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| ABSTRACT

The development region of axisymmetric laminar jets with 3

uniform_and parabolic exit ve1oEity profiles are considered ana]ytica11y

using separate‘mathematica1 modelling assumptidns:-,Both So1utfqns
employ integral teéhniques and"are shown. to be relatively simple, and

also-in reasonable agreement with existing experimental and theoretical

. results. Thg.resdlts of an experimental invéstigation of the parabolic
Cexit ve1ocity case is also reportedl A-Laéer'DoppTer Anemometer was usedy
;fo measure velocity profiles without_dfsturbinb the flow. Flow visualization

‘was a]so,emp1byed to eﬁsure that measurements were taken only in the laminar

region. As well as providing additional verification of the present

~analytital method, certain observatibn5 were made concerning the axial

variatfdﬁ of.momentﬁm, Iocatibn-of the virtﬁa1_of€gin and development length.
The pfoper nondimensional coordinate was also verified to be X/d Rec as |
< '

obtaiped from a dimensional analysis of the pertinent equations of motion.
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b radial distagce to edge of potentié] core
B ‘b/d; constént'in equatio and 5.28
d diameter of tube .
dy-2 diameter of laser beam at the focal point -
dm . .- diameter.(minor axis).of.e 1ipsoidal measur;;g volume
De'2 -~ diameter of 1laser beam ég}phe soﬁrce
e 2.71828
E voltage output of tracker; entrainment constant in equation -2.7 .
Es voltage output 6f tracker duévfo frequency shift
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R coefficients _in equation 4.7
: /_\M—fpd!\
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Fr coefficients in equation 4.6 = . »
Sy coefficients in equation 4.8 L \&\\\ ' T
G ' coefficients in equation 4.6 .
n ‘ r 2 .
I integral defined-as/ ~u2d(r2)

. 0
J - momentum flux
K kinematic momentum flux = J/p

(viii)
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focal length”. . _
length (major axis) of ellipsoidal measuring volume
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mass of a quantity of fluid - ' o, 7
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mass flowrate
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r/d

Reynolds NumBer based on average velocity at the nozzle
e:nu't,ul'r-g ( -
V.

Reynolds Number, based on the centre Tine velocity at the
—U_d
mo -

nozzle exijt, —

range switéh settinQ on the freduency tracker
time | |
temperature

u(x,r) = axial velocity component

u(x,oi

u(0,0)

radial velocity component in spherical coordinates

azimuthal velocity component in spherical coordinates
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X*

ed

axial distance measured from the point source

- dRe
x.f

© radial comﬁonent of ve1ocit§

average velocity at nozzle exit
uncertainty <in an arbitrary_quaﬁtity n
axial distance measured from nozzle exit plane

axial distance from point souice to the nozzle exit

axial distance from nozzle exit to the end of the development

region

-

—

X . - :

7\

d

T A

radial distance measured from edge of core y=r-b; in Chapter Vv .

it s a cartesian coordinate defined in Figure 5.3

cartesian coordinate
- bl q
variable defined as (U7= - 71)*=
half angle of jet spread = cot"1(y/2); a constant in equations

2.8 and 2.22

-]

momentum flux coefficient, s U2(n)dn2; a constant in equations
0 )

2.8 and 2.22
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Y o Sch?fﬁhting's Jet spread param;ter; a constant in equationsv
a 2.8 and 2.22 . ‘
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A ~ radial location of U = 0
€ e 173 o |
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n ALY
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P density -‘
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v r/A |
Subscripts _ .
d ~ condition at end of developing region
m/2 condition where U.= 0.5
d‘— : qondition at x = 0
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CHAPTER 1 L
. A
INTRODUCTION

1

1.1 Subject of Investigation %

]

This,study deals with a jet of fTujd exiting from é round tube
or nozzle into a space fi]}ed with the same fluid. Such a jet is called
an éxisymmetric submerged jet and can be either 1amina£ or turbulent at
the tube exit. The present study is restricted to jets which are
laminar. The veloéity profile at the exit of the tube depends upon the
Tength of the tube. If.the tube length is very short and there is a
smooth entrance, the velocity profile is very nearly uniform across the
exit plane éinﬁe the boundary layer is still negligible in size. 'If the
- tube 1is long; however, a wall layer builds up on the inside tube surface.
For long tubes, tﬁe wa11'1ayer converges at the thbe axis. Downstream
of this point, no further changes occur regardTess‘of the tube 1eng£h.
In such a case the flow is fully deve1oped and the velocity profi]e-may
be shown to be parabolic. N _

In either of the two've1o;ity profile case;\mentioned above the
flow in iﬁe jet remains laminar for some distance downstream of the tube
exit. This distance is referred to as the natural Taminar Tength and
is primarily a function of the Reynolds number of the flow. This
thesis is devoted only to this Taminar region. As the flow proceeds
downstream from the fube exit the velocity profile shape changes from

that at the tube exit. Beyond a certain.distance from the tube exit



-

~ emphasis is given to the develohing Taminar region.

>

the' velocity profiles assume a similarity form: This distance is

referred to as the development Tength. ngure 1.1 is provided to

" make the distinction between development length and transition length.

One of these will be shorter than the other. If the transition length
is shorter, the question of a laminar development length become; :
irrelevant. Similar developed and deve]opment';egions exist iﬁ the
turbulent portion of the jet, however, they gré of no concern here.

In this study only the laminar jet is considered aBd special

1.2 Significance

Traditionally, the laminar jet has been studied in connection
with gas jet flames and their sensitivity to sound [B3]. Extensive
research has been directed at studying the unstable nature of such

, P ,
flows and this effort is still continuing today.

-

The laminar jet has received increased attention recently due to

he -and potentidl applications. The advent of space travel has made
/Qgcegsany the flight and free fall of obstacles atlhigh altitudes.
Undeé’such fluid property conditions, laminar flow becomes imﬁortant.
The éxi§ymmefric lamiﬁar jet has been considered for use as a2 wind
tunnel to simulate such conditions [62,63,64]; In this case it was
especia]l} important to makg{the exit velocity profi]elas uniform as

possible so that a large potential core existed. The core region was

to be uSe& as the test section.




The mamiﬂizﬂjet with parabolic or partly s;raboiic exit.

<

% T

Lo

. <y
profile has found use in the yelatively new fjeld of fluidics. The

Turbulence Amplifier is a fluidic device which.depends upon a laminar.

jet for its operation. Geometric ~ conditions in this case-are such

that the development region of the jet is most important. The present

work is also important to other fluidic free jet sensing devices.

1.3 Aims

The overall aims,ofvggé present work {nchde the following:

»

(1) to present reTative1y simple theoretical solutions to =~ .

describe thé_velbcity field in the developing regions of laminar

jets with uniform and parabolic exit velocity profiles.

(2) to evaluate the above mentioned solutions by comparing

them with other theoretical and experimental information that. is-

available in the‘1iterature.

- (3) to investigate, experimentally, the particular case of the

parabolic exit velocity prof?1e for the purpose of obtaining information

concerning:
(a)
(b)
(¢)

the conservation of momentum
the proper nondimensional scaling coordinates

the virtual -origin

- the development Tength



1.4 Method of Presentation

The information to.be presented in this investigation is
conveniently divided into sections according to a certain rationale.
The information available 1n the Titerature is cons1dered first and
dwscussed in Chapter II. Analytical investigations are cons1dered ) nd
next. The uniform and ‘parabolig exit velocity profile solutions
are given in Chapters III and IV respectively and compared with the
1nvest1gat1ons estt1ng in the literature. Chapter V includes the
details of the present experimental investigation of the parabolic

exit velocity case. A summary of the major comclusions and

recommendations s given in Chapter VI.

b

":""’ *

L1F]
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. CHAPTER II

LITERATURE SURVEY

2.1 Introduction

The citatioﬁs included in this Chapter are, for the.host part,
restricted. to those which deal with newtonian, axisymmetric, isothermai,
incompresgib]e Jjets issuing into aﬁ'infinite expanse of st111‘f1uid.

They are further restricted to those which are concerned'with the
velocity field. Those papers that consider instability, laminar to '
turbulent transition,"creeping jets" and sensitivity to sound are

not, in gemeral, covered. Some exceptions. are considered in Section %.4,

entitled ’Rg1ated Work'.

2.2 Theoretical Work

2.2.1 Point Source Models

Schlichting [53]'was the first investigator to obtain a solution
for the incompressible axisymmetric laminar jet. He found an exact
solution for the bouﬁdary layer equations assuming that thé static
pressure is a constant and hence the axial momentum is conserved. The
resuiting jet may be thought to exit from an infinitesimal orifice with
infinite velocity. The axial and radial velocity components are found

to be

(2.1)




and ) - R N .
T £ T (2.2)
4rp X [1 + 23 - . :
where ' . : -,
=L ¥ L - (2.3)
8v T XS - .

Landau [L1, ﬁé] was apparently the f%rst author to obtain a
soiution, in closed form, for the Navier-Stokes equations applied to
the circular, laminar jet, issuing froh a point sburce. The
expressions for tﬁe flow quantities that result from this mefhod are
considerably more difficult to apply than those of Schlichting. ot
Landaﬁ also shows that his expression for a;ia1 velocity reduces to
that of Schiichting for small distances away from the jet centre Tline.
Squire [S4] independently obtained the same solution as Landau
a short time later. As in the case of Landau, the solution is expressed
in spherical coordinates. Thé.radial and azimuthal_ve1ocity coﬁﬁoﬁeéts

are given by:

_ R _ 2 . ,
= v g 2(c + 1 - cos &) cos & - sin” 8 4 j . (2.4)
ro (c + 1 - cos 8)2 -
and - ‘
u =¥ [-2.sin © ] (2.5)
r c+1-cos®
where ' - »
d_ = 21 _J___)_32- c* 1), 8(1' + c) o .
ov2 3c{c + 2) | e
. (2.6}

41+ ¢)2 en [ L& 2L 7
. C

e ——————— . R



Morton [M3] derived an analytical solution for the: axisymmetr1c,
]am1nar Jet issuing from a po1nt source us1ng an entrainment model.
The so]ut1on is inferior té Schlichting's but demonstrates the way
in which a viscous entrainment model can be constructed.

The velocity profile is included here for completeness.

—p2 :
exp [ =07 . (2.7
mov EX 2w pRE2x2

u:

where E is the entrainment canstant.

In reality, jets issue from finite size nozzles and hence the
preceding results, if applicable at all, will only be reasonable at
points in the flow at great distances from the nozzle exft (Fully
Developed Region).

Andrade and Tsien [A3] sugéested the concept of a "virtual
oriéin" in order to reduce the differences bet&gen their experimental
data and Schlichting‘g'ﬁbdel. The virtual orig%n is a point located
inside of the supply tube where the thedretica1 Jjet may be assumed to
originate. The point is located such that some characteristic in the
réal flow is matched to that of the theory. As well as determining
an experimental value they suggested an aﬁaTytica] method of determination.
This consisted of matching the kinetic enerqy of the flow exiting the
nozzle to that in the jet. Other investigators have suggested different
flow quantities for matching. These 1nc1ude the centre Tine veToc1ty

and mass flowrate at'the.nozz1e exit and are summarized by Bell [B1].
<




[3

Although it is possible to reasonably describe conditions in

the fuIly deve1oped region using the virtual origin concept, the

preditted ve]ocfty profiles in the developing region are unrealistic.

&\“Rumér [R1] considered this problem and found an approximate

> solution.which includes two terms. The first term is the solution

of Landay and the other, a second order approximation, important for

~ small distances from the exit. The difficultyswith this solution is

that a large number of hiéher order terms would be required to
accurately predict velocity conditions. The extreme difficu]fy in’
obtaining the second approximation preclades th?s method. The
integral methoas of the next section provide a better approximatioﬁ inl
this regard. _ |

2.2.2 Intearal Methods

Okabe [01] was the earliest investigator to use an integral
method to attempt a solution for the velocity profiles immediately

downstream of the nozzle exit. He assumed an equation for the velocity

- profile which involved the integral of unknown functions of the axial

ébordinate;_ The boundary conditions were such that this profile

reduced to tRat of a uniform profile at the nozzle egft. In order o
determine the.unknown functions he solved the integral momentum equation
and the differential momentum equation, subject to the boundary layer
assumptions, along the jet centre line and at the jet edge. This |

solution-involved extensive numerical computation which led Okabe to

. @ second approximate solution [02]. 1In this case he assumed an

-

i B e



_ equétion of the following fﬁrm, -
| vl o
- u _ A 43 2 3 L .
UO-—-——('[-e ) +oav + 8yt +yyd + ooy
umo . [ )
S for 0 <y <1
and | ‘ , : .
Uy =0 for 1 <yp<o (2.8) -
where § = r/a and A'is the radial distance to where the velocity

is zero. o, B, vy and o are determined from boundary conditions while
A and-Q are functions of x. These values are determined using a

numerical procedure similar to that previously used, however, it was

7y

much easier in this case.

Hatta and Nozaki [H1] also considered the'uniform exit velocity )
c;sé. The main body-of their paper consisted of an extensive theoretical
and experimental study of turbulent jets. In the appendix, however,
they extended their theoretical method to the laminar case. An

approximate solution for the velocity profiles far downstream was

obtained by using the integral form of the momentum and eﬁergy eduations.

The equation form is as given below. > ~
U= = (1 -0+ s (2.9)
u : * :
m .

: . . L
where ¢ is the same as that previously mentioned for Okabe. In the
developing region the fiow model consisted of a potential core of radius[l

b and in the free shear layer they used the profile given in equation




10

—_

2.9 with.a mod1f1ed vaTue of v; that is ¢ (r-b)/(A-b) Using.this '

ve10c1ty prof11e mode1 a1ong with the momentum and energy equation

prev10us]y mentioned resu]ted in‘a f1rst order, non11near, d1fferent1a1

. equation. Th1s equat1on, expressed in terms of the. present

notation, is given as fo1lows

LB -6188(49) gz + 28) -
4 9 \(76 - 468)(27027 + 12124GB - 5116882)

_(2’.10)

where B = b/d and G = (99/7 - 65682/49);‘i .- It should be noted that
the 49 in brackets 1n equation 2 10-4s m1ss1ng in Hatta and Nozak1 s
paper “This equat:on was so]ved numer1ca11y and the Jet boundany,

A/d fbund from

J“ 323/7.0 - / '(211)

In the- fu'l‘ly deve]oped regwon the foﬂomng equatwns are given for

1]

' the centre~11ne velocity and jet w1dth.__"

u

u =Ear 2'—‘1"(7;0 kgt (2.12)
ey o
apd. s -~: - . L .
25e WS g gy B

7029 : 7 .

- The valuelxpc is the nondimensional poteﬁfiai core length and is’
found to be approx1mate7y 0. 023 from Fig. 24 of Hatta and Nozaki's

paper | ‘ o y

(273,
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" It should be stressed that 2all of the methﬁds in thi§ section
aﬁh]y only to jets with'initia]ly uniform velocity profiles. Such
a treatment is not available for the laminar, axisymmetric jetlwith:
a parabolic exit veIocity‘profiIe. An analytical investigation of
the plane laminar jet with parabolic exit velocity is, however,.
discussed in Section‘2.4, entitled 'Related Work'.

2.2.3 Numerical Methods

-

Pai and Hsieh [P1] présented finite difference solutions of the

.boundary layer eduations for the cases of two dimenéfonal, axi-
symmetrical-and general three dimensional laminar jets with and without
a moving free'stream. The axisymmetrical case without free stream is
of pa#%?éﬁiér importance here. Results are given in nondimensional
terms fo¥ the centre line velocity decay and the half-width as ;
functions of distance away from the nozz]erexit. The use of the non-
dimensional distance, Xc, is particularly notable. Uniform and
parabelic velocity profiles were assumed at the nozzle exit and the
results compared with Schlichting's solution. Also, Schlichting's

- solution altered by using a virtual origin was also coﬁpared. The
values of.the virtual origin used were those suggested by Andrade and
Tsien,obtained by matchihg the kinetic energy of the exit velocity
profile to that of Schlichtings. These values were Xe, = 0.025 and
0.05625 for thé parabolic and uniform cases respectively. They
concluded that the value for the pargbo]ic profile ggreed reasonébly

with their ‘analytical result, however, in the uniform case they

o
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obtained a value of 0.075 instead of 0.05625. It should be '
noted, however, that Pai and Hsieh's 1nterpretat1oq\8f Andrade and
Tsien's X va]ues as'being experimentally determ12ed is unacceptable.

