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MULTIVALUED STOP-LOSS STOCHASTIC DOMINANCE TEST

Abstract. Stochastic Dominance tests can be employed to assist decision-makers in
ordering uncertain alternatives. Thes tests require specification of alternatives probability
distributions and the assumption of the utility function of the decision-maker. With these
assumptions, decision alternatives can be partitioned into classes by stochastic dominance
or inverse stochastic dominance (stop-loss dominance). This paper notices procedures to
identify this class of alternatives in case of multivalued probability distributions.

1. INTRODUCTION

Stochastic Dominance tests can be employed to assist decision-makers
in ordering uncertain alternatives. These tests require specification of
alternative probability distributions and the assumption of the utility
function of the decision-maker. With these assumptions decision alternatives
can be partitioned into class by stochastic dominance or inverse stochastic
dominance (stop-loss dominance) depending on describing model for gains
or for looses. This paper notices procedures to identify this class of
alternatives in case of multivalued probability distributions.

2. MULTIVALUED STOCHASTIC DOMINANCE

Let F and G be the cumulative distributions of two distinct uncertain
alternatives X and Y. X dominates Y by first, second and third stochastic
dominance (FSD, SSD, TSD) if and only if

Hj(x) = F(x) - G(x)< 0 for all xe[a, b] (X FSD Y) (1)
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Hz(x)=$H1(y)dySO for all xe[a, b] (X SSD V) (2)

A3(x) = ;HZ(y)dy< 0 forall xe[a h], and E(F(x))» E(G(x))(X TSD Y)
3)

The relationship between the three stochastic dominance rules can be
summarised by the following diagram: FSD => SSD => TSD, which means
that dominance by FSD implies dominance by SSD and dominance by SSD in
turn implies dominance by TSD. For proof of FSD and SSD sec H ad ar and
Russell [1969], Hanoch and Levy [1969] and Rothschild and Stig-
litz [1970]. The criterion for TSD was suggested by Whitmore [1970].

When we have ambiguities in probabilities and outcomes, we have no
single-valued distribution, such a situation can be represented by a set of
probability distributions. Each family has two extreme probability distributions
the scalar outcome space X.

Definition 1. Lower probability distributions for all values x(eX, are
denoted by

P*(xd = I p(Aj) (4)

According to this definition wc have: £p*(x,) = L
/

Definition 2. Upper probability distributions for all values x,eX, are
denoted by

P*(xi) = I P(A)) (5)

J.Jti - max {y.yeAj}

Now we also have: £EX (xf = 1
i
In case of the point values of random variables both distributions (lower

and upper probability  distributions) are exactly the same:
P*(xi) = P*(xi) = p(x;) and we have probability distributions in classical sense.

Example 1. We determine lower and upper probability distributions for
random variable X, whose outcomes are multivalued, included in some
intervals:



24 14 15 56
P(Aj) 0.2 05 0.2 0.1

According to the Definitions 1 and 2 we have lower and upper probability
distributions for random variable X:

P'(Xi) 0.2 0.5 0.2 01
P'(X)) - - 0.7 0.2 0.1

When we have lower and upper probability distributions for random
variables, whose outcomes are multivalued, we can rank such a stochastic
alternative.

Let two distinct uncertain multivalued alternatives X and Y have lower
cumulative distributions F*(x) and G*(x) respectively, upper cumulative
distributions F*(x) and Gr(x), for xe[a, b] respectively, then we have
multivalued first, second and third stochastic dominance if and only if

II(x) = F>(x) - G*(x) <0, for all xe[a b], (XFSDY) (6)
H2(x) = \Ill(y)dy < 0, for all xe[a, b], (XSSDY) ©)
X

H3(x) = jH2(y)dy4 o, lor all x£[a b], (XTSD Y)
and F(F. (x)) > E(G*(x)) (8)
For proof see Langewisch and Choobineh [1996].

Example 2. (Trzpiot, 1998) Let us take a random variable C and
D whose outcomes are multivalued, included in some intervals as follows:

[0 1 [1 2 [2 3 [3, 4
p(C) - 0.2 0.4 0.4
(15 0.3 0.15 0.55 -

We determine lower and upper probability distributions for random variables
C and D as follows:



i 0 1 2 3 4

C: p*(Xij) - 0.2 0.4 0.4 -
C: p'(Xj) - - 0.2 0.4 0.4
D: />.(%) 0.3 0.15 0.55 ; )
D: p'(xj) - 0.3 0.15 0.55 .

