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ABSTRACT

In this paper, the posterior distributions of the -
b . : ,
variance components in the analysis of variance in the one-

way fandomfeffecté moéel are developtd. The distributione,
_first of the effects. endfthen of the error, are assumed to

be unknown but. with the third and.fourth moments known.

fhe Edgeworth Series is ehen used to approximate these pfeb—
ab111ty density fuﬂctlons. Agproxlmate'ané asymptotlc func-
.tlons of the posterlor distxributions are also evolved in order
to prov1de somewhat 51mpl;;1ed ﬁrobablllty dlstrlhutlons to
work with. _
T The effects ofqvarying the;values of the third and
fourth momenfs-are studied through the aid of several computer -
generated examples. | ]

In addltlon, the posterior dlstrlbutlons of regre551on
ceefficients in a restricted case are calculated, again using
the Edgeworth Series. Finally, ﬁhe study of the impact of the
third and fourth moments is carried out here in the seme way

as in the previous section.
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Chapter I

Introduction

We wish to consider two main tbpics.' Firstly, we
M "

' /
examine the .analysis.of variance in the one-way random-effects.

model, that is,

Y =+ a_ + e (1=% ¢2,..-K; J=1,2,...,n), {(1.1)

where y is the jth observation in the ith group, U is a

. . i3 . ]
‘location- parameter, a is the random-effect associated with-
] . i i ' L . .
the ith group and e is thé error in the (i, j)th observa-
) . iJ , | ' |
tion. We will assume that the a are distributed independwmtly
| - | i
of the e and
E(a ) = 0, -
i .
) Q
i3 | e ,
, - )
Variance (a ) = g? ,
i A
- : '\.-‘—i(‘_
Variance (e ) = o“.
ij
We have, therefore, E(y - u}? = g? + g2 . k8
ij . a



‘.
b . . /

¢ [

" The parameters ¢ and oi.are-called-variaﬁce—components
e P 9;

and thc.probldm of.éstimatip? them has beeh,attagked Sy
 many authors - sgé Bross (1950), Bulmer {1957}, Bush
-and Anderson (1963), Crump (1946,'i9SlT;IDaniels (1939),
fishé£ ﬁ1935i,'Green.(1954g'ana Healy (1963), etc.
~In most of these wérks.the préblem was apalyzed from a
sqmpling theory point of.yiew. Two major difficulties
.arose and, in most of £h¢-abové'WOrks, were ieft basically
.mnresolved. One was thel"negative estimated variance"”
problem. That is;'usihg(l.l)and:the assumption‘that
'the a; and the é.. are independent.amoné themselves, the .

1]

unbiased estimator of o ,°
" . a

o
-

g% = k-1 k(n-1), ,
a _n;_ .
- k n - _ \ .
with 54 = L L (y.. - y.)%,
i =1 ] 1 ’
. k _
52 = r n(Y - Y)z ’
i=1
y = L Yy /n.
1 J=1 ij
_ k n
Y = I L.y /nk,
i=} j=1 1ij
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can clearly take on negative values. Attempts have been

\

maae to restrict the value of 82 to a positive range

- " - . . ' - a .
(see, for example, Herbach (1959) and Thompson (1962) .

- In the work by Thompson the author uses a festricted; max-—
imum llkellhood principle and the result is only sllghtly
.~different from the traditional approach using the full
. max1mum llkelihood. However, this approach has the
effect of destroylng the unblasedness'property and very
much compllcatlng the distributions upon which one makes *~
inferences. ¥
The second difficulty using the traditional approaCh

is the sen51t1vxty to departures from underlylng assump—:

_tlonsT Most writers presume’ that the error, €, , and

- -

- lj
the random—effects‘component, a , are normally distributed.
¢ i .
However, Scheffé (1959) has shown that non—-normality,
’ Al . .
particularly in the a_and tc'a lesser-degree in the
i

e.', has a~ serlous effect on the dlstrlbutlons of the -
c;iteria which one useg_to ma e 1nferences about the
parameters in the ohe—ﬁey model.

In an attempt to solve these problems, as well as

iothers that occur, theihayesian approach has been adopted

by several authors 1n recent years. For example, Tiao ¢,

-

‘and Tan (1965) and Hill (1965) developed the posterior

distributions of the variance components under the e

Y -
o] . .



assumptions of normality of errors and.random-effects
;—J -
-

?hd a non-informative prior probability'distribuﬁion.
The advantége of such an approach‘is tbét it eliminateé
the negative estimated variance problem since‘fhelposr
terior probability of a; takes o; oniy positive vaiues.
The difficulty concerning departﬁres from assumptiéns, ”
ﬂowévef, is not solved by this method. In fact, it seems
phat sensitivity¢tb hon—norméi?ty may be incfeaSeé rather
than decreased. ’ . h

The appfoaches‘uséd to analyze .this second"ﬁ
- problen are many and varied. However, the underlying idea
of most of these is the replacement of the narmal distfi:
bution by a family of non-normal distributions or‘By an
approximétion of a distribution which is more generélﬁ
than the normal. In addition, most of the;works piace‘a
heavy emphasis on tﬂg thira énalfﬁurth mcmehts as

measures of non-normality. For example, E. S. Pearson

(1928, 1929) ‘has studied the effect of unif&rsal excess

* and skewness of a variable related to Student’s t. R. C.

*

Geary (1936) obtained an expression for the distribution
,of t in samples drawn from a_siightly asymmetrical pop-
uiation. A. K. Gayen (}949, 1950a) used the Edgeworth

Series to develop the distributiops of t and the variance
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‘ratlo 1n random samples of - any size drawn from non—normal

. . ' . ‘ . 5
C .
v

-

universes. The Edgeworth Serles was lso used by A.

B. L. Srlvastava (1958 1960) to flnd the dlstrlbutlon

of regre551on coeff1c1ents. ‘An attempt to combine the

Baye51an approach’ with a non- normal populatlon was made

by Box. and Tlao (1964) In that work the, authors used

the follow1ng non—normal famlly of distributions to
-]

measure the effects- of non—normallty-on the posterior

distributions: . o | I

. - | 2/(1+8)
£E(y:0, o, B) = k exp (%|y-e] . 3, —e<y<e,  (1.2) \

g

where B is a’ measure" of noh—normality. This approach,

'howevér, has 11m1tatlons. The most seriocus of these jig
that by using B as above, we take into con51deratlon only

nonhzero fourth moments and assume a symmetrlc dlstrlbutlon.

T

The result is that asymmetric (Whlch are obv1ously non-

'normal) populatlons are not in the Box—Tlao family. 1In

-

another Paper, (1362), . the same authors state that they

expect that kurtosis would haVe¢a much greater effeot on the

] 1nference about variance .components than would skewness

'Thls expectatlon, then, leads to the use of (1.2).

However, there 1s no ev1dence ~ either theoret1cal or

practical - Wthh suggests such a bellef.
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.In this paper we, too, .intend to analyze the /

~effect of non-normality on the Bayesian method. In oxder
to be ﬁore“generai; we will use?the Edgeworth Series in
piace‘of the normal distribution. The objectjves'will
be.tq develop the posterior distriButions and, if possible,

r

" the approximations or asymptotic‘expansions (since the

s}
We would like to particularly study the effect of non-normal

distributions will be quite complex and @ifficult to'use)L

values for skewness and kurtosis. We are also Curious about

e
S

the posterior dlstrlbutlons in the special case when 82 is
a

negatlve.

The second main topic of concern to us is regres~
sion analysis. Even though we will spend a preponder-
" ance of our t1me on the ana1y51s of variance, we never-
.theless 1nc1ude this second subject because there is a
strong relationship between the two and also because many
of the formulae deveioped_ln'the analysis of variance
can be applied quite_readiiy to regression theory. Our j
objectives will'oe‘basicaliy the same as in the first |
topic. 5 "

Slnce it w111 play ‘such  an 1mportant role, a

dlscussion of the Edgeworth Series seems appropriate at

thls time. H. Cramér (1928) has shown that this serles'

.probi?es an asymptotlc expan51on of the probablllty
- 2
distribution in powers of n , with a remainder ‘term
. N i '.f L]




Q .
‘of the same order .as the first term neglected. The

- . =A/2
terms of ordexr n contaln the moments U3,Us .-

u . In this paper we shall not go beyond the thlrd
A+2
and fourth moments. In order to simplify tne notatiomn,

we introduce A; and X; where i, = u,/0® and A,= w, /oY - 3.

. #

Thus the Edqewqrth Series we shall use is

St @y (4)
£{x) = ¢dx) — (2731} ¢ - (x) + (A /4!) ¢ (x) +

4

(6) . -x% /202

(101,%/6!) ¢  (x), where ¢(x) = (1//2m) (1/a)e

and ¢(V) is the vth derivative of ¢(x). | |

A very eleméntary ekamioation of the Edgeworth
Series reVeals'that'it is poosible for the Series to
"take an negativo values. In order to ovoid.tpot poéé;
1b111ty, the values of A, and l will be'réstricted
to those whlch produce only p051t1ve Edgeworth ‘Series.
A computer program was composed (See Appendix IIIX)
to- accomplish thls,51nce analytical -methods proved
imp0351b1e (it would ‘have 1nvolved solving a sixth
degree-polynomlal). The results of that program are
presented in the follow1ngjtable (11 and A, take on

values in tenths of integers).

(1.3)



TABLE I

v
r

4 3

“VALUES OF X ~ AND A PRODUCING POSITIVE EDGEWORTH SERIES
‘ 2 2 ‘ ; :

L]

3

b?lueg,of Ao | '_‘ Range of ll-l
6.0 . | ‘-x—.1.1+.1 -
' .1 & = ' -.2, +.2
0.2,0.3 . -.3, +.3
0.4,0.6 | -4, +.8
0.7, 1.2 .  -.5, 4.5
1.3, 3.5 . 7 6, +.6
3.6, 3.8 T s, 4.5, )
3.9 -4+ i
a.0 o -.1, +.1

L4 .

" At first glance the ébove values for A, and A, seem
quite restrictive. However, in a study (published
by’Pegrsbn, 1931) of engineering'data based on thou—‘
sands of'measurements‘at the Bellrfelephone Laboratories;
the estimated A, varied from —-0.7 to +0.9 ana l,'l
f;bm ~0.4 to +1.8. Therefore in actual fact the

values . of A; and A, in Table I are not too restrictive.
Ro TS S -



Chapter II

Bayesian Methods'in the Analysis of
. “ ‘ R
V?riance: Non-Normal Effects
r

]

2. 1 Joxnt leellhood Functlon

In this part of our analysis we shall assume
"
that the e -are normally distributed, with mean = 0

. SN & .
and variance = o?,; and that the distribution of the

a 1is unknown. It is further assumed that the mean of
i ] v

the a = 0, the variance = 62 , El(a 3)/0® = A and

' . . a’ i . .a 1
E(a ~)/cr » -3 =21 . The first four terms of the
1 a 2 q |

Edgeworth series will be used to approxlmate the ///

dlstrlbutlon of a .- All hlgher moments will be assumed///

i

- to be negligible andmki_andﬁAztaken as known constan S.
In the cases where ll'and.lz are unknowp, it may be °

possible to estimate these parameters by using Fisher's

 k-statistics, as suggésted by R. C. Geary (1947).

) _ \)- -~ The distribution of a is approximated by
i <

f(ail=(1//§?f)(1/oa)( 1+A1/3!{ai’/0’a - 3aj/o.}

r

) ., ' 2 n2 'y 2 }
+ xz_/4: fai./a"arj 6a; Vacs 2t 3} +(10/6.)§lf

o {aj®/e®, - 1533°/ o, + 45a;%/c?, - 15} -
S ' - /
exp {(-4)(a;*/0% )1} - (2.1)

;?i | c‘ o i 9



The joint likelihood function is then

; k : ‘
I'(Ur'uzrqz IY)"_“I f caS - T f(Y~.|uro‘2'cz )
a. a a a i=1 ij a i
b k SR

-]

f{a |p,0?,0% )da da ...da
' i a ! 2 k

s 2

. . nk kK n .
b= Sy T oS {L/0) (/2T ) exp {-EL I e,.2/202}
ot % o i= J 3 .

1 j=1 ,
. .' B k R k . . k .
H1/0 ) (L/V2M) 1 exp (=T (2;2/202)} . H{a,)
. : - . 1
o . =1 o i=Y ‘
[
AR . : .
da da ..,da , ‘ (2.2)
1 2 ‘ ' :

.k ' {

where -H(ai) = [ 1+ll/3;(aia/osa__.3ai/ga) + 12/4:.

» v, .2 2 -' 2 ' .5 & oy N .
(a;*/a*; - 6a;%/6%, + 3) + 10X /6:(a;"/a", 15a; /0,

+ 45a;2/a* ' - 15)) -

Simplifying, we have

. Llu, o2, o Iy) {(1/a)u//2‘7} * {1/0 ) (L//ET ) IR

-

exp {- sl/zcz-- §,/2(g%+na?)) - nk(n—§)*/2(0%+naza;}



11 .

Jo H(a)) exp(-(a,-P)?/2Q) da, I/, B(a,)
1 2 ‘ =

. . v ‘ R 4 ) [
exp (- (a,~E, 12/2Q)- da,...f, H(a ) exp(—(ak—PkIZYQQ)dak,. (2.3)
. ) k ' '

P

)

/f;;? ' where Pi = nqza/o?fnaza'(§;—u), i=l,'?tf...,k_,

and. Q = Uzo?a/(q2+naza). Now, . .

- P
I, H(ai? exp ( (ai Pi) /20 Qai

. 1 o \-\\_
= {b: ) 2 3+ b M. +DbME
= V27nQ {b6+bllebzﬂi + b M :. b M;® +.b My } .,

4 - B Q N . . "
where b = 1 +\(3A ) (n2¢* /4! (g2+no? )2 - (15012 ) '

- 0 2 T a “a 1
e | - |

-

(nc® ) /6! (0%+nc? )?,
a | . a =

U
It

(3A )(ﬁzoz )/3!(02¥nozj)2,. , .
' ¥ a a. -

b ='¥(6x;)(n3o* ) /41 (g%+no?

)3 + (4501 2)-(n“g® )/
¢ a - l -

a a

6! (¢24ng? )",
a

il

b = {(-Xx ){(n%:?* )/3!(c?+nc? )?, _
ST a a . -

o3
I

(A) (n*c* )/4!(o*+no?

}* — (1501 %) (nSa® )/
a S 1

a a

N s .
6! {o*+nc? )®,
a




ol

bs =(10}:/6!)(nfo‘a)/(oz+nqza)‘

‘Therefore, : , o ]

ny
¢

¥

: Lu, o, 0% |y = (/) (YZR LR (10, (1/v7m) }E

e
a7

exp{—§l[2az - 52/2(02+n02a)'— ﬁhk(ﬁ-ﬁ)?/2(02+noza)}

| ‘
' k/2

{(27) (0?02 F24ng? . o )
(2m) ta*e® )/(o*n? D} . E, (2.4)
1
where
k - w 7 . -
E= w [f; H(a,) expfH{a;-P.)2/2Q} da.
i=1 3?1 ot * W
~ - - C:‘\
k . : ‘ ' '
= 3 b 4+v- . C e
Py (by*ra) . ‘
[ 6' t . -
where Y = I bM and where the b ‘are defined above
with b .=0, ‘
Therefore
. . Lk
E = bo- + b“k 1y Y. + b‘,k_2 I Y. Y + .
i=1 1 0 i <i .11 lz - .-
- : 1 2
+ L Yi Y3 Y
- ll 1 - e i
11<12<._.<1k 2 7 Tk




| A - "k
bk+pkliz. p Tt (-1 yti"S1 g
o A =17 s =0 1,=1
’ 2
| | L 5
A, — .5. k-2 & 6 A, =1
{ s\ 1) ;71 +b I I b, by I (-1}
! ° Aa=la=1 " g =g
1 2. 1
2 2
I RAg-L s1
p > { (2 ¥ 2] ¥y}
11<12 51 11 S, | 1,
3 6 5 ) A, Az
+...+ b ¢ I .-  bp b ...b, I I ...
® M=l A=l A=l M AT Mg 95,00
k k
n IS, z Ai—§ S;
A i=1 i= i=1" ) .
k A 5,
L (-1) M L. () ¥,
S=0 : 1:<lz<"°<lk' 1 1
- s
Az] > A =k
- y LI Y ( k ] y j -
'~\»J Sa7 1 Sk 1y
e )
. ' \ ’ Alr Az' AC k
let g ceep (S} = X I J..L L
AR, e 51=0 Sz= Sc=0 1;<l,<...<1
(M) 7 S A )‘Sz e (Be) T2,
517 1, s 1.
- C .
c . : -
where L S i=s- Therefore,
E ~ }
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o k-1 . 5
E=b~+b  {b(ug (0) - g (1) +b (p*g (0) - ug (1)
: ' 0 1 1 i I - 2 2

. o

- .
= .
&t

4

+ g (2)) + b (wg (0) = wig (1) +ug,(2) = g (3)) + ...

