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- Av3THACT
Thi§$thesis investigates the use of i'iscrete Transform,
Algorithms‘fér tﬁe‘representation of signals, for computing
convolution and finally for efficient implementation on
a “imi-computer.
' the 'rransforms to be considered are the Fast Walsh
Tran ‘and the Fast Fourier Transform. ' N
Fram this investigation, a.modified me‘thod for
éqpputing the Fast Fourier Transform of Real Data based oﬁ

Bergland(l) is developed.
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CHAPTER I
. INTRODUCTION

Al
]

In linear systems, the relationship between the
driving function and- the response can be expressed by “the
convolution integral.

In comnunication theory, important theorems. such as
the modulation theorem and the _sampling theorem can be
viewed as special cases of convolution. ' ' .
. The correlation functions (auto—correlation and cross
' correlation) which occur in signal detection theory and in
the study of random.noiee are also a form of convolution.

Convolution is therefore, one of the most important
toolu in the analysis of both systems and signals, and
‘ forms the baais of our 1nvestigation.

Orthogonal traneforma will be used for the represent— v
-ation of signals. Part of the uo;k is devoted to investig-
-ating methods of computing these transforms. The properties
of these transforms will then be. considered With a“view
to computing convolution.,

~ This chaptq‘ ia‘devoted~to reviewing some basic theory
with regard to continuous and discrete analysis. The topics °
" will include firetly; some definitions, secondly, a brief
-description of a signal processing system, thirdly, the use
_6f;compiete orthogohal sets of functions for the represeat-
-ation of signals,-and-finally, methods of computing

convolution using these orthogonal transforms.
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1.1 Definitiops‘ _

"Ahélog" generally means a‘wavefofm that is éontinuous in
tteﬁ/(or any other appfop:iate }ndépendent variable)
and that belongs to & class that can take on a
continuous range of amplitude values. Eg. sin wt.

"Continuous-time" implies that only the independent variable'
necessarily takes on a continuous ranze of Qalues.

) Therefore analog waveforms are continuous waveforms
with continuous ampliﬁhdé. In practice, "continuous-.
time" wéve?orms and'ﬁanélog“_waveforms are equivalent.

"Discrete-time" imﬁlies that time (the independent vaiiabie)
is quantized. i.e. Uiscfé%e-time signa;s/q;a defined
only for-discrete values of the independent variable.
Such signals are represénted mathematically as

‘sequencés of numbers.

"Digital"” implies that both time and amplitude are'quantizedi.
Thus a "digital" system is one in which signals are'.
represented as sequences of numbers which téke on
a finite set of values. Thus discfeﬁe;time éignal

- - , .
procéssing systems are called “"digital"” systems.

A "digital" signal or "digital" waveform.is' a sequence
produced bg‘digital circuitry oi by an analog-to-
digital converter which is sampling & continuous-
time waveform. In digital signal processing, these

' terms are commonly shortened tb-“sigﬁals“ and

“'"waveform". '



. "Truncation” is accomplished by discarding all bits (or

I

digits) less significant than the'leaéb Y
significant bit (ordigzit) Wthh is retalned.

~"Rounding-off" a number to D" bits; when the number is

initiallycgpecified to more than "b" bits, is .

accomplished by choosing the rounded result as

the “b"-bit number closest to the originai

N unrounded quantltya

"The rourier Transform”, or spectrum, of a signal” £(4)

b

13 defined as . ..

Flw) = 4[ ' f(ﬁ)‘e-dut dt

A
- -

"The Lnverse Fourier Trensform" is given by

. £(t) = i/2ﬂ‘J’ '.F(u)lejwt dw

[N

e 8

{L



1.2 Description of a digital Signal Processing Syetem.

A digital computer is & desirable unit in any system-

: ‘where data processing is done., For signal processing

Jthe computer .must have certain features slnce there exists
.a great need for close communication between operator ani)
,the computer. The devices which have theee features are
known as peripheral devices &nd include " such equipment as
computer-controlled oecilloscope, analog -to- digital

and -digital-to~analog coﬁvertere,wpulse.infenrupts, toggle
' switches, muitiplexef-and demultiplexer,“@tc. A1l theao
devices make on-line computer operation more meaningful.

A model of a system where proceesing is done

digitally but the input and output are continuoue signale

\\\}s shown in fig.-l.

o

T

-/-'r‘_' v,
x(3)—a 2 Cpieseoe 1 o
, ' | bC - DlgitaI} . D%C T y(t)
' Computen_J ‘ v>
Fig, 1. .General Purpose Signal ProceSaing . J§¥f“g
system using a Digital Computer.. = 2 ,9415
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. are as follows-

The Analog—to-Digital (A/D) converter is a device

which operates on a continuous—tlme waveform to produce a

.digital output consisting of a sequente of numbers each of
2l

which approximates a corregﬁgnding ample @f the input

waveform.

The components that comprise the Analog-to-Digital.- converter

4

i

.(1) Sampler: The analqg signal is sampled at uniform time

intervals T to produce the sequence x(nT).

: kT + € .- )
S[x(t)]- 1/2(-Jk_r ; x(t)dt

-
-~

- Sampling Theorem.

A béndlimited signal which has no spectral components ~
ébove a freguency f_ é&cles‘per second is uniquely deéterm-
~ined by its values at uniform intervels less than 1/2f
seconds apart., . . ’

]

This theorem can be proved by multiplying the band- :

"~ limited sighal with a periodic impulse function then pa381ng

the sampled signal through a iow.pass filter.whlch permits
the transmission of‘all fréquency cohponents below f and
attenuates all frequency components above f « The Nyquist
rate equals 21 and is the lowest rate at whlch f(t) cdn be

samﬂled and still recovered.
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_,/”f\\ ,: ~r

(2) Quantizer: This is the process of représenting the:

signal by certain discrete amplitude levels.
The ievél of representation depends on’ ' b !
i. Limit on acceptable voltage. ' }

ii. The numbter of quantization levels.

iii. Truncation or Rounding-off.

1

0
*

(3) Encoder : Tnis 138 the process of repiesenting the

quantized levels by numbers.



" The Digital-to-Analog (D/A) converter is a device which
operates on a digitsl input signal s(nr) to produce a

continous-tlme output 51gnal s(t) ideally defined by .
s(t) =-:% s{nT) h (t-nT)

where h(t) characterises the particular coaverter. For
Examplc h(?) is a squase pclse of duration T for a zero

order hold D/A converter. .

The D/A convertér\is usually followed by a linear time-
1nvar1ant 1ow-pass contlnuous—tlme filter called a postrilter.
''he combination of D/a converter and postfilter is called a
reconstruction device or ‘a reconstruction filter. |

The Components that comprisethe vigital-to-Analog Converter

" are

1) Decoder: This is the process of representing the numbers

as voltages. :ihis is the inverse of the encoding

prBtess.
12) Extrapolator: Thls is the process in which a continuous
signal is reconstructed from the sampled data.,
This rroces: is not perfectly possible because of
i. Prediction
ii. Sappling Tﬁeorem is not\pevers}ble in nractice.

iii. Band Limited System required.



1.2 vontinuous-Discrete

A linear time-invariant continuous systom can be
_characterlzed by linear differential equatlons with
constant coeffic1ents. On the other hand, a 1inear time-
‘~invariant discrete system is characterized by linear
difference equations. with constant ooefficients which can
be realized by manipulating numbers on a.geﬁeral purpose

computer.

A continuous signal can be converted to a discrete
signal by sampling the continuoua 31gnal and converting
the gamples to numerical values. i.e., in a diacrete
system the data signal consists'oﬁ 8 sequence cf pulsesn
which are modulated in accordance with the continuous
signal from ﬁhich,samp es are taken,

The input to thel;}étem and output of the system
are contlnuous signals. However, since the input to the
digital computer and the output from the digital computer
are discrete sequences, the analysis will_be’dir&cted
‘towards the discrete approach. viz., the discrete
algorithms will be used for performing the signal process-

~ing operations.
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1.4 Description of signals via orthogonal functions.

. Iﬁ studying and analyzing systems, we have to deal

« With signals or time functions. Although A‘EIEHEIMQ;R
defined directly as a function of tlme, this representation
is not always adequate for our purposes. Hence,. we need to
become familiasaxr with other ways of describing time .

functions so that we may more easily analyze the behaviour

of systems.
1

1l.4.1 Approximatioﬂ of a time function by another set of
functions.
We first consider the problem of describing a time
function f(t) oﬁ an interval (0,T). We would like to
.describe this function by‘%pecifying & discrete set of

coefficients. Therefore, we consider a series efpansion

of the form

£(t) = 'Clgl(t) + ngg(t) S +CNgN(t)
- . 2 Cg(t) o---.o.t'oooolol
. fl
where " - ~
o (1) The N coefficients C{ "depend only on the.function

f(t) to be represented and not on time. ‘

(11) The N functions of time, gy(t), are specified
independently of f(t).



1.4,2 Minimization using M. S. E. criterion.

The error obtained by representing f(t) by the series

expansion is given by.

-

: N . -
£, (8) = £(%) - -2'1 Clgi(t) R R RS B
i=

The m.3.e. i3 given hv

T 5 T N 5
B = 1/TJ' £o5(v)a 1/cnj £(6) = 57¢, 8, () 2at
- 0> 0 11

0001-0001-01!5

Cese 1. If g (t) are an arbitrary set of functions,
To minimize E, we make use of.the following:

%_; -O fOI‘ j - 1,2'---0-0,II ol‘ns.l.q‘

3
o/

c
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t
Applying thesz conditions ' ejuation 1.2 ws shal® ohtatn

# sel ol N osimil<anscss equations which we hzave to solve

inooerder w ¢ 1he I oveluves of tre C

_;l
v
1¢ cverccre thig jrctlarn of erinNiny o ivs Luoiior o
. ]
0T v chievte TUnieniene viien Loove gttt rveeen ~Tere

L

4
Lege 20 T8 £g(L) ere ¢ set of ertbogersl Sutione,

— ~

N LR T UL - P
e »a‘r [ ASSSY LaZ o LIunT Ty o _,2,..----|00’H

are orthogonal in the interved (C,I) 1 =

..Ill!llls

I
vy

i
]

Using thie property, frot eccusiisma 1,7 :n2 0

v s loon W simple relationship for the €. viz,,
. b U
# T

5

L

C,=2/%. it E.i(t;dt R U -

6 DA 105 e S . |
The above equation is independent f ¥, *h: nunber of
terms used in the repragentati, This iz . solely to the

orthogonelity of ;gi( ).



