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Abstract. General methods for evaluating three-electron integrals in Hylleraas coordinates are
given. Formulae are obtained for the matrix elements of various operators arising in Hylleraas-
type variational calculations for states of arbitrary angular momentum. For the calculations of
Breit interaction, a number of reduction relations are developed for the elimination of singularities
in some singular integrals. A numerically stable scheme is presented for the case when one of
the powers of; is —2.

1. Introduction

In atomic structure calculations, one important issue is how to build electron—electron
correlation into the basis sets. Variational calculations in Hylleraas coordinates, which
include explicitly powers of the inter-electronic distanegs= |r; —r;|, are well established

as providing the most precise wavefunctions for two- and three-electron atomic systems.
Recently, a series of high-precision Hylleraas-type calculations have been done [1-4] for
the lithium energy levels in S, P, and D states and other properties, such as the oscillator
strengths, the Fermi contact terms, the dispersion coefficients, etc. The success of these
calculations relies largely on efficient algorithms for evaluating both radial and angular
integrals. The radial integrals converge very slowly in general, ultimately leading to
calculations that are extremely time consuming. For nonrelativistic eigenvalue calculations,
the problem of slow convergence has been solved recently [5], using an asymptotic
expansion method. This method has proven to be very successful in accelerating the rate of
convergence. In calculations of the Breit interaction, one needs to deal with several types of
singular integrals. One type is integrals containiyjé in the integrands. Although integrals

of this type are convergent, they converge as slowly as the sgijés2. Previous work

on this problem can be found in [6-9]. However, problems of computational efficiency
remain. Another type is those with integrands more singular lﬂén These integrals are
generally divergent individually, but they always occur in combinations with other similar
terms such that the sum is convergent. Thus, the main issues for the radial integrals are how
to improve the rate of convergence for slowly convergent integrals, and how to eliminate
the singularities analytically among divergent integrals. The remaining angular parts of the
integrals are always convergent. However, the evaluation of these integrals involving high
angular momentum could become very complicated. To the best of our knowledge, for the
three-electron case in Hylleraas coordinates, there is no published work which discusses the
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4724 Z-C Yan and G W Prake

reduction of singularities and the simplification of angular integrals with arbitrary angular
momentum.

The purpose of this paper is to present a complete description for the variational
calculations of three-electron systems in Hylleraas coordinates. The variational basis sets
in Hylleraas coordinates are first introduced in section 2 for both doublet and quartet states.
The explicit form of the Hamiltonian in Hylleraas coordinates is given. The evaluation of
matrix elements of operators with various angular structures is presented in section 3. The
singular integrals are discussed in section 4, including a derivation of a set of reduction
formulae and schemes for computing integrals Wgﬁ singularity. The appendix deals
with two auxiliary infinite series.

2. Variational basis sets

2.1. Basis sets

The variational basis function is
®(ry, 72, 73) = (71, 12, 73) X (1, 2, 3), (1)
where the orbital pard is constructed from Hylleraas-type coordinates

T
G (re, T2, m3) = iy sy e sy A LT (2)
with
LM, : :
Virthyts 1 72,73) = Y (£ama; Loma|C1la; L1omi2)
all m;
X (€1omaz; £am3| €12l LM L)Y oy (T1)Yeom, (12) Yegms (73) 3)

being a vector-coupled product of spherical harmonics for the three electrons to form a state
of total angular momenturh. The spin party can be either

x(1,2.3) = x9(1,2,3) = a(DBa®) — BDa(2a(3) (4)
for the spin angular momentué](doublet), or
x(1,2,3) = x9(1,2,3) = a(Da@a(3) (5)

for the spin angular momentu@ (quartet). The superscripts d and g are used to denote
the doublet and quartet states. The variational wavefunction is a linear combination of the
functions® antisymmetrized by the three-particle antisymmetrizer

6
.A = Z E,‘A,‘ (6)
i=1
whereA; = (1), A2 = (12), A3 = (13), A4 = (23), As = (123), As = (132), and¢; =1
withi =1, 5, 6;¢;, = —1 withi = 2, 3, 4. The variational basis set can thus be formed by
{wi}{"zl, whereN is the size of the basis set and is
6
w; = Zd)ipo' (7)
p=1

In (7), ¢/ = A,¢; and x, = €,4,x. It is easy to show that, for a symmetric spin-
independent operatap, the following expressions hold:

(@i 0]w))@ = 120} + 12012 - 60}% — 60} — 60} — 60}° (8)
(i1 0lw))@ = 60 — 6012 — 60}° — 601 + 601 + 601° ©

ij >



Computational methods in Hylleraas coordinates 4725

WhereO” P (¢>” |01¢/). Thus, only the direct-direct term and five direct-exchange terms
need be calculated.
The explicit form of¢! can be written in the form

p _ J1,.J2..J3..J12. j23 . J31 n—ar1—Bra—yr3
PP (11,12, 13) = Ap(r1'ry'r3ri a3 € )

X Y Q. b, tiz, €3, L, My my, ma, m3)Yy,m, (r1) Ye,m, (r2) Yo m, (v3),

all m;
(10)
where
Q01 €2, b1, €3, L. M, my, mp, mg) = (—1)=tmatbe ot (g, 1)1/2
£y b Ly ><512 {3 L )
X 11
<m1 mz —miz )\ miz mz —Mp (11)

with the notation(/, m,n,...) = (2 + 1)(2m + 1)(2n + 1).... Here, the 3 symbol is
related to the corresponding Clebsch—Gordan coefficient by [10]

i1 J ' (=Dpretm : L
(14]111 ,1]122 _Jm) =W(11m1; Jomaljija; jm). (12)

In (10), the subscripts:, b, and ¢ can be determined according to the definition of
antisymmetrizer (6) as follows:

(a,b,c)’=t = (1, 2,3)
(a,b,c)’=2=(2,1,3)
(a,b,c)’=2= (3,21
(a,b,c)’=*=(1,3,2)
(a,b,c)’=>=(3,1,2)
(a,b,c)’=%=(2,3,1).

(13)

Note that the angular parts ¢f, $°, and¢® can be formally obtained from the corresponding
¢, ¢°, and¢* by simply interchanging; and ¢, and by multiplying by a phase factor
(—1)attthz As for the radial parts of basis functions, the operatiomgfis equivalent to
permuting the powers of andr;; as well as the nonlinear coefficients:ef However, since

the radial parts do not affect the evaluation of angular integrals, for the sake of simplicity,
we may dropA, in equation (10).

2.2. Hamiltonian

The nonrelativistic Hamiltonian for three-electron atoms, including the mass polarization
terms, is given by

H = 7v2 = -2 Ny, v, 14
in units of 2Ry, WhereRM = (1—pu/M)Ry, M is the nuclear masg, = mM/(m+ M) is
the electron reduced mass, aAds the nuclear charge. For the basis set (1), the gradient
operatorV; can be separated according to

T1 0 T12 0 713 d

Vi=—— 4=+ =2 4V (15)
rydry - ri2driz riz 0ris !
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wherer;; = 7, — r;, andV; is understood to act only on spherical harmonics. Similarly,
V, and V3 can be obtained by cyclically permuting the indices 1, 2, 3. Applying (15) twice,
the Laplacian operator for particle 1 can be written in the form

2 9 ¥ 28 29 238 +rf—r§+r122 92

Vz = — 4+ —= R -
VU2 ark,  orZ  oridrn rpdre oradra ririz - 9r1drip
rf—ri4rg 9 i —ryy 92 b+ D)
rira1 3713r31 V12r31 0r120r31 r?
d d
—2(rp - VY LA o, v/ L (16)
r12 0r12 ra1dra1’

The corresponding results f& and V3 can be obtained by permuting the subscripts 1, 2,
and 3.V; - V; can also be Worked out in a similar way. Finally, the Hamiltonian can be
expressed in the form

HTZ—i—— (17)

where the operatdr is

13/92 20 LU+ 1 w 3 2 4 9
T=—_ R SO e (R ad 2— 4+ —
2;(872+7, 8r,- ri2 > 2( M)[; 8r5+rij 8rij

r —r +r 92 r2 4 r2, —r2 92
+Z — 413 23a -
oy Firij riori; r3iri2 r310r12
+’122+7223_7321 9? rastrh—ri, 9° }
1223 0r120r23 ra3rs1 0ra30r31
o Zr +r; —r2 92
2rir; or; dr;
i>]
ri d M 190 N ~
1——) R (X 4
+Z|:< rjr,-jar,-j M}"j 8}"ii|(r '])
i>]
ri 0 uwl o A
1——) ! S
+Z [< rivji orj; - M 8rji|(rj i)
i>] .
_72 V-V, (18)
r,rj
i>]

In (18),’;\", =7r;/r; andViY = r,-ViY.

