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1 Introduction
Fractional derivatives and integrals are used for a better description of material proper-
ties. In the literature we can find many interesting papers concerning this theory; see e.g.,
[1-13]. The study of systems involving fractional differential/integral equations is also im-
portant as such systems occur in various problems of applied nature; for example, see [14—
22]. Some basic theory of fractional differential equations involving the Riemann-Liouville
differential operator can be found in [23-25].

In the paper we consider the following system of nonlinear fractional differential equa-

tions:

Daul(t) :fl(tﬁ ul(t)> Z'tZ(t)¢ cees Mn(t))’ te (07 T]r

Dau2(t) :_fZ(tr ul(t)r MZ(t)r cees Mn(t))’ te (0: T]r

ces (1.1)
D%u,(t) =fu(t, ua (£), ua(2), ..., u,(2)), t€(0,T],

tliaul(t”t:O = x%)’ tliau2(t)|t:0 = x(z)x L] tliaun(t”t:O = x(y)’¢

where D¥ is the standard Riemann-Liouville fractional derivative of order o, 0 < @ <1,
T>0,f e€C([0,T] x R",R),1<i<n, and x},...,x4 € R satisfy

n
> xh—xp>o0. (1.2)
i=2
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We investigate system (1.1) with respect to the existence of a solution via the method of
upper and lower solutions. There is also presented the concept of an iterative procedure,
where the appropriately constructed sequences are convergent to the extreme solution.
The paper is a continuation of the investigations in [10] of Wang et al., where the authors
examined system (1.1) in the case n = 2. After proving the main results we state, for con-
venience of the reader, the introduced techniques in the case of three nonlinear fractional
differential equations and also present a concrete example.

2 Preliminaries
First, let us recall the needed notations and crucial results which will be needed in the next
sections of the article.

Denote by C,_o([0,T]) the family of all functions u € C((0, T]) such that £*u €
C([0, T]). A basic theorem concerning the existence of the result and its uniqueness for
the linear fractional equation is as follows.

Lemma 2.1 ([23]) Let O <o <1, M € R, and o € C1_4([0, T]) be fixed. Then the linear
initial value problem

Du(t) =o(t) — Mu(t), te(0,T],

iL,jeN, 2.1
7 u(t) |0 = to, / (1)

has a unique solution, given by the following formula:

u(t) = T(@)ugt* " Eqo (-Mt*) + /t(t = 8)* " Ego (-M(t - 5)*)o (s) ds,
0

where E, g is the Mittag-Leffler function, i.e. the function of the form

o0 k
z
E, = _, s 0, R.
5(2) kE:O Tkt B) a,f>0,z¢

The comparison result for the initial value problem (2.1) due to Wang et al. is as follows.
Lemma 2.2 ([10]) Let 0 <o <1 and M € R be given. Then, if w € C1_([0, T]) satisfies

D*w(t) + Mw(t) >0, te(0,T],
£ w(t) =0 = 0,

then w(t) > 0 forall t € (0, T].
The same authors also proved the following result, which will be needed in the sequel.

Lemma 2.3 ([10]) Let 0 <@ <1, M € R, and N > 0 be given. Assume that u,v €
C1-«([0, T]) satisfy

D%u(t) > —Mu(t) + Nv(t), te(0,T],
DYv(t) > —Mv(t) + Nu(t), te(0,T],
Hu(t) |0 > 0, £7v(t)|4=0 = 0.

Then u(t) >0, v(t) >0 forallt € (0,T].
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3 Theresults
In the sequel we will use the following notation:

IS N,
S S R 17 7 A

Ci1_¢([0, T])" denotes C1_ ([0, T]) x C1_o([0, T]) x - -+ x C1_([0, T]) (n times).