Fox et a].-[FZ]_presented a numerica} finite difference method
which can be used for both jet and wake prob]ems: This method is |
quite general in that it includes hetercgeneoﬁs mixing of dissimilar.
gases at'diffefent-temperatures. Only 2 few example solutions were
presenteé}- A1though'the present case wa§ not one of those given,
this paper is discussed here due to the fact that Gree;e and Brink
[G3] use this method as described later.

du Plessis et al. 2] and Tsang [T2] used an explicit numerical
method to solve the boundary Tayer equations for the case of the
laminar jet. They compared this soluéion with their own experimental
results and with Sch1ichting; sﬁlutﬁon. It was found that if the

v1rtua1 origin was g1ven by X = 0.0275, Sch11cht1ng s profile agreed

thh their solution in the range X > 0.015. It shouid be mentioned

that x/d was used in the discussion of results rather than XC. OnTy the

parabolic exit velocity case was considered.

2.3 Experimental Work

A]though there is evidence [B2] of experimental work be1ng

conducted in this area near the turn of the century it will not be

- conswdered here. This omission is due to the difficulty in obtaining the

C .

information and improvements made in measurement methods since that time.
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2.3.1 Uniform Exit Velocity Profile

Andrade and Tsien [A3] eXperﬁmenta11y studied the case of

.a liquid, axisymmetric jet issuing into a tank containing the same

Iﬁquid. They used a suspended particle method to determine the _
velocity profiles witﬁin the'jet at Targe values of x/d. They did
not determine profiles in the developing region.near the exit o% the
tube. However, using'experimenta1 velocity profiles downstream they
inferred that the exit velocity profile was uniform. The profi1es
thétfthey measured downstream agreed quite well with SchTichting‘s

solution if the theoretical jet was assumed to issue from a virtual

) origin inside of the tube. An equation relating the position of the

virtual origin to geometrical and flow properties was found to be
Xcv = 0.04, using experimental data and a curve fitting technique.
Hrycak et al. [H2] performed experiments with jets that impinged

onto a Tlat plate at ninety degrees. Although the'majority of their work
accncerned turbulent and wall jet flows, a Jlimited number of their
mexperiments can be classified as being laminar. The construction of
the nozzle and comparison of the centre line and average velocities
V/u . = 0.96) indicate that the exit velocity profile was alrost
unifonn. It should be noted that on1¥ centre line ve]dcity informatien
was presented for the case of interest here. | ’
Greeﬁe ana Brink [G2, 63 and G4] demonstrated a method of producing

‘a Tow Reynoids aumber axisymmetric jet with an initially uniform ‘
profile using a porous- plate nozzle. They -experimentally obt@ined a




1
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number of velocity profiles in the developing flow reg1on Plots
of u/u versus r/r and r /zlr versus x/r were compared with a
numerical solution obtained using the finite difference solution '

of Fox et al. [F2]. The Reynolds number, Re, rangé covered was from
30 to 1000.

2.3.2 Parabolic Exit Ve10ci§y Profile

Vez [V11, in a study of the response times of Turbulence: Amplifiers,
used a hot-wire anemometer to measure velocities in a2 laminarair jet
with parabo11c exit velocity prof11e Both mean velocity anZhE;;Lulence
intensity measurements were made The jet issued from a 6.35 mm

-

diameter tube into still air. Two values of Reynolds number, Re, were
used, namely, 23Eé and 3050. %ﬁeee relatively high Reynolds numbers
coupled with axial distances which are small yield sme]T values of xc;
As a result, all of the data falls within the first one quarter of the<-
developing region. It was also concluded that no di;cernib1e potential
© core existed. ) ‘

| Symons and.Fabus [S5] experimentally investigated a heljum into *’
helium Taminar free jet with a paraboiic velocity distribution at the
supply tube‘exit. A tota] pressure probe was used to obtain velocity
pEOfi1es Tor Reynolds numbers, Re, of 437 and 1839 at, 0, 3, 6, 10, 15
and 25 diameters from the nozzle exit. Jet centre line ve]ocity‘decay
and jet spread were also obtained over a range of Reynolds numbers, Re,

from 255 to 1839. They also noticed that there was no definable potential

core and that centre line velocity decay was larger for lower values
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of jet Reynolds number.

‘ The relative size of the total pressure probe and the nozzle

diameter, 0.015 and 0.25 em réspective]y, gave velocity readings which

were significantly in error for measurements taken in regions of high

velocity gradient. Also,'n0 steps were taken to ensure that the

observed readings were taken only from the laminar porfion of the jet.
| Chang EC1] experimeritally studied the flow development region

of th€ laminar jet and determined the following empirical equation in

the range of 0 < x/d < 10 for jets with Re. = 860 and 1200.

i | - cE2 - g4
1+ abg2[l = €8 = &7

Ulz-g_ = N 1+bEs (2]4)
=232 =0
un _ (1 + g2) ‘
‘where  -a =1 - 0.1 x/d
b = 1.1026
¢ = 1.535@ . !

The numerator in equation 2.14 is a modifying term for the

Schlichting profile which gives an almost parabolic profile at x/d

1
B )
.

This profile is similar to that used by Sato 52 ] to study the plane
jet. The above empirical equation seems reasonable except that it
does not account for the dependence of the development length on

Reynolds number. Chang.also claims that the value of X.,» determined

by matching the centre line.velocity of the Schlichting profile to

the parabolig, is a Eeasonable one to use. This gives Xcv equal to

-



was taken using a hot-film probe: The data was plotted in such a

~

. 0.03125. It should also be mentioned that the experimental data

nondimensional fashion that recovery of the dimensional data was.--°
impossible. -

Tsang [T2] reported the results of his experiments on 071
into 0il laminar Jjets. The tube diametér was 9.53 mm and a hot—fi1m
probe was used to measure the velocify profiles. Reynolds numbers,
Re, of 168 and 290 were used and axial distances such tha_t-xc varied’
“from approximately 0.0025 to 0.035. |

Abrémovich and Solan [Al, A2] obtained an experfmenté] corré%ﬁtion‘

for the centre line velocity decay as follows.

for X* > 0.2 - (2.15)
where X* = X —
d Re s T
and a=1.13withb =0.89.
The use of X* as' the axial coordinate is contrary to that

obtained by nondimensionalizing the boundary layer equations applied
to this case and hence, is questionable.
3
By comparing their correlations to Schlichtings solution, they concluded

that thé jet momentum is not conserved as is commonly assumed. In view of

-the fa;t that hot wire measurements were taken only along the jet axis, as

opposed to velocity profi]és; there is no check to determine whether any

portion of the jet, namely, the edge of the free shear layer had become
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© turbulent. It is felt that such a condition could drastically reduce

the velocity in the laminar portion of the jet‘at tﬁe centre.
Dmitriev and Kulesova [D1] used the results of a finite )

di fference solution to modify Schlichting's similarity result

for use in the developing region of the jet. FuQEher downstrgam -

Schlichting's solution s used with a virtual origin that matched

kinetic energies as suggested by Andrade and Tsien. The flow'mode]

can be summarized matﬁematica11y in a conveﬁient form for this

investigation as

u /u__ u
UO = u = m_mo 2: m " (2.]6)
2 2
U (1 +BR2)2 {1 + BR?)
where ‘
Um =1 - 16Xc for 0 g_Xc an‘O]SS . (2.17)
and ' .
= 1. for0.0188<X <=~ . {2.18)
-‘,' 32 (Xc + XCV) B . .
é1so .
X =% - _X (2.19)
¢ uw d d Re C
' LY
- 2 . L - .. N 20
B =41U_ | P » (2.20)
and Xy - BN | (2.21)
K = . - | | (221
Y dRe . . -
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. 2.4 Related Work

*

. They a]so‘prov#aed an extremely limited amount of -
experimental data which was obta1ned us1ng a m1n1ature total

pressure probe.

This section includes a description of a few investigations
which do not str1ct1y fall under any of the previous headings and
yet are of importance in this study. ‘ . m—

Thomas [T1], using an integral method, obtained a solution which

gives the concentration and velocity profiles in a planar laminar jet

“which took into account the occurence of a parabolic velocity profile

at the nozzle exit. Although his solution technique is somewhat

deferent the 'method is based upon an assumed form for the velocity

'prof11e which is a mod1f1cat1on of that used by Okabe [02] for the case

of a uniform velocity profile at‘the nozzle exit. The'assume& profile

is:
' 72 .
Uo === (1= 42)(1 - ee )3 + ap + gy2 + yp3 4 gyt
“mo
for 0 <y < 1
and Uy = 0 forl1<ycew (2.22)

where ¢ = e"T/A, other quantities are the same as for Okabe's.
Samuels and Wetzel [S1] measured velocity profiles in the region
. . \ . .
close to the exit of a submerged laminar jet 1ssuing from a square

nozzle. Alaser Doppler Velocimeter was used to take readings just



upstream and downstream of the exit plane for Reyndes numbers, |
Re, bgtween 0.25 and 320. Of part1cu1ar interest .to this studyis
the.examination o%ithe fiow'in the region upstream of the tube exit.
They were interesfed in determining whether any flow adjustment took
place within th1s region.

They concTude that for Reyno]ds numbers above 40 the quwd is
not aware of the exit until the exit is actually reached. It appears,
however, from their centre Tine velocity plot that perhaps a Reynolds
number of approximately 300 is a more conservative lower value in thi§
| regard. '

In any investigation of laminar jets it is important fo know the
laminar length. Of-the information available concerning this topic
only two are selected and discusggﬁ below.

‘McNaughton and Sinclair. [M2] studied the taminar to turbulent
transition of'g Tiquid into Tiquid jet that was exiting into a variety
of short cy]indri;a1 vessels. The vessel diameters ranged from 76 to
600 mm and length to diameter ratios were from 1 to.3. The supply tube
diameters raﬁged from 6.35 to 25.4 m 'yhi]e Reynoids numbers, Re, were
in the range ofm]OO‘to 28,000. The following empirical relationship

"

was found for the natural laminar to turbulent transition length, ag
= 9.97 x 107 Re"2.46 (3)70-48 (0.7 (2.23)

where a and b are the diameter and length of the cylindrical




containing vessel respectivély.

Marsters [M1] performed a similar experiment except that_the'
jets were gaseous and exited into free space rather than a containment .
vésse1. Tube sizes from 0.09 to 0.22 cm were used and Reynolds
numbers, Re, from 1000 to 2800. The equation that is suggested for

obtaining the extent of the laminar region is:

2
N2 o 2,25 x 108 Re-2.3 | T C o (2.28)
d . .

et f o esisal D s b e e



CHAPTER III. T

ANALYSIS_FOR UNIFORM EXIT CONDITION

3.1 Introduction

In this Chapter the integral form of the momentum and energy
eguations, subject to the boundary layer simplifications, are used

to obtain an approximate solution for an axisymmetric laminar jet

. with a uniform profile at the nozzle exit. The solution is expressed

in 2 closed form. The jet flow field is divided into a developing -
and developed region. In the developing region a potential core
is assumed to exist, bounded by an annular free shear Tayer.

Sch11cht1ng s velocity prefile for an axisymmetric laminar jet is

assumed in the free shear layer. The present solution is compared with

existiﬁg experimental and analytical resudts.
Also a'graphica] method for defennining the potential core

radius and the parameters of the assumed Schlichting profile is given.

3.2 Theoretical Analysis

The following theoreticai analysis is similar to that of Hatta and
Nozaki [H1]. Their solution, however, only approximately. satisfies the
boundary layer equations beyond the potential core region. Sch11cht1ng S
exact solution to the boundary Tayer equations has been experimentally
verified at Tqrge distances from the exit of the tube [A3]. Therefore,

it seems reasonable to assume Schlichting's form in the free shear

21
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‘layer surrounding the potential core. At the'end of the potential

core fhe solution reduces to Schlichting's..

The flow model and coordinate system aré shown in Fig. 3.71.
The jet issues from the nozzle with a unifofm velocity profile;. In -
the flow deve}opment region the potential core extends to a rad%a]
distance b. Beyond this is the free shear layer. The axial
distance corresponding to b=0 ‘defines the end of the flow development
region.

The assumed velocity profile.in the flow development region .

may be written-nondimensiona11y as:

Uy =1 for 0 <R<B S (3

and - '
. 2(¥/Re )2 {(v/Re )2(R - B)2
U= [1+— 2
X x) 4 X+ X,)

172 forB<R<w,
(3.2)

Equation 3.2 is Schlichting's velocity profile expressed in a ,
convenient form for this study. The centre 1ine of the Schlichting
jet has been shifted to the edge of the potential core. It should’

be noted that cortinuity of %%— at R=B is automatically attained by

this shift. In order to ensure velocity gpntinuity.at R=B

2(v/Re )2

—C - ' (3.3)
(xC + xcv) - _ ‘ _ .

,-

—

s
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or

X * X, = 2(v/Re )2 . | | -‘ L T (3.4)

“Substituting equation 3.4 into equation 3.2 yields

gy = 1+ (BB g

o forB<R<e | - (3.5)
. 16(v/Re )2 = L

From the basic conservation equations for mass and momentum of
flow, in a constant pressure region without contacting solid surfgceé
and subject to the boundary layer approximations, the integral mdmentum ;

and energy eQuations can be found as:

- f ruldr =0 N 7 (3.6)
& dx ¢ : l '
and ‘
14 S ruddr=-v f r (a—u_)2 dr . ' (3.7) .
2 dx o 0 ar '
in a manner similar to that given in reference S3.
Using the nondimensional quantities of this study these
equations become:
9 s RU2R =0 _ (3.8)
dX_. o °
c .
and ' y
L @ 3 .
14 ;s RUBR=-7 R=D? @ . ' (3.9)
2 & o ° o R -

Substituting-the velocity profiles (equations 3.1 and 3.5 )

into the fundamental integral equations {equations 3.8 and 3.9 )
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and perfonnlng the 1ntegratxon we obta1n the fo]]ow1ng “two ord1nary

,d1fferent1a1 equatnons.

.- . . 2 . )
<2 (¥Re)? + 2L (yme s+ B 1=0 " (310
dX. 3 8 2. .
and _ - ' -
- - . 2
S (8 (wre2 + 8L (yre s + B
X, 5 128 & 2 o -
- [4iI B 4 R C R

5 64 (Y/Rec)
subject to- the boundary conditions
at X=0,B=3andy=0. | BT

' Physically these cdnditions mean that at the exit of the nozzle fhe .

—potential core fﬁl]s the nozzle and the spread rate. is zero 1nd1cat1ng
parallel flow. Integrating equation 3.10 and applying the boundary

condition at XC 0 we get:

B (vire)? + 3T (y/re B + B2 -
3 8

1
5 -8— . (3.12)

Introducing a new va:}iﬁle ;= B/(YVREC) and rearranging equations$
3011 and 3.12 we get: -

(v/Re.) | = ] - . (3.13)
z ‘
8(8/3+ g ¢+ é-,) y
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: ; .. .2 7 ' oo
; 1=-[2+2 27, - (3.14)
_ d | , 5 | -

Elimination of (Y/Re f between equations 3.13 and 3. 14 differenta_.'

‘ations 1ns1de the brackets and an extensive rearrangement yields:

(3060ﬂ§2 + 497152 ¢ + 14400w)
{12z 2+ 1575 + 54)2(512 + 701TC)

de= dx. . . (3.15)'
The method .of partial fractions is used to 1ntegrate equat1on 3 15
with the resu]t

A n [ ]2‘, + 151T g +64 ] +B tan""‘[ 24%"' ‘[STT
(5]2 + 707 )2 ‘ v3072 - 22572

Co- ﬁf = e o
+ +E =X (3.16)
(122%+ 157z + 64) - _ .

.
-0.1039533

*)
n

. where

w
I

0.0269929

ol
it

-0.5161301

l

2.8176776 ' - ST

=-0.9053732 .
The above equation is solved by choosing 2 value ofz and
f1nd1ng Xe from" equat1on 3. 16 The value of (y/ReC)2 is obtained
from equation 3.13 and B from the def‘Wf T The value of X_,
may be calculated us{ng equation 3.4 . Detaﬂl of the above so}?&ion '
‘can be found in Appendix E. _ \

3.
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The velocity profile in the free shear layer of the deVeTopmént-

region can be found by substituting. Y/Re s. and B into equation

cv
3.2 . In‘the developed flow reg1on B =0, also y/Re “and . {cv are

constant eorresponding to the Schlichting jet. The values of y/Re

and Xcﬁ are taken as thgse at the end,of the potential core.

3.3 Comparison with External Experimental and Theoretical Resulis

In this section, and similar ones to foT]dw, every effort is made -
to jnc1ude comparisons with available eiberimental aﬁd theoretical
régults. .In some cases information is availab]e_for comparison in-one
manner but not in énother. _;;r example, centré-fine velocity information
is not given by Greene [G4], however, jet spread information is. This
fact is %entioned in order to avofd any condusion.