3. Evaluation of matrix elements

3.1. Basic integral

Consider the following basic integral

AV VR L . .
I (ymy, Lom’, Lamy, Lama, Lomy, Lam3; j1, j2, J3, j12, j23, jas @, B, V)
JJ2. J3 J J: J —
— /d’!‘l d’l"z d,r,srllr22r33r1§2r2233r331e ary—Bro—yr3

X Y?m& (’rl) Cyml (TZ) Cym, (T3) Yélml (’l"]_) Ylgmg (7'2) Yngg (7‘3) . (19)
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The interelectron coordinates can be expanded according to

M12 L12

J _ q+2k j—q—2k

e = ZPq(COSHlZ)ZCqurlk o> (20)
7=0 k=0

as derived by Perkins [11], where, for even valueg.oM1, = 3j, L1o = 5j — g¢; for odd
values ofj, M1, = 00, L1 = 3(j+1). Alsoin (20),r1o« = Min(ry, r2), r12. = Maxry, r2),
and the coefficients are given by

2q+1(j+2) Suo k42t — j

_krd=J 21
jr2\2k+1) v 2g —2r+1 (21)

jgk =

whereS,; = min(g — 1, 2(] + 1)). After expanding each of theﬁ‘“ in (19), we obtain

/ . .
1(€m’y, tom’y, Lamy, Lama, Lomao, Lams; ji, jo2, J3, J12, j23, Jai &, B, V)
Miz Mz Mz Lip Lz Lz

I I IDIDIDS f / / dry drp drar 2222

412=0 g23=0 q31=0 k12=0 k23=0 k3:=0
x e TPV E (jgh)1F (jqk)2sF (jak)a

X Tang(€ym’y, Lomy, L5my, £amy, Loma, £3ms; q12, G423, 31), (22)
where F (jgk);; are defined by
2 2%
F(]qk)lz - 1121112/(12 J(gi+ k12r2{122> e 12 etc (23)

and Iang is the angular integral defined by
Lang(8ymY, €omb, 5m’y, £amy, Lomo, £3ms; q12, 423, 31)
= / d€2; d2, d23Y, g*’m’ (r1)Y, g*/m’ (rz)Ygzmé(r3)Y(].m]_(Tl)Ygzmz(rz)Yegmg(T:’z)

X Pyy,(COSO12) Py, (COSH23) Py, (COSH31). (24)
By applying the addition theorem for spherical harmonics to each,ofcost;;) and using

the formula
0,0, L / !
Fan ) = 3 €05 (6 0 6)(m we a)Yiue. @

Iang becomes

Lang(€ym'y, Com, Usm, L1my, Loma, €3ms; q12, 23, 431)
— (_1)ml+mz+m3(£/ , £/27 / El, £27 Zs)l/z

m m m 2
x Z Z( 1) 12+ma3+ 31(111,112,1’13)( 6 nS)

all mij ninsns
53 @3 ns
0O 0 O
q31 Q12 nl qi2 g23 nz q23 ¢31 ns3
0 0 0 O 0 0 O
@’1 2 ni ﬁ/z L2 nz
—m)] m1 my—my —my my my—mo

6/3 63 ns
m m3 mg—mg

X

X

X

X
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x( q23 qi12 nz ) q31 q23 n3 ). (26)
—m23 M1z M3 —my —m31 M3 m3— Mg

The summation ovew:;; can be performed using [10]

Z (= 1)lattet ot tuzti i b2 4 b j2 3\ (l 2 Js
mi M2 —MU3 —M1 mp U3 M1 —M2 m3

L1243

(1 J2 Js\)J1 J2 Js

_(ml mz m3>{£1 L2 53}' 27)
One finally obtains

ol gl ) .
Tang(ymy, £omy, £omy, £1my, Lomo, £3m3; 12, 23, g31)

o s
= (—Dmitmetmstatestan ) gy 05 0, 05, 3)"% " (n1, np, ng)

ninzns
« { ni np ns } < ni np ns )
g23 q31 qi2| \my—m1 mhH—my my—ms3
« le 41 niy E/Z £ na
—m}] mi my—my —my my my—mo
« 6/3 53 ns 63_ K]_ ni 5/2 52 np
—my m3 my—m3 0O 0 O 0O 0 O
y O3 3 n3\(ga qi2 ni\({q2 g23 n2\{q23 gz n3 28)
0O 0 O 0 0O O 0 0O O 0 0o o)
The radial part of the integral can be done by splitting the integration region into six parts

according to the relative positions of, r,, andrs [11]. The final result for the whole
integral I is

YV A T L . .
I(Zlmls €2m27 £3M3, Zl’nls EZmZ’ €3m37 .Ils .]2s .]31 J127 .]239 .]31’ o, ﬁ? V)
My, Mp3 Mz Lip Lz Lzt

apIDIDIPIPIPD

q12=0 g23=0 g31=0 k12=0 k23=0 k3;=0
A YR A VR A
X Iang(€ymy, Lomy, £omy, £amy, £oma, £3m3; q12, 23, 431)
x Ir(q12, 423, q31, k12, k23, k31; j1, j2, ja, ji2. j23. jau: @, B, ¥), (29)

where the radial pariy is

Ir(q12; 923, 31, k12, k23, k31; J1, J2, J3, J12s J23, jais @, B, ¥)
= Ciragok2Cizgaskas Cingakan
X WR(q12, 423, 431, k12, k23, k31; j1, j2s Ja» Ji2, j23s Jas @, By V). (30)
In (30), Wr is further defined by

WRr(q12: 923, q31, k12, k23, k31; J1, J2, J3, Ja2, J23, J31; &, B, V)
= W(j1+ 2+ s12+ 531, j2 + 2+ jiz — 12+ 523, ja + 2+ jo3 — 523
+jar— 3o, B, y) + W(is+ 24 512+ 531, ja+ 2+ 523
+Jj31— 831, jo + 2+ jiz—s12+ jez —s23; 0, ¥, B) + W(j2 + 2+ 512
+523, j1+ 24 jio — S12+ 531, ja+ 2+ joz — s23+ jar — s31; B, o, YY)
+W(j2 4 2+ s12+ 523, ja+ 24 j2z — $23+ 831, j1 + 2+ j12 — s12
+js1— 831 B, v, @) + W(jz+ 2+ s23+ 531, j1 + 2+ 512
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+j31— 531, j2 + 2+ ji2 — s12+ joz — 523 ¥, &, B) + W(jz + 2+ s23

+531, jo + 2+ 510+ joz — S23, j1+ 2+ jio— s12+ jar—sa v, B, ) (31)
with s;; = ¢;; + 2k;;. W is a subsidiary integral defined by

(o] o0 o0
W, m,n;a, B,y) = / dx x‘e " / dy y"e P / dz z"e 7%, (32)
0 X y
A general analytic expression can be obtained [5]
2!
(O{ + ﬁ + y)Z+m+n+3
> 14 2)! P

8 Z l+m+n+p+2) < o )

W, m,n;a, B,y) =

= L+1+pl+m+24+p)\a+B+y
o+
><2F1(1,£+m+n+p+3;£+m+p+3;ﬂ). (33)
a+pB+y
An effective evaluation of thdg integral can be found in [5]. (30) is valid when
Jiz 2 —1, Joz = —1, Jarz -1

Ji+ j2+ ja+ jiz+ jes+ jai = —8.
A generalization to the singular case g = —2 is discussed in section 4.