Lemma 3.1 Let 0 <« <1 befixed, M; € R, 0; € C1_4([0,T)), i =1,2,...,n. Then the linear
problem of n equations

Duy() = 01(t) = Mun () = 33, Midiiui(t), ¢ €(0,T],
D*u(t) = 0j(£) + (M; — Y7y My)uy(t)
—Mj(Z:lzl Mi(t) - M/(l’)), te (O, T],2 <j<mn,

U)o = xh, 1<i<mn,

(3.1)

has a unique solution in Cy_,([0, T1])".
Proof First observe that for any p1,ps, ..., py € Ci_o([0, T]) the system

U +uy+---+Uy,=p,
Uy—up+---+Uy=p (3.2)

cey

U +uy+---—Uy=py

has exactly one solution, which is a consequence of the fact that

oo -
1 -1 1

det|1 1 -1 - 1 = (=2)" #0.
1 1 1 - -1
-~ A nxn

Next, observe that system (3.1) can be transformed to system (3.2), where p1,ps,...,p,
solve the following # problems:

DEpi() = (01(8) + 0a() + - - + 0n(t) = My + Ma + - + Myp)pa (8),
tp1(8) =0 = X4 + X5 + - + &,

2

Dpy(8) = (01(8) = 02 (8) + -+ + 04(£)) = (My = My + - - + M,)p (),
E Py ()0 = Xy — X + -+ + X,

Dpu(t) = (01(8) + 02 () + -+ — 0y(£)) = (M1 + My + - - - — M,,)pa(t),
tl—apn(t)|t=0 = x(l) +x% FR. _x61~

Finally, observe that the solutions of the above equations are unique due to Lemma 2.1,
which ends the proof. d
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Now we can state and proof the comparison result for system (3.1).

Theorem 3.1 LetO<a <1, M; e R, My,...,M,, > 0, and let uy,...,u, € Ci_([0, T]) sat-
isfy

Duy(t) > —Mun () + 375, Midui(t),  t€(0,T],
D*u,(t) > —Myu,(t) + (Z?:Z M; — M)u(t)
+MS(Z:I:1 ui(t) —us(t)), 2<s=<nte(0,T],

8 U(t)]z0 >0, 1<s<n.

(3.3)

Then
Y wi(t)=0, te(0,1], (3.4)
i=1
us(t)>0, te(0,T],2<s<n, (3.5)

—u,(t) + Z ui(t)>0, te(0,T],2<s=<n. (3.6)

i=1

Proof Put r(t) =Y\, us(t). Using (3.3) we obtain

2”: D%u(t)
s=1

D%r(t)

v

—Myuy(£) + ZMjsjiui(t) -M; Z us(t) -2 ZMsus(t)
s=2 s=2

ij=2 = -

Y M0+ 30 Y M0

s=2 =2 s=2 i=1
n

= —Myr(t) + > (Mijius(t) + Mai(£) =2 Mous(t) + Y Mir(2).
s=2 s=2

ij=2

Observe that

n
D (Myju(e) + Miu(2)) = 0. (3.7)
ij=2i%
Hence, we obtain

Dr(t) > - (Ml—ZMs>r(t) > (MSiwi(®) + M (1))

5=2 ij=2,i

+ Z (Mjgjibt,'(t) +M,'Llj(l')) _2ZMsus(t)

ij=2,i=j 5=2

- (M1 - XH:MS> r(t) +2 Xn:Miui(t) -2 Xn:Msus(t)
s=2 i=2 s=2

- (M1 - iMS> Y'(t). (3.8)
s=2
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Moreover, observe that
£7r(e) =) ug(t) = 0. (3.9)
s=1
Applying (3.8) and (3.9) to Lemma 2.2 we get (3.4).
Now, consider any 2 < s < z and denote
rs(®) = Zu, —us(t), t€(0,T].
By (3.3) we have
Dri(t) = Y " D*uit) - D"us(t) = D*m(t) + Y D uy(t) — D" us(t)
i=1 i=2
> —Myu(t) + ZMj5jiMi(t) - ZMlui(t) + Myu(t)
ij=2 i=2
+ Z(ZM - M; )u (ZM - M )us(t)
j=2
n n
+ ZMl (Z Mj(t) - i ) (Z Lt] — Uy t))
i=2 j=1
= —Mu,(t) + Z(Mj5jiui(t) + Mju;(t)) — My Z u;(£) + Myug(2) + Miu(t)
ij=2 i=2
- 221\/1 ui(t) — us(t) ZM + Z ZM wi(t) - Myrs(0).
i=2 j=1
Again, using (3.7), we obtain
Dr(t) > -M, Z ui(£) + Myug(£) + Mgug(£) — ug(2) ZMJ'
i=1 j=2
Y Mir(e) + ug(t) Yy M; - Myri(t)
- <M1 - M+ MS) ro(t) + Mius(2). (3.10)
i=2

