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ABSTRACT. Quantum symmetric algebras (or noncommutative polynomial
rings) arise in many places in mathematics. In this article we find the multi-
plicative structure of their Hochschild cohomology when the coefficients are in
an arbitrary bimodule algebra. When this bimodule algebra is a finite group
extension (under a diagonal action) of a quantum symmetric algebra, we give
explicitly the graded vector space structure. This yields a complete description
of the Hochschild cohomology ring of the corresponding skew group algebra.

1. INTRODUCTION

The action of a group G on a vector space V induces an action on the corre-
sponding symmetric algebra S(V) (a polynomial ring). The resulting skew group
algebra S(V) x G is a noncommutative ring encoding the group action. Defor-
mations of such skew group algebras are related to deformations of corresponding
orbifolds, and some have appeared independently in several places under different
names: graded Hecke algebras, rational Cherednik algebras, and symplectic reflec-
tion algebras. Deformations of any algebra are intimately related to its Hochschild
cohomology. When G is finite the Hochschild cohomology of S(V) x G was com-
puted independently by Farinati [F] and by Ginzburg and Kaledin [GK]. Its algebra
structure was first given by Anno [A].

In this paper we replace the symmetric algebra S(V) with a quantum symmetric
algebra and explore its Hochschild cohomology. Our quantum symmetric algebra
is a noncommutative polynomial ring, denoted Sq(V'), in which the variables com-
mute only up to multiplication by nonzero scalars (encoded in the vector q). Non-
commutative polynomials have been of interest for some time. Our current work
incorporates group actions as well and is in part motivated by the recent appearance
of two articles. First, Kirkman, Kuzmanovich, and Zhang [KKZ|] prove a version of
the classical Shephard-Todd-Chevalley Theorem, namely that the invariant subring
of Sq(V') under a finite group action is again a quantum symmetric algebra. In the
setting of an ordinary polynomial ring, methods from invariant theory for finding
such subrings play a crucial role in computation of Hochschild cohomology (see, for
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1554 DEEPAK NAIDU, PIYUSH SHROFF, AND SARAH WITHERSPOON

example, [SW]). Around the same time, Bazlov and Berenstein [BB] introduced
braided Cherednik algebras, which are deformations of Sq(V') x G in some special
cases. Knowledge of Hochschild cohomology will provide insight into these and
other possible deformations.

More specifically, let k be a field of characteristic 0. Let IV be a positive integer

and for each pair ,j of elements in {1,..., N}, let ¢; ; be a nonzero scalar such
that ¢;; = 1 and ¢;; = q;jl for all 4,5. Denote by q the corresponding tuple of
scalars, q := (qi’j)ngjSN. Let V be a vector space with basis z1,...,xN, and let

Sq(V) :=k(z1,...,en | xizj = ¢ jxjz; for all 1 <i,j < N),

the quantum symmetric algebra determined by q. This is a Koszul algebra (see e.g.
[AS]), so there is a standard complex K.(Sq(V)) that is a resolution of Sq(V) as an
Sq(V)-bimodule. This complex is given in Section [Z] below; see [W] for details on
more general quantum symmetric algebras arising from braidings. Priddy [P] first
introduced Koszul algebras, and the theory was developed further, including such
complexes, in [BGS| [BG| M].

We first compute cup products, using the resolution in Section 2] and obtain
the following theorem. Here /\ q-1 (V*) denotes a quantum exterior algebra, defined
in (@) below, on the dual vector space V*, and B is any algebra with a compatible
structure of an Sq(V)-bimodule. The two choices of algebra B in which we are
most interested are B = Sq(V) and B = Sq(V) x G, where G is a finite group of
graded automorphisms of Sq (V).

Theorem 3.1. The Hochschild cohomology HH' (Sq(V'), B) is a subquotient algebra
of the tensor product B® /,-1(V*).

That is, the Hochschild cohomology is a vector subquotient of B ® A -:(V*),
and its cup product is determined by that of the tensor product of the two algebras
Band A - (V).