3.2. Overlap integral
The general form of the overlap integral is

1P
17(1) = (¢ |¢R). (35)
where
rs o) = il larlye
X Z Q(z/ ’ Z,2? ;_27 K’g, L/v ML’? m;]_a m/27 mé)Y[ini (rl)Ye/lelz (TZ)Yﬁémé (7'3)

all m]
(36)
and

P _ 12 J3 12 J23 31 n—ari—Bra—yrs
Gr(r1, 72, 73) =11 Ty T3 15753731 €

X Y Q1 b, tiz, €3, L, My my, ma, m3)Yo,m, (r1)Ye,m, (r2)Yem, (7).

all m;
(37)
Substituting (36) and (37) into (35) and using the basic integral (29), one obtains
P = > Q. ty b, L', M, m), mly, my)

all m;m;

XQ(Zlv 621 £129 631 Lv MLa my, ma, m3)

X / dry dr, drs rilrézrésrfzzréésréile_ml_ﬁ "27yrs

X Y?m’l (’rl) ;2’”/2 (TZ) ;3’”/3 (T3) Yéama (”']_) YZ,,m;, (TZ) Ylgmf (7‘3)
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Mi; Mz3 Mz Lip Lzs Lz

SDIDIDIIP 3P ILcH

12=0 730 g37=0 k170 kz3=0 k310

xIr(q12. G23. 31, k12, ko3, ka1 J. jo. Ja, J1z. oz, Jati @, B, 7). (38)
where j1 = j; + j1, etc and
C’D) = Y Q). bty Uy, L', My, mi, my, mb)

all mm;

xQ (L1, €2, L12, £3, L, My, my, m2, m3)

X Lang(€3m’y, LomY, €amy, Lamg, Lymp, Leme; 12, G23, g31)- (39)
By (11) and (28),C”(1) becomes
cw=vSmnn(s G 5)(E 5 56 5 %)

ninan3

~ q31 qi12 ni qi12 g23 n2
0 0 0 0 0 0

q23 431 N3 ni ny n3|=x
CcrQ), 40
X<O 0 0){923 g31 6]12} @ “o

where
U = (€4, €y, €5, €15, €1, L2, Ug, L19) Y2 (—1)N2taztaa, (41)

and
ép(l) = (L L)l/2 § : (_1)@’175’2+m’12+2'12755+M,/+£17(2+m12+€12*(3+ML+m’1+m’2+mé
- ’

7
all m;m;t;

(G 6 G\t & L\t & b
my, m, —m mh, mh, —Mp miy mp —m
1 2 12 12 M3 L 1 2 12
« le 53 L niy nz ns K&_ @a ni
miz mz —Mp h fh 3 —-my mg 1
X(_anl/ ,flh 72)(_53/ £, n3>. 42)
2 b I2 ms me I3

Using the standard graphical methods of dealing with angular momentum [12], (42) can be
recast into (we only need to discuss the casep ef1, p = 3, andp = 4)

VA A
- V4 g/ n 1 2 12
cl<1)=8LfL8MUML(—1)“‘1”2*“2{ P f} tr b g, (43)
12 *12 ny ny n
1 2 3
C3(1) = 8118w, m, (—1)FTirTteth
o, L A
lz £ L V2 A 3 2
x§:(zx+1) f zl/lz n {E; /{2 LZ 0 by o}, (44)
A

n3 nz2 ni

64(1) = 8L'L8MLrML (—1)L+£/1+5’2+£’12

V4 A
6ot L& €, )% &
XEA (2r+1) r o€ {6/3 L ﬁz f;l 5;112 : (45)
1 n2

For S states where a| and¢; are zero, the angular pat¥” (1) can further be simplified to

cr(l) = (46)

m5qlzng5qzsqal-
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3.3. Integrals involving; - @}’, 2 @jy, e @jY', and VY’ - @jY'

According to (18), one needs to evaluate the angular coefficients invdfxﬁng:urthermore,

in the use of various reduction formulae which will be derived in section 4 one also needs
to evaluate the angular coefficients involviﬁd’. The superscripty andY’ indicate the
operation of the operators on the right side and left side respectivelyV Fating only on
spherical harmonics [12], we have the formula

9mnn = e (s o o) (5w F)rEe. @
AT

u m T

whereV is written in the spherical component form wijth= —1, 0, and 1, and the function
b(¥; A) is defined by

bt;6—1)=t+1 )
b; L +1) = —¢.

On the other hand, since

4
P = ,/?” Yi,. (), (49)

we obtain by (25)

) 1 ¢ A\(1 ¢ A\,
TILY[ITT(T)=)LZT(£’)\‘)1/2<0 0 0)(“ m ‘L'>Y)”T(T)' (50)

Comparing (47) with (50), one can see that the angular coefficients invon/lfngan be

obtained by first replacin@Z by 7,, evaluating the corresponding terms, and then inserting
b(¢; A)'s appropriately. Also see [13] for a discussion. We thus first consider the following
integral

17 (1 - ) = (@F171 - F2lpR). (51)

Since
N A Vb4
T1-T2 = Z(—D”mﬂ’z-u = ? Z(_l)ﬂylp_(rl)Yl—u(TZ)a (52)
u u

and using the same method which leads to (38), (51) can be simplified to

My Mz Mz Lip Laz Lz
HCROED DI I DD DD MR 2
q12=0 g23=0 q31=0 k12=0 k23=0k31=0 T1 T>
x IR(q12, 423, 431, k12, k23, k313 J1, 2. J3 J12s Jo3, Jars @, B, 1), (53)
where
A~ A 1 ¢, T 1 7 T . T1 n
C’(ri-12)=U Z (n1, na, n3, Ty, T2)<0 0 6)(0 8 é)(ol 01 6)

ninpng
o U, To na\(4lz € n3\(qar qi2 ni\(q2 qe3 n2
0O 0 O 0O 0 O 0 0O O 0 0O O

423 (¢31 N3 nit ny n3\\zp.~  a
CP(#q - 7). 54
X( 0 0 0){6123 g1 qlz} (F1-72) (54)
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In (54),

6/3 €3 ns

Alos a L€,y € o L
Co(r1-72) =818y, m, (D) 1222 o 0L
12 12

!

oo 1 tip Th Th
X ) T ) ns np nig¢, (55)
R VA
63(,”; .,”;):8 i (_1)€1+€12+€’2+€’3 Z(}» A )(_1)A1+A2 L 512 KS
1 2 L'LOM, My, £ 1, A2 1 ]H, k]
1A2
’ ’ ’ ’ na )‘-1 )‘-2
X{elz 2 zz}{n ni zl}{eu z/l ez} ns € €0, (56)
. 1 XM Ao L Aq Ap €5 L ny T 6/2
—h g T, (3 1 1 ¢ T
C4 P1ero) =818 ) -1 1+lo+-0)+e5+L7, A ’)\‘ 2 3 1 1
(i1 + #2) = 8118, 11, (1) %(1 A |
/ / / ni Tl E/
T, na zz}{en e 6’1” ,1}
X{ ’ nsy 4o £3 . (57)
A Lo oaflr 6L e h i
Similarly,
Miz Mzs Msz Liz Lzz Lz
IP (g 3) = (Pl P2 Palpfd =D D Y DN YN CP(Ry-#9)
q12=0 q23=0 q31=0 k12=0 k23=0 k3:=0 T>T3
x IR(q12, 423, q31, k12, k23, k3t Ji, Jo. Jas Jazs Jo3s Jats &, B, 7)), (58)
where
A A 1 Eb Tz 1 EC T3 £ Ea ni
P . — 1
CP(rz-7T3) Un;fnl,nz,ﬂs,Tz,TQ(O 0 0><0 0 O)(O 0 0)
o 6 T na\(tz Ts n3\(qar qiz2 ni\{q2 qe3 n2
0O 0 O 0O 0 O 0 0O O 0 0O O
423 (31 n3 ny nz2 N3 | sZpa A
X CP(15 - 13), 59
<0 0 0){923 431 qlz} (72 -73) (59)
with
él(,’gz.?@ ) =818 (_1)@1+@12+@’1+Z/2+532 Z(Z)\'_i_l)(_l))u Iz ¢35 1
3 L'LOM, My 4 (o A L
' AT 4
by Tz n3|]t € 4
X{x o, LHTZ Y 1}{”,3 "2 ”,1}’ (60)
by, b 6
~3,A A £ Kg n
c3(r2.r3>=aLfLaML/ML(—D“““Z“;@Hl){ o Ll}
’ ’ / A £12 ni
SE el}{és Ts } Gy
3 1 13 12 6, T n
and
64(1’;‘2.,";3) S (_1)1+€1+(f3+512+5’1+['12 Z(}\ )&2)(—1))% TZ ES 1
L'LOM, M, 1 tr A L

