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1/n expansions for two-electron Coulomb matrix elements

G W F Drakef and Robert Nyden Hilli

 Department of Physics, University of Windsor, Windsor, Oatario, Canada N9B 3P4
 Departtent of Physics and Astronomy, University of Delaware, Newark, DL 19716, USA

Received 8 April 1993

Abstract. The study of 1/n expansions for various atomic matrix elements, where n is the
principal quantum number, plays an important role in the theoretical foundations of the quantum
defect method, This paper will develop an expansion in powers of 1/ a? for hydrogenic bound-
state wavefunctions which can be used to calculate 1/n expansions of matrix elements. The
1/n expansions of the two-glectron direct and exchange Coulomb integrals will be evaluated as
an example,

1. Iniroduction

The study of 1/n expansions for various atomic matrix elements plays an important role
in the theoretical foundations of the quantum defect method and, in particular, of the Ritz
expansion for the quantum defect. If n is the principal quantum number for a Rydberg state,
then the quantum defect formula for the non-relativistic ionization energy is [1]

Ty = Ru/In — §(m))? (L.

where Ry is the Rydberg constant for nuclear mass M and the Ritz expansion for the
quantum defect §(n) is

8 84
s T dmF T

8(n) =6 + (1.2)
in which only the even powers of n — §(n) appear. Recent advances in the accuracy of
both theory [2] and experiment [3] for the Rydberg states of helium raise new guestions
concerning the limits of validity of the Ritz expansion. As discussed by Drake and Swainson
[4], and by Drake [5], the Ritz expansion requires for its validity that certain equations of
constraint be satisfied by the coefficients in the 1/n expansions of matrix elements. For
example, let ¥{? be the unperturbed two-particle wavefunction in a screened hydrogenic
approximation to a Rydherg state of helium with principal quantum number #, and let V be
an operator describing some correction to that model whose matrix elements have the 1/n
expansion

(w;0)|V|¢'£D)} = n—3(a0 +dzn_2 + o) (1.3)
Then the first-order correction to the energy is
AED = (y V() 14
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and the second-order correction is

EtZ) wmwwcm} (1.5)

where (! satisfies a first-order perturbation equation with V as the perturbation. If the
1/ expansion for AE'? is written in the form

AE® = n 3o+ byn™ + bpn™2 4 .- ) (1.6)
then the validity of the Ritz expansion requires that the cofficients satisfy [4, 5]
b = —%a} (L7
b3 = —50002 (1-8)
bs = —%(a% + 2apas) (1.9)
= —Hapds + a204) (1.10)

etc, Hartree’s theorem [6]f that the Ritz expansion is valid for any V which is short-
range, local and spherically symmetric guarantees that the above equations are also satisfied
for any such case. For example, it has been explicitly demonstrated for the —a /r* dipole
polarization potential [4], and for cross terms involving polarization corrections to the direct
and exchange integrals of 1/ry2 [$]. The exchange part represents an extension of Hartree's
theorem to non-local potentials. However, it is not known at what point, if any, the constraint
equations (1.7) to {(1.10) will no longer be satisfied as higher-order corrections are added,
leading to a failure of the Riiz expansion. Odd powers would then also be needed in
equation (1.2),

In order to answer this question, the 1/7 expansions must be known. The purpose
of this paper is to develop techniques for gererating 1/n expansions for the two-electron
direct and exchange terms that appear as corrections to the screened hydrogenic energy, and
to give numerical results for cases of interest. These expansions are also of considerable
value for highly excited states where direct calculations are cumbersome. In the case of
unscreened hydrogenic wavefunctions, Sanders and Scherr [7] give formulae for the full
direct and exchange integrals. Their tables cover the states up to n =20 and £ = 2.

The analysis is based on a expansion in powers of 1/n? for the hydrogenic radial
function

. 112
RniZir) = ~Z (2_—-_—:;(" i 8;!“) PR exp(—g LT (E) (L11)
where

& =2Zr/n. (1.12)

The function Lf_f:'_‘;(l;') which appears in (1.11) is a generalized Laguerre polynomial as
defined in the Bateman project [8] and in Magnus ef al [9). This definition of the Laguerre
polynomial is different from the one used by Bethe and Salpeter [10]; we have chosen to
use this definition, which is standard in the mathematics literature, in order to facilitate
the use of other relevant resuits from the mathematics literature. Matrix elements can be
evaluated by inserting the expansion in powers of 1/n? for (1.11) and integrating term by
term. We illustrate this technique by using it to compute the expansions in powers of 1/n?
of the direct integral J and the exchange integral K as defined by Bethe and Salpeter [10]3.
A table of the expansion coefficients for J and X for helium is provided. Convergence
proofs for the expansions are given.

 Some gaps in Hartree’s proof are filled by Hill and Drake, to be published. See aiso Langer [6].
1 A formuls for the leading term in the 1/n expansion of K was first obtained by Hylleraas [11],
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2. Summary of results

For n large, R, ¢(Z; r) has the expansion

_ _ n_!_le ! [/2 00 _
Ry e(Z; 1) = —n 322 7,112 [(n ~—(€ — 1))!’128_[_,:1 ng(x)n 2% 2.1

where
8Zr. (2.2)

The expansion (2.1) converges uniformly in r for r in any bounded region of the complex r
plane. However, it converges rapidly enough so that a few terms will give a good description
of Ry ¢(Z; r) if r is smaller than the turning point rg = 2#%/Z and not too close to rg. The
square root in (2.1) has not been expanded in inverse powers of n because it has a branch
point at [/n =1 /2 which would reduce the radivs of convergence of the expansion to 1/£.
The coefficients gk 9 (x) in the expansion (2.1) can be calculated recursively from equations
(3.1)-(3.3) below. The first three are

8" (%) = Juy1(x) @3
3
g0 = mme F 1) age2(x) + LJ22ra (3} (24)
[
g2 = z [45(€ + D2 + 3)Jaeqa(x).