We next give the graded vector space structure of Hochschild cohomology in
the two cases B = Sq(V) and B = Sq(V) x G, when G acts diagonally on the
basis x1,...,xn of V. We adapt techniques developed in the context of Hochschild
homology by Wambst [W]. In the first case this gives the following technical result.
The notation will be explained in Section [l

Corollary 4.3. For allm € N,

HH"(SqV) = P P span{a® @ (2"}

8€{0,1}Y aeNN
|8|=m a—BeC

This result is a consequence of our more general Theorem E.] on Sq(V) x G.
It should be compared with work of Richard [R], in which there are some results
on the Hochschild cohomology of a related ring of twisted differential operators on
quantum affine space. Richard obtains his results by first computing Hochschild
homology and then invoking a duality between homology and cohomology. In our
setting, such a duality does not hold in general; a comparison of our Example 4.2
below with Wambst’s Corollary 6.2 [W] shows that there is no duality in our smallest
possible case. Other authors have used various techniques to compute Hochschild
homology of generalizations of Sq(V') [GG] [Gul [W].
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HOCHSCHILD COHOMOLOGY 1555

Since the characteristic of k is 0, the Hochschild cohomology of Sq(V) x G is
the subalgebra of G-invariant elements of HH'(Sq(V),Sq(V) x G), and the mul-
tiplicative structure of this algebra is given by Theorem Bl To determine the
additive structure precisely, we specialize to diagonal actions of G on the chosen
basis z1,...,zy of V. This is the case to which Wambst’s techniques in [W] may
be most easily adapted to express the relevant cochain complex as the direct sum of
an acyclic complex and a complex in which all differentials are 0. This leads to our
description of the Hochschild cohomology as a graded vector space in the following
theorem. The notation will be explained in Section [l

Theorem 4.1. Assume that the finite group G acts diagonally on the chosen basis
of V.. Then for all m € N,

HH"(Sq(V),Sq(V) x ) = P P spanf{(a*#g) ® (=)},
9€G Be{0,1}N aeN¥
|B|=m a—BECq
and HH™ (Sq(V) x G) is its G-invariant subspace.

We plan to address more general group actions, as well as related deformations
of the skew group algebra Sq(V) x G, in future articles.

Organization. This paper is organized as follows. Section [2] contains necessary
preliminary information, including the resolution of Sq(V') that will be used. We
also give a chain map from this resolution to the bar resolution of Sq(V'), used in
Section [3] to compute cup products.

We prove Theorem [B1] in Section Bl In Section Fl we prove Theorem [£.1] and
apply Theorem 3] to give the cup product on HH'(Sq(V) x G). As a special case,
when G = {1}, we obtain in Corollary 3] the Hochschild cohomology of Sq(V).

2. PRELIMINARIES

All tensor products and exterior powers are taken over the field k of characteristic
0.

Let A be an algebra over k, and let M be an A-bimodule. We identify M with
a (left) A°-module, where A¢ = A ® A°P; AP is the algebra A with the opposite
multiplication. The Hochschild cohomology of A with coefficients in M is

HH (A, M) := Ext’y. (A, M),

where A is considered to be an A°-module under left and right multiplication. One
useful free A®-resolution of A is the bar resolution

(1) "'5_3>A®46—2>A®35—1>Ae mult A—>O,

where dp(a0 ® -+ ® amy1) = Zgo(—l)iao ® - ® a1, @+ @ Qe for all
agy - am+1 € A, and the map from A°® to A is given by multiplication in A.
Suppose M = B is an A-bimodule algebra, that is B is an algebra and also an
A-bimodule and that these two structures are compatible in the sense that a(bb’) =
(ab)b’ and (bb')a = b(b'a) for all @ € A and b,b' € B. Then HH (4, B) has a
cup product defined at the cochain level as follows (e.g. see [G] p. 278]). Let f €
Hom 4(A®(™+2) B), ' € Homye (A2 B). Then f— f' € Hom . (A®(m+7+2) B)
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1556 DEEPAK NAIDU, PIYUSH SHROFF, AND SARAH WITHERSPOON

is determined by

[~ f/(ao ®ar @ @ aman ®am+n+1)
= f(ao Ra1 R R 077 ® 1)f/(1 (24 Am+1 K- QR Am+n ® am+n+1)-

Let G be a finite group acting on the algebra A by automorphisms. We denote by
9a the result of applying g € G to a € A. Then we may form the skew group algebra
AXG: Additively, it is the free A-module with basis G. We write AxG = @gGG Ag,
where A, = {a#g¢ | a € A}; that is, for each a € A and g € G we denote by
a#g € Ay the a-multiple of g. Multiplication on A x G is determined by

(a#tg)(b#h) := a(b)#gh

for all a,b € A, g,h € G. Note that for each g € G, A, is a (left) A°-module via
the action

(a®@b) - (c#tg) = (a#1)(c#g)(b#1) = ac(?b)#g
for all a,b,c € A, g € G.

