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Appendix A. Tables presenting (A1) equations for the multiple element limitation 

(MEL) model and (A2) the process and parameter definitions, values, and sources 

for the MEL model. 
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TABLE A1. Equations for the Multiple Element Limitation (MEL) model. Symbol definitions 

and initial values for all state variables are listed in Table 1 of the main text.  Annual integrated 

values for the fluxes are also listed in Table 1. Symbol definitions for all processes and symbol 

definitions and values for all parameters are listed in Table A2 below.  Snow pack dynamics 

were solved with a discrete daily time step as described in Brubaker et al. (1996). Snowmelt and 

rainfall were added to the soil water on a discrete daily time step.  All other differential equations 

were solved with a 4th/5th order Runge-Kutta numerical integrator with a variable time step to 

assure accuracy (Press et al. 1986).  Equations are arranged in general categories; the same 

categories are used in the list of processes and parameters in Table A2.  

 

 Mass balance Equations: 

 Carbon  

(A.1) CWCCugaC
C LLRRRU

dt

dB
  (A.2) CWCCWC

Cc TL
dt

dD
  

(A.3) 

DC12

DOMCm1DOMmCWCC
C1

T

PRUTL
dt

dD




 (A.4) Cm2DC12

C2 RT
dt

dD
  

(A.5) DOMDOMmDOMDOM
DOM LUPI
dt

dE
    

 Nitrogen   

(A.6) CWNNNO3NH4
N LLUU

dt

dB
  (A.7) CWNCWN

Nc TL
dt

dD
  

(A.8) 
DN12DONNm1

DONmNO3mNH4mCWNN
N1

TPR

UUUTL
dt

dD





 

(A.9) Nm2DN12
N2 RT

dt

dD
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(A.10) 

NH4NtrNH4m

NH4Nm2Nm1NH4
NH4

LTU

URRI
dt

dE




 (A.11) 

DNtrNO3

NO3mNO3NtrNO3
NO3

TL

UUTI
dt

dE




 

 Phosphorus   

(A.12) CWPPPO4
P LLU

dt

dB
  (A.13) CWPCWP

Pc TL
dt

dD
  

(A.14) DP12Pm1PO4mCWPP
P1 TRUTL

dt

dD
  (A.15) Pm2DP12

P2 RT
dt

dD
  

(A.16) 

PO4sPO4PO4mPO4

wPPAwPm2Pm1PO4
PO4

TLUU

TTRRI
dt

dE



 2  (A.17) PAwPA
A TI

dt

dP
  

(A.18) wPPO4s
nd TT

dt

dP
2

2     

 Water   

(A.19) OWSMrain RUTI
dt

dW
  (A.20) SMsnow

snow TI
dt

dW
  

   

 

Environment (equations for ENH4, EPO4, and EDOM must be inverted to calculate aqueous 

concentrations): 

(A.21) 
2

minmax
a

TT
T


  (A.22) 

z

W

1000
  

(A.23) 

aqNH4

aqNH4NH4

aqNH4NH4Bs
NH4

NW

Nε

NSDz
E

61014 




 (A.24) aqNO3NO NWE 6
3 1012   

(A.25) 

aqDOM

aqDOMDOM

aqDOMDOMBs
DOM

CW

Cε

CSDz
E

61012 




 (A.26) 

aqPO4

aqPO4PO4

aqPO4PO4Bs
PO4

PW

Pε

PSDz
E

61031 
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(A.27) 

25.1637

3.237

269.17

3.237

269.17

min

min

max

max

T

T

T

T

e

ee  
  (A.28) si  92.0  

(A.29) 
 
 wf

wfb




ln

ln
 (A.30) 

b

f

i
f

b
m



















0736.0

5.11
 

(A.31) 
b

b
n




5.11

08.0
84.0  (A.32) 

 

i
ss

i
b

ffs

n
m 
























 

 if ;   
1

 if ;                  

 

   

 Allometry (equations for BT* and BA must be solved simultaneously):  

(A.33) 
C

C
T q

B
B   (A.34)  cLATT fVBBB  1*  

(A.35) 
*

*

TBAmax

TBAmax
A BB

BB
B





  (A.36) ATW BBB  *  

(A.37) ALcL BVfB   (A.38) ARR BVB   

(A.39) Lsla BaL   (A.40) RsrlL BaR   

(A.41) ICL VVV   (A.42) PO4NO3NH4WR VVVVV   

(A.43) 
T

RRNWWNLLN
N B

BqBqBq
q


  (A.44) 

T

RRPWWPLLP
P B

BqBqBq
q


  

   

 Canopy Phenology:  
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(A.45) 

 

 

 