184320(£ + 3)(22 4- 5)
o 3L+ 5)(5E — 1) Japes(x) + £(5€ — 1) Japy7(x)]. (2.5)
The J,(x) which appear in (2.5) are Bessel functions of the first kind in standard notation?.

The factor (n + £)!/[(n — £ — 1)1 n?*!] whose square root appears in (2.1) has an
expansion in inverse powers of n? of the form

1 £ .
(ﬂ + 'e) : = Z b}nn—z_f- (2-6)
=0

(n — £ — 1)l n2tH

The coefficients b}e) in the expansion (2.6) can be calculated recursively from equations
(3.4) below. The first three are

b =1 @7
B = Lo+ 12 + 1) (2.8)
b = (€ — DL + 1)(2€ — 1)(2L + 1)(5¢ + 6). 2.9
In our notation, the direct integral J and the exchange integral K are
J =f drzf dry rira(ry = r) R0 (Z; )[Ry e(Z — 1; 7)) (2.10)
K= —f drzf dry 17 R R 0(Zs M) Rut(Z — 15 1y)
X R10(Z; 12} Ry e(Z — 15 1), 2.11)

1 [8] p 4, equation (2); 9] p 65.
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The factors Ry o(Z; ry) and Ry o(Z; r»} which appear in (2.10} and (2.11) are given explicitly
by

Ry o(r) = 2232 exp(—2Zr). (2.12)

These factors cut off the integration fast enough so that only the values of ; and ry for
which (2.1) gives a good description matter. Thus 1/n? expansions of these integrals can
be obtained by inserting the expansions (2.1) and (2.6) and integrating term by term. The
resulis are

o
J=3 2 2.13)
k=0
[= 4]
K=Y "Opm>? (2.14)
k=0
where
y=Z/8Z—1). (2.15)

The expansions (2.13) and (2.14) converge for r > (Z—1)/Z. The coefficients c{"*’ () and
cf’x)(y) in the expansions (2.13) and (2.14) can be calculated recursively from equations
(3.5)-(3.15) below. Tables 1-11 list numerical values for these coefficients for helinm (i.e.
for Z = 2, which implies y = 1/4)for 0 < £ < 15 and 0 < £ € 10. The coefficients in
the tables were calculated by programming the formulae of section 3 in quadruple precision
arithmetic. They were checked by evaluating the integrals numerically with high-order
Gaussian quadrature formulae. The two methods of evaluation agree to 30 digits. To save
space, we have reported the coefficients to only 20 digits, The tables were composed directly

from computer-generated output.

Table 1. Expansion coefficients for Z=2 and £ =0,

k Direct coefiicient c,io'” ) Exchange coefficient CEO.K) V2
0 —0.168417505735 83722134 0.383 369 494 450 965 85747
1 —0.144700366 146677 B14 13 x 10! 0,178 916 361 865 682 70038
2 —0.19186799558390525173 x 102 0.652 081 155425 593 73759 x 107!
3 0309674941 43167422525 x 103 0.214 624936 065 81397040 x 10~!
4 —0.55775994907645265947 » 10~* 0.666 968342 826 088 71350 x 10-2
5 —0.10759448843161345669 x 10— 0.199 664 997686 120 16006 x 10~2
6  —0217399460771382 10969 x 1073 0.582 154973 13562600373 x 1073
7 —0.454042507 80602528498 x 10-6 0.166 430368 98721580195 x 10~
8  —0.97193989928986733373 % 10~7 0.468 605 659692089723 10 x 10~4
9 0212045076593 944 3669% x 10~7 0.130347262.85223245538 % 104
10 —0.469615427 17217043502 x 10~8 0.358 992 674 889247 75224 x 10~°
11 —0.105277636 09029539066 x 103 0.980 582 529992 159 60581 x 10~9
12 —0.238386353 16562309080 x 10~° 0,265 983 533531 30844951 x 10~6
13 -0.544 339498336490 18665 x 10~10 0.717 190423 428257026 54 % 1077
14 —0.125184 254809 56123891 x 10-10 0.192 385595 64251548163 % 10~7
15  —0.28965657320991352672 x 10~ 0.513 750596 286 745 70262 x 10~3

It is noteworthy that for large £, the coefficients increase dramatically in size before

eventually decreasing. For low £, the first few figures in the leading coefficients ¢

(£,0)
0

for the direct integrals agree with those quoted by Bethe and Salpeter [10], but there are
significant differences in the leading exchange coefficients ¢
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Table 2, Expansion coefficients for Z =2 and £ = 1.
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k

Direct coefficient cu J)(y)

Exchange coefficient ¢ a. K)(y)

0
1
2
3
4
5
6
4
g

¥

10
11
12
13
14
15

—0.104 458672803523 11237 % 107!
0.799 485411 653926 36220 x 102
0.192535977963091 70346 x 10~2
0.413 102502426 759 028 55 x 10~3
0.881 597429 655 884 78032 x 10~4
0.190336 428 122954 79602 x 10~*
0.416 618056 652254 26811 x 10~3
0.923 567483 666052 33024 x 10~6
0.207 017986 028 941 85893 x 10-¢
0.468466015 57712017570 x 10~7
0.106 879 028 784 145 62749 x 10-7
0.245 562 106 631438 415 10 » 10-3
0.567 647663 688 283 87847 x 10~7
0.131 919435026 565 197 19 x 10-9
0.308014 581 962 18032963 x 10~10
0.722 157513 798 368 395 40 x 10~

0.351 447762 54351131986 x 10!
—0.148 680 197 469 488 426 78 x 10!
—0.120391 466 304 857 768 69 x 10~
—0.534638 491 173086 18295 % 102
—0,195 437 884032 290 436 97 % 10~2
—0.648 105 065001 31916243 % 10-2
—0.202741 278 525997 15726 x 103
—0.610 120940825 14492359 x 10~4
—0,178622056 711 652352 34 x 10~4
—0.512314 773 823 38063691 x 1075
~{1.144 623 880475 47795737 x 10~°
—0.403 136 764 663 568 575 21 x 10~%
—0.111222 844 509373 408 06 x 10~%
—0.304 247 259 188 380 20976 x 107
—0.826293 214 702 190051 73 x 1078
—0.223035210223 881 67606 x 108