Now we can receive the values of lower and upper cumulative distributions
(see Fig. 1).

XJ (-oo,0] O3 @2 (@23 G4 @ oo

C.(X) 0 0 0.2 0.6 1 1
C' (%)) 0 0 0 0.2 0.6 1
D.(x,) 0 03 0.45 1 1 1
D\xj) 0 0 03 0.45 1 1

Fig. 1 Upper and lower distributions of C and D



Fig. 2. Upper and lower integrals of cumulated distributions of C and D

It is easy to check, that the Definition 1 and the Definition 2 are not
true (see Fig. 1 and. Fig. 2).

Fig. 3. Upper and lower double integrals of cumulated distributions of C and D

In this example we can establish a third degree multivalued stochastic
dominance: C TSD D (see Fig. 3.).



3. MULTIVALUED INVERSE STOCHASTIC DOMINANCE

Denoting the density function by /, we have the cumulative distribution
F and inverse distribution F by the following (Goovaerts, 1984).

Jf(x)dx = JdF(x) = JdF(x) =1 9)
:)) — —@
F(x)=\-F(x) (10)

Let F and G be the inverse cumulative distributions of two distinct
uncertain alternatives X and ¥ X dominates ¥ by first, second and third
inverse stochastic dominance (FISD, SISD, TISD) if and only if

Hv(x) = F(x) - G(x)™ 0 for all xe[a, b] (X FISD VY) (11)
H2(x) = jH~dy"~0O for all xe[a, b] (X SISD ¥Y) (12)
b

H3(x) = jii2(y)dy>o0 for all xe[a, h]
and E(F(x)) > E(G(x)) (XTISDY) (13)

For proof sec Goovaerts [1984]. First degree stop-loss (inverse) dominance
coincides with first degree stochastic dominance. The n-th degree stop-loss
dominance implies higher degree stop-loss dominance.

Denoting the density function by f, we have the lower inverse probability
distributions F»(x) and upper inverse probability distributions F*(x) by the
following:

F*(x) = I-F.(x) (14)
F*(x) = 1—F*(x) (15)

Let two distinct uncertain multivalued alternatives X and Y have lower
inverse probability distributions F*(x) and G*(x) respectively, upper
inverse probability distributions F*(x) and G*(x), for xe[a, b] respectively,
then we have multivalued first, second and third inverse stochastic dominance
if and only if

HI(x) = F*(x)-G*(x)> 0 for all xe[a, b] (XFISDY) (16)



H2(x) = \Ht(y)dy~0 for all xe[a, h] (XSISDY) a7

b
Hu(x) =R 2(y)dy< 0 for all xe[a, h] (XTISDY)
X

and E(F(x))>E(G(x)) (18)

The proof proceeds parallel to provided by Goovaerts [1984] and
Langewisch and Choobinch [1996].

Example 3. Let us take random variables A and B whose outcomes are
multivalued, included in some intervals as follows:

4 H, -5] [5 -2] [5 -11 K -31 I-i. oi
P(A) - - - 05 0.5
P(B) 0.25 0.6 0.15 -

We determine lower and upper probability distributions for random variables
A and B as follows:

XJ -6 -5 -4 -3 -2 -1 0
A p.(xj) - - 0.5 - - 0.5
A p'(xj) - - - 0.5 - 0.5
B: p.(xj) 0.25 0.75 - - - -
B p'(xj) - 0.25 - . 0.6 0.15

Now we can receive the values of lower and upper cumulative distributions.

XJ (-CO, -6] (6. -5] (-5, -4 H.-3) (3, -2] (-2 -1 (1.0 (0, 00)

A. (X)) 0 0 0 05 05 05 1 .
A\Xj) 0 0 0 0 05 05 05 1
B.(xj) 0 0.25 1 1 1 1 1 |
B'(xj) 0 0 0.25 0.25 0.25 0.85 1 1



Fig. 4. Upper and lower inverse cumulated distributions of A and B

It is easy to check that the Definition 1is not true. We determine lower
and upper inverse cumulative distributions for random variables A and B as
follows (Fig. 4):

XJ (-00, -6] H, -5] (-5, 41 H.-31 (3, -2] (2 -1 (1.0 (0 o0

A (%) 1 1 1 05 05 05 0 0
A'(xj) 1 1 1 1 05 05 05 0
B.(xj) 1 0.75 0 0 0 0 0 0
B'(xj) 1 1 0.75 0.75 0.75 0.15 0 0

Fig. 5. Upper and lower double integrals of inverse cumulated distributions of A and B



Fig. 6. Upper and lower integrals of inverse cumulated distributions of A and B

We can observe that the formulas (16) and (17) are not true (Fig. 4, 5).
In this example we can establish a third degree multivalued stochastic
dominance: ATISDB (see Fig. 6).