For convenience in what follows, we will sometimes denote the quantum sym-
metric algebra Sq (V') simply by A.

2.1. A free resolution of S4(V). By [W| Proposition 4.1(c)], the following is a
free A®-resolution of A = Sq(V):

(2) s A N(V) B At NN(V) D A0 B 4 o,
That is, for 1 < m < N, the degree m term is A° ® A" (V), and d,, is defined by
dn(1®2 @i, A---Axj,)

=> (-1 KH qjs,jf) zj, ®1— (H ij,,js) ® zj,
=1

s=1 s=1

@xjy N Ndj, A Ay,

whenever 1 < j; < -+ < j,, < N. This is a twisted version of the usual Koszul
resolution for a polynomial ring.

Let us write the above formula for d,, in a more convenient form. We first
introduce some notation following Wambst [W]. Let NV denote the set of all N-
tuples of elements from N. For any a € NV, the length of a, denoted |a|, is the
sum Ef\il ;. For all « € NV, define 2@ := 2{*25% - 2}, For all i € {1,..., N},
define [i] € NV by [i]; = 6;, for all j € {1,...,N}. For any 8 € {0,1}", let 2/
denote the vector z;, A---Axj, € A"(V) which is defined by m = |8], 3;, = 1 for
all k€ {1,...,m}, and j; < --- < jm. Then, for any g € {0,1}" with |8| = m we
have

N 7 N
i—1
(17 © M) = 3 ()T [(H ) ol (H )
=1 s=1 s=1

® x/\(ﬁ—m)'

2.2. A chain map into the bar resolution of S4(V'). We wish to define a chain
map from our complex A°® (V) to the bar resolution () for A = Sq (V). Wambst
defined a more general chain map [W), Lemma 5.3 and Theorem 5.4]. Here we
introduce notation useful in our setting, and include some details for completeness.
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HOCHSCHILD COHOMOLOGY 1557

For each set of m distinct natural numbers ji, ..., j, (m < N) and each permu-
tation ™ € .S, the scalar ¢Z*>~/™ is defined by the equation

J1edm o e — e
Qr "7 g0y Ljrim)y = L1 Ljm

in A. That is, g/1»+/m is the scalar arising when one applies the permutation 7 to

the variables in the product zj, - - - x;, , using the relations in A to rewrite it.
The following lemma is immediate from the definition.

Lemma 2.1. If 7 = o7 in Sy, then

girim = qhr I it

For each m > 1, define the map ¢,, : A°®@ A" (V) — A®("+2) by
(3) ¢m(1®2 QX Ao A xjm) = Z (Sgn W)qgrl’""j’” ® Ljrc1) ®-® Ljr(m) ®1
TESm

for all distinct xj,,...,x;,,. Note that ¢,, is injective: The image of a basis of
A" (V) under ¢,, is linearly independent, as may be seen by comparing the variables
involved. Set ¢y and ¢_1 to be the identity maps on A ® A and A, respectively.

Remark 2.2. By its definition, the image of ¢,, is contained in
m—2
(4) N(AeV®eReVem—i—2g 4A),
i=0
where R C V®V is the vector subspace spanned by the relations x; ®x; —q; ;7; ;.
For example, to see that ¢,,(1°2 @z, A---Ax;, ) isin A9 R VOm=2 @ A fix
T € Spp. Let (12) denote the permutation transposing 1 and 2. The 7- and 7(12)-
terms of formula @) above are (writing 7(12) = (7(1),7(2))7 in S,, and applying
the lemma):
(Sgn W)qil""’j”‘ ® Ti R ® T Q1+ (Sgnﬂ(12))qi1(,l-'2~)7jr,,L
® Ljr(2) ® L (1) ®-® Lo (m) @1
= (sgum)gy I @y, @ @), ®1

Jr(1)rdm(m) _j1,eeeijm
— (sgn ﬂ-)q(ﬂ(ll),ﬂ'(2)) g Im @ Tjrizy O Tjrq)y @ QTj () & 1

— J15--2d ) ) _ Jx)seadw(m) )
= (Sgn 71')(],” " (mjﬂ(l) ® Tiny ~ Un(1),m(2))  Tin2) ® xjn(n)

® Tjriay @+ B Ty @1,
which is visibly in A® R®@ V®(m=2) g A,
Lemma 2.3. The map ¢ defined in equation @) is a chain map.
Proof. We must show that
(5) Gm-10dm (12 @ x5, Ao ANxj,) =6m 0 dm(1%2 @ a) A---Aay,))

for all jy, ..., jm with j; < --- < j,,, where §,, is the differential on the bar complex
(). This may easily be checked when m = 0.