1.3.3 Representabibn of a function by'a élqsed or complete
set of orthogonal functions.

If we increase N, i.e., if we_apprdximate f(t) by a
larger number of terms, the error should become gmaller.
Hence defining n 2as |

: T > N 5 )
3. = T 5 £(8)as = 5 ¢k, e 1.8

N
0 i=1

N-DQO‘} N

We say that {&(t)} is complete on the interval (0,T).-
Then |

oo .
T .
J 2(0)at = 5 ¢, 2k . W .ea1.9
0 £-<1

~

Under’ these conditions, f(t) can be represented by the

infinite series as follows:

£1(t) = Clgl(t)'+0232(t) +"""+Cigi(t) teeeana

a oo . - .
- E C; gy () ceveee.1,10

i=1

=

12




13

The reason for using a completé set of orthogonal functions
is fhat we can limit our error by choosing N to be -
surficiently.iarge. | v

There exists a large number of sets of orthogonal
funct;ons and hence, a given functlo;’may be expfressed in-
terms of different sets of orthogonal functions, Examples
.pf sets of orthogonal-functions are trigonometric functions,
exponential runctions, Legendre polynomlals and Jacobi
polynomlals(e)




1.5 Convolution. !

The input x(t) and the output y(t) of a continuous-

~-time system are related by the convolution integral given

by . - - -
y(t) = 5 x(?)h(t=")dx

-

where h(t) is the impulse .response of the systen.

In a discrete system, if x(nT) and y(nT) are the

discrete input and output sequences, then the discrete

convolution summation 1is given by

yinT) kai w(nT-kT)x(kT)

.= 22‘ w(kT)x(nT-%T)
kaoem .
f 4
or in shortened notation as
(‘\'{g’_,, £ wn-kK)x(k) = Z, w(k)x(n-k)
., K=-o0 ) Kaces

where the weighting function W, = w(nT) = w(t)I

A

t-nT

14




1.5.1 Periodié¢ Convolution

Periodic or circular convolution is one in which
values of the kernel t£at are shlfted from one end of a
period are circulated into the other end thereby intrody-

-cing what is called interperiod interference.

A

Consider fig. 2 which shows & 5—point sequence x(nT) B

circulariy conVOlved with another 5-point sequence y(AT).

—~ar




Line 1 shows the x sequence which is kept fixed,

Iine 2 shows the y soquence.

Line % shows the position after one circular_shift. Notc
that the y‘seqnence has been reversed prior to the
cficular shift. The convolution sum Vo 1s shown.

Lines 4,5,6,7 show how the reversed J sequence isg shifted

}
i

.gor the computation of V1 Voo V3 and Vye

1.5.2 Apeniodic Convolution
In ost applications, aperiodic convolution ia
deaired. A periodic convolution can be made to give resulta

numerically idcnticalvto those of an aperiodic one by
lnserting an appropriate number of”zero—valued samples to
each of the component functions depending on how much of
the periodic convolution is to be rendered into an

aperiodic equivalent, ' :

o .




. )}

1.6 Summgr__y'. : ' | | / .
Some definitions have been presented. A description
of a signal processing system is given. The.components'of
an A/D and D/A converters are mentioned very briefly.
Repreééntation of’a signal by orthogonal functiona v as
shown to reduce the data to-a set of discrete coefficlents
or spectrum numbers. rinally, the method of obtaining the
periodic convolution of two sequences was given along with
.0

a method for obtalnlng partial aperiodic convolution

3

results ‘from the periodic algorithm. = - ~

L]
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CHAPTER II

; A
WALSH TRANDFORM AND CONVOLUTION

Introduction - o "ii : e

The orthogonal time series representation.was shown
to reduce the input ‘data to. a discrete set of coefficients
or.spectrum numbers. . - L -f *

For signal processing.applications, the:only
theoretical requirement for selecting an orthogonal set o£ an
"_functions is that of completeness. ‘The Fourier set has ‘
been used quite extensively because of its easy - v ’
interpretation in physical terms (am%litude and phase)
. and‘itsjclose relationship with R~1~C qgrcuitry.
| Within recent times, however, another complete ortho-
:normal set of functions known, as the Walsh functione has
‘become quite popular. This is so0 because the Walsh functions
f.are a set of two—valued functions, (either 1 or -1),
inherently sulted to high speed computation in Two-state
digital computers, and thus, the Walsh transform can be
'_ computed very quickly as operations consist of additions
and subtractions only. - '

To this end, many researchers are finding this
transform very useful in digital signal processing
applications(2). One such application by Pitasei(}) will

be investigated.
L




2.1. Walsh Functions.

The Discrete Walsh Punctions can be described in

- : '
terms of the multiplicative iterative equations given by

WBJ.(O,N) = 1 fOI‘ N = O,l'c-o'o’M"'l ---2-1
for N = 0,1,.....{u/3 -1

...2.2
-1f for N =[/2.....,M-1

wal(l,N) =

 wal(M,N) = wal( le]on ). warm-afir2] ) ...2.3

where [M/é} denbgps the integer part of M/2.
e \ |
o v

Figure X. shows the first eight discrete Walsh functions
. - ) N -
of length M=8, -

4. . '

!

r

— . lw 3 lh:-,m.Jn diarere Wk fin |||-||.-. of length 8
’ : i

B




Note -~ The Walsh Functions generated from the equations

2.1,2.2, and 2.3 are symmetric with respect to the argument
(M,N) i.e.,

wal(M,N) = wal(N,M)

2.2. The Digcrete Walsh Transform.

The Discrete Walsh Transform of an M-length array

£f(N) is defined as

. M-1 : S

F(M) = < £(N) wal(M,N)

' N=0

fOI‘ M = ‘0'1,2’ -VOIOUO’M-]- - ..2.4"

—
L

The Inverse Discrete Walsh Transform is given by

o

M-1 :
fF(N) = 1/ 8 = F(H) wal(W,H)
" M=0

.for N = 0,1’2’---.1h---’m-1

T

\ 002-5\
Figurs < Shaws the sinw fo9 Z0aoh Hf an -length discrete
walsh transform. The An values rapregent the'input sequence
and tha_A3 values represent the output sequence or the
£
“alsh transform coefficlents. The &) and A, vilues -o» *he

results at the intermediate stgrcs.



-2
3 6
4 1
5 5
6 3

Fig. 4. Signal flow graph of 8-length discrete
Welsh transforms. Multiplying factors are +1

and -1, indicated by s0lid and dotted lines.

”

! The fdllowing observations should be noted.

(i)The number of iterations equals g where g:logeN.
(11)Half the members in each group are associatéd with an
" addition and the other half a subtraction.
(1i1i)The total number of operations to compute the traris-—
form is HlogEN. ‘ , _ )/(
(iv)The same algorithm can be used to compute the inversé/
transform except that the results uill-havé a scaling

-~
factor of N.

-

-
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2.3. Fast Convolution using the Walsh Transforg.

The followinz is taken from a research paper by.
Pitassi(3) entitled "Fast Convolution dsing the Walsh
Transfora”, The algorithm will be developed, then ways of
implementing it will be diséussed.

2.5.1. Definitions. |

rd .

A finite time series xO’Xl""""XN—l yill be

represented by & column vector as

X = (XgyKqyennnn X, T -

A one element circular—shift of th¢ time series will

be denoted by

_ > T

X - (xl,xa,--.-.-.,xN_l,xo) 0002.7
A | |

The cyclic or periodic convolution of two time series
x and y, each of length N, is also a time ser}es of length
N denoted by the column vector r where

N-1 _
T Z K@) ((mn)) = x ey - ....2.8

m=0

fOI‘ n = 0,1,.-.---..}{‘-1

‘where & cepresente C.\jc—\ir_ or penadic conveldhon |



o

A set of operators E,0,P and S which transform a

vector of length N to another of length N/2 are defined as,

Ex = (xo,xe,xq,_........,xﬂ_z)’ ...2.9
Ox = (X},XzXgyenrnnnn- ,xH_l’.)’ .;,2.10_
Px = (E+0) x N ‘ ce.2.11
Sx = (E-0) x o .22

2.%.2. Development of ;lgorithm.

Starting with the definition of cyclic convolution

N-1
Tn T =, T((m) I((m+n)) n=0y1yenee -1
m=0 }
R/2 -1 - ' N2 -1
- éo X((2m)) Y((2m+n)) * éo X((2m+1))T((2ms1+)
M= . m= 7

Splitting into even and odd components of r and
expreasing in terms of the E and O operators we get

t

Er = 5x *Ey + 0x * 0y

,  Or=Bx*0y+0x-*Ey




ce

Consider the auxiliary convolution functions ¢,d, and f
defined as follows

¢ = Px * By = (E+Q)x * (E+0)y

d = Sz * 57 = (E-0)x * (B~0)y

vie

f=(P-8)x*Ey=20x*Ey -

~

- From these we get

[

.

¢+d = 2(Bx * Ey + Ox * Oy) = 2 Er

c-Q+f'~f = 2(Ex * Oy + Ox * Ey' = 2 Or
5 .
Hence the algorithm is defined as follows:

(i)Perform the operations P,S and Q0 on x-vector and E,s

and E on y-vector,

(i1)Form the auxiliary convolution functions c,d and £

defined as
c =Px * Py d = Sx * Sy f = 2'91 * Ey

(111i)The even and odd components of r arfe then given by

.

\ | ¢

2 0r = c—;:}\tf;\ -

' h
2 Er = c+d / i




Many different forms of the algorithm can be derived by
defining different auxiliary convolutions. eg. ,

If

-—

¢ =~Px™* By . d = Ox * Ey f=Ex*Qy
Then
. -\
Er = c-4-¢ and ' Qr = f+d'
et us now consider the succes 51ve halving operatlons
on a sequence of length N=8 as shown in flgure S. ™

Note that at the fipal stage of the expansion there are
eight terms not involving an O operator. .These terms can
be shown to be none other than the Walsh Transform
'coefficients. Thus there are two methods to arrive at the
.. results of the last stage of the halving operations.
(1)Direct expansion which produces all the terms.

(1i)Using the Walsh Transform, then generating the rest of
the Eerma since

Q = 1/2 (p-8) and E = 1/2 (P+5)

For example,

S0Sx = 1/2 (SPSx - 558x)

&
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lanr differernt forms of the alrorithm can be derived by
cdefining different auxiliary convolutions. ec,,

Ir

Then

Ir = c-d=f and

-

on a seqnence of lenrth =8 as shown in figure S.

liote that at the final stage of the exransion there are

eipht terms not involvinem an C operator. These teras can

Le shown '~ Ye none other than the Walsh Transforn

confficients. Thus there are two methods to arrive at the

resalts of the last stare of the halving operations.

~

(i)7irect expansion which produces all the terms.

-

Let us now consider the successive halving operations

“i1itfsin - the Walsh Transfora, then generating the rest of

the Lerms -ince
D= 10 i) ard o= 1/2 (E+B)

“or nmatple,

>
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Mefhod 1. Direct expansion of sequences of'length R where
opeM, |
(1) Perform P,S and O on x-vector.

(ii) Reorder the-resulting vectors and combine to form
one vector. (or reordering may be done after final
expansion étage. <.

. —
(iii) Repeat (i) and (ii) M=1 times.

(iv)'Perform P and S operations on_vedtor'fofmed in the

th

th

M-1"" stage to obtain the M'" stage. -

{v) Repeat (i) to (iv) for y-vector except that Q is

(&8

replaced by E.

