Nonlinear electron synchrotron
cooling and synchrotron

self-Compton flaring of TeV blazars

Dissertation zur Erlangung des Grades eines
Doktors der Naturwissenschaften in der

Fakultéat fiir Physik und Astronomie

der Ruhr-Universitat Bochum

vorgelegt von

Christian Roken

aus Gelsenkirchen

Bochum, November 2008



1.Gutachter: Prof. Dr. Reinhard Schlickeiser
2.Gutachter: PD Dr. Horst Fichtner

Datum der Disputation: 27.01.2009



Einige Teile der vorliegenden Arbeit sind bereits in Form von Artikeln mit den Titeln

Roken, C., Schlickeiser, R., ”Synchrotron self-Compton flaring of TeV blazars II.
Nonlinear electron cooling”, A&A (2008)

Roken, C., Schlickeiser, R., ” Synchrotron self-Compton flaring of TeV blazars III.
Linear and nonlinear electron cooling with the full Klein-Nishina cross section”,
A&A (2008)

Roken, C., Schlickeiser, R., ”Nonlinear radiative cooling of relativistic particles
under partition conditions III. Multiple instantaneous monoenergetic injections”,
A&A (2008)

eingereicht worden.



i



Contents

1 Introduction 1
1.1 Blazars . . . . . . . . . . e 1
1.2 Elementary radiation processes . . . . . . . . . . ... ... 3

1.2.1  Synchrotron emission . . . . . . . ... ... oL 3
1.2.2  Inverse Compton scattering of internally generated photons . . . 3
1.3 Aim of the thesis . . . . . . . . . .. 6
2 Synchrotron cooling processes in flaring TeV blazars 7
2.1 Linear and nonlinear electron synchrotron cooling in the case of two
instantaneous monoenergetic injections . . . . . . .. ..o 9
2.2 Linear and nonlinear electron synchrotron cooling in the case of multiple
instantaneous monoenergetic injections . . . . ... ... 0oL 12
2.3 Intrinsic optically thin synchrotron radiation . . . . . . . . .. ... .. 13
2.3.1 Optically thin synchrotron intensities . . . . . . . . . .. .. .. 13
2.3.2  Optically thin synchrotron fluences . . . . ... ... ... ... 20
2.4 Discussion . . . . ... 23

3 Synchrotron self-Compton radiation process 25

3.1 Nonlinear synchrotron self-Compton emission in the §-distribution ap-
proximation . . . . . .. ... Lo 26
3.1.1 Intrinsic synchrotron radiation formulas . . . . . .. .. .. .. 26
3.1.2  Synchrotron radiation intensities . . . . . . . .. .. .. .. .. 28
3.1.3 Synchrotron photon density distribution . . . .. ... ... .. 29
3.1.4  Synchrotron self-Compton emission . . . . . . . ... ... ... 29
3.1.5  Synchrotron self-Compton fluences . . . . ... ... ... ... 31

3.2 Linear and nonlinear synchrotron self-Compton emission with the full

Klein-Nishina cross section . . . . . . . . . . . . .. 36

1ii



3.2.1 Linear and nonlinear synchrotron self-Compton intensities . . . 36

3.2.2  Linear and nonlinear synchrotron self-Compton fluences . . . . . 41
3.3 Discussion . . . . . ... 50
4 Summary and Conclusions 53
A Single electron differential scattering rate 55
B Solution of the electron kinetic equation with two injections for linear
cooling 59
C Solution of the electron kinetic equation with two injections for nonlinear
cooling 61
C.1 Thecase E>>1 . . . . . . . . 63
C.2 Thecase E K1 . . . . o e 66
D Optically thin synchrotron radiation intensities 67
E Synchrotron optical depth and photon spectra 69
E.1 Optical depth . . . . . . .. . 69
E.2 Synchrotron spectra. . . . . . . . . ... oo 70
Bibliography 73

v



1 Introduction

1.1 Blazars

In this thesis we examine internal radiation processes of extragalactic objects called
blazars. In a nutshell, as a member of the group of the active galactic nuclei (Schlick-
eiser, 2002) a blazar is a very compact, supermassive astrophysical entity. It is charac-
terised by a strong short-time energy variability (non-thermal spectrum ranging from
very low radio frequencies to high-energy 7-rays) of the flares in its relativistic jets in
the order of days with a high degree of polarization. The apparent compactness and
rapid energy variability of blazars is a consequence of the particular angle of observa-
tion since the jet is pointing in the general direction of the Earth, so that we observe

(nearly) downward the jet. Blazars can be divided into two groups

Group 1:  Highly variable quasars or so-called Optically Violent Variable quasars

Group 2:  BL Lacertae (BL Lac) objects

There are a few objects that exhibit a mixture of properties from both blazar groups
designated intermediate blazars. It is assumed that Optically Violent Variable quasars
are intrinsically powerful radio galaxies, whereas BL Lacertae objects are intrinsically
weak radio galaxies (Xie et al., 1993). The host galaxies with presumed central su-
permassive black holes are giant ellipticals for both group 1 and group 2. The name

"blazar” emerged from the combination of these two groups.

Like in the standard scenario for all active galactic nuclei (Antonucci, 1993), blazars
are expected to be powered by various matter, e.g. gas and dust, spirally falling into
the central black hole of the host galaxy. Due to this process a hot accretion disc
of size ~ 1073 parsecs generating immense amounts of energy arises. This energy is
transferred to electromagnetic radiation and several elementary particles, e.g. electrons

and positrons. A highly energetic plasma in the form of discrete plasmoids (usually a
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Figure 1.1: Schematic model of the outer part of an active galactic nuclei jet system
extracted from Schlickeiser (2002).

proton-electron plasma) is transported away from the blazar in a pair of relativistic jets
expanding over tens of kiloparsecs, perpendicular to the accretion disc from the central
black hole. Strong magnetic fields and exceeding winds produced by the accretion disc
and the opaque torus of hot gas localized several parsecs away from the black hole (see

Figure 1.1) lead to a collimation of the jets.

Interactions between high-energy photons, relativistic particles and the strong mag-
netic fields within the plasmoids produce the observed synchrotron radiation in the
radio to X-ray spectrum and inverse Compton radiation in the X-ray to ~-ray range.
The origins of the high-energy photons and particles, the nature of the interactions
as well as the configuration of the magnetic fields are specified in the introductions of
Chapters 2 and 3.



1.2 Elementary radiation processes

Blazars show a huge enhancement of the observed emission in their jets due to
relativistic effects (relativistic aberration, time dilation) called relativistic beaming
(Ghisellini et al., 1993) and an apparent superluminal characteristic within the first few
parsecs of their jets (Mutel et al., 1990). Here, we apply theoretical emission models
with standard linear and recently introduced nonlinear electron synchrotron cooling
(Schlickeiser and Lerche, 2007) to blazars radiating in the high-energy ~-ray regime.
These objects are called TeV-blazars. Famous members are for example Markarian
421, Markarian 501 and PKS 2155-304.

1.2 Elementary radiation processes

1.2.1 Synchrotron emission

A part of the blazar radiation emission model considered in Chapter 3 is a synchrotron
self-Compton emission model based on the assumption that internally created syn-
chrotron radiation is inverse Compton scattered to higher energies by its generating
electron population. Synchrotron radiation is a form of electromagnetic radiation pro-
duced by the acceleration of relativistic, charged particles in magnetic fields. Here, we
consider only the synchrotron emission of relativistic electrons and positrons. A de-
tailed discussion of synchrotron emission including the necessary synchrotron radiation
formulas is provided in Chapters 2.3.1 and 3.1.1. In Figure 1.2 we show the observed
multi-wavelength spectrum of the blazar Markarian 421. The low-energy peak is related
to the synchrotron radiation, while the high-energy peak is assigned to the synchrotron

self-Compton or inverse Compton scattering process.