By Remark [22] the formula (@) for ¢,, and the formula for §,,, the right side of
@ is

Z (Sgnﬂ)qg-l’”wjm (fj«u) K- ® L (m) ®1+ (_1)m & Ljr1) X ® xjﬂ(m))
TESm
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for all m > 1. The left side of (B is

m
Pm—1 <Z 1) ( HqJS,JL T, ®1— HQJ“Jb ®xjt>

i=1

®$j1/\"'Ai"jiA“'/\$jm>

I
Ms

m
N ( HqJNJL Ty, ®1— HqJL,Jb ®xjt>

.
Il
i

T1seeesdireesdm . Ce .
x]ﬂ/(l) Y & Lj

! (m)

:‘\
m
195

2
~

&
/o~
=
aQ
B
:‘\

Y

>‘\

|
.MS

©
Il
=

7
(_1)14—1 Z <(8gn W/)(H Q. s erl/’ »]ir"y]mxji ® ‘rjﬂ—/(l) R ® :I:jﬂ'/(ﬂl) ®1
m'eS? =

m—1

317 Jireeesdm
— (sgn7’ qus ®%'<1>®"'®%ﬂm>®$ji>7

where for each i, S¢,_; denotes the symmetric group on {1,... e m}. In the
first set of summands above, if 7 := 7/(i, i—1, ..., 1), then sgn 7’ = (=1)"*Lsgnm,
and we may replace (sgn7’)z;, @z; , @ @5, @1 by (1) (sgnm)zj, @

- ® @), ®1. Similarly, in the second set of summands, let 7 = 7'(i,7i + 1,
/(1) @ ® Ijﬂ-/(m) Y Ly, by (_ )m 1(Sgnﬂ') &
Tiny @ ® Ly Again, for the first set of summands, notice that gJi>m =

(Hs 1 QJS,JI)CI? Jiedmand for the second set g =TI anas)qfrh Ao
Making all such replacements, we find that the left side of (&) is indeed equal to
the right side. O

..,m), and replace (sgn7’) @ x;_

Remark 2.4. The image of ¢y, is a free A°-submodule of A®(™+2) that is a direct
summand of A®(™+2) as an A¢-module: Take a vector space complement in k ®
V®m @ k to the image of k @ k ® A" (V) under ¢,, and extend to the required
complementary A¢-module direct summand of A®(™+2) Tt follows that there is a
chain map ¢ from the bar resolution to A° ® A"(V) for which ¢ is the identity
map.

3. THE CUP PRODUCT

As before, let A denote the quantum symmetric algebra Sq (V') and let A® denote
the enveloping algebra A ® A°P. Let B denote an A-bimodule. In this section, we
will describe the cup product on Hochschild cohomology HH' (4, B) = Ext'y. (A, B),
when B additionally has a compatible algebra structure.

We begin by applying Hom 4 (-, B) to (@), dropping the term Hom (A, B) to
obtain the complex

(6)
0 — Hom e (A°, B) LN HomAc(Ae@)/\l(V),B) da, HomAC(A‘?@/\Q(V)’B) .
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HOCHSCHILD COHOMOLOGY 1559

That is, the degree m term is Hom-(A¢ @ A"(V),B), and d,, is defined by
dp(F) = F o d,y,, for all F € Hom e (A°® A" (V),B).
We identify the spaces Homae(A4¢ @ A" (V), B) and B® A" (V*) via the map

Oy, : Home (A°®@ A™(V),B) = B N (V*),

Fes Y FA®@a)e ()Y

Be{0,1}N
|8|=m

We thus obtain the following complex, which is equivalent to the complex in (6):

(7) 0B BaAN (V) Ba (V) —
That is, the degree m term is B ® A™(V*), and d*, is defined by d*, = ©,, o d,, o
O, |, where O, takes b € B to F € Hom4-(A®, B) defined by F(1%?) = b.

m—17
Let us describe d, explicitly. For any b € B and 3 € {0, 1} with |3| = m — 1
we have

dy (b ® (7))

= (O odm o0 )(b® (z*))

= 0,0, ,(b® (z)?) od,,)

