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for the particular case’ (u+k)j ="y

f QBSTRACT-

~

This dlsscrtatlon deals wlth various Tlow problems in

micropolar flulds : i o ‘ ‘ . S

l; Unsteady, laminar and 1ncompressible flows ‘of a micropolar

*

fluid ncar an accelerated infiniteuflat platc with no slip

-

or spin on’ the plate .are investigated The method of \
pcrturbation c\panSion ‘of®functions of a similarity variable

is apnlied to reduce ‘the coupled partial differential

'equations to a set of ordinary differential equation - Series”

-

solut&ons innterms of parabolic cylinder functions are “found

.}'ropecial cases of the

. flows near uniformly.and.suddenly-accelerated plates are also

B
obtained

- -

2. Steady porous plane Couetﬂe and Poiseuille flows of a -

: micropolar fluiu arc studied : It ls found for certain ranges

‘of the rate of suction and inJection that the velocity is

composed of a linear'combination aof real exponential terms

wnereas for other values products of exponentials and

sinusoidal terms ocCur provided that the material conutants

.1,

'satisfy certain inequalities

3. ‘Unsteady, -1minar and incomoressible flows of a micropolar

fluid near an accelerated infinite porous flat plate with
|

varlable sudtion are investigated Particular cases of the

'.flous near. uniformly and suddenly accelerated porous flat plates

with varlable suctfon, are studied.

. ' 111
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b, ihe uLCde flou of a micropolar fluid throuph an ellipuic

]

tube }a invcetiyated A method of successive approximatigns
is applied to uncouple the Loverning partial differential
equations "Uho equations subject to the appropriate boundary
lconditionu, are aolved using the semi- Inverse metnod The
praphq for the meen ﬂluses against eccentric;ty are draun
It is observod that tne steady flow of mloropolar fluids in

an elliptic-tubc is not secondary

5f Finally, tnc partial difforential equations governing

tne two dimcnsional unsteady flow of micropolar fluids, with

_ Ho externai foreces and no body couples are formulated

' Kampé de bériet'" (1932) method is extended to find solutions

sucn that ‘the vorticity and spin are constant along a’ stream—

line at any particular time~ Taylor s (Y923) motions of

.

'\EXQropolar fluide are studied JotiOn due to.a single vortex

and/or sRin Filamont 1s investigated A semi-inverse'solution

for fluid velocity and epin in’ tHe-case- (ui Ex)j = Y., in
”terms oF BLouLl 5 functions,is found.
] . , : ’
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CHAPTER I~ ~ = SR

INTRODUCTION - o

Section 1. Introduction to fluids ‘with.loeal effects.

Seyeral authors have'formulated rluid theories which
take, into account the micro structuxe of the Fluid
cinstein (189b) stuéied the motion of spherical particles
lmmersed in a visdcus fluid The presence of the particles

influences the oroperties of the fluiq and in particular

its v1sc03ity Ulll be lncreased

Jeffery (1922) extended the work of Einstein to the .
case of ellips01dal particles He calculated the fluid
.motion ‘in the vicinity of a suspended ellipsoid and used
the resultf>to find the increase in viscosity due to the

presence oéjtllip501dal particles in a Newtonian fluid

) He ignored particle interactions and’ observed that the increase

in Viscosity is Vreatest uhen the particles-are spherical
L)

1t is uell known that many liquids do. not move according
to- the ”aVlcP—SLOPeS'.unaLiOHS because’ of the non- spherical
structure of their molecules and thus many recent fluid

0
theories have been developed s

Oseen (1933) gave a theory of liquidq crystals in which
lthe fluid particles are not spherical According to him, .
RN e
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.

‘the forces which cause molecules to-combine So as to form

Ca liquid crystal are nob of electrostatic nature but are

molecular fOPLCS. Newton s Law of Viscosity for the stress

‘tensor does not hold for-liquid crystals Oseen assumed

that stress is a iunction of the rate of snrain and particle

: subs@ruqture L ’-‘- L . . ‘ L

Prager (19)7) conoidtred a suSpension of non- interacting
dumbbell particlcs and foﬁnd -a constitutive equation for'

the stress and an equation determining the {preferred'
| '
|

directlion adoptcd by the particles. -
. o
Lricksen (1960) Lavc a.theory of anisotropic fluids

Ericksen pointed,out that his equations governing the motion

,,.

- of a particle with a single preferred direction can be shown

to be the same as the equations obtained by Jeffery (1922)

for the . motion of' an oblate ‘or prolate, spheroid " The preferred

Efirection CoinleCS uith the axls of‘revolution of the

ellipsoid However, Lricksen‘s equations do not account for
rotation-about thls axis. Lricksen 5 equations may be |
classrfied as Lhose governing a fluid. with non- interacting
substructure "The stress tensor for anisotropic fluids is

symmetric becaust of the absence of couple stress.

© o Hand (1962) proposed a theory of anisotropic fluids in

»which thé stress Lensor is a function of the rate of the

- deformation tensor and a4 symmetric tensor describing the

microscopic structure of a fluid He- considered the fluid

\
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to be 1ncompreSSib1e and its properties independent of \_" 'ég

temperature These fluids exhibit non-Newtonian behavior : '

typical of certain higher polymer solutions The expression

for Lhe stress tensor has been written using results from the

Hamilton Caylcy théorem, This theory is shown to contain‘ “\

. Prager's (1957)'theory of dumbbell suspen31ons as a special
case. Hand compared the results of the anisotropic theory | ¢

- uith experiments on high polymers such as polyisobutylene

F i
Lringen (1966) has presented a theory of" micropolar

l'fldids. The theory of micropolar fliuids has apbeared under .

a variety ol' ndmes (Cosserat fluids, generalised fluids,‘- :

' polar fluids :..) during the past decade with a-corresponding.

R’
multiplicity of notation. Pollowing Eringen (1966), micro— '

» polar fluids are VlSCOUS fluids with five additional eoeffimients

1

of ViSCOSity when comparém»with the usual Newtonian fluids. ‘!

Tnese fluids differ -fron non—Newtonian fluids in that they

. exhibit micréZnertial effects and can support couple stresses

and’ body couples Shearing stress components 'in these fluids
_are affecﬁed by the vorticity and micro rotation of the fluid
and are no. longer symmetric. TheLimportant feature of these.
flUids is. the micro- rotation. Accordiqg to. Eringen (1966)

micro—rotation bears a resemblance to the vorticity in as,

]

' much as only those components of it are non—vanishing which

correspond Lo the non- vanishing components of vorticity and

. —-*"*r"""‘ -
they- depend upon « :the same variable on which the vorticity -~

components depend Physically, some polymeric fluggﬁ and

fluids containing small amounts of- polynieric additlves may,

4
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.

be repre enLod bv the mdthcmatlcal model underlyinp micropolar
fluids. Animal blood happens to fall into thia category. In
a series of papcra Lee. "and LrinLon (1971) have .applied the

theorv of micropolar fluids to the study of llquid crybtalo

,

and have obtalned many neﬂ'interestinp results. One ~may refer

[ 44

Lo Eringen (1960) for a detalled account of: this theory -and

.4For a derivation of the basic equationo governing the behav1our

of such a fluld

4 . .
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Secticn 2. Basic bquations of Micropolar Fluids.

\ 7'
\ k L

Th@ basic cquﬁtions of the micropolar flulds are the
" . . . - .

) [ -

' field equations, the constitutive equations, boundary

conditions and restrictions on the constitutive eoefficients.

.

'

'(i) Field Bquations. The field eqdatlons.for incompressible
o — . S

- micropolar fluids as given by‘Eringén (1966).are,

V. v o= 0 A ' : (1.1)
(h%2u+K)V(v-Jd = (p*k)VxTxv+cTxv-Vptpl = pv (1.2)
(ut8+y)Y(Y-u) - Y(VxVxQ) + Kva-—”éxg +'pg = pj Vv | (1.3)

-

. where Vv is the vélocity, Vv the micro-rotation or spin,

" o

-

p the thermodynémic_preSSuré, ? and i the pody—forée_and
;Qouplﬁ‘pEB unit mass, 'p the dehéity and j. tﬂe micro—inertia;;
}', N, K, a0, B énd‘ § haré the maﬁébialﬁconsﬁants (Yiscbsity
.¢COefficienté), where the dot signifiéS:maﬁeqial diffenentiaéion-

‘ . ' ’ Ya

) Awiﬁh‘respect to time. Thermal effe?tg hgve been neglected.

. . . .
— A . - N Lt

- . 1

(ii) Constitutive Eguations; The constitutive equations giving

t,., » the stress tensor, and., mki , ﬁ?e COuﬁle'stress_tensor, are,

- t

' S @ ‘ '
" in the Cartiésian co-ordinates, as given by Eringen (1966), .

by = (-p+dv,

>

pI8ip ¥ Uy gty )+ kv e v BEEASELS

T TS Ve 2O P B VRt Y Ve | .(1'5)
where 6 and e .. are the Kronecker delta and the
_ - k& S Tkim A . - : -
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~

]

‘alternatinu_symbol'pcspectively, and the comma denotes pertial

differentiation with respecct to a Space couordinate.c Repeated

indices are to be summed.

(iii) Boundary Londitions.' The boundary conditions of

micropolar fluids ‘at a rigld boundarv are given by Lringen (1966)
) -

v(kyat) = vy, S | .
. oo (1.6) '
B(XB,t) .= YB * . ' " ., ) L . : S ) -]

" where Xy 1s a point-on a solid.boundéry haviﬁg,prescribed

veloclty -vu-.and prescribed micro—rotation velocity_ vy, .

These COﬂdlLiOHS cvercss Lhe assumption of adherence of the

3

fluid to the splid boundary

‘ - =t
Therc have bcen other boundary conditlons, partlcular

for the micro—rotation or spin, proposed by Aero et -al (196%)

and Condiff and Dahitr (1965) As an alternatlye to (1.6)

which'implies no spin. at the solid boundary, these authors .

have suggested'that'the boundary condition in which the anti- -

szmmetricrpart of the stress is zero at wall, may be more

appnopriate in. some circumstances. Aero et al (1965)have-puﬁ 7

'd_ -forward jet another boundary condition in which the angular

t

velocity of a rluid particle 1s equal t‘gthe angular veloc1ty
of the surface.

(iv) Restrictions on Constitutive Coefficients.‘ The followiﬁg

restrictions on the viscosity coefficients were obtained piovided



that the Clausius- Duhem 1nequa11ty is Satleled locally rox

\.

all 1ndependent processes by Erlngen (1966),

(32+2p+k) 20, . L 2uk20 , g 20 .
(3at+B+y) 20, L -ysBRy < L B ) AT
. ‘ &
¢ . _ . ‘
AN ; -
& W R
' . - . . L
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. Section 3. ‘Outline of fhe present work.,
. f . ‘a . - )

. The problems inimicropolar fluids are challenging
5 because of the fact that one has to. deal with coupled non-
linear partiaL-differential equations ' It is interesting to
- studyuthc behav1our of micropolar fluids to determine if they
Tesemble Neutonian fluids or if they exhibit characteristic
non-Newtonian behaviour, In the microbolar fluid modell these

fluids have a micro- structure endowed Wlth spin 1nertia and .

a capacity “for sustaining stress and body moments. The‘

- e
Q . ) ] C

behaviour of the micro-structure is coupled to the macroscopic .
.behavidur, and vigce versa. Lrlnyen (1966) worked out in

detail the steady flow along a c1rcular channel Uillson (1969)

-

analysed several other ba51c flows, such as plane shear flow,

"'.r— r..\ ::\,L‘ N
flow betueen rotatinb cylindcrs surface wavés*and similar

properties and in (1968) the same author had studied the

stability of “the ilou of a mlcropolar fluid down an 1nclined

.-

s

. plane. The main ieature of all these investigations was the

role played by a certain combination of the parameters describing
the fluid. Uillson (19?0) investigated steady flows of the
. boundary layer type‘usinb.tne Karmén_Polhausen-method and, in-

.particular; flows in the neighbourhood of stagnation points.

.The purpose of the present work is to investigate the

generally accelerated flat ‘plate probleﬁ,rscme steady and.

e

unsteady flows with suctioen and-injection, steady flow in an.

o -

-elliptic tube, and the problem of the mostigeneral sdlutions

¢
!

4




‘possible when theyorticity and spin are constant along a'_
o ' ' ' o . <Q
| .. streamline at any particular time. L

: | In chapter II unsteady, laminar and incompressible flows.
of a micropolar fluid near, an accelerated infinite flat'plate,
with no slip or spin on the plate are . investigated ;lhe
method of perturbation expansion of functions of a- similarity _
variable is applicd to reduce the coupled partial differential ’

equations to a set of ordihary differential equations Series

f,ﬂj solutions 1n terms of parabolic cylinder functions are found

for the panticular case (U+K)j . onressions for the

fluid v01001ty, micro rotation or spin velocitv, stresses and ",

¢ ° couple stresses are obtained“' For K % 0 and vanishing
micnp—rotation our solution reduces to the classical form.

Speoaal cases of the flows near uniformly ‘and suddenly accelerated

. . !

plates are obtaincd by putting n-=~l and n = 0 respectively,
'in the accelerated flat plate problem. In the last section of
N i ; this chapter, some numerical results for different X:lues of

- parameters for a suddenly acbelerated flat plate pro lem are

obtained

In‘séption 1 of chapter:III steady porous plane Couette

"

. - and Poisewille flows=—t of a mlcropolar fluld gre ‘studied. It

is foundﬁ\Tor Certain ranges of the rate of ‘suction and

=)

‘aneCtion that the veloc1ty is composed of a_ linear combination

')

of real exponential terms//ﬁhereas for other values products
& Pl

of xponenbials and siﬁasoidal terms occur, provided that the

mamerial constants satisfy certain inequalities.
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In section 2“of chapter lIl unsteady, laminar and
incompre531b1e flow of .a micropolar fluid near an accelerated
infinite porous Flat plate with variable suction, are
investlgatcd A perturbation expansion of functions of a
dimensionle varlable is used and in thc case (u+K)J =¥,
a series solutlon in terms of parabolic cylinder functions is
B%und LXpre351ons for fluid velocity, and micro—rotation or
spin velOCity are obtained For k = 0 ‘and vanishing micro-.
rotation our solution reduces'to the classical form. In
section33 and h of this chapter, particular cases of the
flows near uniformly and suddenly accelerated oorous flab

_1-.-'

plates with varlable suction are studied N -'ﬁf

t

In chapter Iv, the steady flow of a micropolar fluid
tth%ET an elliptic tubé is investigated A method of
succedfsive’ approximations is applied to'uncodble the governing

1] . e -

partial differential equations The equations subJect to

the approoriate boundary conditions, are solved using the semi-. .

inverse method. Expressions for. fluid velocity, and tuo micro-

| rotation velocity components are obtained.' The difference

5t

‘-between'the;yolume fluxes y/tbdA and wydA in order

to estimate the magnitude‘of the first approximation to the

.

zeroth aphroximation, is found., The graphs for ‘mean fluxeé i

FO’ F, and AFQ against e (eccentricity} are drawn. It is
observcd that the steady flow In an elliptic Lube is not

secondary bu; that curves of spin velocity v = constant, and

[



¢ = uonstant are a]mllar 1n pattern to the aecondarv flow
type as obncrvgd in non- Noutonlan flulds bv hreen and

Rlvlln (1956), and in visco- elautic flulds by Lanplois and
Riviin (1963).7 | T v

In section 1 of chapter V, the partial differential

i

Cquatlona FHVOIHLHU ‘the two dlmenoional unsteddv flow oF
mlcropolar flUlda,_ulth no eﬁternal fOPCLo and no body couples
are iormulated in the Cartesian co—ordinate system. Ih.
section 2 of thls chapter Kampé de Fériet's (1932) method is
extended to Find solutions such as. the VOPLIClty and opin

are conbtant afong a otreamllne at‘any particular time In | ¢
section 3 of thls chapter; following Taylor (1923) we study

Tay lor‘" metlona of mlcropolar flulds. In section &, motion

due to a 31ng1e vortex and/or spin filament 1sAinvestigated.

A semi-inverse soidtidn forrfiuid vélocity and’spdn? in tié
ca%§d1p+%¥)j=:y ,‘intarms of Béssel's funéﬁiona; is found.
The aroolema mentionod in this chapter havc no rigid boundaries,
nence tne solutions and the behaviour of flulds do not depend

on the particular choice of boundary conditions (i.e.

" "hyperstick").



‘<. -. CHAPTER II. - |
T . .
ACCELEBQTED FLAT PLATE PROBLEM
- £ :
/ Unsteady flows of a micropolar fluid, also called a
Cosserat or polar fluid, or a fluid wlth rigid micro-

structure have been considered by several authors in the

past few years Peddieson and McNitt (1970) investigated
- - '

the. problem of the infinite flat plate, started impulsively
from rest, ard obtained a-solution good for small times

¢ and distances from the plate by truncating a series expansion

-

of the Laplacc transform of the solution in powers of dlstance,.

from the plate. _ .
Willson (19695 considered the.propagation'of plane

wave. disturbances in an unbounded fluid and also the flow

induced by an infinite plane boundary executing sinusoidal

oscillations parallel to itself ‘ : -~\,
, Allen and Kline (1970) obtained solutions ror flow in

the half- space above an Infinlte plate performing sinusoidal

.

oscillations ' . - ¢

o

Kirwan and Newman (1972). considered flow in a channel

- af unit width when the bqundary conditions are. time depengent

and examined the transition from arbitrary initial conditions

to steady flow. -

In this chapter we/consider unsteadv laninar and
incompressible rlows of a micropolar fluid near a generafly

accelerated flat plate using Eringen's (1966) theory
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Séction 1. Flew of migropolar fluids near an accelerated

[lat plate:

‘Here-ne consider one dimensional, unsteady, laminar

and incompressible. rlow of a micropolar f1uid near an

I
infinite flat plate, choosing ‘the x~axis along the flat

plate, and the y-axis perpendicular to 1t. The flow is

'independent of* =z
When "t < 0 , the flujd 1s assumed to be everywhere

_ stationary, and when t > 0 ». the plate is assumed to have

velocity u = Al ; where n is a’positiye‘integer (or
half—integer) and. A’ 1is a.constant‘ As the plate is infinitel
in length, all the variables in this problem are functions

'of Yy and .t -only.

.'. .

" The material conetants of the mlcropolar fluid namely
A, H, kK, a, B and v , the density o , and the micro=.
ilnertia j , are asaumed to be independenb of. position Ve

neglect body forces and body. couples. Setting;

-

. . - o .
Vs (u(y,t); 0, b)} V.= (0, 0, ¢(y t)) (2. 1)

~ -
b

and p = constant the equation of continuity (1 1) is
. ‘ 4 '
‘satiofied identically, and the- field equations (1. 2) and '

(1. 3) reduce to o i . - l: _

' o 2 H ’ ' ‘.
{u+x) 3_3_ 4+ x 3¢ - p ﬂ - (2.2)
3y 3y at , TN
%% Bu 3¢
Y —% -k — - 2K¢ = pj —= (2.3)
N Ay~ at
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N
._‘- '\\. ‘ . L
Lo - . L (2
Sy ‘ . : . .
e, (.' (2.5)
-3z ' : '| l\r,
1 |
The partial differential equations (2. Qﬁ*and (2 3) are to
be solved subject to thc~$ollowing initial and boundary
conditioq&
y.i 0, t<0; u=¢=20 ' .
) . ’ I s -_‘
Y =0, t>0; u=ath, 4= 0 - (2.6)
Yorde 0t > 05 a0, 40

The method of porburbation expansion of functlons of

a. slmilarity variableris appli»d to reduce the partial

.ldifferential equationu (2. 2) and (2: B)Wto two systems of
ordinary differential equationa. Series solutions in terms

of parabolic cylinder functions are then obtained for two

systems of ordinary differential equations Fer sméll

-

. Kt - . : 5
, where € = == | we expand  u and <}

0d

In‘ascending powers of ‘e as follows:

valuos of ¢

. - l ' \ ' !
R L LI {1 IR
| 1 : C | (2.7)
“*? 2 S .
¢ = Bt [go(n) + e gl(n)=+ € gz(n) + .. .01, .
wheré.an = ¥ » k = we . / : o

“ Yokt S
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It is easlily seen'that € and- n are both dimensioniess.