‘ : ‘ k-2 '
. 3 - ‘ 2
+ b‘(u 98(0) ...+g‘16?)? + b, | {blbl(u 311(0)

A

_ - s, : Yy '
ugnftl) + gxx(z)) * b\bz(u gleO) s 912(1? ¥

: .

. 2. fm_ B
uglz(Z) —gi3(3)) + ..-+psbsgu g“(O)‘ cae +g“(12)]}

+...4b° {bb ...b (u¥g ...1(0) - ...(-DXg ...6(6K))}.
0 1 11 6

3

. - . . . e
Collecting coefficients of n and simplifying, we finally

get:
ek k k-t & 6 6
E=b-+L p¥ ¥ b . » b, by eee
=0 t=1 % A=l A,= A=l 1 T2 i
t . 3
LA.-r
= 1 . t .
b (—1) q ( E ) A -'r)r
At, Ainz - _t .-_—1

£ . .
h = e m . T = i . = -
where gp .. At (§=1A1 r) 0 if §=1A1 | r 0

&
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2.2 The Prior’ and Posterior Distributions of (p,g?,02 )
__a

The selection of the prior probability distribu~
T
-£ion in a Bayesigﬁfmodel normally reflects the subjective

I'4

point of view of the experimenter. However, in this study,
to produce a more general solution, we shall assume that

little is known about the parameters'u, a2 and g% .
: a
Following the lead of Jeffreys (1961) and Tiao and Tan

J

(1965), we take the "non-informative” prior distribution

to be

- r G

f{u, o?,(0%+no? )/n} = 1/02(g%+no? ).
: . : a ' a

Thus, the joint posterior distribution is

. ~{k/2{n-1)+1} ' ~-(k/2+1)
flu,0%, 0% _|y) = (a?) {o%+no? ) E

exp { —31/2027 f52/2(02+n02a)~nk(p-§)2/2(02+n02a). (2.5)

2.3 The Joint Posterior Distribution of'bza and g2

To get the joint posterior distribution'of

L]

‘(aza, a?) we integrate out p from (2.5).

~{k/2(n-1)+1} . —(k[2 + 1)

£lo? , o*ly) = (6*) (6* + ng?))

‘e‘xb ( -5, /20%¢- s /2(c®+na?)) ] f, exp (-nk(u-y)?/

2(o*+nc?;)) . E du.

~
-

~
~
\
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Since E is é‘polynqmial.in powers of y,where the powers
range from 0 to 6k, we need

’

Iy exp {-nk(u-¥) */2(o*+no? ) } uFdu

= T - _r-2p L P // . '
p=0 H 4 (o*+no?,/nk) . (o%+no?* ) 2u/nk -
- r,p--- . a
] . - th,
where Hr o is the absclute value of the p coefficient
rP th ' '

of the r Hermite deynomial and [i/g] is the greatest

. integer less than or equal-to x/2 . Therefore

~{k/2{n-1)+1} ~{k/2 + 1)

f(Uza: a?ly) = ¢ (c?) _ (6%+nag?)
. . : ’ - a
e z _ 2.2 v 2., 2 ' -
exp {_sl/zc 32/2(0 +nag a)} /{c_+n0 q)/nk . 4B . (2.6)
. k 6k [r/a O- _1;__29
where B = b + I L Hr,p Y (¢2+na?_/nk)P
° . =0 p=0 , 2 “
, t
§ bk‘t st 6 : . I Aj-r
% ..« I b, b, ...b. (-1) i=1
=1 ° A =1"A =1 a=1 M ATTTA | "
1 z t
- : - . )
gA;-;A;( E- A;-r) and ¢ is the normalizing constant.

=1
We postpone the calculation:of c until after the

next section.
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2.4 posterior Distribution of oza/o2

From {(2.6) we mak%rthe transformation

w=l1l+ noza/.cz , v =a
‘and get the joint distribution ‘
_{k(n-1)/2+1} -%(k+l) ’
flv,viy)=c v (wv) v/n g °
E. % 1
exp { -5,/2v - Sthwv} ,
. _ / -
| . sk /2"« _r-2p
where B = ¢ + I K Hr,p Y. (wv/nk) P
t e r=0 p=0 )
- Ty . . . “ .
. t .
k - k-t ‘e ‘e 3 : ‘ "ILA;-r 'I
Is c A I ...z Cp Cp_.-.cp (-L)i=L - -
=1 .° A=1A-=1 A=l Ay A Ae® 7 '
. 1 2 " \ I
g (Z A;-r) - °
AreeeBg joy *

c;‘?(311/3:)n51“w"1)3{%4w2)}v‘g} . L

-

c = (—S:Z/QE)n{(w_l)z/wa} vl ox (450112/6:)nt(w—13’ w Yol
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=]

¢, = = A1/3:)n3/2 {w-1)2 py2} = /2,

#]
I

(A2/4!)n2 {(w—l)*/w*} v - (150A12/6:)n2

~

{(W—'l) 3/‘\;5}‘1—2 r

C=Uland'
s o ) . 0

¢ =(10\ 2/6%) n® {(w-1)>/wb} vT? _
'\\6 1 '._.‘

Integréting out v, we have

~%(k+1)  _ -%(kn+l)

f(w|Y)=c/n (w) Ib v exp {“Hkv{81+52/w)} Bldv .

1
?

. , . .. . . l . ' J/z
We can now further simplify Bx-by letting c = Dyv- -,

“ where J = o, 1, ...EG»;nd the DJ_are independent of v.

Therefore' -

_\\&fc X fr/é] x € 6 - & - ‘ _x-2p
B =" + I L- I L L. ...  Hr,py
! ° r=0 p=0 t=1 A;=1 A,=1 A=l

t.

D, (-1} - .
2 .

Ky
>
£ .

G




by

_‘form ~{% (kn+1) - p £ ¥

S(kn+l) . °
Now v . . exp {-1/2v(sl+ Ssz}} B

'is a polynomial in powers of v. The powers are in the

A;/2 }. We know that the quantity
i=1 | DU

in the brackets is positive, since

t A ' * t ' .
I A, >r (otherwise gp ... (£ A.-r)=0
i=p 1= A ]
y | - .
and r > 2p, fTherefore I 'A /2 > p :
i=1 i,., 4

and, of course, %¥(kn+l) is positive. Therefore, when we

\integrate, we shall have terms in the following form:

o -A -G/2v . fa ) '
In v, e ° dv,vhére A is positive. The above

is in the form of an inverted gamma integral and it is

egual to P(A—l)(z/G)a-l .

. Finally we have,

v
e ~1 =X (k+1 X e
f(wly) =cn w : D - T {%(kn+l) - 1}
‘ ‘ //"."“‘-
-, . 1-%(kn+l) 6k [x/2] k 6 6 "6
{s,/72(1+¢/w)} .+ I I I X r ...I
. r=0 p=0 t=1 A=l A,=I’ A=
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. _r-—:2p ’ P k—t . ‘ﬁi"r
Hr,p Y (1/nk)” D D, D D, (~1) i=I"

-~ 3

~

.t
g | (z
e |

" R

A.-r) .. wF I'f%(kn+l) —p + IA;/2 - 1}
b - ' .=ll :

Noet LR

: ‘ e .
o -%{kn+l) + p - EA;i/2 + 1,
{s,/2:(1+¢/w)} . - i=1 _ 1<

. ‘ -

. where ¢ = S,/ -

2.5 - Ccalculation of the Normalizing/Constant
S tBy straightfdrward'integration we find:
o -

A “Yk(n-1)  %(k-1)  ~%(kn-1)-
N o nSl S.z " .2 ‘

P05 (e-1) }T Ugke (n=1) J 05 (k-1) , ke (n=1) }

-

¢k (z/d x° « . s A ?t_rézp
+ £ I ¥ "% & . Hr,p ¥y (1/nk)?
r=0 p=0 t=1 A =) A =1 A =1 .o
. . ! z x

o . ' t .
k-t AT t
D e -1).i=1t . o
P e ¥ ?At( 2= Iny SA, A {Z?l x)

' k/i(n—lj+ﬁﬁ£/2 %(k-1)4p
ns ‘ .5, ‘

LS

S
"Ktkn—l)—p-fhilz
2 =

r

T{%(k-1)+p} T{k/2(n-1)+Z ni/z} HO{%(k—1)+p';k/2(n—l)+£ A;/2)
- e 1=l L . i=1

1

where n¢(m1mz) is the incompléte beta integral

-
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S e/l m-1 m,-l )
(m m ) =lﬁHmmJ I 'ox . (1-x) dx. !
1 2 ' 1 ] . )

Y

If we let A; = ), =.0,the valve of ¢ reduces to the

H¢

=

:Aormalizing constant developed under tﬁé normal assump-

uuﬁipns. prevei,in'humerous examples generate@, it turned
out tﬁat\the normalizipg'constaht above differed by an
extremely smail amount .from the Tiao~Tan cohstant.

| Therefére,from.this point on, when developing the approx-

" inate or asymptotiq formulae for the posterior distfibu—
tions we shall use the Jdatter constant. Howeve;;whén

working out posterior probabilities,we shall use the

true -constant.

2.6 Comparison with Normal Results

Notice that the individual terms in (2.7)
are in the form of a truncated F distribution. ' It follows
thét the probabilitx that the variance ratio‘nuza/'o2

is greater than some constant R is

P(na’a/gi >R) = P{w>1l+ R)

e - v

L N I
= f " £lw]|y)
, " 1+R
= feo I c. f(F.) d F.,
B S : S { _1 T *

e

i are constants  and f(Fi) are F-distributicn

where the c:
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]
functions. If we assume in (2.7) that l = lz = 0, we

get the same dlstrlbutlon as the one developed under
. normal assumptlons. Under normal assumptlons the post-—

‘erior distribution (see Tlao and Tan, 1965) of the varlance'
. . ! .

b}

. ~4k(n-1) « ¥k(n-1)-1 “%(kn-1)
ftwly)l= Const. ¢ _ W . (L+w/9) _ .

ratio is

Therefore (2.7) is in the form of a simple truncated

Ffdistributidn plus correction terms contairiing.ll and

B |
i .
A a ‘
- - " . -
2 . .
N 1

In order to analyze the effects of non-normality
several examples were generated (see Appendlx I for

methodology) and graphed. In general the graphs had-

the following shape.

u



Non-normal Technigue

Normal Theoxy fechnique

2

. : W :
i R L A , - o -

' Fig. 1: Posterior Probability of Variance Rat}o

' -

‘w’ represents the true value of 1+no? /az; It would seem
then that more area is clustered around the true value'
in the non—normal formula than in the’ normal formula when
- the actual dlstributlon lS non—normal. Th;s was the case
in almost all the examples generated. -The e&ceptions _
most llkely arose when the walues of A, and X ‘used did

4

‘not c01nc1de with the values of the populatlon from

L

Wthh the ohservations were drawn. In these examples

- the use of.Xlé~p and‘l2 0 prOVLded a better ai trlbutlon.-

B



when w+ «.(F

.larly the valug of é. -

" uminating to examine the effect of various values of

The behavipr of the posteriqr distribution
when w takes on extreﬁe‘vqlues provides another interest-
ing aspect. Upon examination it is seen that f(wl|y)

“

is in the form const, F. + I const. F, where,
1 T2

=% (k+1) 1-%(kn+1l)
F =w (L+¢/w) ' Sy

and F2 ='(w—1)A §F>11+¢/w)—c, with A, B and c |
beingq positive constants. It should Ee noted that F1 is
the normal—theory formgla while I const; F is thejsumma-
tion of the correction terms. Now, when w+l. Fl+} 'Ez+0:

l+ 0? F2+.O. The effe;é, Qf-course, is that
the correctia; terﬁs ﬁisappear'in the tail regioﬁs of

the distFibutioné. Hence both tail;areé prohabilitigs
were very similar for both techniques. The r?sglts

obtained in the experiments generated concurred with this
v : i

‘finding. It is evident that .the extent of this simil-

arity would depend on the parameters involved - particud

ra

In‘light of the above results it would be i1~}
¢ on f(w]Y), especially when w takes on intermediate
values {and where one finds the greatest difference

between the two techniques). Wheh.¢ftakes.6n 1afge or

’

.ipteimediate values (and\th,erefore_sx is relagively small)

F2 does not disabpear and,hendé,the correction terms
take on great importance. When ¢ is small the results
are s@mewhat different. Firstly, a small ¢L¢p<k-1/k(n-1))

[\
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f&sults in'aza taking on neg#tive values. In addition,
S1 is relatively large. The effect, then,is that 1+ ¢/;
is appgoxiﬁately equal to one (assuming én intermediate
value for w) and S‘/Z'is large. But 51/2 is raised to.a.
negative bower and gherefore approaches zero-as.¢+0.

Thus,when ¢ is Small;Fz tends to be small and (2.7) can

then be approximated by the normal-theory result.

2.7 An Xllustrative Example

i

We have shown in the previous section that the
.tail area probab111t1es of the posterior distribution
of the variance ratio . can be approx1mated quite closely
by the normal—thébfy technique. ~However,1n many cases,
.the experlmenter may  be more interested in the shape

* of the distribution in the central region. The shape

of the distribution is illustrated by the following

example;
| A problem was generated with the Followigg
information : R -
, [
=10 , k=2, .y = 1.2625, Yy =2.878,
. 1 : 2
y = 2.0702% 's = 14.6878 , S =13.0492 ¢= .8884,
1 2 ' ‘
Al= —.5" . lz =‘ 2-5 r Uz = l' ! ] 02 =1'
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The normally distributed e were generated._in the

ij ‘ - .

usual way. The a . were generated by ‘the following
sy . ‘ Pt

procedure: .\3\\\\\a\ceﬁ. . ‘
A computer program éro O thé cumuiative probability
distribution (usiyg the Traptzoid rule) for thé app-
ropriate values of'l_l and lz; Then a fhiee—digit
random number taﬁle was used.in the formnlé

a | |

f  fla.) £ random number - and a was calculated.
—o 1. T 1000 - :

(For example, %f‘;, = X,= 0 and random number = 500,
. then a = 0.) Thén,using the computer program in L
Appendix I{;he posterior'probability deﬁsity wés- u
calculqﬁed for both tecﬁniqﬁes.' The following table
summarizes the results. |

.~

TABLE II
PR ) o
COMPARISON OF NORMAL-THEORY VARIANCE RATIO POSTERIOR

-

PROBABILITIES VS. NON-NORMAYL APPROACH ™~
. . Normal  ° Non-normal
v - 1.253 1.2524
. 005 R : : N . . -
W _ 1.599 ‘ . . 1.608.
.10 ' " ‘
W | : 3.001 - . 3.193
-25 o . : T
w 7.250 7.467 .
.50 ‘ . o ) , . -
w 20.112 ) 20.330
.75 | . - o ! |
w _ _ : 46.989 : 47.051
-90 , ‘
W N 71.651 71.639
.95 : . T

»
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-

Notice that the.tail area probabilities wefe a;mostlt
_identicai-fof both methods. The largest diffegrence ;x;
isted;in the range 5 < w < 40. The tfue‘yalue.of W was
'equal to 11. The meaﬁ,,ﬁhe median and the mode were all
apprgximafely equal to 1l for both the normhlfénd non-— '

. normal techniques. Hoﬁeven'thé non-noxmal apprqach
produced a posterior @istfibutihn which was sharper and
narrower. When using the Bayeéiaﬁ.approach,a sharper,
narrower distribﬁtion implies‘é‘more certain conclusion -
a result which was entirely e#pected_sinﬁe more informa-

-

tion was being utilized.