To complete the convolution process the following

précedqre is carried out:

(1) Form the amuxiliary convolution functioﬁs c,d, and f
by multiplying corresponding terms of both sequences,

(11) Perform.P and S operations, tﬁgi divide terms of
vector by 2. |
(;1i) Perform 2 Er = c+d  and 2 or = c-dut'-1,
until the result is obtained.

-



-
Example using method 1. \\\j _
Consider two sequences, each of length K=8 denoted

v

as follows ' -
. T
X =73 = (5-495v?9190s0s0)

To compute the cyclic convolution we proceed as follows
(1) Expand until the MP gtage.. |
’ | s PPx 14 PPPx 15
1 SPPx 13
SPx 4 ESPx
. SSPx
POPx
SOPx
PPSx
SPSx

PSS;

"W
O D

“

FS
3
)

O N O N O OO H H O N O W
= O\ N N

SSx

[¢7]

X

[

588x -

o K+ KM

0Sx POSx
s0sx

PPOx

O 0 ©O +H N

.

SPOx

SOx PSOx

'?
.o Mm F
(VI VR (R N

SSOx'
POOx
SO0x

I
)

- B



PPy 14  PPPy 15
1 sPPy 13
PSPy 5
sspy_ 3
PEPy 10

7

Il:d

o H 3 TN+

SEPy 8
 EPPSy 3

SPSy 1
SSy PSSy 1

ESy ‘\\ PiSy 2

K
A

gBSy O

e
SPE 7

PSEy
N\
SSEy -1 N

R
It
O 0 O K M oW F oW
193]
L |
O K ok M

SEy

O = W\

EEy

4

1

9

1

2

1

0

1 SSSy -1
1

1

8

1

2

1

5 PEEy 6
1

SEEy &

-

(ii) Form the auxiliary con%olution-runctions;

cce .= PPPx . FPPPy = 225
dcc = SEPx . SFPy = 169.



cce
dcce
cde
'ddc
‘cfc
.dfc
cecd

dcd

cdd_
ddd.

ofd
afd
- ccf
dcf
cdrf
ddrf
cfrt
- aff

owmr
-

and c;d+f'—f-29r uritil the result is obtained.

225
169
25

100
80

O £ H H B WO

108
12

48
32

cec

dec
te
cd
dd

ct

ff

197
28
17
8
Q0
10

96
12

40

N M O O Fowm

107
50
18
50

[AC TN AG IR A6 BN 1

26
10
26

40
i4

14
40"
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Method 2. Using the Waish Transform Coefficients.

(1) Obtain the Walsh transform coefficients of the x and
¥y sequences using the Fast wélsh'transform; | |
'j(ii)'Générate all the 1% level terms from the Walsh
coefficients using O for -the x sequence and E for the y
sequence. ) |
(iii) Multiply the corresponding terms of the Walsh
coefficients and the 1Bt level ISt iteration terms of both
-sequences.

(iv) Pefform_g and §.operafi6ns, divide'each égrm of
" vector by two, then ZEr=c+d and égr-c-d+f'-f gnd‘stdre._

() Generate.alllthe ond level terms from the 18% level
terms.‘.l.- o . ;
(vi))Multiplzgthe corresponding,tsgma of thg.lBt level
(excgpt(fhe 15t iteration 15 level) and the 15% iteration
2#d ;evei. | -
'(vii) Repéat operatiop_(iv)_on multiplied terms."
(kv}ii) Continue untii M-1 levels of terms ére generatédﬁ
” (ix) Arrange 811l four-term sequences formed, - into one
vector and perform c;d-2§r and ced+f'—f-29} until .the
result'is obfainedk



"~/

N

\

" coefficients, 8 18t'level_terms and 2 2

To generate the rest of the terms using Method 2.

‘Example. For N=8, the proced@ris as follows: -

i

Walsh Coeff. . 15% Level 208 Lovar
RS 284 1, 18% 13,

F, | (Fo-Fp)/2  (Fq-F,)/2 (Fy=Fp=Fy+Fg) /4

o | ,g.rl-ig)/a | (F)=F5)/2  (Fy-F5=Fe+Fo) /b

F, - ‘ (Fp-F)/2 |

3 L, FaEp/e

F, | (Fu-Fs)/2w

Fg ‘xfEFs-F7)/2' °

Fe |

F.,.

‘Hence required terms consist of 8 Walsh Transform

nd'level terms.

‘For the y aeﬁuence'tﬁo chaﬁges are made to take care of the
multiplicatioﬁ factor in 2gi . Ey: These changes are
(i) Perform addition instead of subtraction.
(11) No division is done. |
For example, the lat Iteration 1Bt Level terms for the y

L4

sequence_afé FO + F2

By o+ F3 etc.

o



Same exﬁpple as in Mefhod 1.

X
W.T."x"

15 
13

= O OWW WU,

-1

W.T.~y"
15
13

A

i

Y
-t

y = (5,4,%,2,1,0;0,0)T

15% Level Mulg.
It. 1 Tt. 2

>
.‘5

20
16

6

6
2
2

18

14 .

Store

225 100 107

169
2

//;

\n

M R R O O

P

80 50
18

50
4 3
2
2
2

2nd

- 24

16

Level

Mult

108

12

48
%2



-

- Store
52
28

20

Collect 4-terms

107
‘50
18
S0

2
2
52
28
8

20

Result
" 55
g“'26 = Er
10
]
26

40 R

14 =

e
H

14

Note: Six terms from Mult. are reduced to four terms which’

are then stored. eg.,

225
169
25
9

100
80

107

are reduced to S0

18
50

by performing P and S operatibna, divide by 2, then

C+du2\§1‘

‘

and

¢ -d+f' - f =2 0 r.

5




I}

Note: When using the Walsh Transform method, the 18t Ifgra—
-tion terms are aiﬁays\matched up with the preceding level
terms (exclud%ng the 1°% Iteration terms). The fdur—term
sequences which are stored, and then later recﬁmbined to
.form one vectdr, have to be placed in the proper order to
be.gple to continue the reduction process,

For example¢: If each number represents a four-term

sequence, the order in which they are placed are as follows

For N=8
1 3
2
For N=16
1 - 9
P 8
B 6
5 o ’

and so on.



e iMemweo A e ME RO 2 o —_—
I,WFHW%; " um@hmﬁs _Ast | 2w | Beo._ | ATH mﬂ: W@dr!.tnbf; B
xﬁﬂﬂﬂaﬁBﬂiies LevaL . Level | Level | Revel | Level| Lever| Levew

B | 18 B B ] 2. _
Ao |85 | e | A% . A8 |_ 2 _ | | ]
B2 \eR |32 | bw | WR | b R
N ARG | b4 | 16O _si= 8o | 20 | 2 -

12| 1458 | 1R8__}__384__| 480_ | RARo. | 20 . 24 __|_2

REG_| Aa7a |_RS6_| Q6 | 13wk | _uza __|_56o__ | 168 23 2
A2 3,022 | 512 | _RonB | 358 am 3584 | 2240 | 896 R2H: 32 2. .
1024 139,366 | 102 _| 4608 | 926 | 10752 | 806y | uosz_| izsa | 2g% | 3b _
,m.ok_w Ir3,0M8_{ 2048 {10240 {23,000 [307120 {26380 (15,552 | bjao_|. 4526 ) Bba_.

( Fig, 6. Relationship between N and the . .

ucacmw.ow terms to be gzenerated.



2.4 Summary of botthethods.
Method 1 requires
(i) The expansion of both sequences until 2.3”'1 terms of
each are obtained.
(ii) The reordering of terﬁs to be d?ne before thé
reduction process can begin. \ﬁ
Hence the main drawbacks of method,l are
M-=1

(1) Storage requirements for 4.3 terms,

(ii) A difficult reordering procedure.

Method 2 requires

(1) The generation of M-1 levels of terms starting with
the Walsh transform coefficients. -
(ii) The storage requirements to be based on at leaét the
sum of the two largest levels -of terms generated; since

the next level of terms can be generated from the previous .

level.

Hence, although method 2 still requires a fair amount of
storage, it 1s much less than that required for method 1.
In addipion,‘a large number of terms has to be generated,

‘thus keeping track of the data causes an addressing problem.



2.5 Summary.

fhe Discrete ngsh functions have been presented.
The Discrete Walsh Transform and its Inverse were shown to
be computed very quickly as operations consisted of additi-
;ons and subtracfions only. . !

The algorithm by Pitassi to compute cyclic convolutioﬁ
has been developed. Two methods of arriving at the final
expansion stage are shown. In the first instance, the

M=-1 .na in the

storage requirements are of the order 4.3
‘other,-less storage is needed by using the Walsh Transform
" and generdting the appropriate terms when they are needed.
Both methods require the—reordering Of data at vafious
points in the algorithm. This reordering procedure along
with the large storage redﬁirements are the factors which

make this algorithm unattractive for computing cyclic

copvoluﬁidn.




CﬁAPTER III
THE FAST FOURISR TRANSFORM
%.1 Introduction
' Many methods (%) -bave been developed for computing
‘the Tiscrete Fourier Transfofa based on the Fast Fourier:
Transform Teéhnique. As the transformation of real data is
‘ considered,'partidula; emphasis will be placed on 3 method
based on Sereland's "Fast Fourier Transform for Real Valued
Input™. {1). \
%2 Lefinition

The Discrete Fourier Transform (DFT) of a sequence of

N samples is given by ™ ’
N-1' .
or Z f N whore W = o=2%/N
n=0 '

It is possible to recover the origidqllsequenca from
its DFT by
. . el .
£, = I/ X F(x) wok
k=0 ) .
The Past Fourier Transform (FFT) is a special
technique used for calculating the DFT which results in
reduced operation when the number of samples is a certain
value. In fact,-for N an integral power of two, the number
of operations is reduced to Nlogzﬁ comp to N2 for

conventional methods. A

{O



3.3 Types of ¥FT algorithms

There are two basic types of FFT Algorithms,
These are known as “decimation in time™ and *"decimation
in frequency".

(1) Decimation in time - in which the transforms of

th

shorter seguences, each composed of every r sample are

computed, and then combined into one big transform.

Consider a sequence of N input samples fo, 1ree

"fN—l‘ Defining two shorter sequences as follows

2 = f21 = e¢ven numbered éamples
h1 = f21+1= odd numbered samples
where 1 = 0,1,.....,N/2~1.

‘N/2 - 1 :
g1k
Gk=z b &1 (We)
1=0 .