1.2.2 Inverse Compton scattering of internally generated photons

The differential inverse Compton scattering rate, ng, in a coordinate system comoving

with the radiation source (unprimed quantities) is given by Dermer et al. (1992)
25 (€s, ) /OO]{ ( Q)—dBN dQ. d (1.1)
Ns(€s,3Ls) = Nel7Y, 3L e ) .
‘ ; T g, de, e

where v is the normalised energy of a single electron, e, the normalised energy of a

scattered photon, N the scattered photon number, n, the differential electron density
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Figure 1.2: The multi-wavelength power spectrum of Markarian 421 extracted from
T.C. Weekes (2000) showing a low-energy peak related to synchrotron ra-
diation and a high-energy peak assigned to the synchrotron self-Compton
process.

and €2, and €2, are the solid angles of the scattered photons and electrons, respectively.

The single electron differential scattering rate reads

&N > d*o
dtdQ,de, C/O fﬂ — Beosyn(e, Q) 7=~ 2 de (1.2)

with the normalised energy of an incoming photon e, the differential synchrotron photon
density n and ¢ = 4(178, Eph). U, is the velocity of the electron and Eph is the wave vec-
tor of the incoming photon. The differential Klein-Nishina cross section, d?c /(de,dS2s),
is on the one hand implemented in its Thomson limit (Chapter 3.1) via a J-distribution

approximation (Dermer and Schlickeiser, 1993)



1.2 Elementary radiation processes

(9] 1/e
ns(€s, 7) = or /0 n(e,T)/1 ne(v,7)0(es — 7€) dy de (1.3)
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and otherwise to its full extent (Chapter 3.2). There, it has the most compact form in

the rest frame of the electrons (primed quantities) (Jauch and Rohrlich, 1976)

d20' T2 6,82 6, E; .
de' dSY = 50 . 672 (6_/ + ? — sin? X/>5(e; — 66)7 (1.4)

where
6/

"1 + €'(1 —cosx’)

/
€

(1.5)

and y = Z(Es,lgph) with the wave vector Es of the scattered photon. We assume
isotropic electron and photon distributions in the comoving frame. Hence, the dif-
ferential Compton scattering rate does not depend on the direction of the outgoing

photons, so that (1.1) can be reduced to

) o d*N
e = [ ) g (1.6

Following the work by Arbeiter et al. (2005) we can write

d*N aréc [ n(e) [ [ €
~ 5’—’H(’——>H2 ¢
dt deg 2’)/265/0 €2 /0 /1 (e, — o) H (¢ 27 (2ye =€)

(1.7)
13 ! !
. % (:—; + % — sin® X')dcos X' de de,
where H(-) denotes the Heaviside step function. Using the so-called head-on approxi-
mation (Arbeiter, 2005) and €, = e/, (1 — B cosy ) we obtain for the high-energy regime

€ < €, < 4ey?/(1 + 4e7y) (Blumenthal and Gould, 1970; Jones, 1967)

d*N  27wric [ n(e)
~ —~H(1—A(e,e;))H(es —
dt de, ~? /0 € ( (€€ )) (€ =€)

(1.8)

) ((1 — A(e, es)) <1 + 2A (€, €4) [1 + 656:|> +2A(€,€5) In (A(g 65))>d6,
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with A(e, €5) = €,/(47%¢(1 — €5/7)), and for the low-energy regime €/4v% < ¢, < ¢

2 2. oo 2
d*N - m’oc/ n(e) <47 € 1)de. (1.9)
0

dtdes, — 2~4 € €

The detailed calculations can be found in Appendix A. In the following discussion
of the synchrotron self-Compton intensities and fluences we use only the dominating
contribution (1.8) of the differential scattering rate for a single electron and neglect
(1.9).

1.3 Aim of the thesis

Blazar emission models include, in general, various processes that are responsible for
the creation of or have an influence on the radiation, e.g. cooling processes, diffusion,
collisions or injections (perturbations). The aim of this thesis is to investigate a new
nonlinear electron synchrotron cooling behaviour due to an assumed partition condition
between the energy density of the ambient magnetic field and that of the relativistic
electrons in the plasmoids.

This nonlinear cooling behaviour is very distinct from the standard linear electron
cooling because of the consideration of the time-dependence of the magnetic field,
which has a massive influence on the evolution of the electrons. Therefore, we solve
the electron kinetic differential equation for the linear as well as for the nonlinear
electron synchrotron cooling in the case of multiple instantaneous injections of mono-
energetic ultra-relativistic electrons. Afterwards, we apply the obtained solutions to
the synchrotron self-Compton process in a d-distribution approximation and compare
the results with an actual time-averaged blazar spectrum to determine the quality of
the models in comparison to each other. To generalise these results we also analytically
compute the synchrotron self-Compton emissions without making use of approxima-

tions, i.e. with the full Klein-Nishina cross section.



2 Synchrotron cooling processes in

flaring TeV blazars

A field of current activity in theoretical astroparticle physics represents the modelling
of the broadband photon spectra of non-thermal radiation sources (e.g. blazars) show-
ing two broad spectral components (see Figure 1.2). The quantitative reproduction
of the detected spectra is exceptionally successful using homogeneous one-zone models
(Mastichiadis and Kirk, 2002) under simplified assumptions for relativistically propa-
gating regions of emission in the jets of active galactic nuclei. In this work we discuss

such a model and its applicability.

The first step in initialising such a model is to set up physical assumptions about
the origin of the low-energy and high-energy components of the spectra. It is generally
accepted that the low-energy component consists of non-thermal radiation from high-
energy relativistic electrons (Bottcher, 2007), where synchrotron radiation is favoured.
The high-energy component is assumed to be created by inverse Compton emission
(Chapter 3). In addition to the synchrotron radiation model for the low-energy spec-
tral component, other propositions such as electrostatic bremsstrahlung (Schlickeiser,
2003) or Jitter radiation (Medvedev et al., 2007; Workman et al., 2008) are discussed.

All these models have in common that the evolving energy distribution of the radi-
ating particles (electrons) is determined by a time-dependent kinetic equation for the
volume-averaged relativistic electron population in the plasmoid (Kardashev, 1962),
governing the competition between the injection, escape and energy loss processes.
Here, we assume electron energy losses in form of a synchrotron cooling with a con-
stant magnetic field B (standard linear electron synchrotron cooling) on the one hand
and on the other a partition condition between the energy densities of the magnetic
field (Ug(t) = B(t)*/8m) and the relativistic electrons
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UL(t) = mec? / Nty dp 2.1)

(nonlinear electron synchrotron cooling), first introduced by Schlickeiser and Lerche
(2007) and expressed by a constant partition parameter eg = Up(t)/U(t). This ap-
proach appears reasonable because particle-in-cell simulations of the observed spectral
energy distributions (Bottcher and Chiang, 2002; Dermer and Schlickeiser, 2002) pro-
vide the best results in agreement to the experimental data (e.g. Aharonian et al.,
2006, 2007) if a partition condition is assumed although there is no obvious physical
justification for this behaviour. However, the success of this assumption in explaining
the observational findings when modelling the spectra of active galactic nuclei vin-
dicates its application. Hence, the magnetic field strength becomes time-dependent,
B(t) = \/m , adopting itself to the actual kinetic energy density of the radiat-

ing electrons in these sources, leading to twofold consequences:

1. Focusing only on the synchrotron radiation of relativistic electrons the energy
loss rate depends on the kinetic energy density of the radiating particles, which
is an integral over the electron differential spectral density (2.1). The synchrotron
radiation cooling of the relativistic electrons shows, thus, nonlinear behaviour.
We could consider the synchrotron radiation of heavier charged particles such as
hadrons (Reimer et al., 2004) and muons (Bottcher and Reimer, 2004), the Thom-
son cross section of hadrons of charge Ze and mass Am,, oy = Z*mZop/A*m} =
2.96-10 "o is, however, six orders of magnitude smaller than the electron Thom-
son cross section o7 = 6.65 - 1072%cm? and therefore, we can neglect this contri-

bution.

2. The synchrotron photon emissivity and fluence will be modified as compared to

the standard case of a constant magnetic field.