2.8 Posterior Distribution of S,/of

From the joiht posterior distribution of
42 and oza t2.6),we-again make the transformation

8 = 8,/02 and p = 2no"a/s2 . \
The joint posterior distribution of § and p is
]

1

~{k/2(n-1)+1}

o 3 ' L (k+1)
fSG,pl vyl =c¢ {81/61 ' {1/52(¢5/1+5¢5D)} Y -
: . —8/2 =S,/2 .{L1/5,) (65/1+}%36p )
5.5,/2m8 . 8. e 522 /S3) ($8/1+%46p )}, ]
. 2 - . (2.8)
' x sk[x/2] k ¢ & .8 o ;r—2p
wvhere Bz= h +% I ) I I ...&L H:,gﬁ Y

© x=0p=0 t=1 A,=l A,=1 A1
N | | -p k-t .
(1/mk)((2/5,) (46/10080) )~ B By By L.ihy

e

P—
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+ ’
. - Lps-r
1 o
(-1) =1 g (fA-—r)
] A;_Az..-At i=11

gﬁd h=1+ (3k:74!)(052?2)2{(l/82)(¢§)/1+¥6%D ) }?

-1501 276! (0S,/2)% {(1/S;) (48)/1+%080) )3,

' - 2 o _ . '
'h, =(31 /3! In- (pS, /2)2 {0 1/5,) (98) /1+%66p) }2,

h_ = (-6A_/41) n (pS, /20 ((1/5 ) (65/1+%68p) }* +(4501 * /61) .

n

. n§b52/2) P {01/s ) (48/1+%08p) 1t

b= /307 (es /27 1/ (es/1enese)®,
| | | | e
ho= (A /#1)n% (ps /2% ((1/5) (¢8 / 1¥ipp) )}

.

:(—150112/6!) nchszfz)’ {(1/8;)(¢5/1+%°5° )}’. -
‘m =0, and | | - o
h = (101 */6!) n’ (oszfzr’ {(1/szj(¢a/1f§¢sp) | B

To get the posterior distribution of Sl/oz_we integrate

“out p from(2.8)to arrive at B Coa

)

£6ly) = £ £6,00ap
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To simplify,we make the following transformation in (2.8)

x = (4} (¢8/1+%¢6p).. Therefore,

o 68/2 R : ~{k/2{(n-1)+1}
f(GJy) = f° - c (L/x%) (51S2/2né%) (S,/8Y _ :
K (k+1) -5/2° -x
- {2x/S2) B, e e dx (2.9)
. . ;“
 where B2 is defined above and
h = 1+ 30, /41 (1-2x/68 )% - 150\ /6! (1-2x/45 )°,
T 3
h = 3Al/3:~(2p/s?) (1-2x/85) 3/2 Xy
h; = (~61_/41) (2n/5 ) (1-2x/48) 2 x + 4501 2/6} (2n/5 )

LY

(1-2x/68)° x,

& _ 3/2

7(7A1/3:)(2n/sz)’/2.(1—2x/¢5) x"/z,

-
it

h, = X /8! (20/5 )7 (1-2x/48)% x* - 150X /6L (2n/s )%

L
(1-2x/¢5 ) x2, ' >

[L]

h‘--="0;, and

L~

hH = 101 /6! (2n/82)’ (1-2x/$8) *x3. -



Therefore,

' ' 3 (k+1) —{k/2{(n-1) +1}
£(6ly ) = c (s 5 /2n6*)(2/5)) . (s , |
../—\ .
'k/2(n-1) -1 -5/2 $8/2 Y(k+1)-2 -x
3 e T X B e dx, (2.10)
‘ 0 o 3 3 - ‘
k : 4, d;
where § = I k!i/d !d '{d ! (h ) (h )
W 3 daad 2 3 o1 0'2
o1 o2 3 ”
. 2a,+3d, * ¢k [r7d x , ¢ ¢ ¢
S (1-2x/08) + I I I . E £  ...E
- : r=0 p=0 t=1 A,=1 Az=1 At=l
2 2 2 _r-2p p -p
A I ...E Hr,p ¥ (1/nk) (2x/S )
Li1=1 Lz=1 L.=1 . 2
S : 5
k-t b, b,
x -t)!/b b !b ! (h
= E b b\El{ € /bl bz b: ( 0'1) (ho'zj
1 2 3,
_ [
. 2b,+3b, . I, % lf(nihj)
(1-2x/6) hy ;o Bap ---hp o (1-2x/¢6) 171 j=1
: 171 2 2 tft
t _ t
LA, /2 IA;-r .
wi=t il gy, agn
- 1.2 "7t di=1 s -

andh . = 3X 74!,
o 1 2

0
’

h - = -150Xx+2/6! ,
2 . 1 ‘




‘h = 3A /3¢ (2n/s ),

h . = (=6 /4!)(2n/S )
2 1 - 277

T
T

h =(450)% 2 /61) (2n/5-),
.2 z. 1 2

F—

(-1 3!)(2n/s )3/2,
1 2

=o
i

h Y= L
3 2 .
h = (x /4% (2n/5 )2,
L 2 T2
4]
= _ F 4 ' 2
'h~'i ( 150;l /61) (20/s )
h = 0 ’
5 1
h = 0:
5 2 .
r
“h = (10X 2/6!) (2n/S )2,
"l 1 2
: Y
h = -and .
& 2 o

" £(0,1) = 2,

Y

’

Fad

g

31
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£(0,2) =3, P

£(1,1) = 3/2

£(1,2) =0, _
Sf(2,1) = 2., .

£(2,2) = 3,

£(3,1) = 3/2,

£(5,1) = 1, * | | \

£(5,2) = 1,.

£(6,1) = 3, .
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T Ton—s

Now thc integral. part of ™ TH4]y) is of the form

o
Tt
T —

$8/2 . A . B ox TTe—

L I° const. ({1-2x/¢6) x e cdx

Consider  2x/¢6 = 1/(1+%¢Gp)- Since E¢dp = nqz'/cz,

. which ranges from 0 to =, 1/{1+%$dp) ranges from 0 to 1.

Since Béﬁp = noza/cé,which ranges from'o to = we have
1/(1+%46p) ranging from 0 to 1. N
Consider (1—2x/¢6) . Slnce A may not nece-
ssarlly be ‘an 1nteger, it is p0551b1e upon expansion
to have an 1nf1n1te $er1es. Howeven since 2x/¢6 is a
positive fracti ﬂ between 0 and 1 we can approxlmate

(1-2x/48) by the flrst [A] terms of the b1nom1a1 S

expansion -{y)here [h] is the greatest integer less than

- - ! . . .

or equal ¥o A). That is:
R

A S .
(1~2x/¢8) =1 - A (2x/$8) +(A(A-1)/2) (2x/68)}2 + ...

- Therefore the integral part ofuffﬁly)‘is o

) $86/2 c -x
r s . const. X e dx,

T s f
il
¢
[} o .
N il . ’ . . . >

Al Ed

' .
[ . . - a

which is in the form of a sum of incomplete.gamma in-

tegrals.
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S - 34°,
: W p-—l' - : .
Let Gw(p) = 1/T(p) fﬂ X . e dax. -
| k- | ~ [2a,+3a,] a d,
thus, E(§]y) = E k!s/d ta ta'! k " h 'Yh .,
. dldzd3 1 2 -3 - i=0 . .ﬂ'l 0".2 -

-i L ,
£ {k(n-1)-2i} T(k-1/2 + i)/T(k-1)/2 T{k/2(n-1)-i}/

(-$)

. . ‘ & |

r{k/2(n-1)} e { (k- 1)/2 +il/ H {(k- /}Jfﬁ/.,_.u

' . T e8/2 ; $ k v AN .
‘ R ARGy Tr*

| - ek &1ﬂ k AR S O

{ 2a, + 3d: ) + I X L I ... L I ...

' i ~ r=0 =0 t=1 A =l At=l L=1

- N
v z . .
w T
1 ’ - .
. r

2 k-t °  [2b,+3b,+I E £(a,1) . _x-2p
r ., E - ~  Hr,p X 7
'L,=1" bbb  m=0 ;
1.2 3 2 s
3 1 b o ‘
‘ i I A.-r -
) P - ,’@h* . . b i=1 *
(s /2nk) h -Y n 2 (-1)
0'1 0'2 .
. 4 -
g (z A ~r)2b {3b +ZLf(A,L) (-¢)
A ...A i-1 1 m )
1 .
£ {k(n-1)-2m} F{(k~l)/2 R P{(k—l)/z}
5 : ‘ TS N
. .
r{k (n-1)/2-m}/r{k(n-1)/2} G [(k-1)/2 +. ¥ A /2+m}/
: - d8/2 _ 1=l i
B {(x-1)/2, k7/2(n-1)}, ) (2.11)

[N L "
" .
¢ - . .
. . 3 - .
. N



- S

where £ (n) is a chi-square distribution function with n
. 5 e d
degrees of freedom

%ug“éféhdéing the Tiao-Tan constgnt).
‘The expression of the distribution of & in

(2;11)15 not:very useful as it now stands. We can apply
£wo différent'mgthods of abproximétion;‘ For bdFﬁ we
need to develop the expres#ign for the fth moment and
for the_second we need. the mdmeﬁt,generating function.

Consider £ (n) . G (Y} where f(n) and G v) 7
- S $8/2 s ¢5/%/

Pty

arxe defined dbove.
: ! , X x
LTS E M 2 6 (y) ds
° 8 . ¢6/2

can be shown by straightforward integration to egual

- . ~
: -

1

r o - .
"2 {r(w/2 +x)/Ttn/2)} 1 (v, n[jz + x),
- L . ¢ v
: © ) 6t ‘
and S e £ (n) G . {7)
° 6 48/2
T =wq - ( . /2) (i-2t) /2 R :
= Y N/Z - - .
e/1-2t : g le] <% .
Since (2.11) can be éxpxessedas'ZC f(n) .G {Y),
L d & ' ¢6/2
fﬁeahave,‘ '} 4T |
R .k K - [a;+34,] di . a,
E(6) = £ = k!fd'd'd:'!® % h h
d ad 1 .2 3 i?O - D'l o 2
1 2 8 o : : ' ’
. ¢ f
—i 8 : n .
(~¢) (2a,+#3d8,) 2 ri{k(n-1)/2 -i + R}/ T{k{n-1)/2 - i}
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P{tk-1)/2 + i}/T{k-1}/2.  T{k/2(n-1)=i}/T{k(n-1) /2}

-—

i { (k-17/2 + i, k(n-1)/2 -i + R}/ H {{k-1)/2, k(n-1)/2}

¢ 9
- sk /2] k ) ¢ 2 2 -
. + Z z Z z a - s e E * }: e z x N
r=0 p=0 t=1 :Al:.'l At=1 Ll._l PR _7Lt=l bxbzba
. v ‘
[2b1+3b2+22f(A,L)] .. _r=2p T P b, -
L ' . Hr,p Y. (s /2nk) h g
m=0 - 2 , ot e
# ‘ ¢,
. . a . -
h ' (-1)i=_ an o« (LA.-x) .
0.2 - . e "’At j=1t Lo
s : .o b \ - _ _ -
‘ . -m ' S B
( 2b,+3b,+ZE£(A,L) ) ~(~¢) T{(k-1)/2 + EA;/2 + m}/ ,
m ) . - i=1
A ‘r; . . . . ) - R I],___L_ 7
. {k-1}/2 r{k(n-1}/2 -m}/f{k(n-1)/2} 2.
i ] {", ’ . .
.I‘{k(n-l')“/z - m + R}/I%’ k{n-1)/2 - m}. H {(k-1)/2 +
{t _ . ) ‘
IA;/2 +m, k(n-1)/2 - m + R}/ H { (k-1)/2, k/2(n-L)}, (2.12)
and the moment‘generatihg function S
) kK . i [2a +34d] a ‘' a
M (t) = £ ki/d !d td ! T h ! h 2
§+ adad A3 =0 °, ' L9,
1 2 3 : :



s]

»

37

(-9) (24,+38,})  ri(k-1)/2 + i}/T(k-1)/2
1 ' . . - - " K
F{k(n-1)/2 -~ il/T{k(n-1)/2} H - {{k-1)/2 + i, k(n-1)/2 -i}
) ¢/1-2¢ | ) .
: . S ~{k(n-1)/2 = i}
/i {({k-1)/2, k{n-1)/2} (1-2t) '
. ¢ ’ : L ‘
ok k2l ke e s . . ke
+ I . I I ...E I ...E z
F=0 p=0  t=1 A=1" A=l L=l L=1 bbb
[2b1+3b,+LLE(A,L)] _r-2p p b, b,
!)3‘:0 - Hr,p.Y Q .(SZ/an) ho'1 : hulz 3}
t - . L]
Ihi-—r' t .
(-1}i=) . g, (ZA;-r)  ( 2b,+3b,+ILf(A,L))
o _l'f- toi=1" E m
Q
-m t o _
(j?) - T{(k-1)/2 + EA;/2 + m}/ T(k-1)/2
] o . A=1
| . .
r{x(n-1}/2 -~ m }/ r{k(n-1)/2 .. H {(371)/2+2Ai/2 +m,
- o  ¢/1-2t =1 |
o o
- ' | o o ‘
k{n-1)/2 - m}/ B {(k-1)/2, k(n-1)/2}
 ={k(n=1)/2 - m} @ - -
(1-2¢) ' lt] < % . - (2.13)

/

‘—.‘ . - t-l .

o
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s To obpaip the approximate distribution of
§, we can.firstly apply a very Simple techniqgé. If
we can calculate the first rimomehts from (2.12)and ;
tﬁgn pl&@ them iﬁto an.Edggyo:th sgriés, we can be fairly

confident of having a functidn’reasonably cloée_to the

true distribution. The second approach‘yould be some-

what more complex. If we anglyze the terms of (2.117

- We see that each is approximately a chi—square vgriable

fﬁnction. What we shall now do is examine the moment

generatingafunction to §ée how close that assumption

is. The_studf of M (t) takes three forhs? ll-when

.¢ + o 2. vhen ¢ + g and 3. intermeéiate values of

. . . : _ :
When ¢‘is very'large,”it is clear that both

$/1-2t+4 and ¢/1+¢ are close to 1. Therefore; hoth

/o
H - { Aa,B} and H {C,D} are close to 1. Also the
$/1-2t & ~i -m '
presence of the terms (-¢) and {~¢) reduce M (t)
' -4
' to the texms when i and'm = 0.° :
Thus‘in'this case ~
~k{n-1)/2
M (t)"ﬁ I c, (1-2t) .., vhere the c; are independ-
. _ ,

‘end of ¢, t and §. Therefé?p,the terms qf the distribu-

tion of § tend to a chi-square function with k{n-1)

degfees of freedom. . - N
' -~

Now, when ¢ tends ta zero, we can show by'apply—

- - \

o
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~ing Lihﬁpitﬁl's rule that