= > (©;509 @)Y od,) (1% ® ™) @ ()

g8'e{o,1}"
Iﬁ'\—m

’

_Z% wa(b® (@°)7) 0 dn)(19% @ OHD) @ (a7)NOHD

N
B Z 39:,0(0,1 (b @ (2)"))

N
<( Ties B (Hq >xi®1—<HqE;>®x

Using the A°-linearity of ©' (b ® (2*)"%) and the definition of @, the above
expression may be rewritten to show that d%, (b ® (z*)"?) is equal to

N
(8) Zéﬁi,o(— o=15s (H qsz> x;b— (Hq >bzz

We will use these expressions for the differentials in the sequel.
Let q be a tuple of scalars as in the introduction. We define the quantum exterior
algebra

9) Ng(V) =T(V)/(zizj + qijrjo; | 1 < 4,5 < N),

where T'(V) is the tensor algebra on V. Note that the relations corresponding to
i = j are 2z7 = 0 since g;; = 1; that is, #7 = 0 in A (V). Tt follows that the
dimension of /\q(V) as a (graded) vector space is the same as that of the exterior

algebra A\(V).
Let q—' denote the tuple consisting of all inverses of components of q, that
is, g7 = {(I{jl}lgi,jgN. Using this notation, we have the following cup product

®$/\/3> & () D,

()N,
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1560 DEEPAK NAIDU, PIYUSH SHROFF, AND SARAH WITHERSPOON

theorem. Our main applications are to the cases B = S4(V) and B = 4(V) x G
for some finite group G in the next section.

Theorem 3.1. Let B be an Sq(V)-bimodule algebra. Then the Hochschild co-
homology algebra HH (Sq(V), B) is a subquotient algebra of the tensor product
B ® N\g-2(V*). That is, the cup product on HH (Sq(V),B) descends from the

product on B® /-1 (V).

Proof. Letting A = Sq(V'), by Remark 2.4] there is a chain map 1 : A®m+2)
A¢@ A" (V) such that ¢ is the identity map. (We will not need an explicit formula
for 1.)

We will use the cup product as defined on the bar complex, together with the
chain maps ¢ and : For two cocycles p and v defined on A¢ @ A(V), in degrees
m and n respectively, their cup product is given by

6 (0" () — 0" ().

This function is defined by its action on all elements of the form 19?2 @ z;, A--- A
xj,...,» which we calculate next. Let Sy, , denote the set of all m,n-shuffles, that
is, all p € Sy4y for which p(1) < -+ < p(m) and p(m +1) < --- < p(m + n).
Note that these shuffles form a set of coset representatives of the subgroup S;, x S,
of Syy4n, where S, acts on {1,...,m} and S, acts on {m+1,...,m +n}. Thus
we may write each m € S,,1,, as @ = poT, where p € S, , 0 € Sy, T € S,,. By
Lemma 2] writing pot = (pop=1)(prp~1)p, we have

¢* (W () — ")) @z A Ay,

= " (n) =¥ (v)) Z (sgnm)gltImin @ Tjry @ @ Ty @1

TESmin

TE€Smtn
YT WA Ry @ BTy @ 1)

= Y>> (senpor)ghyy It () (1@, @@y, @)
PESm,n 0ESH,TESK
)LD, ey @ BTy @ 1)

= ) (sgup)g)imen

PESm,n

' ( > (seno)q YT () (L @ @) @ O T, @ 1)>

0ESm

Jp(mA41)s-sJp(min) | *
’ ( Z (sgn T)qp:-(pjll) () (1@ Tjprimrry @ O Tjyrngny @ 1)>
TES,

= Z (sgn p)qf;17~-~,jm+n¢*w*(M)(1®2 ® 50 A A xjp(m))
PESm,n
: ¢*¢*(V)(1®2 ® Ljo(mt1) ARERNA ‘ij(ern))'
Since ¢ is the identity map, ¢**(u) = p and ¢*¢*(v) = v. Now replacing p by
b® (z*)" and v by ¥ ® (2*)"’, where b,b’ € B, we see that only one summand in
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HOCHSCHILD COHOMOLOGY 1561

the above can be nonzero and that is the summand corresponding to p for which

A

B — . . N .
=0 A ANZjym) and =z = Ty imany N NEj i

For this summand, we obtain (sgn p)g,"” 7™ by

Comparing, we also find that
(B © (@) A (@) VA2 @y, A Aay,,,) = (sgnp)gh ™ e,

by permuting the exterior factors in (z*)" A (x*)AB/ via p before applying the
Jo(1)se-sJp(mtn)

function and by using the identity ¢-” = (qgl""’j”‘+"L)_1 (a consequence
of Lemma [ZT]). Therefore the product is as claimed. O