Moreover, observe that (3.3) implies

D*uy(t) > - (M1 - M+ Ms> us(£) + Mri(t). (3.11)
i=2
Finally, note that (3.10) and (3.11) applied to Lemma 2.3 give (3.5) and (3.6). O

Now, we are in a position to enunciate the main result.
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Theorem 3.2 Suppose that there exist uy,u?, ..., uy € Ci_o([0, T1), uy < Y 1, ul, satisfy-
ing

Dul(t) <fi(t,ub (), ud(t),...,up(t)), te(0,T],

Dou(t) > fi(t, ub(2), ud (), ..., ul(t), te€(0,T),2<s<n,
£ ug()l=0 < %G,

AU (D))o > x5, 2<s<n,

(3.12)

and there exist M, € R, M,, ..., M, > 0 such that
(i)

At a0 =B s Br) = —Mi(og — B1) - ZMj5ji(Oli - B, (3.13)
ij=2
(ii)
filto, .. 0) —fi(t, Brs - oo Bu)

= <_Ml + ZMt _Ms>(as _,Bs) _Ms (al _/31 + o — /35 - Z(ai —,Bi)),

i=2 i=2
where a;, B; € R, 1 <i <mnsatisfy forallt € [0, T] and 2 <s <wm,

() - (Z (1) — uf)(t)> <h- (Z Bi - ﬂs) <a- (Z - as> < uy (),
- 2

i=2

(1) — (Z (1) — uB(t)) <o < B < up(0),

i=2
(ii)

> 56w 02O, w"(0) ~ At uH 0,420, . " (1))

s=2
> (-M1 + ZMS) (Z Ww(t) - ul(t)>, (3.14)
s=2 §=2

where
n n
1 i s 1 i s s s
Uy — E Ug—uy | <u — E uw—uw | <uw=<uy, 2<s=zn

i=2 i=2

Then there exists a solution (i',i?,...,u") of system (1.1) such that
n n n

1 i =1 i 1 i S =5 s
(n-Dugy—(n-2)Y uby<i' <Y uh,  wy- Y uh+uy <’ <uy, 2<s<n
i=2 i

=2 i=2

Moreover, there exist iterative sequences (uy), (u3), ..., (u}) such that ui — ', k — o0, i =
1,2,...,n, uniformly on compact subsets of (0, T].
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Proof Let us first consider the linear system of the form

Dul(t) = fit, u (£), ug(2), ..., ug (0)) + Mg (£) + D71 M85 (2)
- My () = X°]5 . M (8),  t€(0,T],

Dus(t) = fi(t, ub (£), ud(2), ..., uf(£)) + My (£) + (O 1y M; — My)us(¢) (3.15)
+ M(uh () + Y0, ul (8) — u(£)) — My (8) — (31, My — M)uy (2)

— Mt () + Y1, ub () —ul (), te(0,T],2<s<n,
w0 = x5, 1<s=<n,

where u!,u?,...,u" € Ci_¢([0, T]). Due to Lemma 3.1 there exists a system of solutions

Luf) € C([0, T])" for system (3.15). Using induction we obtain the sequence
(uk, uk, ...uy) € C([0, T])", k € N, satisfying

(u%,ul,

D ul(t) = filt, up_, (2), usz (), ..., u}_(£) + Myuy_,(£) + S M8, (2)
— Myup(t) - ZZH M;8ui(t), te(0,T],
ui () = fi(t, up_ (), uf (), uf_(0) + My, (2)
+ (X1 M — M) us (£) + Mi(ug_ (£) + Y1, ui (£) — w3 (2)) (3.16)
= My (t) — (O, My — My)us,_, (t)

_Ms(ujl((t) + Z:I:Z ui_l(t) - ui_l(t))r te (Or T],2 =s=mn,
U ()0 =, 1<s=<n.