Table 3. Expansion coefficients for Z =2 and ¢ = 2.

k

Direct coefficient ¢ Jr](y)

Exchange coefficient c; -K) {¥)

W ooh ] RN =D

—0.176R33278 750378 78553 x 10-3
0.818063 040777679445 71 x 10~2
—0.395 581025 198 58343011 x 103
—0.175 440 130 995 196 591 35 x 10~3
—0.520115 750129924 25000 % 10—*
—0.136763 182886960 78942 x 16—+
—0.342047 846 512 373 446 52 x 10-5
—0.835246 653297 285 933 53 x 10~6
—0.201 502451 852 165 96986 x 10~5
—0.483 129319779901 11424 x 107
—0.115 492904 830012 86208 x 10~7
—0.275 766 344 830 760 624 13 x 10-8
—0.658 380 131 207231 86054 % 10-?
—0.157263 868 89709937497 % 10-?
~-0.375970683 280 50244763 x 10-10
—0.899787974 18955857572 x 10711

0.649 742 985 806 501 17299 x 1073
—(0.279 838 511 808 944 30527 x 1072
0.555 774827792776 83378 x 10~}
0.843 195 404 794024 57923 x 103
0.457749 676 755934 497 18 x 102
0.187707 489371786 15454 x 1073
0.673 477 840 246 702 576 36 x 10~4
0.2232653625182729 17461 x 1074
0.702 599 838 769 405 32502 x 10~3
0.213 143 805 607 571 64243 x 10-5
0.629 306 945 004 466 89905 x 10~6
0.181 980250 063 278 08502 x 106
0.517683 349158 81094057 x 10~7
0.145330 143606255 15513 x 1077
0.403 569765 944 04391377 x 10~8
0.111 052 805 469 568 46737 x 1078

3. Formulae for computation

The functions g,(f) {x) in the expansion (2.1) have the form

g () = x> Z‘,a 2ttt (2).

The coefficients a;

& _

(C)

m=0

are calculated recursively from

(U+2m+k+1)

ko T

3202k + m)(2 +m + 2k + 1)(2£ + 2m + k — 1)
x [(20+2m +k — 1)a , + 320 —m + )28 + m —k)al", |

km—

3.1)

(3.2)
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Table 4, Expansion coefficients for 2 = 2 and £ =3,

bl

Direct coefficient cf" D)

Exchange coefficient c,?'x )(y)

EWOD‘-JQM&-WNHQ

— s s
LY I T~ I -

—0,133287 966 771 994224 76 x 1073
0.179838 445551 81253904 x 104

~0.560773 881 484 851 63973 x 104
0.180814 635585505694 89 x 10—+
0.137256 275647248 80533 x 104
0.53028608581368021142 x 10°5
0,166 699 692951 263 863 15 % 1075
0.475 640912379007 981 05 x 1076
0.128624 647523675 24309 x 10~6
0.336 695 347 002933 21732 x 1077
0.863 098 774 146 038 16448 x 10~8
0,218 170 151 02025701859 x 10~3
0.546 174 339408 439 88131 x 1¢~?
0.135 803 234485766 31263 x 10~7
0.336 027982008 724 74422 x 10™10
0.828 544831 132722 11371 x 10-U!

0.506 356 469 489 406 159 35 x 10~%
—0.668459 726 736 377 48445 x 10~

0.192 878 772853 346 365 20 x 10~3
—0.960271 821 074 57359775 x 1073
—0.565 188 253 347 535 18842 x 104
—-0.373 775424381 208 17375 x 10~*
~{.172920 507032176396 77 x 10~
—0.676 132 851 52242549607 x 10~5
—0.239 406 379 342029 34820 x 10~
—0.794044 849438 815 15434 x 10~6
~0.251483973759247 67588 x 105
—0.769 726 089903 349 17732 x 107
—0.2290498493 969371818 17 x 10~7
—0.670268 157372562924 19 x 10-3
~0.192 522518632 036 886 57 x 10~3
—0.545 472261 01075865374 x 10~°

Table 5. Expansion coefficients for Z =2 and £ = 4.

k

Direct coefficient cf"])(y)

Exchange coefficient c‘f’m (2]

VeI At b w = O

— et bt bt b
VMR W N =

—0.560809 576990186 19369 x 108
0.164 663 005 450487 41258 x 106
—0.142510016 087 591 56932 x 105
0.366 540 509633 952 586 04 x 10™5
—0.685292 774 89732067946 % 10~6
—0.978222750505411 884 74 x 10~¢
—0.478 875284 11296049780 x 1076
—0.176614 327628651 32310 x 10~8
—0.568 566 144 570930 40575 x 1077
—0.169215 020263 56099800 x 10~7
—0.479075 788 444979 84274 x 10~%
—0.131127545221695854 11 x 10~8
—0.350443 470037944 79331 x 10~°
—0.920410 177 716464 647 70 x 10~10
—0.238611216093 07274355 x 10~
—0.561247301794286127978 x 10~

0.21691333905277723933 x 10~7
~0.630502 155 133208 55777 % 10~§
0.532617 796327346 898 31 x 10-5
—0.126 040907 437884 38201 % 10~
—0.109521 004 881 802 25493 x 105
0.353507 026 439 14004575 x 10~
0.290537 483 886 304 07593 x 1077
0.151 884372112395 63642 x 1075
0.648 555784 545926 421 67 x 1076
0.246 010 120891 23564201 x 10-6
0.862 998 827990 886 071 27 x 10-7
0.286425981 955249636 12 x 107
0.012 295 882 885 36649091 x 10-%
0.281 512755 66089668223 x 10-%
0.847 187862873 28045963 x 10~%
0.249844 864 324619 188 00 x 10-°

starting with the iniftial condition

Numerical values of the Besse! functions J,(x) which appear in (2.5) can be conveniently
calculated via backwards recursion using the Miller algorithm [12]. A FORTRAN program

(&
o0

= 1.