By definition = ' ¢

N/2 -1 ‘s
) aeylk
Hk = s hl ( [} ) -,‘
1=0 o
As the DFT of the entire sequence is required, we get

3

N/2 - 1
21k (21+1)k
Fr= S (glw. + by )
1 =0 -
k
- Gk + W Hk



| T \ .
Since igggx‘k_neus from O to Nl we get N

i

X ' .
K x * W Hk O&k\<N(? -1
. - -
) K o
= Gpnze * Y By N/2 Sk N-1

J (ii) Deckgation i frequency- in which short pieces of the
) sequénée are combined in T ways to form short sequences,
whosé separate transforms taken together constitute the
complete transform. )
.Consgider a éequence of N input samples LTor1fysees

""fN-l . We define two new sequences as follows ‘

: 1‘ : .k

) f1 - tne first N/2- samples

B ‘h1‘= rlﬁN/2 = the last N/2 samples

Where 1 = O,l,..o-..-,N/a — 1

1 —

By deffinition

N/2 - 1 ,
:Hé- (g W 4 ny WL/
X o

1=0
Replacing k by 2k we get the following

N/2 - 1 -
Fop = (8 + by) WwoiE
I 1a0
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Fig. 7. Eight-point DFTs reduced to

¢ four-voint DFTs by decimation

sl

in tinme.
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Fig. 8. Eight-point DFTs reduced to

complex multiplications and additions

by repeated decimetion in time. - -t

;
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- DFT

(v=4) )

Fo _///fi |

; ‘
Fo
. ! "_"'F:;
DFT

N =4) —
..

" Fig. 3, Eight~poinﬁ DFTs reduced
¢ four-point DFTs'by decimation

in frequency,

[



Fig. 10 . Eight-point UFTa reduced. ‘to

complex multiplications and additions
by repeated decimation in ffb&ﬁéhcy.



Replacing k by 2k+1 we get the following“>
: N |
N/2 -~ 1 .
’ 1 21k
Forel = S ttcsl_‘ By) W )? v
. 1=0 ° . ‘

Figufe 7. shows the DFT of aﬁ 8-point sequence formed from
two 4—pointADFTa by the decimation in time algorithm.
Figure d;shows the DFT of an BLpoint sequence when it is
_reduced to only multiplications by repeated decimation

in time.

Figure a shows ﬁhé;DrT|of an 8-point. sequence formed from
two proint DFTs by the decimaﬁion in frgquency algorithm,
Figure 10. shows the .DFT of ah 8¥point sequence when it is
reduced to complex multlplications and additlons by

repeated decimation in frequency.

3 u Fac%ors involved in choosing the bést FFT algorlthm
The various factors to consider when choosmng

- the best FFT algorithm -are

(1) Input Ordering.’

(11) Cutput Ordering.  ° - )

(1ii) Computation of W exponents. |

(iv) In-place Computation at each’level.

'L”_' :

fo K



Table 1 summarizes some of the possible Egmbinations.

N = Normal and B = ﬁéyTReversed-

Input
N‘
N.'
N

A

‘Note ~ There. is the problem of either bit-reversed input

~.

Gomputation "W" Exponents Output
In-place B )‘ B

. In—plage N VB
Not-In-place N N
In-place - KN N'
In-place * B - N -
Table 1. ) (

or bit-reversed output ordering to consider: In the

~algorithm which uses botn.normal input and output 6rdering,

the computation cannot be done in-place snd thus an

" additional register is required in this instance.

3.5 Computation of "W" exponents

stored exponents or some means, of generating'phe redu;red

These. algorithms assume either a table of

number of exponents when needed.

.

»

ot
el Y



3.6 Algorithms for handling different types of data
(4). Complex Data. ’

Either the decimatiop’in time or the

-

decimation in frequency algorithﬁ can be used to compﬁte

the Fast Fourier Transform of complex data.

In either case, the transform is computed using N cdmplex_
location and reqpirés Nlogzﬁ“éﬁerations.
(B). Real Data.

| ‘For féai data anq‘of the following* methods

may be used.

~

/f"‘\a_,f" i. A complex EFT algorithm and set all the input

imaginary parts to zero.
1i. A complex FFT algorithm which utilize an artificial

\

N/2 term complex series called "Radix 2" by Bergland;

&

444, Bergland's method called "Fast Fourier Transgerm for

real valueq input"” which makes us oF%&ot computing ~..
redundant terms of the complex FFTMEigorithm.
ivg A modified method based on. Bergland's FFTRVI called
FFTBRRVI. _
Of the methods I&r handling reai datﬁ; Bergland's FFTRVI
and the modified FFTBRRVI will be discussed. - =



2.7 Bergland's Method FFTRVI °
Bergland's FFTRVLI makes use of: .

(A). Symmetry Considerations in calculating exponential

Q;

weightings.

wk modulo N -

. yk + N2 = - Wk . 0<k<N/2

| R VN 5"

0<k ¢<N/4

(B). Hermitian Symmetry of Fourier Coefficients for real

input data.

| 3 ’ [
Fro = Fyx

Therefore,it is not necessary to compute and store
terms above one half the effective sampling frequency.
(C). A Different Complex Calculation which results in the

FFT being computed in M-1 complete iterations.

.



N

5.8 Development of FFTRVI Algorithm

Consider thé Cooley—Tﬁke§580mplex FET Algorithm shown

Figure 11.
H;_A_‘_;jﬁ ) . - -.— ) ) R - i )
- ;A\.':" *
'; '\n! SR s AT
- ’G‘} .‘_‘ - ;‘-.k‘-i - ’ - -
. ] -y - * ‘ \ rh‘:.
L . - - »
: * .'.\_. o oy : X g . B A o
/ N \ o
r . / \Q - L] . ’ L] . » . o ._.‘- \ . r
N - : 1 B -l + . 1. Cha 1 . i -
e 8% The Uy 1 iies cotnplon ua T ALK TY RIS SURNC I I & .
Note the following:
{ All storage location are complex.
ii. N/2 operations are performed in each iteration.
i11i. Complex Calculation (C.C.) involves two Complex
- and two Cofiplex Oufputs.

\

[
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Inputs



Applying the following constraints to Figure 11.
i. A1l ter;é above one half the effective sampliﬁg
frequency are neither computed nof storeqd, i.e. F9
to F15. These redundant terms are shown underlined at
each iteration.

ii. Using the Symmetry of W exponeﬂts i.e.

Wk mod N " ‘n’k
pk v 82 gk 0<k<N/2 |
wk + N/4 - - (wk’).

0< k < N/4

Hence the largest W exponent value needed is WN/u.

iii. Since W M/% . -1, the complex calculation used by
Cooley—fukey is modifiedlfrOI': '
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Consider Figure 1% %hich contains the modifications.

'By performing all the operations below the "NO OPERATIONS
NECESéARY‘ one iteration earlier, the NtB iterﬁtion is
eliminated\?xcept for the.lBt two terms whigh must'be

replaced by their sum and difference respectively.
\

Hence in Figure 13 the following should be noted: .
i. All storage locations are real.
ii. The Redundant Cooly-Tukey In?grmediate Results are
neither computed nor stored. 7
iii. A similar Complex Calculation (C.C.) involving two
Complex lnpﬁts and two Complex Outputs is used excepf
that Real shd Imaginary parts are-stored“in different
locations.
"iv. Iméginary parts of the Saved Terms are stored in
locations vacated.by Discarded Terms.
V. difference in the Complex Calculation of the Cooley
~Tukey is that one of the results must bé conjugated

before being stored back in memory.



4

i .
e e ' [T} oo [ [ [P . . fe. o B0 B0z Bt B td E. o+ t
. H - o % c T T -
. —_— .
“
R A )
- . A
"o T .o oo P P ) b R N R, ) .
' . : ’ 1 S B Gt
A . L e
. - P
- . PRESSY S
» . . ) - . PR - a rll/’.. .
“ SR IR by T e ey B By b Bprr WRpee wp ;
. . \ , _ L A
. ) ! ! I h T t o :
- . - - ' R
L) . A L) - "’
L ’ i 1 A .
Il - l\s [ . a o « T, N\\ ] -
[ L T T . R R R 1 A, By20 By R, 1 At
LI | LI . . LI ... f £y LI i, PR | -F: E .
P b The el et e Faitier et algerathan g A 1t —
- - »
.
_—,
.
. o .
.
-r
s



F=:3
x.9 Properties of the FFTRVI Algorithm
i.-TheiRedundant Fourier Coefficients in each iteration
abbvg.one half the effective sampling frequency are
neither computed nor stored.
ii. The Intermediate results are accessed and stored in
& regular and easily implemented pattern.
iii. The Real and lmaginary parts of the final Fourier
Coefficients are formed in Adjacent Storage Locafions.
iv. Only W Real Storage Locations are required throughout
the cohﬁutation these store the Originallata Points,
Intermediate, and final results. . -— -
v. The same set of Complex Arithmetic Operations is
rerformed during the entire algbrifhm only the

1\.

accessing order has to be changed when operands are
real.

vi. The powers df W are celled in the same order during

each iteration,

,vii. Only M-1 complete iterations are required when N-2H.

3.10 Complex exponenti&l welght table
This method presupposes a table of complex
exponential weights which can be accessed sequentially in
performing eachiitarafion of the algroithm or they

presuppose a method of sequentially computing these weights,



Seq.

2

21o s 1 ,
HL 0 2 1 3

slo a 2 6 1 7 3 5
160 8 4 12 2 1.6 10 1 15 7 9 3 13 5 11

] - -
Fig.tSN\A_methoa of zenerating the sequence

*\ of "W" exponents.

An algorithm for doubling the length of each number
sequence. _
i. Multiply the second entry of‘the_sequence by two and

. \@ake this product the second entry of the new

sequence,

\
i

ii. Subtract each non-zero entry of the sequence from

twice the product formed in step l. ( these

differences‘form the rest of the-even entries in new

sequences. )
iii. Take the odd en%ries,of the new sequence as the

numbers of the original sequence.

. Once,thé required sequence of W'exponents is formed
A .
the corresponding W terms can be found and stored in
. —_—

+ this scrambled order.

/



311 Reordering of data for FFTRVI.
‘The same sequence used for placing the "W" exponents

in the right order, is also needed %or reordering of the
final output datq. |

——
G g

~ry

|



Y 3.12 The modifieé“metbod FPTBRRVI -

As Bergland (1) hinted iﬁﬂais paper, if the input
data is reordered, ‘an algorithm should result in whlch the
W exponents are needed in ascending order and hence c&n be
generated recursively.

’ However, reordering the data does not ﬁroduce the
desired result, On the other hand, if the input data is
bit- reversed aad the W exponents are used in ascending
order the modified algorithm'is obtained.

Since a similar procedure to Bergland is adopted,
the following will inherently occur as a result of using
the 1nput in bit reversed order instead of normal order.

i+ The data is accessed in a different order.'“.

ii. The real andcimaginary parts are not formed in adjacent
-locations but are [formed N/2 locations apart.