Now, put pj = uj — up, p} = uf — u5, 2 < s < n. From (3.12) and (3.15), for all £ € (0, T], we
obtain

Dpl(t) = Du;(t) — D" uy (t)
= fi(tug (£), 1 (©), ..., uf () + Muug () + Y M;djinc(£)
ij=2
- Myuj(£) = Y M;sjul () - D*ug,(2)

ij=2

—Mlp1 ZM Sﬂpl
ij=2

Dpi(t) = D*u}(t) — D*u;(t)

= D" () — £ (& ug (), ug (£), . .., ugy(£)) — My (¢)

- (Z M; - Ms) 1 (£) — M, <ug(t) Y Ul - u;(t)> + My (t)
i=2 i=2
(ZM -M, )uo(t) + M (ul () + Zuo(t uo(t)>

= i=2

> —Myp; () + (ZM, - Ms>pi(t) + M <Zpi(t) —pi(t)) forall2 <s<wn,
i=2 i=1

7p1 (O] im0 = U} (8)|r=0 — £ ub (£) |10 > xg — x4 = 0,

P ()0 = £ U ()] 1o0 — U ()]0 = x5 — x5 =0, 2<s<n.
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Hence, using Theorem 3.1, we have

uj <uy, 2<s<m (3.17)

”o + Z ul > uy—uy, 2<s<n. (3.18)

Consider now q; = Y .-, 4 — ui. Using (3.14) and (3.15) we have

n

Dq(t) = Y ui(6) - uj(6) = Y D*ui(t) - Dy (1)
s=2 s=2

n

= it uh (), ud(e), ., ul (1)) ZMluo

s=2

+ Z(ZM -M )ul(t) + ZM (uo(t) + Zul £ - ul(t))
s=2
— ZMlul t) Z(ZMZ _Ms> M‘B(t)

=2

_ZM (ul(t Zuo ) fl(t uo )u(z)(t),...,ug(t))

n n
— Myug(t) - Y MiSjith () + Mg (e) + Y M (¢)
i,j=2 ij=2

n

= Y £t g (), 43 (8), .. ug () —fi(t up (), 13 (D), .., uy(2))

s=2

- (Ml - ZMS) Q(t) + (M1 - ZMS) (Z u (£) - uam)
5=2

s=2 §=2

> —<M1 - ZMS)QI(t)-

s=2
Moreover, (1.2) implies
“q1()s=0 = Ztl UL () im0 — U} (8)|g=0 = Zxo — x> 0.
i=2

Now, from Lemma 2.2 we conclude

n

uj(t) <) ui(e) forallze[0,T]. (3.19)
i=2

Combining (3.17) and (3.18) with (3.19) we obtain for all 2 < s < u the inequalities

(Zuo u0><u1 (Zul u1>§ <u.
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Let 2 < s < n be fixed and suppose now that for some k € N the following inequalities
hold:

n
- (Z uh - uf(l) < (Z uy — uk> <up <uj . (3.20)
i=2
Denote p} ., = uy,, — s, Py, = Uy —ul,,, 2 < s < n.From (3.13), (3.16), and (3.20) we obtain

D*Phoa(®) = Dt ) — D0

= fi(t (8, 13 (0), .., () + Myaa (8) + ) My () — Mgy, (2)
ij=2

n
= MiSjithyy (8) = (6 iy (0), 17y (8), ... 14}y (£)) — My, (£)
ij=2

n n
- ZM}'&,‘M?{_I(f) +M1Mi(t) + ZM}'&‘Z‘M;((t)
ij=2 bj=2

> —M (up (8) — up_, (2)) ZM 8ji (i (8) — u_y (£)) + Myup(t)
ij=2

n n
+ ZMjéj,-uf((t) — M1M11<+1(t) - ZMijiu2+l(t) - Mll/t/l(fl(t)
ij=2 ij=2

n n
- ZM/Sjiuiil(t) +M1M,1<(t) + ZMijiu;;(t)
ij=2 bj=2

= _M1p11<+1(t) + ZM/(S/ipiﬂ(t)’
ij=2
Dp; 1 (t) = D*up () — D% uy, (2)