Remark 3.2. Tt is not necessary that the characteristic of k be 0 for Theorem [B.1}
While Wambst’s proof that complex (2] is exact requires characteristic 0, a similar
resolution may be obtained in positive characteristic by using a twisted tensor
product construction [BO] or general theory for Koszul algebras [BG]. Our proof
of Theorem BT] uses only resolution (2 and its embedding into the bar resolution.

4. THE HOCHSCHILD COHOMOLOGY ALGEBRA OF S4(V) x G

Let G be a finite group acting on A = Sq(V') by graded algebra automorphisms.
We are interested in the cohomology of the skew group algebra A x G. Since
the characteristic of k is zero, this is known to be isomorphic to the G-invariant
subalgebra of the cohomology HH' (A, A x G) of A with coefficients in 4 x G.
(See for example [S].) In this section we will compute this latter cohomology,
HH' (A, A x G) = Ext.(4,A x G), in the case when G acts diagonally on the
basis 21,...,2nx of V. Note that each g-component A, is a (left) A°-module (see

Section 2). Also note that since A x G =P, 4y as an A%module,

Ext)y. (4, 4% G) = @) Ext)y. (4, Ay).
geG

We will compute the summands Ext’. (4, Ay).

Fix g € G. In Section Bl we applied the Hom functor Hom 4e (-, B), for any A-
bimodule B, to the A%-resolution of A in (2)), and we made appropriate identification
to obtain the complex (7). When we specialize this complex to B = A,, we obtain

(10) 04,5 4,0 N (V) S 4,0 NV =
where formula (8) yields the fact that d,((a#g) ® (z*)"?) is equal to

(11)
N , i N
2%70(—1)22:1& [((H qu) Tia — (H qg,i) a(“’QCi)) #9

for all a € A and 8 € {0,1}" with |8| =m — 1.

® (x*)/\(ﬁﬁ-[i]),

4.1. Additive structure. Suppose G acts diagonally on the basis z1,...,z5 of
V. That is, there exist scalars A\gy; € k such that 9z; = Ay ;z; forall g € G,i €
{1,...,N}.

For each g € GG, define
(12)

N
Cy = {’y e (NU{-1})"N| foreachie {1,...,N}, qus = MAg; O y; = —1}.
s=1
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The following theorem gives the structure of the Hochschild cohomology as a graded
vector space. Recall definition (@) of the quantum exterior algebra.

Theorem 4.1. If G acts diagonally on the chosen basis of V', then we have that
HH'(Sq(V), Sq(V)g) is the graded vector subspace of Sq(V)y @ Ng-1(V*) given by

HH"(Sq(V),Sq(V)g) = D D spani{(x"#9) @ («*)"},

Be{0,1}" aeN™
|Bl=m a=BECq

for allm € N, g € G. Therefore,
HH"™(Sq(V),SqV) 2 )= P P span{(="#g) @ (27)"},

9€G Be{0,1}V aeN¥
|8|l=m a—BEC,

for allm € N, and HH™(Sq(V) % G) is its G-invariant subspace.

Example 4.2. Fix g € G. We wish to describe HH}, := HH" (Sq(V'), Sq(V),) when
N = 2. We will work out two special cases. When ¢; 2 is not a root of unity and
Ag,1, Ag,2 are not both equal to 1, we have

O ~Y
HH, = {0},
1 ~J
HH, = {0},
HH; >~ span, {(1#g) ® ] A z3}.
For the second case, assume ¢; 2 is simultaneously a primitive ¢th root of unity, a

£1th root of Ay 1, and a foth root of )\;%. Also assume g12 # Ag2 and qf% # Xg.1-
Then we have

HHg >~ spang{z7'x5%#g | o1, a2 € N, £ divides both oy — £5 and ag — 41},
HH,

1

span { (27" 252 #g) @ 27 | a1, a2 € N, ¢ divides both as — ¢4
and a; — 05 — 1}
@span]k{(x'fl:vg?#g) ® x5 | a1, a0 € N, £ divides both ay — o
and ag — ¢ — 1},
HH? = span,{(1#g) ® z} A 23}
@spank{(az?leQ#g) ®x] ANz | ag,a0 € N, £ divides a; — fp — 1
and ag — ¢ — 1}.
Thus HHS is the free module over Z(Sq(V)) generated by z'2z5#g, HH}] is the
free Z(Sq(V))-module generated by ({27 a5 #¢) ® o} and (z225 T #g) @ a3,
and HHz is the direct sum of the k-linear span of (1#g) ® ] A =5 and the free
Z(Sq(V))-module generated by (z{2 a5 T #g) @ 23 A 5.