A1A2
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/ ’ / / np A1 A2
x{)él b ;”ﬁz .2 ”LZ”‘;}Z o %”ng T3 eg}. (62)
2 I3 4 1 A2 2 {3 n 6 0
Mi; Mz Mz Liz Laz L3

A oA 1~ & A oA
IP(Pg- 1) = ($PlPa-Palgh) = D D Y D D" NN CP(Rs- )
q12=0 g23=0 g31=0 k12=0 k23=0 k3:=0 7371

x IR(q12, 923, 431, k12, k23, k313 J1, J2s J3 J12 Jo3, Jars @, B, 1), (63)
where

. 1 € T3\(1 t, T\(t, T
CP(r3-1)=U Z(”l,HZ,HS’T&Tl)(O 0 03)(0 0 6)(01 01"6>

ninan3

(& b n2\(t T3 n3\(ga1 qi2 ni)(qiz q3 n2
0O 0 O 0O 0O O 0 0 0 0 0

0
q23 431 N3 n3
X( 0 O 0){923 g31 2} o) o
with
l, T
Cl(P3- 1) = S1.8mym, (— DZIZ(ZMLD( Dk{ ”f 5'132 an}
A ﬂz Tl
. 1 ¢ ;
X{ellz h /\1}{5/12 ¢ z/l}, (65)
n3 nz ni

3,5 g T 43 1
c3(raor1)=8LfL8ML,ML(—1>1”Z+fz+‘3Z(M,xz)(—lw{ e }

£ lip A1 L
/ / / / ny A1 A2
X{Al L2 1}{T1 ni 61}{£12 Z} Kz} ny T3 Eé s (66)
£ T3 Lo r2 L Al 2r €3 L ny o
and
CHis i) = Sy, w, (~DH Pt LB b AR 9 )
1 L'LOM, M, 2 Tz li2) &
512 T3 Tl
Z/ gs nz}{g/ g/ E/
X{ 2 12 /2 1 np, n3 nyg. (67)
b A LJLA G LY oy

The angular coefficients containir‘@" are obtained by the following replacements:
CP(#; - V) —> blla;: T)CP (7 - #,)
CP (V] VI — b(ly: Tb(Ly: TCP (- ),
wherea; = a, a, = b, andaz = c. It is obvious that
7 -Vi=0. (69)
Finally, as mentioned in section 4, we will develop some reduction formulae which
are needed to calculate the angular coefficients invoI\Wﬁg We list the expressions for
the corresponding operators discussed above acting on the left-hand state. A subscript L is

introduced in order to distinguish them from the above expressions.
M1, Mzs Mz Lip Lz La

ZEREED 35 3D DD 30 D) 3D LS

q12=0 q23=0 q31=0 k12=0 k23=0 k3:=0 T1 T>

(68)

x IR(q12, G23, 431, k12, k23, k313 J1, 2, J3» J12s Jo3, Jar; @, B, ), (70)
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where

Cl (1 -

with

51,a
CL(ry-

~3n
Ci(ry-

54, a
Ci(ry-

1 (2 -

where

Cl (-

with

“1on
CL(rz-

CE (7 -

Z-C Yan and G W Prake

N 1 ¢ Tw\(1 ¢ T\(TL &
) =U Z(nl,nz,ns,Tl,T2)<o 0 0)(0 0 0 0 0
ninzns
« T & na\(4€5 £ n3\{ga qi2 n1\{q12 q23
0 0O O 0O 0 O 0O 0 O 0 0
423 431 N3 ny Nz N3 | FApa A
X Ci(ry-7r
< 0 0 0){‘]23 q31 qlz} L(F1-72)
,”},2) — 6L’L8M Iy (_1)[1+[2+€12+L+532+1 Zé £3 n3
L l12 3,12 L
6/ T]_ 1 I’l3 612 63_2
2 2 12 n 6 Ty
N / T, ¢
,’,2) — 8L’L8MLrML (_1)Z1+52+€12+L+€12+1 X}L:(Z)" + 1){ Ellz )\'3 }IZI. }
/ / lr L1 Ly
dr gl no1oall
t, L Ti||¢ ¢, T 3 ’
np niz nip
A g T, {3 no
72) = 8w 8w, m, (~DH TG ;(zx + 1){ b AL }
1 1 o) A L)X " b
X / / / / Tl niy zl .
b & LG G Tl
My, Mz Mz Lip Lzz Lan
P=3 2 2. > > ) D Claiy
q12=0 g23=0 g31=0 k12=0 k23=0 k3;=0 T>T3
x IR(q12, 423, 431, k12, k23, k313 J1, J2s J3» J12s Jo3s Jars @, B, 7).,
L 1 ¢ T\(1 €& Ts\(& ¢t
T3) = Uﬂ%f”l’ nz, ns, T, T3)<0 0 0 )(O 0 o 0 0
% T £, na\(Ts € n3\[{qs1 qi2 ni\{4qiz2 ¢gz3
0O 0 O 0O 0 O O 0 O 0 0
q23 431 N3 ny nz N3 | FApa A
C .
x < 0 0 0 ) { q23 431 412 } L(F2-7s)
N -y T ¢
Pg) = 81184, a1, (— 1) Hie bttty XA:(ZA + 1)(—1)1{ 5132 ;‘ n;’}

! / ny f12 A
X{ef KT/S i”f ZZ gf}{"z 2 Tz},

12 2 12 ny Kl ES_
P3) = 8p18um (=D)AL Z(2A+1) 3 np U
o Fy ALl

nz

ni

0

)

ni

0

)

)

)

(71)

(72)

(73)

(74)

(75)

(76)

(77)
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512 A
et e, T 1™
X{eg L |1 ¢ 2f]™ & DBy (78)
ng £ Tp
4 n e T, ¢
cﬁ‘m-ra):aL/LaM,,M,(—l)‘l”z“Z(2A+1)(—1>*{5122 N an}
A
T2 A L ns niy ns
X:l T3 Eé}{flg E]_ Kz}. (79)
e 0 e la e T

Mi; Mzzs Mz Lip Lzz L3

ZSESED 35 3D 3 30 D) 3D LN

q12=0 g23=0 g31=0 k12=0 k23=0 k3;=0 73T
x IR(q12, 423, 431, k12, k23, k313 J1, J2» J3» J12 Jo3s Jars @, B, 7)., (80)
where
DA A 1 ¢, T 1 ¢ T Tn ¢, n
Cl(P3-71) =U Z(”l,nZ,n&TS»Tl)(O 8 03)<O 01 6)(01 0 6)

ninzn3z

y U L, na\(Tz3 L n3\(qa qi2 ni1\({qi2 qez3 n2
0O 0 O 0O 0 O 0 0 O 0 0 O

x <q23 431 }’l3> { ni np n3 }éf (/,\.3 . ,;.1) (81)

0 0 © q23 431 412
with
él(’f‘g . 7/;1) =6811.0M, M (—l){,l 2(2)\' + 1)(_1)?» {3 n3 T3
L ML 8 N I glz
! ’ n3 ni n2
b4 T: 1 1 T ¢
S P | P f}{“z i EZ}’ (82)
12 2 12 A Tl E/Z
68(';‘3 . ’;‘1) = 5L/L8ML/ML (_1)(1+52+€12+5/12+L Z(Z}L + 1)(_1)}\{ Ez;-lz e)j’, ’/Z_ }
A
A L nmy(Th A L
X! T3 Zl ns }! 1 T3 Eé }, (83)
6 by omp) Ley £y 4,
Cl(iz - 1) = Spr8mym, (—1)zHtattttiotltl 2(2)‘ n 1){5;? an EZZ }
A 12
/ / / / ny 512 A
e rane e
* 37 ni &1 Ty

The corresponding angular coefficients containi?‘l,@' can be obtained by the following
replacements:

cl@ VY'Y — b, THCE (7 - )

o o (85)
CL(VY VY'Y — b THb(L,; T)CL (7 + 7).