A and: B are. constants having the dimensions LlT'"n-1
and T n -3/2 respectively. Substituting (2. 7) in (2 2)

_ aftér a 1ittle simplificatlon we Fet

s 2 i : L] ) )
(f0+efl+s f2+...)+[(nf0-2nf0)fe(nf1—2(n+l)f1)

R e v t ‘ ;
) b Gy, e
where ,
bl = _\f2_"l"_B > - -‘ ' | - (2.9)
: AJE'

and the prime denotes dlfferentiation with respect to n

-

Identifying the coefficients of the like powers of ,e' in

(238), vie_ obtain the follouing system of ordinary differential

equations

‘1 v B .
,,fO +Infd - 2nfO =0,

oon 1 ' o t ..:;

?1 + nfy 7‘2(“+%2f1;?jb1g0 > ' :'_(2'10)
"o, "y ’ o LA . R
. f2 +nfy - 2Gn+2)f'r—"blg1 . e
< o] . ) " . . . LI . s
. Substitutlng (2 7) into (2 3) and simplifying,'we obtain

2 (2
(so+€81+€ Byt ')+52[”go-(2“fl)go+€{”gl‘(2“+3)gl?

e {ngg-(2n+5)g2}+ 1-4o (eg0+e Bytese)

.n‘k‘

2 . . . ‘ . ."..“'.
l+e r2+:..) . . : o (2.11)

)

_?.o3(f0fef
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where
S ’ 0

‘ \ y

— oy, D
b2 = k = -

Y

(2.12) -
¥ B

: and the primp denotes diffcrentiation with respect to n .
) Comparing the coefficlents of 1ike powers of ¢ in (2 11)

we obtain the following system af ordinary deferential

_equations: ; W
no o . o n
g f oango - b2(2n+;)go = prO s
" ) o ‘ ' . o “
n X r ‘ ¥ *
g, t bEnQZ._ b2(2nf5)g2 = szgl + b3§2

The boundary ‘conditions (2.6) in theé new variables become:

at n = Ooﬁ"' I"0 =ﬂi 3 go = O,
fp 70, & =0,p=1,23,... (2.14)
at = = r, =0, ‘g, = 0 , p = o,,1,-2_,...‘ '(2.15)

o~

_We need t”Solve the two systems of ordinary dinerential

eQuations (2.10) and (2.13) subject to the- boundary conditions
(2 14) and (2.15). o | , .

n

If we substitute

. 2 - L
. -n~/ A : o
foln) = Fylne 1 : - (2.16)

. v
i i .
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'THe general solutlon of (2 18) is given by

U51ng (2. 20) in (2. 16) the general solution of the first

17

in the first equation of (2.10); then F.. satisfies the

¢ 0 [N
eduetion
:“"u l N L n2 ) S ., . - v
For=4+2n+ —~)F =0 . = - . o (2.17)

2 T Ty o7 -

a

‘Urlting the above equation in the standard form of Weber s
$

equatlon, uhlch .may be found in*Whittaker and Wapson (1965

pp 347), -we obtain’

-lt l

2 . . - o )
- ‘Q + [- (2n+1) Fo- =00 o (2.18)

2 b

.2 " - ' -

Now 2n+l is an integer, hence two 11nearly independent‘

'usolutiOns of ¢ (2 18) are D 1(n) and D2n(in) o -

VI

.[Erdelyl et al (Volume II 1953,“pp 11731, bahabo%ic“cylinder

. . B )" R ~— .
functlons, where wDaLn) satisfies [Whittaker and-Watsgon

| (19553‘PP 347)1 the equetion""-'- .'j ’ .
d Da(n) : 1 )
——— + (e ¥+ = == ) D (n) (2.19)
. dn o d -

0 =& D ~2n- 1(n) +, c D2 (in) , B -(?.20)T‘

K
v

. where Ci‘ and- C2 are arbitrary constants of Integration.

of (2.10) 1s. fotind to be ) . R e y

° ' v 4 . 2 . A

R -n?/k |
fg = Cy& | D—2n 1)+ €2 IDyylin) S @2



18
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.The behaviour of" the parabolic ‘eylinder’ fUnction at 1nfinity,

is glven by the asymptotic expans&on, which may be found in

'JUhittaker and watson (1965, pp 3”7) n = =
. - 2/u
D (n) - o @y ala- 1) 4 a(a-1) (o= 2)(a -3) }
e e nil - == U
A o 2n 2. “ n R
whenfnlang n] < %ﬂ — -

‘We need to find the arbifﬁﬁry’honstants Cl and C, in

(2. 21) subject Lo the boundary conditions (2. 1“) and (2.15):

© If the solution (2.21) is to be bounded at n = = in view

3

“of (2. 22),, ue must have C2 = 0-. The .boundary condition

at n =0, gives " - : e RS
w 1' ."-. : —%* n+é : ’ )
Cl-= ‘ = F(n+l). (n) (2-23)
D on-1(0y ‘ "

phere we made use of tne formula for the series for D (z),

_which may be found in Uhlutaker and watson (1965 PR 347)

Using (2. 23) in-(2.21) and taking ° 02 = 0 , we obtain

‘ b

'fo'a P(n+1). (n) °.2 e Dyl (2.24)

%Differentiating_(2.2U){ with.respect to “'n , we get

: v & ‘1 : % T 0 /N , . L .
RS l)r(n+1)(n) B D_En(n) > (%-25) -

where we made use,of the formula Erdéiyl'et al (1953, p. 119),
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g e -~ -nén -
. g;[@‘ D 5,y (M] = (-l)e _ D;2n(n) - e L (2.,26)

o . !
Using (2 25). in the rlght hand side of the first of (2 13),

we obtaln_

. 7 - '. i 1 -

" ' —1/2 n+?2 -n /ll .

SO bengo—b (2n+1)r"0 =-=b (TT) .2 e - _2n(n)-(2.27)
— . k 5. . .

The homogeneous differehﬁial equation of (2.27) is .
" : t 1 : . !

R

In (2.28) let the equation be written in the form

-~ d%g, dg, . . , . .
L 52+ n—0 _ (en+l)g, =0, - C o {2.29)
b, dn dn : : ! '

2 dn”, | L

and let ¢ = n\/b2

2 : ) o : e
d_go . dgo : 7
then +og—= _ (2n+1)g0 =0 . o +{2.30) .
: dag df : . S
1l 2 ¢ S .-
_ a3 . o K :
How let 89 = Gy e , o . (2.31)
then . v
" B -~ ' ‘ , .
8y + [-2n-3 —‘lEBJGo =0 ' (2.32)
. e 4. : - ‘;-‘I_ : .

. equatlon, we - obtaln

1
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‘"' T 1 6;2‘ ‘ ' -
G, +-[-(2m2) + = - 2 G, = 0 . : (2.33)
0 : 0 . ;
. 2 .4 S o
Here 2n+2 isan integef and sb:téo linearly independent

solutions or_(2,33) are D_,  -(£) .and D2n+l(i£).‘ The

general solution of (2.33) is given_by

Gg = C3 D ~2n- 2(6Y + oy Dy +1(£\\ e s

r o
- _where_.C3 and Cu ‘are arbitrary constants.

If we change the'indebendent.variable_'5‘='Jg_ n , the

2
equation (2.27) transforms into |
AR - )
2 - o - 1 1
d go d[‘;o b3 - —-2- . I‘H‘E
+ C -— (2n+l )go‘ = m— (TT) - 2 - -
A T b, S
&2 o
. | Eb2 ‘ S
e . (Jb ) ‘ ' {2 35)

. : -
Using (2.34) ihto (2 29) and changing the independent

variable, the nomplementary function of (2.35) is given by

-2 Az '
,'80,='03 e ' 'D_en_eﬁE) *Cye 2n+1(1€) (2. 36)

-~

To find the particular solution of the dlfferential equation
(2.35), we let '

+

6%/0, T ‘
gg = A e T <£/Jb I (23

where A is a constant yet to be determined. ‘Using

(2 3?) and the formula - (2 26) the left-hand side of (2.35)

"

.i‘,[:
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hecomee, ( .
—5— +t EF—= - (2n+l)g -
dg. at - 0 C -
K R S 2 1 _54'2:
TR (=) - A ¢ ehn(‘@) (=)
- - To2n+2 T T -2n+1
b2 Jb Jg; J—é
. .2 _
;%(yérj ' , 1 .
- (2nt1).nce 2 (———) . (2.38)

.
N

—2n Jb

It is clear fhat the computatlon would become increasingly

lengthy as we Droceed du

cylinder function with arguments n and g = "Jbe .

e to the occurrence of parabolic

‘However, considerable simplificatioiais achieved if we

JCOnsider the partdcular e

and this we proceed to do.

Our system ef.eqhati

g

=]

N !
+ gy - (2n+1)g0

gyt gy -~ (2n+3)gl

‘|82‘+_n32_—.(2n+5)g2
. N N . - q

:¥We shall make use of the

Dm+1(n) - an(n)'+

e,

J . . ' . | .

mD._;(n) =0 }. h o (2.%0)»

ase '62 =1, that 1s (p+e)j =

onsqﬁé;13) then reduces to

leg bty L L (339) ]

formula Erdélyl et al (1953, pp 119):

at
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Using (2.40) and letting b, =1 Slg that € = n , we fing
. \ - ’

from (2.38) that
\';

_ o 2, .
" . -n /4 - . .
Bg + ngo (2n+1)gO = -2A e D_,,(n) «  (2.u1)
Alsd,.from equation (2.35) when 'bé =1 and éo E=n,
—_ ) ) o _ .
we have f,
e ' —% 'n¥% ~n2/4 .
gg * ngg. - (2n+ngO = —b3(n) .2 . e D—En(n) .
o S 5 _ .
(2.42)
' -n /u : :
Comparing the coefflcients of e (n) in the right
hand sides of (2. hl) and (2 h2), we find‘ﬁbatl
. s . '
._.1_ . -n l - . ’
= B (e 2 : 2 ,
A=ob (n) . T{n+1l) . 2 _ (2 H3)

'Thus the particular integral of Ehe first of (2. 39) is

given by

t

I
POf =

. . 1 2
Lo .- . —5 -n" /4 .

By = ba(m) T Lr(ntl) L o2.¢ | o D_,,(n) . (2.44)
The complementary funétion of the firét of (2.39) is

~nZ/h ‘A | -n2/4 : :
80 = C3_e - D_g = 2,{n) + Cu e D2n+1 (in) . (2.45)
Hence the general soluLion or,the first of (2 39), which .
1s the sum of the complementary function (2 45) and” the

particular integral (2.44), is givenrby

X -
¢ -
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—ne/u : . -n /U

= - . %
Bg: = C3 e Poon-2(nd) + ¢y < 2n+1(i”)

' : ' n— -n /U '
+ b (n) 2 . F(Efz)z e | 2n(”) (2 46)

Ve need to find C. and CH

3 subject to the boundary.

conditions (2. 1&) and (2 15). If the solution (2.46) 1s

to ‘be ,bounded aL N = =, we musk have Cu°= 0 , and the

boundary condition at 'n = 0. gives

1 1 DI
- S n- D , (0)
C3= -by(m) % sr(m)y.. 2 2 =2n )
| | P_2n-2(0)
1 1 . . ¢
- =5 ] . ht+s -
= ~by(m) 2 Mnv1) 272 L (nedy. (2.47)

Using (2.47) and taking C, = 0 1in (2 MG), we obtain the
4

'general solution of the first of (2. 39) subject to the

~
appropriate boundary conditions, as follows: : :
] _% T : n+% ‘ 1 —ﬂ?/u“
. —% : N-» = “ﬁa/q o I o
+ b3(ﬂ) . T{n+l) [ 2 < e | D—En(n) . (2.48)

hi

We éha;i—use the formula Erdéiyl‘et at (1953, bp 119) 1

<
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g /4 o . /Y . .
E~E'e Dp(h)] = (-1) e "Db+m(n) ‘ (2.49)
n - L c

. m =;1, 2, 3; I

o Differenti)ting (2.48) with.respeqt to 7 énd using the .

-

formula (2:49), we find that
o ) : : ~

=

1
t

: ) . ' n+
* 8y = b3(n) . T(n+tl) . 2

(n+l e/
?*5) € D_2n-l(n)

1+ - 1 3, | Lo
T2 L e .
Sbym Fr) L2 2 e TP () L (2500

T
Substituting (2.50) into the right hand side of the -

second of (2.10), the differential equation becomes

. 1 : o 41
n’ v - . i =5 . j_ . n+—é- -
fl + nfl - 2(n+l)fl,_'blb3(n),-_' F(n+') -72 : -
‘ " -
e T 3 n-3
iy N - ™ .
(n+2)e_ D50 () §1b3(w) . .(nfl) . 2 . .
l '—.n2/” D ’ ( ) ‘ o - . (2 51 )
€. ~2n+1 N R - : ) QL/
To find the complementary function of the dfoerential
- ' < : . .
equation (2.51),'the‘corrbsponding homogengous equation is

4 . . . i
. . n ) . t . e : . : -
‘ Fl + l‘lfl - 2(“"‘;)-1‘1 =0 . . | (2_5‘2)
If we substitute - c P 4

-



1= "¢ S e

. into the .eqhation (2.52), then Fy _satisfies the equation =«

W BT
Fp o+ [~(en+3) + 2 .0
. S 2w

]
o

. . (2.53&

Now ({2n+3) is an integer, hence two linearly independent

solutions of the differential equation (2.53) are.

D_(on+3) (). and Dan+2(”i)-

The general solution of (2. 53)515 given by

" where C5 and C6 are arbitrary constants of integration

Therefore, the complementary Tunction of the differential

equatlon (2. 51) is L ‘ T S

, -‘02/.’4 : ' -n?/h o
Ty = os_e D 5o 3(n0 +Cpe . 2n+2(ni) (2.55)

t

To find the partlcular 1ntegral of the differential equation'

(2. 51),'we 1et -
A L7 R
£y = A e : D—En-l(n) A, e D—2n+l(“) , (2.56)

where hl_ﬂandr Ay - are constants yet to be determined.

\
Subetltuting (2 56) into (2.51) and making use of the.

formulae (2.40) and (2. u9),'we find T  "

L]



. ' 1 ‘ 1
o ~2 1 n=z-
Ay = eb1b3(ﬂl_‘ - (n+3) .‘T£n+l) .2 |
iES 0.5 - (2.57)
> _ 5 . . S
A, = byb (n) . T(n+l) . 2 :
" * . t-u }'
Using (2 57) 1in (2 56) .the particular integral of the
'differentlal equation (2 51) becomes“ S ‘
. \ ~
= 1 . - - 2
L . ‘. : —E i 1 . . "':é— 1} /u -
. fl = -blb3(n) 9 (n+§)‘.'r(n+d) . 2 . e.. D—2n"1(n),’
1 : 5 _ .

. 2 - o vz
F byba(m) - T(n+l) . 2 <,

'P4”(n) (2. sa)

AThus the general solution of the differential equabion }

(2. 51), which is the sum of the complementary*function

(2.55) and the,particular 1ntegra1 (2.58), is : :

. "-”2/” - - '—n /4
1 . 1 2, "
| CoE o nk a2 o
j = Byoy(m) 2, (n+3) . F(n+l) . 2 ,‘2 Ce D_pp 141 g
- . ‘ - -«% ) ' - n—g- '-l']a/‘u : ’
+ bybo(w) ..F(d+1)...2‘ S o e D5 (n (2 59)

<y ' : -
If the solution (2. 59) 1s to be’ bounded at

n = ,'we
must have

C6 =

L

0, and the boundary conditlon (2. 1H) at

n =0, gives .



" of the formula (2.49), we obtain

o 27
o \
1 - 1 ;
Cc o= bibo(n) 2. (n#d) . r(n+1) . 2 2, _=2n-1
< 5, 1 3 2 ) . N D (0)
' ~-21n=-3. '
. 1 p
-b.b_(w) e . FXN+1) . 2 2 —entl . y
-3 D (0)
) ) - ' .. =2n-3
'7 which simplifies to - .
' IR o
Cg = bybo(n+l) . (m) “-.'2 2 . r(m+2) .\ (2.60)

S

Using (2.60) in (2.59) and taking Cg = 0 . we' obtain

the general solution of (2.51), subject to the'appropriate
' ' L

boundary qonditions, as follows: ) .-
: = nl -
£y = b1b3(n+l)(ﬁ)_ . 2 '.Vf(nt2)e _ 'D-an—B‘n)
. 5 T A,
_blp3(n) . (n+§) . T(n+l) 2 . e _2n_l(n)
‘1 5 T 2,
' N 2 ] -/ g (n)
+blb3(n) .« T(ntl). . 2» . e T-2n+1

Differentiating (2.61) with respect to n , and makin

1 - 1.

. o ' 2,4
1 - ‘5 "‘2“' ) , -n/
‘fl =,—b1b3(nf1)(ﬂﬁ .: 2 - . F(n+2)~em
c I : e
Fbob (). 2 . (ned) . T(mH1) . 2 e D ..(n)
- 1034 - 27 - Sos . & -2n
. 1 '

S U TN - S
Pybg(m) 2 Ty L 202 D D, s5n) . (2.62)

3

(¢

<
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‘Substituting (2.48) ‘and (2.62) into the right hand side of

the second of (2.39), the diffeﬁential,equ%tion becomes

L]

' . ' . . ) . 2
L'-:l + r”':l - (znl'*'B)gl N K , i , ) .
-% - —l ' 5 -n?/“
= ~b_(n} “.r(n+l).2 - [ﬂ(2n+l)+b 1P (n+l) le b L (n)
3 ‘ . -2n-2
: g . '\‘:T— .
2_ n_3 . __nz/u‘ . \:_\_‘\“
4 1) le -
+b (n) T{n+l).2 [8+blb3\2nfl)J“ p_en(n)n :
 z—b1b3(n) -F(n+1).2 € | ?_2n+2(n). : (2.?3%;
To find the conmlementary Vunctlon of the dlfferentlal
equation (2 63) the correspohdlng homogeneous equation'is
T o | e
"—31 *ongy - $2n+3)5_:1 =0 . . (2. )y
4 L
If we'let X . C e
) | —n/u - | : _ . | o .
By =G ¢ ' -
In (2.64), then Gl'.satisfies the equation - , (?
) " o | 2( ’ i -‘.

P 1 . . . F

Gy # [-(dnth) + 5 - T~JG =0 , . (2.65)

The general solution of (2.65). is given by’
1% G Pogpiy(n) + Cg Dy 5(n) > . (2.66)

whefe_ C7 and -08 are arbitréry constants of integration.
Therefofe the complementarv function of the differential

f*_;‘ .

equation (2. 63) 13‘ S
: <

o



1 | L] 'l. ‘ \';
-n2/11 ' v-"l‘?/f-l .
gl'= CTe D—En—ﬂcn)'+ Cge p2n+3(ni) . (2.6?)'.

- % To find the particular intepral of the di fferential equation
1 (2.63), we let . ’

i _ -.-rr‘ﬂ} .
By = n3u Q:zn_a(n) t Aye D_an(n) .
. . —n/n ‘ DU |
where 'ﬂ3, A“. and AS are cdnstants yet to be determined,
Subs tltutlnr (2. 68) LnLo (2.63) and maklnr use of the
formulae (2.40) and (2 N9) ‘we find
N—= o
L3F(n+l)2 ' ‘ 2.
Ay = s ‘ [11(2-n+1)+b1'b3(n+1_) ]
S NE: . _ _ .
N - " N ‘ n;..-i. .
: : bBF(n+l)2 . N < -
Ay = - — [8+b1b3(2n+1)]Q - (2.69)
. 5\!7\' . A .
. ) R @ .
Tt - TTTTTe———
) s
. b b I(n+l) n-% : .
. v Ay = 2 T .

SV

0

Using (2.69) witn (2.68), the particular lntepral oF the

dlfferentlal cquatlon (2 63) becomes

-
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L
. |
-

" o o 1 ol \ ) 2 4
. ’ _ j -..—! ! y 2 —n../D ()
- N —_b3(ﬂ) l(n+l) 2 [Ig2n+a)+b1b3(n+l) ]eﬁ_ *Dopp(n
& - -3 P
RN T —3b3(w) F(n+l)2 [8+b b3(2n+l)]e ?_2n(n)'
A e | g s
o, 4 n-f_,--nz/u R
+5—blb3(n) fn+1).2 e - D_2n+2(‘ﬂ) } (2.70)
The reneral "o]dtion F the deferenthl equation (2.63)
a whlch 1s the**um of Hne comnlementary functlon (2 67) and
the particular intbrxal (2 70), _i.
- _ [ | . S
i -n/h ; ~7 /ﬂ _
: S gy = Cyp ‘D )n_“(n) + C8e 2n+3(ni)
.. . . 2, ‘ : . = |
) +b3(m)'w.l(T+1) 2 e, by 1)%le T D, )
| ;
1 N
! f-'r" '
P L - SIS 3 . -né/4
. . -ng(n) ,Ijn+1 [8 b b3(2n+1)Je . D-en(“)
1 ' 5

=y ~
D_anea(m) - (2.71)

I the solution (2 71) is to be bounded at 'n = = | ye must

havq'=Cé“= 0 , and Lhu boundarv condition (2.14) at

n=20.,"
R clves ‘ ' | y
v . . . B £
. ' l n+i - ) S 5
C7'= ~b. (“) “(”+})2 -(n+§)[u(?n+1)+plb3(gf1) ]
: : 1 1 nl+%: 3 -
C} _ .