 

dayendcmin

endday
endstart

startend

dayend
cmincmin

endstart
daystart

startend

startday
cmin

startdaydayfull

fullday
fullbud

budfull

dayfull
cmin

fullbud
daybud

budfull

budday
cmincmin

buddaycminc

JJf

JJ
JJ

JJ

JJ
ff

JJ
JJ

JJ

JJ
f

JJDD

DD
DD

DD

DD
f

DD
DD

DD

DD
ff

DDff











































































 if ;

2
 if ;12

2
 if ;121

 and  if ;1

2
 if ;        121

2
 if ;  12

 if ;  

2

2

2

2

 

   

 Photosynthesis/Transpiration (two equations for PsC must be solves simultaneously): 

(A.46) 
 

 OLmaxLL

OLaL

TTa

OLmaxL

amaxLTTa
PT TT

TT
ef















  (A.47) 
L

I
IImax V

VV
gP min

  

(A.48) 





















 
L

Lk
Imax

LImax

I

Imax

a

a
PTLCI DeIEP

DIEP

k

P

C

C
fDU

I
0

0ln
120

60
6.1  

(A.49) 
 

 

L

C

TTa

OCmaxC

amaxCTTa
CCmax V

VV

TT

TT
eLgP

OCmaxCC

OCaC min














  

(A.50) smaxcmax cLc   (A.51) ecmaxLWp cDU  775.7  

(A.52) 

 

 ws
V

VV
Rk

WpWWs
R

minW
LE

eUgU 














1  

(A.53) 
Wp

Ws
cmaxcs U

U
cc   (A.54) 

 *

*

*

000335.0 iacsL

iC

iCmax
LsC

CCcD

Ck

CP
DP
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(A.55)  sCCIC PUU ,min  (A.56) 
CCmaxL

CC
i UPD

Uk
C


  

(A.57)  iaL

C
c CCD

U
c




000335.0
 (A.58) ecLW cDU  775.7  

(A.59) 









C

sC

W

sC
sCCC dV

dP

dV

dP
PU 001.0  (A.60) 










C

sC

W

sC
sCCW dV

dP

dV

dP
PU 001.0  

    

 Plant Respiration:   

(A.61)   10
10

aT
vWWNRRNLLNma QBqBqBqrR   (A.62) NO3u UR   

(A.63)  umC
g

g
g RRU

r

r
R 




1
  

   

 Plant Nutrient Uptake (paired equations must be solved simultaneously): 

(A.64) 
L

D R

z
r


  (A.65) 

 
 222

444

8

ln4

4

1

rD

rDDrD
NRD

rr

rrrrr







  

(A.66) 

 aqNH4aqNH4s
NRD

LNH4

aqNH4sNH4

aqNH4sT
vL

R

minNH4
NH4NH4

NN
RD

Nk

N
QR

V

VV
gU a

























 


3

10
10

1014
 

(A.67) 

 aqNO3aqNO3s
NRD

LNO3

aqNO3sNO3

aqNO3sT
vL

R

minNO3
NO3NO3

NN
RD

Nk

N
QR

V

VV
gU a

























 


3

10
10

1014
 



7 
 

(A.68) 

 aqPO4aqPO4s
NRD

LPO4

aqPO4sPO4

aqPO4sT
vL

R

minPO4
PO4PO4

PP
RD

Pk

P
QR

V

VV
gU a

























 


3

10
10

1031
 

   

 Litter Losses:  

(A.69)   otherwise ;    1

or   if ;                                 0

min dt

df
BVf

JJJJL

C
ALc

dayendstartdayCdc




 

(A.70)  CdccminALALRARWW
T

C
C LfBVmBmBm

B

B
L   

(A.71)  CdcLNlcminALLNlALRRNlARWWNlW
TN

N
N LqfBVqmBqmBqm

Bq

B
L   

(A.72)  CdcLPlcminALLPlALRRPlARWWPlW
TP

P
P LqfBVqmBqmBqm

Bq

B
L   

(A.73) 
   W

BBk
CWXCW

T

C
CWC Bemm

B

B
L WcWWL

2  

(A.74) CWC
C

WNwl
CWN L

q

q
L   (A.75) CWC

C

WPwl
CWP L

q

q
L   

    

 Plant acclimation (Equations A.88-A.95 must be solved simultaneously): 

(A.76)    
25.0

2
1 










TPN

PN
gCWCCgainuaC Bqq

BB
rLLCRRR  

(A.77)  
5.0











N

TN
CWNNgainN B

Bq
LLNR  (A.78)  

5.0

4 









P

TP
CWPPgainPO B

Bq
LLPR  
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(A.79)  kk

k
RR

dt

Rd
  ; for k = C, N, or PO4 (A.80) 

 hh

h
UU

dt

Ud
  ; for h = CC, CW, CI, 

                                           NH4, NO3, or PO4 

(A.81) 