4. Evaluation of singular integrals

The radial integrals containing;l are discussed in [5]. However, in the calculation of the
Breit interaction, one needs to deal with more singular integrals. Although the integrals
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containingri;2 are convergent, effective evaluation of these integrals is still a problem.
The integrals with powers more negative tha generally diverge individually. However,
these integrals always occur in combinations with other similar terms, thus resulting in a
cancellation of the singularity. For the two-electron case, these problems have been solved
completely [13-15]. In this section, we extend the techniques developed for the two-electron
systems to three-electron calculations.

4.1. Reduction formulae

Consider the matrix element f2

(PLIVEIgR), (86)
where
dL=r] rzlzrésr:{lzzréésréile o'ri—p'ra—y rzy(lz ZZL),Z’H,Z% (ry1, T2, 73) (87)
and
br = ri PPl ean b VY 0 (T2, T2, T3). (88)
1t2)t12,£3

Since V2 is Hermitian, the result must be the same whetigoperates to the left or right
so that

(VZhLIgR) = (LIViPR). (89)
The application of formula (16) yields

Vigr) = {[]1(]1 +1) — la(lr + 1)] 2 + j12(j12 + 1)
ri

7"1 . "‘12
+j31(ja1 + 1)*2 + o — 2a(jy + 1)* +2j12j1—55 -
31 rird

., T1- *T13 r1- . T12° 713

—2j1000 2 4 2jmji 2 ®+ 2j12j31—5 5
r1r12 ”1”31 r1r31 r12r31
—2]12 (7"2 Vi) - 2]31 (7'3 v )}|¢R) (90)
rirg, rrg
Introducing the following notations:

Fo = (¢LI¢R),

F1 = (¢L11/r?|¢R).
Fo = (L11/rZ,|¢R).

= (pL11/r5ldR).
Fs = (¢L11/r1|dR),

= (| L ”2|¢R>
12

1

P

rir 12
7’1 7“13

= (L]

[pR), (91)

131
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(¢|

= |gr),

3

= (g2 ”3|¢R>

12 31

g1 = <¢L|r%(fz - VY) gr).

g2 = (Bl (Pa- V)lgn).

=9l 2 (2 VI)IgR),

<¢L| 2 (@3- VI)IgR).

one has

(GLIVEPR) = &’ Fo+ [j1(ja + 1) — 101 + D] F1 + jiz(jiz + D F2

+j31(s1+ D F3 — 2a(ji + D Fy + 2j12j1F5 — 2j100 Fg

+2j31j1F7 — 2jz100 Fg + 2j12j31F9 — 2j1281 — 2j3182. (92)
Similarly,

(VigLIgr) = «?Fo+ [j1(j1 + D) — €161 + DIF1 + jio(j1, + D F2
+j510js + D F3 — 20" (j1 + 1) Fa + 2j15j1 Fs — 2j1,0' Fg
+2j31j1F7 — 2j310 Fg + 2j15j31Fo — 21,81 — 2j3185- (93)
Put
1= j1+ i,
T ./
J~12 = ji2+ JTZ’ (94)
J31 = ja1+ Jjar»
a=o+dao,
and substitutg; = ]1 — j1, etcin (V2¢L|¢R) If one fIXGS]l. le, ]31, anda and notes that
F;, gi, andg; only depend ONj1, jo, Jja» Jiz Jo» Ja1, &, B, andy, then (89) must be true

for arbitrary ji, jio, j31, anda. Comparing the coefficients gf, ji2, j31, anda gives the
following identities:

(1+ jO)F1 — @Fs+ jioFs + jaF7 =0, (95)
(14 j12)F2 + j1Fs — G Fs + jaiFo — g1 — g, =0, (96)
(14 ja1) F3+ j1F7 — G Fg + jioFo — g2 — g5 = 0, (97)
—&Fo+ (j1+ 2)F4+ ji2Fs + jarFe = 0. (98)

However (98) does not give rise to a new identity because letting> j1 — 1 in (98)
reproduces (95). From (95), one has

1
T ) = I T E e — 2T

1 12 J12 r1 731 le le

(o] (@L11/rF1pR),  (99)
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where j; # —1; otherwise, sinc<{a¢L|1/r12|¢R) does not exist in general, the last term above
is undetermined. On the right-hand side, the degree of singularitys at 0 is reduced by
2 compared with that of the left-hand side. Using

2 _ 2, .2
L=yt

rLeT=1f— 1Ty = > ; (100)
and making the transformations, — j1»+ 2 and j; — j1 + 2 in (99) yields
Ja1 a1
(pLIr — r3lpr) = — = (@LIrErEy/ r5ldR) + = (PLIr5rin/ rildR)
Ji2+2 Ji2+2
20 Jiz+ jai+2j1+8
- (pLIrrfoler) — & (@Il dR). (101)
Ji2+2 Ji2+2

Equation (99) can also be used to reduce the singularitg;at 0 by switching the left
side with the first term of the right side:

Jr2

(BLIr? — r2lgr) = —

J31

J31+

2<¢L|rfr§1/rfz|¢R> + =

2a 2
S (PLlrirs;|¢r) —

Jr2

2<¢L|r§r§1/rfz|¢R>

J31
Jai+ ji2+2j2+8
Jai+2

(BLIrZ|¢R). (102)

Similarly, making ji» — ji2 + 2 and jzs1 — Jja1 + 2 in (96) and (97) gives rise to the
following reduction formulae which reduce the singularities with respecatzio= 0 and
ri12 = O respectively:

~ 2 s

(PLIT13 - T12|PR) = = (¢L|ril7'l‘7°12|¢R> — <¢> | 7“1 r12|¢R)
Ja1+2 r 131
3
et <¢L|r31|¢R> (¢ 312( P2 VD) gR)
131 131+2
0 (ol 312( 72 V) oR), (103)
31
~ 2 e
(PLIT13 - T12|PR) = = (¢L|L12T1‘T13|¢R> — <¢> | 7“1 T13|¢R)
Jj12+2 r J12
3
It S@ulrdaign) + = ol 12r3( 73+ VD) R)
112 J12
1
Sl 123( 73 V) R). (104)

J12
Equations (101), (102), (103), and (104) are a set of reduction formulae resulting from the
Hermiticity of V2. The corresponding results f& and VZ can be obtained by permuting
the subscripts 1, 2, and 3.

4.2. Recursion relation

For the calculations of two-electron integrals in Hylleraas coordinates, there exist several
recursion relations [13] which are particularly useful in the elimination of singularities.
These recursion relations are derived by keeping-, andri, as independent variables.

For the three-electron integrals, the problem is complicated by the fact that there are three
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inter-electronic distances,, rp3, andrs;. However, it is possible to keep only, as an
independent variable and expang andrs;. Consider the basic integral (19) again. We
expandr3 and {3 according to (20) and retairf?. The volume elements can be written
as [13]

d’l“ld’l’z = r]_dl’lrz drzrlzdrldelz,
d’l"3 = r% dr3 ng,

with dQ21, = sind; dd; dgy dy, wheredy, ¢, are the polar angles of the vecter, x is the
angle of rotation of the rigid triangle formed by, r,, 12 about ther; direction, and2s
is the solid angle of3. Thus, the integral (19) becomes

(105)

/ / / / / / R . . . . . .
I(&ym7, omsy, Lomy, Lamy, Lomy, Lams; j1, jo, ja. ji12, jos. ja1; &, B, V)

e +1 o+l a2, ikl
J1 12 J3 J12
/ dr1/ er/ dr3/ draory™ "ry" g’ ri;
@3‘131 kozka1 [ri—r2|

x€ PV E (jqk)psF (jqk)sG, (106)
where F(jgk),3 and F(jgk)s; are defined in (23) and is the angular integral

= fdledQSPq23(COS923)Pq31(COS931)Y£me1(Tl)Ygszz(Tz)YZmé(Ts)