(3.3)

for calculating the J,(x) can be obtained via e-mail from netlibf.
The coefficients b}" in the expansion (2.6) are calculated recursively from

} Por information and instructions, send the message 'send index’ via e-mail to netlib@oml.gov, The program for

b;l) o b_fit_l) - JE2b(ﬂ—l}

(34)

calculating Bessel functions J, (x) is rjbes] from the specfun collection,
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Table &, Expansion coefficients for Z =

Jand & =5

Direct coefficient c(s ”(y)

Exchange coefficient ck 55y

—0.149806 722 130 52068069 x 10~10
0.812439635609019 19833 x 10~

—0.146 983 854 799 573 02969 x 10~7
0.103 066 450 088 256 841 58 x 10~6

—0.233357 099903 934 920 46 x 10~%
0.133 995967 164 953 09608 x 10~7
0.649 431 679329725 666 31 x 10~7
0.398 413920629224 03490 x 10~7
0.170237 887431 12255848 x 10~7
0.613 030242314 642231 13 x 10~8
0.199696 617131 176626 11 x 10~8
0.609462 219255051 096 54 x 1077
0.177787 663260348 788 35 x 10™°
0.501938 831493 439 06667 x 10~10
0.1387285723052 11760401 x 10-10
0.373902997695 568 790 11 x 10~11

0.585050 054 632936 65962 x 10~10
—-0.315602651 868 18756243 x 108
0.564934442 011937649 10 x 10~7
—0.386 227 920 701 072 246 36 x 10~5
0.799 837638059471 651 12 x 10~%
0.179942703 900 353 53699 x 10~
—0.205 750532940341 47741 x 10—6
—0.216 016785415572 82190 = 10-%
—0.127 735223 590 343 60902 x 10~5
—0.595 675022215627 22965 x 10~7
—0,242220280 555971 90028 x 10-7
—0.899 858247784 050 17868 x 10~3
—0.313 512098 046 22994200 x 10~28
—0.104 118624 703917262 36 x 10~8
~(.333215075535 16035389 x 10~
—0.103552691 76931239892 % 10~

Table 7. Expansion coefficients for Z =2 and £ = 6.

=

Direct coefficient ':-“s J)(y)

Exchange coefficient cf (. jn(;y)

Wb bW~ O

10
11
12
13
14
15

—0.275961 664 087817 11801 x 10-1?
0.248 653689 133348928 57 x 1011
—0.806 357 135 607 920 78947 x 10710
0.115428 313 583 56704195 x 1078
—0,711 730465479 90303127 x 10~%
0.145927 467881 35206302 x 10~7
0.107367 182221 85883374 x 1078
—0.404 365 518451 742 581 19 x 10~%
—0.31181444524391771022 x 10~38
—0.153093262902 66937591 x 10-8
—0.612514 751430372284 25 x 10~
—0.217350 812460 702335 58 x 10~

—0.712 776885 126819296 84 x 10710

—0.221 146266 351 666 871 76 x 10~10
—0.658 753 523333933 43943 x 10~
—0.190258 740 845 922 20802 x 10~1!

0.108422 820663442 55598 x 10712
—0.973869230995 67087381 x 10~
0.314053 777708 606 77896 x 10~7
—0.444 615 130558 906 10361 x 1078
0.267 035777 337596 46325 x 10~7
—0.497 568819274 034 44259 x 10~7
—0.184 157128875205 164 15 % 10-7
0.108 860283 091 27305349 x 107
0.154 260438 243244 68362 x 10~7
0.103 398230001 249 83749 x 10~7
0.526283 152770166 16918 x 10~%
0.229327 287968 55530374 % 10~3
0.902367 174019795 628 59 x 10~?
0.330205 713 561 593 23945 x 109
0.114 442928216012 85340 x 10~°

0.380270661 81700999452 x 10~10

3165

starting with the 1mt1al condmon (2.7.
The coefficients cJ (y), where X = J or X = K, in the expansions (2.13) and (2.14)
are calculated recursively from

min(j,£)

z ¥
(s Dy) = -= Z (z)d(c J)(y) 35)
k=0
Zy? G
EEY ) = ot S pOaEE 1.6
¢ ) (2e+1),; - (36)
The coefficients d}z‘x)(y) which appear in (3.5) and (3.6) are calculated from
d*¥(y) = E 2 Z A iy ¥y X=J  orX=K. (3.7

k=0 m=0m'=0
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Table 8, Expansion coefficients for Z=2and £ =7,

=

Direct coefficient cf"” ()

Exchange coefficient c,f""“(y)

A= RS - N T, R E5 B R e ]

—— v st
AWk = O

—0.371299624 380001 91964 x 10~16
0.516021 219696 588 80099 x 10-14
—0.271 769264 186036 17469 x 10~12
0.683 463252 364958 53751 x 101!
—0.848064 223227623349 84 x 10~10
0.478 088 119325 42554759 x 10~°
—0.900045 791679618 01233 x 10~
~0.189.098 786 550230 12932 x 10-?
0.235 089 036749 91795920 x 10~
0.232341 034625933 18372 x 10~°
0.130452 143 183 207 80901 x 10~
0.576 849 844 625 788 775 87 x 10~10
0.222 064 202 635 872919 97 x 10~10
0.780169 334711 21805251 x [0-!!
0.256907 908 795 556 01506 x 10~!!
0.806315917902 068 35825 x 10~12