I

C

W

C

C

C
C dV

dU

dV

dU

dV

dU
,,max  (A.82) 

4

4
4

NH

NH
NH dV

dU
y   

(A.83) 

CNO

NO

NO

NO

NO

dV

dU
dV

dU

y







3

3

3

3

3

1
 (A.84)  jj

j yy
dt

yd
  ; for j = NH4 or NO3 

(A.85)  NO3NH4max y,yy max   

(A.86) 

otherwise ;  
12

21

1
y

 if ;                                                        0

3
max

2

max

max

y

j
yy

j

y
j

j

y

y

y

y

y





























      

; for j = NH4 or NO3 

(A.87) 
NO3NH4

j
Nj

χχ

χ
RR




 
; for j = NH4 or NO3 

(A.88) 





CCCC

CCCC

C 0.0001qUR

0.0001qUR
Ω

10

10
 (A.89) 





CCIC

CCIC

I 0.0001qUR

0.0001qUR
Ω

10

10
 

(A.90) 





CCWC

CCWC

W 0.0001qUR

0.0001qUR
Ω

10

10
 (A.91) 





NNH4NH4

NNH4NH4

NH4 0.0001qUR

0.0001qUR
Ω

10

10
 

(A.92) 





NNO3NO3

NNO3NO3

NO3 0.0001qUR

0.0001qUR
Ω

10

10
 (A.93) 





PPO4PO4

PPO4PO4

PO4 0.0001qUR

0.0001qUR
Ω

10

10
 

(A.94) 
  ii

i Va
dt

dV
 ln

 
; for i = C, W, I, NH4, 

                                        NO3, or PO4 

(A.95) 
  iV

i

 
; for i = C, W, I, NH4, NO3, 

                                       or PO4 
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 Soil processes:  

(A.96) 
10

10

min

min

2

min

1
1 aT

m

o

s
m

o

so

m Q
J

R









































  (A.97) CcmCWCWC DRrT   

(A.98) NcmCWCWN DRrT   (A.99) PcmCWCWP DRrT   

(A.100) 













aqDOMDOMm

aqDOM
CIDOMmDOMm Ck

C
DRU  (A.101) DOMDOMmDONm qUU   

(A.102) 














aqNH4NH4m

aqNH4

N1N

C1C
C1NH4mNH4m Nk

N

D

D
DαRU  

(A.103) 














aqNO3NO3m

aqNO3

N1N

C1C
C1NO3mNO3m Nk

N

D

D
DαRU  

(A.104) 














aqPO4PO4m

aqPO4

P1P

C1C
C1PO4mPO4m Nk

N

D

D
DαRU  

(A.105) DOMmC1mmC UDψRM   (A.106) 
NO3mNH4m

DONmN1NmmN

UU

UDψRM




 

(A.107) PO4mP1PmmP UDψRM   (A.108) 
CPNPN

NCNPCPm

MM

MMMMD




 

(A.109) mPNPNC DMM  (A.110) mPCPN DMM  

(A.111) mNCNP DMM  (A.112)  CCCm MR  11  

(A.113)  NNNm MR  11  (A.114)  PPPm MR  11  

(A.115) N1C1DOMmDOM DDrRP   (A.116) DOMDOMDON qPP   
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(A.117) C112mDC12 DRT   (A.118) NDC12DN12 TT   

(A.119) PDC12DP12 TT   (A.120) C2m2mCm2 DRR   

(A.121) N2m2mNm2 DRR   (A.122) P2m2mPm2 DRR   

(A.123) 
aqNH4Ntr

aqNH4Ntr
mNtr Nk

Nr
RT


    

(A.124) 
 

otherwise ;                                              0

 if ; 0
10

100
3

3






 aT
m

aqNODNtr

aqNODNtr
DNtr Q

Nk

Nr
T

 

   

 Soil P transformations:   

(A.125) APAwPAw PrT   (A.126) aqPO4PO4sPO4s PrT   

(A.127) ndwPwP PrT 222     

   

 Hydrology and material loss: 

(A.128)  fWO zWDR  1000  (A.129) aqNH4NH4ONH4 NηRL 61014   

(A.130) aqNO3NO3ONO3 NηRL 61014   (A.131) aqPO4PO4OPO4 NηRL 61031   

(A.132) aqDOMDOMODOM NηRL 61012   (A.133)   LBvII br
Wpptnt  

intint,min  

(A.134) 
otherwise ;              0

 if ;  



 crtantpptrain TTIII
 (A.135) 

otherwise ;              0

 if ;  



 crtantpptsnow TTIII
 

(A.136)  5.2,0max  as TT    
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(A.137) 
      

otherwise ;                                                                                0

T if ; 15.27315.2731
1

a
44



 
crtaCsa

Lk
LW

Lk
SW

NR
SM TTcTTecIec

c
T II
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