 -7
cle—2) 4 -9

coe(A{™) | al9)(3) | 1%)(3)
(a+1)c 0 -7
—ac 1 -T
c(c—2) 2 -9
coe( A} | a(3) | 9(7)

a 0 -3

—a 1 -5

c 2 -7

The angular coefficients are:

GAm(E) = 3 (H,N,T,A,E)G(T An,0)G(T Ay)b(Ly; T)b(lz; A)
HNTA

GAR(E) = 3 (H,N,T,AE)G(T A12,0)G(T Ar2)
HNTA
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GAE) = 3 (. N.TAEGT A 06T A0 T)
HNTA
GAuaEY = X (H.NTAEYG(T A Q)G AT )
HNTA
GAxs(E) = 3 (H.N.T.ALEYG(T A0 0)G(T Az )b(las A)
HNTA
GAma(E) = X (H.N.TAEYG(T An . 0)G(T Az )b{ 1 TYh{ 2 A)
HNTA
GAx(E) = 3 (H,N,T.A,E)G(TAp, 0)G(T Az)
HNTA
GAza(E) = 5. (H N, T A EYG(T Ay 0YG(T Aga)b( 1157
HNTA
GAwa(E) = 3 (H.N.T,AE)G(T A2, 0)G(T Aw)b(T3 A)
HNTA
GBu(E) = Y. (H,N.T,AE)G(TB,,0)G(TB,)
HNTA
GB2(E) = > (H,N.T,A,E)G(TB,0)G(TB)b{( 115 A)
HNTA
GBw(E) = Y. (H,N,T,A,E)G(T B, 0)G(T B, )b{l; T)
HNTA
GBu(E) = Y. (H,N,T,A,E)G(TB,,0)G(TBy)b(H; A)b(lz; T)
HNTA
GBs(E) = Y. (H,N,T,A, E)G(TBs,0)G(T Bs)b(lx; T')
HNTA
GBsi(E) = 3 (H,N,T,A, E)G(TBs, 0)G(TBs)bo(ly; A)b(lz; T)
HNTA
GBn(E) = > (H,N,T,A, E)G(TB;,0)G(TB;)
HNTA .
GBn(E) = > (H,N,T,A E)YG(TB:,0)G(TB:)b(T; A)
HNTA
GCu(E) = (T, H, EYG(TC, 0)(TC,)
TH
GCul(E) = %E(T,H,E)G(TC,,O)C'.'(TC‘)b(z',;’f‘)
TH
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GC.(E) = éZ(T,H,f;‘)G(Tcg.O)G(Tcg)
TH

We first define the following operator:

CIEED D 25 3535 35 35 3 (SN 1) | (A1)

mim2 my'my! Bru2 @102 16 TV The

( 1 1 f\')( 1 1 1 )( 1 1 1 )
o op2 0J/\oy o = /\O O —p2/)’
then,

1 H\(L' 1 N 11,T)(112A)
G(TAn,0) = (o 0 0)(0 0 0)(0 o 0/ o 0 o

X(HTE)(NAE)
0 0 O 0 0 O

G(TAn) = @(—1)“"*“'+m:'+m='+1+<( h'o1 I{)( L1 N)

-my o n/\-m) 0, ¢

(1 L T)(l I A)(H T E)(N A E)
x
g my T/\0 my A n T € v A =—-c

(41 HN\(L' 1 N IIIT)(lle)
G(TA;2,0) = (0 0 0)(0 0 0)(0 c 0/\0 0 O
9 (H T E)(N A E)
0 0 0/\0 0 O
lmlm"' ¢ I' 1 H 12' 1 N
G(TAp) = H(_I)M-*-M+ 1" +mz'+1+ (_;n]’ o T])(—mz' 9, V)

X

(1 L T)(l l A)(H T E)(N A E)
0 mi T/\02 ma AJ\n T € v A —¢

_ (W1 H\(L 1 N/l L T\(1 T A

G(TAmeO)—(o 0 0)(0 0 0)(00 0)(0 0 0)
X(HAE)(N l2 E)
0 0 0/\0 0 0

G(TAwm) = l:"J(—l)M+A"+"‘1'+m:'+r+u( L'o1 H)( L' 1 N)