. o . é 1 - n*£
. -§b1b3(n) T(n+1)q

n+—)(n+-)(n--) C (2.72)

1
L



’ subject to the appropriate boundary conditions, is *-

llence the gencral solution :of the differentiel equation (2.63),

. b

B -
Lo By=Cee D 5 () X
. - ' " ’ N - ) e !
L % n-—i o o 52 /4 v
) +h3§n) i(n+1)2 [M(2n+1)+b b (n+1) ]e 'f D_op_z(n)
. _i? ' l'“_i o sy ‘
~Jo5(m) T2 [8-Fb b3(2n=‘rl)]e  D_pp(m) -
o- 1 %y %— - -g— ‘—r|2/JI L
Sblb (n) ‘.[‘(n+.l).2 .e D_onsa(n) (2.73)

’

where 07 is gmiven by (2 72).

™
-

The general uolutlons for Fz, 5y and hlgher order solutions'

may be’ found in a similar manner, although the computatib v
becomes 1ncreao1nply lengthy . n‘“\\)

-

For x =0 and thc vanishing micro~rotatlon, our uolution

(2 7) reduceo to the clas lcal form_ - Q"
S~ ) ) : -2]; n+% _ne/fl “ i . ) h i
uly,t) = At AF(n+l)(q), 2 " e D:an;l(n) (2.74)

“for a NeWtonian fluid.

A%

U31ng (2.1)° 1n the conotltuL;ve equations (1.4) and. (l 5)

‘a

the stresces and couple utrESoeo are found to be
Lot a '



tyx

txy

¥y
g 2¢
3y
3
v A
" 3y
> ue h
Cyx T

* Substituting (2.7) in (2.75), we find that
\ . - » . .

comggnents of stresses and couple stresses

t
Xy

\.

‘.

N==

At
V2k

(ute )l

B!

ik

e
3k

o

tfé(n)+cf;(n)+..;]—kﬁt’

1
n-,--2~

t ' .t L
[ry(n)+er, (n)+... J+xBt
JoK Q .. 1 3
{é;(n)fegi(n)+;_.] R

(og(n)+ gy(n)+...]

n+=

© 32

o
F
bez = - P
o
K¢
* ﬂm
s !
Lyz =-}zy =0, 52-75)
m,, .= = m = m = m =0,
zz'  Txy VX Xz Zx .
] ¢ I'd v ¢
K
e
- " A\ . ’_‘h
ave the classical valde
. .8&
u o —
av -
’

the non-zero
o .
are given by

1. e |
2[{to(n)+g1(n_)+..:3 .

n+

a:[f;to(n)+sgl(n.)+.'._.].

5 S
(2.76)
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. ". ' .
jwhere-'fb(o),

(2.77) ang (2 78) are plven by

33

LN

]
Lhe non- zero components of stresses and couple

stresses on 3 =0

Therefore,

are found as’ folloWs

1 o ' e
LA 2 [fl"(O)é £1(0)+ ] o
. = € ‘. . ,
xy Vek 0 10 _ R e
I n+l . ' C :
- Bt [gO(O)+eg (O)+ ] s
c. L] | . ) | . ,\ilz
- ' (2.77) S
1 ' T
n_.____ L]
too = (ure) A€ (£ (0)+er. NETY
A . .
. . ) . A . .'-H"‘L l.
n+1 - ‘ ¢ X
+ kBt [F0(0)+€"1(0)+ 1, e
T BTl v ~ o : , :
Moy = B ==lggteg, (0)+...7 , . - R
w T Uy Botery Y
o - : (2.78)

‘ Cometoe ' D
ey = XJ::{QD(0)+€g1(O)+...] ,

T ow

r (’0), gO(O), gl(o), gO(O) ~and gl(O) in < ”

r'(')(m = (-1) r(a1) () 2 2 D_, (0)

3

Aold=1,

o] T
+
o

NG 1)"r ;E:ﬁ; o ~(2.79)



’ 3]1

1
oy z "3 | -
fl(o)_f b1b3(n+1).(v)...2 r(n+2) D-zn-z?o?,,
-1 . n-%
by () a(n+%)§(n+1y; 'dp_Qn(Q) |
3 S -
~bybg(n) “r(n+1)2 “p_ 2n +2(0)
_ 3‘ Bt
~ = ~biby(nt1).2 V(“+2) + bb (n+_)2 2 Liﬁill
. r(m%) Tntz) =
, (n+l) e U
“biby 2 T, (2.80)
1 ¢ 1 :
— K n+_. Q.
.g‘o(O)' = _—-b3(17) 2 Fr(n+1).2 (n+ ) D_ % 2(0)
® ' . ‘ :
) 1 n--]-‘-
+bo(n) ?-f;n+1>.2 °D_, (0)
I AR I
_ 2 . .1y - T(n+l) ', 2 T(n+l) -
= ~b, 2 (nt3) . ———=f ¢ p, p < Lintl) (2.81)
3= e I‘(n+3) 3_ ._I‘(p+%)'
L | 1 n_l
£1(0) = C; D_, ., (0)+bo(m) 2r(n#l).e [u(2n+1)+b b3XL+1) 1
f - 1 - n-3
;o D 2n- ,(0) (n) r(n+1)2 2[8+b b3(2n+1)]D sn (o)
1 a5
+1b (n) Tine)2 %, (0)-

4 50,0
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~ .
which simplifies to  _ -
| v V.o =5 I'(n+1) 112
§(0) = C, — T 4 o 2 [(ntl) [U(2n+1)fb b, (n+1)°]
%' s I‘(n+%)2—n+2 3- ' I‘(n+%) 13
| _'3'
303 2 “[8+e;b (ane)) Lintl)
‘ ) ' F(n+ )
| 3 b C
' ! 2 .72  r{nt1)
o rpple? L) . (2.82)
57173 r(n:3) - |
| e » o
where C7 is given in (2.72).
1 ! :
o | 5 ... n+= . |
B(0) = by(n) 2r(n+T).2 “(p+3)D_, - (0)
1 1 : ]
T2, 05
© =bg(m) “r(nt1)2 D_one1(0)
. 1 ‘ . .. B . i )
T 3by . | . (2.83)
. gi(O) = —.C7 D—2n-3‘(0)
l ‘n“la
. —b3(ﬂ) r(n+1)2 [u(2n+1)+b 1P (n+1) 5,100
] : . ]
1. 'A—é- ' n-.%, ‘
4303 frndn.2 s (2n+1)1D_, ., (0)
1 25 7(.
' ‘ l 2 by —.
. 5y b2 (n) “Ir(nal)2 D_2n+3(0)
: "‘- ;\j}‘ 'b
= -C, = ‘ - ——["C2n+l)+b b3(n+l) 1
F(n+2) 2r1+3/2 “?
‘ Ny \ 1, .2 ; & o
+Eb3n[8+blp3(2n+1)] -Iab1b3n(n—l) . ~ ¥2-8ﬁ)

-
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Section-2: Plow near a uniformly accelerated flat plate:

In this section, we consider the unsteady, 1aminar

A7

and incompressible flow of a micropolar fluid near a

' uniformly accelerated 1nfinite flate plate initially at

rest, under the same assumptions as useduin~8ection 1 of .\‘

this chapter. Here for ¢t s 0 ; the plate is assumed to

haye veloclty u = At E

m a.

-

'chapter corresponds to a fluid motion caused by a uniformly

accelerated flat plates -

- The governing pagtlal dlfferential ecuations are the

_same as the eouatlons (2.2) and.(2 3) obtained in Sectlon 1

of this- chapter. 'The equations (2.2) and (2. 3) are to be

" solved subject to the following initial and boundary .

condltlons
y.i 0 > t_é d.; u e-o_s 0
vy .= 0 » bt 0 3 u =‘A£ s :¢'='o , SR (a.85).
y o+ e, Tt s 0 ; .d‘+ 0., ¢ - O o
fo solve the partial dlfferential equations (2.2) and (2 3),

subject to the cenditions (2. ?M), e 1et :
<h

u = t[f‘(n) + gf (n) + € f-(n) Ll | - -
o %f el E 5 | | o\ A
fﬂj,i} [gp(n) + egy(n) + ¢ g8o(n) + ...1,

The particular case. n=1" 4in Sectiqp ‘1 of thls S



N

+

’ )
'where € and nq are*the same as in Section 1 of -this
'\chapter, and in this case A and_ B are constants having

" the diménsions_ pir2 and 7272 respectively

Substitutinr (2. 75) into (2 2) and (2.3), and then equating

the coefficients/or like powers of » We obtain two systems
of ordinarv differential equations as follows: . I

1t T ? - ’ . Nt

fo + nfo 2ro =0

1] : ' . v o : ) : )

£y + nfy - ,url = blgo_. . . (2.37)

" A, N 1

f2 + nf2 - 6f, = b

Iahd . -

g, + bzngl - 5b2g1'= szgo + b, f o | (2ﬂ88)

32 G
where bl,‘b2 ang b3‘ are glven by (2.9) and'(2.l2).
In this case, Lhe boundary conditions (2 85) in the new
variables become the same -as the conditions (2.14) and

(2. 15) As wg have seen in Section 1 of this chapter, that

‘the computa Jon becomes increasinrly 1engthy due to the'

. . . . 2
oc hrrence > ; 1ic cylinder functions of different :

-arguments hence we con51 er the particular case b, =1

that is (u+k)j = Y , so tQat the equations-(2.88) reduce.to



" T 2 : 1 t -
L n Ly E . . .

L . - 1 o . : v .

< _gl' + ‘r]gl - 52;1 = ngo + _b3f1 | : ‘ (2.89)
u o o, | I

By * MBy - Ty = gy + oL,

L

———

FANEE

The general solutions of Lhe differential equations (2 87)
andﬂ(%ﬁBQ)«sub}ect to the boundary conditions (2 14) and

€2.15), for {4, gEns £y and are found by putting
0> Bo> M1 P! . ‘

"h=1 1in (2.24), (2.48), (2.58) and (2.73) as follows:

% 4%\ -n®/4: ‘ o |
rg=2" (M %e op_(n) . S (2:90)
) | NI e R
By = 73b3(nzt ? e, D—M(“%
-5 & -nésu
+b3(w) 2 e D_2(n) (2.91)
- "1 s 2, 101 2
£ =bb (222 e g 5(n)=35,b (w)_ga“geh-n "y
A b - | . -3
+oyb3(n) <2 D_y(n) (2:92)

and

v



2 . 1
. =nS/h o -
1 67=C e D_s(n)_f (12+ub1p31b3(n}

~(8+3b.5 )b (n) 2.2 e T,

-3 ——:—Eafn

o | | .
3 1b3(n) Dd(”)

where C? R in.thig case, is given By

1 5 ) l 21
c, =.—5b3(n)- .2 (4D, )+50 (w) :2,°(8+3

1 3
2,y 2,72
f3blb3(ﬂ) 2 -

For' « ='O‘,and ‘the ’ vanishing of miero-rotation

(2. 86) reduces to

-% '—n /u‘
() Ne 3(n)

Aot

uly,t) =4t . o
A '

39

5 -n- /4
%e D_y(n)
ro.
¢
T (2.93)
bybs)

(2.94)

» our solution

- (2.95)
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Section 3: Flow nean»a-suddenly accelerated rlat plate. .

Kline and Allen (1970) studieg the flow when the

* flat Plate is accelerated frop reét;:obtaining a solution

" The particular case .N, = 0 .in Section 1 Of this chapter-
corresponds to fluid motion caused by g Suddenly accelerateq
flat plate. The govérning,partial differential equatilons,

are the same as.eduations (2.2}.and (2.3) gbtained in

'Section_l of this chapter. . '

" The: initial and boundary conditions are:

>0, t <0 ; u=y =0

A

=0 T g
=0 . '

1

y .
y='0,t>-0';1i o ¢
VE2e,t>0;5u=0) 4
' . o ;

To Solve: the differential equations (2.2) and (2.3) sﬁﬁjecﬁ

' to thé'condilions (2.96), we 1et -



respectively ~

i
b
, b '
.ou o= A[ru(w)+efl(n§+c2rétn)+...} .
. | %ﬁ - (2.97)
5 - BLZLnO(annl(ﬁ) eyt
o

' L

wherei € and n axo thL same as in Section 1 of this chapter

Subotltut1nr th 1elat10nu (2497) into. equatlons (2 2) and
(2.3)‘and equatlng thL coefficients or like powers of -e ,

we obtain tvo systems of ordlnary dirferential equations,

whose form.is 51mpl1fled if we ‘set . (u+K)J = Yy as follows:

0 0 :
'."é. "-‘ ) "'.l' ’ - L .,
ry +‘?r1 = 2Ty = bypy - - | (2.98)
" [ K J - -.
fy + nfy - hr, = byey o .
qand _ ' . e ~
t ' ' t
o * g = gy = bl
| ;. '-.1 .' B - . A
By ¥ my < 3y = Hep 4 b : | (2.99) .
1" ' - - '. . ¥
2.7 Ny = 5y = lgy + bgf,

where 'bl -énd' bq are ﬁiven‘hy'(2}9)rand'(2.12)

.
s

In this case dl,o Lne boundary conditionq (2. 96J in the new . -

variables become the same as. conditions (2.14) and (2.15).

-

-The general uolutlons of the differential equations (2.98)

D

‘i



and (2,99

(2.15), for £ £O’ fI’ and 'ﬁl are found b

-,

. =

o -

), quhdcct to the boundary COndlthh

. q"
(2.“8),_(2.58)'andl(2.73) as follows:
‘ /
_ﬁa/u o
,l,f eff'ﬂ -
erfe n
L

wheré erf n is thie error funotion and erfc

complementarv error functlon The error and

error functlonﬂ ‘are derlned as

er n =

erfe

h.) -
|

and '

ﬂlm

jr |
[

_% ...-1_ -Nn /l]. ___l _.‘1‘..
(") 2 e (n)+b

-%~-% -n /H'

bo(n) "2 o - (n) b b \nj_EQ
3 . _ 3 .

S

)
-n"/

.’\J[l—-‘
NSy

 +be (n) 2 T.e . .Dl(n)

A

() <0 %

o

”~

5 (2 lU) and

N puttlng N =

£

- (2.100)

n 1s the

comolementary

0



u3

!
b ) LI " N -"'.
-n"/h o Lo . _—%.J—;y -n /4
r = 7 - )
£y C. U_”{n)fjl+blb3)b3(n) 2 e . P_e(n)
’ 3]
. 1. 7. 2
_é- ....-é-r_ ._.r].‘?/“ .
(8+b b )b (n) T2 %e. Do(n) - | y
- ) 3
CoL WL, "'3)‘"%‘” /4 o o ' :
- —tllh3ur) 2 e by(n) . (2.100)
where in this.cago ) \ '
vc;‘- S - ’ l _l_ _i __3
€7 = =300y 22 T w2572 [(Broy5)
T 3 ' 3 "3
- ) . 1‘ t ~
2 == - .
§hlh fn) “2 ” (2.105)

Foy/ K %"O and vanis hinv mLcro-roLatlon or opin our solution

. : /yg 9?) reduco, to Lhe cla”3lcal form

- .' . . \‘ 2 ' :
g _:{ /u

'. . Ll V .'V " .

= Al - erd m)-, i ;_ - (2.106) -

.= N arfe g ‘ o = _ ¥;;H_,

for a'uﬁwtonéanﬁfiuia.]‘ .
4 e o 5  ——
\
o
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Section H.‘ Numcrical results for. a. suddenly accelerated

'functions

e
+

flat plate problem

£

- Inhtbis section, we gilve some numerical values for.the

acceleration.

~

o

R go, fi and . g, which occur in the expressions

. for the velocity component u(y t) and the micro -rotation

'~component ¢(y t) { when the flat plate is given sudden:

"‘ihe general solutions for |f0 go, Tl and gl

have been obtained, subject to the appropriaté boundary conditioné

equations (3.

parameters- b

,and a’ set ofy

~)

‘suitable nume

We point

uby the. equatl

-in the preceeding section of this chapter and are given by the

100), (2.102),,(2.1Q3), and (2.104) respéctively.

ﬁowevenggﬁhese.functions i ,_go, fl and g, depend upon the
= e ‘

; and b3 defined in (2 9)- Pnd (2 12) respectively,
values for them have been obtalned by giving some

5

rical values to“these parameters

;

out that the parabolic cylinder function defined

on:; (2 19) bears the following relationship with,

"cylinder function U(a,n) as, used- in” Abramowitz

and Stegun (1965, D. 687) . -

- r-——_—"_

U(a,n)

We have made

Stegun (1965,

in computigg

nnumerical”combinations of the parameters b

| f“53f“~%~= 0

use . of the tables given by Abramowitz and
pp. 702- ?lO) for the parabolic cylinder functions

the values of fo gg, fl and gy. for various ,-

1 and b3 .

>




is.

‘Tables 1 to » show the difTérent possible variations. The
. o v . . .
following observations from these ‘tables are in order.

Table 1 shows the variation of fy. for different values
of.ﬁn . As can be seen from-the table fo decreases

significantly as the value of r increases. We note that

b, and b3' do not appear in the expression for

b <
[} T . : at

S
In the tables 2(a), 2(b) and 2(c);'we'bbserve the <.

0 .-.

varjation of 6o for different vélues of n - when the paremeter
. . - . * 9 .
b3, is small, medium and‘laege. For small values of n’, &g
- v ' - ! - \ !. . ’ -

_increases but for.large n > 8p decreases as may be seen from

the tables. Ve note that e& -does.nop appear in the-expressioni

for gy and b3 appears llnearly. ¢ L
lables 3(a) through 3¢f) show the variation of “fl_ for

'various_values of n . IL is observed that: for small values
of n , f, decreases; for 1ntermediate values of n , fl.

~

increases and for-large values-of n, fl fdecreases

significant;y. He‘also note that'*b1 - and b3 both appear

llnearly in a produdt form in the expression for fi-.

ke

Se

Tables

3(a) througn 3(f) are computed for small medium and 1arge 5
values of the parameters -b1 qn@ b3 o . | _-,;iff?:f~

=

; e N . v \
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C1In tables U(a) through}ﬂ(f), the variation of gl is

observed for different values of n  when the parameters .bl

and b3, gre small, medium and large. In the expression for
g ,'tnq pardﬁeters b, and b do not occur linearly. For
l n“_ l 3 . . -

small and medium values of the parameters, 5y decreases -as

‘N increases for small values or ‘n and for large n , 'gl

' . ;.

increases. I{ is quite 1nteresting to observe that for large

values of the: parameters 51 increases as n increases, and.

for large N8y decreasesJsfgnificantlyfw These‘obserﬁations

are quige_appérent from the tables hié}.through h(ey,

. . “ “ ’ ’ o ’

. Tablel. L ' " '3

. ‘_‘{. : ri N T
_n_____ _.-_,,_‘_;._?f‘,_an,__- S ' ] .9

0.0 |~ 0.00000- 2 1.00000 " .
0.1 | 0.11246 | 0:88754 .