Figures 3.2 to 3.4 show typical velocity prgfﬁIe'pTots for vafious
values of Xc. These values were chosen because_:%éy represent XC
positions near the beginning, the middle énd end of the potential core.
‘region- respectively. The experimental points are those obtaiﬁed_by
- Greene [G4]. To the author‘s knowledge these are the only e erimenta1
- ve10c1;y profiles ava1Téb1e which accurate1y.represent the development
| region of an axxsymmetr1c 1am1nar Jjet with an initially uniform velocity
profx}gfﬁ\?he points’ denoted as Fox et al. are taken from Greenga's

thesis [G4]. They are based on the finite difference method’ given by

Fox et al. [F2]. Greene found it necessary to assume that the free:

stream velocity at a 1§fge radial distance was 5% of the centre line

AN
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velocity in order to keep computer times down to a reasonable value.
This fact fndiéates that the plotted values may not truTy represent

the solution by Fox et al., especially near the outer edge of the free

shear layer.

-

Hatta and Nozaki's points were found by solving ﬁumer{caI}y thé
differential equation given in their paper [H1], using a modified
Euler's method, ard following the proceddre given therein. The
generation of Okgjzfs.curve.[01]'invoTved two stages of numerical
integration (functions of modified Bessel functions of the first kind,
of orders 0 and 1 ). This was necessdary .due to the fact that the
tables presented by him do not cover the range of XC required for this
paper.

The present sq]ution can be found either using equation 3.16

s
and the procedure thereafter described or by using the simplified -

equations presented in section 3.4. Either method yields essentially

the same curve considering thé/gzza;acy to which Figs. 3.2 to 3.4

- are plotted. The latter method is preferable in the sense of ease _

v
h ]

- r—————— - T —— e .

‘of calculation.

From figures 3.2 to 3.4 it can be seen that all of the theoretical
so1ut{ons considered have reasonable agreement with thg‘experimental
velocity profiles. The exception is that Okabe's results deviate
appreciably nea% the outer edge of the free shear layer. Considering
the relative simplicity of the present ané]ysis, the agreement with

cn
the experimental data is more than satisfactory. '

-
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Due to the fact that a Schlichting profile is assumed in : |
tﬁe free shear layer a method of graphically determining the ™
Schlichting jet profile parameter§ (i.e.; Y/Rec, XCV) as well ‘as
an estiﬁate of the potential core radius is possible directly from
experimental data. This method is somewhat similar to that employed
by Andrade and Tsien [A3] to determine the virtual origin of tﬁe
jet from the experimen&é?*veTocity'profi]e»data fgr)downstream. By
rearranging equation 3.5 the following Léggbtained.

R = 4(v/Re) (U * %) v | (3.17)

[

- 0.5
Defining Z = (U0 0.5.1) we get:

R = 4(y/Rec)Z +B . (3.18)

Thié‘means that if experimental values of R are plotted against
Z the resulting curve should be a straight line with a slope of
4(7{Rec) and an-R axis intercept of B. One such pTot_is_shpwn in
Fig. '3.5. Near fhe central portion of the plot the relationship seéms -
to bé-linear. The Tine of best fit for the. data points in the range
0.233 < Z < 1.11, which cﬁrresponds to 0.2 < U <0.8, is shown as the
.so1id Tine in Fig. 3.5. This was obtained by a Tinear least square
regression of Z on R because Z has considerably more uncertainty thén R.

The data points outside the range mentioned above deviate from the line.
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fhis behaviour could bg explained iﬁ part by the fact that the
uncertainty in Z is dependent-upon the uncertainty in U in a non-
linear manner as shown in Fig. 3:6. Uncertainty is magnified at 1argé
and small values of Z. This substantiates the selection of a central
range of Z for determining the line of ‘best fit which is used tor
obtain apﬁroximate values of v/Re_ aﬁjﬁﬁ. : ’ ' '
Tﬁe resu];ing values of B are plotted (Method A) on Fig. 3.7_
“along with the present theoretica]lprediction and that of Hatta and
Nozakj [H1]. The other theoretical anaayses do not yield B explicitly
and hence are not shown. It is seen that the present theoretical
Tine égrees‘more closely with the experimental data than the other
theorética} Tine shown. One could, however, question whether there 1s
- a bias introduced by the technique used especially the effect of the
assumed velocity profile in the free shear layer. Values of B obtained ’
by fitting the experimental data points to Hatta and Nozaki's [H1] assumed
velocity profile are also shown (Method B) on Fig. 3.7. The method is
similar to the previous one, however, it involves a convergent trial
and error procedure. Even this new set of points lie closer to the
present theoretical Tfne than that of Hatta and Nozaki.
The values of y/Ré_ found in the manner illustrated in Fig. 3.5
are plotted against Xc in Fig. 3.8.-Again the agreehent is reasonable |
considering the uncertainty involved in obtaining {/Rec. In the

developed f]ow‘region y/ReC is iddepéndent of Xé.




_ The distance, X.y» to the virtual origin of the Schlichting

;g'free shear layer as described in Fig. 3.1 is considered next. Using

experimental values of y/ReC and XC, X ., can be found from equation

cv

3.4 . Figure 3.9 is é_p1ot of XCV versus XC including the théqretical,
variation. The agreement between experiment and theory is not quite
as gdod as in the other figures. The experimental data seem to follow
a straight line, passing through the origin having a slightly higher value
for the slope than the theoretical line. An attempt to find the
signific;nce of the apparent difference should be carried out when more
experimental invormation is avaiTabTe: .

- This plot serves another important purpose in that it shows the
almost exact linear theoretical re]étionship between»XCV and XC which is
the basis for the simplified form of tﬁé present solution as given
in section 3.4. -

It is possible to compare the pregent solution with other

experimental and théoreticai results as follows.

A plot of centre line velocity variation with axial distance

1s shown in Fig. 3.70. This information cannot be extracted from

Greene's data. It is possible, however, to compare thé‘experimental
dafa.of Hrycak et al. as well as Pai and Hsieh's numerical results.

Pai. and Hsiehs solution for the parabolic e;it'cbndition is also shown .

for reference. The data of Hrycak et al. is not close to the analytical

results for the uniform exit profile case. The disagreement may be.

due to the slight nonuniformity of the velocity profile at the nozzle

-

4t
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S
exit. A value of 0.96 is given for the rafio of average tobcentre )
line velocity. This explanation seems reasonable in view of the
tendency Qf the data to fall closer to thdt of the parabo]ic.exit
velocity profile than the uniformcase. '
_Pai and Hsieh's numerical method predicts a potential core

length that is cdnsiderably shorter'than the other methods. This

length seems unreasonable in view of thé’p1bt-of potential core

widfh of GreenéE experimental data as shown in Fig. 3.7.

The variation of Rm/2 with axfa] distance is presented in
Fig. 3.11. It was not possible to obta1n Pai and Hsieh's so]ut1on -:
in the deve10p1ng region due to inaccuracies in extract1ng data from
their figure. As well, Hrycak et al. did not report values of Rm/2‘
Greene's results seem td diverge from the theoretical predictions as
the distance downstream increases. A possible exception is that
of Hatta and Nozaki. It shou1d be noted that the d1screpanc1es
between the theory and experTments are magnified by the choice of

scale. Also, the increased spread of the jet at large distances_

downstream may be due, in part, to the increased chance of turbulent

eddies appeaning in the flow at these locations.

3.4 Simplified Theory

In most problems X 15 the independent variable, in which case it
becomes necessary to either solve equat1on 3.16 by trial and error or

to take values from a graph. Clearly, it is desirable to obtain equations



‘32

which give X v’ T/Re and B exp11c1t1y in tenms of x As sﬂown in.

Fig. 3.9, X v is almost exactly a linear functIon of X with a
proportion 11ty constant of approx1mately 630/307 This fact enablges
'ﬁ us to make an excellent approximation to the so]ut1on previously
given. The resulting equations are cons1derab1y s1mp1er ‘than those
mentioned above. Also, they are exp]1c1t in the var1ab1es needed to

obtain the velocity profiles, namely, xcv’ y/Re and B as shown: be1ow

_ 630 , '
v =307 o - o (3.19)

Using equation 3.19 in 3.4, we get

X S ) _'
abeoegm T T
c . ‘

Using equation 3.20 in 3.12, we get

c 630 6304,257% 8

The accuracy of the above equations in describing the preceding
theory may be shown by ca]éuléting the root mean square difference
between the approximate and original solution. In order to ﬁrovidé
" these vélues 154 points were chosen in the developing region at equally

-spaced’ intervals of Xc. The resulting values are:

>




(ax

o )pms = 0-000217

(av/Re gy = 0.000402

-

(aB)pys = 0.000943 "

- 3.5. Conclusions i
(1) A closed form analytical solution for the developing region
. of an axisymmetric lamiﬁaf jet with an initially uniform
velocity profile is given.
(2) Tae soTuFioﬁ presented agrees reasonably well with the
- availéb]e experimentél data and most of the previous analytieal
. so1utidns.
(3) The simplified solution is much easier to apply than thﬁge
available in the literature.
(4) A graphical method for obtaining the potential core width ~
- and SchTichtiqg\yeTocity profile paraméters-in the free shear

1ayér is also presented.
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* ANALYSIS,:FOR PARABOLTC EXITTCONDITION -

-

4.1 Introduction . B ' o )

In this Chapter an approximé;;’solution to the velocity
distfibution in a submerged axisymmetric, 1ahinar jet which issues *
from a long tube is presented. The solution methgz is a combination
of that of Okabe [02] and Thomas [T1] and takes into account the

paraboiic profile that exists at the jet exit. Comparisohé gre

made with experimental data taken from the literature and other ’

approximate theories.

4.2 Theoretical Analysis

~The basic form of the velaocity profile used by Thomas has

already been given in equation 2.22 and is repeated he for

convenience.

3 .

Ug = == (-2 (1-ce?%)" & ap™s 632 + yy® + oyt for 0 <y < 1
u S
mo

1
)

and

U, =0

. for 1<y <=

(2.22}

where ¢ = r/A and & is the radial distance to where the velocity is

zero. Also ¢ =e~ /A and A is an unknown function of x which is to

be determined along with . Figure 4.1 is an aid ta define the variables

as well as the flow development regions. «, 8, vy and o are values to

S o 3
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be deﬁermined sucﬁ that the following boundany conditions are

_satisfied. ‘ . .
At ¥ = 0, W
. ' )
“and aty =1, ' u = u 0 | . (4.1)
. . Y '

By applying these-conditions it can be shown that
. 2 '
3Q='B=Y=-30’='g€ I-¢ . ) (4‘2)
X |

HShbstitutihg these into equétfon 2.22 and simplifying
yie]ds;

UO = (]_¢,2)(]_ee¢'/1)3 + 35111(]"5‘)2 (]"1’)3 .

This profile is used in conjunction with two equations, each

(2.3)

of which expresses a flow condition that must be satisfied. These
are the integfa] momentum equation over the complete jet and the
momentum equation in differential form a]opg’the x axis.

The integra} momentum- equation, in a constant pressure region’
without contacting solid surfaces and subject to the boundary layer
approximations is given by:

[

g;— S ru? dr=090 o oo (4.4)
0 - .
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Accordingly, the momentum is constant and the value at the
tube exit 1s equal to that in fhe jet at any axial distance, x, from

the nozzle. Expressing this in convenient nondimensional terms gives

3 1

~

2 2 - 2 . , )
OJ’ UDRdR[x=O—'O-f Uy % ydyl - (4.5)

"~ where & = a/d. ‘ | : .

‘ “

‘Using the condition that at x = 03 U, = 1 - 4% and equations B

~4.3 and 4.5 it can be found, as shown in Appendix F,that

. : " -
- ~¢6=[24 } (F +6)c"] (4.6)
~ : . N=0 . > .
5 ‘ * L. ) o
where  F = 7 " %)
o m=-2 .F :
and -
7 m -
G = ) gma (4.8)
L R

The coefficients of A, fm and.gm, are given in Table 4.1 and.
‘212 raspectively. _

The momentum equation in differential form, along the x axis
and including the boundary layer approximations may be wrjtten as

du

y M 3
m dx

. &
or .

ar r=0

2
m _ v o( 34U + 1
— 7

or in convenient nondimensional terms as

{ 2
dUm 3<U aU

19, (4.10)
- (2.1 20 |
m ch BRZ R 3

R R=0 -~

u




Maktng use of equation 4.3 and 1ntegrat1ng both s1des of
equation 4 10 it 1s shown 1n Append1x F that
1 A . E(T‘E) 5 dx . - . .
xc =z g , _ (4.11)

[.8(1-3&:) + %(h:lz'*' 62(5(1-5)]‘ S

The value of X, can be determined by using equations a.11
and 4.6 and a Simpsons rule integration scheme. Hence, values of
A and § can be found as functions of X.- This plot is shown in

Fig. 4.2. : -

' 4.3 Comparison with External Experimental and Theoretical Results

Using equation 4.3 it can be shown that the dimensioniess

centre line vé]ocity decay can be found as

U= (1-e)’ . aan

oy _ .

This quantity is plotted versus X in Fig. 4.3 along with Okabes

" solution for the uniform case as we]] as other theoret1ca1 and experimental

results. The effect that the initial velocity prof11e has on centre

Tine veloc1ty decay can readily be seen to be s1gn1f1cant by compar1ng

Okabes solution for the uniform case with the present theory. The

exce]lent agreement of the present theony with Dmitriev and Kulesova's

theory for XC < 0.015 is particularily notewotthy in view of the fact

that theirs was taken fron&g finite difference solution of the boundary
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Tayer equations. Paj and Hsieh's numerical solution does not agrée
as well within this region, however, it is close to Dmitriev and

-

Kulesova's far downstream. The difference between Tsang's _
experimental results and the?theory mgﬁtﬁoned above &ou]d'possiny
be due to an uncertainty in the value of the kinematic viscbsity bf
the fluid used in their experiments [T2]. Such én uncertainty could
possibly shift the data points to Xc values that are 16% g%eater
which would show a better agreement with the present theory. The
.data of Symons and Labus exhibitsla considerable dégfee of scatter.
fhis could possibly be due to uncertainties in their velocity
- measurements caused by the size of their pitot tube relative to the
tube diameter. It is also questionable whether all of the déta
.Eo1nts are taken from w1th1C:E;;;\ﬁaQ?nar region of the jet. Thee
correlation of Abramovich and Selan ?s in reasonable agreement with
the 1qwer Reynolds number data, however, does not predict the higher
Reynb]ds number data accurately. It appears'that although the
simple centre Tine velocity matching scheme of Chang does not agree
with e%ther thelpresent theory or that by Dmitriev and Kulesova, it
does.giye a rough estimate of the centre 1ine velocity decay.
' Figure 4.4 shows the variation of Rm/Z'aTong the jet. Rm/Z
'is the nondimensional radial coordinate of the poipt whefe the Jet .
velocity is one half of the ceﬁtre line velocity. This pérameter is

- a measure of the spread of the jet. The present theory seems to

predict this parameter quite accurately. Pai and Hsieh's numerical
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result could-not be ext;ected accurately, from their graphs in

.- the region near the Jet exit. The result 1nd1cated 1s that of the
straight line obtained from their graph for 1arge Xc. It appears
to give smaller values for Rm/z than the.other methods:

Figures 4.5, 4.6,-4.7 and 4.8 give velocity profile comparisons
within the jet at pregressively larger nondimensional d1stances
downstream of the nozzle exit.  The first three figures 1nc1ude '
profiles that are within the deve10p1ng region of the Jet while those.
in F1g 4.8 are e1ther fully deve]oped or very close to being so.

In all of these figures the ve]oc1ty is norma1uzed with the Jet
centre 11ne velocity and plotted against the rad1a1 d1stance
‘ norma11zed with the radial coordinate to the point where the.nonjfl_‘f
dihensional_ve1ocify is 0.5. Consequently, all eurves peésethrouéh
_the point (1.0, 0.5).9n these figures. This method of plottihé
allows a compar1son of prof11e shapes, 1ndependent of Rm/Z and U fhe
‘parab011c and fu11y deve1oped s1m11ar1ty profile are.included on each
figure. - .

In general it can be seen that the agreehen% between the ereSent
" assumed velocity: prof11e shape and the experiments becomes 1ncreas1ng1y
worse as the value of X becomes larger.

| Chang's correlation is seen to be in fair agreement in Fig.4.5.