0.146464 609 14863501727 x 10~ 4¥
—0.203 143269295 386571 43 x 10~13
0.106 636 191295285 64639 x 10~!!
—~0.266 624256 56396691027 x 10~10
0.327 083600394 046 362 80 x 10~°
—0.179447002219541 29066 x 10-8
0.304 812220737797 71477 » 10~3
0.160 374664 95605042969 x 10-3
—0.490 899915784 587 35945 x 10~
~0.10604528023581882372 x 10-3
—D0.809253 288 237291 89779 x 10~
—0.449 331 529 480 891 403 95 x 10~?
—0.209 650327 34032774722 x 10~-°
—0.873352606 12051334967 x 10~10
—0.335641076612 75055194 x 10-10
—~0.121424407537 13440821 x 10~

Table 9. Expansion coefficients for Z =2 and £ = 8.

k

Direct coefficient c,Es"”(y)

Exchange coefficient cﬁs"'{ J(y)

O = O

—0.380613649172223 04562 x 10~
0.77207528244011723225 % 1017
—0.616 144 867328070569 19 x 10~
0.247 574 557190522 85113 x 10-13
—0.532 183 273670289039 21 x 1012
0,598 639965492 77743676 x 107!
—0.315301 114393 90536936 x 10~'0
0.548 753 468 362 103 44069 x 1010
0,194 928 967 593 676045 66 x 10-1?
—0.125 154 176255 661921 40 % 10~
—0.165 984 200828 350094 28 x 10-10
—0.106405 476 66236697311 x 10710
~0.517965 149624 17584879 x 10~1!
—0.215561348 11873289318 x 1071
—0,809 128 830074 049 15692 x 10~12
—0.282220015 404740 348 88 x 10~12

0.150558 764 118 862 65544 x 1018
—0.304 992879 133 34307636 x 10-16
0,242 885 198001 490 68122 x 10-4
~0.972618573 13741727197 x 10-13
0.207 828200223 580061 87 x 10~ 1!
—0.231 060570 166703 35245 % 10~1¢
0.118335305 871 90788923 x 10~?
—0.184 312277354 54607269 x 10~?
—0.128 406 970623935 524 76 x 10~?
0.146541 588639 11663944 x 10-'9
0.701 840 818 809 894 404 43 x 1010
0.614 553386331 749 101 19 x 10-10
0.372200 548 130664 04223 x 10~
0.185 787 349605 183 058 54 x 10~
0.818764 551 269655220 57 x 10~
0.33032102993935212931 % 10-!!

o
A

Y=

i=0 j=—i

i .
X ( frlzax)(;,gfa;—;)!+2(

x(i+j,g;;-1

Xy

(N
s

)3 [(22+2k+m+2k’+m’+2) (z+ i

it —i

ith —1
it+j i

—e—mm—k' i

fork+2mz=k+2m

26 +2%k+m+2k +m + 1
i) —i—1
max

expl—1/(4¥ ) ek same i j+1[1/(49)]

(y) in the case X = J are calculated from

)

it j

)

i— 1)’] (_1)j8—k—m+m'-i—]

(3.8)
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Table 10. Expansion coefficients for Z =2 and £ = 9.

ol

Direct coefficient ¢; J‘)(;y)

Exchange coefficient c,fg'x}(y)

WU W =S

10
11
12
13
14
i5

~0.307003 800613 138 78793 x 1022
0.871042 156488 54235231 x 10~
~0.100031522 308 770646 85 x 10~-17
0.600985 431 580 787 375 56 x 10~16
—0.203918 106 54077471425 x 10~14
0.393408 791 44533003726 x 10~
—0.411581 344314887931 24 x 1012
0.205233 774 892 898 59291 x 10~1!
=0.331 137482121 25392626 x 10-!!
—~0.169503 378 884 965 763 83 x 10-!!
0.578 012089 887 358 04701 x 10~12
0.114 104 871 080041 07820 x 10-11
0.836604 183221 378 01662 x 10-12
0.447051 342 545 857 576 77 x 1012
0.200545 501994959 738 87 x 10~12
0.802 301 136365 832 708 80 x 10-13

0.121687 789512947939 30 x 10~ 2!
—0.344923 902 867 215788 41 x 1019
0.395 553 155 264 504 234 42 x 10~17
—0.237 131269775 013423 10 x 10~15
0.801783 614921 31854954 x 10~
—0.153741 223619724899 78 x 1012
0158929258641 21300695 x 10~ 1!
—0.769 945 508 234 30447843 x 10~11
0.110 132439534548 13908 x 10~1¢
0.975 634250941950 413 64 x 10~11
0346517319 972851 60663 x 10712
—0.446021 185 260 124 23840 x 10~H
—0.454006 115712750972 82 x 10~
—0.300108454 97762322617 x 10~
—0.160135 700473 91137895 x 10-1
—0, 745966 132650740 854 14 x 10™12

Table

11. Expansion coefficients for Z =2 and £ = 10,

bl

Direct coefficient cklo -’)(},)

Exchange coefficient c,fm'm(y)

Ewmqmmhwm-—o

T e
L T

~0.199876717 992257 78827 x 10-%
0.766721 657025002 52303 x 10-3
—0.121 739052 870 15065379 % 1020
0104099948913 616 571 52 x 10-18
—0.522723 176556 511 58129 % 10~17
0.157715 502985 634 28242 x 10-15
~0.280937 657227901 42110 x 10-14
0.277 782 463995328 03394 x 10~13
—0.132277 173074 843 98896 x 10-12
0.197885647 311 68053108 x 10-12
0.135227 337827372 84647 x 10~12
—0.191 098 995 992 600 001 07 x 10-!?
—0.755498630 181 16959513 x 10-13
—0.637 127535500832 835 36 x 10—12
—0.373 093815 34333238770 x 10~12
—0.179977 741 312436964 42 x 1012

0.793461 929 130680744 70 x 10~
—0.304 154299334 664 8§62 27 x 10~
0.482448 172094 136 383 88 x 10~
—0.411940832 52290140975 x 10~¥
0.206 389 228 345 634 85494 x 10-16
—0.620484 548 605287091 59 x 10713
0.109839317836577 59187 x 10713
—0.107287 404 486 361 49407 x 10~ 12
0.495933 266974 52005933 x 1012
—0.650539 710239 08365104 x 10-12
~0. 714913977277 71545168 x 10712
—0.116595 743 586 253 361 25 x 10~12
0.270365 688965974 59610 x 10-12
0.326 840 596 592 785 649 58 % 10~ 12
0.236 171309058 12761040 x 10~1?
0.134 636077884 67367225 x 10-12