1.0 0.84270 0.15730 '

1 \\ ’ ‘ﬂ [ . ’
2.0 ‘0. 99532 \eei,/\o 00%68 .
5.0, 0. 999999”207 . 5.7330745 x 107 -7 1o




by

L _ ‘ T
" Table 2(a) T , : ey
'*When by = 0.1
2 !
| o ) & . 1
. — O
{\Q‘ 0.0 0.00000 .. '
i 0.1 | 4.6014516 x 103
1.0° .| 1.5865409 x 102
. ) ‘\— 3
2.0 - 4.5500388 x 10~
5.0- | +1.4324600 x 107
:Table 2(5)
- Ylhen b3J =1.0" . v o
A T .
"l 0.0 | 0.00000,
0.1 | 4.6014516 x 1072
1.0 1.5865409 x 10~1
2.0 .| 4.5500388 x 1072 | S
) e . T //
5.0 1.4324600 x 10~° S,
¢ - (\
K¢



g

. ) F-;t\-
‘Table 2(c) -
. . . b
© When by = 10.0 | .
' 3
A . B
" 0.0 | 10.00000 . ]
0.1 §,6014516 x 10”1
\ 1.0 | 15865409
&1::‘3.1 . . ./7' . 1
-] 2.0 | 4.5500388 x 10”
R '
5.0 | 1.4324600 x 105
"Table 3(a)
‘When by = 0.1, by =01 \
n r
e 1
~ { 0.0 0.00000
0.1 | -7.6286281 x 102"
1.0 | 1.883u425 x 10-%
2.0 | "2.8778397 x 10”"
5.0 | 1.7251131 x 107 RN
/7



¢ - . . - 119
‘Table 3(b)
Wﬁen bl.= 0.1, b3 = 1.0 .
) 'fl
0.0 |  o0.00000

0.1 | 17.6286281 x.10~Y

1.0 | 1.8834825 10_3
| | s
2.0 28778397 x 1073
5.0 | -1.7251131 x 107
.l?. .

Tabig 3(c)-

1, .
Uhen b1-= O.l,1b3 = lOfO‘
n fl .
0.0 0.00000 )

0.1 . | -7.6286281 x 1073
- 1.0 1.8834425 x 102

2.0 | 2.8778397 x 10™2

5.0 1.7251T31 x 1076




; _ 7 Table 3(d)
L~Ji}en" bl_,= 1.0, b3, = 10
n E
0.0 “0.00000
0.1 -7.6286281 x 10™3
| 1.0 | 1.8834425 x 3072
2.0 . 2)8778397'x'10‘?'
5.0 1.7251131 x 1076

Table 3(_e) Q :

, When by = 1.0, b = 10.0
o — = _
0;0 _ 0.00000I
. oi;,' -7.6286281 x 10~2
1.0 "1.883uh25_x'16‘l
2;0' 2.8778397 « 1071
5.0 1.7251131 x 1072




Table 3(r)

) when_ bl = 10.0, b3.= lq
n £y
‘ 0.0 0.00000
L Aa T g - -1
[0:1 =776286281 x 107* .
- 1.0 1.8834425-
2.0 2.8778397
5.0 1.7251131 « ;0(“-
. N
- Table 4(z)-
When by = 0.1, by = 0,1
R ) o
0.0 1.4672448 x 10-1 -
0.1 ~5.7570650 x 1072
1.0 ~1.9730211 x 1072
2.0 1 -h.4314732 x 1073
~ 5.0 -1.3809440 x 107




[

L

o~

Table 4(b)

' by
When by = 0.1, by = 1.0
n- 8y
0.0 .| %-6,828562029 -x 10~1
0.1 |-  -5.890977064 x 10~1
1,0 ~0.199493037
2.0 -47405708849 x 10™2
5.0 | -1.261079860 x 105"
When ‘b, = 0.1, b3 = 10.0
n &y ]
0.0 ~8.444278267
0.1 -7.241126337
1.0 ~2.214023224
2.0 -4.215551618 x 1071
. i ) c
5.0 -6.982956100 x 1077




1

Table 4i(d)

When bl = 1.0’. b3~= 1
L R t
0:0 —8.uuug78267 X 10'1.
0.1 -0.722993410
1.0 - | | -0.221402322
2.0 -0.042155516
5.0 4| +6.982956100 x 108
Tlable 4(e) ""
When " b, = 1.0, bé = 10.0
n 8.
0.0 -24,601440620
0.1 -20.613504530
1.0 - 4.h4oh9517h9
2.0 0.928208014 -
5.0

1.184267343 x 107




When bl = 10.0, b3 = 19.0‘

B S
n - &y
0.0 -186.173064100 -
: K @
0.1 - ~154.515209000 :
1.0 - 26.314237030 )
2.0 [ 1670174420
5.0 © | 1.309677034 x 193
; &
b
| “
, .



CHAPTER III -

FLOWS WITH SUCTION AND lNJECTION

Ariman, Cakmak and Hill: (1967) applied Eringen s°(1966)
theory to the steady flow of micropolar fluids between two
‘concentric cylihders. They investigated Couette and
toiseuille flowsl<\(_ B - : =
Verma;and’Sehgal (1968) studied Conette flew of
micropolar fluids which is the flow between two coaxial

right circular'cylinders of different radii and rotating

about the commén axls’ with constant angular velocities

The obJect of" the paper was to investigate the ~ nature of

the flow in the annulus. Explicit expressions for fluid
velocity, micro rotation velocity, the stresses couple
stresses, rate of shear and shearing stress-differences

were obtained. !

‘

* Ariman and Cakmak (1968) solved problems in some ‘basic

viscous-flows in‘micropolar'fluids._ These are plane Couette f

} “and P01seuille flows between two parallel plates and the

.problem of a rotatlng fluid with a free surface ‘

- It is observed that not much attention has been given
to problems in micropolar fluids with suction and injection.-
In this chapter, we have investigated some steady and non-

A

steady flows with suctlon and injection.

L%
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. Section 1{a). ‘Steady Flous‘with Suction and Injectionr

. A
-

. Consider steady, laminar and incompressible flow of a

~—

micropolar fluid between two infinite parallel plates

l

3@
distance h apart the lower of which Is fixed and the |
upper of which moves with constant speed U 1in the
X direction, The y direction is taken perpendicular to the

_plates and the flow is assumed to be 1ndependent of - N

Fluid 1s injected along the upper plate wlth constant
normal velocity A and sucked out along the lower plate.

' The material constants of the micropolar fluid are assumed

lto be independent ofrposition. The body forces and body {_

couples are neglected.

Setting _
Y = (U(y); —VJ O)J . B = (OJ 0) (b(y)) o - (3'1)
and p = constant the equation of continuity (1.1) is

satisfied identically and the momentum equations (1. 2) and

:/f

(1. 3) yield : B C - i
. v Ty, 3p ' : .I '
(utedu 4+ pVu' + kg = 2P , : (3.2)

_ _ Ix . o .
* EE = ..a_E. = 0 ) .- . . . ' - . (3-3)

3y oz PR . - | -
Yo 4 oVl - 2ke - ku' =0, - | (3.9

where the prime denotes differentiation with respect to y

J
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Itlis clear from (3,2) andm(3.3)-£ﬁat'

hence we writes .
a 4
2P = 24vp . .
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- by equating the right hand side of (3 2) to zerd we obtain.

‘m(m3 + am® tbm+c)y=0 - T "7
» ' = . - ) . - . .. . . . "D‘ . © o
- Where T : ‘ i
T 5 .-
A a = pv (U+K)J + Y )
DR C T (ut)y C T
" .2'- 2 . . . ) : ] .
b= el ¥ lawtk)x ~ T (3.8
o (ek)y  (ere)y BRI :
l' ' ’ . L
‘§ o » - ) .' R -
1. e = —pV.——EE—— N ' e
B (ute)y |
. . J‘ g doa ,c'n .
whence the solution is obtained in the form (where the roots
) 'are distinct) - ‘L.. ~ S )
' m,y S m.y . m.,y
- 7 1 2 R r3 . .
| u=_Cqy+ Cle ﬁ+ Coe Lt 03?. - : |
e ‘. : L (3.9)
o : ! « |

equation (3.7) and’
) T

"y 5 8 &
. - 3
o : e . ;
Section 1 (b).  The Nature of the Solution.
‘if we set B
u = Ce"{y , ¢ = Demy A ST (3. 6)

"in the homogoneous equations obtained from (3. 2) and (3 4y

T.

a quartic in m"

1__/p-_.

where my = 0, 'mlz,_m2 and;-m3_"are the roots of the

&

Lt

\I‘ .



E_ . . : . . ‘ -_e' —

. 2N
Ei-;'a _ (u+K)mi + pV
Ci l- E o
4 KlTli

Ym§f_+:53miv‘L 2«

-

\_(1=1"2.,3) - | %\
- It is well known from the theory of equations by .

USPENSKY (19&8, D. Bﬂ) that the non-zera roots’ of (3

(3.10)

7) are -

real and distinct or include a complex pair according as

the 51gn of A. is negative or positive, where

3

1088 = 1p3 4+ 27q°
.’ 3p = 3b ~ az- o
27q = 223 - 9abw+ 27c

. Substituting (3.8) into t3.1l)'and setting 7 = p-

we obtain .

o L. |
' o 108n(ugx) Y = av% 5 87 4 o7+ D
. B i - 4 ‘ ’

where

A= —320 (k) g T 412

B = 2063 (wHOYL (26) 3] - L35I G0 Py TP)

C = 12(u+x)(u+2K)Y[3Y J(2U+K)] - (2u+x) ([u+F]J+Y)2

D = —U(2u+K) (u+K)Y

-

(3.12)
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5
The coefficlents 'h;'aﬁd' D are:never positive, henceliff
(u+K)j vy, £-< 0- when Va' is small and when V2 is

“large; that ig the roots of (3 7) are real and distinct

I P

For intermediate values of V2 > O 1s,posit1ve er some

3

yalues providedwthat

-

BS - 3ac >0, - (3.14)
2 o |
2 AcYe - < o :
,(B —é3ﬂf) =By , . . ‘ (3.15)
N ) S |

. 2B - 9ABC + 27a°D B — 3AC . \&; \
| A T ( X ) S MEae

) : . ’ ’ 4 ’ m 1‘
inequalities which folld@,‘respeqtively, from the conditigns

that tﬁe cubic (3 12) in V2 should have a maximum and a

minimum; that the mapimum should occur for a positive value

ol Vz 3 and that the ualue or A at the'maximum sﬁould be

pesitive., | The p051tive square root of B2 - 3AC is to be
taken in (3. 15) and (3 16).

y In the garticular case (ut+k)j = Y , (3:i2) reduces to

N

2 L . % . . ) N
A =,£lf {?ﬁ - (ug-BKu—llxa)Ve - (2u+e) 3} “(3.17),
KJ e : - '

where ‘52 = KJV2 » Whence it follows that the non —Zero roots

'of (3 .7) axe real and distinct, or include a complex pair,

aCcording_as ¥ s less than, or greater than ¥ 2

0 ',,the



p051t;vc root.or'the quadratic in: v2 obtained'by
scttlng (3. 11) equal to. zero. _ |
Thus it appears that when (u+K)3 # Y‘: end the
inequalities (3.1H;— 16) ‘are éatisfied the transverse
.componentg af velocity and spin will contain terms oscillatory
‘ ¢ .2 > |

in space for a ce;tain range of injection, Vl ;av < V2 s

but only reail exbonential terms for the remaiﬁing_vaiues
L “ ' \ - - |
0 i_Vz g_Vlz s V22 < V2 3 when " (u+k)j = vy » the llow is
osc111atory for all rates of injection VT o> V0>
The calculation of explicit solutions in the various
cases is a matter: of stralghtforward ir lengthy, manipulation.'
Tuo solutlons will be obtained in the next part of this

Sectlon
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Section 1(c). Particular Solutions.

(1)  Flow due to movement of the upper plate with

no_pressure gradienﬁu; ¥
Thé boﬁndary condig;ons areh-'
y=0,; u=0, 4 =0
| y =-h<i - = U > = 0. | ' .:. ." ‘.V.(3.18)\
and 22 - g .'1n (3.2) . ‘ -
o 3x W oL r

v
i

Assumiﬁqrgbgé»therfogr‘roots_are distinEt,‘and'substituéing

(3.9) into (3.18), we obtain, with the aid of (3.10),

. o mkh m.h . \u/ V
Uasa, (e -ed ) o ; o
"‘Ci = I ] '::-:c'? ] ’ (;-19)
where e "‘ - . lnf'f‘~~_ﬁﬁ " ;
3 ~ m,h mlh'“'.m;h ' _ o
. i=1 :J . . ' * . 1 '
l ) I' \ . ‘ - . . . (3‘20)
Cop = =(Cy + Cy + C) o : .

and where 1jk 1is a.cyclic permutation of . 123 .

‘The tangential stress and couple stress across a plane

. . ‘-.
¥ = constant are given. by .
.. L ¢ . .
'tx = {(p+xlu + K
v . SN . .
m”- = Y¢ . . ' ‘ . N . (3.21)

A



. St
The boundary conditions arc

63

. '

v :
~ ‘, ¢
The corresponding uﬁlugion for a Newtonian fluid is

: ~—/ : L

_ ' e
_my .
u = yﬁi;-—iﬁﬁTl where m = - Al . .
(1 =~ ™) no
T ' a

(ii) [PFlow due to'pressurc’ﬁradient.alohe,=when the plates

remain stationary,

y=0., u=0, % =7

3> . .
. : | (3.22)
Yy=h, u=0, ¢=0.
The completeo solutlon in this case is_ .
Comy m,y ‘m3y
u = LO + Clq + ng + CBG .+l2Py .
- _, - (3.23)
m, ¥ MLy - MoV
" 1 2 3
=3 + a - -
@ dlblc + a2C2 : ﬂ3L3e r

where 2pVr = EE'.
dx

[

Substituting (3.23) into (3.22), and using (3.10) we find

- that S "

p - m.h mkh‘-.' ‘ hm‘j f hmk
C. = ~[2ha.a (o - e ) + (a,-a, Ye. - 1) (e - 1)1
i 1 J Tk o J Tk _

-
.

(3.24)

‘where apain Jjk igs a ¢yclic permutation of 123‘,_ M is

o

. &lven by (3.20), and . C0}= ~Cy - CH = C3 . The tangential_;:'

stress and couple stress are obtained from {3.21).

'
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!
The corresbonding-solution for a Newtonian fluyid is
. - . ' my " . ‘ . ‘.
u = 2p{y - D1 - em )} s ' - (3.25).
(I ~e™) | :
. where
§2'=-2va and m = —p¥ | o ' |
9X y _ T
Ay
s



Section 2: I'low Hear an Accelerated Porous FJat‘Plate.With

‘Variable Suction, L -

Ve consider unsteady; laminar and incompressible flow of a
micropolar fluid near an infinite~por0us_flat plate with
variable suction. Let x and y ‘be the co-ordinates along

tne plate and peapendlcular to it respectivelv amy u and-.

L]

v be the corres ponding ccmponent“ of velOCLLv. Micro-

W

rotatlon has ontly one non aero component about z~ax1s and

let that be denoted bv ¢ .

When < 0 ,. the fluid is assumed to bereverywheré'
1

. - .‘J\ t oL ‘
stationary, afid when t > 0

-t

 the plate'is.accelerated‘at

the velocity u = atl (where -n'i 0 1is én intéger'and A

.15 a constant). As the plate 1is lnfinlte in length, all. -
the vari‘ableu in: tHlS problem are Functlond of y and t
only. The material constants of “the mlcrOpolar fluid are ...

assumed Lo be 1ndepondent of positlon We neglect body

forces and Jnd" couples.

r

Thug, for wn inflnltL porous fldt plate using the above |

assumptions, Lhe equation of continuitv (1. 1) and the: momentum’

équations_(i.a) and (l.3),‘provided-pressu?e fradient  in

4

Xx-direction is zero, reduce to -

"s0 e T T (3.26)
By oo T o .

v . 13 o B L (3.27)
at - _p 3y , :

- et



oy 3% L ae ;' Ju. S |
Cluke) S e 28 AUy du,y © o (3.28)
: av " vy’ "ot y o '
- 62¢ 1 ' 26 36 '
Y TE TR TR = pg (S y S8 0 (3,09)
ay*“ dy 3t Jy :

< .

. A ; . .
vs vty = -y (_ . (3.30)
© where Vo (>0) -huprcscnts the suétion.
1
- , ? 1 ? .
The reason we choouse v,s= -VO(—) is .to permit similarity

. . . ’
solutions to be validl ‘ -

Introducing (3.30) into (3.27), (3.28) and €¢3.29), and then

integratinp (3.27), we et the following eduations:
B " ¥ N r R .

Po=p, - \—‘E 0.\"T;_‘3/2 s | . : _ | (3.31)
| 3u g dus v, au . - |
.(u+K)'5;j-+ K ;; = %(5: - ET7§ 5;) , , - F3732)
3% au o e vy o0 T

Y E-E - K a_y‘ - Jk’ti‘--..;\'lDJ(a—tl —Wz -E;;) s (3.'33)

where Pg is the value of p at y =0

o

. ~ < -
The boundary conditions are

1

u(o, £ = A aqo, t)

1
Q.

1)

(3.34)
ulw; t) 0. ¢(, t) X

1
Q

2.
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A mothod of nortuxbation 3Vpan sion of functibn of a’
dlmcnqzonle‘o varlablL is applied to solve the equations
(3.32) and (3:33) ang series solutions in terms of parabolic

'cylinder'functioné, in Lhe partlcular case  (u+k)j =y

,
are found. . : ) . 8 %
For small values of g | where ¢ ='E£‘, we expand u and |
e . pJ ' '
¢ in ascending pawers,o? € as follows: .
PN S ‘ 2,
u = fit L}O(”) + Efl(n) + ¢ fz(n) + R
. S - e (3.35)
Nt . o P -
o= Bt “[p (n) terpn) +oe Ea(n) + T,
‘where n = "%:: R k.=‘u.f’ . ' . - e :
VoKL Lop

wé-nbte that € and n  apre’ both dlmenblonloso quantitieo

Suhstitutiu; the rﬁlatlonu-(3.3)) into the equétiqns (3.32)'
and (3.33) and equating the like powers of €, ué'get.tWO

Systems” of ordlnaru dlffPICHtLal cequations:

.f'; +_‘("‘+”0)‘r_‘o.; 2nfy = 0 +(3.36)

r; ; (n#ng)ry - 2ne1dr) = 91“5 '. B o

F; + (n+ﬁo)f; - ”fhgé)Fzﬂ; ?léi. :7‘ : : €3.3§)
and ]

ot
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| L
&
=

St S
E;_U + ba(n+no)p;0 - b2(‘2{‘l+1)[t0 3Tg

I

gl‘+ b2(n+n0){._‘l - L\2(2n+3)gl DBI_‘I + llbago , (3.‘39‘)_

. ' . . L] . ’
\ —_ ] Sy«
£y + bz(n+n0)32 pg(gn+2)g2 b,f .+‘ub2g

3°2 1
where thefprlme denotes diffebentiation with respect . to n ,
‘and . o -
1
.T ot
275 B o j
b = _J__L s b =k &].. R b. = _\’ak & Yy
1 1 2 _ 3
5 Y Y B
N k™
L L :
N < : , ] _ .
="V bl :
ng =V, (E) . B ‘ o (3.40)

The boundary conditions (3.3%) in the new variables.become»

i

) : ‘ .
.fO(Q)_= 1, nQ(O) =0

a

0,k =1, 2,3, ... . (3.41)

)= CR(U)
f=) = m =) =0, k=o0,1,2,...