‘however, in F1g 4.6 it reduces to the Schlichting s1m11ar1ty profile
since x/d > 10.. Relatively poor agreement_w1th. the‘ exper1mental‘

data.is evident.
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Dm1tr1ev and Kulesova's curve is co1nc,dent with the

. s1m11ar1ty profile due to the fact that they only adjusted the

centre ‘line veloc1ty and jet spread parameters of this prof11e in

their model. . _ _ | .
The results of the ﬁresent theony fer xc*va1ues-of 0.035 and

0.060 are plotted on Fig. 4.8. This, shows that the present theo}y |

almost exhibits e'simi1arity'qggraeteristic, however, not that of

- the  experimental data. The classical similarity solution of |

Schiichting is in good agreement with the data beyond "the initial

development region.
Chang s correlation 1s alse unab]e to accurate]y pred1ct the
’Ipart1cu1ar case of Re =-340 and x/d = 5, Th1s again emphas1zes ‘that -

X rather than x/d is the proper nond1mens1ona1 X coordinate

S 4.4 Conclusions - ' ' N

(1) An'approximate analytical solution for the axisymmetric 1ahinar_.
jet has been found to pred1ct the Jet spread and centre Tine
_'velocity decay in the initial development region. That is in the
.approximate range 0 f_XC < 0.015.
(2) The assumed velocity profi1ef;hape is exact at the nozzle exit
‘ for the case of fully developed pipe flow and is reasonably
etcurate in ‘the region 6f the jet imme&iate1y downstream. Hawever,

‘beyond the development region, the Schlichting's ‘similarity solution




. | e
~is preferable. & ' \\
-(3) Although the velocity profile shape almost exhibits a
similarity condition at large axial distences downstream

of the nozzle exit, this profile does not reducé to the

exact boundary layer solution of Schlichting.
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- CHAPTER V . - S

_ EXPERIMENTAL INVESTIGATION

3.1 Objectives

The fo]]owing experimental program was undertaken in order to
prov1de additional information that either does not ex1st in the-
‘11terature or for various reasons cannot be extracted Trom the
,pub11shed data. ' The use of a Laser Dopp]er Anemometer is particularly
advantageous in this study in viewrof the unstable nature of the’
laminar jet and the destab]izing.effect'that obstacles submerged in -
the jet present [P2]. The jet inevftany becomes turbulent at some
di§tance downstreah and hence, extreme care should be exercised to
ensure that measurehents are taken only in thé laminar region.
These experiments are specifically designed to obta1n accurate
velocity prof1les in the 1am1nar jet for the purpose of: - ‘
(1) detenn1n1ng whether the proper nondimensiomai- coord1nate 15'X or X*,
which is used by Abramovich and Solan [Al ]
(2) determining the Jjet momentum from the'basic, integral
definition
(3) providing additional experimental data to be used iﬁ
évé]uating'the current analytical so]ﬁ%ion for the case of
.a parabolic exit condition.
. (4) determining quantities such as the virtual origin and devé1op-

- ment length.

r
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5.2 Experimental Equipment

5.2.1 General Test Facility -

This section includes a general description of the closed
loop fﬂbw circuit used in the present study. Equipment requiriﬁg
a more detajged description will be considered sepgrate1y in sub-
sequent sections. The closed loop design permits the use of a wide .
variety of wofking fluids, however, only ordinary tap water was used
in the present 1nvest1gat1on | . ;
A schematic diagram of the facility 1s afesented in Fig. 5. 1.

Water from a 50 cm square by 30 cm deep reservoir was pumped

“to the upstream constant head tank. This tank consisted of a 43 cm

diameter by 25 cm deep plexiglass tank with a 5 cm diameter overfiow
tube located in the:centre. . %

It was supported on a waTi approximafely 5 m above the laboratory
f1oor; The overflow from the constant head tank was returned to the
reservoir. The test fluid from the tank passed through a rotameter,
regu]atiﬁg valve ahd’settf%ng chémbér befdre'entering the supply tube.
These items were fastened onto a laboratory table tha; was bolted to
the floor. This was done in order to maintain alignment with the jet
chamber and downstream constant head tank which were located on
another stand also bolted to the floor, some distance away. The
measuring volume of the Laser Doppler Anemometer could be p051t1oned at

a]most any point within the jet chamber using the traverse mechan1sm

upon which it was fastened. The entire Laser Dopp]er arrangement and



'traverse mechanism was sttuated under the stand wh1ch held the

jet chamber A thermometer was located 1ns1de the downstream constant
head tank for measuring the fluid temperature. This tank was 25 cm

in d1ameter and 24 cm deep with 2 5 cm diameter overflow tube located

in the centre, similar to the upstream constant head tank. The flow

from this tank was returned to the reservoir, at which point it could
be e1ther recirculated or directed into a graduated cylinder and
weighed in order to determine the mass flowrate.

F1gure 5.2 is a photograph of the test facility with the except1on
of the upstream constant head tank.

5.2.2 Jet Chamber

The jet of interest was formed insiqe the jet chamber, shown
schematically in Fig. 5.3. The end of the supply tube was flush with
the inner wall of the jet chamher. Although the chamber‘*is not

infinite in lateral extent there is little doubt that it is large

. enough to simulate an unconfined jet, especially in the region just

downstream of the tube exit. The chamber was constructed of plexiglass
to allow the laser beams to be positioned as shown. Bleed connections

were made on the upper surface and drains on the lower (not shown)

~to facilitate remova] of air bubbles and the working fluid respectively.

The fluid flowed out of the chamber through a 50 mm d1ameter by 30 cm
long tube which was connected to the hole in the end p]ate. This tube
was on the same axis as the supply tube. The .top plate was covered

with black paper except for a 2 mm wide strip along the centre. A

%



florescent light was positioned above this slit to illuminate the
.d}ed laminar jet during flow visualization tests.

5.2.3 Supply Tube
The‘ﬁupply tube consisted of a 2.43 h length of 6.35 mm I.D..

~

et

stainless steel seamless tubing giving an 2/d of approximately 383.
According to the equation developed by Langhear [LBj for ‘the 1ahinar
development length, the exit velocity profile remains parabolic for
Reynolds numbers, Re, below 6600. Ip order tﬁ prevent this long

: tube from bending, i£ was placed inside of a 3.18 cm diameter
copperlpipe_with spacers 10c;ted approximately every 30'cm along the
length. An additiona] aluminium box section was subéequent1y‘fastened
along approximaté1y~2 m of the supply tube length when excessive

" bending was detected. The box section was approximately 10.cm square.

5.2.4 Settling Chamber

The settling chamber was connected to the supply tube by means of
a bellmouth entrance section as shown in Fig. 5.4. Extreme care was
éaken to ream the bellmouth neck to the same size as the inner diameter
of the supply tube to make the joint as smooth as possible.

As shown, the settling chamber consisted of a plexiglass tube of
approxihate]y 14 cm internal diameter and 1.22 m long. A plexiglass
tube was chosen in order to locate any air that may pe tr&bped insfde.
Bleed connections were provided a}ong the top for.remova] of any such
air. 0One bleed hole was connected to a plastic éyringe which _contained
a weak solution of MeﬁiamlNo. D-2930 (Green) manometer fluid and water

for use in the flow visualization study.
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5.2.5 Traverse Mechanism | 7

The traverse mechanism.is shown in Fié. 5.2. The Laser Doppler
Anemometer components , receiving opt%cs and transmitting optics are
located on an angle iron frame which is horizontal and perpendicular to
the jet axis Adjustment in this direction (z d1rect1on) is limited
to approximately 5 cm from. the jet centre line by means of a 2
plexigtass slide mechanism. This gdjustment is only used for alignment.

. The entire angle iron frame that was previousﬁy mentioned is fastened
anto a carriage which travels on tracks which are parallel to_ﬁhe jet
axis (X direction). Each of the above mentioned tracks is in the form
of a tee section made b& joining two 1.27 cm by 5 cm cold rolled steel
bars together. This provides a sturdy track that deflects a negligible
amount due to the weight it carries.A The carriage' is prevented from
moving in a direction lateral to the track by roller bearings adjusted
to give zero backlash. The tracks just mentioned are secure1y fastened
to the top of a hydraulic table which aT1ows positioning in the
vertical direction (¥ direction). The hydraulic table is bolted to
the floor after being positioned relative to-the jet -chamber.

5.2.6 Laser Doﬁp]er Anemometer Arrangement

Figure 5.5 shows a schematic diagram of the Dual Béaﬁ Laser Doppler:
Anemometer arrangement. This is a top view of the equipment as seen
in Fig. 5.2. The jet chamber is shown as a dashed line for reference.
The détaifs concerning each piece of equipment may be found in the

Equipment Table given in Appendix A. .
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The Tight from the 15 md He-Ne laser first paéﬁes through a
"'polarizstion'rota;or and then an aperture before entering the beam
splitter. The beém diameter was 1.1 mm between the 1/€2 points.

The beam splitter divfdes the beam into two.equéi parts that are
separated.by a distance of 50 mm. The two beams enter the Acousto-
optic cell housing. One beam is passed through'the ceTl whf]e the
other is sent through a pathrleﬁgtﬁ-equa1izer. Both the shifted and
unshifted beams exit the Acousto-optic cell hbusing and are focuséd
onto a point in the jet chamber by the focusing lens. These beams

intersect with an included angle of 2« = 27.52°.

The two beams pass through the chamberiapd strike a mask. Only

scattered light is allowed to enter the collectin ich collimates 2

the light before it strikes the focusing lens. The le es the scattered
light onto thé: aperture of the.photodetecioﬁ which converts . the 1ight
intensity vartiation into eIectr1caT variation.
(::; frequency shifter provides a 40 MHz frequency shift signal to
drive the Acousto-optic cell. It also receives the photomultiplier
signal and dormmixes it to give effective frequency shifts from 10 KHz
to 40 MKz in 12 Shift increments.. The shifted signal is then passed
through a high pass filter and into fhe Frequenéy Tracker which
converts the frequency into a proportional voltage. This voltage is
then displayed on the digital vo]fmeter: An osci]loscope‘was also

used to display the photodetector output signal. The laser and trans-

mitting optics, receiving optics, - sjgnal~processoe;and:650%1Td§cope:-
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are shdwn in Figs. 5.6 to 5.8 inc]ﬁsive.
- “5 *

5.3 Experimental Procedure

5.3.1 Initia]_Setup, Adjustments and Calibration

-

- This section deals with procedures that were necessary to’
make the equipment ready for the collection of data. -

The jet chamber, supply tube and settling chamber were

 1evel1gg and aligned by "eye" during construction of the equipment,
with/;hé aid of a chalk 1ine and carpenters level. The traverse

-mechanism was levelled in a similar manner and the x axis movement

alignedlpo'the side of .the jet chamber using a vernier. -

The flow system was filled with ordinary tap water until - the.
opeﬁ air bleeds overflowed. . Large plastic syringes were used to aid
in thelremoval of the;air from both the settiing and jet chaﬁbers‘
and afterwards_we;e also used as stoppers.

The Duai Bgam Lasef Doppler Anemometer arrangement was setup
according to the procedures given by Thermo SyStem Inc. in references
T3 to T5 inclusive. These procedures are standard and hence will not
be repeated here. The use of the Laser Doppler Anemometer'fequires

knowledge of the Tlaser 1ight wavelength, focal distance of the Tens

“and beam spacing. The focal distance and beam spacing given by the

manufacturer were checked using a millimeter scale and found to be _
reasonable and hence the manufacturers values were utilized in all

calculations.



The rotameter was calibrated by passing a steady flow of water
through it, and retording the time required for a certain mass of

. fluid to be collected. The calibration curve is given in RMppendix B.

5.3.2 Velocity Profiles

The following procedure Qasemp1oyed when recbrding velocity
profile data. The temperature of the water was measured to the
nearest tentﬁ of a degree celsius and recorded. The flowrate was
~set to approximately the de51red va1ue us1ng the regu1at1ng va1ve

. and the rotameter ca11brat1on curve. A quant1ty of water was

‘(;;11ected over a certain t1me and the actual flowrate calculated.
This value along with the tube diameter and viscosity of the water
were. then used to calculate the Reyno]ds numbgg If this number was
different from the desired by more than 3 percent the f]ow was
adjusted and measured again and the procedure repeated. Once the
desired Reynolds number was set, a flow visualization study was
conducted to determine the laminar region of thé Jet. A photograph
of the dyed laminar jet is shown in Fig. 5.9. The syringes, dye
and florescent lamp were used for this purpose. At this point thg
positions, in the x direction, at which velocity profiles were

to be taken were decided. The first distance was then set on thé
X axis of the traverse mechanism. The Va}ue of_thé frequency shift
and sigqa] processor sensitivity were nofed'and the measur%ng {olume

raised to approximately the centre of the jet in.the y- direction.

-

-

r_,"""—— e
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The jet was traversed in the 'z direction while ho]ding y constant.
The centre of the_jetrin the z direction was determined by using the
- maximum voltage reading.. The~z position_was.set at this_value.
The measuring yo]ume wasgthen traversed in the y .direction
while voltage and distance values were recorded at intervals of

0.25mm over most of the jet. Intervals of 0.50 and 1.25 were used ™

e te lAlRd B ke % e b e

where velocity gradients were small.

— ,
'”*5a4m‘Resu1ts and Discussion

5;4.1 Ve1ﬁtity-Frequency-Vo1tage Re]atioﬁship
éf An equation relating the signal prbEéssdr'output vo]tage and the
fluid velocity is requiréd in order to procéss ££é ray‘experiméntal
data. This is partly determined by the Frequency Tracker range
setting and partly by the optical arrangement. The fluid vé]ocity
is related to the doppler frequency accoraing to equation 5.1 which

was taken from reference T3 .

£ =2usinrc
d- N - (5.1)

It should be noted that the variables «eand x are .quantities ‘that _
depend upon the workfng medium. Hence, at first glance it seems that
k and A must be calculated for the working medium in question. It
can easily be shown, however, that the ratio (sin x)/ais independent

of the medium. The insertion of the Acousto-optic cell in the circuit

~
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" variables in equat1on 5.4 as given below:

wx

sh1fts the frequency 1nd1cated to the Frequency Tracker according e

" to equat‘lon 5,2 o '

-

fpmfygtfy , Lo  (5.2)

A]so the tracker converts th1s frequency 1nto a proportxona]

| voltage as expressed 1n equat1on 5. 3 where S is the range switch

-

sett1ng
8 E=sf, (5.3)
v
.Cnmh}ntng equat1ons 5.1, 5,2\and.5.3 it .can be shown that’
\ Coe . :
B TEls L sy
v 28 sink , - '

- - . "\.\
The present experimental arrapgement had values fo% the -

A = 632.8 nm o
) . for air
k = 13.76° ;
fs = 0.05 MHz
S =

20 volts/l“ﬂ-{; '
] A

bl

These values result in the following equation:

Cu=66.51[E-1m/s .- . - - (55
o . . . .

The value .of 1'jn this equation is the theoretical voltage that

would be recorded when u = 0. Zero velocity conditions were

- 7
»
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-estimating these dimensions:

LY
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: established and. the voltage, averaged over at least five minutes

was 1:025. Hence, the equation that was used";d process the data-

. Was

= 8.51 [E - 1.025] mm/sec. I (5.6)

5 4.2 Measuring Volume Dimensions

A diagram showing the deta115 of the focus1ng optics and

measuring volume is shown in Fig. 5.10. As illustrated, the measuring

"vo1une is an ellipsoid with miner and major axis of dn and £

respectively. The diameter of the laser beam exiting the laser is

 Dg=2 and that at the waist is dg-2.

Reference T3 gives the following equations to be used for

Gz = Mag/ibiz R )

dm = de-2/cos k- : :- _ - (5.8)
and , .

= do_a/sinc . ' (5.9)

In this case De-2 and if are given as 1.7 and 102.1 mm

respectively. The other quantities réquired for the calculations haﬁe

‘been given previously. Calculation results in the following

dimensions; d .2 = 0.075 mm, dm = 0.078 mm and 2m = 0.315 mm. It

should be noted that these quantities are apprbximate in view of the

fact that X, « and £ are functions of the fluid medium and this fact
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has not been taken into account. "It can be shown however that
- the correct1ons required are sma11 The 1ength of the measur1ng
volume is approx1mate1y the same as a standard subm1n1ature hot
wire probe (0. 45 mm) . ' '

‘E 5.4.3' Verification of Laminar Jet

Although the laminar jet Tength was not measured;exp1ic%tl} 1ni
the current set of exper1ments the read1ngs were taken well w1th1n
the Taminar region. In order to substantwate th1s c1a1m it seems
appropriate to compare the current measurement ]ocat1ons w1th.the
natural laminar Tength inforq::fon of independent tnvestigators

The correlations of McNaughton and.Sinclair [M2] and Marsters [M1]
| are used for this purpose. The1r results are presented in F1g 5 ]1
which is a plot of nondimensional axial distance’ a1ong the Jet, ‘

x/d, aga1nst the Reynolds number, Re The data points 1nd1cate

measurement 10cat1ons used in the current study. It can.be seen that
all of these points lie within the Tam1nar reg1on 1nd1cated hy
McNaughton and Sinclair whose exper1ments close1y resemb]ed the
present case. The points are a1so within the more restr1cted 1am1nar |
region pred1cted by Marster's corre1at10n |

5. 4 4 Centre Line Velocity

The variation of centre 1ine velocity with dimensionless axial
distance, Xc, {s_presented in Fig. 8.12_ The agreement witn'the
present theory is excellent near the tube exit. Further downstream

this agreement becomes progressively worse. The numerical solution of

-
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‘Pa1 and Hs1eh falls s]1ght1y c1052r to the exper1menta1 data A-fourth

order po]ynom1a1 was used to fit a curvé to the data’ and is p1otted on

Fig. 5.12. The curve Was chosen such that it gave u =1 at: X. = 0.