-

B { (k=1)/2 + 3, kin-1)/2 - i}/8 {0-1) /2, kin-1)/2
$/1-2¢t o - S {a

. : . N \

i ~kn/2-+ 3/2
=4 (1-2t)- A | and

1 T (k-1) /2 + IA;/2 + m, k(n-1) /2 -n}/H {(k411/2, k(n—l)/z
- $/1-2¢ . b .

o+ w A o‘

EA;/2.+ m " —kn/2 - TA;/2 + 3/2.
= ¢ : (1-2¢t) |

“na-

-3 .
and (~¢.) affect

Again the preseﬁcg-df-(—¢)

fhe-functibn._ tle can now reduce M (t) to the terms where
L ' , K
EA; = o. Therefore ‘
- ’ ~-kn/2 + 3/2 .
M (t) =L c (1-2t) ' R _ : oo
) 1 A ' o

1

are independent-of‘¢, t and §. There- v
oo R . :
fore, the terms of the distribution of § again te

- where again the c

- the chi«sqdare function now with kn-3 degrees of
hY " .

dom. That is,thé same as the first case, but with k-3
additional degrees of freedom. . This result- seems-to

indicate that when Sl,(the within group sum of squaﬁng-.
' _ N . 5o
is much largef/than Sz (the between group sum of squares)J‘

! y » - ] ‘ . - ’ ) . ’
‘We should again base our decision on_slalonegbut with e

degrees of freedom ' increased to kn-3.
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Both of'thé above sresults are interesting for
another feason; In the first case, when ¢ is lérge
) ghich impiies'sé much greater than S;, thé unbigsed
estimator of a‘a will be based mostly on S, and there-
fore will be rather lafge_ébmpared to the unbiased est-
imator of oZ. The implication of the above results is that
the corrective terms will be negligible and. thus, this method
revérté back to the nbrmal-théory assumptions developed

.- By Tiao and Tan. This assertion is born out by examining

the moment generating function. ’Ih this case

"

-k({n-1) /2
M {t) = I c (1-2t) - _

) "1 , _ | . X

\ N N
k(n-1)/2 . | N 5 \/\\
= (1-2t) B - j
. 1 1 ::",— ) Ve

. . .
It is clear that L ¢ = 1 since if we integrate (2.11)
| 11 : . =k(n~1) /2
over § we must have unity.' And M (t) =- (1-2t) :
- : . 6

-

is the same result obtained by Tiao and Tan. .
In the second case when ¢ is small; that is

S;$>sz;62a: will be negative. And the.mbmgnt—generqting

[§

function is -
{ ~kn-3/2 ‘ . : .
M (t) (1-2t) ! ¢ ,where again Ic = 1. This
5 - . 1 1 ‘ b1 -
Ay ' .. . - !
{,xesul implj that when 82a is négative; it suffices to

- . N . / .
use the distributioq of § developed under the normal

assumptions.

sl
—
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Continuing Ulth our dlSCUSSlOR of the effect

il

of dlffcrent values of 9 on M (t), we note that even for
intermediate ¢, we have an agproxlmate chi—square func—,:
tion. This can be seen by not1c1ng that when k(n~1}/2 —‘1
- and k{n- l)/2 - m are large, then '

. ‘ \ =
1 {{k-1)/2 + i, k(n-1)/2 -i }/H {{k-1) /2, k(n-1)/2}
$/1-2t o $ '

-]

and H {(x-1)y/2 + ZAi/Z +m, ;K(n—l)/Z -m} /
¢/l-2t . l f ; .

(k=11 /2, k(n-1)/2}, N
& .
for t in some interval (-4,4), are very close to unlty.
(Slnce i and m can be as high as 3k, n would have to be
qulte 1arge). The:efdfe,agaxn we have the terms of
£(8]y) tending toward chi-square functions.

From the above we can suggest that the individ-
ual terms of f(ély).might-best be_épproximated by\g
scaled chiﬂsquare function af(x b) wvhere a is a constant

and b are the degrees of . freeﬂom. That is,

. \
“£{8[y) =L e a f(xzbl?.

1 1 1 "‘»\
‘We can solve for a “and *b _by equaﬁlng the flrst two
- 1l 1
moments of the terms of £(8]ly) with those of oA
Ic a f(xzb ), as follows: . .

1 1 U 1



Therefore,

a;= {kk(n-1) - i+ 1} H { (k-1)/2 + i, k/2(n-1) - 1 + 2}/

(0] .
o

1-

H {(k-1)/2 + 1, k/2(n-Y) - i+ 1},
¢

k} = k(n-1)-2i/2 n {i(k—l)/z i1, k/z(nfi) - i+ 1)/

S&F

%, LA, T

1.

U%k(n-1) - m + 1} B { (k-1)/2+IA,/2+m, |

° .

N

H {(k~-1)/2, k{n-1)/2},
é

&

¢ .

k/2(n-1)-m+2} / H {(k-1) /2+ZA;/2+m, k/2(n-1} -m+1}

- (k(nl)-m)  H {(k-1)/2+ZA;/24m, k/2(n-1)-m+1}/

¢

H {(k-1)/2, k(n-1)/2 and

¢ .

k(n-1)-2m/a  H {(k-1)/2 + IA;/2 + m, k/2(n~1)~m+l}/

¢

H {(k-1)/2, k)ztn-ll}-'
s o



43

' 2.9 Posterior Distribution of 2no?,/s,

- N

‘I . ’ ’ ' -

If in the joint posterior distribution of
p and 6§ (2.8) we make the transformation T = §/2,

then we have
?

£lp) = 1/ T {(k-1)/2}r{k/2(n-1)} B {(k-1)/2, k/2(n-1)}
' . ' ) $ o
 k/2(n-1)-1 -1 -
T e B :
0 ) [ -
where Bhé_ -
<
k " -d d 2d +34
E kifg@d@d h’ *h 2 51z
. ddad . 1 2 k] U_'l B 0’2 .
. 1 2 12 : .
"h ' ! (p, T)
\\\ (k+1) /2. + 2dl+3d2
T ek [r/2] x 5 v 2 2 k=t r-2p
+L ¢ 1 L ... I ...I L Hr,p Y. .
r=0 p=0 t=1 A =1 A =171 =1 L,=1 bbb v
. 1 t 1 1 2 3
. £
" h h «esh {-1) ;=
(Sz/ZnE) , ho 1 ¢ 2 A LiTTTAL Ly M i
- ’ ' ’ : . ’ -
t ’ - - -
=L A /2 + 2b 4+ 3b + LIf{(A,L)
. 3 t . i=l i 1 2
g . (£ A -xr)p
A R | i=l i 'A . ] 7 )
1 t o N

-(p,T).4 T (2.14)

h s o
(k+l)/2—p+2bl+3b2+22f(A,L) ’



- '
where
h =
~. 0 1
- ’
h =
0o 2z,
[ 4
o, ={
1 1
r
It =
2
r
h. =
L1
' N
h . =
2 2
- r
&-
h =
3}
h =
3 2
r
. h -
LY 1
r
‘h -
» 2
’
h s .1
r
h =
5 2
r
h =
6 1
r

. 'r 2
~150) */61,

32 /4%,
2

§
W

X
3\ /3! (2n/S))

(-6} /41)%20/8,) ,

*

450A12/6!(2n/32),

_(-Ai/ai)(zn/sz)3/2,'

_ -
0,

-~

' 2 4
A, /4t(20/5))%,

-150% */6t(2n/s)?
0

0, | Lo

100 /6! (2n/5)*,

[”
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b “ .‘

E]

£(3,2) =
cta.ir -
' .f(-4,2) =
D £(5,1) =
f"(.é.-zi =

45
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!
(=]

. £(6,1) .
£f(6,2) = 0
: S
. _ V. . .
AN | " and “ 3 - _ . o .
4 - . ‘ ' - i
, ' . -%(a) . -
o ‘ T le T = { (M + p) exp {-1/1(¢T)’ +'°}'?“1
. , - aG
T . ) . '7- 1
The posterlor dlstrlbutlon in (2;14)15 def}ned
. over the’ range 0 to « and hence there is no negatlve
estimated variance problem. However our problem is _
-making any inference from the rather complicated func-
tion. We shall now simplify it. . o M T
" The moments of p cam be expreeSed as foll-
/ OWS:
. . X R :‘_ “ . . . . - . ',
e E{p ) = 1/[H {(k:1)/2, k/2(n-1) }T(k-1)/2 T{k/2(n-1)}]
<f _ $ , . - o
ko d d : .
> k!/d 'd !dd h 'h - 2 S -
ddad L L S
~ 12 3 : y ' ' ‘
R+2Q +¥3d, | , D T .
‘ (R+ 24, +3a ) (-¢) ‘ | )
1 2 N . :
k1) /2) “R+1, k/2(n-1)-1}T{(k-1)/2 -R+1}T{k/Z(n-1)-1)
ek [r/2] s ¢ 2. k-t " r=2p
.,-‘\ - + E ) E E . z . --.oz "X - w I: z Hr|p§

__r—O p=0 =1 §1=l ,Atzlp:=1‘ pt:; ?1bzb:



(S./z k)p . bl N bé . IAi—r
n | h ...h (-1)._ :
2 0,3 0 2 .ﬁl'Ll At,Lt i=1
In,...0, (ZA =) | S
t J_ 1 " A : \:’ . |
. - T L e & R - i
- B : . " ¥ 'quﬁﬁ k\{j : '
R-EA;72+2b1+3b,+EL£(A,L) = -1 e | '
z - L (-¢) (R Zp /2.4 2b,+3b +z£f(A L))
1=0 . T : T i=1t 1
t kN
O H { (k- 1)/2—-P+m /2 <R+ 1, K/2(n-1) - 1}
é il
) . . A
t
| [‘{(k—l/z - P+ Xil/z - R+ 1} T{k/2(a-1) - 1} . (2.15)
D o iz

e can apply fhis formula by plugginge;he mo-— i
ments into an Edgeworth sériég. However, (2.15)15 res—
tricted to tﬂe case where (k-1)/2>R: ‘ So if wve want the
‘first four moments, then k > 10, obviously putting the
usefulness of this method in doubt. |
Anothet technique would be te use a similar:'

ﬂapproach tdﬁkhe one developed und=r the normal assumotlon

and arrive at an asymptotic expansion. The expression

2

w k/2(n-1) -T . ‘ - . L
IO'T e ha (b'“T) suggests that when”k(n;l)/z

3

is large, we can write

&
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‘discussed in;Jeffreys and Swirlee (1956).we can use
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» k/2(n-1)  -T | . - |
ST . e hu(e, ) = hy (p; 2) T(z+1),
where z = k/2(n-1) - 1 is” the ‘value of T which maximizes

k/Z(n—lz—l =T

the factor T e . Following the method

‘this quality as follows.

v

For fixed p. the fdhqﬁion §9(p,T)is anﬁlytic
in 0 < T< o | Using Téylorlséheorem, we can expand
hn(b.T) around z, 7" L // ' -
; § ) W
o k/2(r-1) -r . = .
¥ hn(p,T) T e 4ar
[ ;
e (x) r oz =T
=f L 1/xr: h (p,z)(T-2)- T e dT
¢ r=0 A .t :
e (r) f o r -z =T
= I~ 1/x! h Ap,z). S (T-2z) T e 4T,
r=0 A o :
A ‘ - . |-
: o . ' -1 p
- where _ﬂd (p,z) =exp {(-(A "' +p) "'} 2 +p) ’
A : :
hA{‘)' (p,2) = —z=' t (p,7) R (A,

A A ’

T oA
—

(0,2 = +z 72 19 (o) (R, () + '2R;&_-m} :

B\ (p,2) = -z 1 (p,T) {R (M) + 6R (M)+6R (3}
N A - Z2,A 'I'A

A A 3, )
b RS _ {

“
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W (p ,2z) = +4z2=* B (p,T) {R _(+12R _(Aj+36R  (A)
A A l.'A ' 3,A 2,A

: J
+ 24R1,A{” }

where ) = ¢z and " -
SR oA = (L+ap) (A7 +p)~')~A},
, nzilli) = (14+xp) 72 {( A~ lep)—2-2{A+1} (A~ t4p) ! +g(h+1)},
B2 0 U ) ) ~
P ' /‘-2.
RS = (14xp) 73 {(X —P4p) 72=3{A+2} (A"14p) ~2 ¥3 (A+1) (A+2)

- ——

T A

(A" 4p) Y —A(A+1) (A+2) ),

R '(A) = (1+xp) "M { (2 "’+p)""'-.4{2\+3}(A"-!-p’)“’ + 6{(#%2) (a+3) }

"O_rA
(T 4p) T2-8{ (A+1) (A+2) (A+3) } (A7 14p) 1 () (A+D)
{A+2) (A+3) } . .
. . (x) -x. \
_ For fixed i=é¢z, h (p,2), is of order z . ‘

' . o . | N
From the relationship between the gamma distrxibution and

. the norﬁ@l distribution, we know that
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s r z -x , o
fn x-z) x e dx - 1s a polynomial in z.of degree
F ’ 7/ . v
Js(r-1)] ,where [A] is the smallest non-negative integer
greater than or equal to A. Therefore
.0 5 l‘
o ' (x) o T z =T
I {(1/x!l} h (p,2) S (T-2) T. e d t -
r=0 A ‘ °
= W (p,z)z! + WY (p,2){ (z+1) ¢ —zz'} + 5D { (242) ¢
A A ' A
- . . \

-2z (z+1) ! + z2z!} +h®) /6 {(z+43)! — 3z(z+2) ! +322(z+1) !

< - o A : v
l\l I ‘ .
+z3(z1)} + hY/ 24 ¢ (2+4) ! -42(2+3)! +6z%(z+2) !
A *)
o c —-42’(z+1)." + z%z!'}
. . ' . | - (2.16)

Subsfituting in the values for hw(p,z) . H2) (b-,z)
. . ) <~ A - A -
L
(/u " H® (p,2z) and h(")(p,z) and Simplifying, we have (2.16)ei;uarl to:
, A ' A . ’ '

210 B (p,2) -z~ (p,2) ® AV 271 H%p,2) /2 o
‘. A A Le A -
| \ ' .
- —2.{0) " -
(R, a0 + 2R, () + 2 hln (pe2) (R, (0 + 2R (N)

L4 r
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L] .

-z725/6 h%(p,z) (R (A) + 6R
A 2

A ) A(A) +6R17A(A))

’ r

- ,.. h . : l . )
+z72 3724 1O (p,z) (R \) 4+ 12 + 36R 24
2% 3/ N (0,2) (R (M) + 1 Ra’étx) NG R )

b

+ 0 (z7?) }

-~

| - —. ' N | | . o .
) \\\\\\_E:/z. {hA (q,z?.{1+1/z RZ'A(A)/z + 1/z. (R"A(l)<8

+2R_ () /3 + R (A /2 .
'_]l 2. A

+

e

£ ! : . /y
Also H {(k-1)/2, k/2(n-1) } S '
¢ ; -

- | ‘ C e/1%¢ . K(k-1)-1 . kk(n-1}-1
| =1/8{(k-1}/2, z+l} of x (1-x) ax

If we apply the transformation Y = x/1-x, we obtain

= (k-1)/2 -1

H {(k-1)/2, k/2(0-1)} =  1/8{(k~1)/2,2+1} [ ¥
¢ o y
 =k/2 - X -z
(1+y) (1+Y) ay .
. » H
' prlfing the transfo:mation T/z = Y, we éet o
A s | x/2 - 372"
H {(k-1)/2, k/2(n-1)} = 1/ g{(k-1)/2, z+1} ITZ iz /232
& _

-k/z -k : - . '
(1+T/2) L (1+1/2) ar/z . S
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| -k/2 + % A (k—é)/2 - -{k+1) /2_
= z C/8lk-1)/2, z#1} ST (1 + 7/z)

. Qz eﬁp_‘{ log (1+T/z)} dr/z _ T
! N~ ) e . ‘ \-\l
/2 4% o L A (k=3)/2 ~{ (K1) 72}
=z - /8{(k-1) /2, z+l} f& T, (1+T/2) - .