The main difference between the Bergland's FFTRVL
1and_the podified method FFTBRRVI\are:

i. The-FFTBRRVI.requiresthe W exponents in ascending order
and‘thus can be generated recur81ve1y using the ond order
~difference equation whereas, FFTRVP hes to use a stored table
of W exponenta._ .

ii. The FFTBRRVI has to do reorderiag of data after each
"_iteration starting with the third , whereas, FFTRVI useg a’

stored sequence for reordering the rinal data. ' -
- .
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- s

. \ T ’ - .
As the modified method FFTBRRVI is based on Berglard's

[y

,FFTRVI bothnmethods possess the following Similar
-propertles. These are as follows:

-{(1) The redundant Fourier coefficients in each iteratioﬂr
;above one half the effective sampling frequency are neither'
1cgmputed nor stored.--. T DA : -

(11) Intermediaﬁe results ar 'etOred and accessed in &
.-regular and easily 1mplemented patterh , :
(111) Only N real storage locations are required throughout
_ the algorltHﬁ These store the orlglnal data points, the
intermedlate results ‘and the. final;results.

(iv) Only M—l complete iterations are requlred.

(v) The same complex c&lcul&tion is used.

3 »

0
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- 3.13 No. of Operations requifed to generate Tr%gonometric

values uéing the 2nd

Iteration Mult. Op. 3
1 o 0
2 1
3 /16
4 N/32
n n
Li=1 n

Number of Mult. Operation

M-l T IT-1

, M-t
FE 2 -l aNEs
s —— T
T~ 21T+1
M-1
- N(M-8)/4 - N = 1ITH
3

-

= N(M-8)/8 ~ N/§ + 1

Potal number of real multiplications
/

Total number of real additions

order difference equation.

Add. Op.
0
1l
3N/16
/32

mn .
L

1t

{
= N(M-4.5) + &

- N/2 (Mt.5) 4 2




314 Reordering of data for FrTBRRVI.

Instead of reordering being done after the last
iteration in most algorithms, it is done in-place after
each iteration sfarting uitﬁ the third. Hence, reordering

of part of the data takes place for M-4 iterations.,

+

Iteration . Number of Interchanges

3 ' N/8
4 3(N/16)
5 7(N/32)
M-1 T ‘ | .
. & - M-l
Total number of interchanges = ;52 (N/éIT) (EIT;'2 - 1)
IT=3 '
T M=1 o
- = WL @7
. IT=3 ‘
M-1 .
- :é; N/éIT
,} ET=3 l ‘ ' # |

N/& (M-4) - N/a

N(0.25M - 1.25)

4




5.15 Number of Operations to Compute Transform of Keal
Data using FFTBRRVI.

Real Operations

N/B + N/8 + N/16 + vvvevevoneonnne + 1 -§/2 -1

L]

Comﬁlex Operations .

(M- 1) N/#,; -N/2 =1 = MN/& —'5&/4 + 1
-

1 Real Operation - = 4 Real Additions.
1 Complex Operation: = & Real Multiplications + 6 Real
' Additions.

. « No. of Real Additions
=4 (W2 -1)+2+6 (/4 - 30/4 + 1)

= 2N « 4 + 2 + 3MN/2 - 9N/2 + 6

= N (1.5M = 2.5) + &

No. of Real Multiplicatiqns ' N
=4 (m/4 - 38/8 + 1)

=NM-3)+4

&



x.16 Convolution Using the DFT
. If x(ER) and y(XR) are the DFT's of two sequences
x(nT) and y(nT) respectively and v(1T) is the result of

convolving x(nT) and y(nT). Then using the short notation:

- R-1 )

5-0 X I((1-n)) = Eo Yo *((1-n))

Expressed as DFT's we get:

v(kR) =  x(kR) y(kR)
or

:  N-1-
v(1T) = 1/N EO x(k2) y(x) edlk2T
k= : i

The discrete cdnvolut&he can be computed from the
M
inverae discrete Fourier Transrorm of the product of the

DFT'a of two sequences.

Thus one computes x(kﬂ)'and y(kR) using the FFT,

.maltiplies them fogether.to obtain v(k®), then evaluates .

v(1T) using the inverse FET.

This results in periédic coﬁvolution. _ e

NOTE: ' | | - -
Aperiodic convolution is obtained by inserfing zexro

valued samples to either of the components sequences as

described earlier. .
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Since convolution and correlation are related by a

copvolution can also be used for computing correlation by
simply reversing one of the sequences., " _ d
v

chzzge'of variable, then an algroithm used for cdmputing .



3.17 Summsary

The Fast Fourier Transform is & special technique

used for caiculating the DFT of a sequence. There are two .

_,baaic types of FFT algorithms - tha decimation in time
and the decimation in frequency.

There are various factors to consider when choosing'
the best metnod of computing the UFT of a Bequence. rnese
are the input ordering, the output ordering, the computa-'
~tion in place at eaéh level and the computation of "W"
exponenta. - |
| For complex data, either of the two types of FFT
algoringp can be used. For real data, however, there are
. various 'methods. One of theae, Bergland"s FFTRVI is prese-
~-nted in some detail and a method based on the. FFTRVI is

o

developed.

Finally, it was seen that convolution using the DPT
is equivalent to taking three DFTs and a multiplication

-

operation,

Y
~Z
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CHAPTER IV
RESULTS AND COHPARISONS.

Table 3. shows the comparison of methods for compnt-

-ing the cyplic.convolution of two raa; valued time series.
Thé'expreasion 4gH-2)(ﬁ-?)+2N is ﬁuotqﬂ from the research
paper by Pitassiga) 'The following éhould-bq noted: -

(1) The new and the Walsh tranéform methods require fewer
multiplications than the FFT ror N< 1024 and the FFTRVI
for N<256. - |

ri1) The Qirferehce in the number of mpltipficgtionﬁ between
FFTBRRVI with stored exponents and FPTBRRVI without is the
result of generating the “Q“ éxponenté from the.second
order difference equation. - o |

Table'4. shows the comparison with regard to storage
requirements. The following should be notd@: '

-(i) To compute convolution uaing any of the FFT methods
clearly requires much less atorage than the new or Walsh
‘tranarorn methods. . .

(11) The FFFBRRVI algorithm_us@s the least amount of
storage. ;
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1rable 5. shows  the comp&rison of methods for

computing the FFT of real data with regard to the number
of multiplications and additions. The following should
be noted: ,

(1) The FFTRVT and the FFTBRRVI (using a stored table of
"W" exponents ) compute the FFT in the least number of
- operations which is approximately half the amount requifed
by Radix-2. _
(1i1) Although the FFTBRRVI without stored table requires -
more operations than FFTRVI, the amount is still less_than'
the Radix-2 method for computing the rFET,

]

Table 6. shows the comparison of times by the
different methods in computing the FFT of real data.
The following should be noted: .

(1) The FFTBRRGI:.vhen using a stored table of "W"
expoﬁenta, is faster than the Radix-2 method by about u
20%, | . o
(i1) When the "W" exponents are generated, FFTBRRVI
computes the FFT in a time equivalent to the Radix-2.
(111) Since a D/P multiplication is equivalent to four
S/P multiplications, the time to compute +the FPT using
a D/P programme should be about rour‘times that of a S/r-
programme. The time obtained for the D/P programme is
' therefore, quite good.
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\;/"“ Comparison of times‘gér'computing th; FFT of ?eal data,

N Radix-2  FFTBRAVI - FFTBRRVI  FFTBRRVI
. (?9bla) - (Generate) (Generate)

s/p . s/2 . 8/ D/P
64  on .oe}j .070 | ..185
128 177 .155 .175 .65
256 417 240 .415 1.120

52 .963 . 790 .960 ° 2.65 )
1008 2.20 . 1.80 | 2'.19 6,05
Table 6. ‘_ - .

>

The above times are in seconds. THe times uging the

'_'. FFTBRRVI- algorithm wefg obtained by timing the program | ..
\ ) -

for 100 FFTs and IFFTs, The total +time was.then divided

by.éoo to oﬁtain the average time for conputing one FFT.
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WFTBRRVI and the results were quite good.

rl

S

~ Table 7. ehows a comparison of the storage required
by FFTRVI and FFTBRRVI for the "w" exponents. Note in the
case of Iipitad storage, FFTBRRVI uses'negligible storage
compared t& EF?RVI, This'is the Result of generating th

"W" exponents which'requiras storage for‘just'a few
initial constanta. The FFTRVI, on the ~other hand has to
make use of a table on account of the order in which the

"W" exponents are needed,

2

Suﬁmi}y
The various methods - for oomputipg the cyelic convol-
ution of two real'valued time series are compared‘rith \
reference to the number of_ooerations‘(multipiications

and additions) and the storage requirements. The method

- using’ the Walsh transform requiredrthe least number of

/

- multiplications for N <256 whereas the FFTBRRJI requlred
: rewer for N)256. . ' AR

& :

Of the various methods for comnutin? the F&D ofhreal

data, FFTRVI and FFTBRRVI are the fastest with the latter
being superior when storage requirements are llmlted =y

Tests were carried out on- the modified algorithm
- Ty

- 3 . N
'S Jﬁ%;?‘ - .
27 I RS
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CHAPTER V
DISCUSSION AND CONCLUSION.

5.1 Discussion

' (1) Walsh Transform

As far as the computation of the walsh transform is

concerned, it is a very fast ayd easy operation to imnle-"

-ment on the diglt&l computer. Consequently, the discrete~

Walsgh. transrorm has found many applications in digital

‘signal processing.

R

f With regard to using the Walsh tranaform for comput-

~ing periodic convolution, the procedure is not aq.easy

one to implement on account of the amount of data to

generate and access, and this leads to an addreasing

problem.

Though Pitassi's (B)method requires fewer multiplicat-

-ions than the' FFT for computing the periodic convolution
of two real time geries for N1(1024 there are other fact-

-ors to consider such as.the type ofalgOrlthm and the

-amount of storage needed.

Since this method lacks certain features, the FFT ig

now considered to evaluate its performance in ~computing

[

periodic convolution.

=6
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(II) Fast Foufier.Transform

Standara Method -"Radix-2"
‘Bergland's ~ ®FFTRVI" -
Modified ~ "FFTBRRVI"

nimize'computer time which involves minimizing

son -of Radix—e .and FFTRVI.
1. FFTRVI requirea>approximately halr the number of
.operations«as Radix-2° ror computing the FFT of real .
data. Hence FFTRVI is expected to be auperior to the
Radix-a by computing the FFT in a faster time. - B
ii.wFFTRVI in addition*to uain & stored table of "H"
exponenta as Radix-a has to generate and store a
sequenca which 18 requiread both ror Placing the "wr
exponenta in the right order ror aceessing and ror
~the final output reordoring.




Hence, if storage requlrements are not limiteqd,

FFTRVI is superior to Radix-2 even taking into consideration

the time taken for generating and storing the sequence,

' If storage requirements are limitea, then FFTRVI hay be
‘ruled out on account of the additional storage required

for the sequerice. Consequently, a compromise must be made

between the savings to be gained in computer time and the

additional storage requirements. The eristing conditions

will therefore, determine which algorithm-to use.
Comparison of FFTBRR I and Radix-2,

1. FFTBRRVI computes the FFT of real data in fewer

. operatiqns than the Radix-2 whether storage requirements

are limited or not.