The resu1t1ng equation w111 be used in a 1ater'sect1on and is given . :

Up = 1.00 - 17.98X_ - 176.9% 2 + 1.343 x 104 3 - 1.561 x 105X .
(5 10)
(it ¢an be seen that the present data possesses "Tess scatter than,

the externa1 data shown prEV1ously in Fig. 4.3, Th1s fact is an

: 1nd1cat1on that ﬁé‘ is the proper nondlmens1ona1 coordinate along the

c
jet. When consideration is given to a p1ot ofdfﬁ;,same data uswng X*'

as the coord1nate this po1nt becomes even .more obvious. Such a graph

" is shown in Fig. 5.13. Considerable scatter is evident even though

onTy a relatively narrow range of Reyno]ds numbers, Re » is plotted.

.5.4.5 Jet Half-Radius

The variation of the so called half-radius, Ryy2 With X_ is | .“_
prasénted in Fig. 5.14 along the current theoretica¥ result and that -
of Pai and Hsieh's asyﬁptotic line. As'in the comparison with the
external exper1ments their result predicts a considerably narrower jet.
Due to the fact that this exper1menta] data 1s to be used in a sub-~

sequent section it has been fitted in a manner s1m11ar to the centre line

.ve1oc1ty-case. A sixth order poiynom1al vias used and the equation is .

g1ven'be10w.
Rm/é = 0.3534 - 7. 227X +2.328 x 103X 2 _ 1. 575 X 105x 3
| +6 496 x 106x % . 1,237 x 103x 5 +9.076 x 108x &, (5.11)
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The lack of any appreciable scatter-is also ev1dent in th1s d1agram.

5.4.6 Ve10c1ty Prof11es

. Dinension]ess velocity profiles are presented‘in Figures 5.15
‘t0 5.78 inclusive. The radial coordinate is nondimens%onalized with
.the.half-radius, rm/z.yhich provides ae excellent neans of cqmparing
profile shapes. The cuérehi fheoretica] Qe]ocity profile, the
parabolic exit velocity profile and that of Schlichting are also
p]qtted for comparison. The results for x#d = 4 and Re, = 4000 are
presented in Fig. 5.15. Such a combinatidh ef x/d and Rec yields
a vafue of XC = 0;091 which, according to the current. theory, is
considerably undeveloped. This is particularly eviden{ in the figure
presented s1nce the major portion of the jet flowfield is parabolic.
The clrrent theory diverges slightly from the exper1menta1 data at the
outer edge of the jet. It should also be mentioned that‘not all of
the experimental data have been shown on this diagram or on those which
°fo110w: This is done to e11m1nate overcrowding of data points in
_the figures. The eliminated data in no. way affects the interpretation .
of the results. A complete set of experimenta1‘va1ues is fnc]ﬁded in
tabular form in Appendix C. Samp1e550¥ﬁdata from the compiete velocity
profile (i.e., both positive and negefive vajues of y)} are included in
,Figures 5.15 to 5.18. This fact in conjunction with a slight zsymmetry
in the velocity profile data is one reason for the small amount of
scatter that appears. An Uncertainty Analysis is preéented in Apﬁendix D;

Data from three different Reynolds numbers, ReC are plotted on

Fig. 5.16. The x/d values are chosen so that Xo = 0.005 in all three
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cases. The fact that a1l of the curves ‘coltapse. neasonablnnonth@ne
substant1ates further the‘ear11er c1a1m that x is the proper
nondimensional coord1nate. The, d1sagreement of the present theory at
the outer edge of the jet is .greater in this figure than that
previous]y shown. The experimental points in the. region r‘/r'm/2
greater than 1 are approaching Schlichting's solution. In a
contrary manner, those points in the region where r'/r_'m/2 is Tless than
1 fall alimost.on the nondimensional parabola. It appears that, at
jeast in'a_dimension1ess manner, the velocity profile adjustm from
the tube conditions to the free jet conditions take place at the jet’
outer edges first. Further adjustment in the outernregipn is evident.
also in the data at X_ = 0.0, presented in Fig.5.17. The collapse
-of the experimental data and an.incfeased difference,betweeneﬁheory
and experiment are also apparent in this figure.
Figure 5.18 contains experimental data from.three different X
" conditions, namely, 0.018, 0.025.and.0.335. These results seem to
fallvreasonably close to the Schlichting velocity profile. This
indicates that fully developed conditions exist at an axjal distance
given approximately by X_ 4= 0.018. This value is in reasonable
‘ agreement with the velues found in the references.

5.4.7 Jet Momentum Flux and Virtual Origin

The velocity profile data in this investigation was collected at
sufficiently small radial increments so that the basic definition could

be used to determine the momentum flux in the axial direction. The

o
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. kinematic momentum fTux_wil] be used here and is defined below: - »

o

K = J . 27 [ uirdr . : : ' ' . . (5.13)
p 0 _ : : p - L
' Y

In order to use this definition directly, it is necessary to perfonnf‘
- the integration.numerica?Ty.‘ It is also convenient to modify the

equation as follows o -
K==/, u2d(r2) . o _ - . (5.14).
0 o : : '

This equation is now approximated using the trapezoidal rule-
as sﬁown below: |
a1 (r2 7 w2V (w2 + 02
n-1 (r2 r.)(ui + ui+1)

K=m 3 i+ i
i=1 2

(5.15) -

where n is the number of data poihts. It shou1d.a]so be'menfioned
that the profile was integrated between the points where u = 0.05 Une 7'
If such data points did not exist, they were generated using an
interpolation procedure. This step was taken to avoid.érror accumulation .
due to possiﬂ]e inaccuracies near the jet boundaries.

The momentum flux is made dimensjbn]ess by dividing it by the
value at the tube exit, KO. In the case of a parabolic exit profile
this value can be shown to be:

o2 2 - BRI ’
Ko = Um'o | ' __ (5.76)

_— 12 -
L

- The value of Uro is determined using the ;nass f'lowr.nte*infomation.\

plot of the variation of K/K0 with'axia1 distance is shown on Fig. 5.19.
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| to'be_é general trgnd; An-initial decreaéé in K/K‘ is followed by anf,’

_and nondimensicnally as

- Considerable scatter of the data can be seen, hbwever, theré.§eems.

0
jncrease to a value greater than one. A constant value is reached i\\\

. farther downstream. The occurrence of this trend is strengthenéd by

- the determination of the dashed Tine which is now_cohsidered.

One reason for the scatter of the data in Fig. 5.19 can be

- readily seen by considering equation 5.14 , éeafranged‘a§ follows :

-

2 .2 2 2
= “Arm/z um'é (u/um) d (r/rm/Z)

.2 2
B T

ot

K

2 2
= 8 Rz Un B/ (5.18)

-

where BO = 2/3 for a parabo]ic exit veloctty profile. This equation

. separates the determination of j&ﬂ%{fg;; three partsse the half-radius,

nn/ZS the 1agal maxfum velpcf%y, Un and a nondimensional inteérated

.vaiue, B which is re ’;gd to as a momentum flux coefficient. Each of

these quaifj;jes‘is determined with some degree of uncertainty and fhe
com?jgation is more ‘uncertain. A method of obtaining K/Kj with Tess
ﬁE;rtainty is to arrive at the values in equation 5.18 separately.
Empirical equations have already been given for Rm/2 and-Um as a
function of X_. A plot of 8/8, versus Xe is presented in Fig. 5.20.

The degree of scatter that is evident on the graph is considerably Tless

it b sl = o b

[ S A
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: thﬁn‘fhat of K}KO. It is also noticed that this éurve seems to
- ind?cate/i/ggye16pment.1ength_1onger than‘that mentioned pre§i0u§1y.
a irve was fif to this data in a manner similar to that of
A and Rﬁ/Z' The form of the equation that yields a good represent-
ation of the data is that presented below:.
0.0419

8/85 = 1.37 (5.79 x 107 + X ) . . (5.19)
The empirical relations mentioned above were usgd inrébﬁjunction Qith
equation 5.18 to plot the dashed Tine in Fig. 5.19. The trend that
this Tine indicates has two aspects which are particularly inferesting.
One is the increase in momentum far downstream. Thfs observation isl
contrary to that of Abramovich and So1an [A1] who noticeld a decrease
in momehtum. The ﬁossibi1ity of an increase in momentum is certainly
a point that one may question. The conditions under which such an |
increase'éan otcur afe considered as follows. )

A contrb] voiume is chosen, which completely inc]uﬁes the
deyeloping region of the jet. It is infinite in radial extent. The x-
component of the momentum theorem applied to. this coqtrol'vo1ﬂme
yields the following equation |

po pd ) . . o “
i;—dpo—mf;—dAd=-£ U2 dA0"+°{U2 dAd ] (5.20)
or

. Fa - F

0 : 'd Skt K (5.21) .

However, the (gauge) pressure forces on planes within the fully




60

- developed regfon'must be zero and therefore

d4 . 0 F1 - , ' : - - (5.22)/\
KO DKU ) . .

-

"

This equation indicates that -the ratio Kd/K0 can be greater than one'if

the pressureifqrqe'across the ex‘t plane is poéitive. Such a condition

may occur if same pressure adjustment océd}s outside of the tube. This isr

an hypothesis which is in need of verification. ;-
The second point of interest on this graph is the initial decrease |

of the momentum ratio. By aésuming that the pressure gradient at the-exit

ofAthe'tUbe is approximately Zero, and that, the wall shear stress persists

an infinitesimal amount outside of the tube, it is possible to show that
d(K/KO)

T (5.2
dX SR

40

C

This equation gives tﬁe’s]ope of the curve in Fig._5;19, at XC=O anJ\és.
obéerved to be in fair égreement with the data. This result also seems

reasonable when it is considered that the velocity profiles must approath a

LR .

paréboT%c shape as the distance downstream tends to zero. Caution should be
’ exercised in using,the.corre]a;jons fﬁr Um, Rm/2 and B/BO with équatiﬁp 5.18
in order to determine this slopeé due to inherent inaccuracies near XC=&T
:‘The Jjet momentum aé well as the virtual origin can be determined z
using the Sch]icting velocity profi1e and expérimenta] data at 1arge:

disténces downstream. .In this investigation, the developing region

“is of partidu?ar interest and hence not much data is available far
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downstream: These methods are, however, applied to the data as

follows.

The first method of determining K/K0 and xcv makes use of cenire
line velocity data, Schlichting's velocity profile (eduaﬁion 2.1 )W
and the virtual origin concept of Andrade and Tsien [A3]. The

following equation may be obtained:

o | s
X = - X ' 5.24
€ zy <. . |

If the'experimenta1 data, taken from the region far from the
tube exit, is plotted on a graph with XC aS'ordiﬁate and T/Um as
abscissa a straight Tine results. The s]épe of the Tine is K/K;

32

whi]e the intercept on the XC axis is - Xcv' Such a graphlis plotted
in Fig. 5.27.- The resulting values of K/KO and Xcv are found to-pe
0.997 and 0.028 using linear regression. The standard'deviafion§ of
these quantities are also found to be 0.034 and 0.0018 respectively.
The value of K/KO found above is in agreement with the assumbtion of
a constant momentum and not too different from that previously found
in this work. The xcv value is extremely close to that given by du
Plessis et al. [pz]. .

The second method of determining K/K0 and X.y 18 similar to the
first, h?wever, use is made of the Rm/z_variation with axial distance

instead of centre line velocity. The following formula can be derived

in a manner similar to equation 5.24 :

LI
CEN SRR



w2 /K -
0 , . !
: 'Th1s equat1on 1nd1cates a 11near var1at1on of lez with x iﬁ the

fully deve]oped reg1on and can be expressed as shown below:

Ryjz = A+B X . - . o (5.26)

A and B can be ‘determined from the experimental data and

K/KU anq Xcv calcu1ated s_fo]T

KfKg = (V2 - 1) 286 ~ T |
fo 7 e = N san
. ’ . ' . Py
and |
A S - |
*w®s . PR | _(5’??).j

The values determined using linear regréésion on the last seven

data points'are K/K = 0.738 and X ='0 022 The standard deV1at1ons

are found to be 0.0314 and 0.00072 respect1ve1y. The K/K and X v |
v§1ues found above are considerably different than those found using

the centre line velocity method, however, the standard deviations are.
‘almost the same. A Student's t test of theAva1ues indicate a

significant difference. This result is no{ that which would have been
expected, especially in view of the velocity profile similarity
conditions. Explanation of this point should be attempmed after obta1n1ng

"more data in.the deve]oped region.

. _ | _ |
TIxe+x, 1., - . . (s28)
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Conclusions

xc s the proper nondimensional coordinate for laminar jets.

The length of the developing region, virtual origin and K/K

are found to depend upon the method used to determine them. .

The experimental result;\indicate a slight variation of the
momentum flux along the jet, however, conservation of momentum

is. a reasonable approximation. An attembt to explain the trend

. of the variation is also presented.

The agreement between the experlmenta1 resu]ts and the present - ’

analytical solution is reasonab]e

L S __"_*L____;f .
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-SUMMARY OF CONCLUSIONS AND RECOMMENDATIONS

6.1 Summany of Conc1u51ons '
The mpst s1gn1f1cant conclus1ons made at the end of the prev1ous

three chapters are now summarized. This effort will serve to

consolidate the separate»sections and re]ate'them to the over%k1 aims
of the presenf work.
Relatively simple ana1yt1ca1 solutions are presented whigth give

the veloc1ty fields in the developing reg1ons of 1am1nar je

with _
both un1form and parabolic- ex1t velocity profiles. The sgfution given for{
the uniform case is the first of an integral type to be btéined in a
closed form and-also has the desirable feature of reducing to the éxact
sp]ution of Schlichting in the ﬁu11§7de6e1oped region; In the case of
an axisymmetric jet with a parabolic exit velocity profile the solution
is the first of an integral type. _ Both of the anaTyt1ca1 results agree
reasonab1y well with experimental data and theorettca1 work that is
available in the literature for the jet deve1opment reg1on. The
differences between the. experimental and anaIytica1 resu]ﬁs increase as
the distance from theiexif increases.

The present experimental results have congiderabTy less scéttef than

most of those in the 1iterature and are consistent with the relevant

conclusions previously made concerning the current analytical method for .

- S
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the parabolic exit Qelbcity conditiom A]so X is shown to be the :
prOpér nond1men51ona1 coordinate requ1red to collapse the experimental
data. This is contrary to that found by Abramov1ch and Solan [A1] but
‘ cons1stent wnth a d1men51ona1 ana]ys1s of the pertinent equat1ons

It is shgwn that the common assumpt1on of conservatuon of momentum is. 1
only a reasonable approx1mat10n " An apparent trend of the var1at1on
of momentum along the Jet axis is presented and the salient features

' ~d1scussed in relation to the equations of motion and appropriate
assumpt1ons F1na1]y, the constant value of the momentum in the .
fully deveioped'region, thé virtual .origin and the length of the
development region appear to depend upon the method of determination.:
Further ver1f1cat1on and an expianat1on of th1s point are left for.a

- future study.

| 6.2 Recommendations

If_appears that additional work is required in the area of laminar
axisymmetric jets. This work includes both experimental and anaTytiéaI
studies as follows.

In the case of a uniform exitAvelbcity profile additional
experimental infmrmation is required. Both the development and fu1]§
developed regions should be investigated éoncdrrent]y. . The method of
producing the uniform profile employed by Greene [62 ] should be used
. along with the method of measuring velocity used in the present

investigation. Also, precautions to ensure that a laminar jet exists
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similar tb‘fhose of the current investigation should be made.

Further experimeﬁtal*daté shbuid_ﬁe Cb11ected fdr the case of
a parab011c ex1t velocxty prof11e. Emphasis éhould be given not on1y
to the deve1opment reg1on but a1so to the fully developed reg1on
chh an investigation shou]d focus on the momentum flux variation and-
~ the dependence ofxfhé.fU1Tyideve]0§ed momentum fTux,_virtua] origin
and devélopment jgngth’on the method of determination.