‘ ‘ S
~Z @xXp { ldg (1+T/z)?‘ ar

K2 vy . A k=372  -T (k1) /2
z / 8{(k-1)/2, z+1} [ T e. {(1+T/z)

1

i

exp { T2/2z - T%/32% + T/42” ...) } 4 T.

If we apply Stirling'S"formula to B{{x-1)/2, z+l} and i

expand (T%/2z - T?/32z% + T* s 4z?...) in powers of z 1,

we obtain for fixed 1A,

'H { (k—i)/zq z+1l}= G [}k—l)/z + 1/z A{(A)'+ 1/2%
@ . A -

A # o),

where A (X) =g [(k-11/2 %{50+1A-A2Y,
: A

l

AZ(A) = g

(k=1)/2 1/24 {1/91(3k’-5k2-1ik-3) -%A2 (9k2+8k-9)
S . | . _

$4)3 (9K£23) 32" ),
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and gék—l)/z = G (k-1)/2.

Therefore

£(ply) = 1/{r((k—})/2)r(z%1) G (k—l)/2+1/zAl(A)+l/zzA (A} }
. - A 2 }

Q

g g * a a 2d;+3d. - -
ki/d 'd !a : RN 2 -
/ 1727 s hn . hu , . P - exp{-(X +p) }

d d i ,

~{(k+1)/2 + 2@ +33 } ~ ‘
o 2 (2! 1+1/2z R \))

' '2.(k+1)/2+2d1+3d

. : 2

- (A" 14p)

~

+ 1/z2 R

(\)/8 + 2/3 R 4 113a (3}
L, (k1) /2 +.2d‘+3d2 ,(k+1)/? + 2 l+_ ,

(x)

+ R :
2, (e1)/2 + 24+ 3,

sk [c/72]x "¢ ¢ 6 2 R S _xr-2p @
+ L L E L es. I I ... I Hr,p ¥
r=0 p=0 t=1 A =1 A =1 L =1 L=1bbb
1 ! t 1 2 3

‘ P. bl | b2 fhi?r .
S 2 . ) o-.h = _1 3 = “-—
‘ 2/ nk) ho 1 ho)z hﬁle AtLt( .)l“l_ gAt..At;zg} F)

r

Fr. /2 4 2b‘+3b2+22f(A,t)

pl"‘l exp{ —(x—‘l'}'p)l_l} ;’

-
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—{(k+1)/2 fD+2b!+3b2+£Ef(A,L)}

(A )
2 ! {1+1/2z R , . N ;
D | ' T (k+1Y /2 -p+ 2bl+3b2+ZEf(A,L)
) :
+ 1/z* { 1/8 R - ‘ (1)
‘ e (k1) /2 - p +2hl+3bzfz;f(A,L}
+ 2/3 R . : . (2)
3, (k+1)/2 -P +2bl+3bz+22f(A.P)
- &
+ %R ) |
2r (k+1) /2 -P +2bl+3b2+22f(A,L) . (2.17)

]
-]

Tlow G.(fk—l)/2+lyz . Al(l) + 1/=z2 .-Az(k) -
A . . _ ‘ .

=(z* ¢ (k-1)/2 +—2A1(1) + Az(xU/ z% .
A
Therefore’ _
1/ G (k-1)/2 + 1/z A (A) + 1/z* A ()
\ _

=z? { 1/(z*62(k-1)/2 ) - A () /( z’Glz(k—l)/Z )

-

A (%6 2(e-11/2) A/ Pk /2) + 06T,
A _ . . _

Substituting the above eguation into £(p|y and trun-

cating terms of order z—% we obtain:

i
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. . k , gy 4,
glply) = (I/T(k-1)}/2 - ¥ k/d !d tda ! h b
- daad 123 0,1 0,2
12 3
2a,+3d, - {k+1)/2+2d,+3d,
p- exp { -(A"! +p )7} (AP +p ) ' :
T [l/G((k—i)/Z) + 1/z {-Ay (A\)/ 6 (k-1)/2} + )
)\ o A
R (M /26 (k-1)/2y -
2, (k+1)/2 + 24, '+ 34, A |
. N
+ 1/2z2 R | . (A) / 8+2/3R ' ()
- CoM (kL) /2 + 2d +3d_ « 3,(k+l)/2dl+3d +2
2 .
+% R ' ) - (A0 /6 *(k-1)/2) +
2, (k+1) /_2 + '2d1+3dz ) ' A
(A 2(A)/G *(x-1)/2 - R ()
! A 2, (k+1)/2 + 24 +34d
1 2 -<»
. -_ W
hY . ‘ \
, . - 6k  x/2
- (A (M/26 *(k-1)/2}  + 1/ T(k-1)/2 - L L
! A : . . r=0 . =0
K 6 6 ‘e 2 2 2
L L T ...L E L ees E
t=l a =1 A A =1 L =1 L =1 " L =L
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k-t . r-2p ' b ‘b2'.
r - ‘wme,p ¥ (5./200) h- 1 on h .h .
bbb z 0,1 0,2 AL AL
1 2 23 ' o 11 22
t .
L A.-r :
1=1" M t
h (-1 - g . (X A.-r)
AL AA...A i=1}?%
tt 12 t -
~IA_/2 + 2b +3b +LLf(A,L) o
p v 2 exp {~-(A"! +p )7}
: .= {(k+1)/2 - P + 2b +3b + EIf(A,L)!}
(.l.—l‘*‘ p) * . - 1 - 2
(1/6 (k-1)/2 + 1/z( -A_(A) /6 *(k-1)/2 + 1
A . A
R . -
2, (k+1)/2 - P + 2b +3b .+ EIf(A,L)/ 26 (k-1)/2 (X
' L D\
+ 172 (1/8 R S (o)
. T 4,(k+1)/2 - ¢ + 21:.1+3b:I +LZf(A,L)
+ 2/3 R : ()
: 3, (k+1)/2 - P +.2blt3bé+22£(A,L)
+% R - {())

2, (k+l)/2 - P + 2b;+3b2+EXE(A,L)

-A (X)) / G
2.

A A

2(k-1) /2 + n‘zn)/c;"(k—l)/z
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-R ! oy

2, (k+1)/2 -~ P+ 2bl+3b2+22f(A,L)
A (\)/26 *(k=1)/2}. . o

U S : (2.18)

¥
ol

As in the previous posterlor dlstrlbutlons,f(ply) can
be approximated by the normal theory distribution when

..ﬁza is negative. ' This is_seen by consideriny h {(o,I)

A f
when § »>> § .
1 2
When sl>>s¥, . ¢ is small and,
. - ) ' . -A/2
{(4T) "'+ p } is large and hence, {(¢T) '+ p} -~ + 0 as
A grows larée. - o ‘

-
-r

- By examining (2.l4)we see that the correction
texrms are small and can usually be ignored.- This result
holds true, for the asymptotic expansion of £{p|ly). .

2.10 Summary

The posterlor distributions developed in this

"~

" chapter have a number of things in common.

. ) a6
1. All three posterior distributions are in the form
F+ L cin where F is the function developed in the normal
i | :
theory counterpart and'Fi are functions of the same

kind, The summation and the c;

3 {(constant terms} include
1

the measures of non-normality lland li C e
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.::;2. The distributions react in basically the same way
when 32 is negative - they all tend to the normal—theory
formulae. '
s/
3. The ﬁistributions are extremély complex and: tHe com;'
putatiaons requlre a computer. Thﬁs, in éases where the
underlylng distributions are only sllghtly non-normal, it
- is doubtful whether our approach is worth the 1ncreased

work and addltlonal cost of a computet.

~ . . -

Because the complexity of the distributions,

-

—_—

it was impossible t eramine the effebté of Al-and l'
. . : 2

- analytically. However;é number of.examélés with different

m——

'valﬁes OE'll'and A mere'generated and compared with the
A 2
normal-theory results. It turned out that all the examp-

les showed differe However, the largest of these

. occurred when ll was not- equal to zero. -This suggests,
. X F L )
of course, that li plays a greater role than lz'in -

deEermining the posterior probabilifies. The result

épéears-at firsﬁ to contradict Box and Tiao (1964) who

stated t?at kurtosis is mq;e-important than skewness.

] However since their distribution dld not take 1nto con~

\ 51derat10n the possibility of asymmetrlc dlstrlbutlons,
1t is difficult to Eruly compare results. In a way ouxr

—~outcomes coxncrde rather than contradlct Box and Tiao.

-



-0

"Chapter IIT

'l Bayesian Methods in the Analysis '

- of Variance — Non-Normal Errors
: 3

3.1 Joint Likelihood Function of (u, o? ,/92)
. ' . ' P . 4 a .

&

In this chapter we will have the same.quectm

~

.ives in mind as we did in the last chapter, that is, to

‘ develop and ‘analyze the posterior distributions of .

Uzasz, o? and ola-' llowever, this time, we will assume
~ that the«eﬁfects,'ai,are normally distributed with mean

" and variance 0 and a:a, respectively and that the dis-

tribution of the errors, eij,will be approximated by an
Edgeworth series. Similar assumptions about this series

will be made, that is, mean and variance are equal to

b_3l=_¥,

2- 3 3 .
0 and ¢” and E(eij) /o Y‘ and E(eij) /a .

-

where 7; and Y¥ ‘are known constants. Therefore the

likelihood function is ) . ' 7

Liu,0? ,0*uly = f, f s f(yijlu ro%,0%_,a5)

1 92 ----ak

Elajlu,0?_,0?) 4 . e s

Ay

a



— ‘ ' "__3 3 _. . . L)
Let n(eij) { Yy /31 (e53°/0” - 3ej3/v) + v /4l

-

‘.~ &N - 2 2 + 2 ’
(élj Jo Geij /e + 3) 1071/6}

(ej;°/a® - 15e;.*/a% + 45e;3% /0% - 15)} .

“k/2 —k/é(n-l)-'

Then L(u,aza,dzly) w'(02+naia). (%) : .
- 5 /2654 S /2(c™4ng?)) - nklu-yF/2(c™+no®)) k  (3.1)
[ & . . - k19 E.,
. ﬂ?jﬂ;‘ ' - - - i=l * -
where E. = . [ exp {-{a;~f ; —u)*ng? 735; 05{3/(20‘;’T‘)/' '
i Tay iT¥Wj5 o a no al /! ~a .
c . . —_ .

pe
s

.. n
{o? +ncza). T
' J

o H (yij—u-a.j_) da, .

. Now we can write

-

E; =1 exp{-—jair(yi-u)znqza/oz+nora)/Zgzoza/oz+nafa}'

N o _ o : w
. ; . ,N .

where f. = ‘wta; -y,

and 1+ szsg— 15y /72,

w
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, ' 61,
) tl==(1/U} (Yl/2) . . . . N . I - . . -. [N
- | . .. :o . L]
- t, = 1/0*{ -y /4 + 45y */72}, ,
, t = -1/a*(y /6), - ' S
. . J. . . 1 . )
CE.= ot {yi/24 - 15{12/72“} ,
- -t =0, and o
s .
Tk, = 1/a% (v 2/72). T, ’
By a méthod similaz—"to.one used. in the previous chapter,
’ "we have '
' ) 2
n 3 m n ‘n-1 ¢ A,
T {t +1 t, fs b=t +t z tp I
‘ j=1 % pm=1 " 3 ? o A=1"1g5 =g
. 1 P T
. O . ‘
. -
+ S, Ayp-S n . Sy
(_1) Mi i =1 {)1] 1}11
‘h o _ 1 2 2
) -~ L S; I BA~IS)
» ©n-2 & & A A ©oi=1 i=1 i=L
+ t )X z tA t I E (-1) M.
0 A=l A =1 1 B2.5 =0 s =0
o 2. 1 2
Lo ). () Loy |
X . A‘ y y .
1 <. %?. -5 1 Il::
l 2 -‘ - 1]
v z T "
o ’ 1



S, -
b 4 [ C o t )
: A1 A2 A,
R T S tA..:t“\\g I TN
° A=la=1 Aa=1 % N 4 S;=0 S2=0 s =0
~ 1 2 o - n
Y n n Lil . LY
- X-\Ai - L Siﬂ R
. LS5  i=l1 i=1 n - . o ) ‘
(-1) Mj oz : (A1) yif‘f!
. X . 11 < 1p<...<ly 5,7 Ly
. ) I
| S2 . S
C (ALY} A n (3.2)
y‘ - 5 = y .
(SZ] llz sn] lln ] )
where Mi = u + ai.
. . Ay A, Ao * g ,
‘Let g, (s) = T > U A S _
) l;AI.AZ'“Ac ‘ _31=0 S ,=0 Sc=0 11(12‘:-'"<¥'c
; ) ‘ J
{ (Al]' v, SI (A .y S (A] ¥ Sc } !
IR S TR -5 S U P S | !
c |
4'. \
. c ) ! :
where S = L 8.. .
S 21 ;
' =1
it L hal
We also have ° ©
en r l

62

n
= % +IE(M,)
i

°© =0 *

il
i

Ll
¢ .
- L
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£ -A;-r
=1 1 c
t £ ...t - . -x),”
Ay Az A, (=) glnlhz"‘nc ( E=1Ai <)
.. ¢ "o .
with giﬁlﬁzw--hc(§=lAi-r) = 0, 1if ?ﬁlAiﬂr < p.

-t

\__/ > ‘-i‘ r ’ - | N -
‘ i _ e _y2. 2 2 2
and QHE?E E(M; ) = J M. refp {(a; (yiﬂg) ng a/o +no*_ )/

a; ,
_ )
2 2, 2.2y
(20%0*_/o*+no® )} dali
" L.
ot A = . 2. 2 i 2
hLet Qi = ‘yl u) “nag a/ o'+ no®, .
= 2 2 e 2
a?d v= 0’0 /9 +na a’
. L - . r Nl
and consider E(Mi ) forr=1, 2, ...
E(ﬂi)‘:_p + E(ai), - L . ) lew
_' 2y . é" - .2
E(M;%) = n+ 2iE(a;) + E(a;%) .
. ’ ' o‘- - f
where E(a(]) - 4 0.y 2 K
ere i a, 3  exp - { (a;-0;)%/2v } day-



Therefore E(Mi) = u + Qi P o

2y _ .2 N2 ’
E(M;?) = u? + 20057+ v,

Simplifying we havg'

et
g

E(M;) = u+Q,

—"

E(M;2) = (u+Q;) 2+ v,

EQL®) = (ut0)? + 3v(u+Qy) ,

[

In general we héve

, ' *
r } ' o 0
E{M. ) =H  (p+Q,) vVv'+ H (u+Q.)
1 r,o L r,l 1.
. ‘ r-4 -
+ H (u+Q.) v +
r,2 1

-se g

{

N
\

r—2

whexe Iy is defined in the previous chapter.
,_—-—”-'-—-7 . ) ' 7 '

64
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Therefore we have

%
n ¢n .xr/2 r-2p pn n-c
. 0 r=0 p=0 ‘ ‘ i=1 F
3
) I A-r
6 [ 4 A [ i=1 i
V E E - e X t t -t (—1) -
A =1 A =1 A =12 A ... A
! 2 c 1 2 - o
.c
g (£ A -r)
iA A ...A c=11i '
1 2 c
n &N r/2 o r-2p
= ¢t + I L Hr +Q. B.
where |
p n n-c¢ °© ¢ * . .
B, =v I t X . E ce =B by tpe..t
i,r,p., c=1 a A =1 A=1 <A =1 Al Az AC
1 2 _
c
c
3 L “Aigr
i=1 o B 4 B
(-1) gL (L A;-x).
‘ : 1§:A e- B i3 Yo

Collecting coefficients of ( u + Qi) and again simplifying , .