This magnetic field is most likely generated from the interaction of the relativisti-
cally moving emission knot (plasmoid) with the ambient interstellar and intergalactic
mediums that are also responsible for the injection of the ultra-relativistic particles by

the relativistic pick-up process (Gerbig and Schlickeiser, 2007; Pohl and Schlickeiser,



2.1 Linear and nonlinear electron synchrotron cooling in the case of two

instantaneous monoenergetic injections

2000; Stockem et al., 2007). Further information regarding the relativistic collisions
of plasma shells can be found in Frederiksen et al. (2004), Jaroschek et al. (2005),
Kapetanakos (1974), Lee and Lampe (1973), Ng and Noble (2006), Nishikawa et al.
(2003), Sakai et al. (2004), Silva et al. (2003) and Tatarakis et al. (2003).

The nonlinear cooling effect was discussed and compared to the linear cooling process
in Schlickeiser and Lerche (2007, 2008) for the cases of one instantaneous injection of
monoenergetic ultra-relativistic electrons and an instantaneous injection of power-law
distributed electrons. In Chapters 2.1 and 2.2 we consider, for the first time, the
cases of two and multiple instantaneous injections of monoenergetic ultra-relativistic
electrons, respectively. We calculate in detail all necessary physical quantities for two
injections with strengths ¢o and ¢; at times ¢y and ;. It can be shown that asymptotic
analytical solutions can only be found for four or less injections, so that numerical
methods have to be applied for a number of injections > 5. The necessity of discussing
multiple injections into a physical system where partition conditions hold is obvious:

why should nature stop at one injection?

This chapter is structured as follows: First, we solve the basic time-dependent
volume-averaged kinetic equations for the linear (Up = const., B = const.) and the
nonlinear (Up = Ug(t), B = B(t)) case. Second, we derive the time-dependent syn-
chrotron radiation spectra and synchrotron fluences for both cases and finally examine
extensively the obtained differences. All necessary mathematical details can be found

in Appendices B and C.

2.1 Linear and nonlinear electron synchrotron cooling
in the case of two instantaneous monoenergetic
injections

In the following, a comoving coordinate system is chosen for the discussion of the linear

and nonlinear cooling processes of relativistic electrons in the interior of the radiation

source due to synchrotron radiation in a large-scale magnetic field of random orienta-

tion.
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Two competitive processes govern the intrinsic evolution of the plasmoid. The in-
stantaneous injection of ultra-relativistic electrons 7, > 1 at the rate Q(vx,t), where
v is the electron energy of the k-th injection, and the electron synchrotron losses.
Kardashev (1962) derived a partial differential equation describing the time-dependent
evolution of the volume-averaged relativistic electron population inside such a radiat-
ing source

on(vy,t)

o = 5 (I ) = @) 22)

where n (7, t) is the volume-averaged differential number density, || = Dyy? the energy
loss rate responsible for the electron cooling and Dy = 4o7/(3m.c) - Ug. Assuming the
electrons to be ultra-relativistic (7 > 1) for all times, the relation p ~ m.c~ holds,
implying the connection N(p,t) = n(vy,t)/mec between the particular differential elec-
tron number densities leading to an energy integrated kinetic energy density of the

relativistic electrons U, (t) = mec® [;~ v n(y,t) dy.

Suppose that two monoenergetic injections occur at times ¢y and ¢; at the rate

Q(7:t) = qod (v — 70)d(t — to) + q16(y — 7)o (t — t1), (2.3)

the solution of the kinetic equation (2.2) in the case of linear cooling, i.e. for a con-
stant energy density Ug, resulting in a constant Dy, reads in the different time regimes
(Appendix B)

np(v,t|to <t <t1) =qH (v — 7)5(7 — (t)) (2.4)

and

np(y,tlto <ty <t) = qoH (v — 7)5<7 — (t)> +qH(n — 7)5(7 - V(Ll)(t)>7 (2.5)

respectively, where

(k) Tk
t) = 2.6
7 () 1+ Doy (t — ti) (2:6)

denotes the time-dependent linear electron Lorentz factors with £ =0, 1.

10



2.1 Linear and nonlinear electron synchrotron cooling in the case of two

instantaneous monoenergetic injections

The nonlinear case is based on the assumption of partition, i.e. the magnetic
field energy density Ug(t) = eglU.(t) = epmec? fooofyn(v,t) d~ depends on an en-
ergy integral of the actual electron spectrum. Therefore, the energy loss rate is
5] = Aoy? [y~ yn(v.t) dy with the abbreviation Ay = 4corep/3. The solutions for
the kinetic equation in the two time regimes yield (Appendix C)

nyp(y,tlte <t <t1) = qoH (v — )0 (v — L) 27)

and

nyr(v,t]to <ti <t) =qoH (0 — 7)5(7 - %(32) +qH(m — 7)5<’y — 7532) (2.8)

with
Yo
INL = (2.9)
\/1 + 2qoAog (t — to)
and
2
’Yz(\’/% = YoMn (\/2@40’73’7%@ —t) + <@1’Vo + gom \/2qu078(& —to) + 1)
(2.10)

-1

+ (—1)kc_§|k71| (71 \/QQOAOfyg(tl —to) + 1 — 70)) ’

where ¢ = qo + ¢1 and ¢, = qr/q. As we can see from (2.10) the two injections are
coupled in the nonlinear cooling case due to the time dependence of the magnetic field
energy density. We will examine this particular behaviour in the following sections.
The results of the linear and nonlinear electron synchrotron cooling in the case of
one instantaneous monoenergetic injection Q(v,t) = qod(y — Y0)d(t — to) discussed in

Schlickeiser and Lerche (2007) can be trivially reproduced by setting ¢; = 0.

11



2 Synchrotron cooling processes in flaring TeV blazars

2.2 Linear and nonlinear electron synchrotron cooling
in the case of multiple instantaneous

monoenergetic injections

For m + 1 injections the kinetic equation (2.2) reads for the linear cooling case

an(ﬁ? 2 - DO%(72H(% 1) = g a0 (v — )o(t — ti), (2.11)

yielding for the time domain t,, ; < t,, <t the generalised solution

m

np(v,t) = aeH (- 7)5(7 - V(Lk)>, m €N, (2.12)

k=0

which is simply a superposition of the single-injection solutions.

In the nonlinear case, the successively injected electron populations have a strong
impact on each other due to the significant time- and injection-number-dependence of
the magnetic field (see Chapter 2.3.1), so that the gyrofrequency vy(t) (Appendix D)
describes coupled states of the Lorentz factors (2.10) leading to a generalised differ-
ential equation of the function 7'(7) (see Appendix C), where 7 = Aot is a new time

variable

(T —T(m))
2.13
Z%T T(r) + a%’ (2.13)

yielding for the domain 7,, 1 < 7,, < 7 the indefinite integral

m

H(T —T(1) + Ik)
/ _ k=0 - dT = T + const. (2.14)
T — T(q:k) + [T+ )

For each value m a different transcendental equation for T solving the integral follows,
therefore, no general expression for 7' and hence, for the density function n(vy,t) can
be found analytically. Additionally, a limit for reasonable analytical approximate solu-

tions is reached with systems containing four instantaneous monoenergetic injections

12



2.3 Intrinsic optically thin synchrotron radiation

because systems with injections > 5 implicate polynomials of degree > 5 in T with
undetermined coefficients (see Appendix C) where roots cannot be found analytically,
as shown already by Abel (1826). Thus, solutions have to be found numerically for
m > 4 injections. Analytical solutions for m = 2 and m = 3 can be calculated similar

to the case of two injections (m = 1) presented in the above subsection.

2.3 Intrinsic optically thin synchrotron radiation

2.3.1 Optically thin synchrotron intensities

We investigate the differences between single and multiple instantaneous injections
of monoenergetic electrons. Therefore, it is sufficient to examine only the regime of
optically thin radiation. The description of the optically thick contribution works anal-

ogous.