Also, the homenfum flux variation is consistént with a zeroi
axial pressure gradieht'oﬁ the jet tentre Tine at the nozzle exjt as
well as a positive va]ue-of-gauge presSure at this point. It would be
desirable to experimentally -confirm this using direct pressure
measurements, hdwever, this would Tikely Se difficult because of the
small pressure differences likely to be éngountered;

An analytical model which reduces to the Sch]ichting profile fi
in the development reg{on should be\igvesfigated. Suchjg study could
Possibly make use of the experimental fact that the central poftion‘
of the jet velocity profile remains parabolic when nondimensionalized
with respect to the Toca1‘centre Tine velocity.

Pai and Hsieh's [P1] numerical solution should be repeated in order
to yield accurate fnfbrmation in the development and fully developed ]
region. This would help to explain the apparent differences that exist.
Use of the,other available numerical methods: -namely, that of du Plessis

[DZ] or Fox et al. [F2] wou]d also suffice in this regard
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APPENDIX A

EQUIPMENT TABLE

U
: ' . Model/ nge and/or Manufacturer
No. Equipment Type rmen ts Supplier
C 1 15 o He-Ne 9126 3532.8 mm
Laser .
2 Polarization ' 9101-2 e
Rotator
3 " Beam Splitter 9115 Wx30
4 Acousto-optic 818G-2 |  -mme- Lol
cell and Thermo-
Frequency Shifter Systems Inc.
5 Focusing Lens 9117 £=102.1 mn
-6 Photomulsipiier 9160 | mmmea
System
7 Frequency 1080 2 kHz-50 MHz
Tracker
8 High Pass Filter | 10065 0-10 MHx
. 9 Fhotodetector | 8161-11 Aperature
Aperature Q—LL Diameter=0.23 mm ‘
10 Oscilioscope | st 1 eee-e Teksranics Ine.
1 Digital 55031 Sile 2001 ¥eitl s e1ekeroni
_ Volimeter 0-100=0.1 "
r 12 Pan Balance - =0.003 g Central Scientific Ltdy
13 Thermometer 15-060A 1-31=0.1°C Fisher Scientific
14 Rotameter D314 see Appendix § Roger Gilmont
15 Electronic 100 =0.01 sec Premer
Stopwatch




0,005

APPENDIX B

ROTAMETER CALIBRATION CURVE

- 113

1 1 | S 1

20 40 60 80

Rotameter Reading

100
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APPENDIX C

EXPERIMENTAL DATA

& The number of significant figures presented in the following .

tables is not indicative of the data uncertainty, An uncertainty

analysis is presented in Appendix D.

- 14
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X =0.001 . Rec = 4000 x/d

LT AR TN P

c - 4f

u, = 579.1 mm/sec rm/z =2.16 mm m = 0.00932 kq/sec

mo = 588.5 mm/sec
r {mm) u (mm/sec) r (mm) u {(mm/sec)
-?.112 -1.00 _-508 563009
=6.858 ~.33 -.254 573.07
'8.604 - 033 0.009 5?9.06
’80350 1 .90 - - 254 576.46
-6.996 . 1.66 .5088 567.68
-5.842 1.66 . .762 T 549,79

 -5.588 " 1.66 . 1.816- $25.18
-5.334 .33 . 1.270 488.59
-5.080 2.33 1.524 443.36
-4.826 6.32 1.778 390.14
-4.572 11.64 2.032 321.62
-4.318 11.64 c.286 245.13
~4.064 " 18.29 2.540%0 181.27
-3.810 . 29.66 2.794 126.06
-3.556 38.8% 3.048 80.82
-3.048 100.11 .} 3.556 35.59
-2.794 146.68 3.810 c4.28
~2.540 2e1.22 :-gf; 15.63
-2.286 266.41 . - 4,32
-2.032 326.95 4.572 1T~ 1.66
~-1.778 384.15" 4.826 33
-1.27¢ - 476.62 5.334 -1.00
-1.016 512.54 5.588 -1.66
-.762 | _ -541.81
#
-

-

C

e 2 e ARSI B s P 4
- o 2



Re. =2000

/ | 7;6.;

.Xc = 0.002 c. x/d=4 -
U, = 268.4 mm/sec rm/2_=_2.18 mt om =[0f-0_0447‘ kg/sec
‘Umo = 282.6 mm/sec
r (mm) u (mm/sec) r (mm) u (mm/sec)
-7.112 -.33 .254 267.74
-6.604 -.33 .508 264.42
-6.096 -.33 .762 £55.77
-5.080 3.66 1.279 2e7.17?
-4.572 ] 8.31 1.524 207.21
-4.318 10.98 1.778 183.26
-4.864 14.30 2.032 155.99
-3.818 '20.95 c.286 126.4
-3.382 - 48.24 2.794 73.5@
-3.048 55.54 3.048 53.55
-2.794 T4.17 3.38¢2 . 38.91
: -2.540 97.45 3.556 27.61
&7 -2.286 - 120.73 3.810 19.62
-2.032 . 147.34 4.064 14.30
-1.778 173.28 4.318 18.31
-i.270 218.52 4.826 5.65
-1.016 235.15 5.080 4.32
-.254 265.75 '6.858 <33
0.000 cE68.41 4t 8.1¢28 <33




“X

nz

c ~0.005 Rec = 2000 ,ffd =10 E
u, =251.1 mm/sec "ms2 S2:32 mm. m = 0.00454 kg/sec 3
6
Yo =286.5 mm/sec
r (mm) u (mm/sec) r (mm) u {mm/sec)
—90 559 . 33 - 108 859. 45 )
-8.280 1.00 . 356 247.12
-7.010 c.99 ~.610 241.80
~-6.502 5.65 . 864 231.16
-5.486 10.31 1.372 200.56 e §
-4.978 14,97 1.626 182.60 -
~4,.47@ ec.28 1.88¢0 160.6S
-4.216 c6.94 « ©€+134 138.03
-3.708 42.91 2.642 98.12
~3.454 «. 53.55 2.896 82.15
-3.200 66.85 3.150 70.18
~2.546 84.15 3.404 55.54 .
-2.692 101.44 3.658 37.58
~c.438 119.4¢0 3.912 29.60
-1.936 157.98 4.42¢ -18.29
-1.676 176.61 4.674 13.64 ﬁ\ﬁj
-1.422 197.23 4.928 9.65
-1.168 212.53 5.182 6.98
-.914 227.83 S.436 5.65
-.660 239.14 5.690 4.32
-.406 c45.79 6.960 <33
-.152 249.78 8.230 -.33
9
A -

i



-

N

='0.0075

- Re. =2000

x/d

= 2{17.1 'mm/sec To/2 =2.44 mm m

18 -

15

‘0.00445 kd/sec

mo = 280.8 lmm/sec
r {(mm) u (mm/sec) r (mm) u (mm/sec)
-9.474 7 33 .886 23?.141
~8 4C04 1.66 .940 | 226.50!
-6.934 4.99 1.194 213.260
-5.918 19.31 1.702 177.54
-5.410 14.97 1.956 161.31.
-5.156 18.29 2.219 ‘142.02
-4.902 .28 2.464 121.49¢
~4.648 26.94 2.718 105.43
-4.140 -38.91 3.226 .74.17
-3.378 67.52 3.988 38.25
- '124 88.15 40842 3908?
-2.870 SS5.46 4.496 b 27.61
-2.616 110.89 4.750 18.29
-2.362 127.39 S.004 12.31
-1.85 161.31 5.51¢2 6.32
-1.609 177.28 5.766 4.99
-1.346| 194.57 6.020 2.99
-.584 c35.15 7.299 " 2.33
178 c47.1¢2 9.322 .33
.432 243.89
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xc =0.010 Rec. = 200Q . x/d = 20-
Up = 235.2 m/sec v, = 2.55mm W = 0.00454 kg/sec
umo = 286.5 mm/sec
v (mm) u (mm/sec) [ r (mm) u (mm/sec)
-=11.684 -.33 1.0616 217.85
. -10.414 1.00 1.524 191.24
i -9.144 2.33 2.032 156.6S
-7.620 5.65 3.556 62.86
-6.604 12.31 4,572 c8.27
. =6.096 14.97 $.080 17.63
. -5,588 18.96 5.588 12.97
-5.088 24.94 6.096 8.31
: ~4,572 - 37.58 6.604 4 6.98
- -40064 53055 ?0118 4032
-3.556 64.19 7.620- 2.99
-3.048 90.80 8.128 2.33
-2.83c 142.69 9.144 . 1.66
-1.524 178.61 9.652 1.00
-1.016 202.55 10.160 1.66
$.000 235.15 11.176 1.66 .
.508 . 233.15 . |
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X, = 0.0025 Re, =1500"" x/d =3.75

cou =198.2 mm/sec’ /2 =2.20 mm m =0.00333 kg/sec’

Um.o = 2.]Q'3 r@/sec
r (mm) u {mm/sec) r (mm) u (mm/sec)
-10.947 -.33 . 737 190.58
—90677 -033 0991 181 027
~-8.407 -.33 ' 1.245 170.62
~7.137 -.33 1.499 157.98
-5.867 1.00 1.753 138.03
-4.851 , 4.99 2.515 - 78.16°
-4,597 ' 5.65 : 2.769 60.20
-4.343 8.98 3.023 45.57
. ~4.089 .| - 12.31 . 3.27? '33.59
-3.835 7 16.96 . 3.531 24.94
-3.581 23.61 . 3.785. 18.86
-3.327 31.60 4,039 . 14.390
-3.873 41.57 : 4.293 19.98
-2.819 55.54 4.547 7.65
-2.565 71.51 4:301 5.65
-2.311 ' 88.14 5.855 4,32
-2.057 106.76 5.309 3.66
-1.803 124.06 $.563 c.99
-1.549 142.69. 5.817 1.65
~1.29% 158.65 6.871 1.00
-1.041 171.45 6.325 ' 1.00
-.533 191.24 6.833 .33
~-.279 * 196.57 - 8.103 «33
-.025 199.23 9.373 «33
229 . | 199.23 ..

e e e

@
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c .Sec = 1500 x/d =
um _= 190.6‘mm/sec‘ rm/2 f2.30 m  m = 0.00333 kg/gec ,
Yo = 210.3 mm/sec '

r (mm) u {mm/sec) r {mm) u (mm/sec)
~12.141 -1.00 1.575 141.35
-10.871 -.33 1.829 124.72
. =9.601 -.33 2.083 07.43
-6.553 2.33 2.845 o 66.20

-6.04S 2.99 3.099 48.89
~5.537" 4,32 3.353 38.91
-5.029 . 7.65 3.607 30.93
- ~4.267 18.29 4,369 16.36
~-4,013 23.61 4.623 12.97
. =3.505 36.92 5.131 8.3
- ~-2.997 . 57.54 5.639 - 5.65
i -20489 84.15 ‘5’14? 3086
-1.727 130.05 - 6.9e9 2.33
-1.473 . 145.35 7.163 2.33
-1.219 - 158.65 7.417 1.66
-+ 965 169.96 7.671 1.66
-.714 178.61 7.925 1.66
=+ 457 185.26 8.179 1.66
.051 190.58 10.719 ~-.33
.813 177.94 ' -
1.e67 168.63
1.321 155.99
=



«
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X, =0.008 . “Re, %1500 x/d = 12.

Uy =179.3 mw/sec v, =281 1m0 C m 'o.m§§3km@ec

Umo =.210.3 wm/sec

r (mm) u (mm/sec) v (mm) u (mm/sec)
_—11.913 . -1.00 ' .025 179.27
-9.373 -.33 . «533 175.95
-8.103 - +33 . 787 . 169.29
- =7.341 : 2.33 1.295 . 149,34
~ -6.833 2.99 1.549 138.03
-6.325S 5,65 . 1.803 122.73
-5.817" . 8.31 - 2.857 109.43
-5.309 12.31 w S-565 7S.49
-4.801 16.30 : c.818 68.18
~4.283 24.94 3.073 - 57.54
. . =3.785 . 37.5S8 3.581.- 40.9%
-3.531 44.98. . 3.835 34.26
-3.277 53.55 , 4.089 - 28.94
-3.023 6€2.86 4,343 c4.28
-2.769 93,58 4.597 20.29
-2.515 84.81 ~ 4,85% 16.96
-2.007 . 112.09 $.359 11.64
-1.753 . 124.06 5.613 . S.65
-1.499 1 136.03 5.867 8.31
-1.245 148.01 6.375 4.99
~.991 158.65 - 6.883 2.99
-. 737 167.30 7.391 1.66.- -
-.483 173.95 7.899 .33 e
-.229 177.94 8.407 -.33 '
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c =§o_010 . Re. = 1500 x/d = 15
m = 173.3mm/sec v, = 2.50mm m = 0.00333 kg/sec
Mo = 210.3mm/sec |
r (mm) u (mm/sec) © o {mm) u (mm/sec)
-14.478 -1.00 . <762 163.31
-11.938 "« 33 1.916 155.32
-10.668 | © .33 1.270 145.35
-9.398 1.008 1.524 133.37
-8.899 - 1.66 1.778 i2e.73
-8.382 1.66 2.03c2 198.1¢
-7.874 1.66 2.286 95.46
-6.858 5.65 2.540 83.48
-6.350 ?.685 T L. 794 72.84
~-5.842 8.31 3.048 62.86
-5.334 11.64 3.3082 53.55
-4.826 18.29 3.556 44.90
-4.572 21.62 3.81¢0 38.91
-4.318° 26.28 4.064 32.93
-4.064 31.69 4.318 - 27.61
-3.810 38.91 4.572 23.61
=-3.556 46.23 4.826 19.62
-3.302 S4.21% 5.080 16.30 -
-3.048 63.53 5$.334 13.64
-2.794 73.50 5.588 11.64
-2.540 . 84.81 S.84¢2 9.65
-2.286 S7.45 6.096 8.98
-2.832 109.43 6.858 6.32
-1.778 122.086 7.366 4.32
-1.524 133.37 8.38¢2 1.66
-1.27@ 144.02 9.398 2.33
-1.0162 | 153.99 10.414 1.66
~=.782 Y 161.98 10.922 © .33
-.508 167.96 13.462 -1.00
-.254 1?1.95 -~
0.000 1?73.28 . ’
.588 168.63
(\—.._—/
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L
xc' =0.012" Rec‘ =1500 x/d = 18-
U =‘165.3 mm/sec 'rm/2 =2.E_53 mm m = 0.00330 kq/sec
P . .
Umo = 208.6 mm/sec
—— ‘Q .

r (mm) u (mm/sec) r {mm) u (mm/sec)
-13.268 " 1.090 1.016 145.34
-10.668 1.66 1.524 131.38

-9.398 2.33 1.778 120.73

-8.382 - 3.66 2.932 109.43

-7.366 £.32 2.286 98.12

-6.858 7.65 2.540 86.81

~6.350 10.31 2.794 76.83

-5.842 13.64 3.048 67.52
. =-5.334 18.29 3.302 58.26
.-4.826 24.28 3.556 51.55

-4,318 32.26 3.810 44 .24

-4.064 37.58 4.064 37.58

-3.8410 42.91 4,318 32.26

-3.302 57.54 4.826 23.61

-2.794 74.83 5.334 16.96

-2.286 94.79 5.842 12.31

-2.032 166.10 6.096 10.31

-1.524 126.72 6.858 6.98

-1.270 137.36 7.874 2.99

-1.016 146.01 8.890 1.00

-.762 153.33 9.906 .33

e 158.32 - ’

~.254 163.31

0.000 165.30

«254 164.64
0508 181 031 ’ P
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r ' \
= 0.018 | Re. =1500 x/d = 27
u = 141.4 mm/sec rm/z =3.01 mm m = 0.00333 kg/sec
Ung = 210.3 mm/;ec
" r (mm) u (mm/sec) r (mm} u (mm/sec)
I/ :
-12.954 -1.00 2.5490 83.48
~-11.684 1.09 2.794 76.17
-9.144 3.66 3.302 60.87
-8.636 3.66 3.556 ; 54.88
-7.874 7.65 3.810/ 48.23
-2.112 9.65 4.064 42.91 -
-6.6084 12.31 4.318 37.58
~-6.096 16.30° 4.572 33.59
-5.588 20.29 4.826 30.27
-5.90860 27.61 5.089 27.61
-4.572 36.92 S.334 23.61
-4.064 - 47.56 5.588 2i.62
-3.556 58.87 S.842 18.29
-3.048 706.84 6.096 16.96
-2.540 84.81 6.604 13.64
-2.032 100.11 7.3112 10.98
-1.524 118.08 7.620 8.58
-, 254 140.02 10.668 2.99
0.000 141.35 11.684 2.33
-c54 1490.02 i2.700 1.00
.508 138.03 1.00
762 134.04 1.00
1.01 130.05 -1.00
1.270 124.06 ‘
1.524 - 116.74
1.778 108.180
2.032 99.45
2.286 92.13