. ' X,
CE, =1 c. (v+0;) ,
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where
(
- n _ : .
. = . + . + H B. + ...
clo ‘to * Hn!u Bl,o,o Hg:x Blrznu LWy l,us2
+ H B.
sn,3n 1,en,3an
G
. o= B. . +H. B + ...+H A B.
€i, Hi,o 1,150 3,1 Learn én-1,3n-31 1,6n-1,3n-1"
-~
- : ‘. h
Cir = HI‘.’,O Bi,r,0+ H -?_2'1 Bi'rj'zpl + .... Hr+6n-2 [(],_;.‘_lyél'
o ‘ . ' -
B. ) r .
i,r+6n-2 [(x+1)2], 3n-[x+1y2]
c.

i,6n = u6n,3n Bi,ﬁﬁ,Bn' (3.4)

s - ' ) 22 2 2
Now: u + Qi =p + { ‘Yi u) *na?,/0% +no’,}

where b - = ﬁcz /{o%*+na? ), -,
zri a a '



b =(o%+no? -2Y no? )/0%+na?
1,i a i a

/
b =Y 2ne? -/a%+ng? .
0,1 i a a

Therefore

" x ’
(w+¢Q ) =T . b 2 p !
. -

a

i2n ) Y
and E. = k. D. o,
1 y=0 'y
where D =¢ +c.b +¢ b 2
i i i 0,i i 0,1
0 0 1 2
+ ¢ {(2b b )
D ='c b r l lti O‘i
i i 1,i 2 '
1 1
Ib general
eN
D; = ¥ _ C . -
Y m= [IY+1V§ i,n Lin, X
. 2 2
where 9. . = I(z.,) T L
1YPi.zi - e =0 e =
' 1 2

r
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L)

i

where I(zi) 1 if el + ez + ... + e =z

P; 1

0 otherwise . <

Finally putting'all the components together, we have

1

- 1201 12N 12 '
E E ...E,L = L r. ...¢¥ D, ., D ee. D
1 2 k z =0 B =0 2 — lv“l- f:zz kvzk
| 1 ) k%.
T e ¢n &N
D D -esD = k ews L

. ‘ = b -
l,zl 2,2z, o k;zk ?l= hz;lVﬁ]p2= ﬂ22+lyﬂapk=ﬁk+lyé]

C c «eaC 8. 0 N - .
i,p 2,p k.p l,p .z 1,p .z k,p .,z
1 2 k 1 1 1 1 k "k
k. §
L z
i=ll ¢ L4 G(B'S)
‘U ) |
- 3n-. flo.+1)/2 v
and c = 1 [ r. ]_ H B v
i,p =0 ) . p +2w,w 1i,p +2w,w
i ) i i
\ . '
‘and B » ‘ Cwn £ 6
“i,p + 2w,w =»{(g?*q? )/cz+na?é)} T L )
i el 2 i A=1A

\/ 1 ‘ " i=1 A =1 A =1
- : ' 1 2 :



P c
L(A;)-P . -2w
¢ “n-c¢ . o i=1 . 1
P X t ot ...t (1)
A.=1 0 A A A
L . i T2 c h
. .
_ c - ) -
g (zap) - p.-2v).
i=1 :

i AA ...A
1 2 C

Hence

r

~k/2 -k/2{n-1)
‘“”»’;

L(u,cza,ozly) = (o*+no?,)

~ 8§ /2(0%#ng?) - nk(u-y)}?/2(c*+ns®;) 'E E ...E .
62 2 .oa ‘ : 1 2

S | : " - (3.6)

~s /2
e .

3.2 Posterior Distribution of (aza;bz) .

Again we have the joint posterior distribution
K, o,0?y) = Liu,o’a,czly)f’(u,cza,oz), where f@(u,cza,oz)
'i5-the joint prior probability distribdtipn. Therefore,
the joint posgeriorldistribuéion of‘ﬁu,cza,cz) is

: ‘—k/2-1  -k/2(n-1)-1
" (o?) :

2 E E .. .E

! 2 27 2
,0%_,0 } = {(g°+no
f(u ’ a' Iy ' r . o 1 2 k

al

. . (3.7)

-5 [f2c%-g /2{01+nc?a!-nk(u—§):/2(cz+no3a),
r 2 cal -
e " ,
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7
I\e,'
When we integrate out we arrive at the joint posterior
distribution of ¢*_ and o?
=% (k+1) -tk/2{n-1)+1)
£(a?_,0%]y) = clo?+na? ) (o?) £
a o a : B
_ 2 _ 2 2
. Sl/zo .‘52/2(0 +nog a)" . (3.8) | ‘D
. il ) 7. ," L A L
where
12n 12n .12n 6n 6n 6n
E = Z }: P z ) I: - - I .
‘ .z =0 z =0 z =0 p =[iz +1]/2] p =[{z +].V2] p =[lz +1y2]
1 2 k- 11 - 2 2 .k k
3n-{lp_+1¥2] 3n- [tp +1v2]"  3n- fip +1v] [z'z./zj
1 °2 ' ~ k AL
L _z C, ese L I H -
w =0 w =0 - w =0 . B=0 Iz B
1 2 k o i,
/ . | ' )
'___ £z.-2B. . . . B & | '
y i [(02+n02a)nk} ©H : H. .o H .
: . o ' P 2w ,w P +2w ,w p +2w w
o 1 1.1 2 22 x k'
g
Zvr. n 6 6 6 n
{(02+02a)/(02+n02a)} A > L )2 D L
1 1,1 2 1,c =1 2



'I.(z ) I(z ) ...I{(z )
1. 2 )
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3.3 Posterior Distribution of cx'za/c;‘2

Chey 3

Using the same approach as we did in chapter

2, we make the following transformation from (3.8).
w= 14+ ncrza/qz . . v = og?.

Then the joint distribution

—(k/z(n—1)+1) v—%(k+1)_

flw,v]y)= cv (wv) v/n Ez

S J2v - S /2wy, ‘ . - (3.10)
e ! ¢ a2 o . ‘ g -

: o 12n 12n i2n 6n ~ én A
where Ez = I : b ce- L E 5 L '

| 2=0 20 z=0 P =[z +w3 ¢ =[z +1y2]

~ 6n 3n- [(p +1)/2] 3n-{(p +2)/2]
«s- L ' L L R

TP = [(z +l)-/2] ¥ S - w =0 ’

3 k ! 2.

3n- [(P +1yé]- N [‘Zz-/z]‘ ' ' Lz, ' ’ B

n-= Py - , _
% - r * 1 Y 28 twu/nk)

wk=,0 - ,B=0 : Lz ’B,-'
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. ... H
P P ‘ P
12w ,w 242w w k2w ,w .
11 2, 2 _ k' %k
W, n 6 6 6
{(w-1)/aw?} * x T z - L e
c =1 A =1 A =1 A =1
L 1 1,1 1,2 I,c
. 1
n B 6 6 kn- c.
)X , £ T — t t” 1 .
"¢ =Y N =1 A =1 A =l . D A n
k k,1 k,2 k,c 1,1 1,2
- k ~
K c.
- E .. /2
_ i=1 j=1 %
t” e t° t™ ... t~ v
A A A A
l,c k. k k,c
1 1 2 k
. c .'---'
g (Z A..“P_-2w) ... g :
1A ...A 3=1 - kK,A ...A
11 lc -k, 1 ‘k,C
1 i ; Tk
a2
Cr ‘ .
X - P - 2w} I{z.) Ilz.} ...I
i(il i~ P ,wk, £V 1(42: (zk)



2 i 2 2 ' 2
E ““"E . ".E ---,):'7
11 ip ~. k. kp
1 1
b’ ...b’ r
] k e
k,1, kp .,k
k
ﬁhere

b® = (w-1)/w .,
2. .

b” ‘= 1-2Y. {(w-1)/w .,
1 \ .
b = ii (w=1) /v + .

and t” = Y\/zr
1 1

© = ~y_/4 + 45y 2/72
tz Yz/ Yl / ’

\\ t = - YI/G ’

k|
B apeian e
t 7 = . f2a= 15y 2/72
. pi/ A=ed3y /72,
W
t" =0,
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e = oyr72.
3 Yy / ©

o Iﬂﬁégfatiné out v, we obtain )
S . ~%(k+1) 12n- 12n 12n 6n
cElv]y) = en™! w {z ‘L ... L T . .e-
_ : z =0 z =0 o p =l(zl+1V2
6n - . én - - “3n=fie +1v3 3n- [(pz+1)/_2]
_E ) V I X . . E B T E : . ‘ -
o F V] Pelmewd w=0o o w=0
‘ : . ’ ) - Lz;~-2B
- i
3n- [[p +1) /2] [£z./2 H Y
Cwo=0 . *_ B=0. i
k. - \\\\
. e
' - ..
. H CH Y L..H
p +2w ,w . p +2w ,w p +2wv ,w
1 1 1 2 2 2 k k k
p
S
n 6 6 " n - 6
z I: - e n E . - =b E z b
c=l -A’"=1 A =1 ¢ =1 a =1
~ 1 11 lc k k
. l 1
6 kn-Ec - L C .
T ‘ t 1 . i £ U A ..‘\-t’ PR, ‘
kc , S 11 11 k kc
-k _ ! 1 .k
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c, .
g , & A,. = P, = 2w.) ...
1A ...A j=1 1 1 1 T
# 11 lc Py,
1 -
C . - L o
o g - (z =P = 2w ) '
KK ...A i?lAkl kR0 C . a
.k ke - ‘ ' '
. <1 .k
. 2 2 2 -2
1{z } I(z ) ... I{z ) = ... & ... 1L T ee. E .ee
N k e'=R e =0 - e =0 e =
11 1P k kp
: = . k
B - ee. b’ ¢ ... b . {w/nk) (w-1/nw?) 1
e - el e "k e :
11,1 . 1p. ,1 . k1, kp ,k
_ . I - "k -
b ) -
. ’ . IR . -V ' fj
: S koo :
r{%(kntl) '+ £ I A,./2-B-21}
, _ ey sS4 W]
_ . i=1 j=1
k c; .
' . . =%(kn+l) - L~ I A../2+B+ 2 '
(s /2(1+¢/w) . i=1 j=1 %) brlcwe =
. - £3.12)
] .{5’ )
% ) . ' ,_‘:.
. ] i v
- o~ - n
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We note that the form of f(wly) is basically the .
‘same--as the one developed'in chapter‘two, that is, a
summation of truncated F distribution f8dctions. Aiso,
bécause-of the preéence of similar teiﬁs,we éeé that the
Eail érea regions are apbroximately equal to the normal
‘thebry approach. The main aifferénce is the increased

complexity of the function reflected in the large number

‘of summations.
’ v

o

3.4 posterior Distribution of §,/ o _ -

From (3.9) we make the following transformaf

- - -
4

tions:

o 2 | - 2 - .

6= s /fa* ., ~ P =2nc” /S , T
and then x = X(o8/1+%¢8p), - ' n;jrl

éna-fhen'obtain the joint posterior probability dis- :
tribution of § and p. 
~k/2{n-1)+1 -~  %(k+l) -8/2 -x

£(5,00 = c(s /&) - (2x/8) e o

v .

(S S /2n8%) (1/x%) € .,
12 2~ /
o .. 12n- 12a . -12n én | - 6n
‘where‘Ez = I : I T L...L ' L

1

T7

RTSRE TNV SO
2 =0 . ‘z_z=0 Tz =6 P 1:;-1)/3[ . r -ﬂ_)fh]
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on 3n- l_(Pl+ly2] 3n- [(Pz+1)/2]
ce. L L ' -
» =’_[z +l)/2] w =0 / w =0
k k- 1 2
an- (p, +1)/2] | [ez, /2] _Lz.-2B
L e ] rt Ty Y .
w =0 B=0 £z, ,B
X ' 1
. n 6 .6 i .
[I . ..-.. II ' ' Z Z -..'E' - -
p 2w ,w P 2w ,w. ¢ =1 A =1 A =1
1 1 1 'k k. k 1 - 11 lc .
1
\
- 6 6 kn-Zc
r - L ... I t i R S
¢c=1 A =1 A =2 0 A A
k k . ke - 11 lc
1l k 1
: - B . . Cl - :
S R g o (T A, ——‘Pl—Zwl)...
-~ A A 1A ...A ¢ i=1 %] |
kL kc - 11 11 .
1 k .
' A P 2w )
g. : . T AW
kA L..A - i=) Ki k ko .
K k¢ : -
1 4



. -2 _—
I(z )... X{z ) L T .
- l . k e =0 e =0
11 1p
‘ ’ 1 1
- B/ B , Iw.
(Sz/Zx) (1/nk) {Sx/nG (1-2x/¢8) }

b” ... b” L..p° ...b”
e e e e
11,1 1p ,1 k ,k kp ,k
1 1 k
where _ -4
b” = 1 - 2x/466,
i
b” = 1 - 2¥_(1-2x/66) ,
1 1 .
i
b” = 2 (1 - 2x/48) .
0 o o
i.
Now‘ :
b* ...b" ...b” e .b”
. e : e e
11,1 1p ,1 k ,k k
1 Tl o ,k
) - k

e =0
k
1
LE A.
(s s6) %
S

(3.15)
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turns out to be quite a complex polynomial in (1 - 2x/$6) .
Since we are most interested in the form of théﬂdistribu—

oL 1
tion, we take (3.15)equal. to rc (1 - 2x/48) , where-
' 11

the cl are functions of - §i.

'As before we approximate

. A . . o o -

(1 - 2x/¢6) by 1~ A (2x/$8) + A(A~1) /2 (2x/48)2% + ...
(a (A LY - ‘ |

(-1) LA]) (2x/¢§)L . : | (3.16)

To obtain the posterior distribution of &, we integrate

" out x. Thus . :

~k/2({n-1)+1 kHl/2 o~

£(8ly) ='cs) 2/5) | sisa/en’

12n . | 12n 12n 6n : én -

L E ... L ' L, . ‘ z vew
z = z = z=0 P =[[z +1)/2] P =[[z +1)/2]
A 2 X 1t v 2020
6n _ .

v ‘ ) _Xzi—ZB .

P = [(z +1y2] © Y -~ H , ... H

k I © .Xz:,B - . TP 2w W p +2w ,wk

~k TEEL . ‘ W K

1711

3n- {(p1+1‘/2:l | 3n- [eyeayz] 2n-—— [(e, +1v2] [gzi/z] '
o0 ow=0 . Tw=0  B=o
1. 2 k .



(S /n}
Y

c
g

kA ...A

Tw
Ic
e e

‘£(kn/2 + k/2 - Ew,

", Where

freedom:

~ the same'form as the one deveioped'ih chaptef&t%o._

&:‘IWIHJ [[( v, +1 )]) —4)/2).

- zxnij/z - 2)

\

| x> e
; '(_§= Aki—p;:}wk) I(zl)I(zz)..fI(z )

rL

(s)
1

G

65/2

k

A. ."/2

B
13

(S /2nk)
2

=D

((k+1)/2—B+D 1),

f(n) is a chi-square functidp with A degrees of

We note that this distribution is basically in

s,
‘We

-
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(3.17)




' T B .
can therefore apply the samekﬁechniques to get the

We would then obtain a scaled
chi-square distribution. function for the individual terms

approximate distribution.

kifﬂf(ﬁly). It also turns out that the results obtained
for different values of ¢ hold here and the ihplications

are the same.