The optically thin synchrotron intensity I from relativistic electrons in a homoge-

neous source of radius R is (Chapter 3.1.1)
R [e.e]
AT J,

where n(7,t) is the volume-averaged differential particle density and

v 2v
P(v,vy) = P0¥05(3V072> (2.16)

the pitch-angle averaged synchrotron power of a single electron (Crusius and Schlick-
eiser, 1986, 1988) with Py = 8.763 - 10"%erg and the electron gyrofrequency vy =
eB/(2rm.c). The function C'S(z) can be approximated by the expression

-1
CS(z) ~ 2723 <0.869 + 23 exp (z)) . (2.17)

Using the results derived in Chapter 2.1 and 2.2 we obtain for the optically thin syn-
chrotron intensities for the linear and nonlinear case each for the domains t5 < ¢ < #3
and to<t; <t

13



2 Synchrotron cooling processes in flaring TeV blazars

I(fr,toltro <tp <tri)/Ipo= %fL(l +itr — tL,o)205<fL(1 +tr, — tL,g)2> (2.18)

0

and

fr

0

qo(1+tr — tL,o)QCS (fL(l +1tL — tL,0)2>

o

2 2
‘Hh(% +tL—tL,1> CS(fL {%"‘tL_tL,l} )]
1

(2.19)
as well as
Inp(fypstncltneo <tnp <tnpi)/Inpo = %fNL(l +ing — tNL,o)
0
o (220
: CS(fNL(l +tnL — tnLp) >
and
Inp(fnp tneltneo <tvoi <tnp)/Inpo =
(2.21)

) v -2 v
fr - [qw](\?)L (tnr) - CS ((0)—> + QWJ(\PL (tvz) - CS <_(1) )]
VNL(tNL) VNL<tNL)

with Ir0 = RPyvij=i,/(47), INLo = RPoUnLji=t, /47, the frequencies fi, = v/vi =,
and fyg = V/VNLH:tm the times t;, = Dyt and tn1, = 2goA¢yst and the characteristic

nonlinear frequencies V](V% as functions of the characteristic nonlinear Lorentz factors

(2.10) (see formula (D.5)).
In Figures 2.1 and 2.2, we show the synchrotron light curves for two injections for

the linear and the nonlinear case with a variation in the injection times of the second

injection t7; and ¢y, while the frequencies f; and fx; remain at one constant value.

14



2.3 Intrinsic optically thin synchrotron radiation
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Figure 2.1: Normalised synchrotron light curves I/l as functions of the time ¢,
in the linear cooling case at the frequency f;, = 107° for three second
injection times tz; = 250 (solid curve), ¢t = 350 (dashed curve & solid
curve for ¢, < 250) and ¢, ; = 400 (dash-dotted curve & dashed curve for
250 <t < 350 & solid curve for ¢, < 250).
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Figure 2.2: Normalised synchrotron light curves Iy /Inr o as functions of the time ¢y,
in the nonlinear cooling case at the frequency fyr = 107° for three second
injection times ¢y 1 = 4000 (solid curve), tyr1 = 9000 (dash-dotted curve
& solid curve for ty < 4000) and ¢y ; = 14000 (dashed curve & dash-
dotted curve for 4000 < ¢y < 9000 & solid curve for ¢y, < 4000).
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2 Synchrotron cooling processes in flaring TeV blazars

The first injection occurs at to = 0 with ¢o = ¢ = 10° and 7y = v = 107 in all
figures. In the linear case we can recognise the simple superposition of the indepen-
dent Green’s-solutions (2.19) due to the constancy of the magnetic field throughout all
times going from the domain of the first injection ¢ty < ¢ < t; to the domain tg < t; <t

governed by both injections.

sx 108

1% 109

LA

=

—_

=
=
|

lg(BLE)

1% 10°

5% 1077

T T T T T T T
1t b 1ot 1?1 1wt 1wt e
19t L)

Figure 2.3: Normalised magnetic field B(t)/By as a function of the time ¢y, in the
nonlinear cooling case for the second injection time ¢y, ; = 1000.

In contrast, the magnetic field for the nonlinear cooling depends on time as well as
the number, strength and energy of injections as shown in Figure 2.3 for txr; = 1000.
Here, the magnetic field discontinuously peaks when the second injection takes place
because of the coupling of the nonlinear characteristic Lorentz factors (2.10) in the

second domain

0o 1/2
B(ty <t <ty) = By (/ yn(y,t) d’Y) = Bov/qoYnL
0
(2.22)

Bto<t; <t)= Bo\/QO%(\(/))L + @y,
where By = ¢v/8mm.ep, explaining the behaviour of the functions in Figure 2.2.
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2.3 Intrinsic optically thin synchrotron radiation
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Figure 2.4: Normalised synchrotron light curves Iy /I ¢ as functions of the time ¢, in
the linear cooling case at three different frequencies f; = 1075 (dash-dotted

curve), fr = 107* (dashed curve) and f; = 5- 10~ (solid curve) for the
second injection time ?7,; = 50.
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Figure 2.5: Normalised synchrotron light curves Iy /Inr o as functions of the time ¢y,
in the nonlinear cooling case at three different frequencies fy; = 107°
(dash-dotted curve), fyr = 107* (dashed curve) and fyr = 5-107* (solid
curve) for the second injection time ¢y = 1000.
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2 Synchrotron cooling processes in flaring TeV blazars
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Figure 2.6: Synchrotron intensity I,/ as a function of the frequency f, in the linear
cooling case at four different times ¢, = 30 (solid curve), t;, = 50.1 (dash-

dotted curve), t;, = 55 (dashed curve) and t;, = 70 (dotted curve). The
second injection occurs at t7; = 50.
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Figure 2.7: Synchrotron intensity Inr/Inro as a function of the frequency fn in the
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nonlinear cooling case at four different times ¢x;, = 3000 (solid curve),

tyr = 4001 (dash-dotted curve), ty; = 4100 (dashed curve) and ty; =
5000 (dotted curve). The second injection occurs at ¢y 1 = 4000.



2.3 Intrinsic optically thin synchrotron radiation

The synchrotron light curves for fixed second injection times but different frequencies
are presented in Figures 2.4 and 2.5. In Figures 2.6 and 2.7, we display the synchrotron
spectra for both cooling cases at different times ¢;, and ¢y, whereas a second injection
occurs at times t7, ; = 50 and txp 1 = 4000. In the two diagrams the spectra each show a
low-frequency and a high-frequency maximum shortly after the second injection (dash-
dotted and dashed curves) noticeable in the crossing-regions of the zoomed-in light

curves in Figure 2.8 exemplified for the linear cooling case.
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Figure 2.8: Normalised synchrotron light curves Iy /I ¢ as functions of the time ¢, in
the linear cooling case in the vicinity of the time of the second injection
tr1 = 50 at six different frequencies f;, = 107° (dash-dotted curve), f; =
10~* (dashed curve), f;, = 5-107* (solid curve), f;, = 1072 (space-dashed
curve), fr, = 107! (solid curve with stronger curvature) and f, = 5-107!
(long-dashed curve).

For later times the spectra (dotted curves) converge against the low-frequency maxi-
mum form of a one-injection spectrum (solid curves) because the high-frequency maxi-
mum is shifted to lower frequencies and additionally it decreases for the nonlinear case
more rapid in time than the low-frequency maximum. As one can see, the particles
already being present in a system with nonlinear cooling are emitting higher energetic

synchrotron radiation due to the increase in magnetic field energy while the new par-
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2 Synchrotron cooling processes in flaring TeV blazars

ticles are entering the system. This does not happen in the linear cooling case because

the magnetic field is constant during the second injection.