7

N

2y



X.. =0.022

-
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Rec =1500 x/d = 33"
u = 128.}- mm/sec Yoy =3-37 mm m = 0,00333 ka/sec
Ung =210.3 mm/sec ?

r (mm) u (mm/sec) r (m) 7 u (mm/sec)
. =-12.649 .33 23337 88.80
-11.379 1.66 2.845 75.50
~-10.109 2.99 3.353 63.53.
-8.839 5.685 3.861 48.23
-8.331 7.65 4,369 ' 38.25
-7.315 11.64 $.385 27.61
-6.807 15.63 5.893 21.62
-6.299 19.62 6.401 18.29
-5.791 24.28 -6.909 14.97
-5.283 29.606 - 7.417 12.31
-4.,775 '38.25 7.9e% 10.88
-4.267 43.57 8.433 8.98
-3.759 56.87 8.541 8.31
-3.251 66.19 9.449 $.65
-2.235 92.80 10.465 3.66
-1.727 106.76 106.973 3.66
-1.219 116.74 11.481 3.66
-.203 127.39 14.021 - 1.68
«305 127.39 15.291 1.00
+813 120.73 16.561 -.33
1.321 .- 112.09 17.831 —1.008
/-_ h )
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= 0.004 Re_ = 1000 x/d =4

=141.4 mn/sec  r =228 mm  .m  =0.00244 kg/sec

-

= 154.4 mm/sec
v (mm) -u (mm/sec) | - r (mm). u (mm/sec) .
-8.382 1.00 .508 137.36
-?7.112 1.66 . 762 132.71
~5.842 2.98 1.016 125.39 .
-4.572 ' 8.98 - . 1.778 S2.8@
-4,318 10.98 2.032 76.49
~4.064 13.64 -~ 2.286 66.85
-3.556 -22.28 . 2.794 43.57
-3.382 28.27 3.048 - 33.59
~3.048 36.25 3.382 26.28
-2.794 44.24 3.556 . 30. 29
-2.540 56.21 3.810 15.63
-2.286 65.51 4.064 1e2.31
-2.832 82.15 4.318 8.98
-1.778 . 94.33 ) 4,572 ' 6.98
-1.524 195.43 4.826 5.65
-1.27@ 116.08 5.080 - 4.32
-1.016 125.39 5.334 . 3.66
-.762 132.71 5.588 |« 2.99
-.508 137.36 6.858 i.00
-.254 140.02 | 8.128 «33
©.000 | 141.35

tw

()
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Xe = 0.005 Re. = 1000 x/d= 5
L. - Up = 140.0mm/sec v ., = 2.2amm  m = 000240 k9/seg
' umo = 151.§mm/sec

r (mmfm/- u (mm/sec) r (mm) u (mm/sec)
-6.858 - 1.00 ' .254 138.69
—5.604 1.66 .508 136.83
-6.350 _ 1.66 . . 762 130.71
-6.9896 2.33 1.916 124.06
-5.588 ‘ 2.99 ., 1.524 104,77
- -5.334 4.32 | ®1.778 92.80
\\\_/ -4.826 6.32 2.286 67.52
-4.572 © 8.31 2.54¢0 - 54 .88
-3.556 21.62 3.556 20.95
-3.382 27.61 .3.819 16.96
-3.048 35.59 4.064 12.97
-2.794 44.90 4.318 9.65
-2.286 . 68.18 4,826 6.3¢c
-2.032 80.16 5.089 4,99

-1,778 93.46 5.334. 3.66
-1.524 104.77 5.588 2.99
-1.816 | 12F.39 8.128 .33
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Rec f,1000
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x/d =10

M17.4 mw/sec v, =255 mnT m =0.00233 kg/sec
. . f

Umo = 147.1 mm/sec
r {mm) u (mm/sec) r (mm) u (mm/sec)
-11.938 .33 .254 - 116.74
-10.668 1.00 .508 115.41
-8.128 1.66 1.816 1907.43
-6.996 - 4.99 2.832 76.83
-5.334 10.31 algsi” 51.55
~5.080 12.31 ™% 3.0848 44.90
-4.8c6 -14,925 3.302 38.91
-4.318 20.29 3.81¢ e8.27
~-4.064 22.95 4.064 c4.28
- -3.8180 37.61 A.318 20.95
¥3.302 37.58 4.826 15.63
-3.048 44.24 5.080 14.3¢
-2.794 50.89 5.334 12.97
—2.286 66.85 5.842 9.65
-2.832 74.83 6.096 8.31
~-1.778 ' 82.82 6.350 7.65
-1.524 90.8¢0 6.604 6.98
~1.270 98.12 6.858 5.65
-1.016 104.77 7.112 4.99
-.;sa 110.09 g.ggg 2.99
-.508 13. - 1.66
~.254 iig.;i 10.922 1.00
0.000 117.41 12.192 1.00
-

w
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X, =0.015 | Re. = 1000 x/d =15 .

U, =108.8 m/sec r . =2.83 mn  ne¥=0.00235 kaysec

w= 148.3 mm/sec
o~
¥

r (mm) u (mm/sec) r {(mm) - u (mm/sec)
-9.322 -.33 -838 100.78
-8.852 1.00 A 1.092 96.79

-6.782 4.99 1.346 91.46 -
‘8.528 5065 1’600 - 85‘48
-6.274 - 6.98 1 1.854 79.49
-6.020 8.98 c.108 & T2.17
-5.766 10.98 2.362 65.52
-5.512 12.31 e.616 5S.54
-5.258 14.390 2.870 52.88
-5.0084 17.63 3.124 46.99
-4.496 22.95 3.632 35.59
-3.988 29.60@ 4.149 26.94
-3.734 34.26 4.394 23.61
-30480. 39.58 4‘848 - 20095
-3.226 44.90 4.982 18.29
-2.972 50.89 2-156 1 16.30
-2.718 57.54 |5 S-41€ 14.30
-2.46% 62.58 v S5.664 12.31
-2.210 69.51 5.918 8.98
-1.956 76.17 6.172 8.31
-1.702 82.82 6.426 ' 6.98
. -1.448 89.47 6.688 |. &s5.gc
-1.194 95.46 . 6.934 4.99
—.940 1€0.11 7.188 4.32
~.686 103.44 7.442 3.66
-.432 106.76 ?.696 - 2.99
-.178 108.108 7.950 2.33
.076 108.10 8.204 1.66
.584 104.77 9.728 «33
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X, =0.020 CReg =10b0 xsd =g
. =95.5 mm/sgc Fo/2 =3.26 mm m  =0.00235 kg/sec

148.4 nm/sec

Ung =
r {mm) u (mm/sec) “r {mm) u (fm/sec)
J6.510 «33 « 762 91.46
-13.970 1.8 ;4,270 | 84.15S
-12.700 1.66 1.524- 80.186
-11.430 * '2.33 1.778 ?5.50
-8-899 4038 80388 65052
-80388 5065 80549 8008?
-6.858 11.64 3.302 46.23
-5.842 17.63 3.810 38.25
-5.334 c0.95 4.318 30.27
® -4.318 |. 3a3lg3 5.334 20.29
- =3.810 39.58 S.842 17.63
-3.556 43.57 6.350 14,97
~3.302 48.23 6.858 12.87
-2.794 57.54 7.874 8.31
-2.540 62.20 8.382 /) 6.98.
~2.286 66.85 8.89¢ 6.32
-1.524 8e.82 10.414 3.66
-1.016 88.80 11.439 2.99
-. 762 892.13 12.700 2.33
-254 94.73 16.510 1.00
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el

X.. = 0.025 Re. =1000 x/d = 25-
Uy =86.81 mu/sec  ry,,°=3.58 mm m = 0,00231 kg/sec
um0 = 145.7 mm/sec
r {mm) u (rmm/sec) r (mm) u (mm/sec)
=-15.7 © «33 . 787 83.48
~14.453 1.00 1.041% 81.49
2~13.183 1.66" 1.2895 80.16
—-11.913 | 2.33 1.549 75.50
-10.643 ™ “2.99 1.803 Te.17
-8, 865 6.32 c.311 €4.19
-80357 . 6.98 2.565 59.54
-7.849 8.98 2.819 55.54
-7.341 » 10.98 3.873 51.55
-5.817 18.96 4%g89 37.58
- =-5,309 23.61 4.597 30.27
-5.055 e5.61 4.851 26.28
-4,293 32.93 5.613 19.62
-4.0839 36.82 5.867 17.63
-3.785 49.24 . 6.424 16.30
-3.531 43.57 6.37S 14.97
-3.2877 46.23 6.883 12.97
-3.023 .51.55 7.391 10.98
-2.769 55.54 7.899 8.98
-2.515 60 .20 2.487 2?.65
-2.261 63.53 8.915 6.32
-2.007 66.85 9.423 . 5.65
- =1.753 71.514 $.931 4.99
-1.245 78.16 10.947 2.99
~.991 80.16 12.217 2.33
-.737 82.82 - 13.487 1.66 .
-.483 - 84.81 14,757 1.80
.825 86.81 17.297 1.00
.279 86.14 18.567 33
.533 .85.48 _ .

o oy e et e
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\ .
Xc =0.030 ReC = 1000 x/d =35 -
Uy = 79.5 nmm/sec T2 = 3.99_nm1 m =q.00233 kg/sec
umo = 147.14mm/sec
r (mm) u (mm/sec) r {mm) u (mm/sec)
-15.69?7 © .33 3.099 48.89
-13.157 1.00 3.607 42.24
-10.617 2.99 4.115 34.92 -
-6.807 16.30 S.639 e2.28
-5.537 23.61 6.147 18.96
~35.029 28.27 6.655 16.96
- -4.521 - 36.25 7.163 14.97-
~3.505 48.23 9.703 ?.85
-2.997 £3.55 10.973 " 5.65°
- —-2.489 606.20 12.243 4.32
-1.473 R.17 14.783 2.33
-.865 75.50 16.053 . 1.66
-.457 79.49 17.323 i.66
.0514 79.49 18.593 1.80
1.067 76.17 c1.133 1.00
1.575 71.51 22.403 1.00
2.083 63.53 23.673 .33
2.591 56.87 '
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X, =0.040 ~ Re. =1000 x/d = 40.

c c _
Uy =67.5 m/sec -, =472 mn m = 0.00234 kg/sec.

um0 = 147.6 mm/sec_

r (mm) u (m/sec) r (mm) ' u (mm/sec)
~19.406 1.00 4.470 35.59
~16.866 1.66 4.978 30.93
~-14.326 . 233 S.486 e7.61
-11.786 4.32 5.994 20.29
. =9.246 _ 18.98 7T.264 ' 16.38

-5.436 . e7.61 11.074 7.65
-&166 | . 37.58 12.344 5.65
~2¥896 | 50.89 13.614 . 4.99
-1.626 68.87 14.884 3.66
-1.118 64.19 16.154 2.99
-0610 8 + 19 1?0484 8033
-.102 GE;;;\\\ 18.694 | 1.66
. 496 66.85 \ 19.964 1.66
.914 64.86 |\ 21.234 i1.80

1.422 62.20 ! 22.504 t1.00

1.93@ 58.87 ©3.774 1.08

2.438 54,21 25.044 1.00

2.946 50.22 ' £6.314 i.00

3.454 44 .24 27.584 . <87

3.962 | 40.24 - 28.854 «33

e
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APPENDIX D -

UNCERTAINTY ANALYSIS

The format shown below will be used for 11st1ng the vaTue of a

variable, A, an estimate of the uncerta1nty, A’ and the un1ts of A |
A + ”A units of A

The data used in the following ana1ys1s is taken from the set
that has - . o A

e

= 2000, XId = 5 and-hencerx = 0.01.

The uncerta1nt1es of the following quant1t1es are detenn1ned u, U

m/2’ I, K, KB’ K/K0 g and B/BO
The method used is that suggested by K11ne and McC11ntock [KZ]‘

m Uno Re ’ X

with 20 to 1 odds
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i

.,{:g\

. a) Ve]ocitx (u,'u) . -

Th1s ana]ysws applies to both u and u s1nce ‘the Tater isa | i

spec1a1 case of u. As an example, - U, will be considered,

'

LA R R

2'S sin

632.8+0mm . e =
20 +0 volts/Miz | : S
Tk.= 13.76 + 0‘ degrees’ o " - . - ¥
1.025 + 0.01 Volts . L . |
£ 4.56 "+ 0.01 Volts

where S

w
n

m
it
%

The.'ﬁ'rst_m three values given above are éet by the manufacturer and

ar"eﬁf.consideregi to have significantly less uncertainty than the others.

. au ‘2 u 2 i _
Wy = [T e (B )T 1R (D.2)
tn BE 3E Es ' '
. | 3 ’ ) " ' b
© where
U, -y 1 ' Y
—L£=- W _ -~ o (D.3)
b BEO 2 S sinx’

-

therefore u_ = 235 + 1 mm/sec (+ 0.4%). F

It should also be mentwned that the effect of the velocﬂ:y gradient on the

accuracy of the readings will be negiigibly small-due to the relativersize

_ of the Jet and measuring volume.
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y

b) Mass Flowrate _l (m)e
The mass flowrate is calculated using the following equation
) - - I . - - . .
m-m e, ; . . . .
= T . - I S .(n.¢)_
m = mass of f'luid‘an__a container
=0.785 + 0.01 kg
m.= mass of container __ S
= 0.161 +.0.01 kg a
t ?—"coﬂection time -
= 137.4 + 0.3 sec
also - ' o - . o
W= T (M2 (2 o 2.3 '
LG G W) (Gl - @)
. C [of . L
- ‘
where am_-am _ 1 . o
R | - (8
and ' )
“ -(m - m) | | -
am _ . C .
5% T ———tz— - ‘ (0.7)
which gives @ = 0.00454 + 0.0001 kg/sec (+ 2.3%).
v : . : '
. ¢). Exit Centre Fine Velocity (u_ ) i - -
& | - Jo _ B -
It can be shown that
I ' o - S ‘
“mo ¥ wodz . S . "(b.8)
. % . - - :




6.35 + 0.03 mm

where d =
o ='997.3 + 0 kg/sec
m = 0.00454 + 0.00010 kg/sec

physical properties of water.

W e[ M g (P g
hed . am'. ‘

mo
. W 2 N.' <
“ =[ (-2 -7 + (° 7=
LG22+ 20 1Py

which- gives u_ = 287 + 7 mm/sec (+ 2.4%).

d) Reynolds Nuwbers (Re )

This value may be found as follows

u_d
_ _mo :
‘ Re.c ==
. i
where d = 6.35 + 0.03 mm
Uio = 287 + 7 mm/sec
v = 0.915 + 0.603 m2/sec’
also W

u

-
t

_ 2 |
W, is very small, based on a temperature T = 24°C, W = 0.5°C, and the

" W . :
Moo = [ + G+ (0 T re,
: N ) < e

-

-,
Yoy

PR

a0y

C(0)p
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which gives Re_ ='1992 + 49 (+ 2.5%). .

.-e} - Nondimensional Axial Distance.(xc, X*)

" . L
¢ dRe - R (D.12).
c . ) . . .
where x = 127.00 + 0.06 mn
d=6.35+0.03mm oL Y
Re. = 1992 + 49 o
.also ' W
Wea =W, o “FRe a : L
= _X_ _g c ;5 : S
e S + (@ o+ (Rec ) TT X, S By
« ' o .
which gives X_ = 0.010 + 0.00025 (+ 2.5%). '
CoxeaTx L x (0.14)
d Re d Jﬁec o
and W ' .
‘ : W 2 =W 2 ~ Re 2 ) .
= _X d 1 c £ . ‘
My =L () + (5 +(2Rec) 1% x* {D.15)
- which gives X* = 0.634 + 0.0084 (+ 1.3%).
-

f) Nondimensional Radial Distance (R, Rm/Z)

In a similar manner to u and U Rm/2 is a particular value of

Y ——

R. It will be considered as an example.

T T R ki dmaa e a e e oh e aa



- . r ! - - o .,‘ ’ \ -
where o2 = 2.55 # 0.03 mm
d. . =6.35+0,03m
also H wr o, . | .
- .

A L s (0.17)
which gives Ry = 0-402 # 0.005 (+ 1.33). -
-g)  Integral Value (I)

X The calculation of both K and 8 involves the determination of

‘the following integral :

. 2 . . . . ‘ .

=" u2d(r2?) | ' . (D.18)

° | 4 |
The following numerical ihteération scheme is used
o 2372 2 2 | :

L=< i21 (U502 ) (rg 92 - 1) (D.19)
where rs \g'lues and corresponding uy values can be found in Appendix
C. Also, R /i

Wo=W =W =1mm/sec . |

u; Us g u |

and W_ =W =W =0.03 m
_ rs rse1 T

1=1 (u‘l’ Upsenns Uoa Ty Ty '...,rn) o ‘ (D.Z_O)

140 .