4. CONCLUSIONS

Stop-loss dominance ranking is an extension of stop-loss ordering in
analogy to the stochastic dominance. We can apply two different ranking
by stochastic dominance or stop-loss dominance which depends on our
goals, whether we look for a good criterion for maximising gains or for
minimising losses. Sometimes we need both and this is a case of operation
research problem. The current use of stochastic dominance assumes that
probability distributions are known and unique. In empirical study specifying
unique probability may be unjustifiable, so we need multivalued view of
the problem. Simple example is the continuous observation of assets, each
day we have price from min to max price of the day. When we want to
rank these assets we should apply multivalued stochastic dominance or
multivalued inverse (stop-loss) stochastic dominance depending on our
problem. The extended multivalued stochastic dominance to multivalued
inverse (stop-loss) stochastic dominance, established here, provide a valuable
technique to pare down the number of alternatives.



REFERENCES

Chou S. R, Liao T. L. (1996), The Relative Performance of PER and PSR Filters with
Stochastic Dominance: Evidence from the Taiwan Stock Exchange, “Applied Financial
Economics”, 6, 19-27.

Goovaerts M. J. (1984), Insurance Premium, Elsevier Science, Publishers B. V.

Hadar J, Russel W. K. (1969), Rules for Ordering Uncertain Prospects, Amer. Economic
Rev., 59, 25-34.

Hanoch G., Levy H. (1969), The Efficiency Analysis of Choices Involving Risk, Rev.
Economic Studies, 36, 335-346.

Langewisch A, Choobineh F. (1996), Stochastic Dominance Testsfor Ranking Alternatives
under Ambiguity, “European Journal of Operational Research”, 95, 139-154.

Levy H. (1992), Stochastic Dominance and Expected Utility: Survey and Analysis “Management
Science”, 38 (4), 555-593.

Levy H., Kroll Y. (1970), Ordering Dominance with Riskless Assets, “Journal of Financial
and Quantitative Analysis", 11, 743-773.

Levy H.,, Lerman Z. (1985), Testing P/E Ratio Filters with Stochastic Dominance, “Journal
of Portfolio Management”, 11, 31-40.

Levy H., Sama t K. (1984), Portfolio and Investment Selection. Theory and Practice, Prentice-
Hall Intentional, Inc.

Markowitz H. M. (1952), Portfolio Selection, “Journal of Finance”, 7, 77-91.

Quirk J. P, Saposnik R. (1962), Admissibility And Measurable Utility Functions, “Review
of Economics Study”, February 29, 140-146.

Rothschild L. J., Stiglitz J E. (1970), Increasing Risk. A Definition, “Journal of
Economic Theory”, 2, 225-243.

Trzpiot G. (1997), Odwrotne dominacje stochastyczne, [w:] Zastosowania badan operacyjnych,
Absolwent, t6dz, 435-448.

Trzpiot G. (1997a), Stochastic Dominance in Optimal Portfolio Selections, [in;] Proceedings
of the Mathematical Methods in Economics, Technical University of Ostrava, Ostrava, 185-187.

Trzpiot G. (1998), Stochastic Dominance under Ambiguity in Optimal Portfolio Selection:
Evidence From the Warsaw Stock Exchange, [in:] Data Science Classification and Related
Methods, Short Papers From VI Conference of the International Classification Societies,
Rome, 311-315.

Trzpiot G. (1998a), Multivalued Stochastic Dominance to Determine the Efficient Set of
Assets: Evidence from the Warsaw Stock Exchange, Université Laval, CRAEDO 004,
QuéBec, Canada.

Trzpiot G. (1998b), Wielowartosciowe dominacje stochastyczne, [w:] Metody i zastosowania
badan operacyjnych, AE Katowice, 343-355.

Trzpiot G. (1998c), Preference Relations in Ranking Multivalued Alternatives Using Stochastic
Dominance: Evidence from the Warsaw Stock Exchange, “Control And Cybernetics” (in
the press).

Trzpiot G., Zaras K. (1998), Stability of the Stochastic Dominance in Times Series
Analysis, EURO XVI, Brussels (Mimeo).

Whitmore G. A, (1970), Third Degree Stochastic Dominance, Amer. Economic Rev., 60,
457-459.