X Y€11711 (7'1) Yszz (r2) YA€3M3 (r3)' (107)
After applying the addition theorem of spherical harmonic®g(cost,3) and P,,, (Costs1),
1672 .
= Tam gD Do 912 (D) Ve, P10 Yy (P Y (72 Yoo, (P2) Y, (72)

ma3ma3ay
x / 42V}, (19)Veans (19 Vom0V (7). (108)

The integration over @3 can easily be obtained by using (25) and the orthogonality relation
of spherical harmonics. The result is

/ dQSYZm’ (7’3) Ylgm3 (T’3) Yqz3m23 (7'3) Y;31m31 (7’3)

mi+m f
( 1) 3tmas Z(zns + 1)(63, 43, q23, q31)1/2< 03 6’: ng)

n3s3
q23 431 n3 ;€3 ns3 q23 431 N3
X< 0 0 0><—m/3 msa 53)(—m23 maj S3>' (109)
As for the integration over@i,, using (25) and the formula [13]
/ AV (1) Ve (1) = BiguyBes 27 Py (COSBr2). (110)
one has

/ 42127, () Veas (') Vg (70 Vi, () Yoy (r2) Vo (72)

1 Lol /
= g(—l)mﬁmz(ﬁ Uy, €1, L2, 23, q31) 2 Z Z(nl, n2, q12)

ninzqiz §1520

0 Ly ni\(€ L2 na\(qn qi2 m
0 0O O 0O 0 O 0 0O O
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<¢]12 q23 nz) < 0 L m ) ( L nz)
X / !
0 0 O mp; —m1 s1 —m, mz  S2

n n
><< 1 g3 6112)( 2 423 qlz)quz(coselz). (1112)
s1 m31 W S2. mz3 W

In (111), co9)1, is a radial function given by

2, 2 2
LTy =T

2rira
Substituting (109) and (111) into (108) and using formula (27) to the summatiormoger
m31, andw, one obtains

G=; 2(25112 + D) Lang(€my, Lom'y, £5my, Lamy, Lomy, £3m3; 12, G23, G31) Py,,(COSO12).

q12

C0SH1p = (112)

(113)
By introducing the following radial integral:
I$9(q23. g31. k23, kai ju. Jo. j3. jrz. jo3. jav. o B ¥)
00 00 00 ritr . ) . .
= / drq f dr, / drs drlzr{ﬁlréﬁ1ré3+2r{§2+1
0 0 0 |)‘1—r2‘
x € PV F(jqk)23F (jgk)a1Py,,(COSO12), (114)

where the superscript (1)’ means that the above definition is derived from keepig
an independent variable, aft jgk)23 = F(jqk)23/C; etc, the integral (19) can be
written as

23923k23"

L1 (¢\m'y, O5m’, Lamy, Lama, Lomy, Lams; ja, j2, j3, J12, Jo3, jai; & B, V)

= Z Z %(261124‘ 1)Cj23qzsk23cj311131k31

912923931 kasks1
X Lang(€ym’y, Lom'y, £amy, Lamy, Lomy, £3ms; 12, 423, 431)
1 ... . .
XI{2 (q23. qa1. kas, kas: ji. j2. Ja, j12. jos. jav. . B. ). (115)

A recursion relation forlq(llz) can be derived using the same method of [13]

1;112)4_1(6123, q31, k23, k313 j1, jo2. Ja, J12, J23. Ja1. @ B, V)
_ 2q12+ 11(1)
jiz+2

HID 1 (q23. q31. ko, kati ju. Jou Ja. Ji2. jos. o o Bl Y), (116)
where j1» # —2. The case of1, = —2 will be discussed in section 4.3. On the other hand,
comparing (115) with (29), one can establish a relation betwgeand 7Y

q12

(q23, q31, k23, ka1; j1 — 1, jo — 1, ja, jio+ 2, jos, jar, o, B, ¥)

o 2q12+1
Z Ir(q12, 923, q31, k12, k23, k313 ja, J2, Ja, J12, j23, Jaus @, B, y) = chzngjgkzgcjmq:;lk:;l
kz
XIS (q23. q31. kas. kas: ja. jo. ja. jaz. jos. Ja1. . B, V). (117)
or by (30)
o 2
I$)(q23. 31, ko3, ka; i, jou Jas j1z: Jos. Jar. @, B, y) = 2+ 1 kzu Ciragiok

X Wr(q12, 923, 431, k12, k23, k31; ji, jo, Ja, ji2, jos, jas; &, B, V). (118)
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The importance of the recursion relation (116) may be seen as follows. If the matrix element
of an operatorO can be written in the form

0 =YYy Y Y Yo

q12 q23 q31 kiz ka3 ka1

x IR(q12, 23, q31, k12, k23, k31; ji, j2, J3, j12, j23. jats @, B, V), (119)

where C(0) is the angular coefficient of0) which is dependent op;; and independent
of k;;, then from (117), one has

(é) = % Z Z Z Z Caagaakas Crangarkas

q23 q31 koz ka

X [2(26112+1)C(0A)14(112) (923, q31, k23, k313 ja, jo, J3, j1z, j23. Ja1, & B, )/):|-

q12

(120)
In the case where
> (2q12+1)C(0) =0 (121)
q12

for fixed g3 and gs;, using the recursion relation (116) the sumgaf in (120) can be
reduced to a sum ovek) with j1, j», and ji, replaced byji — 1, j> — 1, and ji + 2
respectively (see [14] for details). Thus the singularity-at= 0 is reduced by 2. Two
examples of (121), which arise from the Breit interaction calculation, are

Y g1+ DCE1- V) =0 (122)
q12

and
Y g1+ DC(Fy - (72 V])VY) = 0. (123)

q12

Equation (118) can be considered as the solution to the recursion relation (116). Idjllgact,
can be calculated directly in terms @f functions without the use of the recursion relation.
Before finishing this section, we introduce the following quantity:
0 (q12, 423, 9315 j1. j2. J3 j12, joa. Jav. @ Bl ¥)
= Zch23q23k23nglqglkgllgfz) (923, 31, k23, k31; j1, j2, J3, Ji2, j23, jai, @, B, V),

koz ka1
(124)

which satisfies the same recursion relation as (116)
0 (q12+ 1, q23, G313 J1» Jo» J3 J12s Jo3s Ja1 & By )

2q12+ 1 ) L. . .. . .

= ————07(q12 923,931 j1 — 1, jo — L, j3, jiz+ 2, j23, ja, @, B, V)
Ji2+2
+0P(q12 — 1, 923, q315 j1, j2 Jas J12s 23 Jar. &, B V). (125)

Thus, (120) becomes
(0) =3 "> a12+ DC(0)0™ (12, 423, 4313 J1, j2: j3 12, o3 Jar, & By V),

q12 423 431

(126)
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where »® may be considered as the radial part ). The reduction formula
equation (101) can now be rewritten in the form

3 Z Z 2(26112 + DCD[0P(q12, 423, g315 j1 + 2, o, ja. j12, joa. jar. @ By ¥)

q12 423 {431

— oW (q12, q23. g31; j1, jo + 2, jas j12, Jo3. Jai. &, By )]

=320 Qg+ 1HCO)

q12 423 431
Ja1 ) L. ..
X |: — 0 (qu2, 923, g315 j1 + 2, Jo, j3s Jiz + 2, joz, jar— 2., B, ¥)
Ji2+2
Ja1

: 0P (q12, 423, G315 j1s Jo» Ja+ 2, j12 + 2, joz, jar — 2,4, B, ¥)
Ji2+2

+- 0 (q12, q23. q31; j1+ 1, jo, Ja, j1z + 2, joz, jar, @, By ¥)
Ji2+2

_Jizt+Jjn+2+8
Ji2+2

0P (q12, 423, G315 j1s 2, Jas j12 + 2, jo3, Ja1, @, B, V)],
(227)

whereC (1) is the angular part of operator 1. Since the above equation is held for arbitrary
gij, one arrives at

0 (q12, q23, q315 j1 + 2, jo, 3, j12, Jo3s Ja1, &, By )
—0Y(q12, 923, 4313 J1, j2 + 2, j3» J12, Jo3s J31, @ B ¥)

J31 . . . .
= — oM (q12, 923 q313 1+ 2, Jo, Jas j12+ 2, joz, jar— 2,0, B, y)
Ji2+2
J31 . : ..
— 0V (q12, 423, @313 J1, J2r j3+ 2, j12+ 2, joz, jar — 2, @, B, ¥)
Ji2+2
—— 0V (q12, g23. q31; 1 + L, jo. ja, j12 + 2, jo3, jar. &, B, ¥)
Ji2+2
Ji2+Jjsi+21+8 oL ..
- int2 0 (q12, q23, @315 j1, J2» J3» J12+ 2, Jozs Jar, @, B, ),
12

(128)

which reduces the singularity at, = 0 by 2. Equation (128) is very useful in dealing with
spin—other-orbit terms of the Breit interaction.