> (—M1 +Y Mi- Ms) (131 (2) — w3 (0)) — M (ui_l(t) - u ()

i=2

+ iy (8) — i (8) = D (hy — 4)) + My (t) + (Z M, —MS) s (t)

i=2 i=2

+Ms<ui 1 Zuk Mk“) M (2) (ZM M)”k 1®)
- M, (u,l((t) + > Ul () - uskl(t)) — My (t) - (ZM,» —MS) u,,(t)

i=2 i=2

- M (u}((t) + Y U () - usk+1(t)> + My, () + (Z M; - Ms) i (t)

i=2 i=2

+ M, (um) £ 0 - uw))

i=2

Mlpk+1 (ZM M>pk+1( +M (Zpkﬂ t) pk+1( )>

i=2 i=1
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Also observe that £ *py ., (£)|,0 = 7P}, (8]0 = 0, which, together with the above, due

to Theorem 3.1, gives

Uy, <uy, 2<s<n, (3.21)
n
ui( - uiﬁl = (u;< - u;wl) + MJ];+1 - ui (3'22)
i=2
Consider now qx = > 1, u} — u}. Using the same arguments as with ¢; we obtain
n
D q(t) = - (M1 - ZMs> qk(t)

s=2

and
£ qi(8)l1=0 = 0,
which, due to Lemma 2.2, gives
n
wp <Y U (3.23)
5=2

Summarizing, by (3.21)-(3.23) and induction, we obtain the following inequalities de-

scribing the sequences (u})kenugo):

i=2 i=2
n
1 i s
S SU - E Uy — Uy
i=2
S S S
<uj<---<ul <u, (3.24)

where 2 <s < n. The inequalities (3.24) imply
lim uy(t) =u'(t), s=2,...,n
k—o00

Observe that

n
1 i S =S s _
u0—<g uo—u0>§u <uy $=2,...,1
i=2

In order to show that the sequence (u}) is convergent observe first that from (3.24) there

exists a function x* such that

n-1
Jlim <ui(t) -3 u;(t)) = x*(t).

i=2
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Hence, putting = x* ZS 5 u', we have
-1 n-1 n-1
Jim (up(t) - #'(0)) = Jlim (uk ) —x*(t) - Z 0+ Y upt)-y usk(t))
s=2 s=2 s=2
n-1 n-1
= lim (@(t) =D () — w6+ Y (i) - ;f(t)))

s=2 §=2

n-1 n-1
hm (uk t) - Zuk(t) x (t)) + Z hm uy(t) - ﬁs(t)) =

In order to show the uniform convergence of sequences (ui), (ui), ..., (u}), observe that

from (3.24) and from the fact that u; — #*,s=2,3,...,n, we have

:I
»m

- <u; <uy forallkeN.

Then, the uniform convergence of sequences (i), s = 2,3,...,n, on a compact subset of
(0, T1] is a straightforward consequence of Dini’s theorem, which states that if a mono-
tone sequence of continuous functions is convergent on a compact set, then it converges
uniformly.

Showing a uniform convergence of (u;) requires some observations. Take any 2 < s <n

and denote

hi = uy — (Zui—ui), ke NU{0}.
i=2

From (3.24) and the convergence of (ui), ..., (u}) we have

hoshlf---shksz‘f—(Zzﬁ—m)

i=2

Applying again Dini’s result we get the uniform convergence of (/) on every compact
subset of (0, T']. Finally note that

n
uy = hy + (Zu}(—uf{), keN,

i=2

and thus (u}() is uniformly convergent on a compact subset of (0, T] to #! as a linear com-
bination of sequences uniformly convergent.
Moreover, observe that the limit functions satisfy the properties

n n
(n—l)u(l) —(n—2)Zuf) <ut< Zuf),
i=2 i=2

n
i s =S s
— E Ug+uy <u <u, 2=<s=<n
i=2
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Taking k to oo in (3.16) we see that (!, 4?2,...,%") is a system of solutions of system (1.1).
Also observe that from (3.24) we have the following relations between the limit functions:

n
ﬁ1-<§ ﬁl—ﬁs)fﬁs, 2<s<n,

i=2

which ends the proof. d

Remark 3.1 Observe that using the same methods as in the proof of Theorem 3.2 we can
see that (i1}, #%,..., ") is an extremal solution of system (1.1) in the sense that if (u!,..., u")
were any other solution such that

n n n
1 i s 1 i s s 1 i s s S
u0—<E uo—u())fu—(E u—u)fuo, u0—<E uo—u0>§u <uy,
i=2 i=2 i=2

for any 2 < s < n, then we would have

4 The system of three fractional differential equations
In order to see the nature of the iterative procedure introduced in the proof of Theo-
rem 3.2, we consider the case n = 3.