3.5 The Posterior bistribution of p = 2n02a/S
Al _ 2

Ifiagain.we apply the same techniqﬁe as in
the prcviéus chapter, -we get

e

o =] 12n 12n

S : 12n . én
floly) = J en I R I o
, 0 z =0 z =0 z =0 P = ﬂz-+ﬂ/ﬂ
1 2 Tk 1 1
. {" .;

63' ‘ 6n 3n- [, +1V2]  3n- (e +1v2]
L cee T z e X
P = Hz +1V2] P =% +1V% w =0 w =0

.2 k "k 1 ‘ k
{rz;/2] - _fz,-2m |
X H - Y . H . ...H
B=0 Zzi,B P +2w ,w P +2w ,w -

1.1 1 ' k k k i
’ f ¥
ﬂl
n 6 6 n 6 6 ' " kn-Icy
X P> celE ...I £ A N S
c=0 A =1 A - =1 =1 A =1 A =10
1 11 lc - k. k- ke
o 1 1 .k
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t” ...t” IS SO ' (r A - P, - 2w
A A A A 1A ...a j=1 3 1 1)
11 1lc k ke 11 1c
1 1 Tk 1
ck . . )
«se g (™A -p 2w ) I{z )X(z.)...I(z )
NN KA ...A i=1 ki . Kk 1 2 k
k ke = |
1 k =
: 2 2 2 2 [Lw.+1]
L . ...% S ) Ic Lt i+
e = e =0 e =0 e =0 1 D=9
11 ip . k kp
. 1 k

. ~D  —k/2(n-1)+2+IIA.. /2
€ [zw+1] ) (-er2) s . 13
. ) ’ ' D

| ~(k+1) /2 +1 (k=1)/2  k/2(n-1)-1-EIA_./2 + Iwj+l —5/2
- 5 ' 2 . o) © 2] ' . e
2 ’ : v -
~h . o -'(p'T) ' L
R ) r r . e
(k+1)/2 = B + L+l + D - 1 ‘ : \?(3.13) :

wheré h (p,T) 1is defined above. ' , N
n ' : .
7 Again we note that the form of (3.18)iis similar

to the posterior distribution of p
oo -

i,

eveloped injchaptEr

. two. Hence we could proceed-and.get,/the same result.



84

1

T 306 Summary

‘The posterior probabiliﬁy distributions evolved
in Lﬁis chapter are extremely compléx; Howe#ef the ;
terms of all three of the distributions‘were exactly the
Same as the ones in chapter two. The differeﬁces were
'.only in the constants'containihg Y, and"y2 and the
Hermite polynomial coefficients; " This fortunate event

facilitated the subsequent analysis in that it was easy

to see that the dist;ibutions behave the same way when

-

. - . ) : 4
the random variables take on extreme values.

P



Chapter IV : A

Bayesian Methods in Regression Ahalysis

LS

v

4.1 Posterior Distribution of Regression'Coefficients

- _ '~ The distribution-of regfessibﬁ goefficients
%%*. are well known results, studied by many aﬁthors - see
for example, Scheffé (1959). The appfoach“taken by~
e MOS £ writere iS'the traditicnalmsampring theery technique;
| Hdﬁever,recentiy Bayes' Theorem has yeen‘used to make
inferences abode these coefficients - see Tiao and
/ Zellner (19645, The edvantage, of cogrse,uis thaﬁ prior_
knoﬁledge may be combined with saﬁple,informafion in a,
mathematical way. oln most of those works, the authors.
~worked under the normal assumption. In this chapter we
aealyze‘tﬁe'effect of departures from. the underlying nor-
. mal assﬁmption ueing'Bayesian'methogs. |
The usual regression model with coefficient

. - LI
B . .

‘vector B” = (B‘,Bz,,.;Bp) can be written: = X8 + g
‘ d Y

~

where y is alk x 1 vector of observatlons, X . is a k x p

natrix. of flxed elements of rank p, and e is a k x 1l vecterf
;of random errors. We shall_assume as we have before that

the dlstrlbutlon of e is. unknown but can be approx1nated

by the first four terms of the Edgeworth Serles. Since

N
k

i3 : : /
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‘we are primarily interested in the effect of non-normality,
we shall for simplicity's sake, take p =2 . Using . these

assumptions, the joint likelihood function is

k
-L e;*/ 2q?
| | k i=l . k -
L(B,o|ly) = {{1//ZM) (L/0)} e Cr (e s
« ] ‘ 1=

.\\

-~

{e:

N i !
;30 - e;/c ) #2274 (ei“/05 —'6e12/ o+ 3) = 10112/6:

——

_\_(eiG/UG - 15e;/o* ¥ 45e12/02- 15.)), ' , (4.1)

\

where o-is the variance .of e, Al = E(e3/0?), and
Az = E(e®) /0" - 3 (mean of coursSe equals zero).
E. = b +vy.
Let i bo Y; o

here' y; = b;e. +

r

. and b =1 + 3, /40 - -%sox 76!
o 1’

(‘l‘

LEX /30 (1/9),
1 -j['J 1 '_ i ’ )

o3
il
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b = (-6x /4')(1/c2?) + 4850% 2/6% (1/0%), R
‘ 2 2 . 1 : '-‘3':,.‘_.. - .\’
o ’ . o
b =X /3'(1/c%) ,
S 1 -
b = (X /41 (1/c*) - (1501 2/61) (1/c*),
N :
b =0, and
5 .
b = 10A */61(1/a®) . . 7

We also have,

Therefore - 0 - {y-x_ B -x_ B )%/20"

LB LB Loly) = (UET (L) e
ooy 20 .

E E ... E . ' o - (4.2)
1 2 k g o .

S

From a similar formula in chapter 2, we have
. ~— - ’

k x-1 6 Ay 1 k
EE ...E =b +b I b- X (1) - -
12 k O 0 A=1 A S =0 h =1
1 11 1
51 A)=5, LI W7
(x B~ x B ) vy (Sl]" (o) p
1,h 1 2,h 2 h 1 ,
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k-2 .6 6 A A IS;
+ b 2 T b b I . (=1 T
¢ A=l A=l A A S =05=0 | t heh
1 2 1 2 b 2 - 1 2
3 ‘ ) ) .
S .
s ‘ . S A_-S A,-S
. . 1 2 2
x B-x - B)Y (x 8-x 8y y T Ly *7?
1,h 1 2,h 2 1,h 1 2,h .2 h h
1 1 2 2 1 2
—In /2 ;
{(c?) .
b ; &
" -
6 6 A A IS.
b° ¥ ...E b ...b I ...E (-1 *
0 =1 =1 A A - S =0 s. =0 .
k Sl o1
T (x B -x B )
h <h <...h 1,h 1 2,h 2
12 ‘ k 1l 1 P '
(x g - x B ) ve. (x B — x B ) .
1,h 1 2,h 2 1,h k 2,h 2.
2 } 2 RS k .
A-S;  AyS2 . Ap-Sg. | ~IA,/2 71;%’ :
y y . .-ty By o.. (Gryet . .3
h . h " h 1 k ‘ .
X 2 "k . }
>
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~

——

l 2 k - ]
kK k k-t 6 6 L 6%, Ay A A
b +. ¢ b z > % T
0 t=1 0 A=1 A=l A=l S=0 S =0 S
oo 1- 2 t 1 2 x
k _ C Ay=S. A,-%% A _-g§
o A A A 1 2
. o @ e Boy oy T .y e
h h- ... h . %1 .72 c H h "h
1 2 t 1 2 "¢
3 : .
IS. . S ” 5
8 1 2
-1 . (x B -x  B.) . (x B +x B )
{ i,h 1 2,h 2 1,h ¥ 2,h 2
i 1 1 “2 2
. \‘ . 4 \'.‘ p
<. {x -8B f;,x, B ) . . o - o (4.4)
1,8 307 2,n 2 O .. . - :
t t '
L (y-x B -x -B)?*f20?

_ : | -7 :  k i=1" .1 1,1} 2,i 2,
Therefore ‘L{B,0%| y={(1//27) (1/0)} E e - . o

t

In-esituations where little is Kknown about

B qﬁd o , Jeffreys (1961) and:Sava§§ I1962)~§uggest'

that the prior distributions should be - .
- : : S
£°(B , B ,0)= 1/0.
l 2 - . - .
' Thereforc the joint posterior distributioﬁf{é. :3



S~ ; E oL Lk ‘ 3 < >0
- - ilﬂz y =X B -x B )2/202
ey - | : -k-1 - i<l i 1,il1 2,i 2
‘£(B , B, o]ly) =¢c (o) £ e -
1 I o

(4.5}

T
L

where c is the normalizing constant.

The marginal pds%efior distribution of (3_,3A)
: 172
ior

is

_obtéined by integrating out d“from the joint poster

3

‘distribution. -Therefore ‘ A
' A Ck ‘ ~ .
..~ (y-x 8 -x B )?/2g%
N , R ~{k+1} i=1- 1 1,i 1 2,i2
f(8 , B |ty )=eS (60 . Ee . | dag
S R 0 : - |
: ‘ ' (4.6)
- Since each of the terms in the above expression
is in the f of an inverted gamma function.and .
. m."/._.h A_l
v e Iv)=" T(a-1) (2/B) .
\ | f
We have o ‘
- : Sk - k/2
f(B , B |y) =c/2 b r(x/2) (2/S ) +
- e : 1 h o - 0 2 i B
A\
k k-t 6 6 6 Ay A, . A -
I b > I L..E ) £° li. IT T (k/2+EA;/2)
=l O A =1 A =1 A=l S8=0 §=0 S =0
1 2 LA 1 ‘2 t
T x/2 + IA./2 k_ . A .
(258) . L. (s1) ((2)...(S) b b N...b
. . h <h <...<h 1 2 A A N
o L1 2 t L 12
.‘ -
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A-S, . BA,-S  BAL-S, S
1 2“2 t ¢
vy ) v cer ty ) “(x  B-% B
h h h 1,h 1 2,h .2
1. * 2 t | 1
- f
1 L
5 , - -
(x B~- x B)z-.. (x B - x B)tf, (4.7)
1,h 1 2,h 2 ibh L 2,h 2 . S
"2 2 ’ t T G
k .
where S =1L (y-x B-x 8%,
‘B i=1 i 1,i1 2;i 2 _
> ‘
From Tiao and Zellner (1964) we have "
<
' ' : ~ ..\ ~k/2
f(Bly) = constant { 1 + Exiz(B—B}z/ Z(yi—xis)z} -

where B= Ixiyi/zxi2 , which is an equivalent form of "

‘the firgst term of 4.7). —_— -

r

%4.2° comparison with Normal-Theory Resulté\ '

- .4 ' - :
i Several examples were generated in;ord?: to

[} -

examine the

' . ‘ 7 :‘
effects of non-normality (see Append II) ./

- ) . . . 'S
In a great deal of them the-graphs had-the following // .

appearance (8~ and B~ represent the true value of
'Bl and 82 fespectiveiy). SR . K

-
LY ] M
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Fig. 2 Contours of the Posterior Probability of Regression

R

Coefficients - _ . ) .

It is 1nterest1ng to note that in general,the post-—
erior dlstrlbutlons for Eﬁe normalﬂtheory approach were
quite sharp reach}ng.thelr maximum on er near the true value.
ﬁoweve:, the non-normal technique produced even sﬁarper ‘
peaks. HTHe resule is cert;inly hot unexpected. In gen—.
eral .a great deal of information using Bayes Theofem is
reflectcd by an e"-reﬂely sharp. posterior dlStIlbLt‘On-

-~ In our examples, the information Supp119d by the thlrd ‘and

b

- -
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fourth moments results in that extra infé%matipn'and hence}

a sharp curve. ‘There were several examples where the normal-
' *

theory result was betterxr. These‘probably arose because the

values of X énd'lz did not adequately reflect the true

1

va'ues df}l and }2;

\\_ S 1 - R

' 4.3 AﬁAIIIustrative Example:

A pfoﬁlem.ﬁas generated with the following information:

o .
T

k=5,  X=.6, A = 3.0 .
| ;=6 A,

b ’ . . . . ] .
The posterior probability distribution was computed for

both techniqﬁes; The results are dep%cted-below. 

t

[ 24
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B
2
»
8|
f \.6.
. 41
.881
-2t
i~ B
- L. & 1
]

4
-

.Fig.l3 °Contours of (Bl;Bz) for the above example. Normal ——-,

0

" . Non-Normal
: . j {. ,

Peak for normal thepry?approqch is ,.913.

Peak for Non—Normalﬂapproachﬁis .976.

] . .
K . A
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\; : . AY |
_ The true values of 61 and 82 wére .8 and .35 resé,///.

~

pectively. . An examination of Figure 3 reveals that the
non-normal and normal-theory approaches result in a

posterior probability'diStfibution whose peak is approx-

imately centered over the true value of (Bx'Bi)' However
-, _ A

e non-normal approach results in a distinctly sharper

arrower distribution, producing more certain estimates.

.4 Summary o

._/- ‘As in chapter 2, the posterior distributions g;é;
Fquit;\bomplex and somevhat difficult to analyze. However,

we did h ;eca coﬁputer wérk out several examples with diff-
erent values %f Al and l:h Almost a;l of phese”showed diff-
erences bgtween the two methods with the non-normal technique
providing the better distributions. The largest differences
occurred|when kl was non-zero. Therefore once agéin we fipd
l;.beinglmbre important than Xz.-

/
s
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ChaEter v

- Conclusion

45.1 An Overviéw

In aff/of the dlstrlbutlon functions developed
. \j

over the 1ast four chapters, one feature is most promln—

went:' The form of those functlons was ba51cally the same.

The flrst term in the complex-summation was equal to the

distribution developed under normal theory assumptions.

-

“\T?e remainlng terms which had the same distribution-type

fofm, acted as correctlon terms. They were functlons of

,_k‘ and 1 and - prov1ded 1nformat10n as to the impact these

moments had on the overall function.

| Another feature was the necessity of'ahe use of
electronic computers to calculate practical‘examples. - One
of our original goals was to use a éompute; to create a table
of tail-area probabilities. However, this idea ﬁad to be

dropped Because of the large number of variables affecting

the'distributions.. Therefore an integral part of this study

_is the computer programs that we have included in the app-

‘endices. nf‘ ~ B N

A phllosophical dlfflculty arose in_some of the
Aassumptions we made. In all of our Jg;k we assumed that
the thltﬂ and fourth moments were known and’ that the hlgher
moments were negligible. .Was_thls a reasonable_assumptlon?

Our answer is that from previous examples, we cdulg get such-

~

96
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¢

knowledge. For ?xample, R. C. ‘Geary (1947) suggested the use

of Fisher's k-statistics for such a use. -In additidn,the

onl§ a;ternative, the normal éssdmption, seemsjto be a.worse

offcnder: Under the normality cohéitiqps,we are assu&ing

that gll higher moments are zero. We:ﬁg 1éast-ar¢ providing

a_more geﬁéral form. As‘éuch, dﬁr assumptions%ééém to pfo-

vide a measure of tﬁe\khowledge.éarnefed from previous“

éuch exaﬁples. glso we may claim that one of-Fhe purp03e§

of this study'was’to e#amine'the effects of the‘aepartureé

" from normality énd the;efdre.our knqwledgg of A‘ and };

may he considered hypothétical.' | i '
Finally, a prbblgm uspally arisiﬁg in such abwofk

is ignored. The problem,of course, is the use of Bayes"

Lav and the p:ior profability distribution. It seemed to

v

us that this.procedure is well established and that any com;

ment on our pért=woqld be irrelevant and unimportant.‘ In |
aﬁy case our ﬁofk was merely meant. as an attempt to answér ¢

some of the questions arising from i;;;\technique'and hot.‘

to criticize it.

5.2 Opportunities for Future Research

T The chances for finding futuye topicyg of study in

this field seem to be quite good. Both pics, Bayes'

Law aﬁd the Edgeworth Series, seem to have, ddly been touch-

ed. We list some of the ideaze that have occurred to us.

0

N
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1. The appllcat*on of the ?dgeworth series to study hlgher

way de51gns in the analy51s of variance -~ Bay951an and
classxcal methods. In addition, the 1nclu510n of the more
generaL case of unequal observations is a pOSSlblllty. A
éﬂﬁbrf1c1al study ‘indicates that the calculatlons would only

be moderately more complex.

'2. The extension of the Edgewvorth series to more than tZe
es

‘ . ~ P
A first four terms - again in Bayesian and classical appro

It is obvious that the work would grow Quite complicated.
Another approach might be required.

.