-m' o1 7 -ms 6, v
" (1 L T)(l T A)(H A E)(N I, E')
o2 mp—=T/\O2 —1 A/\7 A e/\-v my ¢
L' 1 HN\fL' 1 N\/1 L T\/1 T A
CTAw0) = (0 0 o)(o 0 o)(o 0 0)(0 0 0)
‘ 9 (H L E)(N A E)
60 0 ¢ 0 0 0
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G(T"il-l)

G(T."gl, 0)

G(T An)

G(TAT.“. 0)

G(T Ax)

G(T Ax, 0)

G(T Ax)

G(T Az, 0)

G(T Aza)

' 1 1 H L' H N
(-1 M+M+-r+l( )( 2 )
U( ) oy 0, n/)\m n v
(1 i T)(l T A)([l' A E)(N 18 E)
g My T 02 -7 A m|’ A C v 1mq [
(1 1 H)(Ig' H N)(l IZ.T)(I T A)
0 0 O 0 0 0/\0 0 0/\C O O
([1' L E) (N- A E)
0 0 0 0 0 0
_ M4+M'+r414m) +A 1 1 !I)( 12' [I N)
H( 1) (U] 01 n mg’ n v
(1 lp T)(l T A)([; L E.')(N A E)
Oy Mo T 02 -1 A ™m -m; ¢ v =X ¢
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pa—
Ll

A

1Tt

(1
a2

(IIH
00 0

11

T

-~

)(ln

o)

)

(v

1

0,

H
0

N )
o)

—my’

W

l' 1
eg|
}H

(l L
0 0

H
i
Iy

i
0)(
0

H
n
T

T

I

H
Ui
T
.

r11
0

71
0

1
0

N
12

N

I

N

I

E

4

2
0

)

Ly

0 0 0

T A

)

N

! l .\» )
n -_-' 01 1’
N N K )
I
A

)

0

A
b I\ <

)

17

A

- 4\

_1\MEARN 1 1 [I) ( ['_"
EfJ( 1) (0'1 o, )0
(1 L .T)(l Iy ,\)(11

Ga ™My T 0'_- M A nh
(1 1 H)(l;\' H N)(l I8

0 0 0 60 0 0 0 0
(5 5 0)@ o o)

0 0 0O 0 0 0

el 1 H ) ( L'
H=1 ( or o n/\md
(1 [1 T)(I [2 A)([lf

O mi 7/\o2 my A/\m
(1 1 H)(lg' H N)(I L,

0 0 O 0 0 0 0 0
(ll’ A E)(N Iy E)

0 0 0 0 0 0

)(o o o

)

e

J



aprp _ I 11 [! l ['_1 T 1 T .\‘)(1 [[ .\)
CrB,0) = (0 0 0)(0 0 0)(0 0 0/ 0 0
y (z,' A E)(z._,' N E)
0 0 0/\0 0 0

AL I R | 1 L T
g - _ MM ldTdne 1 2
Grs) = - (om0 )(o e 7)

Tita 7
(l T N)(l i A)(ll' A E)(Ig’ N E)
X
oy =1 v/]\oy = AJ\my" A e/J\m) v -—c

(1 L HN\[1 L T)(l T N)(.-\" 1 A)
G(T8,0) = (0 0 0)(0 0 0/\0 0 0/\0 0 O
. (11' H E)([g’ .’\ E)
0 0 0/\0 0 O

G(TB.) = &J(__l)M+ﬂ-!’+r+u+:(1 4, H)(l l2 T)

0, mi n/\0 ma 7

(I T N)(N 1 A)(!;' H E)(Ig’ A E)
X
g, =T U —v o A/J\m 7 ¢ ma' A —e¢

(1 4 T)(l 2 N)(1 T H)(I i A)
0 0 0/\0 0 0/\0 0 0/\0 0 O
g (zl' A 1-:)(12' N E)
0 0 0/\0 0 O
G(THBy) = L—l_-J(—l)M"'-"""i'ﬂ-n-i-C(l &y T)(l [ N)

0 m Tv)J\oq¢ ma »
g (1 T H)(l H A)(Il’ A E)(!z' N E)
6 -7 n/\e2 =g AJ\m X c¢)]\m v —e¢
, 1 &4 T\/l &L N\/1 T H\/N 1 A
G(TB,0) = (o 0 0)(0 0 o)(o 0 0)(0 0 0)
« (1,' H E)(lg’ A E)
0 0 0/\0 0 0