Corollary 4.1 If there exist ug, vo, wo € C1_o([0, T1), o < vo + wo such that

Duo(t) < f(t,uo(t),vo(t), wo(t)), te(0,T],
D*vy(t) = g(t, uo(t), vo(t), wo(t)), t€(0,T],
D*wq(t) = h(t, uo(t),vo(2), wo(t)), te€(0,T],
™ %up(8)] =0 < %o,
7*vo(8)le=0 = yos
7wy (8)]¢=0 > Zo,

(4.1)

and there exist M € R, N, S > 0 satisfying

[t o1, 09,03) — f(£, Br, Bas Bu) = —M(cy — 1) + (=N + S)(a2 — B2) + (N — S)(az — B3),
g(t,ay,00,03) — g(t, Br, B2, B3) = —N(aty — Br) + (=M + S)(et2 — f2) + N(az — B3),
h(t, a1, a,a3) — h(t, By, B2, B3) = —S(ag — B1) + S(ag — B2) + (=M + N)(a3 — B3),

where «;, B; € R, 1 <i < 3 satisfy, forall t € [0, T],

ug(t) —wo(t) < p1— B3 < o1 — a3 < vp(t), ug(t) —wo(t) < az < By < vo(1),

ug(t) —vo(t) < B1— Bo < ay —ay < wy(t), ug(t) —vo(t) <oz < B3 < wy(t)
and

@+h-)t,u,v,w)>(-M+N +S)(v+w-u), (4.2)
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where

up(t) —wo(t) <u—-w=<v=<w(t),

ug(t) —vo(t) <u—v=w=wy(2).
Then there exists a solution
(u*,v*,w*) € [2u0 — vo — wo, Vo + wo] X [t — wo, Vo] X [0 — vo, Wo]

of (4.1) and the sequences (u,) < [2ug — vo — Wo, Vo + Wol, (Vu) < [uo — wo, Vo], (W) C
[uo — vo, wo] such that u, — u*, v, — v*, w, — w* uniformly on compact subsets of (0, T].
Moreover, the following inequalities hold:

Up—Vo <t - <+ <U,—V, < - <u -V <w < <w, < <wyp <wy,
Ug—-wo <G —-w = <Uy—-wWy =< —-WwW vV <.V, <--- <V <V

4.1 Example
Consider the nonlinear problem of the form

D% yu(t) = T(1.5)"w(t) = T(L.5) " w(t) + (W(8) — )% + 2(¢ — w(t) + u(r))?,
DO%5y(g) = T(L.5)"w(t) + (v(t) — 1) + (t — w(t) + u(t))?,

D% w(t) = —=T'(1.5) " u(t) + T(L.5) " w(t) + (£ — w(e) + u(t))?,

0% u(t) =0 = t*50(£)]1=0 = > W(t) =0 = O,

(4.3)

where ¢ € [0,1]. Taking
ft,u,v,w)=T(15) v - A5 'w+w-6)?2+2(t-w+u)
gt u,v,w)=T(U5) v+ (v—21)2 + (t-w+u)?
h(t,u,v,w) = -T(15) " u+ TA5) W+ (¢ —w+u)?
and
uO(t) = O, VO(t) = WO(t) =1, te [0:1],

we obtain, for all £ € [0,1],

D> uy(t) = 0 = f (£, uo(2), vo (£), wo (£)),

Jt t
0.5 _
Do) =505 = Tas)

% 2 0= (£, o (8), vo(t), wo(t))-

= g(t,uo(0), vo(£), wo (1)),
DO'SWQ(t) =

Next, for all o, 8; € R, 1 < i < 3 such that

—t<pBi-B3<ar—az <t —t<oay <<t

—t<Bi-Br<ar—ay <t -t<a3 < B3t
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one can calculate that

ft,an,0,03) = f(t, Br, o, B3) = T(1.5) oz — Bo) = T'(1.5) (a3 — B3),

gt o, 03, 03) — g(t, Bu, B2, B3) = T(1.5) ez — Ba),

h(t, 0,00, 03) = h(t, B1, B2, B3) = ~T'(1.5) (g — B1) + T'(1.5) H(ata = o).
Therefore it is sufficient to take in Corollary 4.1 M = 0, N = 0, S = I'(1.5) L. Finally observe
that condition (4.2) also holds. Thus, the system of fractional differential equations (4.3)
has a solution (u#*, v*, w*) € [-2¢t,2¢t] x [-t,t] x [t ¢t].