J'max

j=0:

(8-

X(i,ﬁ,ﬁ-;-j—l

Xy

‘mu

JE —

=—j

Ju)_l) "
)( o) U

[+

[(2£+2k+m+2k’+m +2) (i,f,{a;ﬂ

U+ 2k+m+2k +m' +1
& —

)

i+J

)

Jj=1

—kebm==m'=i=2 ey o[ —1 /(4 N g srqamtivj+1[1/(4))
fork+2m < K +2m'

i =k—m+2k'+m+1

(3.9)

(3.10)
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O =k —m' 2%t m+ 1. (3.11)

The Fusie[1/(49)] which appear in (3.8) and (3.9) are modified Bessel functions of the
first kind} which can be calculated efficiently via backwards recursion. The ¢&%), ()

koot omt
in the case X = K are calculated from
(€.X) ) %%(%+ﬂc+m+2ﬁc’+m’+4 i+j,§{§,{ i,ﬁﬂ
ek k', 1}"'= .(K)_. )(- .)(.)
ke o s fimp — 1 i+ f
« (!}nig;); _ i)!(_l)jz—-k—Qm-Hc'-}-Zm'—ﬁ—]y—ﬂc—m—k’+m'—i—4
X fU+2K +m +i+j+2,2%k+m+i+1,204+K+2m +i+j+1;v)
fork+2m 2 k' +2m’ (3.12)
Jrl‘ux f:mx s H(K) - (X}
(&,K) U+ 2k+m+ 2k +m' +4N (i) + 7 J
ek ke (Y) Z Z ( S(KY m!ax_}_ . max
0=y Jmax — J t=rJ J

% (J(K) j)!(_1)12’:4-2'?1—!3—2#!'—2;'—1y—k+m—2k'—m'—j—4

X fR+2A +m +j+2,2%k+m+itj+1L,28+k+2m+i+j+1;9)

for k4 2m < k' 4+ 2m’ (3.13)
where

B =k —m 2+ m 43 (3.14)

JE =k —m 2+ m 3, (3.15)

The f(p,q,v;y) which appear in (3.12) and (3.13) are evaluated from the power series
expansion

= glpt+ig+i) (1N
f(p,q,v,y)mexp( ) J'P(U+J+1)() : (3.16)

Some computer time can be saved by evaluating some of the f{p, q,v; ¥) from

fipg,vivy=flp+Lqv;)+ fp.g+1,v ) (3.17)

Because the f(p, g, v; y) are all positive, (3.17) can be safely used in the backward direction
to evaluate f{p.q,v;y) from f{p-+1,q,viy) and f(p, g+ 1, v; y). However, loss of
accuracy may result if (3.17) is used in the forward direction to solve for one of the terms
on the right-hand side. The g{p, ¢} which appear in (3.16) are evaluated from

h{p, q)

2pHt2(p + g+ 1) (p-;q

glp.g)= ) (3.18)

t (8] p 5. equation {12); [9] p 66.
1 The relevant program from the specfun collection at netlib is ribes] (testdriver ritest).
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after the h(p, g), which are integers, have been evaluated from the recursion relation

h(p,g+1)=2n(p,q)+ (p+g+1) (3.19)

which is started with the initial condition
h(p,0)=1. (3.20)

Calculating the g(p, g) via a recursion in integers such as (3.19)—(3.20) reduces round-off
£FTOT.

The leading c(()a.x) term in equation (2.14) can be given a simpler form than the doubly
infinite summations given by Bethe and Salpeter [10]. Defining 5 = j + £ + 1 and
u=2(Z—1)/Z, the result is

e g T TE Y0 0] G2
where
D17, ) =25[26 4+ D@s+ g +s+ 1, j + 1)+ 3¢ +5)g€ +5, D] (3.22)
and
820, &) = 6(s + D@5 + Dl +5+1, j+ 1) + j€ + 98 +5, ). (3.23)

The series is rapidly convergent.

4. Derivations

The expansion (2.1) is obtained by writing

{(n+ &)

g exp(-/DLZ®) = RS ®) @1
where
x =2/nt =/38Zr. (4.2)
It follows from (1.4) and (4.1) that
n+£)! 12
Roe(Zi7) = —n~Y22122,7112 [ - _(g - 1))!n2, +,:, D(x) 4.3)

where f©(x) satisfies the initial condition

(x /2)2£+1

L+ 1) [14 03] forx— 0 (4.4)

0 (x) =
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The differential equation for R, ¢(Z; r), which is

2Z z2
]Rn (Z,r) = -7 nt(Z;7) (4.5)

@ 24 eetl)
Tdrr T rdr r?

can be used to show that f® is a solution of the differential equation

d? 1d (25'{' 1) @ x? @

[d_x? + e +1- ]f (x) = Ton2 — (). (4.6)
We treat the right-hand side of (4.6) as a perturbation and look for a solution to (4.6) of the
form

O (x) = Zn‘”‘g‘f’ (). (4.7)

It follows from (4.6) and (4.7) that the feu‘) {x) can be obtained by solving the sequence of
inhomogeneous differential equations

@ 14d 20 4+ 1)?
[dx?’+ 'a;‘f'l—(—;-l—i_)] (t)( )"'_'gg_1(x) 4.8)

with the understanding that the right-hand side of (4.8) is counted as zero for £ = 0. The
initial condition

gl =0 k>0 (4.9)

is imposed on the higher-order terms because the k£ = 0 ferm (given by (2.3)) satisfies the
initial condition (4.4) exactly. The differential equations (4.8) can be solved by looking for
a solution of the form (3.1). The recurrence and differentiation formuiae} for the Bessel
function J,{x) can be used to show that (3.1) is a solution to (4.8) if the coefficients a,Ef,),,
are given by (3.2) and (3.3). The small x power seriesf for J,(x) can be used to show
that the initial condition (4.9} is satisfied. A series of the form (2.1) can be obtained by
rearranging an expansion given in the Bateman projecty. However, the rearrangement is
tedious, and for that reason we prefer the siraightforward derivation recorded here.