1 \M M 1T darte 1 ll T)(l 12 N)
k-1) (s,

m T/\oy mg v

. (1 T H)(N 1 A)(Il' H E)(lg' A E)
0, =1 np/\=v o2 A/\m{ 7 e/\m) A —¢

1 L, T\f1 1 HN/H T N\/1 L1 A

¢ 0)loo 0)(s o o) s o)

L' A EN{L' N E

(0 0 0)(0 0 0)
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G(T By)
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G(TB;) = H‘J(—l)-1!+.\f'+m;'(012 [y T)(I 1 H)

m: v /\ey oy

(H T .-\') ( 1 .\) ( L'oN !:') ( LN I)
X
7 ot v /)\es my N\m' M —my v

Lo TN/ U HNH T NY/N 1\
G(TBs,0) = (0 0 0)(0 0 0)(0 0 n)(n 0 0)
([,' L E) (1._.' A i-:)
0 0 0 0 06 o0
At mtf 1 1'-' T 1 ! i
G(TBs) = L'H(_I)“’+"+l+ l (02 Mo T)(O'l 0, ’l)

. (H T N) (N 1 A)( L' l, E) ( L' A K
n FT v v oa AJ\-m m my N ¢
_ {1 4 T) (1 1 H) H L NN/ T A
G(TB:.0) = (0 0 0/\NO0 O O (0 0 0)(0 0 0)
9 (11' A E) (12' N E)
0 0 0 0 0 0

G(TB:) = L‘U(—I)M‘*“'*‘*"‘*Ht(l I T)(l 1 u)

02 my T T 0 ! )

( H L N)( 1 T A)( L' A h')( L N E )
x
- M2 Vv or =T AJ\my’ N ¢ my p —¢
A1 4 TN/ 1 HNrH L NN/N | A
G(TBs,0) = (0 0 o)(o 0 0)(0 0 o)(o 0 0)
. (11' T E)(!z' A E)
0 0 0 0 ¢ 0
_ M4M bndrdc 1 11 T)( 1 l l!)
Lt'( 1) (02 my T o O
N (H s N)(N 1 A)(l,' T E’)(I{ A E)
- my v \-v o A/\m’ T ¢/\mp’ A —c
(Y L TN T HN(W H E) (lz' Ly L)
G(TC:,0) = (0 0 0)(0 0 o)(o 0 0/\0 0 0

. vt (L L LYCL L LY 1 K
R RY 2 T AZ S P 1 2 i 2
GTC) = (-1) {H L 1\'}{»3' IR I-l}{!: H T}

(L1 TN(1 L H (z,' H E)(t; T 13)
G(TC,0) = (0 0 o)(o 0 o) 0 0 0/\0 0 0

- LJ 1 ’ l ! L [l [2
G(TC,) = (-1)’*”*“*’*’{ . ?} K 1 1
E T H T

~—
S

G(T Bs)
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V(L' L' Ly = GAna(h ) + GBu (WL L) + GCu(l'l )
+ GBI L)
(L) = Gl L) + G Bay(l' L L)
QL) = QL L) + QL L)
Q'L L) = GBu(l k') + GO (WL L)
Q'L L) = GAmall'' L) + GAva(l L)
+ GAaa(l/' L W) + GBIl L) + GCal 'l L)
QW) = GAwa(L'L L) + G Azl L)
+ GBua(ly'l'LL) + GBea(l' I 1)
Qoll/ Il = GAns(l'l'lls) + G Bsa(l' 'L L)
(L L'LE) = GBua(l'lhL)
Q'L = GBu(l/'L'L L) + GO (LB L)

We have also defined:
7]([]’[2'!112) = Jz(h)(ﬁ“[(tl -+ []’) - 2, ."1’[([] -+ 11’); .(..21(11’!2'[1 12); ¢
+ Q'L L)) plh + 4+ 1,8)
E

—5)