In the case' where storage requiremente are not

'limlted FFTBRRVI can use a stored table of “W"exponents

as Rad1x—2 and ‘thus compute the FFT with savings of up to
20% over the Radix 2.

When storage requirements are limited, FFTBRRVI can

be used with reduced storage by generating the "W" exponents;

{
Only 2(M-2) storage values are then needed for 'the Trigono—
~-metric generatlng routine compared to a stored table of
N/2 sine values required by Radix-2.

Thus FFTBRRVI is definitely superior.to‘the,Hadix-2.

~
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II.

IIT.

iv.

e

Comparison of FFTBRRVI and FFTRVI.

Hheh storage reqﬁirements are not-limited, FFTRVI and

FFTBRRVI(by using a stored fable of "W" exponents)

can compute the FFT of reel data in the same number

.or operations.

FFTRVI has to generate ang store a sequence which is
needed for the storing of "W" exponents and for
reordering the final data whereas “FfBRRVI hag not'
Additionel storage 1is required for FFTRVI .since. it is

-difricult to perform in-place reordering of the final
output data whereas in the case of FFTBRRVI, reorder—

-ing is done in—place, arter~eaeh iteration starting
with the third. | |

When storage requirements are limited FFTBRRVI can

be adapte to generate the "W" exponents which results
in reqyc d storage. FFTRVI cannot be changed since it
has to-makehuse of the sequence. thce, compulsory

storage is needed for (a)the sequence (B)"W" exponents.




"

The modified method FFTBRRVI has been shown to- be
superior to both the standard Radix-2 and Bergland 8 FFTRVI
for computing the FFT of real data. FFTBRRVI is very
~f1exib1e in that it can be adapted to suit the existing
conditions. On the one hand, it computes the FFT in the
fastest time'when stofage"requiremonts.are not 1imitod.

On the other, it can be used with a minimum of storage
and still compute-the FFT in a.faster time than Radix—2 ‘
even when other methods may bo ruled out on account of
the small storage to be utilized.,

| Since co?wolution (orrcorre;ation ) can be exchanged
for 3FFT's -and a multiplication operation, it is therefore,
depeodent on the time taken to compute the FFT. As the
modified method FFﬁBRRVI is the superior algorithm, it is
expected to take the least time to compute convolution.

. The modlfied method FFTBRRVI has been tested under
both conditions and the computation times have confirmed |
its perrormanoea in both instancos.

The Programme using FFTBRRVI is written in double
preciaion and implemented .on tne :DP—B/I minicomputer.

It includes computation of the ¥¥T and IFFT, and also

aperiodic convolution and'correlation.
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5+2 Conclusion®
The computation of the Discrete Walsh Transform ‘and .
the Fast Fcurier Tisnsform algorithms are easy fo imﬁkcment
on tﬁe minicoqputsr with the former being easier ang fastci.
Fc& computing periodic convolution however, it is
seen ths%'FFTBRRVI requires feser multiplications tnan the

Welsh transforn method for N 256. ‘Although Pitassi (»)

makes the comparison with another FFT method and finds his \\\

method requiring leas multiplicstions for N {1024, it is ‘L,
not really advanﬁsgeous to csc sis method since it utilizes
much more storage than any of the FFT methods, and has -an

caddressinérproblem'associsﬁed with it. Compared with the

. B o~ .
modified method FFTBRRVI, the Walsh transform method is

' proved inferior.

The modified method ¥FTBRRVI is seen to be the best
method for computing the FFT of real data since it does
80 in the rastest time and can:be used when storage
conditions are limited. =~ .

With improvements iﬁ'computsr hardware, the use of

' discrete transform algorithms in the signal processing

. field will become even more attractive.‘

-
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APPENDIX A.

L

A.‘The Discrete Walsh Transrorﬁ Flowchart.

A.l WYalsh Transform programme'wriften in PAL IIT assembly
language.
1his programme accepts four—digit octal numbéis as
dnput. the end of the 1nput is 31gnif1ed by typing
a dollar(B) sign. The amount of numbers must be an
integral power of two. Lhe output is printed out on

qthe teletype machlne.

"\;_/
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‘Bl.. Flowcharts dealing with the FFTBRRVE programme.

i. FFT

ii. IFFT . %

iii. GETRIG

iv. REORD

v. INVERT

vi. RBITS - - S ;

i

E2. Double Precision programze written in PAL TII assembly

‘language.'Tﬁe programﬁe-computgs the following‘:

i. The rFT-bf real data (D/P).

ii. The LFPT of the data in the order left by FFT.

iii. Aperiodic. convolution and.correlatibn.

.

»

The following are the subroutines and their functions.

FFT -
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. GETRIG-
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KEORD—
IQRT -
MUIE -

‘takes the FFT of real data stored ih the buffer.
takes the IFFT of the data as left by FFT.

N
computes the 81hs and cosine values recursively

using the énd order differenee equation. 2

L3

bit-reverses the data in the burfer-

‘performs speclal reordering needed uith FFT and IFFT.
:takes the squnre root of a D/P number.

multiplies two D/P numbers. o

_initializea the required starting values ror hETRIG
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Py

Lol
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berforﬁs two's complement of a D/P number.
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3164
7501

3165
1171

3060
1172
3061

1102
3064

1103
3065

4454
3166
7501

T100
1165
T421

7PA4
1166
1164
7510
4451
3171

T501

3172
1365

3175

1366
3174
2153
5232
7 Yo 1Y%
2000
naoa
3777
7177

TAD TEMPI1 .

- 5PA

J¥$ 1 ERROR]
DCANYTEMPH 5

- MA

DCA YTEMPL
TAD YHI -
DCA AH

TAD YLO
NDCA AL

TAD C1

'NICA BH

TAR C2

NCA BL

JMS I MULTI
NCA TEMPI1
MQOA

ncA TEMP2
TAD XHI

NCA AH

TAD XLO
DCA AL .
TAD D1

NCA BH

TAD D2

DCA BL .
JAS 1 MULTY
nca TEMRA3
MA

CLL

TAD TEMP2.
MEL o
RAL

1

- TAD TEMP3

TAD TEMP]
SPA

‘JMS I ERROR])

DCA XHI
MeA

DCA XLO
TAD YTEMPL
DCA YLO |
TAD YTEMPH
DCA YHI

1SZ NUM

" JMP CHEK1

MCOUNT., D
YTEMPL, D

"YTEMPH.@ |

KA777,3777
K7777,77721

A

ey
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2200

2201
2202
* 2223
2204
2205
2206
2207
2210
2211
2212
2213
221a
2215
2216
2217
2220
2221
2222
2223
2224

2225
2226 °

2227
2230
2231
2232
2233
T 2234
2235
2236
" 2237
2240
2241
2242
2243
2244
2245
2246
2247
2250

22571 -

2252
2253
2254
2255

2256
2257 -

2260
"2261

egan

-T290

6377
7200
1131
3017
1154
7941

3077
6352
4234
7500
5212
4234
7510
5215
1145
7841

3076
4234
2076
5223
4234
3417
3417
2077
S226
5600

2000

7309

1140,
3100

6321
5249
6352
2100
5240
6377
5634
0000
3167

7501

7100
7041
T42]

7804

3127
1167
1040
1127

I/_-\

«2200
SAMPLE, 0
CLA
ACMX RADC ADCV

CLA

™D LOCAT

PCA 17

- TAD QUAN

Cla

DCA COUNT]}

CLXK

JMS 5aMP

SMA

JMP.-2

JMS Samp

SPA
S JMP.-2

TAD ND

cCla

DCA  COUNT

JMS SAMP

I1SZ COUNT

JMP.-2

JMS Ssamp ) -
DCA 1 17 a
DCA I 17-

ISZ COUNT)

JMP.-4 7.

JMP 1 SaMpPLE

SAMP, @ /SAMP

CLA CLL

TAD MRATE

DCA COUNT?2

SKXK

JMP .-

CLXK

1SZ COounTt?

JMP.-a

ACMX RADC ADCV
JMP . 1 SAMP
ERROR, O
DCA TEMPR -
MRA . -
cLL

CIA .
MOL. C
RAL

DCA KEER

TAD TEMPR

CcMA .
" TAD KEEP ~

/SAMPLE

/ERROR
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2262
2263
2264
2265
2266
2267
2270
2271
2272
2273
2074
2275%
2276
2277
2300
2301
2302
2302
2304

‘2385

2306
2307
2310
2311
2312
2313
2314
2315
2316
2317
2320
2321
2322
2323
2324
2325

- . 2326

2327
2330
2331
2332
2333
2334
2335
2336
2337
2340
234l
2342
2343
2344

5647
2000
7300
1155
3l
1154
70 4]
3076
3362

L1521

7459
5313
7500
5301
al

1363

7550
5313
70341
1362
1500

5313

7041
1362
3362
7300
1121
112
3121
2076
5273
3077
1362
7450
5663
1364
7110
1362
2077
7550
5335
1364
5326
7300

H154

704
3876
1155
3121
71040
1077

CUMP .+ 6. ’ ‘ -,

-ClA
-TAD M2a77 |

. SMA

JMP I ERROR

SCALE.® /SCALE o . _ .
CLa CLL~ T . ~
TaD Sa .

NCA K1

TAD QuaN : /
Cla /
DCA COUNT |

DCA BRIG

TAD I K1

SNA

SMA
JMP + 2

SPA SNA

JMP.+10

CIA

TaRP BIG

JMP .+ 4 : »
CIA ' _

TaDp BIG . 1
DCA BIG

CLa CLL

TAD K1

TAaD ING

DCA K1

I15Z COUNT
JMP . -25

NDCA COUNT !
XAD BIG

SNA

JMP 1 SCALE
TAD K377
CLL RAR

TAD M377
ISZ COUNTI
SPA 5NA
JMP.+3

TAD K377
JMP .- ¢

cLa ¢cLL

TAD QUAN
cla

DCA COUNT )
TAD SA p
DCA K1 '

cMA ,

TAD COUNTI




2345
2346
2347
2350
2351

2352
2353
2354
2355
2356
2357
2360
2361
2362
2363
2364

2400
24001
24052
2403
Pana
2405
2406
2407
2410
2a)1
2417
2413
241 4
2415
2416
2417
2420
2421
2422 .
2423
2424
2425
2426
2427
2430
2431
2432
2433
2434
2435
2436
2437
2440
2441

3352
1521
7456
5353
7415
Yelslel
3521
1121
1112
3121
2076
5343
5663,
cYolslel
7401
0377

haan
7100
7621
1060
T a40
5912
1061
7440

5212

5600
73000
1064
T a40
52022
1065
7440
5222
5600
1360
19069
g1al
1064
T430
5243
T804
7630
5234
5243
4251
7510

T A451

7413
%1%151%]
4451

RCA CT2

TanD 1 Ki i
SNA ' _
JMP . +3 -
ASR :

CT?,0

pca 1 Kl

TAD K1

Tan INC

NCA _ K]