2.3.2 Optically thin synchrotron fluences

The time-integrated synchrotron fluence
Flv) = / (v, t)dt (2.23)
to

has to be split into two integrals over the specified injection time-domains each for the

linear and nonlinear cooling cases

t1 o0
F(I/) = / ](V,t|t0 <t< tl)dt —|—/ I(V,t|t0 <t < t)dt (224)

to t1

The fluence for the linear electron cooling then reads

[ t1 o0 14 v
Fr(v) = Hy QO/t (O)OS<V )dt+/t (qomCS( (0)) +Q1y( )CS( (1))>dt]
L 0 L 1 L L

=Hylay | —=CS( = )dt+q [ —=OS(— )dt
077\ o S Rl WY
L 0 L L 1 L L

using (2.18) and (2.19) with Hy = 3RFPy1p/(87). Transforming dt into dl/L leads to

the expression

(2.25)

(2.26)
(1)

VL =t v 5/2 1)
0 vy, I/L

Substituting fék) =v/ l/ék) the fluence yields
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2.3 Intrinsic optically thin synchrotron radiation

© 0)1/2 & 1)1/2
L2 g /f o ITes(A) Y +a /f LI es(n ”)dfé”],
L |t=tg L |t=t;
(2.27)

where Fp o = /3voHy/(2%/2Dy). Here, we use the asymptotic expansion of the function
(2.17)

agz"%/3 2k 1
CS(z) ~ (2.28)

zlexp(—2) ,z2>1
with ag = 1.151 to derive the asymptotic behaviour of the fluence integrals for low and
high frequencies v. The calculations for these integrals are analogous to the calculations
of Schlickeiser and Lerche (2007) due to the superposition of the single instantaneous

monoenergetic injection character of the linear solution (2.5). For low frequencies
v < 1 we obtain

FLO 6&0 0 5/6 6(10 1 5/6
FL(V < 1) 1/2 [ <CU — ?<f[(l )‘t:t0> + qi| Co — ? (f[(/ )|t:t1> ) (229)

where ¢y = 0.866. In the high-frequency range v > 1 we get

FLO —1/2 (0 1 —1/2 1

(2.30)
With the intensities (2.20) and (2.21) the nonlinear fluence yields immediately
Rpol/ 9
F dt
wily) = 0 / wiCS (5
(2.31)

o [ (w5 () +ant” cs(m)yt]

’/NL

The first integral gives after similar substitutions
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2 Synchrotron cooling processes in flaring TeV blazars

F INLjt=t,
Fyo(v) = k0 / 35S (fr) dfw, (2.32)

fNL|t:tO

where Fyro = RPy/(5mAy) - ( \/2637"0(]0/7‘(’/2) /5 We find for the asymptotic fre-

quency regimes

15CLOFNL’0
Fyp(v<1) = W(fNLIt:tl - fNL|t=t0> (2.33)

and

Fnroo (3
FNL(V > 1) = Wr(g;fNLﬁ:toafNLt:tl)

(2.34)
_Fniro 2/5 —2/5
~ W fNL|t exp _fNL|t:tO - fNL|t:t1 €xXp _fNL|t:t1 .
To solve the second integral of (2.31) we introduce a new time-variable
w = yfwolt — ) + (2.35)

with wy = 2¢72viAg and w1 = G170 + Gonr - \/ 2q0y3 Ao(t1 — to) + 1. Additionally we
substitute

. to5
=0 <71 \/Q‘JO’YSAO(U —to) +1— ’yo> and s = — (; 0
1

so that the characteristic nonlinear Lorentz factors read 7](\],% = von/(w + s). The

fluence then transforms into

w|qo(w + %0)208< v(w + 50)? )

5/2 5/2
CO/ 71/ q0 + q1

w31

o0

Fyr(v) = Gou/w

1
w211

(2.36)

v(w + 2)?
talws %1)QCS< 5/2 5/<2 1) )] e
C,yo ,y q0 + q1

1 w31 w211
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2.4 Discussion

with Gy = RPy/(2nwoy27?) and ¢ = 3¢y/2epro/m/2. To simplify the argument of the
function C'S(-) we investigate the asymptotes w < s, and w > 34, We can assume
that go ~ ¢ because for g > q—1| we would obtain the case for one monoenergetic
instantaneous injection. The asymptotic behaviour for w < s can be omitted since
this case does not belong to the domain of integration vy + qo2/¢1 < w < oo. For
w > s (2.36) reduces to

2 9] 5/2
Fas(v) = 2450, [ sos(— 27 Vao. (2.37)
07071 Juw Cq"2v" "

Replacing vw®2/(Cq"/24*4%) = y the integral (2.37) reads

Fi(v) = Fypov / yBCS (y)dy, (2.38)
Y

0

where Fiypo = 4C35¢%57272Gy /(5wo) and yo = Yjw=w:- Then we derive for the low-

frequency domain v < 1

~ o Yo
Fyi(v < 1) = Fypov~? </ y*PCS(y)dy — ao/ y1/15dy>

0 0
(2.39)
_ T -3/5 15 14/15) n —-3/5
= FNL70V 0.793 — ﬁaoyo ~ 0.793F07NLV
and for the high-frequency domain v > 1
FNL(V > 1) = FNL,OV_g/S / y_2/5 exXp (—y)dy
Yo
(2.40)

2/5

N B 3 . e
= Fnpov 3/5F(gayo) ~ Fypov 3/5% exp (—Yo)-

2.4 Discussion

For powerful cosmic non-thermal radiation sources such as blazars and v-ray burst
sources it is very likely to observe multiple injections of ultra-high energy radiating

particles in these sources via a relativistic pick-up process (Pohl and Schlickeiser,
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2 Synchrotron cooling processes in flaring TeV blazars

2000). Therefore, we generalised the illustrative case of only one instantaneous in-
jection of monoenergetic particles into sources with assumed time-dependent magnetic
field strength that adjusts itself to the actual kinetic energy density of the injected
relativistic particles (partition condition) discussed in Schlickeiser and Lerche (2007).

We solved the linear and nonlinear kinetic equation for the intrinsic temporal evolu-
tion of the relativistic particles each in the domain of the first (ty <t < t1) and second
injection (ty < t; < t) in detail for two instantaneous monoenergetic injections and gave
a short overview of analytically obtaining solutions for m + 1 injections. The solutions
of the linear kinetic differential equation in the domain ¢y < ¢; < ¢ serve as a simple
superposition of Green’s functions, while the solutions of the nonlinear equation show
a more complex form due to the nonlinear dependence of the synchrotron loss term on
an energy integral of the particle number density leading to a magnetic field coupling
of both particle injection populations. Then we calculated the corresponding optically
thin synchrotron radiation intensities and synchrotron fluences for each cooling case.

We reproduced not only the differences both in the spectral distributions and syn-
chrotron light curves in the domain ¢, < t < t; presented in Schlickeiser and Lerche
(2007), we also found further significant differences in the domain tq < t; < ¢, e.g.
a sudden increase in the intensity in the nonlinear light curves or a low- and a high-
frequency synchrotron maximum in the linear and nonlinear spectral synchrotron dis-
tributions instead of only one low-frequency maximum as in the single-injection spectral
synchrotron distributions.

This is caused by the dependence of the magnetic field on time as well as on the
number of injections. Thus, we demonstrated that the coupling of the magnetic field
energy density to the kinetic energy density of the injected particles results in a com-
pletely different cooling behaviour compared to sources with a constant magnetic field
changing both the synchrotron emissivity and the intrinsic temporal evolution of the
relativistic electron energy spectrum especially after the occurrence of a second in-
jection. The predictions of the spectral behaviour as functions of time or frequency
provide conclusive tests for the existence of a linear or nonlinear cooling in flaring
non-thermal sources like the flaring blazar jet PKS 2155-304 (see Chapter 3.1.5).
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3 Synchrotron self-Compton radiation

process

A process for the energy loss of ultra-relativistic electrons in cosmic-ray sources named
inverse Compton scattering has been considered to be very likely responsible for the pro-
duction of the high-energy radiation emitted by active galactic nuclei. In this process
low-energy photons are scattered to higher energies by relativistic electrons within the
jets of the sources. There are several possible external and internal generators for the
low-energy photon field like the accretion disc of the central black hole (Dermer et al.,
1992; Dermer and Schlickeiser, 1993), the broad-line region (Sikora et al., 1994), dust
surrounding the active galactic nuclei (Arbeiter et al., 2002; Blazejowski et al., 2000) or
synchrotron radiation produced by the jet itself. In this chapter the process of interest
is the inverse Compton scattering of internal synchrotron radiation called synchrotron

self-Compton scattering (Maraschi et al., 1992).