We have seen that ‘the computation would become increasingly .
. . 4 . : . ’ . .
lenythy due to the occurrence of parabolic ¢ylinder functions

. with arpufients (n#ng)  and  (n+ng) N, . However,'considér-_'

able simplification is introduced if we consider the

particular case b, = 1 , that . is (u*k)j = y . Therefore,
[ .
. ‘ . . , . .
.the system of equations (3.39) reduce to



b

//// iffexentlal equation, we have
: C

. The general aolutlon of (3. MY) is given by

& -
5o + (ntngdeg = (2ntl)g, = bty (3.82)
| n - r - | |l ‘ ' | - . , ‘
gy * (n+n0)gl - 7(2n+3)g1 = b'3f1 + ugo (3.(’1!3) ‘
g;}+ (n+n )g2 - (2hfs)g-2.= b3f l+’.llgl ) (3.44)
- . . ) " ! -
If we substitute
. o -
\ 1 R-EL I | .
- ={ntn )+ .
foln) = Foln)'e B o .H* ‘ - ' (3.45)
into equation (3.36); then Fo - satisfies the equation
~ : L S
" e 1 1, 2am Dt '
FO, -+.,[—2n - 5-_-E(n+n0) ]FO =.0 . - (3.116)-

Wrplting the above equation in the standard form of Weber s ',/

t

Fo ¥ [~(2n+1) +.& _ l(n+n0)2JF =0. . (3.47)
Fo.= €y D, _ 1(n+n0) POy Dypllntngdy) , o (3.ua)

where and L

1
and b ((n+n0)i) are the parabollc cylinder functions

Using (3 HB) with (3 45), the general solution of the -

'differenflal eouation (3. 36) is . o : v

> are arbitrary constants, ‘and D —one 1(n+n0)_'--
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f%
N
13
L
.

s

" The boundary condition at n=0 glves

- 70
//',' -
2 -
n .
. "%(n+n0)2 + EQ ' | |
fo =Cye . 7~ Doy p(ntng) L B
! .. SN —— - B . - :
P . | n2 —_— —_——
v o "%(”+n0)2 + EQ - L
+ ‘ -
2 e ) ‘ D2n(-(n+n0)l) . - (3.1{9) _
. N - ) B ' _ . - | . ) | |
If the solution (3'y9),15 to be bounded at n = = , we must

'have C, = 0.. Therefore, we have

v"'n‘ 2
' n .
R T L7 R N |
£y =Cye ‘ D_Zp_l(ntno) . . (3.50)

N
\ .

el T e
] ,D_en_l(np) | . . .
Using (3.51) in (3350),_wé'find th@éz
: 1 . 2 O e - .
~F(n+n, )" + = D_, _+{n+n;) ,
£, = o E 0 AT =2 0 (3.52)
' D;2n—1(n0)

Differéhﬁiating.(3;52)‘w1th'respecﬁ to n , and making
use of the formula (2.26), ‘we get

i
i

2
1, w2 Moo '
) -flntng)® + 4= D_,,(ntny) .
fg =7(51) e _ B
| " Dion-1(ng)

[

Sﬁbsﬁitutlnﬁ (3.531 into'(jgua), the differential equation

becomes



. 2 E 3 .
N h 1 2,0 :
t , oy -r(n+n_ )+ D (n+n.)
- By * (n¥nglgy - (2ntldgy = (~1)bg e o Ti_ -en" Mo’
- Yo . . | . D—Qn—l-(no) |

+

4, T S : | (3?5&{ o

To find the complementary.fuhctioﬁ>of'the differential

equation {3.54), the corresponding homogeneous equation is . ; -
N . % . ' . , . ) I e .
. 1" " . . [] . . -, .
By + (n+n0)g0 - (2n+1)gg.= 0. S _ (3;55) G
If we substitute ‘
, : : ﬁz
-%(n+n0)2 + Hg ‘ . e
&y = Gp ¢ . .. : .. (3.56)

il

~into (3:55), then, G, satisfies the equation-

1"t ) R '.'_ . . M Y ) ‘ t,
Gg + [=Cent1) - L - Lenin 216 = 0 (3.57)
. } ’ R , :') " 2)> Il " . oo -
Writing the above equation in the standard form;of Weber's’
difﬂerential equation, we have -
: nr--I - q i, 2 . . ’ ) St
Gy +'[-(2n+2) + = -~ =(n#n_)°JG. = 0 . {3.58)
0 Co 2 4 =0 0 e e,

11

The'general solution of (3.58) is-~

S o e w
.GO:— Cq D_2nh2(n+n0) + Gy D2n+l((n+n0)i? b %3359). |

where Cj and Gy, are arbitrary constants. s

o . ' ‘ o " , b
Substituting (3.59) into .(3.56), we find that the

cg@plementary‘fudétldn of the differential equatian (3.54)

st _‘ . < ) . oy
is . : S . - .
. . .
.

-t



LY

"o
. 2.; Mo
. W) =
8g = C3. ¢ e - Dopp_p(ntng)
- ,
- .- n
. : "F(”+”0)2 + Fg _ g | _ .
tCy e o | D2n+l((n+n0)i) - (3._60.)

'éo.=~ﬂ AR D_zn(n+n ), - (3.61)

vhere . is" an unknown consﬁant to be determined
:'Substitutinp (3. 61) into the left han? slde of (3.54) .ang

making use of the formulae (2. UO) and (2, M9), we find that

.)

" .l | l - : “ : (n+n )
g +'(n+n0)go —C2n+l)g0 = Dop _ E (n+n )

. : | (3. 62)’“"
Comparing the coeffic1ents in the right hand sides of the

equations (3 SM) and (3. 62), we have

A =;__:-—- -.“____‘-.—;_'_.-- ) ' . @'.63)

.':d D-—2n-—1(no) . . ‘ ) . .

- Hencg, the particulermihﬁegral'becomes'
) IR SR
. . 1 2 o e
_';‘b3 U (n+n0)‘ -E(n+n0)"+ T ” :
go = '—— . : ) - (3- ) N
D—En 1( O) _' Y -

THerefore Lhe general solution of (3 HE) or (3 54), which

is the sum: of the complgge%tary function (3 60) and the

- .‘Q ' !



e .- 1,.: il
R ST by "E(“+U0). + =D 2n(n+n )
’ D

FERY
o T

“particular integrail (3.64),
) . - - ” T n2
R —--[]i-(rﬁn'o')l? + TJ_Q )

il

" ..! . K -- ‘_' go : C3 e‘c p ‘ D_zn_z(n+n0)

o - : _ ﬂ2
[ ' . ' ' . %(Tﬂ'n )2 + TI_Q

o e Dansy (Intngd)

o 7

. ¢ '). . ) T ) . | -:22
2 0

¢

.-.D:'-_ - /‘-‘_= ) -2_-

“=2n- 1‘”0)

oL If the solutlon (3 65) ‘is to be bounded at n

.
»

- . . ] ) [ ) n )
o A ' .17 D (n+n0) E(ﬂ+ﬂ0)2 ST -

must have CH = 0 , and thus .

S e -
s . .2 N g
) | : —%(nfno}z + EQ
Bo T C3e D_2n- 2(”+” )

QM

: ~2n 1(n )

on (g

D _2ns l(n D

* The boundarv condition at n é'Oa, glves

= o ...i
_Ca 3 (n
= 2n 2 0

[}
&

3

(3,65),

(3.66)

‘(3.67).'

[ Differentiating (3 66) with. respect to ‘n_fénd*using the

formula (2 N9) ‘we fJnd that’

-, ) - - l n
S I G PO LML

- e |
& , | 1o, ov2 %o L
: ”f\\“‘ b3 )T+ gDy L (nkag)

- o@ | Panc1(ng).

- Al )

(3.68) -



T

Substitutinr (3 68) into (3. 37) the differential equation

becomes .
’ . . : J'.
' om ' ) E - “ o ‘u‘(n+n0) +Zl5
'5ﬁ?' _f1-+ (nfno)fl - 2(n+1)f1 = -b103 _ o D 2n l(nt” )
i | S - 2
5 Y Linen )2 4 0 D, .- {n+n.)
SR I E n no ST Yo2ne1 NN
oy . 3 ‘
e 2 Pon-1(ng)
(3.69)
| The “homogeneous differential equation of (3 69) 1is
‘ on . * : . “

'_Irl " (n+n )r - 2(n+1)f =0 . | (3.70)

If ‘we substitute

: 2
. , ' : n ‘ , _ .
y e p? 4 00 PR
fl = F1 e K _ s ,  ‘ . $3-71)
into‘(3.70},.then ?1 satisfies the equétion _
SR, P 11, 2. . }
which may bq_hrifteh_in the fgrm.a
o i f o L
LN (2n+3) + —-—‘—(n+n 1238, = 0 (3.73)
. 2 ) ‘ .
V4
The general solution of- (3 73) is S
I.vl = CS' I)_zn_S(n+n0) +7:C6.D2 +'2((n+n Y1) B (3.74)

whére C5 and jCG Care arbitzary constants of integratlon

.8 ubstitutinr (3. TH) into (3 71) we find that the complementary_

5 7 . : . [ ) ¢
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function of the differehti&l equation (3.69) ig

In order to. flnd the partlcular integral of the differential

+ Cé-e

1, . .2 . .
E_H(n'{'no) +‘ Il'_'

~%(n+ﬂo‘

2
"y

equation (3 69), we 1et

~ where

determined.

Subst

S using

Dezhf3(”+”o)-

Lo <
A “knen)? )
fl .—- Al e' _2n l(n+|’] ) \\\
: - L N
- B 4%(n+n0)
thy e D_2n+1(n+n ), (3-?6)
All.and Ae ire unknown constants yet to be

1't:ul:;n;* (3 76) 1nto the left hand gide of (3 69) and ©

the fiormula (2. QO) and (2. “9)

B ". -
fl f (n+n0)f1

- 2(nt1)r,

'r

1

~HA2

“2A.

we obtain

e

4

e

—E(n+n0)?

E(n+n )

Dﬁén l(n+n )

'(3.77)'
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Comparing the right hand sides of ecuatlons (3.69) and

(3.77), we find that

‘b in2
' T
Al = fl C3 el Q‘ >
. v L ~ (3.78)
1n2 .
b.b eH 0 .
Ao 13 . o
. 2 “ T ‘- ' - . . I
8 Poona(ngd L

'Hence.by’T3.?8), tHe-barticular integral {3.76),bécoMeS o

| 2
L1 2. "o
_ 1 T 0 1. IR
?1-‘ - Cq e , D_opo1(ntng)
. - 2
. 1 2- Mg . -
bbb 2 {n+n )+ =D (n+n ) :
. TS g _ :
e N ER TS
8 D 2n'--1.1.(5n'0) : o e

The general solution cof (3 77) or (3.69), hhlch is the sum

7 .
of the commlomenfax. function (3 15) and the pa“‘*cular

integral (3 727, lb B

f“ﬁg<n+n ) +rg

1" ) \ D_2ﬁ_3(n+n00_
o > ) | | | |
! 2,0 - C : i
(,6 e § . \-'-,\ D2n+2((n+n0}i)
. 2
' 5 ) i
T Thy T ntng +
: 1 . T 2
+ E_‘CB g . D_2n 1(n+n0)
. | .2' Lo
" . Dby -H(n+n e H_ D n+l(n+n )

‘ . (3.80)
| 8 D—2nrl(n0)? | L
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L-.

-~ 9

- To find 05 and C6 > We apply the boundary conditions
(3.41), ‘and if the solution (3.80) 1s to be bounded .at

N = o | we must have"C6 = 0 and then

. 1, . 2

1.7 ~g -
N 2
! LTAMARLY:! I .
+ 2—‘(,3 e L D_op-1{ntng)
n2 Fig
1 2 0. A .
b.b —-Fn+n. )" + — D ; (n+n.) ,
‘ - ;.3 o 0 0 | 2n+l _"o . (3.81)
8 —2n—1(ﬂ0)
The boundarylcohditioh at n = 0 gives ’
- 1 £,Cq L BP3 Dy (ng)d
Cg = — = —=—="D_,,3(ng) - 3 :
P.2n-3(ng) 2 . 8 D ona(ng)
o o (3.82)
Using (3.67) in (3.82) we find that’ | o
B c b, . D (n ) D (n,) =
Cg =t [p 20 0 _ 2041 073 (4 gq
e T 8 Dzzn—3sﬂo) o D—an—a(“o) | D-zn-l(ﬂo)¢ R

Differentiatlnﬁ (5.81) with respect to n s and makipg use”
of the formulae (2,“0)'dan(2.ﬁ9); we obtain

©

el

o 3
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Hf

" The homorcnnous diffexential equation of (3. 85) is

Lo

g, t (n+no)r1 '(29+3)gi =0

. .' o . ) G 2.1_‘
: 1o, -v2 . Mo
el Log, e T D, (ntny)
17 T¥s | ~2n-2'"""g
. . .. .‘ . . n2
"3 ‘3¢ L D_g (n+ng)
2 U ~2n* " Mg/
- . o . . na‘“ -
.o \ 1 o o) . s
by N -xln+n, )° + T— D_ (n+ng) ’
- _% b3 o T ‘O | —2h+2 0 (338“)
T . . D-an—l(”03
"Substituting:(3.66) and (3.84) into (3.43), the
Adifferehﬁial'equétibn_becémés{
N U - _‘ . T ’ ’ :
gy t-(n¥ng)g - (2n+3)p;
& _ et ]
| e L
| ~3(n¥n)? 4 nﬂ j |
= (UC - b3C ) e ‘ —2n- 2(n+n )‘
HaW ™~
: | j
: - 2 b bobLCo | <Anen )2 '
. - 3. 1373 E 0 H‘
+ -
-2n-1
- . rl2. )
2 2 \2 O 5 o
_ Byby Jlntng) + =0 2n+2(”+“ ).
8 2n l(n )
(3. 85)

v ;t3,8§)"'
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e E
RaEs .

-"‘:1. . : " ' ‘ . - ’ . ‘ '.ﬁ‘
| If we substitute _ )
o 2
- n | ‘
o g e 0 | - :
g, (n) =G (n) e ™ o ‘ (3.87)..
into (3.86); then G, satisfies the equation
"o L ‘-1 1 N 29n e - :
Gy + [-(2n#3) -~ = - = (ntngd®le, =0 " - (3.88)
. : 2. 4 -
The equation (3.88) may be written in the standard form of .
weber's diffezential equation = | | . St
G + [-(zn+u) + 1o (n+n 216, Ne .- (zeey
2 ‘U N .
lhe general solution of (3.89) is . _ o : '
Gy = _C? “2n- u(n+n ) + Cg.D, n+3((ntng)1) (3.90)
where C7 _and 08 are arbltrarv constants of integration. ¢
VUSlng (3 90) in (3.87), the complementary ‘function of the
~differentia1 equation (3: 85) becomes
. | n2.
o : A I“ij(”””o)a +-h£ SR
| B =€ ‘ ._D_2n_q(n+n0)’ -
oy K ‘ . . " . E
- ' , A ( ):2' ""lg_ oo . ‘
- L - Tpintng * F" - | A
T To find thc particular integral of the differential
'4 o ¢ equatlon (3 85), we lct
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oy

_ "']]4'.‘(71'*'1']0)2 . ’ -u-(r]-}-n )2
By = By ¢ - D_oq o(ntny) t B, e (n+n )
o —glen? U 3
o T Byre o Dopso(ntng) | .(3‘?2X
Where -Bl; le .and 53} are unknoun constants yet to be
o R e ’
determined. . . :3.' :
' Substituting (3. 92) into the left hand side of (3 85 ) and’
using the formulae (2.“0) and (2.49), we fing that =,
l no T .1 . N
gyt (n+n0)gi - (?n+3)gl
- -ilneng)? -
, -.-eul_e ' D_2n_2§n+n0)'
’ 2 . . k: |
o .:%(”+”o)2§ . o | |
SUBy e T ’D—2n(”+”0) ‘ 4
- . . . -
o
L —E(n+h )2 ' ' L
=6B; e D 2n+2(n+n ) (3.93)

7Cqmparing thgﬂright hand sides of the equations (3.85)tand

" (3.93),  we obtain

4
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B, = - %(uc3 - by csienf ,
Bé‘fx[ % ( . 3 -2 3‘c3gg32¥7~f—f_f"*”“""13.94)
.,~——D:§E‘If”“*“‘f‘?*ddﬂ A o |

K 'ne- |

E > Mg

! b1b3 I _ 1 N .

Byt T

J 6 8 D_op. l(n )

Ly _Hence the particular integral (3 92) by aid.of:(3.9uj3

2
n
-H(ﬂfnol)‘z + ]12

R | ey
gl'h --;(ugg.‘ 5€ ) e © 7 " P—2nr2(”f”0),

2
ng

;' - 1,02
"bob.C ob “F(ning)® o+ = 0 -
T TR
-2 ' A ,

Ponaalngd -~
o 2 ¥ 2
T et gl
48

b no % P ansa(ntng) <.

. —21’]—1 0 . ' ' ) .‘ . .
R (3.95)

R Theféfore the penﬁ:ﬂl oolution of the differential equation -

(3. H3) or (3 85), wﬁich is the complementary function (3 91)

pluo the partlcular integral (3 95), is 4



Ly

bounded at ﬁ‘e &2, we mgst,have Cq =0

t 83‘
,
(n+ ) no )
F\Nthgl. T o
SRS P_2n-y(ning)
2., g _ S :

D2nf3F(n+nO)i)

Hntn )2 ng’ o |
T n+n ]4— o A -
- —(“C - b3C5) e A D_zn_e(n+n0)

A

3
Ton

121230 B3 ) -

_ : (n+ng)
I n O
; 2 ‘ D—Qn-l(ho)

2 o -1 2 Mg v

D-on+z(ntng)

(3.96)

jWe need to find Cn ‘and CB; subject to the boundary

Londitlons (3 Hl) and if the ~solution (3.96) is to be
g = , and therefore
fpdm (3.96}, we have
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'increasinglv lengthy

- : ) . ' . E .
Co 2
\ DR AL T AN - o/
By = G e - Poznay(ntng) \
. ‘ | , . .
2 C ~. .
. _____4‘;_*____ ﬁ)v______'l = ___._EQIL_ILO).-- -—+“I"—i—‘*—~~— - R
- y 5 .
| , 12 39
' -1 2 . 'o
b.b.C . 2b o =plntn 0 # SRR
1 : \ : . ; .
+ E( 133 . — 3 ). e ¥ i 0 ‘_‘H_.D;En(n+n0)
o2 ' 9—2n~l(nO) ' ‘
bobs 1 e YEN L 0 :
4o 173 LR 4 o
+ . - . e D spealntn ) ..
48 (n.) - Tent2r ot T
2r-1 -
(3.97)
The boundary'condition at n =‘O‘,'gives_us, ' ;
C. .= t3 [ (uﬁ"— b,C.)D - (ﬁA)
2n Y : 3 ;
RN LT '
- I( _ —En(n )
2 P_2n-1(ng)
2 N L ; .
bybs D Jh s(ng) - “ S
-2n+ : - o
W s am
. %8 D —2n-1(g ) : 1 L |
The general oolution¢ of the differential equations (3 38)
and (3 UH) subject to the boundary conditions (3 Ul)h may
- be found simllarly qlthough the cOmputauion would'become
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It is inLOI“ULan Lo note that fTor

.micro rotatlon

solutlon for Jnutonlnn Fluids

’

B T B e P U DR

"fO(r])- =

)

2
—]:'lr( nHng )"

\)’

= 0

where
3

My

o

o

84

and vahi*hin'

Qur UnluLLon (3 35) reduces to the. cla051cal

Ir>» n
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. §ection 3. Plouwnea; a’ unlformly accelerated norous flat.

plate with v ar'able aUCthH

. . | +
. . - . ‘ ‘U"q
The particular case n =1 in sectlon 2 of this chapter
.correSpbnds to-a fluid motion caused bv uniformlv
acéeleratin; a porou" flaL plate with variable Suction.
Ouﬁ two sys tems of OPdLNﬂPV differ%ntlé; equations (3. u)
. ) '
, throurb (3 3), and (3 Na) bhrough (3 ﬂ“) reduce to. , $\\\
.-;:‘_) g " . . , . o . . . . . - . ,"- - ' ‘
f Tt (ngdry =g = wlng A m‘(3'1‘0?
: ‘. n o 1 _ . i . ) . ) )
o+ (ntng)r, TRl by, T : - 3.0
and ’ -
'» o _ Ty L .  1 . L - .
P Fo * (n¥ngde, - 3ey = bafy 5 ‘ _ (3.102)
'5._ 11" ' . T . i [} ' 1‘ . - ) ‘
SR : . I = ; : .
EESE (r1+11@)_;::1 ,gr:l ; .,b3‘1“l ey, . . _.(3._103)
L STy : ’ : Vo v T o, .
- ¥ (r1+r10)r2 - .?ffe T bgly + Uy s S (3.11.,0‘#_)‘l

Where we' have assumed that b,-= 1, that iy the particular

case when (u+k)j = y,. - . " - ~7

. ¢

Thﬁ'rhneral olutlonf of the . dirrerentlal equations (3 99)
O

(3 103), (3 100) and (3 103) uUbJOCL te . the boundary

oondltion* (i “T) arL-F%und-hv'nuut1nr -n'= 1 in thc >

- solutleng 3.52),‘(3.66) (g 81) and (3 ){) as followq.

B .
- . . s j
. 4 * . .

Lo



a T T, (3.105)
[ S, [ [ J— o _.I.,H.___m__ U

g =.C5

v
1]
ol
-
. - -
"~ P
. =3
.
s o
_' S
R 3]
Nt .
" -+
R
|
S~
|
S+,
=0,
o
| —
1!
{

T where o N , ' "

.D' . + 7-- A . ’ "."- » . . ' ' »
o -5"}7”9) : o \ S . .