4.3. Special casej;o = —2

For the case of;, = —2, according to Sack’s expansion [16], the upper linkits and M1,
in (20) become infinite. Thus, (118) is an infinite series. Since [15]

(2912 + 1) (2q12 + 2k12)!! (2k12 — DN
C2g1k1, = ) (129)
(2912 + 2k12 + D! (2k12)"!

with the understanding that-1)!! = (0)!! = 1, the numerical stability of this series can be
assured by the fact that each term in the series is positive. The problem is that the series
converges very slowly. Using Stirling’s formula, the asymptotic behaviout of,,.,, is
k;l. The leading term irWxy is aIsok;zl. Thus, the series has an asymptotic dependence of
ki, and, therefore, the rate of convergence must be improved. It should be mentioned that,
in the case where at least onejgf and j; is even, the summation ovey; in (120) becomes




Computational methods in Hylleraas coordinates 4743

finite. In the case where botjs and j3; are odd, the summation over one @k andgs;
in (120) becomes infinite. However, the infinite sum can be efficiently performed using the
asymptotic-expansion method [5]. Therefore, the main issue for the cagg ef —2 is
how to deal with the slowly convergent summation okerin (118).

We have studied two methods to accelerate the series (118). The first method is a direct
approach using the asymptotic-expansion method [5] with the leading term beingcpjder
In the case where botfys and j3; are odd, the integral (120) contains doubly infinite sums
over one ofgy3 and g3; as well asky, in I<112>. The asymptotic-expansion technique is
generalized to the double sum by first making the following transformation [9]

00 00 P12
DY flzgi =Y Y f(pia— g1z 12 (130)
k12=0g15=0 p12=041,=0

The sum overp;, can then be performed by the asymptotic-expansion method in one
variable. As an example, table 1 shows a convergence study for the integral with=all,
Jlo=-2,j3=1,js1=1,a =27 8 =27, andy = 27. We included 15 terms in
the asymptotic expansion. In table N, is the number of terms included in the partial sum
of the series (130). The second column of table 1 contains the valugg®§ calculated
from the direct summation of the series. The third column contains the values obtained
by the asymptotic-expansion method. It can be seen that at 37, the results in the
third column have converged to about one part if®1@hile the direct sum in the second
column converges only to the second digit. This approach has been successfully applied to
the calculations of the Li #8p2P, fine-structure splitting with a computational precision
of one part in 16, including relativistic and QED terms up to(@"mc?), O((n/M)a*mc?),
O(a®mc?), and Q(u/M)a®mc?) [17].

The approach of the second method is to identify slowly convergent pa#;ﬁz)itamd
evaluate them analytically. The remaining summations gygandgs; in (120) are either
finite when one ofj,3 and ja; is even, or rapidly convergent by the asymptotic-expansion
method when both,3 and j3; are odd. The method has the advantage of absolute numerical
stability, but a large number of analytic expressions is required. Consider a general term in
(118)

2 oo
= 21 > Coapp, W m nia, B, y). (131)
k12=0

From (33), one can see that the dependence oW is through¢ and¢ + m only. Writing

i

L= Lo+ piki2

(132)
L+ m = Mz + uoko,
where L3, and M, are independent df;,, one has three possible cases:
case l:u; = 2, o2 =0,
case 2:u; = 2, o = 2, (133)
case 3:u; =0, no = 2.
Substituting (33) into (131) yields
2 (o]
Y s+p+2122V, (134)

Th=—— <
' 2+ Dol =
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Table 1. Convergence study of the integrftiry dry drgrflrézrfr[fré?rﬁle*“’lfﬂ’2fyr3 with
j1=1,j2=1,j3=1, josa=1,js1=1,a=27,8=27,andy = 2.7. S4(N) is the partial

sum of the firstN terms for the series expansion of the integral, &a@V) is Sq(N) with the
asymptotic expansion included.

N Sq(N) Sa(N)

15 7.045679719 7.187646245105896 11
16 7.054036549  7.187646 245097 78292
17 7.061464752 7.18764624509462991
18 7.068110894  7.187 646245093284 10
19 7.074092252  7.187646 24509264467
20 7.079503778  7.187646245092314 22
21 7.084423170 7.18764624509213213
22 7.088914620 7.187646 24509202657
23 7.093031624 7.18764624509196277
24 7.096819120 7.187 646245091922 81
25 7.100315135  7.187 646 245091897 02
26 7.103552061 7.187 646 24509187993
27 7.106557664  7.187 646245091868 33
28 7.109355882  7.187 646245091860 29
29 7.111967458 7.187 646 24509185462
30 7.114410458  7.187 646245091 850 54
31 7.116700693  7.187 646 24509184758
32 7.118852054  7.187 646 245091 84538
33 7.120876800 7.187 646 24509184374
34 7.122785786  7.187 646245091842 49
35 7.124588663  7.187 646 24509184154
36 7.126294038  7.187646 24509184081
37 7.127909610 7.187 646245091 84023

Porras and King

7.187 646 245091 838 249

a[o].

whereV, is given

by

V- i Con (L2 + pikso)!
" TR (1o pakaz + p 4+ DI Maz + poki + p + 2)
X oF1(1, s + p 4 3; M1+ pskio+ p + 3; Zop) (135)
with
s=L0+m-+n
w=a+p+y
= o (136)
a+B+y
g @tB
a+B+y

Though (134) is an infinite series, the rate of convergence is now determined completely
by Z, which is a small number for most cases of practical interest. Thus, we only need to
considerV,. For case 1, substituting; = 2, u» = 0, and (129) into (135), the sum over
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k1> can be isolated

V=
P Mpp+p+2

= (L12 + 2k;1)!
X C_
2 Cznst (L12+ 2kiz+ p + 1)

2L s+ p+ 3, Mo+ p+3; Zgp)

k12:0
2q12+1
= 2T A(p qua Liz+ D) 2Fi(Ls + p 43 Mia+ p +3: Zug),
Mot pt2 (p,q12. Lo+ D 2F1(Ls+p 2+p )
(137)
where
. (2g + 2k (2k — D! (n + 2k — 1)!
A(m, q,n) = .
(m. g, m) ; (2q + 2k + DU )N (1 + 2k + m)!
(138)

A(m,q,n) can be summed analytically to a finite form with the help of symbolic
manipulation programs [15] (for example, Maple). It can also be calculated using the
following scheme. Since the general termAiwn, g, n) is roughly proportional tgk—"~2,

one can perform summation directly for large However, for smalkz, as derived in the
appendix,A(m, ¢, n) can be calculated using

_ 1. (2v — Dl (2g —2v — DN
A(m,q,n) = 2::0 ol g — 2l Sa(m,2v+1,n), (139)
where
Sa(m c)—ii (p,c+k) (140)
A 7p5 _k:Ok!(m_k)!gA pv

with g4(p, ¢) being given by
ga(p, p) = 3¥'(p/2),

1
2(c—p)
In (141), ¥ (x) is the digamma function and’(x) is its first derivative.
For case 2 wher@; = 2 andu, = 2, the general term i, is asymptoticallykl_z”_3.
However, if we expandF; in (135) according to

(141)

A

(S+P+3)A A

Fil,s + p+3 M+ 2kio+p+3; Zyp) = a

2Fi(Ls+p 12 12+p 8) ;(M12+2k12+p+3))\ 5
+F A, s+ p+ 3 M+ 2kio+ p+3; Zyp), (142)

whereF, is , F; with the firstA+1 terms omitted, and the notati¢s), is the Pochhammer’s
symbol

IC(s+2)
['(s)
thenV, can be written in the form

() = , (143)

A
Vo =2q12+ 1) Z(S +p+ 3)AZ§ﬁB(P, q12, A, L12, M12)
=0
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o0
(L12 + 2k12)!
+ Z C245k12 ]
=0 (L12+ 2k12+ p + DI Maz+ 2kio+ p + 2)

XFA(Q, s +p+ 3 M+ 2kio+ p+3; Zup) (144)
with B being defined by

o (2 + 2l)" (2k — DI (L + 2k)' (M + 2k + p + 1)!
B(p’q’)"L’M)_k;(2q+2k+1)!!(2k)!!(L+2k+p+1)!(M+2k+p+A+2)!'