ISZ COUNT’
JMP.-15

JMPY 1 SCALE -
BiIG.0. *
M377,-377
K377,377

2400

MULT.0 ZMULT
CLL

CAM

TAD AH

S5ZA
JMP .+ 5
TAD AL
SZA
JMP .42
JMP 1 MULT
CLA CLL
TAD BH
A
JMP.+5
TAD BL

52A )
JMP . +2

JMP T MULT
CLA CLL
TAD AH
AND MASK
TAD BH

SZL

JMP SAMSGN
RAL

_SZL CLA

JMP DIFSGN

JMP SAMSGN
DIFSGN,JMS MULTIP
SPA :
JMS I  ERRORI

SHL

A :
JMS I ERRORI



2442 -

24243
2444
244y
2A46
2447
2450

24571

2459
2453
2454
2455
2456
2457
2460
2461
2462
2463
2464
2465
2466
2467
2470
2471

C 2412

2473
2474
24719
2476
2417
2500
2501
25nP
2503
2504
2505

F 2506

2507
25149
2511
2512

2513
2514’

2515
2516
2517
2520
2521
2522
523
2524

5600
4251
7510
4451
7413
e
5600
aneo
7100
7621
1960
T700
5266
1961
Ta21
1060
4451
368
7501
3061
7300
106a
7700
5301
1065
7421
1064
4451
N6
7501

3065 -

7100
7621

1061
3310

1065
Tazi
Tap5
aron
3366
7621
1061
3324
1064
1421
1405
6351415
33170

© 7501

3371
7190

b

JMP 1 MULT
SAMSGN, JMS MULTIP
SPA -
JMS I ERRORI1
SHL

A

JMP I MULT
MULTIP,®
CLL

CAM

TAD AH

SMA CLA
JMP .+ 10

TAD AL

MOL

TAD AH
JMS 1 ERROKI
DCA AH

MOA

NCA AL

CLA CLL

TAD RH

SMA CLA
JMP .+ 10

Tan BL

ML

ZAULTIP

‘TAD BH

JMS I FRRORI
bCcAa AH

h REUFs Y

NCA  BL
CLL

CAM

TAD AL
DEA TEMI
TAD BL
MUL

MUY
TEM1,0
NCA TEMPL
cAM

TAD AL

NCA TEMP
TAD HH
MUL

MUY

TEM2, 0
NCA TEMPHI
MQA -~

NCA TEMPLO
cLL

B
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2525
2526
2527
2530
2531
2532
2533
2534
2535
2536
2537
2540
2541
25479
2543
2544
2545
2546
2547
2550
2551

2552

2553
2554
2555
2556
2557
2560
2561

2562
2563
2564

2565:

2566
2567
2578
2571

2600
2601

2602
2603
2604
2605
26P6
2607
2610
2611

2612

2613
2614

7621
1060
3333
1065
7421
T405
o000
3367
7501
1371
1366
7208

"Ta0a

1370
1367
3371
7004
3127
7621
1060
3355
1864
7421
7405
00
337
7501
1371
7421
7004
1127
1370
5651
a000
ARR0
P900
NARA

4 dde
1143

“Taal

3n76
3324
1323
3322°
1155
3121
7001
1121
3113
1521

‘TAD K26

CAM
TAD AH

DCA TEM3
Tan RBL
MOL -

MUY

TEM3,0

NCA TEMPCH
M)A

TAD TEMPLO
TAr TEMPL
cLA

RAL

TAD TEMPHI
TAD TEMPCH
NCA TEMPLO
RAL

NDCA XEEP
CAM

TAD AH

NCa TEM4
TAD BH

MOL

MUY

TEMAa,0

DCA TEMPHI
MQA

TAD TEMPLO
MOL

RAL

TAD KEEP
TAD TEMPHI
JMP I MULTIP
TEMPL,Q

‘TEMPCH»® .

TEMPHI, @
TEMPLO, 9
2600
SCALE1,0
TAD N
CIA .
DCA COUNT
DCA T

DCA MAX ‘
TAD 5A

DCA Ki

IAC

TAD K1

DCA IK]

TAD 1 K1

/SCALEL
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2615
2616
2617
2620
2671

2622
2623
2624
2625
2626
2627
2630
2631

2632

2633..
2634

2635

2636

2637
2640
264l
2642
2643
2644
2645
2646
2647
2650
2651
2652
2653
2654
2655
2656
2657
2660
2661
2662

2663

2664
2665
2666

-2667

2670
2671
2672
2673
2674
2615
2678
26717

16 4p
5223
1513
T640
5223
5243
1513
Taz2i

1521

7403

@037

T411
7200
Ta4l
3324
1322
741
1324
1700
5243
1324
3322
1121
1112
3121
2076
5211
1302
1650
5600
1143
74|
3076

1155
3121,

7001
1121
3113
1049
1322
3312
1312
3300

1sa2r

1700
5306
1513

7421,

1521
4451
T413

-

SZA CLA
JMP . +5
TAD 1 'IK1
SZA CLA

IMP L+

JMP.e2)
TAD 1 1K1
MGL

TAD 1 K1
SCL

317

NMI

cLa

s5ca

nca T
TAD MAX
(08

TAD T

SMA CLA
JMP .+ 3
Tan T

NCa  m™max

TAD K1

TAD INC
NCA Kl

I1SZ 'COUNT.
JMP .- 36
TAD MAX
SNA CLA
JMP 1 SCALE)
TAD N

Cla

NCA COUNT
AD 5A
NCA K1
RET, [AC
Tap Ki

DCA 1K1
CMA

TAD MAX
DcaA Ti
TAD T}

NnCA T2

TAD 1 KI
SMA  CLA
JMP.+14 .
TAD I 1K1
MOL

TAD 1 K]
JMS I ERROR]
SHL
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2700
2701
2702

2703

2794
2705
2706
27107
2710
2711
2712
2713
2714
2715
2716
277
2720
2721

‘2722

2723
2724
2725
2726
2727
2730
2731
2732
2733

2734 .
2735

2736
2737
2140
2741
2742
2743
27.44
2745
2746
2747
2750
2751
2752
2753
2754
2755
2756
2757
2760
2761
2762

0000
4451
3sel
7501
3513

5314

1513
74271
1521

7413
900
5302
1112
1121

3121

2076
5260
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Q000
anzs
aeeo
000
164

164

1375
77000
5336
1375
ipar
3164
1155
3131
1164
nTe
3170
6351
1170
6303
1300
1531
6317
2170
7300
1131
1112
3131
2076
5343
7604

1137

7648

T2.0
JMs ] ERROR]
DCA I K1

Moa -
NCA I IKy
JMP o+ 7

TAD 1 1K1
MOL

TAD I K|

SHL

T1,0

JMP.-11

TAD INC

TAD K1

NCA K1

1SZ  COUNT
JMP RET

JMP [ ScaLci
MAX, (1

K26,26

T,0

GRAPH,

DCA TEMP}
TAD TEMP)
TAD K10a0
SMA CLA

J¥P DSPLY
TAD K1000
ClA

DCA TEMP1
DSPLY,TAD Sa
DCA LOCAT -
Tan TEMPI
DCA COUNT
DCA X

CLER

Tan x

NDXC DXL

CLA CLL .

TAD I LOCAT -
DYC DYL DIS
I1SZ X

CLA CLL

TAD LOCAT /
TAD INC '
NCA LOCAT

ISZ COUNT
JMP.-123

LAS

TAD MONE

SZA CLA

-
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2763

2764
2765
2766
2767
2770
2771
2772
2773
2774
2775

' 3000
3401
Inp2
3003
3InB a4

30905

adas
3007
301p
3211
12
3013

30l a-

3015

3016 -

3017
3020
302
vz
3023
‘3024
3025
3026
327
3330
3031
3032
3033
3034
3035
.3036
3837
3040
3041
IMa2
30a3
3044
30as
3046

5365 JMP.+2
5725  JMP | GRAPH
1164 Tah TEMP)
377 DCA COUNT]
7080  NOP
2877 ISZ COUNTI
"S367 JMP.-2
7300 CLA cLL
7684 LAS
5336 JMP DSPLY
1990 K10a0, 1000
. #3009
AB@BD  INPT,Q ’
4455 JMS [ REFED
3143 DCA N
4455 JUMS I REED
3135 " pDca ™
4455  Ji4S 1 RETFDH
3148 DCA MRATE
7440 CHMA
1155 Tan Sa
313! DCA LOCAT
1143 TaD N
3154 DCA QUAN
4447  JHMS 1 SAM
11a3 TaD N
I8a1 cla
4456 JMS | GRPH
5609 . UMP [ INPT
A0AB  INPT1,0
4455 JMS | KEED
3146 DCA NI
4455, JMS I REED
3144 DCA N2
4455 L UMs 1 REED
3140 DCA MRATE
5621  JUMP I INPTI
0000 INITAL,Q
7230 CLA
1156 TAD sal
3155 DCca sa
7340 CMA
1156 TaD sai
_3131 DCA LOCAT
‘1126 TAD N1 '
3147 DCA N3
4273  JMS DATA
4455 JMS | REED
7450 -SNA ’ '
5250  JMP.+3
© 3145 DCA Na

INPT
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/INITAL




&

3047
IAso
30151
3052
3053
3054
3055
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3057 .
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3061
3062
3363
3064
3065
aN66
3067
3079
3871
an72
3373
3074
3379
3076
3877
3100
3101
3182
3123

3104 °

3195
3106
3107
3110
3111

atie
2113
3114
3115
3116
3117
3120
3121

3122
3123
3124
3125
31246
3127
3130
3131

4273
T ad
1143
1143

115
313l
t1

7104
1156
3155
1144
3147
3145
4273
4455
7450
5272
3145
4273"
5631
aPed
7309
1147
3154
2447
1143
iDal
1147
7459
5312
3076
3417
3417
2876
5376
1143
7041 -
4456
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0N
7621
1377
T440 "
5326
7840
1 haa
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7300
T040
1144
1377
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"
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TAD S5A1
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SNA
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DCA NO-

JMS paTa
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TAD N3
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JMS 1 sAM
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SNA

JMP .+ 6
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15Z COUNT
JNP -3
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SZA
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3134
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3136

3137

3140
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. 31a3
3144
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! ' 3146
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‘ 31509
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3154
3155
3156
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3166
[ 3167

3179

. 3171
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3173
. 3174
3115
3176
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3200
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© 5op0
"3203
3204
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! 3206 .
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3213

3146

1146

7500
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-1373

T440
7402
1373
3143
1375
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5716

7403
aa37
7411
1376
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- 5355

7201
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7441

7041
1374
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3379
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1378

3135

Mot

7413
S1GT%1%)

Jra3.

5716
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aaae
1156
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4441
1604
7440
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- JMP POS ¢

TAD Kandpo
SZA

HLT

TAD Kad3d
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TAD Kt3

nca M
JMP 1 PERD
POS:SCL_,
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TAD M72000
SNA

JMP .+ D

CLA IAC

NCA KEEP
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CIAa .