) - . N
.\\ - o

=re Ty hany

hre
«\[

T, . - N . « ,
e . ; . [ . : : ¥
. . - . <

LIRS | . ! -

i n-;_' oy - .. -

) '..+ 'h__.[)'_:i"(nf:]b) ' L. _ o

: T s e ld3.107)y L
D__3(710)” ; ) »

o
&

- 2

and s ' o ' -t el
. N ' = 7



. ‘\-‘. ¥ Fod ".
. A - 2" i ~
E(nng)? 4 20 R
- “pintng o ' ‘
By = C7 E . E_ D 60n+n ) " ?-;
. . o, - CN y ] "- . .
2. ‘
> v2 "o
X (n*n T+ )
= ey - byop)e E\ O T b g
2 O ' - :
( 303 eb3 ‘Ir(””‘o) LT e
5 ' (n ) . . 2 n_rlo
3 . . -
o s ’
) . ST -2 . /
6,02 “Einen )2 + 20 (n+n..) Lo
-+ 1183 SRR AT T sy
. . ) .LD_3(-“,0) L _ "\_‘ '
where - | | voo .. o N
._CT'= 1 [ (I;c - bBCS)D;IJ(-nO)'
Dhs(no) !2 R 1. - ..
- . r. . '-,‘ . x e
' ‘b b,C 2b R a‘l R -
i Y
HE Dty T ;
\T‘*_ - o b1b3 Dg{ng) ] "
48 D 3('n0) - .

The general solutions of the differential equations (3. lOl)

-and (3 104), subject to the boundary conditions (3. Ul) may

be found similarly.

; The velocity and micro rotation or spin, found .by putting:
'n =1 1in (3 35), are - - < |

k4



LlT“? and T“S/2 resnectively ' The‘functions £

, T
R LU I U IS S ENE
, 3¢ S . - (3.109)
$ = Bt [go(n) + Egl(n) + e ge(n) + ..., ' )

where A ‘and B ape-condtants haviﬁg the dimersions

Tor g0’"f1

énd"gl have values as, given in (3. LQ?) (3 10&) (3. 107)

and. (3.108) respectiveiy o : e
. ) \/— b E | . | :
§.= '; k = Lﬁiﬁl and. ¢ = K& .
\s A \ld J "/.-/‘/_ ) p ' . pj .
For .x = 0 and vanishing spin, our solution (3.109) reduces
“to o .
Y ='At f(n) , where
_ | .2 g
2 0 o
(n+n )T+ D_.(n+n,) °
'E‘F (n) H 0 h_ ,3 : 0 . -
- P_3(hg)
,{'. tn ‘s} e ° .
I \ -"“:, . l .
. It
i . - - )



"Section 4.

-

*
’

Flow near a suddenly accelerated porous flat

plate with'variable suetioh.

'The particular case n =_0. in section 2 of, this chapter"

corresponds to a fluid motion caused by %he sudden

'accelerat

Therefore

(3. 36) th

n

and

1"

go

1

g1

B |
AV

where we

'(u+K)J

ion of a Qorous flat plate with variable suction

\

the two systems of ordifiary differential equations
rough (3, 38), and (3 UE) through (3 HU) reduce to
. . . ‘\l- ) ; ) *
fO + (n+no)f0 =0 : (3.1}0):1
FoAntng)fy - 2f) = bigy _ - (3.111)«
. R . { : .
- ' ! '
*ontngdf, - 4r, = big) 0 312y
- . - - " -\' :
(htngday - gy = borl © o (3.113)
+ (n+n - By = - AI-
| "0’Bo T Bg T 3%y s ’ -3
Lo . .o " . e’ ".O'.
+ (n+n )gl -~ Bgl = bafy + dgy PR & A0 B D I
, \-,Q - . . ' Lo - .
. [ - ] . 7,.', .
+ (n+n0)g2 - 5g2 = U3f2 + bgyt, © . (3.415)
have considered the particular case when .-
' T ~ ‘:

The general solutions of the differential equations (3. 110)

(3. 113)

. condition

_solut;ons

(3 '111) and (3. 11“) eQUbJECt to the bohndary
s (3.41), are found by putting n = 0 in the
(3.52); (3.66), (3.81) and (3.97) as £ollows:



. .. . f .‘ 90 .
“ o ‘ D. . iy
. o ! . >
3 ~ C " )
| ) 2 |
O" . .
(n+n )5+ (n+n ) . o, :
rgme ! i ———————9— S (3.116)
- S = 1(n0p; 4,“' c .)' | R

-

“The right hand side in (3;116) can be‘writtpn 1n'terms“0f
' thp'erfor function with the aid of the formula given in

Erdélyl et a -(1953 Volume 2, p. 119), .

o S B f
. 1 2 - ‘ I .
D_y(z)-= V2 e i Erfe(—2) , =~ - 7 (3.117)
where Erfc is . the complehentary erfor-functiqnz which 1s
‘defined in (9.1'01).. . LT
Therefore,“we have = . -
S (n+n ) nn RN
D_j(ntng) = V3.e T O Erre (=Y (3.118)
-and - .
2
- r‘o . Co
-. a n - 5 . . ) s
D_l('n0 JE el Erfc (—2y . ‘ - (3.119)
Using (3.118) and (3.119) in (3.116), we f‘ind'that_
: n+n0 o "
Erfe( ) Ce . .
£, = ___E_ : SR - (3.220)
‘ Erfc(ug) ' ' T o
2
2
: n-~ .
. 0
N -%(n+n0)2.+ T
Bp = C3 e : D_2(n+n0),
' ' 2 v ot . . - \'_.“
c by (n+n )2 +_n0 D (n+n,) S -
- | E 0 R AN ,  (3.121)

; :gi;,



Y .

K <::7Y 01
wherg -
C_ - .b—3 Do(noh) .« \-
* 3 3 ’l [}
i * " \ -;
g -
1 82 10
. -E(n+n0) t
= C : ‘
\,\y v e n2 -
- 1 -2 g T
: by Cy mplatn )+ =200 _ .
42 3¢ ¥ 0 H_~D_1(n+n0)
2 . -
. hY R
L -
2
. e
1 N2 #] .-
bbb, —pla+n,)° 4+ D, (n+n,) :
+ 1.3_‘8 I}' O TL__O__ , (3.122)
5, ~ o bgng) | o
where .
Cs - 1"[blb3 Dy(ng) _ byb3 Dy(ng) ]
7 D_glngd d Dﬂagno) 8§ D_,(ny)
7 , p . ) .
o | n2
By 7 Cq e - .D_H(n+n0?
o ' 2
: 1, .. 42, "o
o 1 . ._E(n+n0_) .+ Ir-_
‘ 2_(1103 - b3C5?e ‘ D-E.(n+n0) ,
. - n2,.
' T 1, M2 0
b.b,C 2b -F(n+tn~)< + . :
; %( 1°3"3 _ 3ye B0 T Dy(nn,)
. hoo2 D_l.(qo). ~
Do 2 : .
by 5 4%(n+n0)4 + ;2 D2(n+n0)‘. : '
o bye — " (3.123)




.\ _ gt

'c?_=ﬂ-~————[ (4C5 = biCID_,(n, )

. - b1b3C3 2y bl 5 D (n )
( —\‘ . )Do(no - —_ b3 - L]
TR 2 D (g B8 2 Dpi(ng)t -

The penenal s@lutions of the differential equations (3 112)
and (3.115), subject to the boundary conditions (3.41),
‘may be. found in a simiTsr manner,. )

-

,The veloc1tv and micro rotation or spin foond by puttihg X

n="0 in (3 35), are o : e - .
u f'A[fO(n),ﬁofl(o%5+ ?EﬁéF”j + .. L] E
ST TP UR (3.124)
o= B Ty (IS edy () o+ emytn) ¢ L LT ]

where, A .and" B are constants having tHe dimensions
8 .. * 3 . * ; ‘
| Llf_l and Tf§ 'respocti;el T fundtiono' £, ] f
o .- e . ) 0 -y' ) . ) OJ go’ l’:
and"-pl haveisolutionS‘a§ given in (35120),'(3.121),
(3. 122) and (3. 123) respectively

B - I by

== - , k.=‘(U+K) .and & = 57 .
A 4§-J P | pJ.

It should be ndted here that for « =0 and vanishing

-

micro-rotation3 our solution-(3.124)jreduces to

oy



Su o= A‘fo » where o T

+

\.b.

| Erfe (—=2) . ER
i '} >I“O '__ _’J . ~

Y -~ Erfe (_

-

"o, .

-which is the same as yhe soluﬁioﬁ‘for Newtoniéh'fluids;

-

\
. v
. .
- -
- L} " -
- .'
) .
B
J'- &
. 1
.
, '
Al
. .
. " -
- 0
. » )
. ]
. '
5. )
- o »
. .
-
v
. \
o, ‘
. . » r'H
g {‘? o
N L] . . '
o
R .
N N
L]
- - 1
. '
: N
¥ v ‘ -
— .
- \

A
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\ " CHAPTER IV \

STEADY FLOW IN AN ELLIPTIC TUPE. »-

~

Section -1. Eguations of motion:

o
Lt R 3

Green and Rivlln (1956) have worked out the cas of

non Newtoqjan fluids in & tube of: elliptic cross~éect on .
e
‘ +
.and observed that ‘the flow 1s secondary. '

Lgngldis and Rivlin (1963) have studled the slow

w'steady;state flow of visco-elastilc fluids through o
. — | \
rfon-circular tubes and also observed that the flow is .\_

secondary. : T ", T

;'Eringen_(l966) investiga§ed,£he stégdy-floﬁ of
micropolar fluids through a circular pipe. '
.  It is'quiﬁe interesting to work ouf the case of
micropolaﬁ fiuids in an élliptic\ppbe gnd to see whether
the flow is“secondary Or.not.f- ' - L I

’ﬁere we éonéidér'stea&&; incoméféssible floé of

.'mlcronolar fluids wlth nQ external forces and body couples,
and - take axes Ox, Ov, Oz, where \0z 1is parallel to the
generators of the ellintic tube with axes “2a, 2b and
Ox,.0y are peroendlcular thereto (Fiyure (ﬂ 1)

Py o -
Ue look for a solution for which

' lg :‘EP, 0, WﬁX,y)) and

‘ (471)

-

v = {(v(x, v) ¢(X,V) . .k>ﬂ

The equation of continuity (1. 1) is satisfied identically,
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£+ ¢ : 2
and the field_equé;ions (1#2) and (1.3), due to (4.1), erHxJ
reduce to . -
9x . S T ¥ . -
d . o ) T . -’I
oo, | (4.3)
ay " . ) - : o . ' L .
L a:zw" "> 3% | 2 9 D IR ) -
G (E5 + S5 w3 -2 2R g, (5.4) -
TooAxT eyt '_an 3y 3z ' | ST
’ e o~
B v 3 2¢ 32'\.:' aw' " :
(a+8+y)( = —‘L) - ¢ 2 M X - av =0,
ax- axay .- ayax Jy .,Qy _ o .
. G
_ (4.5)
) . B - / . . o
and o . . . . " \7. : . . "
} a2\)' 324 . 32¢ YA éw ' _
(otpty) (B— & 5) + y (=~ ) -k == - 2kh = 0,
MY C-3ydx . 3y° T 3xS ' 3xdy ox -
; (B.6)

Equations (u 2) and (4. 3) show that p = pl{z) oniy,‘so

that equation (4.4) bec?mes o

»
] ) b

2 : . . o
<u+»<)(3 ! P 2My 4 @0 2y o dp _ SR
ax 3y . 9xX .3y dz - e
S | 7

In the above equation, the left—hahd side is arfunction'ofjh

g

~x and 'y only and the right-hand side is a function of

Tz only. We deduce that both are constants, and write

| "2, 2, C T
P = () (X 2 (R0 vy _ P . (4275 -

dz . 9x (ay  . 9X -3y
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'Ue need to: solye- the partial differential eouations (4. 5)

.
A
'

(U 6) and (M ?) subject to the following boundary

conditions:® - L ' e o

. X2 .
when +

T =
| P

=.1 3 wix,y) = U(Xayj . ¢(x,y)

(4. 8)

~ The method of successive approximations 1s applied to

uncouple the partial differential eouationa (H 5) C (. 6)

ﬂand (4, 7) uhich are then solved usin? the semi—inverse

method [Lanrlois (196& D. 119—120)]



.9-8 ’

;&.
_ ' T . o &
Section 2. olutlon by ouccessive approximation and

’ .
'scmi inverse methods

-l

(:“
_ ; - We seek a solutlon of the partial differe tial equations\

( +5), (4.6), and (4, 7) ln powers of

€ ,\gssuming that
‘\...

E is a parameter which 1s sufficiently small where
,KL . . _" “
E S, . ‘ , : .
o eodevg T - o

“Thus wegexpand W, v, and ¢ 1n ascending powers of

€ as;fol;owo{ . . ) h - ‘ .o Hi*"
o Voo . B L !

wdﬁxfj),+,ew1(x,y)r+ ng2(§5y)'+ e?o3(x,y) + "%.

v (x Y)'; tv (ﬁlﬁ) ¥ ey (x,y) +fé3v:(ktj) + '(ﬁ.9-
0 Ao ‘ 1 )- PR R 3 2 LI .

wix,y)

n

S ovilx,y)

6(x,y) ='¢a<X=y>'* €61 (x,¥) + €%, (x,y) fi€3¢3(3rY2:+ =

D ’ R 5 B A |
. ‘ 4y e
Subs tutlnp the relations (€ 9) into equations (4.7),

(4.5

o«\J*

and (4.6), we find that

0 2% aaw 32w 2 3? . -

2. _ 2. . \ ' . -

W Wy oW, L by v s,
] 1) + 52(3 2 9 22)_+ ] +eb1£( - 0). 5
dx: .3y E ax 3y : . 3x 3y

te(—= - —=) + e (—=<= -—3)4u77€3 = - p ; ,(M;IO)




v
4_ ] .
. . - : X
. 5 -
o “32“0 .82¢6ﬂ . 32“1 . a2¢l | ‘
. C(atB+y) [ 5+ —) + € ('——2——' = - )
Co xS XV ax” . axay
- ] .2._ . 5 .',' . ’ ‘
2,079, 0%y 0 Sty afe
e ==+ —=5) + (= 5= + 2+ ]
' IX" U 3xay - 8xT X3y ' -
3%, 0%y 26T 32u. L 2%, 32y
-0 ) 1. 7 "1 2 2 2
TV ) (=2 ) B 22
?yax;\ oV} dyadx 3y - dyox oy
2 2.0 S : L
B R a“v, = : IV v . 5 AW '
f'c3( '3 - 3) L bIE(__g et 2 2 S
dyax yooro 3y 3y 3y .- -
3 _ ., ) ] 2 ) '.‘ A- ' _" ' .
= EbJF(vO Fevy + ey, +‘...) (H.;l)
and
E | . ' 'aevd' ,a?¢o ' _32v1 ' 32¢1 S 82v2 32¢2
! . (atg+y) [ (—= + } b ele——=t =2 + ¢T(—= + —5)
b (. dvox 3y Iyax Ay dyox - ‘?y
“ | . . .
& | :
3 3%, o, %0, 9%, 2%, 2%,
toe(——= 1+ —s=) + 1+ vyl - ) + e - )
Jdyax  dy©, C xS 3xdy 3x° - 3xdy
2 3%, 2%, 3,055 2%
B S ( =y - -) + € ( 2 C } + - ]
} 2 ax*“ dxdy X 3xoy -
v : ' -
) oWe . W, . W
= bye | 04 ¢ L4 52‘——2 + .,0)
‘ 0% 9X - L 8X
i ) * 2 - ‘ . )
- =.2b15(¢0 toegy + etp, + ey S (4.12)
‘ KS




_ ™.
Where . -
5‘ _ DOJOVO - . :
1 r,_. —
L
-Idéntifving.like'powerslbf ]c in equations (ﬂ 10)
(4. 11) and (H 12), we find the following
" . " " 9
Zeroth order approximation:
2 .. . . a,_
9 Wy 32w0 » 4 . .
v ; > + 5 = ==y )
X awmS TR K . _
L T K TR v
o (atB+y) (- 5~ + ) = x( - — ) =0, (r.13)
< e 9%X=  3xdy aysx - ay- v v
2%, % b %0, a%vg P
(a+Bty )y (—2 +°. 5 )+ v ( 2 - —=) =0 7 ,
e .ijax_. 3y 3% 3xdy . 3
R 4
F%f%t order approximaticdn:’ L
N . 3%, 3% i 3% 732y 2d v,
° l»l( 21 +.‘ . 21) + t?l( 2_0' + 20) _'_ 'b. ""_""q - J__Q') .7-" 0 3
R X 3y© . X C 3y 1 B¥x 3y :
‘ . 3 . ”. R =, ) -
% a_3¢1 X '32-¢1 32v1 aw, - o
. (atB+y ) ( + - v ( - ) by === byvg, (H.14)-
~ ax“ - axay L. ayax. "ay .3y
vy L32¢1 j"32¢l . bevl Bwo ‘
(U+B+Y)( -+ > ) + y(— - ) -, bl - = 2b1¢6
Byax ‘ayy 9% axXay X _
i - . . ' ". ’
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3 _.
L .l ) ’ ) - y ’ : \\ . .
Second order approximation: . : _ . . _ ‘
' 82w2 Bfwa agwl" ézwi 3¢, - vy
M=+ —57) ¥ by(=5=+ —=) + by(— -~ —2) = 0,
Ix 3y ax oy P X dy
3%, 2%, 2%, 3%y, 3w '
(at+B+y)( - + - )] * by—= = 2b1v1, {4.15)
3x XY 3yax  dy 3y
- 3%v,  a%y, 2%, 3%y, . duy 2
o (a+B+Y)( t —=) #y ( 5 - ) ~by;—= = 20, 4y
Byax,- oy 9X 9Xay ax
- “-" { . R ?
Third order approximation: .
‘,32w3 321-:3 321-:2. 32w2 . 30, vy e .
W(—s="4 ) + by (—=+ 5) bl(——- - —=) =0, ;
9x By” X . wa\v? T 3x . 3y . .
- ' . J’-‘ N ) - L
- Bevé ,1?¢3' 32¢§ a?v3 : 8w2 . ‘ '_
(at+B+y)( +=—2) ~y( - —52) + by—= = 2y, , (4.16)
ax - X3y ayax oy Ty .
'32\)3 | a2¢3“ 32\J_3 | o,
- fotBy) ( o) (= - ) =by—= = 2by¢,
e 3yoax 8%7- X axXay _Tex
The boundary bonditions-(ﬂ,B), in view of (4.9), become:
: . [
. X2 Jz ‘ S | S
when - =1 _wk(x,y'). = v (x,3) = O x,y) = 0 . (4.17)
o v k=0,1, 2,3, .er . :
. ' - ~ ’

,Tﬁe partialldirferential equations (4.13) throﬁgh {4.16),

subject to the boundary conditions (4.17), are solved using
the semi- inverse method [Langlois (1964, p. 119 120)]
The solution of the first of (M 13), subJect to the

. -

boundary condition that wo(x,y) =0 when o - B /fT\\
. B J
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2 2 \ o , |
ﬂg + Mﬁ =1, is eésily found as . .
a. b . .
, | 3 Ce . S o ‘ |
wo(x,y) = €y (b2 “ra%yf i a%? , (4.18)
where : ‘ - _ | N .
c, = -
b 2% _ :
D e o _ o - . R
- Therefore, we have LT : .
.46 wo(x,y) = ————Ii—-—-———(b2 2. +'a y - a b/6 - (4.19)
‘ 2ua®sp?) - o

2

The pair of equations (u. 13)2 .3 is elliptic and the

boundany conditions are v ‘=:¢O = 0 , when

0

- . » . ' . @

2 2 . . L .
55 + Xﬁ = 1 . A solutign satisfying the equationds and
b ‘ : : ‘ .

o

1
v

boundary conditions is

0 ]

' v. 0, ¢b = 0 i'_‘\\//%/ﬂfi ' (4.20)

Y

-

Hence this is the unique solution. ’

r

Using (h 20} in. equations (4. lh) the equations bgcome -

32w1 a2w1 o B?wo B2w : ‘ e
M=t = D Gk Py =0, -
X 9y ax= . 3y .;. .
: . 32u1 32¢1 , ‘32¢1 azvll vy
(atB+y) (—= + ) =y (——. - ) + bj—= = 0, (4.21)
_ ax - aXoy _ dyo9x 3y, 9y L
' 92v1 '_32¢1‘ ' 32¢1 a?ul vy
(atB+y) ( + )+ ( 3 ) ~b,— =0 . -
‘ e ‘ lax

T 8y9x. 3y X i 3xay
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Using the first of (4.13) in the first of (4.21), we

“have ' S - -

L (4.22)

The solution of the partial dlfferential equation (ﬂ 22),

e}

subject to. the boundary condition that 1(x,y) = .0 )
- 2 .2 _ Lo :
when £§‘+ lg =1 ; is o o "
. a b~ . : ' ‘
wy(x,y) = C (b2 24 a%2 _an?) - (4.23)
where N | /
.- c - bi P
N 2 - . &
: 2u (a + b’ 2)
_ 3 )
Thereforeswe have . .
' 4 e b P |
wl(x,y)‘ l' ”l(b x ¥ a y -.a b23 (h.2h):

2u (d + b )

 Using (U 19)|in the second ‘and third of (H 21) and after

a little simplification, the equations become

5 ' 5 -

- 3%, 2% 3%, 3%, . bl P ay
(atBy) (—gt & 1y e
: . 9x T3xX3y - dy’ax 9y u(a“+b“<)
‘and - . : : ‘ ) | o (4.25)
- .' . l' . l\.
'..* 2
_ b1 P b™x
u(a® + b°)

(h.26)
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The solutions of the partial differential equations -

(4.25) and (4.26), sdbject}to the boundarylcendiﬁions

: S : ]
1‘ ) . x2 2 ‘
that yl(x,y} = ¢7(x,¥y) = 0 when =+ %—-=1 , using
¢ ‘he semi-inverse method, are found to be ..
, ¢ . ) . |
v ly) = C3y(b%x2‘+.a2y? -a%% 0 .en
. ‘ \ . T | lAb \/_
N . 3 : ' . ' ‘
000,y) = G0+ 2%% - a%?) , - (u.28)

| prdvided thaﬁ X + 0,y £0, and where Cy and Cy are

constants, uhich are found’ to be

o by Pal(ae)(a%k0?) wy(3Pha’)] |
3 2u(a%+0?)y[(0+8)a b 430" (atB)+a2(3a°4b2) (ot Biv)
- C L #30%(33%9)]
and- . L - ' - | , (9.29?

b1 Pb [(a+8)(a +b ) +Y(3a +b )]

cu - - 221
2u(a +o )Y[(G+B)a b +3b‘(a+8)+a (32°+b“) (atB+y)
S " .
N LTl " | :+3b27(3a2+b2)3
' . R o . "(h;3Q).