Now, using the proof of Theorem 3.2 and Lemma 3.1, we can derive the iterative pro-
cedure (ug, vi, wi) convergent to the solution (u*, v*, w*). First observe that the sequences
(¢r), (vi), (wy) satisfy the following system of linear equations:

D% uy = f(t, ug_1, Vi1, wio1) — D(L5) vy + TA5) " wey + T(15) Mg — D(L.5) g,
D% vy = g(t, wir, Vi, wia) = T(L5) vy + T(L5) g,
D% wy = h(t, ur_1, vicr, wier) + T(L5) gy = T(L5) vy = T(L5) g + T(L5) Moy,

£ ()l e-0 = £ Vi(B)l -0 = Wi (B)] 0 = O,
which can be equivalently transformed to the system

Ui + Vi + Wi = Pk,
Uk — Vi + Wk =G,
U + Vie =Wk =T,

where py, qx, 1 are the solutions of the following systems:

D*®py = (f + g + h)(t, thg1, Vieer, Wie1)
+ T(L5) Yy — 3T (L5) vy + T(5) Ty — T (1.5) Yy,
t°pi()l=0 = 0,

D% qi = (f — g + h)(t, i1, Vier, Wie1)

+ T (1.5) up_y — T(L5) vy + TA5) Twgy — T(AL5) gy,
2 qi(8)ls=0 = 0,
D% ri = (f + g — h)(t, k-1, Vieer, Wie1)

(5w = T(1.5) vy + T(L5) ' wey + T(L.5)1ry,
%1k (t)1=0 = 0.

The solutions of the above systems, due to Lemma 2.1, are given by the formulas
t
pi(t) = / (t - ) "°Eos505(-TA.5) (= 9)*°) ((f +g + M)(8, tk-1(8), viea (), wea (5))
0
+ I'(1.5) g1 () = BT (1.5) M viea(s) + T(L5) " wiea (9)) ds,

qi(t) = /0 (t =) "°Eps505(-T(1.5) (= 9)*°) ((f — g + M) (8, =1 (8), Vi (8), wea ()

+ T(L5) Va1 (s) = TA.5) v (s) + F(1.5)’1wk_1(s)) ds,
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r(t) = / (£ =) " Eo5,05(T(1L5) (8 = 9°°) ((f + g = B) (s, ur1(5), via (s), wea (s))
0
—T@5) up_1(s) = TA.5) vei(s) + F(I.S)_lwk_l(s)) ds.

In consequence, the iterative sequences are of the form

ur(t) = %(Qk +7%)

-3 /0 (= 7% [Eus0s (-T1L5) (¢ = %) ((F g + 1) (55 1(5), ver(5), wia ()

+ T(L5) g1 (s) = T(.5) ' via(s) + T(L5)  wiea(s))
+ Eqo (T157(E = )*) ((f + g = B)(8, tic-1(5), vieen (), wia (9))
—T(L5) wiea(s) = T(15) M vea (s) + T(L5) Mwia () ] dis,

vi(t) = %(Pk - qk)
= % / (t - )" [Eos05(-T (1.5 (£ = 9°°) ((f +g + 1)(5, thse-1(), via (5), waa (5))
0

+ T (L5) Mg (s) = 3T (L5) M (s) + T(A.5) 'wia (s))
— Eo505(-T(L5)7"(t = 9)*°) ((f — g + 1) (s, ti-1(5), Vi1 (5), wan (5))
+ T@.5) Y1 (s) = T(Q.5) v (s) + F(1.5)‘1wk_1(s))] ds,

wlt) = 5 (=70

- % /0 (£ = 5 3 [Eos05(-T(L5) (¢ = )°5) ((f +g + 1) (s 51 (5), Ve (5), s ()

+ T(1.5) M1 () = BT (L5) Mg (s) + T(L5) " wiea (s))
— Eo5,05(T(L5)7 (£ = 9°°) ((f + g — 1) (5, k1 (5), Viea (5), wia (9))
—T(L5) " wia(8) = T(5) e (s) + T(L.5) 'wia (s)) ] dis.
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