Numerical models were applied in most of the studies of the synchrotron self-Compton
process, e.g. Bottcher (2007), Chiaberge and Ghisellini (1999), Dermer et al. (1997),
Mastichiadis and Kirk (1997) and Sokolov et al. (2004). In this thesis we investigate an-
alytically the influence of a nonlinear electron synchrotron cooling on the synchrotron
self-Compton process following the analysis of the flaring of TeV blazars due to the
synchrotron self-Compton process for a linear synchrotron radiation cooling behaviour
of the injected electrons (Schlickeiser and Réken, 2008).

Therefore, we assume that a flare of the emission knot occurs at the time t = ¢,
due to a single uniform instantaneous injection of monoenergetic ultra-relativistic elec-
trons. The emission knot itself moves with a relativistic bulk speed V' with respect
to an external observer. We model the emission knot as a spherical magnetised, fully
ionised plasma cloud of radius R consisting of cold electrons and protons with a uniform

density distribution and a randomly oriented large-scale time-dependent magnetic field
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3 Synchrotron self-Compton radiation process

B(t) that adjusts itself to the actual kinetic energy density of the radiating electrons in
these sources, yielding the nonlinear synchrotron radiation cooling behaviour discussed
in Chapter 2. The existence of the magnetic field is mandatory for the generation of

synchrotron radiation and hence, the synchrotron self-Compton process.

In Schlickeiser and Roken (2008) the synchrotron self-Compton process was applied
to a linear electron synchrotron cooling where a §-distribution approzimation (Der-
mer and Schlickeiser, 1993; Reynolds, 1982) was used for the computation of the
inverse Compton scattering rate n,. Here, we determine the nonlinear synchrotron
self-Compton emission using the same J-distribution approximation. Afterwards, we
compare in Chapter 3.1.5 the linear to the nonlinear model by application on the data
record of the PKS 2155-304 flare on MJD 53944.

Most of the calculations of radiation quantities have been based on such rather simple
approximations. Hence, another advantage of this thesis is to determine the inverse
Compton scattering rate, the synchrotron self-Compton intensities and fluences for
the special class of synchrotron photon densities and electron populations discussed in
Chapter 2 for the full Klein-Nishina cross section and, therefore, in obtaining more

general results (Chapter 3.2).

3.1 Nonlinear synchrotron self-Compton emission in

the J-distribution approximation

3.1.1 Intrinsic synchrotron radiation formulas

For practical reasons, we use another approximation for the pitch-angle averaged syn-
chrotron power of a single electron in vacuum than that, which we applied in Chapter
2.3

P(y,fy):PoysW( v ) (3.1)

2
Vg7

as well as another definition of the gyrofrequency v, = 3eB(t)/(4mm.c). The function

W (v/(vsy?)) yields approximately
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3.1 Nonlinear synchrotron self~-Compton emission in the d-distribution approximation

1/3
v v v
W(stﬁ) ~ aO(V572> exp <_V572)’ (3.2)

exhibiting a similar asymptotic behaviour as the function C'S(-) defined in (2.17) and,
therefore, it appears appropriate to use it for the calculations of the intrinsic syn-

chrotron radiation formulas.

In the nonlinear cooling case the gyrofrequency is a time-dependent function due to
the imposed partition condition between the energy densities of the magnetic field and

the relativistic electrons leading to a time-dependence of the magnetic field

B(t) = \/8mepU, = c¢\/8mepmeqoyni(t). (3.3)

Hence, we obtain for the gyrofrequency

vs=1(1+7— 7'0)_1/4, (3.4)

where 1y = 3e \/epqoyo/(2mm.). The synchrotron intensity from relativistic electrons
expressed by the volume-averaged differential density n(v,t) for a homogeneous source

of radius R reads

I(v,t) = D (1 —exp(—D(v, t))) ~q (3.5)

depending on the spontaneous synchrotron emission coefficient

. 1 ee aOPOVSQ/?’yl/?’ e° B v
j(v,t) = E/ n(y,t)P(v,7) dy = T/ n(y,t)y "> exp el kil
0 0

and the synchrotron optical depth, D(v,t) = u(v,t)R, where u(v,t) is the synchrotron

absorption coefficient,
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3 Synchrotron self-Compton radiation process

(3.7)

In a strict sense the approximations in (3.5) are valid only for the cases D(v,t) < 1
and D(v,t) > 1. We use, however, an analytic continuation of the approximated
synchrotron intensity in order to cover the whole D(v,t)-space. This approximation
is justified because the calculations shown in Chapters 3.1.4 and 3.1.5 indicate its

accuracy.

3.1.2 Synchrotron radiation intensities

Inserting the nonlinear electron density distribution (2.7) into the synchrotron emis-
sivities (3.6) and (3.7) and carrying out the 7-integrations, we obtain in terms of the

normalised frequency w = v/(vp7¢)

P
Jjw,7) = S0 0% 4(:)730]/0 wl/?’(l + 71— 7'0)1/6 exp (—w(l + 71— 7'0)5/4> (3.8)

and

D(w,7) = (ﬂ)5/3(1+r—70)2/3(1+§w(1+r—ro)5/4> exp(—w(1+7—70)5/4), (3.9)

w 2

where we used the characteristic frequency

P 3/5
W = <M> . (3.10)

6Tmeros
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3.1 Nonlinear synchrotron self~-Compton emission in the d-distribution approximation

3.1.3 Synchrotron photon density distribution

With the synchrotron intensities (E.6), (E.7) and the definition ey = hiyyg/(mec?) we

obtain for the differential synchrotron photon number density

n(e, ) = 4—Wl(i,t> (3.11)

hce \ €

for the case of optically thin energies

_ 4rly 1/6 € 5/4
n(e > €,7) = W(l—l—T—Tg) exp —5(1—1-7'—7'0) (3.12)
and for optically thick energies
At 3 -
n(e < 6, 7) = ——%m (L+7—m) /2 (1 + 1T 70)5/4> , (3.13)
heedw; 2€0

where €, = eyw; is the transition energy from the optically thin to the optically thick
synchrotron emission regime. The time variation of the transition frequency w; and

the synchrotron intensity I can be found in Appendix E.

3.1.4 Synchrotron self-Compton emission

The differential number density of Compton scattered synchrotron photons in the 9-
distribution approximation is given by (1.3). The limit imposed on the ~-integral
restricts the scattering to the Thomson regime. Here, we neglect effects due to stim-
ulated synchrotron self-Compton emission and absorption leading to the synchrotron

self-Compton intensity

]c<€sa T) = ch(esa T) =

Ne(€s, 7). (3.14)

Inserting the relativistic electron distribution (2.7) into equation (1.3) we obtain

: corqo Yo €s(1+7— 1) )
Ne(€s, T) = l+7—1)H| —ee — 6, In| —————F, 7] . 3.15
(o) = TR+ 7= ( i = Jo (5 19

Equation (3.14) then yields
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3 Synchrotron self-Compton radiation process

CO'ThRqOGS Yo 65(1 + T — 7-0)
L(eg,7) = 2EM0C gy o cVH( 0 e ) (LT ) (316

Making use of the synchrotron photon number densities (3.12) and (3.13) we find for

the synchrotron self-Compton intensity

2
€t Rorqol 5
- ( = H—_> = oA (LT To>3/2H(—° - )

B 3myaedw, Vit T -1
(3.17)
3 € !
IS =147 — 1)
|: + 9 60’702( +T7 7'0) :|
and
2
€0 Rorqolo /5 1/2 ( Yo )
I(es> ————— 7)) = —7—7=€6/"(1+7—7)) "H| —— — €
( 1+7—1 ) 3y ey ( ) VItT =1
(3.18)
€s(1+7—79)%4
cexp | — 5 ,
€070
respectively.

We introduce a strictly increasing function to simplify later expressions and relations

e (1)
For times 7 — 7y less and greater than w; 20/38 = 7 (see Appendix E) we obtain, con-
tinuating analytically the 7-domain,
€0w1Y)
(T—10 <) = (EE—T (3.20)
and
e(T—T19>1) = i In §wf/3(7 —7)V4), (3.21)
(1 —79)%/4 2

respectively, using equations (E.2) and (E.5).