We would like ﬁo?point out here ‘that 4f wo is a

polynomial of degree 2 , and ¢0 = vy = 0 , .then Wy

could be a polynomial of- depree 2 , and ¢1 ,} vy could
be polynomials of degree 3. 7 {

Similarly w, could be a pqiynohial of degreeqh , and

¢¢f
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92 > 9, could be polynomials of-éegreeAS..

) \’ i . . . "
We make v  odd in Yy and=eyen in X ,- ¢ odd in x

Yy » w even in both, because ‘the. partial

1 equatlons are. not satlsfied otherwise.

) Me find_the difference“betweeﬁ the volume fluxesd

dA and

Wy wy dA in order to estimate the magnitude
v . .

of first approximation to the zerofh approximation. S

oy

JThe volume flux for the gzeroth order approximation is -

FO given by L o t B =

[ [

JC/Lo(x’y)d“ dy - 7

. a/ 2 2 . .
SR IN 2 y- | )
- Wf/n ; > Fb2x2+a yz¢§2b2)dxd¥ ;o (k. 31)
y=ﬁ‘ 0 Qu(a +b ) -

which on'integfation'gives us o

-

. . m P a’ b ) .
To uu(az + b2) " I . i (H-BQ)I'

. The voluﬁe flux for the first crder approximation is.

»

F1 ff'v (x y)dx dv - . ~.
: aJ[§~T§ ' .

Ub P
ff(bx+ay ab*)dxdy,
2]2( 2 + b )y ° .

[]
+2

n

x:
my P aded

_ . (4.33)
. uu2(32+b2) , ' '

Ll
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Using~w{l.24), (4. 27) and (4.28) in the partial differential

oy

< 4
equations (4. 15) and after a little simplification ‘the

equations become

’ .
i

ézwa‘ azwz' b, b2 ,  bal
‘ -t —m— = (C3-3C;)x (3C,-Cy)y
09X 3y T .
Coa
'bip baf? 1
' T H .
(a+B+y)( 5 Y ~v( - —) ,
_ X ~9X3y ¢ 3yax 9y . , 5
“ b.Pa “
= b,y[20,0%% + 2c,a%% - 20332b2 S S
. B _ . ST ug(a2+bg).
- 32v2 «a?¢2 %, '32u2
(Q+B+Y)( + 2 )+.Y( o] > ‘_ )
3yax. a3y~ 3X" T 9x3y -
L | 2
‘ _ : ' B, b.Pb
LT <ot : ‘ p-{a“+b )

(M 36) .

-~

.The soif;ifp/ST‘the partial differential equation“(ﬁ 34),
éﬁﬁjéc ¢ the boundary pondition that wz(x,y) = 0 when

C . _ o

2
X_+ Y =1 is found to be - .
2. 2 3 - .
a L . .o
Lot
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/
wuy(x,y) = (b?x2+a2y%—a2b2)(AlxefA2y2+A3); (4.37)
where:
' 202,20, s~ .. 202 ® ' '
b, bo(b"+6a“)(C,=3C,)-b,a“b (3C.-C,) - .
Al - 1 i 31 .U 1 273 74 ; (u'.38)_
: 12u(a?+b4+6a2b25 :
b2 (a246b7) (3¢,-C) ) =b. a2b2 (C.~3C, )
AL o= 1 EIRE E | ‘3 4 (4.39)
5 ‘ : .
Jeu(au+b”+6a3b2) ’ S ’
and ' . .
’ - 022, g bi P bla?bz, )
A= ————=[2a“b (A, +4,) - - ' (C,-Cy)1
U3 SReed P ; 2" w3 " 73 .4

(4.540)

‘The solutiens of-the partial differential equatidnS‘

-

- (4.35), and (4.306), subject to the bouﬁdary conditions .

A L .
that v, (x,y) =‘¢2(x,y) = 0. whea X% +'X§ = 1 , are found

g

w

using the semi-inverse method as follows:

2

vo{x,¥) +A

“y(bzx?+a2y2¥a2b2)(AQx 5

y2+A6) ., (h.n1)

x(b2x2+a2y2-a2b%(ATxefRByE

¢5(x,y) +A9{ , (h.u2)
pfovided that x + 0 ,;y 3+ 0 > and where Ay s AS’ Ags

-



and‘whene_ A, A

- . r-
| G,
fal A
1
A : A
e iﬂ o -= ii
[ 8",

A

12> %2

a =,[(u+3fy)5243{b2][(a+B+y)b2¥3ya2]AU

© 108
A -

, As_-f': |

o ' (4.43)

. A :
s A =‘_6.._ t '
9 7 .
> Ba s By, 8¢ and B 'afé ‘Aﬁ

—-éabECa+S)2A0 .

(k.40)
(afB+y)a® (g+s+y)b2+10azy 0 . 2(o+B)a’
B 6(q+bfy)b2+3a27. 3b°y, w‘-3a21a+s)“ %be(a+s),
by = . : Lo e, ST
O | 2(at8)p? 0 (atBHy)a%+10b%y . (arBey)b2
3(at8)a® 3(a+g)p? 3va®  6a%(dtBey)h3yn?
4, =ff(a+8+y)a2f3yb2][(a+3+y)&2$3ya2]A'__ aebg(a+g)?a' ,
R  (uds)
b1a2C3.‘(u+B+y)b2+lOa?y . 0 ! 5(d#8)a2
2o ' 3aliaia) \\\éfwrsﬁaz- |
. b,bc, 3b°y L 3aT(ake) N
A' = ) .'. ,'(' .. . ‘
. blbgcﬂ 0 ‘(q}BfY)a2ﬁlOb?Y (u+B+y)Q2'
bla2Cu 1133(a+3)b2 '%3ya2 , 6a2(a+B+Y)+37b2
s - ’ B ' r : . .
" and ’ r
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L] \\ (_ ' ] ' . . LLi ' ’ "I '
Cb, = [(G+B+Y)a?+3‘yb2]t(u+B+Y)b2+3yaa}A - a2b?(a+8)2A y
C(h.46)
where - i
_(6}+B+Y)-a2- bl.:—12c3 0 -'2(a+B)a2 g
v [SerarIn®eaay bins 3a2(ars) 3(0+B)b2
2(atB)b™ b.6%, (at+y)a®riony YatBty)b? °
3(o+8)a? “biale, 3ya? ¥6a2(a+3ty)w3¥b2 r
, S | |
8y = [(atBry)a®+3yb2]a. a2(a+sa sl any
.03 v 730 31 ° ‘ :
(atp+y)a® (+8+1Ib%+10a%y bia%Cy 0 1 2(avp)al
| 6latBivIniza®y 3p3y bb°C,  3a°(ats) 36°(ats) |
“p. =] 2(0+8)02 0 bb°Cy  (atBhy)ad (atpty)b?
%30 | . bybCy - LakBry)b
' +10b°y
3(a+B)a2 3_(a+B)b2 ' biaacu 3Yae . 5a2(&+B+YJ
- n - - +3yb°
-(u+B+Y)a2b2 T —9Ya2b2‘- ' *alf& 0. ‘_-(a+B)a?b2'
¢ 2 2 A
- ' b, P a
a,, = -b.C.a‘b® + _ % v |
11 173" = 2,22
' : 2u”(d“+b°)
1 . / - )

A




‘ 110
)
(a+8f¥)a2 (aéﬁ+¥)b2+10aey bla?c3 0 2(atg)a®’
\ '6(a+B+¥)a?+3a2.7_ 3b2y_ bleCB' _3a2(£x+3) 3b2(g'+3)_
ho.= [2(atg)o® . 0 g beC (a+8+Y)a® (a+B+y)b2
31 ‘ o 1° €y (o¥By)a® (atpey
: , ¥10b"y
3(a+g)a’ 3(atB)b? bja’c,  3ya® 6a° (a+B+y)¥3yb2
~(a*+g)a’p? | . 0 a1, -3ya®  i(arBry)an?
. 2 5,2
) A b P b
a,, = -b, C, a%2 4 —_1 ~
12 1l T,
. 21 {a“+b<)

by = [(a+sff)a2+3yb2][(a+s+y>b2+3ya3]a'f'

Y Y
- a2b2(a+8)2A s

. T o R Ry
ﬁhefe | f | |
(a+B+T)a2 '9' (a+8+y)?2+10aéy b1a203 2kg485a2
TN 6&a+8+y)b2+3Y32_‘ b2y o blhqu_ '-._3t>_‘°-(a+ﬁ;.)l~
B EICTT ST et Y élbzcu (r¥B+v)ﬁi_ |
13(ats)a? .!h3(afB}b2'. éﬁblaecu 62° (ataiy)13yb? | .
‘. . S -
by = ECa+B+Y)a?+37b2]E(a#§+y{b2+3752]AIV - azb‘?(ms)%IV_Jv
g ' . © O (u.49y R
- - -(. .
, N
'. ’ T
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(a+8+v)a,2 : - ‘(a+B+Y)b2+10‘:‘:127‘ 0 .bl‘a203.
6(a+B+y)bo+3a%y 362y 3a°(atB) "B0%C,
v o ‘ - ( :
A - N L Yo l l =, -l
2(a+)B . ) (a+8+¥)a100% bov2c, | - |
| L2 - P L2 "
{3(at8)a 3(a+B)b 3va byac,
-:ﬁ" ag = {(a+3+~r)b2+3ya2]asd-(a¢3)’b2:&61 (4.50)
. where - | | . ~ S e
LT '(a+8+y)a2 Y (u:i-'Bjy)b2+1Qa27 0 2(atB)a’ b1a203
. . M —./"f‘ '. . . “. . )
6(atBiy)b2+3a%y 3%y, 3a%(tB)  3(a+8)b2. byblc,
‘56'0 - 2(“%.B)b2 , 0 _(cx+'8'+y)a'2' (a+é+y)b2 blbacq
| | " | o ¢ +10b%y -
p 3(atp)a® 3at8)d®  3ya?  6a2(atpiy) b,a’cy, |
' \ +3yb2
~(at+g)a®p? L0 13va? (grpiy)an a5
and t.
7
[ ¢
| o
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wWhich on . integration gives
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.'o_
\V .
(a+B+Y):a_2 (a+8~}5y)b2+'10aay 0 ‘ 2(a+B)a2 | bla‘:";C3
6(atBty)b® © 3p2y 32°(a+8) 3(atB)b? b b7y
+3a2Y | -
be=|2(a%8)6% - 0 (a+Biyiad (akBiy)b? b.plc..
61 : Ll Y
o, . +10b2."y..
3(atB)a” 7 3(afB)b? 3Y82' 6a (a8%y) blaac,4
: .- : +3Yb2
—(a+B+Y)a2 ¢ coya?n? | 0= —(at+B)a’p? i1
: f e S : o , .
The volume flux for the second order approximation is
Fy =f‘[w2(x,y)cb.c dy .
' - a [,.2 2
: \ \‘b T\ b "'y e
= ll-[ [_(b2x2+a2y2—a2b2)(Alx2+A2y2f-A3)d'xdy '
‘.\ . . . - - oo
Y20 x=0 . | .
e ' \b 2 /bey?
=M[[{Ab2x+(ﬂa+Ab)x2 o
| =O“‘ X—O . V ' H '
yIR = Hxa(A 3-A a2)b2+A2a2yg -
! +(Ag-hgh )a2 2 -432%b°)dxdy , - (4.51)

w
-



R . o o N | a3 K\

. L o
)“ "“ '
Il a . [&]
e 5.3, S5 3,3 | ,
‘ F2'=~ 15 [Ala b +.ﬂf2a b- + 6A3'a b-] - (4.52)
where N
. b72P[3s(a%+b2) (a0 +6a202) 4320430642020 4612 0 2]
A, = : - :
1 I . - . ' l'. ‘ .
© 2iPy(a®+0?) (a4 4+62%2) s (32430 1422202 ) #3230 4102202 ]
. 1 ' ‘. . (u-53),
- b7a%Pl3s (a+62) (a"+b"+62262)+325+ 3065292 b 2461220 4
.A. — N . (W)
2 ‘ - =
‘ 2ﬂugy(a2+b?)(aq+bu+6a2b2)[s(3au}3bu+2a2b2)+3au+3bu+10a2b2] :
| (a.58) Y
and ?
— R S -
. _ o o . o
- 1 2,2, | 1" : : :
Ay = [2a"b7 (A +A,) - —=3] T
_ b§a2b2P[$(a2+b2)2+éu+bu¢52] ' :
* - 3 —— 5 (4.55)
1Py (a?+b?) [s(3é"+3b”+2ai35413a"+3b“+10a2b2]_ )
Y | | R . e -
T JA PR |
early, Fy = - (J—JFO : : (4.56) .
- : Iy . , .
Area :of an ellipse with semi-axes a and-‘b_"
. 2 m.ab ,. ' ‘ . (4.57)

- ‘hence mean fluxes: a
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‘ but F

' We plot F

—-‘_ Pa2b2« ) . ‘ - -
Yo = = o -
du(a +b?)f
L2 .2
blPa b™ _ ‘ : .
l ) . 2 . . “ -’ .
16“2(a2fp2)_ .

o

F,o= -1 0aa? + a a2 + 642227 |

The effect of spin’ does not enter F, ~ (since’ Vo =g =,

. . LR ! .
. . K

'

5 is definitely,erﬁcctgd.
We rmay find the effeat of eccentricity e of the

ellipsc.cn flux: b =‘ag&$ieg) . We také a =-1, then

- 162y T e \
| .Fb =:P(l--e ) S - 4 5 |
: i(2-¢) o o o .
s QlP(l-gz) T, S
F, = — i ' o : ;
R ‘:! > : ) . ‘ L
1 l6u2(2—e ). . . .
; . p. -'_‘" o _ ',-} s ] .
B . - l ' 2 - ‘m ) R .
and - Fp = - 2= [a;(1-e?) + a5(1-62) " + 6a,(1-2)] |
. =12 Lo T T D |

¥
>

1

0. ;.Fl- and F

e (eccentricity) ﬁa shows the erfect of the constants

a , B and vy.. These 1n turn mi&ht be calculated by -

.running the fluid through elliptic pipes of different

“ # M

2' EFignyes 4.2'thrdugh “v7]' against

i



'eccentricity.
: If we let P = 5, bl = 0.1, u = 0.5, then we have the

tables and graphs for various s, y "as follows:

- Table 1
s . (=3 . FO .. ) 6
[ 0.8 P '1.250000 '
0.25 1.209625 |
0.50 | 1.072375
0.75 [ 0.761250
~Table 2 S\ -
‘ : ~_ . 7
| N
5 o 0.00 -0.062500 |- "%
- . ' : 0.25 | '-0.060481 | . f)m*
o N ; 0.50 c-0.053569'_" ' ”Qﬁ
i‘, i ‘ - ) l c.\ ?
J - //// 0.75 | -0.038063 . y/’/)-
. | : I
- |
L] \
/
_(- .
1 J - A

115



" . Table 3¢a)
When ' s :‘-3, Y = .

. %

e 172
0.00 0.022743
0,25 . | - 0.047048
0.50 | ‘0.ol1609
0.75 - 0.029587

~Table ‘3(b)
When s = 3,- y =

e F,
0.00 0.044792
0.25 | -0.043516
0.50 0.039062
0.75 0;028620

- -

116



. { -
Table 3(c)

EY

7 Wheﬁ ‘8 = 3,y = i |
. . 3

0.00 . 0;03“375
0.25|.  0.033775
0.50|. 03031471

0.75|, ~0.024990

\

Table 3(d)

-When s-= 1, Y\i.l

0.25| -+ 0.041574
10.50- 0.039057

0.00 0.044792 .

0.75|  0.029041

\

1™
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[3
[

The“solutlons of the partlal dirferential equations

. (4, 16) subject to the boundary conditions that
i

WY '

) .. l ., M 2'. 2-" . ‘r-‘
walx,y) = yB(x,y) = ¢3(x,yJ.=-q when.‘iﬁ + 55 = 1, are'of
the form / \ T - | o o ’ .
- ' 2.2,.22 b2 2
~w3(x{y%-= (b°x“+a y -a 2p2 )(B X +B2x y +83y 4th +Bsy +B6)
) (4. 50)
_.' .‘u .
v3(x?y) = y(b2x2+a2y2 a2b Y(B xu+88x y2+89y +B x2+811y2+512)
C e T (4. 61)
- and ’ | LT ) _ﬁ -
. 2, 22 2 2 5 2! o '
¢3(k,yl = x(b x +a"y -a b )(813x +Blhx ¥ +Blsy +Blsx2+B 17¥ +B 8)

 ~' S | (u-62)

provided hat x ¢ 0, y + 0 ; and where B's are constants




- .

- as followg:

125

-

From the constitutive equatlons of micropolar fluids namely

" (1.4) and (1 5), we. obtain the stresses and couple stresses

t

KETT KLY s e L .

. -9y ) - .. . ) . .
. B 2 - - . ! i

U —ai + K'\J 3 T . o

. ay ! 1 ! ! i o . . f

Uogl = (11+:<)—— + ke, - .

. 9x . S e

o
H

= (u+B+Y)—- + a2
. ax y

3

= (a+B+Y‘I)_ + ;:1 E—\J— 2 . \.__:" . .‘ ..'— 'ﬁ ‘
. 3y ax ' o )

mzz -.'-: q(-a_u.. + é.?_) . s - ) . LT

- P B¢ oy - ) ' '

T

yx . T 9xX

o

(Mhégif

.
-

-

.
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! o
’ -Section 3. Remarks

1. For x = 0 -and the vanishing micro-rotation or spin,

'ourzsolutiod (4.9) reduces to the classlcal solution
e 'fbr-Néwtonian fluids,

Y

- ' ' . ) >
wix,y) = WO(X:K) =l—'L——B§——§~ (b2x2+a2y2-a2b2)
' ‘ ' 2u(a“+b“) . ' -

(u.ss')

2. *The flow is not seéoﬁdary hqré, whereas 1in the case
of non-Newtonian fluids and Visco-elastic fluids, the
Llow 1is observed to'be'secondary by Green and Rivlin

(1956) and by Langlois and -Rivlin (1963) respectively.

w

3. The.curvés or-spin velbcity) v=constant and

- ¢ = constant tFiéure\M:BJ, are similar in pattern to
'thq‘sécondary fldw,type as observed in non-Newtonian
fluids by Greén'andlﬁiviin {1956, and -in visco-

~.elastic fluids by Langloig and Riv1in (1963):

Q

RSN
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"CHAPTER ¥ . . - B

————

TUO DIMLNSIONAL UNSTEADY MICROPOLAR FLOWS

In this chaptep we have extended Kamne de- Feriet's (1932)
.methpd to Flnd solutlons such that the vorticity .w and the
/enlnl $ are constant a;ong streamllnee that is Ww = w(w)
and 'b.= ¢(w) 'aﬁ_any time. .We also study Taylor (1923)
Motlons and motlon due to a single vortex and/or spi;. ‘One
. may refer to Eringen (1967, p 253-256) ror the'dlaaeical'

S _

treatment of ‘these problems

Section L: -Equations of- motion.