It will now be shown that the expansion (2.1) converges uniformly in x for x in any
bounded region in the complex x plane. We use the method of variation of parameters|,
which begins by writing the solution to (4.8) and its first derivative in the forms

290 = hE D (D arg1 (x) + BE () Vaper (2) (4.10)
d d d
agi‘) (x) = hf'n(x)a;-fze+1(x) + hg“’)(x)al’uﬂ(x). (4.11)

t (8] pp 11-12, equations (54)(56); [9] p 67.

1 [8) p 4. equation 2); {9] p 65.

& [8] p 199-200, equations (3), (4} and (5).

| The method of variation of parameters is discussed in most books on ordinary differential equations, See, for
example, [13].
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Equations (4.8)—(4.11) and the Wronskian relation Jazy1(x) ¥, (x) — Yorp 1 (x) 5, (x) =
2/(mx) are then used to show that the coefficient functions h,(f'” (x) and h,(c”)(x) are given
by

.Tl' X
WD) =~ fo 4y Ve ()22, ) 4.12)
J.r x
W@ = fo dy ¥ s e 3. @13)

Because x 261 J,,.1(x) is an entire function and because x2*+1¥p,.1(x) is
(2/m)x** In(x) Jagsr(x)

plus an entire function, there exist real, positive constants B“/}(xp) and B%Y}(xo),
independent of x but dependent on xg, such that

| Fag41 G0 < BED (og) 244 and [Yaep1 (2} € BED () |x |21 (4.14)

for |x] < [xol. Here xg can be any finite number, An explicit B¥(xg) can be obtained
by replacing the terms in the power series for x~2~!J,,,1(x) by their absolute values to’
obtain B (xp) = |xo|~ % Degr (Ixg]). An explicit B¢ (xy), which is somewhat more
complicated, can be obtained by a similar computation. The bounds (4.14) are used in (2.3),
(4.10}, (4.12) and (4.13). Mathematical induction on & then shows that

18200 < (4.15)

k
B@ (xg) { wBE (xg) BEY) (xp) |21
k! 64

for |x] € |xo]. The bound (4.15) shows that the expansion (2.1) converges uniformly in x
for |x| € [xo| for any finite xp. Similar arguments show that the corresponding expansions
for the derivatives converge uniformly, and that the function to which the expansion (2.1)
converges is a solution of the differential equation (4.5).

The derivation of the expansions (2.13} and (2,14) for the direct integral J and the
exchange integral K begins with the insertion of (1.3) and (4.3) in the definitions (1.1) and
(1.2) of J and K. Change variables from ry, r» to x, y via

2 2

X Y
- = 4.16
"S%z-1n *T8z-D 10
perform the integration over x in the integral for J, and use (2.12). The results are
_ Z (n 4 £)! f % 2, . 21 #0812

__zv (n + 0)! /°° f°° 43 204s
K= G+ [(n_e—mnml] , D T

x exp[—y (x2 + yI L ) £L ). (4.18)
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Make the definitions

[« +]
U, . via, 8. %) = f g (ar) 1, (Brir* =) exp(—ypr?) dr 4.19)
1]

o0
eiccenfjk’ ) = ’/; dy y "R (42 L) exo(_2y37)
X Jrpompir1 (V) 2t sam g1 (¥) 4.20)
£k < o "
"-’f(cm zr m (V) = fo dJ’f dx x 202 Y2 ey o —y (22 + ¥ D) ] S2ts2mebks1 (X)
¥
X Jaeqvar+i+1(¥} (4.21)

Formulae (3.5)~(3.7) are obtained by using (2.6), (3.1), (4.7}, (4.20) and (4.21) in (4.17)
and (4.18). The definition (4.19) can be used to bring (4.20) to the form

e Y =UGk+3K +4,20+k+2m+ 12+ K + 20" + 1;1,1,2p)
Yy WG+ 3 +2, 28 +k+2m+ L28+E +2m' + 1,1, 1,2p).
(4.22)

The change of variables x = r cos(@), y = r sin(@} brings (4.20) to the form

xld
eﬁ(:tmxi)c’ (}’) = L de (COS 8)_254‘3&'-{-2 (Sine)zg_[_gkv_'_d_

X UGk +3% +8,28+k+2m+ 1,26 +F +2m' + 1; cosd, 5ind, y}

(4.23)
The needed values of I/ are obtained from the formulae
o nyrk+i\{n+k+v
Uln+2k+2,n+v,vie, B,7) = Zo;,;( )( Iy )( i )(k i)
2 2
N FAmn—di~l_ mpek—i=]_nti—j aitj e+ B ap
x (—1)2 ¥ o B exp( 4y )Iu-i-z-i-.i' (2]/
(4.24)
& n+k+i\(n+k+v
— —
Utn+2k+ 2, v,n+v;a8,7) = Z_;_Z_J( )( g )( iy )(k in
2 : a2
1yl mnmkjt i gkt gy | BT (0B
x (~=1)'2 Y e’ p exv( 4y ) v+ | 7,
(4.25)

which are derived below (see equations (4.30)(4.34)). The function Fi4,[(a8)/(2¥)]
which appears in (4.24} and (4.25) is a modified Bessel function of the first kind in standard
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notationj. Formulae (3.8)—(3.11} are an immediate consequence of (4.22), (4.24) and (4.25).
Make the definition

n/4
Flp.gq,viy) =expl—1/(dy)] fo de(sin 8+ (cos 8)% "+ [, [(sin 6 cos 6) /(2y)]
(4.26)