Define
(13)

N
C:= {WE(NU{—l})N| for each i € {1,..., N}, Hqu—lor%——l}.
s=1

Taking G to be the trivial group with one element, we immediately obtain the
following:
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Corollary 4.3. HH'(S4(V)) is the graded vector subspace of Sq(V) @ Aq-1(V*)

given by
HH™(Sq(V))= P P spamy{a®® (7)),
Be{0,1}Y aeNV
i aSheo
for all m € N.

Example 4.4. When N = 2, the description of HH'(Sq(V')) simplifies considerably.
In this case, if g1,2 is not a root of unity, then

HH(Sq(V)) = k,
HH! (Sq(V)) spang {1 ® =7, 12 ® x5},
HHz(Sq(V)) >~ gpan, {1l ® z] A a3, 122 @ 2] @ 25},

and if ¢; 2 is a primitive £th root of unity, £ > 2, then
HHY(Sq(V)) = spani {2252 | a1, 9 € N, £ divides both oy and ay},

HH'(Sq(V)) = spang {28252 ®@ 2} | a1, a2 € N, £ divides both a; — 1 and s}
@spank{x?lng ® x5 | a1, a2 € N, £ divides both oy
and ag — 1},
HH?(Sq(V)) = spang{l® a2} Az},

@Spank{x‘flzgz @z} Axs | ar,ae € N, £ divides o — 1
and ag — 1}.

Note that in the first case, the center of Sq(V) is Z(Sq(V')) = k, while in the second
case, Z(Sq(V)) is generated by x¢ and z4. Thus in either case, HH’(Sq(V)) =
Z(84(V)) as expected, HH' (S4(V)) is the free Z(Sq(V))-module generated by 1 ®
x} and zo @ x5, and HH?(S4(V)) is the direct sum of the k-linear span of 1®@z} Az}
and the free Z(Sq(V))-module generated by z1ze ® 7 A x5. Similar expressions
may be obtained when N > 3, but there are more cases to consider due to the
many more parameters involved.

We introduce some notation and lemmas before proving Theorem ET1
Fix g € G. For any « € NV, 3 € {0,1}", and i € {1,..., N}, define

a if ans Pe _)\gzv

Qg(e, B,1) == ¢ 0, if ,Bl =1,
(H Gs B _ /\EZHq ) , otherwise,

where (3,i) = (—1)%=1 8.
Then, using formula (II]) for d};, we see that

(14) 5 ((a"#g) @ ZQ )z g) @ ()N PHD,

for all « € NV and 8 € {0,1}" with |8] =m — 1.
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For any v € (NU {—1})" and m € N, define

K™ = spany {(z“#g) © (z*)" |a € NV, € {0,1}", |8 =m, and a— 5 = 7}.

Let K ., denote the subcomplex of ([I0) whose mth term is given by Kg",. That
K ., is 1ndeed a subcomplex of ([I0) follows from (I4]). We immediately obtam

Lemma 4.5. The complex [I0) admits a grading by (lN U{=1})". Precisely, the
mth term of complex ([I0) decomposes as @ K", for all m € N.
YE(NU{-1}HN

We now handle separately the cases where v is or is not in the set Cj defined

in (I2). For the proof of the next lemma, we will need some notation: For any
v € (NU{-1})¥, define

N
171l :—#{i e (L N} [T afs # Mg and i # —1}.
s=1

Lemma 4.6. Let v € (NU{-1})N\C,). Then, the subcomplex K, , of (I0) is
acyclic.