: -
3. The uses of the Edgeworth series as applied to Bayesian

and classical methods in the analysis of variance and regres-
sion theory with auto correlated'er:ors. Our study seems to

preclude the possibility of attempting the study from a
S _ E . ' , o
'first principleﬁ“fbasis as we'have in our " study. Such a

’

work would 1nv01vexa complex transformation that expands
rapxdly when the Edgeworth series.is used

4. A bhilosophical discussion of the impact of the use~of‘
the Edgeworth series to estlmqfe the prior probabllity 4

dlstrlbutlon. . - ‘ i -



APPENDIX I

Computer progran to compute the posterlor proﬁabllltles for
the variance ratlo
[T

|

pimension Fact (8),F(8;8),%(20,20),H(20,20),G(42),Y(2)
C ) Calculation of Combinatorial Function

I1=6 7/ _

.Fact (1) =1

Do 1 12=2,I1

I3=12-1

AI2=312 )

1l Fact(Iz)—AIZ*Fact(lB)

Do 2 1I4=2,I1 °°

D0 2 J1=2,14

F(14,1}=1.

CF{14,I2+1)=1.

F(t4*14+1) 1.

2 F(I4, Jl)—Fact(Id)/(Fact(Jl 1]*Fact(I4—J1+l))

“F{1, 1)=1.
CF(1,2)=1.
C - Calculation of Hermlte Polynomial CoeffiCLents
2{(2,2)=3.
=18
. 'DpO 3 17=1,N
. 18=T7+1 .
' Z(X7,1)}=(-1.)**I8
3 2{(17,18)=0.
DO 4 19=3,N
DO .4 J3=2,19
AI9=19
. - AJF3=J3
i T10=I19-1
J4=J3-1 -
4 z(x9,33)=(- Z(IIO J3))+(A19—2 *{AJ3-2.))*2(I10, J4)__
DO 5 Ill=4,N
“ CI1l=(X1l+1) /2
I13=Y11-2
DO 5 Ild=1,Y12 ,

5 H{Ill, Il4)“ABS(Z(Il3 114)) . ‘
H(1l,1)=1. /
H{Z,1)=1.

H(3,1)=1.
- H(3,2)=1. - ' '
C " Calculation of Gamma Function
. DO 10% I16=1,40 '

99



BI16=I16 ,
: AT16=BIl6/2. : . . : . ¥
- 105 G(I116) Gamma(AIlG} o, . : .
C _ Main Program :
Print 96 : :
C - DO 9991 I9991=1, 100
g - Read 901,W _ _
. 901 Format(FS 3) - o .
C Calculated Data ) ’ )
Read AN,AK,TH,YBAR, 51 S2,PHI, x1 xz
DO 905 I=1,K :
905 Read, Y(I)
: X2=-1.0 ' :
. DO 1=. 125*x2*((w~1)/w)**2 \ _ \
, DO2=_.2083% (X1**2) * ((W-1.) /W) **3
e ' DO=1.4D01-D02
: D(1)=_5*X1*(AN**_5) ®( (W-1,) **1, 5)*(w**(-2))
D21=.25%X2%AN* ( ({T-1.) **2) * {** (=3))
D22=,625*% (X1**2) 8AN* ((W-1. )**3)*(WB8( 4))
D(2)=D22-D21
. : . D{3)=(—-.1667) * X1 * (AN**Y) 5)*((w—1 YE*YL_S5)*(Wr* (-3))
- - DAL=_04L17%X2* (AN*#*2) * ({W-1.) **2) * (Wr*(-4))
! D42=, 2083% (X1*+*2) * (AN**2) * { (W-1. )**3)*(:?**( 5))
D(4)=D41-D42 ,
D({5)=0. | !
D(6)—.0139*(X1**2)*(AN**B)*((W* )**3)*(w**( -6) )
Cl=(S1**({(AK/2.) *(AN-1. )))*(SZ**((Ak—l Y/2. )) :
o K1=AK-1. .
' LZ—AK*(AN 1l.)
ST K3=AK*AN-1.
~ : C—Cl/(G(Kl)*G(KZ}*TH*Z **{(AK*AN—I 3/2.))
! ' C2=(DO**AK) *2 _** [ (AR*AN-1.) /2) *G (X3}
¢ - HA= (W**( (AK/2.) * (AN-15-1.)) /(1. +W/PHI)**((AR*AN—1 )/2 ))
-~ ANRM=(C2/(S2**((AK*AN-1.)/2.)3)*HA*C , ,
GNRMAL=ANRM/ {DO**AK)
ANS1=0 .
- DO 6 IR=1,13
o R_IR
. IRR=(IR+1l) /2
DO 6 IP=1,IRR
p=JIp : C - .
DO 6 IAl=1,6 | S =
. Al=IAl S E
' JIAlL=IAl+) .
DO 6 Is—l JIAl _ : . _
S11=I - , : . ¢
DO 6118 1,2 o e .
I19=IA1-XR+1 . . y
.- Y IF(Al-R.)7,8,8 _ . : N .
s 8  IF(S11-Al+R-2.)7,9,7 . . : ' «
. 7 AAK=0, _ o . ] .

- Ll
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BAK=0.
CAK=0.
DAK=0.
IAK=2
GAK=0.
IIAK=0. . , .
: GO TO 6 (‘
9 AAK—H(Iﬁ IP)*((YBAR)**(R~2 *P+l ))*((W/(AN*AK))**( 1.)) -
) *D({(IAl) .
BAR—(( ~1.)**I19)*D0
CAK=F(IAal, IS)*(Y(IlS}**(Sll—l 1) ?
DAK=(2./(S1*PHI) )'** ( ( (AK*AN-1. )/2 )+A1/2 —P+l )
IAK=( (AK*AN-1.)+AY-2.%*P+2.)
GAK={1l.+W/PHI)**(P-1.-( (AK*AN-1.)/2.)-{AL/2. ))
HAK=W** ( (AK*AN~AK-2.) /2.)+(A1/2.) -P+1.)
6 nNSl*ANS1+AA$*BAL*CAK*DAK*GAK*HAK*G(IAL)
PANS=C*ANS1 . )
b ANS2=0
DO 16 IR=1,13 _ o
R=IR - ) o B
IRR=(IR+1)/2
DO 16 IP=1,IRR

<

p=1IpP t
. DOlGIAllGu" .

Al=IAL . . = o x o
VIAl=IAl+1 : g
DO 16 1S=1,3IAl

S11=IS o | Yy R
DO 16 IA2=1,6 PO . 1\_; S
A2=IA2 : -

JIA2=IA2+]1 - .
DO.16 JS=1,JIAZ
822YJS ' Looe
I19= IA1+IA2~ IR+1 '
IF (Al+A2-R+1.)17,18,18
18 IF(Sll+522—Al~A2+R—3 )17 19 17 » _
17 -~ AAK=0 o o . i
BAK—O ‘
CAK=0.
DAK=0.
TAK=2.
GAKR=0. -
HAK=0. . ~ \ C ‘
GO TO 16 ' -
19 ARK=H (IR, IP)*((YBAR)**(R—Z *p4l, ))*((W/(AN*AK))**
- S (P-1.))*D(IAL) *D(1IADT)
BAK=((-1.) **119)
CAK—F(IAl IS)*(Y(H)**(Sll—l ))*F(IAZ JS)*(Y(Z)**(SZZ 1 ))

- ‘ ' ]
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I)AI\"(Z /(Sl*PHI))**(((M\*AN ﬁ)/z )+A1/2 +a2/2. —p+1 )
IAK=( (AK*AN-1.)+Al+A2-2,.%*P+2.)

* GAK=(}.+W/PHI) ** (P-1.- ( (AK*AN-1. }/2.)y~-(aL/2.) - (A2/2 ))
HAK=W** ( { (AK*AN-AK~2.) /2.)+(A1/2.)+(A2/2.)-P+1.)

‘ ANSZ“ANS2+AAK*BAB*CAK*DAB*GAK*HAK*G(IAK)

PANT=C*ANS2
FFANS=ANRM+P ANS+P ANT
PRINT 999,W,GNRMAL,ANRM,PANS PANTﬁFFANS

" FORMAT (' 0' 6F10. 6)

PRINT 97,XL,X2 o | ' ' C
FORMATY '0', *X1=",F10.4, 'X2=",F10.4)
STop g - '
“END - | - _
+ o \, /\
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APPENDIX II

:
Computer program to compute the posterior probabllltles
for the regression coefficients ) 5

—

DIMENSION X1(9),X2(9) ,BL(9),B2(9),¥(9),D(9) ,FACT(8),
) ¥(8,8),G(99)
c CALCULATION OF COMBINATORIAL FUNCTION
‘ I1=6
 FACT(1)=1.
DO Y I2=2,I1
13=12-1
AI2=12
1 FACT(I2)=AI2*FACT (I3) o ‘
DO 2 I4=2,I1 : o
Do 2 Jl=2,14 B L
F(14,1)=1.. -~ - :
F(I4,I2+41)=1. . e 3
. F(I4,I4+1)=1. -
"2  F(14,J1) FACT(I4)/(FACT(J1 1)*FACT;;4-J1+11)

F(1,1)=1. Tem
o . F(1,2)=1.
C . CALCULATION OF GAMMA FUNCTION
- DO 105 I116=1,40:
BIL6=T16 :

 AT16=BIl6/2. -

105 G{I16)= GAMMA(AIIG)

= T K=2 - : :

. AK=K o L.

po 11 I=1,K

11 READ 12,X1(I),X2(I) Y(I)

12 FORMAT (3F6.3) . - ' o

R DO 97 1I1=1,25 0 : o v

97  READ :5.31(111} ‘ ) '

15 FORMAT (F6.3) ‘ :

; po 98 1I2=1,8 = . .. ] . ‘

98  READ 15,B2({II2) , ‘ . @
DO-99 1I11=1,8 c . '
D099 112=1,8 o . .
.SUM=0.0 ‘ o R ] : .-
DO 96 I=1,K :
.96 sum—sum+(Y(I)—Xl(I)*Bl(IIl)-xz(1)*32(Ixz))**z

SB=SUM |
ALl=.6 .. ! ' '
AL2=3.0 F C

.f.'/

AN

_:-{"-“,' o
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BO=1. 0+ (0. 125%AL2) - (0. 2083*ALL**2) .
D(1)=(~.1667*ALl) .

- D(2)=(-. 255AL2)+ (625 ¥ALL**2)

' D(3)=(.1667*AL1)
D(4)=(:0417*AL2) - (. 20B3*AL1**2)

P(5)=0.0
D(6)=(.0139£%£1**2)

ANRM1=(DO**K) *G (K) * (2.0/SB) ** (AK/2.0)
ANRM2=ANRML/ (DO* *K)
TOT1=0.0
D0 100 IAl=1,6
JAl=IAl+1
DO 100 ISl=1,3Al .
Al=IAl L A,
. S§1=1IS1l-1 : ‘ I
DO 100 Ll=1,k :
- El"(DD**(K—l))*({xl(Ll)*Bl(IIl)—Xz(Ll)*BZ(IIZ))**
- © {IS1-1))*((-1)** (1IS1-1))
E2= D(IAl)*G(K+IA1)*(Y(L1)**(AliSl))*F(IAl IS1)*((2./SB)
: : **((AK+A1)/12 }) -
100 TOT1=TOT1+E1*E2 .
TOT2=0.0 ,
DO 101 IAl=1,6.
* DO 101- IAZﬁl 6 _
JAL=IAl+1 - v
 JA2=IA2+1 - -
. DO 101 ISl=},JAl
DO 101 1S2=1,JA2
S1=IS1-1
S2=I52-1 . ,
KK=K-1 ' _ : v
DO 101 Ll=1,KK -
LL1=L1+1
DO 101 L2=LL1l,K
Al=IAY '
A2=IA2
.El-(DO**(K—2))*(Xl(Ll)*Bl(IIl)+X2(Ll)*BZ(II2)**ISl—1)
E2%D(IA1)*D(IA2)*(YL1)**(Al~Sl))*(Y(L2)**(A2-SZ))
- E3=F (IAl, IS1)*F (IA2, IS2) *G (K+IAI1+IA2) * ((2./SB)** ( (aK
+A1+A2) /2.))
E4-(X1(L2)*B1(IIl)+x2(L2)*B2(II20)**(I52~1) _
101  TOT2=TOT ﬁEl*EZ*EB*E4 : , . ’
. TOTAL= +POT1+TOT2 - .
PRINT 93,BY(IIl),B2(II2),TOTAL
93 FORMAT(",FG 3,F6.3,730.4)
PRINT?S ANRM2, ANRMl TOTl,TOTZ T
75 FORMAT(" 4F18 4)
99 . CONTINUE
' STOP
. END-



e , . APPENDIX IIX

L]

Computer program to find the values of lf

HS produce positive Edgeworth Series

po 1 ID=1,8l .
JN=ID-21
D=3JD/10.

DO 1 IA=1,51

& - JA=IA-26
A=JA/10.

. b0.7 I=1,2000
J=I-1000
¥=3/100.

.
A

.and lzwhich

S N
e

N 73 )% (A*%2) % (X**6-15. *X**4+45. *XW2-15.)

C=(A/6-)* (X**373,*X)
_E=(D/24.)*(X**4—6.*X**2+3-)~
Y=B+C+E+1. ’ .
IF(Y.1LT.0.0)GO TO 1

-7 CONTINUE" '
PRINT 2,2,D -

2 FORMAT ("', F10.4,F20.5)=

1 CONTINUE '
STOP
END

305

ag



.\_{”

\:

Compugpr program to compute the cumulative probablllty

. APPENDIX IV

-

o

' ™

distribution of an Edgeworth Series (using the Trapezoid

Rule) .

‘TSUM=0

READ 9,A,C,S,ALL,ALZ

FORMAT (5F6.3)

CONTINUE _

ANRM=. 4% (1. /S) ¥EXP (- (A%*2.) /(2. ¥6%%2.) -

" Al=(ALL/6.)* ((A**3.)/(S**3.)~(3.*R)/S)

A2=(AL2/24.)* ({A**4, )/(S**4 )y-(6. *A**2)/{S**3 y+3. )

CA3=(AL1**2.)/72.

A4=(A**6. )/ (S**6.)— (15.*A**4, )/(S**4 ){45 kAKX*D )/(s**z y-15.
F1=ANRM* (1.+A1+A2+A3*A4) _ ,
B=A+.05 - ‘ ‘ o |

BNRM=.4* (1./S)*EXP(~ (B**2.)/(2.*5**2.} . ﬁ

Bl=(AL1/6.) * ((B**3.)/(S**3.)~(3.%*B)/S} ////

B2= (AL2/24.)* ((B**4.) /(5**4.)~-(6.*B**2) / (S**2. Y+3.)
B4=(B**6.)/(S**6.)—(15.*B**4. )/(S**4 ) (45.*B**2 .}/ (S**2, ) -15.
F2=BNRM* (1.+Bl1+B2+A3*B4)

SUM=,0005* (F1+F2) . _ _ o
DO 1 I=1,49 _ , = .
A=A+.001 ha

"ANRM=.4%* (1. /S)*EKP( (A**2.) /(2. %S%*2.) . -

Al=(AL1/6.)* ((A**3.)/(5**3.)-(3.*A)/S) -

A2={(AL2/24.)* ((A**4.)/(S**4.)-(6.*A**2)/ (S**2.)+3.)
A4=(A**6.)/(S**6.) - (15.%A**4, )/(s**4 } (45 . *A**2, )/(s**z )-15.
P=ANRM* (1. +A1+A2+A3*A4)

SUM=SUM+(.001*F) _

TSUM=TSUM+SUM - . T

" PRINT: 10, TSUM,B,SUM

FORMAT('0", 'INTEGRAL—',FIO.I,'UPPER LI IT.',F8.4,' ',F10.7)
A=B - .

IF(A-C)2,2,3. .

STOP  --  ..: S B

END

o we - /
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