Y0Lhk) = LM+ 0"+ 1) =2, MG+ 4+ 1); Q(W'l L 2); € = 5)
‘73(11'12'1112) = Jo (ML + 11')) =2, ML+ 11')293“1'12'11 l2):¢=T)
7-!(11,1211112) = J:(w(.M(l; + llr + 1)) - 2, AI([] + [1' -+ 1); Q.;([1'12’[1 [2); c— T)

- X CGAum(h +1.é-2)
(0l = B(M (s + 1) = 2 M + s QL s = T)
Si(h ‘Lhl) = ‘73(11'12'111'2) + 7-1(11’[2’1112) + ‘75(11'12'1112)
Te(W'l'hilh) = Jo(w(MO+4L"+ 1) =2, ML+ 1"+ 1); Qe(i' il 1); €= 5)
Y (h'L'h) = ;G-‘l:-lzul'fz'hfz)

Y(h'l'Ll) = Ja(w(MG+4"+1) =2, ML + 4"+ 1); QL' L 12); & - 5)
Yo'l L) = LM +4") =2, ML + 1);Q:(L' 'L L), &= 3)

To(h'l'hh) = Ja(w(Mh+40)) =2, ML+ L'); Qe(l' ' ); & = 5)
H(L'L'WG) = w(W B LD + 1o(l' L' L) + (i’ b))
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(W) = (ML + L) =2 MG+ 1 GAnB LD e =D
‘}l’.‘(ll’!':'!tl':) = ]:(w'(llt“ ':"11’)) —'..’1!{11 +!t’)t(l'f'l‘_-lul’l-_-'lltl-_“:f“—T\_
Ya(WL'hE) = Jalwe(MG+ 0N =22 MG+ LGB LB &+ «“"‘(iﬂ

Maboa.3it) = coef .-l,(-'“ ).

(15) H.,:

L s

3. . . "
AEC_‘O = Sza'cs_;_;ubiu‘,‘uj,(-—1)F+\ +J{ ¢ [ [J

x (Y LIROIYLUSIF)S)

with

RART

The orbital part is

oM i L =Art ]J' l L‘ -
(FYM | BOIFYLL) = (=1 "(-.w 0 n,,)ff(h)n.

where

U.(15) = _i\—é-_ﬁ_([hlzv Ls ll’s 12'? L’)IIL‘
D = Wt(#leMﬁGu;&,a,E—3351,3)
— @ (pg, Ma; aGoy + Gz — 1,b+ 1, = 3;&, )

+ om(pa, My; Gary @, b+ 1,6 = 316, 3)
+ Ji(r, My Go)Dif(a, by = 1,h + 1;& = 3,8, Brw(p) — 2wlpe + 1) = 2).

Also,

1"[1 = min(!1+[1'+2,12+12')
M2 = min(l;+!,'+1,12+12'+1)
m = w(M)-2, i=12
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The angular coeflicients are:

CGolE) = ST H EYGT.0)G(T)b{:T)

TH

CalE) = ST H, EYG(T2.0)G(T:)
TH

GaalE) = ST H.EYG(T2.0)G(Ta)b(1y: H)
TH

with

1 &, TN/1 T H\/L H 1-:)(1;
(1,0 (0 0 o)(o 0 0)(0 6 0/\0

. v (L L LYCL L
oy o\ HLAL A  H 1 {2 U £
G(n) = (=1 {1-1 L 1}{5 I, H}{

I

T

» E

o)
1 1 1
L H T

a0 = (59 0)o ¢ )5 5 0)E o ¢

PR 7B PR O
A ’ L] I 2
™Y = (=1)+h+ 1 2
G(T2) = (-1) {E T H}{;’ H 11"}
(16) [:{Z.'H'l:
1., 2 - L S;
ALz = —5140'5JJ'5A1,:11J.(—1)""‘*"+J{S .

x (¥ LIRVIVLNS1E:]1S)

with

i Y P

The orbital part 1s

'}

PVl B = (e ( o Shoae,

MO0 M
where

/s

U'(IG) = —176(11. L. L, ll'-. 12'7 Ll)l/'.‘

D = mo{py, My;Grid — 3.,8,6.8)

+ ewo(pn, Ma;Gaza — 2.0+ 1,6 — 2:&, 8).
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Also.