Formulae (3.12)—(3.15} are obtained by using (4.19) and (4.24)-(4.26) in (4.23). Make the
definition

/4
2(p.g) = f df(sin6)2P*1 (cos 0) !, 4.27)
o]

The power series (3.16) for f(p,q,v; v) is obtained by using the small z power series}
for 1,(2) to expand the [, in (4.26). Term-by-term integration with the aid of (4.27), which
is justified by the uniform convergence of the power series for [, yields (3.16). Formula
(3.17) follows immediately from (4.26) and sin> 8 +cos? @ = 1. The formulae (3.18)~(3.20)
for g(p, g) are obtained by using the change of variables cos(26} = ¢ to bring (4.27) to the
form

1
glp,q) = (%)‘”'q“/; dr (1 —0)?(1+1). (4.28)

Expanding the factor (1 4+ £)? in the integrand of (4.28) in binomial series and integrating
term-by-term with the aid of the beta function [14] yields (3.18) if k£(p, q) is defined by
the sum

q
h(p.q)=Z(p+"+1)- (429)

m=0 m

The recursion (3.19)(3.20) which is used for the evaluation of k(p, g) follows easily from
(4.29). Equations (3.21)-(3.23) for ¢i"* are most easily derived by using (4.19), (4.23),
(4.26) and (4.30) below to show that

X AV 1
eoaoy) = (—5; s/ G+ LA+ LY)|. (4.30)

Equations (3.21)-(3.23) follow from (2.7), (3.3), (3.6}, (3.7), (4.29a) and u = 1/{4y).
We turn now to the derivation of (4.24). A formula for U (A, u, v; &, 8, ) in the special
case A = 2, u = v is derived in the Bateman project} and recorded in Magnus et al§. It is

1 o’ + g2 af
2! s VL O, D, = - - Iu - 1. 4. 1
vz, vva, g, v) 2yexp( ™ ) (2}/) 4.31)
The formulal] J,41(2) = uz~"Ju(2) — J/(z) can be used to show that
M d
Ud+Lu+1LvieB,y)= (E - E) U, pm,vie, B, v) (4.32)

1 [8] p 5, equation (12); [9] p 66.
1 {8] p 50, equation (50).
§91p93

Il (81 p 12, equation (55); [9] p 67.
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Mathematical induction on »n carried out with the aid of (4.19), (4.30), (4.31) and the
formutat I/,(2) = pz™' 1,(2) 4 [44(2) yields

I nl 2 2 n
Up+2,n+v,v0,8,v)= (E) exp (“d :;,ﬂ )Z(:a)

m=0

% (=1 a™™ B [,y (g—ﬁ) . (4.33)

The formulal J,41(z) + Ju-1(2) = 21z~ J,(z) can be used to show that

Upn+m+d,n+v,vie, B, yy+Un+m+4,n+v+2,vi0,8,¥%)
=20+ v+DUR+m+3,n+v+1,va 8 ). (4.34)

Mathematical induction on & carried out with the aid of (4.33) vields

£
U(n+2k+2,n+v,u;d,ﬁ,y)=Z(k) ("*“”)(k-m)!

i\ m k—m
k=-m
x(——I)"’(%) Un+k+m+2,n+k+m+v,v;a 8,v). (4.35)

Formula {4.24) is obtained by combining (4.32) and (4.34). Formula (4.25) can be obtained
from (4.24) by interchanging « and 8 and using the definition (4.19) of U.

The convergence of the expansions (2.13) and (2.14) for J and X forn > (Z - 1}/Z
follows from the following theorem, which is taken from Copson [15].

Theorem. Let the function F(z,t) satisfy the following conditions: (i) it is a continuous
function of both variables when z lies within a closed contour C and a < ¢ < T, for every
finite value of T, (ii) for each such value of ¢, it is an analytic function of z, regular within
C; (ili) the integral f(z) = f:" F{z, t)dt is convergent when z lies within C and vniformly
convergent when z lies in any closed region D within C. Then f(z) is an analytic function
of z, regular within C, whose derivatives of all orders may be found by differentiating under
the sign of integration.

We apply the theorem with z = 1/n? and f(z) = J or K. The differential equation (4.5)
implies that the dominant part of the large r behaviour of R, ¢(r} for arbitrary complex values
of » comes from exponential factors exp[+(Z — )r/n). The factor Ry o(r) contributes an
exponentially decaying factor exp(—Zr). It follows that the product Ry o(r)R, ¢(r) decays
exponentially at large r for any (real or complex} value of n for which |n| > (Z - 1)/Z.
This exponential decay is used to establish the uniform convergence required by part (iii) of
the hypothesis of the theorem quoted above; verification of the ather parts of the hypothesis
is straightforward.

1 [8] p 79, equations (23) and (24); [%] p 67.
1 [8] p 12, equation (S6); [9] p 67.
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5. Discussion

This paper provides the first tabulation of the coefficients in a 1/# expansion for the
hydrogenic two-electron direct and exchange integrals of the Coulomb interaction. Only
the leading term was known from previous work [10]. The higher-order terms are essential
to studies of the limits of validity of the Ritz expansion (1.2} for the quantum defect {4, 5],
through the constraint equations (1.7) to (1.10). No failuwre of the Ritz expansion has yet
been found, even when cross-terms between exchange effects and core polarization by the
Rydberg electron are included [5]. Some of the same analytical techniques may be useful
in extracting 1/n expansions for higher-order terms that'may eventually set a limit on the
validity of the Ritz expansion as an exact functional form for the non-relativistic energies
of helium.

The extension of Hartree’s theorem to cover non-local exchange effects in atoms more
complicated than helium has not yet been discussed. However, the helivm results suggest
that for an isolated sequence of Rydberg states, the theorem applies at least in a first
approximation to the pair-wise exchange interactions between a Rydberg electron and
the core electrons. Multiple overlapping sequences of Rydberg states introduce further
complications that can be treated by means of multi-channel quantum defect theory [16].
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