141

therefore o : ) o 7 j .

3l o, 42 )i V2 TRy 2 ..

W =LG W) +G W)+ U+ )

| I duy Uy “ du, U, - aun ut o :
'31 2 a1 2 e aII : 2 5
M D I - N B R - S R R (D.21)
ar] f] ar2 To . er, tp.
FIFM S =W =W and W =W = . =W,
U u, u, " u ry T, B P

after expanding the equation for I and differentiating it can be

shown that s -
. - 2 2 .2 212 4 %) 2 2 2y2 ée?. 2_p " 2)2.
My T 2D, tuEnen2)2 4 1.22. U7 (i ®org 22 a2 (2 205
2 26212 4 15 | 2 2 2)2 2 (g 2 2.
.27 2 -
P U r 2 (upPhuy2)2 + L rupgug 122 4 2 (o 2h 22y
....{D.22)
Using the data previously mentioned we éet
I = 275,800 + 3930 mm*/sec? (+71.4%).
h)  Momentum Flux {K, K., K/KO)
2
K=n %" u2d(r2) = ¢ 1 r (D.23)
0 ' .
and hence .
HK = 17 NI,

which gives K = 865,200 + 12,350 mm'/sec? (+ 1.4%).
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Also - ‘ﬁr,- :
nd2 )
== u_ 2 . (D.25)
120 ™ .
and ) - .
NKo =T (T) u’“° I Kd LT : - (D.26) -
. - B ] J .
using thé values which Have previously been determined'we get
Ky = 869,520 + 42,800 mn®/sec2 (+5.0%).
Now consider K/KO.
K/Ko (—) + (—-;) 1* ' - . (0.27)-..

which yJe‘lds K/Kq = 0.995 + 0.05 (+ 5.2%).

i)  Mamentum Flux Coefficient (8, 8 By S/Sfﬁ

ls‘= Iy (U/U) d(r/r )
0 m/2

© .

1

==, u? d (r2)
 Up™Tpse© 0
N 3 o e (D.28)
um rin/2
-2 W 2 W

- '. W
S L

" ' " ' |
e ('-‘”_ﬂ;;@)’*f‘5 C (029)

which gives g = 0.767 + 0.022 (+ 2.8%). Further,. By = 2/3 and Wg = 0.
. —_ . -- 0




L
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 APPENDIX E

DETAILS OF UNIFORM EXIT CONDITION ANALYSIS =

'Eva1ua£i0n of:the'integrais in equatipns 3.8 and 3.9 is pécomplished;.ﬂ;_

as follows:

—

a .- -RUo.zdR. =0 (3.8)
clxc 0 - )
" @ ® all . .
'/‘2— %x— £y RUGSR = - 7 R(T")2 dR - (3.9)
ok’ .
c A .

A1l of ‘the above integrals are broken into two parts aS*ShONp below.

® B @

: J‘D __dR"= J'O dR + IB' ‘dR'. :

Consider the integrals over the range 0 < R < B where

S Uy o | B CA)
and‘) L. ' . " ) - .r
. 3U0 . o . '

— = '

3R
therefore -

Io R_UO dR = J‘O RdR .= 5 _ - .(E.'i)

B s - B B2 T

IO RU0 dR =. fo RdR = 7 T : (E;Z)
_ ) B 3U02_ ' .
and s R(—) dR = 0. ~iue . (E.3)

0 "R

Now consider the integrals over the raﬁge B <R <« where

<

<)

=

—— e



1

Uy = —— . (3.5) -
' IG(Y/Rec)z ' . . ‘ o
by letting & - (R-B) . -
o © 4(v/Re.) o . o
, | R=4 (v/Re)) £ +B (A.4)
| and
dR =4 (y/Re,) dg S m T (A5) .
siﬁce B is independent of R. . | L
. \
8 - e i
. Substituting equation A.4 into 3.5.we get -
1 -~ - . B . R .
U, = — . . ‘ ] : !%A
We also find that &
Uy, 2 £2(v/Re )2 : ' .
3R 1+ g2]" -

Using equations A.4, A.5, A.6 and A.7 the integrals.being considered
-may be found as follows making use of Table A.1 presented at the end of

this appendix.

. = [4(y/Re) & + B] 4(v/Re) .
g RUOZdR = 1y dg
- . ['I + E2]'+
\ . 8 ,5' o E '
=3 (/Re)® + g (v/Re ks o G

K
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o e [4{xfRe,) € + B] &(v/Re)

I
‘B0 [1& £2]6

. : . g .
=8 (R )2+ BT (yrre ) (A.9)

el = [4(v/Re )¢ + B2/ (v/Re ) 2JA(v/Re )
(—-—)2 dR = J'0 - dg
‘3R 1+ g2]8 | |

e
/

7=. B

=-§-+

Subst1tut1ng equat1ons A. T A.2, A.3, A8, A.9 and A0 1nto equat1ons

- 3.8 and 3.9 gives ¢ ~
S
& 13 (vRe)? + ET (y/Re )8 + —] - (3.0)
c ' .
and
- - 2
- [5 (r/Re )2 + 332 (v/Re )8 + B2
‘¢ | P
[— TT/TE)] ' | e (3.11)-

Integrating equation 3.10 and applying the boundary condition at XC=0,
B= 1/2 and v=0 we find that

% (v/Re)2 + 3T (v/Re )B + %—=1§ (3.12)

Introducing a new variable ¢ = B/(Y/Rec) and rearranging equations

P

RUG3R < 7, de . e

1 7 Co e Ry



3.11:and 3.12 we get

- ‘ ’ ’ 1
(v/Re )2 =
B 8(8/3+_¢+§_) 
and 3 o , T o . -
: 63n 2
LS 2 L%l = - .
dx[(ww)(ws+m8 +3=101= - [3+ M,L
c ' |
Subsﬁituting equation 3.13 into equa ‘on.3_14 yields
\ 63r . 2 ////,/J” ‘ |
¢ (BSrgety) oofelng
- g : 5w, 2} ) 64 >
dxC 8(8/3 + 8 3

) Mu1tip1ying both sides of the above equatibn by 1920/3 yields
N— ‘ '

d [ 3072 + 9457z-+ 960z2

1=-0512 + 70nz ]
cdX. 64 + 15mp + 1272 : .

and dividing within the bracket$ of the Jeft hand -side gives

 d_ [ g - {255mz + 2048)

ch (12z2 + 157 + 64)

= - [ 512 + 70mg 1.

Differentiation of the left hand side and réarrangement yields

(3060mz2 + 491527 + 14400x)
(1222 + 157z + 64)2 (512 + 70nz)

= -

Expanding ihe.poéfficiént.Of dg inté partial fractions gives -

306072 + 49152z + 14400% F .
(1272 + 15nc+ 64)2 (512 +70mg) - (512 + 70mz)

+ Gz +H S I S0 ‘ .
(1222 + 15ng + 64)  (12¢2 + 15ng + 64)2 ~

T -

T

S

(3.13)

(3.14)

‘(3115)

(A.17) -



- fo]10w1ng set of f1ve 11near a]gebra1c equations

Mu1t1p1y1ng both sides of equat10n A1 by (12;2 + Ich + 64)2(512 S+

70wc) and group1ng the coeff1c1ents of Tike. powers of . cny1e1ds the ,

-

'1q4F+a4onG' o - Ly
3607F. + (6144 + 105072) G + 840mH = =0
(1536 + 22572)F + 1216076 + (6144 + - 105072)H + 7071 = 3060
'1920'rrF +'32768 6 + 121607H + 512 I-+ 70md = 49152
4096 F + 32768 H~+ 512 J = 14400

. It can be shown that the solution to the above equations yie]ds

F = - 45.72106

6= Y.49488

He=  3.98876

1= 9194632 L
198.84458 |

[}
B | I

Substituting equation A.11 into 3.15 and integrating yields

I; . dc .+ f‘: Iﬁ; + H) - dC + J-g‘ _(L‘: A,+ J) - _xc-
= (512470 73 ® (1222+1570+64) = (1252+415mg464)2
g | ' (A.12)

It should be noted that the boundary condition Xc = d, v = 0 becomes

Xe = Q, L = w. \\M//,,//"

Considering the integrals within equation A;12 in order we get
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. : ‘ ’
~. f
| B S I
FF e = E o s12 4 70 I L (A13)
© '(512+703§) 10w R T . -
ogsEE L nueé + T5mg + s4| ST (A
= (]2c2+15wcf64) ; 24 L e
i 15w ST .
2H - G = - ; . N ST
Jan-ase e [arzamme
. ' | b . . . '
and . . . 7- RN . ‘~ ‘
R TEE) g = {285+ 15%) J - (150z + 138) 1 "
= (1252+157z+64)2 (3072-225%2) (1252+150z468) . - .
+ 380 - 30n I}/ ta" [+ 157 ] . """(A'l '1'5_\)‘--.‘-
(3072- 22&2)\/"30‘72 2577 J—sor_—rz-zzsn AR

: The above 1ntegra1s may Qe found by separat1ng them. 1nfo the forms of
'equat1ons 109, 111, 114 and 115 on page ‘A= 120 of The Handbook of—Phy51cs

and Chem1stny, 54th ed. ‘which is pub11shed by the CRC Press

»

-

. ‘Subst1tut1ng equat1ons A 13 A 14 and A. 15 1nto A 12 and group1ng we o

get _ S ' - : .
- 12c2+15nc +64 *
s = .
(512+70mz)2 ©
1 [ 24 - 154G, - 36011 5769
12v3072-225%2 o (3072-225ﬂ2) (3072-225“2).

7/
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| o
. . -, -l . . X . - ‘-‘ c - “l:.;;f\'. - - | - -
xtan”l [ 25+ 35r 4 .
L BT e - . ‘ |
o (280 - 15e1)5. + (150 - 1281) F L R
- (3072-22502)(32¢2+15mc468)  w €
Applying the boundary conditions yields | o , . A
. l .. R o 2 ' ... .. . .
\/ ' .. G 1nw|'|2§- + !SWC + 64 ! - 1 . [24“'\: 15“6 _ 350nI
| . 2% (512+70mg)2 12730722877 (3072-225+2)

- ’ ’ n - l Wl : .
4 576 J 1 x tan-'l [ 24r + 157 ]_ {243 - 1571) + (15%J - 1281)

(3072-22542 V3072-225+2 (3072-22572) (127 2+15n+64)-
I L i T Lo 15eg 3001 ‘
© 24 - (70n)2  24/3072-225:2 . (3072-225x2) .
~ & 5763 :
| (3072-22572)
.=. + *C‘ S

,Substituting values of F, €, H, I and J yields equation 3.76. - ‘ |
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APPENDIX F
DETAILS OF PARABOLIC EXIT CONDITION ANALYSIS

%ﬁe/;élocity profile used is that of Thomas and is repeated below

-
-t

it

Ug (1-92) (1-ee¥/2)3 4+ oy + 8y2 + yyd + oyt for 0 < v < 1.

0 : - : _ A o for.i—:/f;:/;. (2.22) _

The following boundary conditidns must be satisfied:

1) v =0; aUO/aw =Q

1s U0=0

soalg/ay =0, - o e

2}

w
L
L=

1]

4) v =13 azuol.aipz =0

The fourth.condition is a result of the Uéé of Eondition5;2 and

-

3 in the differential momentum equation.

Applying these conditions we get the following four equations.

1) o = 3 (1.¢)2 - | (F.1)
2) a+B+y+ta =0 | . (F.2)
3) «+28+ 3y +40 =0 ;. L (F.3) .
4) 28+ 6y + 120 = 0 | . - .‘(F.4)

The solution of these equations give

9¢ (1-¢)2
A

3a = -8 = v = -3 = (8.2)
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v

Subst1tut1ng these values 1nto the ve]oc1ty prof11e and s1mp11fy1ng 't-

yields: - . _ . b
| ;'“_wzm__gewx,a sy
. .o S N ‘{ : .‘ | ;‘ : 3
The momen tum equat1on expressed in nond1mens1ona1vterms is g1ven R '
below. o I ) . - :
e UoszR' - /! U02 §2ydy ) (4.5)'
o x=0 0 ' X.

Th1s equation can be ;pd?ﬁ::;;;‘;;‘fo11ows since § is a_ constant at
any fixed axjal location. - C ‘ ) .
1% Uy 2RdR I
2 ¢ 0. T x0 - - ; (F.5)
’ ] .‘_ ’ l. . ’ -
I U03¢dw !
d :

" Consider first the integral in the numerator realizing that Uj=1-4R%

at x=0. Therefore, .
7% Uy2RAR = /% (1-4R2)2RdR = 1/24 (F.6)
0 : : -

x=0~ 0

~ The integral in the demominator becomes

J’.l Uoz ¢ad¢ [ = f] [(1-¢2)F]-Eew/k)3 + 3611’(]_6)2 (1-‘1’)3]2 ‘p‘d‘P (F.?)-
0 x 0 A

Ir order to integrate this it is divided into parts as shown
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. (Integrai 1) )
« o )20} 3
f.] Uoz vy - f‘l [(]-Eed)/x)3 - 3ew(1 )21 v) J?_ P
0 x 0 .- . A . N
(Integral 2)  (Integral 3) -
' ' .
-2 71 (1-ee?)8 y3gy 5 TEroce?ys ysay
0 0
(Integral 4) :

e =eeM)3 cyr(1-e)2(1-y)3
0 A

.dw

~

Th1s d1v1s1on is made in order to utilize the result of Okabe His

- velocity profile is the same as equation 4.3 with the except1on of

(1-¥2) in the first term on the right hand side. As a result of this

fact, Integral 1 in equation F.8 is that already reported by Okabe in -

‘reference 02 and shown below.

IEEESL‘ELI
- )3
.f1 [(1-eew/l)3 + 3ev(1-€)2(1-v) 12 pdy = 2 p Ry . (F.9)
0 A =0 .
where
A | o
LN A : : F.10
n m;_z m ‘

The values of fﬁ are given in Table 4.1 The remaining integrals are

fbuﬁd as fol]ows.r

£l



SRR L s

IEEQSEEl.g
- e 3 26978 ., 33658‘[ _ 68165041
2 g “ -ee ) ¥ d"’ (% + 35 10 ‘1o 2%t so0— 1080000

RN A LER SR eS-‘——eﬁ)a*' (F.11)

625 T 65 108
" Integral’3
T (1eee®/M6 yay « (L _ 49, , 13489 , 336581 , 68165041
] (1-ee™7)8 ydy = (5 - 552 + S5 A% - 33000 X3 + ¥ 26000 2
_ 483900263 . 5 299856529 ¢\ o .
720000 * % 994 33855 0000 * ®)e o
o '@2_800'3 225 . 188 55 oo
PP (T + TG - TEZE T3z St yegg <
- (F.12)
and
Integral 4 .
¢ /1 (mee?/)s ' (1-0)2(19)%,, _
0 - A - -
. g{l-¢)2 3 10983 _ 9052400 , 5 689225 | 7
A r R 5 58 /
4166875 .7 . 175679735 0
o 945 2°) ¢

- (43205 +64802% + 3888017 + 9072028)¢?.

+.(§Z AS + ———3530 A6 4'-—-131_5 A7 +_———'-2§35 28)¢2

. 16 240 + ] -
: R AR aEYRE. - SEUTS R CRE)




" where

. .

These results are conveniently summarized as

S : 6 -
Integral (2+3+4) = § 6 ¢ -7
=0 . v

=1

The values of gm are presented in Table 4.2.

e
s2=[26 § (F +6)¢" T
- on=0,

Let us now consider the differential momentum equation along the jet

centre line expressed in the following nondimensional manner.

du

. - y m

- W
dXC

since .

o=

2
(.?__U_O.-}-l
aR2 R

1

au
9y

3R. R=0

32y

aR2

. Equations F.6, F.9 and F.14 are used in equation F.5 to yield:

using L'Hopitals Rule.

From equation 2.22 it can be seen that

' u = (1-€)3

[

—~

- 156

(F.14)

(F.15)

(éf)
L

(4.10)

(F.16)

S AT T T L

Fau W e_eoh
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and ;ince‘e=e']/k'we get
au\‘n;'=..—3e('l-e)2' Q}; | ' S ‘ _ |
. 2 ‘ . | :
.?x‘c X dX... - . _ (F.17)"
Also, : :
3%, =2t 3e(1-¢)(1-3¢) 2(1-¢)3 + 18e(1-ewz] - (rag)
R oy 62 A2 ¥ A |

™

Using equations F.16, F.17 and F.18 in equation 4.10 it can be shawn

fhét:

A ell-e)* 62 gy '
I ) (4.17)
0 [e(1-3¢) + 3if§1251f+ 6xe(1-c) 7. o -

) Siﬁpson's method of numerical ihtegration ts used to solve this equation. - .
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