Proof. We will show that the identity chain map of the complex K . is null-

homotopic. First, define the following scalar. Let o € NV, 3 € {0,1}", and
i €{1,...N}. Define

0, if Hq“b o= Ngiis
wg(a,ﬂvi) = O, lf oy = 07
0, if B =0,
Qg(a —[i], 8 —[i],i) ", otherwise.
Now, fix m € N and suppose that |3] = m and o — § = . Define

. m m—1
hm : K!L’Y - ng')’

by

E:wq ) @ ()"

Note that ||v||y # 0, as v & C,.
We contend that

(g1 0 diy iy + diy 0 h) ((2H9) ® (2)F) = (2 #9) ® (27)"7.
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Note that the lemma is proved if this equality is sustained. The left hand side
of this equality is equal to

55"y 0Byl + [+ 1.9 Ulhg) @ o) 0D

H7||qi =
HvIIg ZZ% @, 8,/)Qq(a = [j], 8 — [j],)) (x> -0 g) @ (a*)NOHE=UD
N
:ﬁ > [Qg(a, By i)wgla + [i], B+ [i], 1) + wy(a, B,8)Q(a — [i], B — [i], 4)]
9 =1
X (x%#g) ® (ac*)/\ﬁ
+ﬁ2[ g(a, B, D)wg(a+ [i], B+ [i], §) + wy (v, B, 5)Q(a — [5], B = [4],4)]
Ry

% (x‘)‘*[i]_m#g) ® (x*)/\(ﬁﬂi]*[j]).
It follows from the definition of {2, and w, that

ZQ wg(a+[i], B+ [i],4) + wg (e, B,1)Q (a = [i], 5 = [i],4) = |[7ly-

Therefore it only remains to show that

Qg (e, B, i)wg(a+ [i], B+ [i], §) + wy(, B, 5)Q (e = [j], 8 = [1],7) = 0
whenever ¢ # j. To this end, define
Zg(1,) 7= Qg By i)wg (o + [, B+ [i], 7)
and
(i, 5) = wy(a, B, 7)) (a =[], 8 — [j],9)-
Suppose i # j. Then it is clear from definition of €, and w, that Z,(3, )

and ={ (i, 7) are simultaneously zero or nonzero, so we may assume that they are
nonzero. In this case, we have

E’g(i,j):‘s(ﬂa ) (ﬂ+ (Hq )\QZHq S)

1
Hq P gJHqSJ ’

and
-1

=y (i, 9) = e(8 =[], (8 — [4],4) qu,:;:‘ﬁs Aq,Jqu :

(Mo v L)
Therefore, the desired equality =, (i, ]) —=,(1,7)
e(B =i, 1)e(B = [5],5) = —e(B,9)e(B + [i] — [4],4),

is equivalent to the equality
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which may be easily verified using the definition of ¢, the corresponding conditions
under which €, and w, are nonzero, and the condition ¢ # j. O

Proof of Theorem [A1]. Observe that the restriction of d to K . is zero for all
v € Cy4. The theorem now follows immediately from Lemmas [ and 6l d

4.2. Cup product. Assume that G acts diagonally on the basis x1,...,xy of V.
The following is immediate from Theorem [B.I] when we put B = Sq(V') x G. Recall
the definition of Cy in (I2)) and of A —.(V*) given by ().

Theorem 4.7. HH' (Sq(V), Sq(V) x G) is a subquotient algebra of (Sq(V) % G) ®
Nq-1(V*). Thus the cup product on HH (Sq(V'), Sq(V)) x G) is given by

(z°#9) ® (@)") — (@' #h) @ (z*)V) = (@*#9) (@ #h) ® (@) A (z*)

forall g,h € G, a,a’ € NV and 8,8 € {0,1}" such that a— 3 € Cy and o/ — 3’ €
Ch. Moreover HH' (Sq(V) % Q) is the G-invariant subalgebra of HH (Sq(V), Sq(V)x
G).

Remark 4.8. Note that the above product is zero when the supports of 3 and 3’
intersect nontrivially. Furthermore, we understand the above product to be zero
(i.e., a coboundary) if a + o' — (B + ') is not in Cyp,.

Recall the definition of C' in ([I3). Taking G to be the trivial group with one
element, we immediately obtain the following:

Corollary 4.9. HH'(Sq(V)) is a subquotient algebra of Sq(V) @ N\y-1(V*). Thus
the cup product on HH (Sq(V)) is given by

@8 (@) - @ @ (@)) = 2% & @) A @)
for all a, o/ € NV and B, 8" € {0,1}" such that o — B € C and o' — 3’ € C.

Remark 4.10. As before, the above product is zero when the supports of S and 3’
intersect nontrivially. Furthermore, we understand the above product to be zero
(i.e., a coboundary) if a + o' — (8 + /') is not in C.
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