30



3.1 Nonlinear synchrotron self~-Compton emission in the d-distribution approximation

3.1.5 Synchrotron self-Compton fluences

We discuss the synchrotron self-Compton fluence distribution described by the time-

integrated synchrotron self-Compton intensity (3.14)

F(es):/oolc(es,t)dt: ! /oo[g“(es,f)df (3.22)

to 2AOQ07§ T0

in two scattered photon energy ranges: for energies €5 > €,(70) = €xmar Only the
optically thin synchrotron photon distribution (3.18) contributes, whereas at lower
energies €; < €(70) = €xmaz both the optically thin and thick parts (3.17) and (3.18)

of the synchrotron photon distribution have to be taken into account.

High scattered photon energies

For energies €, > €4(7)) = €k mas Only equation (3.18) contributes, so that

Rorl, 5 [ /9 es(1+7— 70)9/4
F(es > ex(m)) = —e;/ (1+7—1) / exp | —
( ) 67TA0’}/§/ 36(1)/ ’ 70 €075

H L—es dr.
Vit

(3.23)
Substituting z = 1 4+ 7 — 7 yields
Fyel? (v0/€s)? €,2%/4
F(es > ex(m)) = —/ Mexp | — dz, (3.24)
( ) 733/66(1)/3 1 6073
where
Rorl
Fy= "—Tf/z (3.25)
6m Ao,
We obtain with the new variable y = €2z /73
Fw5/6 1 75/2y9/4
F(es > Gk(TO)) = 1/3—08/3/ y'/? exp —0—7/2 dy. (3.26)
€y Es (es/70)? €0€s
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3 Synchrotron self-Compton radiation process

Defining s = 44 and ¢; = 43/"/eZ/™ the fluence reads

AF /S 1 7/2
F(es > ek(To)) = OT/J;/ s exp (— [e—f] s) ds. (3.27)
(es/70)°/2

965 €s /'YO

For high scattered photon energies €y < €5 < 7 the argument of the exponential func-
tion in the integral of equation (3.27) becomes very small for all values of s yielding

approximately

AF, S 1 2Fe/® 3
F(es > ep > ex(m)) = OT/];/ s V3 ds = 08/]; (1 — [E—S} ) (3.28)
9es (€s/70)%/2 3€s Yo

/

For scattered photon energies €;(7y) < €5 < €5 we substitute v = s (6f/68)7 ? to obtain

for the fluence (3.27)

es/e 7/2 7/2

AF, (cf/es)T/? AFy 2 /%€, Te

Fler > e, > i 1B gy — 20 pl2 f 5

(Cf € _€k(7—0)) E;/36;/6 /E';/ZGS ’Y(?/Q/U e v 96§/36;/6 37 78/2 I ES
(3.29)

in terms of the generalised incomplete gamma function I'(+,-,-). The second argument

e;/ 2¢/7"* is much smaller than unity for all scattered photon energies e, (7o) < €, < € fs

while the third argument (ef / 68)7/ ? is much larger than unity, so that the generalised
incomplete gamma function can be asymptotically expanded (Abramowitz and Stegun,

1972) leading to the approximated fluence distribution

AF, 2
F(Gf > € Z Ek(To)) = Wr(g) . (330)
Jes' "€

Low scattered photon energies

For low scattered photon energies €5 < €x(7)) = €gmar equations (3.17) and (3.18)
contribute to the spectral fluence. Starting with the scattered photon range € (m) <

€s < €x(70) we find substituting as before
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3.1 Nonlinear synchrotron self~-Compton emission in the d-distribution approximation

/00 I(es < (), T)H (ex(T — 70 < 71) — €)dr

70

+ /00 I.(e5 > €ex(7), T)H(ES —ep(t—1 < Tl))d7>

70
_ RO'T]() Eg /(60“’173/65) 23/2 {1 -+ 35529/4} _ldz
6 Aoy \ yde2n?® S 293€o

1/3 (v0/€s)? 9/4
€ €52
+W/ ZI/QGXP<— ; )dz -
Y €o (eow1E /es)?/3 Yo€o

(3.31)

5/3

The integrand of the first integral can be approximated within the domain of integra-

tion by

-1
2|1y S onl e (3.32)
278 €0

Using this approximation and the previous substitutions we obtain for the fluence

Rorly 2¢? €0w175 /6
F(Ek(’,—l) S €s S ek(TO)) = 67TA072 (574 2 5/3 - o 1
0

0€o%1 €s
(3.33)
1/3 2/3 11/2 11/4 15/4 7/2
n 460/ 70/ F(E Yo / € / Wi / [e_f] / ))

1/3 ’ 11/4
965/ 3 65 / ES

The dominating contribution to the fluence represents again synchrotron photons from

the optically thin part of the synchrotron spectrum

4F 2
F(er(ni) < €5 < e(m0)) = TO?/GF<§). (3.34)
9es' €

For scattered photon energies €, < €;(71) the fluence reads
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3 Synchrotron self-Compton radiation process

F(es < €k<7'1)) = L (

=— I.(es < ,T)H — —€5)d
Y Aog? / (€ ex(T),T) (Gk(T To > T1) 6) T

70

+ /OO I.(e5 > ék(T),T)H(ES —ex(T—T0 > Tl))d’7'>.

70

(3.35)
Using the substitutions and approximations applied before we obtain
4F, 2
F(es < er(n)) = —1/307/6F<§, 1)- (3.36)
9es' ey

Again the contribution representing the optically thick part of the spectrum is negli-
gibly small compared to the contribution representing the optically thin part demon-
strating that the fluence distribution o €5 /3 also holds in the scattered photon energy

range €5 < €x(11).

AIC model selection test

Figure 3.1 shows the linear (dashed curve) and nonlinear (solid curve) fits to the time-
averaged spectrum observed from PKS 2155-304 on MJD 53944 (Aharonian et al.,
2007). For the generation of these fits we first had to transform the calculated fluence

distributions from the comoving frame into the observer frame (asterisked quantities)

F*(¢") = D*F(e,) = D*F(e%/D), (3.37)

followed by the construction of the linear model parametric function

1 <€* 7/3
o PLS2>
Fi(e) = Pp, - (3.38)
S 5 * _ 7 E; 7/4
e (r(E) "+ 5 G)™)
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3.1 Nonlinear synchrotron self~-Compton emission in the d-distribution approximation
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Figure 3.1: Time-averaged spectrum observed from PKS 2155-304 on MJD 53944 (Aha-
ronian et al., 2007). The dashed line represents the fit for the linear cooling
case (Schlickeiser and Roken, 2008), whereas the solid curve illustrates the
fit for the nonlinear cooling case.

(results from the linear synchrotron self-Compton fluence distribution in the d-distribution
approximation (Schlickeiser and Roken, 2008)) with the parameters Pr; = D'Y/4F,/ ej’/ .

Pr o = Dy and Pp 3 = Dey and the nonlinear model parametric function

. \3
(i)
Fio(€) =P -

s) = INL - - (3.39)
B0 E) T+ 3 (55)™)

with Pyr1 = D10/3F0/e;/6, Pnp2 = Do and Pyp 3 = De;y from our calculated fluence
distributions, which we fitted (3 parameters, 14 degrees of freedom) to the PKS 2155-
304 data.
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3 Synchrotron self-Compton radiation process

Finally we carried out a so-called AIC model selection test (Akaike, 1974) that
measures the quality of a fit of a statistical model, i.e. the precision and complexity of
the model, where the preferred model is that with the smallest AIC value. We found
the linear fit with an AIC value of 13.37 and a reduced y?-value of 1.37 to be more
consistent with the data than the nonlinear fit with an AIC value of 30.15 and a reduced
x?-value of 3.67. The parameters were determined to be P ; = 5.5-1071°+1.671-107 1,
Pr3 = 04334+ 0.017 and Pyr; = 1.007 - 107° £ 3.396 - 107", Pyy3 = 0.619 + 0.03.
The fits turn out to be independent of the parameters Pr o and Pyr 2, because both
functions (3.38) and (3.39) converge as long as the relation €/ P, < 1 is satisfied leading
always to the parameters listed above. Note that the test was performed for only one
specific data record for which the linear fit was found to be the best. To be conclusive,

more tests have to be performed.