My = min(i+L"+2. L+ 1)
My = min(h+4"+ LL+ 4"+ 1D

e o= (M) =20 i=1.2
The angular cocflicients are:

Gia(E) = ST L EYG(TL0G(T)ML:T)

™
Ga(E) = S (T H.EYG(T2.0)G(12)
T

with

- 1 II T) (l F l’! Y |‘,I f! I':) 12’ l’-‘ i':)
G(Th,0) = (0 0 0/\0 0 0O ( 0 (() 0
. : L L L 1: Oyl 1
G(h) = ("I)HHM'“’{H L 1}{ E oL fz}{i. i ’I'}
(1 I H)(I: 1 T)(I,’ I E)(L_: T 1;')
0 0 o/ 0 0o o/\o 0o o/\o o o

r ’ ! L [ I'.‘.
Gm) = (e[ ELTEL
- E T H )

p=

Q
3
=
I

L ur
(17) H.,s:
3. cttasea [ LS
AE!:.” = _Zabé-’-"&”lh’.ﬂ ;(_1)’ i +J{ S L l\’}
x (YLIRMvL)S 7 @ 7] 5)
with
. i .
(K) = L= (K}
R r"’[r@ﬂ .

The orbital part is

A L r ]J' [’ [
(F ¥ RGP = (=" “(_M, (‘2 M)U(n)

where
U(17) = %V 2K +1(4, b, L, L, 8, L’)ln
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T(k)

=il MiGra+ 208 - 5:6.3)

b m M Gara b+ 2.8 = 516, 3)

+ omelp My Gya+ Lb+ 1,6 -5:4.3)

D = T©), ¢=3

D = T+ (.

D = T(2) 4+~ Dif(

+ wDif(a—1.b

Also,

M,

Mo

My

I

My GOl &) Ly -2(@,0,6 = 3). 1 <& 2
a4+ 1.b—liabié=3.& Frwln +1) = 2,w(m) - 2)
+

+ La.bé— 3.4, 8:w(m

= min(h+ 4+ 2,6 +10)
= min{l, + " L+ L' +2)
= min(h+L"+LL+L'+1)
= w(M)—2 i=123.

The angular coeflicients arc:

Gi(E) = YN E)G(T:,00G(Ty)
N

G2E) = (N,E)G(T2.0)G(Tz)

N
Gy(E) = 23 (H,N.E)G(T5,0)G(Ts)
HN

with

G(T..0) = (1

1 1{)(1\’ 1, N)(l{ N E)(zg L E)
o0 o/\o o0 o/\o 0 o0/\0 0 0

N ' K

G(h) = (-1)L+L'+l:'{L h b }{L' o' 12'}

G(T.0) = (1

E 12 N

1 1{)(1\' L N)(!I’ 1, E)(lz' N E)
o0 o/\o o o/ o o0 o/\o o o

my = coe{ L b B X L_,'}
ér) = 0"y & 2HE ¥ 0

1

G(T5.0) = ( .

L H)(l ls N)(l;' H E)(lg' N E)
0 0/\0 0 O 60 0 0 0 0 O

, P L L 1
Gy = (e B LB 1
3 E N H )

L' H N
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We have also defined:
Ay o= JJalp M Gre =)

2 = Jalpra. MatGaié = 5).

(18) A
- e ST
Ay = _’én.t’i-f"\“\h.\h'(_”Hﬂ +J{."~' L 1}
x (LA L7 S)
with

X Va.

s
]
:u i

The orbital part is

(FYN IRV FYLL) = (—1)"'-*"'(_f;',, [‘] :{",)msw.
where
L(18) = 4 Lole, LU b LR
D = wolpy, MyibGyy + G = 2,b— 1,56, )
— Bwolp, My; Gy @ — 2,b,86.3)
+ emolp, My Gzt = 2,b + 1,6 — 24, 3).
Also,

My = min(lh+4"+1,L+6L"+1)
mo= w(M;)-—2.

The angular coefficients are:

Gu(E) = Z(Ts ", E)G(T, 0)6'(7', )
TH

Gua(E) = 3T, H,E)G(T1,0)G(Ty)b{lz T)
TH

(1 L HN\(1 L T (11' i 5)(12'
- G(I,0) = (o 0 0)(0 0 o) 0 0 0/\0

(L
Gry = (el el | f}'
£r T H U HT

with
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