(145)

The asymptotic behaviour of the infinite series in (144) is ﬂq\éi“"“\. The choice of

A = 15-20 is just adequate to greatly improve the rate of convergence. AB,fsince
the general term in (145) is asymptotically proportionalktd—*~2, one can calculate
directly using (145) for largep + A. For smallp + A, as derived in the appendix, one can
use the formula

. (2v— DN (2g —2v — !

B(p.q. 2, L, M) = X::o (v (2g — 2v)!!

Sg(2v+1,L+1, M+ p+2 p,L),

(146)
where Sp is given by
P4 (_1)k+s

Sga,b,c, p,q) = ; ; a9 gsla,b+s,c+k). (147)

In (147), gp(a, b, ¢) is a symmetric function of, b, andc given by
@.bc) = W(a/2) N W(b/2) W(c/2)

8B 0= e —a)a—b) " 2a—b)b—c)  2b—c)c—a)

a#b,b+#c,c#a;

U(a/2) W(c/2)  W(a/2) (148)
gsla,a,c) = a #c;

2@—0c)2 2a—c)2 Ma—c)
gpla,a,a) = —1—16\11”((1/2).
Finally, for case 3 wherg; = 0 andu, = 2, after using (142}, becomes

B L1)! [
P L+ p+ D)

]

+p+r+2)

A
(2q12+ 1)
q12 ; G+p12)

A(A, g1, M2+ p + 2)22}3
C*2412/<12

+
k;O (Mi2+2ki2+p+2)

Fa(Ls+p+3 Mo+ 2kin+p+3; Zozﬂ)i|-

(149)

The asymptotic behaviour df, in (149) isk[z‘\*3 and thus the rate of convergence is now
improved fromk;7 to k3.
Table 2 lists some values of the integral

1,2 3. —2 j23. j31—ari—Bro—yr3
/ drydrodrari'ry’riri, 15151 € . (150)

Porras and King [9] also evaluated this integral using an expansicn’f}oin terms of the
Gegenbauer polynominal. Some results included in table 2 reproduce their calculations.
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Table 2. Values of [ dry dro drarftry?rfrifri2rfte-ar—pra=vrs,

J1 Jo J3 J3 ju1 o« B y Integral
0 0 0 3 1 0.65 29 27 405.7986194190158
0 O 0 1 -1 0.65 29 27 16.986 781603 31952
0 0 0o -1 -1 065 29 27 15.27105947258098
1 1 1 -1 -1 1 2 3 15.397 606 93224312
1 2 0o -1 -1 2 1 3 30.330168684 237 67
0o 2 3 3 1 1 2 3 12157.36501201014
2 3 1 3 -1 4 3 2 12.319239848913 46
2 3 4 1 0 1 1 1 1444860737.375033
0 1 0 2 0 1 1 1 112714.016988 2259

-2 1 0 1 1 1 1 1 56 715.028924 05161

-2 -1 2 1 3 1 1 1 100998 106.483 3779

-1 -1 0 3 1 1 1 1 837298.1669415318
1 1 1 1 1 1 1 1 1078827.141 800905
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Appendix: The auxiliary series A and B

A.l. The series\(m, g, n)
Using the expression [7]
(2g + 2k (2k — D! _2‘1:(2\;—1)!!(261—21)—1)!! 1

(2q + 2k + DI (261 @@ 2g — 201 2%k+2v+1 (AL)
equation (138) becomes
q
A(m, g, n) = ; & (_23:: gZ - ;z); D G m. 20+ 1,m), (A2)
where
> 1
Salm. p.€) = ,1:29\,:6,1(11 +p)n+o)mn+c+1) - (nt+c+m) (A3)
Then
Sa(l, p,c) = i !
nLoven+p)n+c)(n+c+1)
> 1 1
Znie\;en[(n—l—p)(n—i-c) - (n+p)(n+c+1):|
=ga(p,c) —galp,c+1)
L (D
= ga(p,c+k) (Ad)

— k(1 k!
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with g, being defined by

> 1
ga(p,c) = —. (A5)
ngen (n+p)n+c)
>, 1
S 2’ ’ =
A ) Z(n + P+ O+ et Dntc+2)
> Lovase i ]
2n Sven n+pr+omtce+l) @+ph+ctDn+c+2)
= 3[S4(L p.c) = Sa(L, p.c + D]
= 3[8a(p.c) — 2ga(p. c + 1) + ga(p. c + 2]
2 k
B (-1
= gmgﬂp,c—%k)- (AB)
This can easily be generalized by the method of mathematical induction. The final result is
m (_1)k
Sa(m, p,c) = gmgA(PvC"‘k)- (A7)
Since for the digamma functiow (x)
1 1 1
v -y — = - — A
(x)=-y x+;(n nﬂ) (A8)
one obtains
= W) -
Z (x) () _ (A9)
= (n+X)(n+y) X—=y
Thus
84(P. ) = ; 2+ p)<2n +o
18 1
T4 ; (n+ p/2)(n+c/2)
W(c/2) —V(p/2
_ Y(e/2) =¥ (p/2) (A10)
2(c—p)
It is obvious that forc = p,
ga(p. p) =3V (p/2). (A11)

A.2. The serie8(p,q,», L, M)
By (A1), (145) becomes

Xq: v — 1 (2g — 2v — !

Blp.q.2. L. M) = — (2n(2q — 2v)!

Sgv+1LL+1M+p+2p, 1),

(A12)
where

o0
1
S (avbac7p5q)= —. (A13)
’ n=Zev:en(n+a)Hp o(”+b+l)n 0(n+c+])
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Then
= 1
Sg(a,b,c, p,0) = .
’ n=Xev:en(n+a)(n+c)nlp:0(l’l+b+l)
and
= 1
Sgla,b,c,p, 1) =
: Py nXev:en(n+a)(n+C)(”+C+1)H,P=O("+b+i)
53 1 < 1 1 )
S m+al_n+b+i)\n+c n+c+1
(a b,c,p,0) — Sg(a,b,c+1,p,0)
Lo (D
Z A @ b etk p.O).
Similarly,
Sgla,b,c,p,2)

o0

1

_n;;An+aXW+@m+c+1xn+c+anidn+b+n
S 1

!

n+a)1_y(n+b+1i)

n=even

1 1
X J—
|:(n~|—c)(n—|—c+1) (n+c+1)(n~|—c~|—2)]
= %[Sg(a,b, ¢, p, 1) — Sg(a,b,c+1, p,1)]
= %Sg(a,b, ¢, p,0) —Sga,b,c+ 1, p,0) + %Sg(a, b,c+2,p,0)

2 k
-1
= —_— b k 0).
kgzok!(z_k)!SB(a, ,c+k p, 0

By the method of mathematical induction, one can show that

q k
=1
Sg(a,b,c, p,q) E k' 3 ISB(a,b,c+k, p,0).

As for Sg(a, b, ¢, p, 0), application of the above procedure yields

)4 s
(=D
Sg(a,b,c, p,0) = ———gpla,b+s, ),
B p X(;s!(p—s)!gB

s=l

wheregy is defined by

> 1
gpla,b,c) = n;\;en(n sy Sy

gp can be expressed in terms of the digamma functign) according to (A8).

result is listed in (148).
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(A14)

(A15)

(A16)

(A17)

(A18)

(A19)

The final
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