N

We . conolder two- dlmen31onal unsteady, incompressible

flow of.mlcropolar fluids Wwith equations of motion in Cartesian

co- ordlnates g v e
(utx)v2u + KEE - 2p = p(ug-li + V25.+ E%' : ‘(5.1)
: dy  9x . - . 9X _ Jy Bt,' '
: ,(ufm)vgv-- Kiﬂ -3 . ;:-(u—a}i#-vi:‘1 + ¥ _ S (5.2)

_ax'_ dy Ix 3y 3t

Y92 4 e (2Y _ Buy = pguity 20, 20y g oy

Cax LAy . T X 3y 9t
. W, Wy | . (5.4)
3x 3y ) o o
where . .
“ ) > . _ ) - . - ‘ l - Q .
.Y = (u.(x,yat):; V(X!yst)-) 0) . v, 3
Y0, 0, by, ©(55)
- 128
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2

T'o eliminate pressure _
differentiate (5 1) with respect to

" respect to X

(k)92 (24 _ vy + k7% ‘
Cay 9x

..= D[(—— + u—i + v-—~-)(au - EE)]',
9t . 3x dy ay ax

s

-

and then subtracting,fwe

129

p- .between (3 1) and (5.2), we

v and (5.2) with

get

(5.6)

S -
3 -

where we have ma&e'use of -the equation or continuity (5.4},

2

. " . . . 2
~.and the assumption phat .QJL_= 3D

aray ‘dyax

Ue introduce a’ eream functlon w(x

ay am

»t) “such that

,Using () 7) in the equations(g 6) and (5. 3),'aften a

'little simpliiication, we Find ,that
AN
(u+x)v v+ kT2 = QLE—QLEl

+

- and (5.9) become

(u¥n)V2w - KV?¢_= p

YV2¢ +oKw - 2k¢'

I
=)
<
—,
T Y
. " €_
h

(5.7)
+ 02 (v2y) (5.8)
it -
K- -
fog2 5 gy

ot

&

» then the equations (5,8)’

pg2® "(5.11)

. L
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- -

Section 2: Kampe de Perlet solutlons in whlch vorticity and

spin are congtant alonr otreamlineo.

-

' Following Kampé de TFeriet's C1932) method the non- linear

terms ln‘the equatlons (5 10) and (5 ll) vanish when

w = m(w) s § = ¢(W) s
. ‘ w2 i : : | ert
that is, the vorticity and spin are conotant along”_‘
i
. streamline at a partlcular time. Then the equations (5.10) .
® .
—.and (5.11) .reduce to | K -
-. ‘ A, - ‘ : ' _' \V‘L . ) ” . \
)T kv = du - | . (5.12)
- - - at. .. . v
and - ‘ T : ‘ . I B ’ ’ <
o y92¢f+ Kw 2 2xd = QJE2 A o (5.13)
. T S : |

4

Now we 1ntroduce streamllne coﬁordlnatea with metric

(orthogonal)

2 12 2 2 2 o B
ds > = hl dq;L + ﬁz dqg . . .

[
w

Such_thét g o= Qy
. : - "
We must have the compatlbillty conditlon (since the region

is a plane) _ ‘ . -'f. S ’;
3 [1 ] 3-[ 1 an, |- . T
— | — —£p s | 20, (5.14) °
3qy | hy da,1{ . qum h,. 9q,,
Néw  .. ‘ . B : . . S
: 1 [ [h, aw 3 [h, av _
vy = — (2, 2 et Shaa (5.15).
R h1h2 291:\P1 3937 395 \H; 3q,
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.' \
hence i ’ .
B 13 - fn - s
- W = ._.v2u; = - - S (—g.) ’ - . (5.16)
. p o h‘lhz' aq’l _hl' o | ‘
since ¥ = q u
.\
and
; 1 It} h, 2w
oz —— |— [ 2 +
11ﬁ12 aqlr hl aql
. .
1 %w 4 e
hpday 34

)
t

when _wl=_w(w) ='w(ql) .

Using (5.14) through (5.17) in the equations (5.12) and- -

15.13); we fird that Q} hﬁ
D - 2 e s
ig {(nig) = 3h- K 9 S —wf (p+e) 3w - K a8 =‘p32 3
. hl raql aq Y aql ?aql at
h (5.18)
L a2 2 a D -
hl . 'aql Bql __at

Now? w = Q(ql); $, = ¢(q1);'hencé iﬁ follous~%iom'(5.18)

and (5.19) that

.
' L)

hy = hl(qi)“oniy, in which case the'styeamlinés are
o concentric circles or pafallél‘

straipght lihés{
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2 2 )
& l%’. - a-g’ =0
9a; . 3q) \ h
Let
20 ey
aql b
A
@_: m(L) N ' L
@a, — -

A

then equations‘(5.18}.and (5.19) reduce to

[

294 a(t) w =vo | - L (5.20)
3t - - S D
3, ad + B(t) w = 0 y ‘ — (5.21)
- 9t : )
. whepre
- A(t) = (u¥K) k(t)‘—_ﬁm(t)
) p . ~
A . ‘ Y - 'ﬁ'
U B(t) = Y_m(t) -k, (5;52))
' ) ot oot ) )
: S éK s . -
X o= =X, AN )
T -
. From (5.20) we obtain . | §§\;
, N
: ’ . ¥ ’ ~ - . T

. g ) - ) " .' .
- Where C (t) = A(t), and the prime denotes differentiation
) . . ’_¢>. ) LI . " . .
with respect to time t ..

‘ o

\

.
iy o
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- )

t? . - ' 3
But Vow = -w 2% - “k(£)w L T  (5.2h)
: ' . 3q,. - : '

N R \

and oubstitutlng (5.23) into (5 2“) we f£ind that

LYy w=0 - - - (5.25).
Hence k(t) = k.= constant. ) i

. . X . ™ \ (P, .
. Again V2¢ = 20 = m(t)w . . : (5:26)

. < aql ’ . -

 Substituting (5.23) into (5:21), we find that

: “at Ceen o |

6 = """ [V + T(t) u) | o (5.27)
_ o . ( . . .
. where . - ° : e o &
©ot S _ .

'_I(td,:_J[B(u) e?u—C(u) du . (5.28)
and LV = V(x,y)

Substitutinv (5. 27) and (5. 23) into (5. 26) and. using (5 25)
we find that l - - |

2 S - U. . 1

vV o= R o . ‘ .  (5.29)
~and ' - . o A | ‘

Ok I(t) + m(t)e®t=Ct) g . (5.30) -
where £ 1is a canstant, . > | | 2
Differentiating (5.30) ‘with respect to t , we obtain the, = |

b - . o2 ‘ o o
‘differential equation: .- R B .
‘ Il ) ' \ . ’ B '; - ‘*‘ _,l}r
dn o € [mztmm(‘t)"wﬁk +\i( - ‘i] =0 . (5.31) '
dt  »p . L 3y o
'\ . . -
\ P
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The nature of the solution of"(5.31) depends on the roots

\ I
~of the quadratic : . _ﬁ\\h ' . _

y

%2 xSy 2y kg o ' (5.32)
KJ ] J. :

which pré

.rm- 7 —_ ) ’ "
,ml = AM_._Y k -3 i,Alf , - (5.33)
2 21 7 Kj B ,od .
where |
5% ad = D= 02 08 4 heklyoug] ¢ B2 L (5.38) <
3 S S o
_The‘discriminaqt of (5.34) is -~ , . . T
85 = 32k3 (v-Curdedg), ©(5.35)

C}Barly;'if Y < (u+%x)j; Ag <0 5 and"Ai >0 for all
_valﬁes of k. . I :

(Y

‘But ir Y'?'(u+$K)j, A§">'D , then A§ = 0 _ has two real .

roots
+
Yk .62

l.-_' - .. | ) :‘ t (‘5"0736),
Ko (wtc)31° ' |

=
S

=
ORI PN
— | =
=< | =
| |

]

"L'K[.Y - ujle

hénce,ﬁg can aw the graphs of . Ai as).a function of k

|

as follows: .

2



0
. When vy < IJJ.
. I, a v .
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o

When uj < y < (u +'3x)g
| /e



o
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v s

o

'iﬁhen +
' (u _.,_l
. K)J <.y <’ I+ .
” (u ‘ K
2 o )J




“ .
- C N
. ~ * s
. L <
- . ¢ "
v , - .
£
- ! * .
Y .
) -
L]
L)
K, = - iy :
3
. " b
1
- [
. “. * 4
' ~
c \ . .
#hen (p + x)j =y .
- » ’
i . K
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~
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M
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. . N
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N
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.
r
e
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1
a .
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.
~
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S :
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.
i .
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i
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s
.
v
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u
.
.




The roots

real’ and equal
We obtain -

Case (1).-

1141

y °
and m,. are real and distinct if A§A> 0 ;.
. i . ’ ~
o 2 '-b 2 ) ‘(_1
ir Al = 0 and complex if Al-< 0. :

the sgiutions of (5.31) for the three cased,

and 'm? Peai'and distinét.

,Theh: (1),

ir ,(u+k)J’= Yy, k > k

(H+%K)j=>uy » k can asSumg ény value,

1. ) * '
(U+§K)J <V ) k < 5{2 ’ k > k]_- '

1 -

the Integral 'of (5.31) isthen.

m - m.,c oxp[—élt]_

o T P

-i-c'exp[-altj Lk

o

1

and ¢ is an arbitrary constanﬁ'dependinﬁ On the'ihitiai

value of

m(0) - m

* * ra -

3 -

T ——— e

m(0) -m

IfT m(0) <m

5 »

>

c>1; ir m, <~;TO) <m then ¢ < 0

”

and i my < m(0) s 0 < e < IN _' o )



i e T T I ____...;_"-.J-.-._'.___..---..

- : N

c<0

g
o

. - . ) .- .‘ ' l
Figure 5.1 Case (1). m; and m, real and distinct. |

- ) A

- : -7
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Case (2)- m  and m, ‘real ahd equal] m

"

Then 4, =:0 , and hence .

) A ()i <y < (uEk)) , K = k) or Ik, .

"

(11) if (u+)j < v, k =k, “or k

(111) if (u+edj = y., k.= By oL - .
Then (5.31) integrates to give '
s o - i
m(rt-)' = mo + : o X .I-
k(t-tg)

‘Wwhere to = 0 ‘wit§but-;oss of generality,

and o S - o S

w
N

m, = (”+K)J i YF
2Ky -

-
.‘. -J

- Case (3). m; and m, complex. .

f‘\ = ' " El

. AR
2 T ., . 3 i ' . / , [
Then Al-<'0 » heénce wé have, e

- . CoweL

(1) |(u¥%x)j <y é.(u+¥)J ; kp <k < kgL .“ |
(ii) (}.I‘HC)J' 3..( \ <‘)§\ e 1{

B -
v

; Then (5 31) 1ntegrates to plve‘

K \
rm(t) = h - p tan (5 p(t - t)] ,
L e, e

where




il T IR R P S ¢ K

- -
- e, W

m

T W WL TR G WA W A W e

-F,'ig;uré‘ 5. 2 Case (

G

2).

my and . m, real and equal,



.
N
| 3

145

. . Flgure 5.3 Case (3). m and m

2

complex. -
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. ‘

‘ h = [(U+K)J —Y]k - él(
' QKj'.‘ -
2 _- 1,2 o N

Now.we had found that

@ = W exp[-c(t)]

b = " v + 1(e)wy
VW + kW =0, 79V = gy : (5.37)

C!(t) = A(t) = (ute)k - km(t)
o

;.

13

Lt .
I(t) =;/g(u)e“““9(”)du .

[

CLoNow 2oy 30 k)

£
il

kg, = exp[;C(t)]w-.

(5.38)

»
= .
N

- kqy. exp[C(£)] |

~exple(t)-at] e (M var(t)q, 3 .

¢

LY

¥ But 123— = m(f)
Y Bql .o




Therefore,

m(t)explat~C(t)] + KI(t) = ~expl-c(t)13 .
- ) ' Bql :

Using (5.30) in the above equation, ﬁe’have_

R o Ly explete)] .
d 34, | \ '

[}

Therefore V ,fiql exp[C(t)]
L

Ik

ﬁherE‘we have made use 6f the first of (5.38).

. Thus - ¢ _é—at[_zﬂ + I(t)W]
' k

=:eXp[~c(t)]m(t)w
_—

since kI(t).+ m(t)explat-C(t)] = 2 ...

"Then we can write (in general)

f ! .

RN exp[-C(t)] , v3u + kW z 0.
6 = k W exp[-C(t)] s cr(t)“= A(t)
¢ = m(t) W exp[-C(t)] .= BHE . _ X n(e)
. S .

It’reméins‘to find the.fundtioﬁs ‘expﬁ-C(tjj and

mft),exﬁ[—C(t)]‘ in- the three cases.

147
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" Case (1):

exp[-C(£)] = |1%c exp(165¢)| expl-(MHy _ X mtl .

PP

o

m(t)expl-C(t)] = [my-myc exp(-§ t)Jexp{-(Lty _ X m, )t)
' LS .

x sgn (l—exp(—élt}),

v

o - : , m,. - m, p
ﬁhere 61 =k Al, m1 - m, = Ai and fig——-g = — ..
p Ko
1
Case (2): .. = = T T S /f SR
—== 3 . c j .
© (utk )k - kmg —
exp(~C(t)) = t exp[~{ — 1,
p .
N : (n+k)k - xm
m(t)exp[~C(t)] = (mpt + 2)exp[—{— 2161 . (5.40)
Case'(B): .
“exp[-C(t)] = cos KRE erp{f (ute)k -.Kq £] , R
) z .o . P l , P
““-m(tOE&p[-C(t)J = (q cos XY _ {5 5y KPE, exp[—.(ufk)k —
: : o P | _ P
(5.41)
-h

The above solves the problem of the most general solutions
possible ‘when the vorticity and spin are constant along a

streamline at any particular time S

t] ..
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| E%%ltion 3: Taylor Motions of micropolar fluids

We suRpose,- in the manner of G. I. Taylor (1923); that

where Ai » and AE .are constants,

" Using (5. 42) in equations (5 10) and (5 11) the non-linear-

terms vanish and the equations reduce to*

L

Il
—
AN
- -
- .
(%
et

(1+)7% = 72y

-

]

YV2¢ #—x@ - 2k =

I
=)
[N

@
- O
—~—~
i
=y
£
~—

whefe w =.-9%¢ . S o | - | '-' (5.455

Let y(x,y;t) = e™® pra,yy . L (5.46)

Snbstitutingﬂ(S.HS)'into.equations (5.43), (5.44) Zng

(S.NS), we find that

VeF =

= F, E (5.47)
(u+g)il tkdy = ko, - . (5.48)
YA A, - KAy = KA, = (5-“9)
whence we find _
. ‘7 K(Jke + 2) : . '

AsT(uik)y - v} + «

KA2- .(yl2 + 2u + k) : T
k = : : (5.51)
PoA 0 (k)] - ] + « '

R W RN CRTI

¢
L3
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‘ __. | e 7 7-'.“ | |!‘
.and , A
A oA [(lH-K‘)J - 7] &( S -
_2_ _"2; _— ‘ . o (5;52)
A - kU, 2) ' - '

If F = costux cos uy , then a solution of - (5.47) 18 obtaineq . =

when Ay = —2ud

Let u =7 | then a solution is
3

. &
P = —e b oo Tx cos I¥ .. ‘ o (5.53)

'Thus

_ " (5.54)
ekt sin IX oo TY f , .
d d . . +

Q | =

[}
P

and ¢ s e E cos X cos LM A , (5-55) ‘
. - d : d '

where k is given in terms of,-Az"in {5.51) ; and

2 2D Tes - )+ k]

_ ¢5.56) -
Kle(Jl2 + 2) & .
The.oniy values of A2 that yield “real" sOlutibnsl

(of iﬁférest)'are those that make 42 > 0 and X'> 0 . |,
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Section k: Motion due to a single vortex and/or spin

-

filament

- We consider

V= (0, vt v(r,t), 0)

S (5.57)

¢

[X 4
1]
~—
O
[
o
~

= $(r;t))
' 2 _ .2 2.
in_polar co—oxdinates, where r =x" + y_ .
The équation of continuity (1.1) 15 satisfied identically
’for p = constant, and the field’equations (1.2) and (1.3)

reduce'toQ

4

. 2 -! ) » )
3 1 . ' - .
(wh) (Y ‘2’+.—a—‘£~—§]—ra—.¢,p£‘ (5.58)
- o or T oar T ar at . . ST
. 3 : . j-' E
Y(——%-+ L3y 2%, 4y oy = 0j2% . ,(5.59)
: ar r ar ., 3r T o .ot
We try éolutipns of the form o v
Cvlr,t) = AJl(kr)e_mt
o | (5.60)
p{r,p) = BJO(_k'r)e_mt ) ;

where JO . and J1 are, Bessel 5 functions of the first kind

- ot ‘lr

“‘and of. order zero and ‘one. rpspectively. . ’ .:” e

' Substituting (5. 60) into (5 58) and (5. 59), we obtain
. .2 . ,

(U+K)A[——r J (kr) + l-g— Jo(kr) - J.(kr)] -
. ar® _ r dr ¥ i V;? 1
«B L g (kr) = ‘-pAmJ, (kr) I : (5.61)f

dr
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and - - '
a° 14 |
YB[—-§ Iolkr) + = ¢~ J (kr)] + KA[—~ J,(kr) + 2 1 {kr)]
dr©, Y r dr ‘ dr 11 T
a - EKBJO(kr)'? -pJ BmJ (kr). ) (5. 62)

Ve shall make use of the following differentiation formulae
[Churchill (1963, p. 170 ~171)] for Bessel's functions:

‘ [e¥3

2

jol}

Tytkr) = k2 g 1 (kr) + 25 Cer) - (5.63)
r r )

A

14 k ' | o
- = 7J (kr) Jo(kr) - 2 J. (kr) ~ (5.64)
‘r dr ;? 1 p 2 - . -

-

L g, (kr) é'-k'Jl(kp) - . (5.65)

ar A ' |

) g; J (Er) + i‘J (kr) =‘k 3 lkrl. ; (5.66)
‘ PR Co'HT . 2
dr oo T ’

n

a_ (kr) = 25 (ke o+ K g (Eri. o -(5.67)
dr? 0 O I' . 1 . ‘
Substit utinp (5 63) (5.64) and (5. 65) into (5 61) , and

after a little simplification, we get

. “A[(u+2)k - pm] -k k B=o0. :' . _— | (5.68)

'Substituting (5. 65), (5. 66) and’ (5 67) into (5.62), we
find that N
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PJm )

Ak k.+ BLKZ Yt 2 - =0, (5.69)

7’

If we eliminate A and B -b tween (5.68) ang (5. 69),

1s found that m must satis Y ‘the quadratic ;> !
p% 3 m® = oml2e + k2 (urk) + y1] + K% (2uhi)i o
Ll", . . ‘ ‘ - - -
' tTh(utk)y =0 L : (5-70)
‘ * N . ' " - . K '
We ‘conslider here the pafticular casé in which (u+—x)j Y,
when the discriminant of the quadraﬁic equation (5 70) 1s
‘a perfect square. Then = - o . L
AR S P : . B
o om, = 2K 4 Btk 2 L om, = Lok? L (6.71)
1 - L2 , : AL
T N L . pd -
Ty S _2 T ' N
A1~j - E J_kABl ’ A, = , B, . L | ,(5.72)..

-

and the two solutions,‘each palr of wh;ch may be multiplied.

by an arbitrary cohs%ant, are o T
V-}Jk J 3y 0kr) exp[~(38 4 MHE 2 )t] .
: ’ LT DJ p j o
| | - o .. (5.73)
91.= -2 To0kr) cexp[- (2K 4 MER 2y ‘
T _ pd .
* and -
Vo = Jylkr) expl- Lo yleyy o S
T T ey
! _ P, a o (5.74)
b, = l.k'J”(kr) exp[- L- k2t] . i ‘ '
2 =k Tk ] L E
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