TAD K11 .
TAD KEEP

PCA SHFT2

IAC
TAD - SHFT2
PCA M .
1AC

SHL
SHFT2,0
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JMP 1:PERD
KagDo, apan
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“K13,13
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5,0
*3200,

MU, . MU

TAD S5Al
DCA K1
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SZhA
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TAD I K]
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- 3214
3215
3216
37
3229
3227

3222

3223
3224
3225
3226
3227
3230
3231
3232
3233
3234
3235
3236
3237
3240
3241
3242
3243
3244
3245
dz24a6

3247,

3250
<3251
3252
3253
7>
~ 3255
3256
3257
3260
3261
3262
3263
-3264
3265
3266
3267
3270
3271
272
3273
3274
3275
3276

3061
1525
3864

F515
3065

4454

3521
7501
3513
1522
3060
1514
I
L 1526

PCA AL

3064.

1516
3065
4454
3522
7501
3514
7040
1152
7041
3076
fi12
1121
3121
444]
7604
7440
4364
1521
3060
1513
3061
1525
306 4
1515
3065
4454
3164
7501

3165

1522
IN6o
1514

3061

1526
3864

1516

TaD I
NEA BH
TAD 1
A BL
Jams 1
DCA I
MOA -
nca I
TAD 1
‘DCA AH
TaD 1
DCA AL
TaD 1
PCA BH
TaD I
DCA BL
JMS [
DCA 1
MAA
nca 1
CMA
TAD NO
Cla

1K3

K3’

MULTE - T ; -
Kl .

IK]' - - -
K2 '

IK2 .
K4 ;
IK4

MULT1 E
K2 ’ 25_ \
K2 _

VER2

DCA COUNT - ' : .
RET1,TAD INC

TAD K1
DCA K1
JMS 1
LAS
SZA

JMS ADJUST

TAD 1
DCA AH
TAD 1
DCA AL
TAD 1

" NDCA BH
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pca ‘BL
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DCA TE
MOA
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TAD I
DCA AH
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TAD 1
DCA BH
TAD |
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a
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IK1 v
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>
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3065

L 4454

3060
7501
3061

1164

3064
1165

- 3065

4434
3166
7501
3167
1521
3060

1513

3361
1526
3064
1516
3065
4454
445

3164 -

7501
3165

1522

3060
1514
3061

1525

3064
1515
3065
4454
3060
7501
3061
1164
3064
1165
3065
4434
3522
7501
3514

1166

3521
1167

L3513
2076

nDCA:

JMS5
DGA
MOA
nca
TAD

NCA’

TAD
nca
JMS

-DCA-

MOA

DCa

TAD
DCA

~TAD

DCA

“TaD

Nca
TAD
DCA
JMS
JMS
DCaA
MG A
bCa
TAD

~ DCA

TAD
DCA
TAD
NCA

TAD.

NncA
JMS
DCA

MOA

DCa
Tab
nCAa
TAD
nca

JMS

nca
MRA
NCA
TAD
NCA
TAD
DCA
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AH

AL
TEMP )
BH

-TEMP2
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I ADPNUB
TEMP3

TEMPR -
I Ki N
AH
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AL

I Ka

BH

I IKa
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[ MULT)
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TEMP]

I K2
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TEMPD \
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[ K3
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I I3
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TEMPL
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TEMP2?
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I ADDDUR™
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TEMP3
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3362
3363

3364
© 3365

3366
3367
3370
3371
3372
34373
3374
3375
3376 .

Jann
3401
34002
3403
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Fans

3406
34007
3410

3411

34197
3413

‘3414

3415 -
3al6
3al17-
3420
3421
Jaz22
3423

3424

3425
3426
3427
3439
3431
3432

© 3433

3434
3435

. 3436

3437
3440

‘3441

3442 \
3443
3444

v "

JMP RET1 - :

-

BL

5245
5600 JMPT1 MU
AA0A  ADJUST, D ZANJUST
7300 - CLA CLL g -
1521  TAD .1 K}
3525 DCA -1 K3
1513 ‘TAD 1 IK] ,
3515 DCA 1 1K3
1522 TAD I K2 - )
3526 DCA 1 Ka.
‘1514 TAD 1 IK2
3516 DCA 1 lKa. .
5764 JMP' 1 " ADJUST :
*34000
0AAG  SEOQREV,D . /SEQREV
1155 TAD SA
"3062  NCA Al
7040 CMA .
1143 TAD N
7104 CLL RAL .
‘1155 -TAD SA N
" 3067 NDCa BY
1152 TAD NOVER2. .
041 | CIA o
- 3076 NCA” COUNT
3672 nca ci ‘ ;
1372 TAD'CI-
* I
7104 GLL AL
1062 Tab Al
3147 DCA N3
1872 TAD CI
7184 , CLL RAL
7941 Cla .
1967 TAD Bl
3158 DCA Na
4439  UMS - SWP
2972 152 C1
2076 1SZ COUNT.
5214, JMP.-14 ,
S60@ - JMP 1 SEGQREV
Q080 * DUBADP,.G . /DUBADD
7621 cAM. . .
7300 CLA CLL .
1169 TAD SHFLAG
7658 SNA CLA
S300  JMP ADDWOS
1961 TAD AL
7415 ASR
2R20 8
7200 CLA
1065 TAD * -

b

LF




.-3245

3446
3447

7415

000

3450 .

3451
3452

.3453

3454
3455
3a54

‘3457

3460
3461
3a62
3463
Jab4
3465
3466
3467
3a70

3471

3472
3473
3474
3475
3476
3477
3500
3501
3502

3503
3504

a505

3506
3587

asto
3511

3512

3s13

. 3514

3515
3516

N

3517 .

3529
3521
3522
3523
3524

. 3525

3526

3527

7200
7501
700 4

1060

7720
7031
3127
1961
742
1960
7415
n0a0
3060
7501
3061
1065
7421
19064
7415
A0006
3064
7501
3065
7100
1127
1065
1061
7421
7004
1060
1064
3060
1060
7510
7041
TR a4
7700
5317
700
3161

1860

5632

0o

62941
7104
3057
1974
1457

" 3075

.
~

ASR
5}
CLA
MOA
RAL
CMA CML

CLA SMA SNL

IaC . ;
DCA KEEP

TAD AL

MoL

TAD AH

ASR

]

DCA AH.

MQRA .

-DCA AL

TAD BL

" MOL

TAD BH

ASR
0

DCA BH
. MGa

NCA BL

CLL,

TAD KEEP
- ADDYWOS,TAD BL
TAD AL

MOL

RAL

TAD AH

TAD BH .
NCA AH
. TAD AH

sPa

Cla

RAL

SMA CLA

JMP NOTNOR
1ac - .
DCA SHFCHK 8
NOTNOR; TAD AH
_JMP 1 puBADD
INITCS,@
ChF+00

CLL RAL.

nca A

TAD C1330

TAD A )
DCA COS

o~

ZINITCS




3530
3531
3532
3533°
3534
3535
3536
3537
3540
3541
3542
3543
3544
3545
3546
3547
a5s50°
3551
3552
3553
3554
3555
3556
3557
3560
3561
3562,
3563
3564
3565

B200
201
0202
PR3
n2o4
0205
2206
8207

" p210

2211
gz12
@213
B214

- 8215

8216
8217
0220
3221
a222
223

1163
19057
3162
1475’
3Re2
7001
1075

375

ra7s
3063
1062

3102

1963
313
1562
3067
7001
1162
3162
1562
207¢
1079

' Ta421,

1067
4451
3872
7501
3073
6211

5721

7300
6211
4455
7518
5250
7650
5243

4667

4455
7450
5220
3145
&a47
1143
7041
4456
4435
4446
7300
7040

TAD,)S1354
TADéA'. '
DCA SIN
TAD I COS
nca Al
1AC .
TAD COS
NCA COS

-TAD 1 COS

A

"DCA D1

DCA" A2

TAaD Al -
Tap az -~
DCA D2

TAD I SIN .

pCcA B1 ,/}
1AC =

TAD SIN o
DCA SIN -
TAD I SIN ¥
DCA B2

TAD B2

MQL

TAD B1

JMS I ERROR1 .’
DCA C1 '
MOA

NDCA C2

CDF+10 .
JMP I INITCS
=200 .

‘BEG,CLA CLL

CDF+10
JMS 1 REED
SPA

JMP CORREL

-

"SNA CLA

JMP coOnv _
FFFS,JMS | INPUT
JMS 1 REED

SNA '
JMP.+§

DCA N@

JMS I S5AM

TAD N

CiA

JMS 1 GRPH

JMS I DOFFT

JMS I MOD

CLA C

‘™A

"

ey



fmm e m e e

B224
p225
2226

@230
231
@232
233
8234
2235
2236
@237

1155
3131

> 4447
a227.

0240

241

- @242

#2243
V244
8245
2246
A247
2250
B25]
9252
9253
2254
255

- B256

0257
0260
h261

. P262

P263
P26
2265
0266
0267

- 0279

8271
272
Q273
274
2275
Q276
v2717
Q389
0321
@302
a303
8384
395
@306

1

1143
7041
4456
4435
4436
1143
354
4433
1143
7841
4456
5200
4670
4666
4671
4272
5200
4670
4666
4671
1143
7104
1156
3155
4432
7000
1143
704l
4456
4272
5200
16
Jone
3021
3031
511515

1156 .

3155
4435
7300
7604
7440
5307
1143
7104

d156.

3155
4435

TAD SA
NCA LOCAT
JMS 1 SaM
_TAD N

CIA

JMS I GRPH
JMS I DOFFT
“JMS 1 DOIFFT
TAD N . :
DCA QUAN

JMS I SCLE
TAD N

C1A

JMS I GRPH
JMP REG
CONV, M5 1 INPUT]
JMS I PERIOD
JMS -1 INTAL
JMS CONVL
JMP BEG -

CORREL,JMS 1 INPUT]

JMS 1 PERIOD
JMS 1 INTAL

TAD N /REPLACE
CLL RAL
TAD Sal
DCA SA
"JMS I REVSEQD

NOP

TAD N

cia -
~JMS I GRPH

JMS CONVL

JMP BEG
PERIOD.PERD
INPUT, INPT
INPUTLE, INPT!
INTAL, INITAL
CONVL,Q /CONVL
TAD SA1

DCA SA .

JMS- I DOFFT

CLA CLL

LAS

SZA

JMP.+6

TAD N :
CLL RAL

TAD Sal

DCA SA
" JMS 1 DOFFT

i)

BY JUMP.+2

IF SEOQUENCE 1 IS TO BE REVERSED




‘8307
0310
R311
312
313
@314
B315
0316

a31T

o 0320
B321
@322

7300
4431

1156
3155

4436
1143
3154
4433
1143

1041

4456
S672

yis

CLA

JMES

TaD
nca
JMS
TAD
nCcA
JMS
TAD

- ClA

JHs
JmMP

CLL

I MUl
SAl

SA

I DOIFFT
N
QUAN

1 SCLE

N

I GRPH
I CONVL
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