3.2 Linear and nonlinear synchrotron self-Compton

emission with the full Klein-Nishina cross section

3.2.1 Linear and nonlinear synchrotron self-Compton intensities

For the differential scattering rate n4(es, 7) we use the dominating high-energy contri-
bution (1.8) yielding (see Appendix A)

1s(€s, Q) = 2mric /100 n;(;y) /000 @H(l — A(e,€5))H(es —€)

. ((1 — Ale,e)) <1 + 2A (e, €) [1 + eseD + 2A(e, €5) In (A(e, es))) de dry.
(3.40)

Consequently, we have to distinguish between the three cases eA(e, €5) < €5 < €,
€ < eA(€,€5) < €5 and eA(e,€5) < ¢ < €5. For the linear cooling case the transition

energy ¢, reads (Schlickeiser and Roken, 2008)

36



3.2 Linear and nonlinear synchrotron self~-Compton emission with the full

Klein-Nishina cross section

wi(1+71) T < (wlL)_l/3

€r = € (3.41)
1 In (; (wlL)E)/gTS) T > (wf)fl/g

72

and for the nonlinear electron cooling case

WNE(1L +71)%/5 T < ((,LJ{VL)_m/33

M= ¢ (3.42)
1 3 NL\5/3_11/4 NL\—20/33
m h’l (5((4}1 ) T / ,’7_> (wl ) .

Here, we discuss only the case ¢; < eA(e, €5) < €5 as explained below in Chapter 3.2.2.

Therefore, we define the functions

4 2 L
e (1) = —Zoiofl (3.43)
and
4’7260(.(}NL
NL/_y _ *Yo€owy
with wlL’NL = (aOPOqOR/(GWVL,NLmefyS))3/5, vy = 3eB/(4mmec) and vyp =
3ev/esqoo/(2mme.).

Linear electron cooling

To compute the linear differential scattering rate we insert the linear differential elec-
tron density (Schlickeiser and Lerche, 2007)

nk(7) = qoH (0 — 7)5<7 - 17:7) (3.45)

and the linear synchrotron photon density

47'('[0

L
n“(e,7) = —=——
hceé/geg/?’

(1+7)23 exp (—i(1 + 7)2) (3.46)

€0
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3 Synchrotron self-Compton radiation process

into equation (3.40). Then we obtain

nE(es, ) = no(1 + 7')8/3]:7(E -1- T) /65 e 3 exp (—f(T)e)
A

€s L(€s,T)
) ((1 — A (e, 63,7')) (1 +2A (€, €5, T) [1 + 636}) +2A (€, €5, 7) In (AL(E, 63,7'))) de
(3.47)
with the constant ng = 87T27"(2)q0]0/(h6(1]/373) and the functions f(7) = (1 + 7)%/eo,

An(e €5, 7) = €5(1 +7)2/(472e(1 — e(1 4+ 7)/v0)) and Ap(es,7) = eAp(e, €5, 7). Trans-

forming de into dAr (¢, €, 7) we find

1
h’SL(ESa 7_) = n0<1 + 7—)8/3‘&[/(687 T)_Z/SH <fﬁ —1- 7—) / AL<E7 €s 7—)_1/3
Ap(es,T)/€s

€s

exp (_M

_ 2
Au(e, e0m) ) (CL1<5577'> + as(es, T)AL(€, €5, 7) — 2N (€, €5, T)

+2A (€, €5, 7) In (AL(e, €s, 7'))) dAp (e, €5, 7),

(3.48)

where a;/9(e5,7) = 1+ 2¢,Ap (€5, 7). As shown in Chapter 3.2.2 we expect a change of
the intensity and fluence behaviours to occur only at high energies, so that (3.48) is

sufficiently well approximated by

1
i (e ) ~ no(1 + 71 a (e0, 7)Ap e, r>-2/3H(@ - ) / As(e, e0, 7)1
A

€s L (ES 77—)/65

exp (-M

AL(E, 6577') > (1 - AL(E, 6577—)) dAL(E, ., 7_)'

(3.49)

Substituting s = f(7)Az(es, T)AL(€, €5, 7) ! we obtain
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3.2 Linear and nonlinear synchrotron self~-Compton emission with the full

Klein-Nishina cross section

(3.50)

which is solved by generalised incomplete Gamma functions

i(enr) =1+ o )£ (2 = 1= 1) o= fnRelen ). S0

€s

- 1l (=5 AR ), S )
~ no(1 + 7)3ay (e, 1) f ()3 H (@ —1- T) {r (—- ()AL (es, T))

€s

— [ Rp(es )T (—éa DA, T))] |

3
(3.51)
We, thus, find the linear synchrotron self-Compton intensity to be
ICL(ES,T) = Ié(Nes(l + 7')8/3a1(63, 7')]”(7')2/3]-]<E —-1- 7')
€s
(3.52)

[r(5 a0 n)) - SR (=5 FORLe)) |

where IKN = hRng/(47). In Figures 3.2 and 3.3 we show the linear synchrotron in-
tensity (3.52) as a function of the energy ¢, at four different times (7 = 0, 10, 10%,10?)

and as a function of the time 7 at four different energies (e, = 103,10, 10°,10°).

39



3 Synchrotron self-Compton radiation process
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Figure 3.2: Normalised  linear  synchrotron intensity [,/ly as a func-

tion of the energy € at four different times 7 =
0 (solid curve), 10 (dotted curve), 10? (dashed curve) and
10? (dash-dotted curve).
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3.2 Linear and nonlinear synchrotron self~-Compton emission with the full

Klein-Nishina cross section

Nonlinear electron cooling

With the nonlinear differential electron density (2.7) and the nonlinear synchrotron

photon density (3.12) with ¢y = 0 the differential scattering rate reads

2
héVL(esa 7_) ~ nO(]. + 7)7/6[)1(65, 7)9(7—)2/3H (7_0 —1- 7-)

2
€s

: {F(—g,g(T)ANL(es,T)) —g(T)ANL(637T)F(_gvg<T>ANL(GS7T>):|7
(3.53)

where g(7) = (14+7)%*/eo, Axr(es,7) = €(1+7) /(473 (1—e/T + 7/70)) and by (e, 7) =
1+2¢e,Anp (€, 7), applying the same substitutions and approximations as for the linear

case. We obtain for the intensity

2
INE(eg, 1) = IENe (1 + 7)7/6()1(63,7)9(7)2/3]?(% —-1- 7')

2
€s

r(3 oAt n)) — stvslen T (<2t Rvaten) )|
(3.54)

In Figures 3.4 and 3.5 we present the nonlinear synchrotron intensity (3.54) as a func-
tion of the energy e, at five different times (7 = 0,10,10%,10%,10°) and as a function
of the time 7 at four different energies (e, = 103,10%,10%,10%). The different electron
synchrotron cooling behaviours can be well observed by comparing for example Figures
3.2 and 3.4. We can see that the functional behaviour of the linear intensity distribu-
tion at 7 = 102 fits the behaviour of the nonlinear intensity distribution at later times

7 > 10% due to a faster linear cooling process.

3.2.2 Linear and nonlinear synchrotron self-Compton fluences

Here, we only have to examine the range for high scattered photon energies e, >

4 2 LNL _ LNL
Yo€owWs - Ek,max

apparent just in the high-energy scattered photon regime for both the linear and non-

because the effect of the full Klein-Nishina cross section becomes

linear case as shown in the following subsections. For energies much lower than a

L

characteristic energy €, < e?’N we find the same solutions as in Chapter 3.1.5 and
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3 Synchrotron self-Compton radiation process
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Figure 3.4: Normalised nonlinear synchrotron intensity Inp/1o as

a  function of the energy € at five different times
T = 0 (solid curve), 10 (dotted curve), 10? (dashed curve),
10? (dash-dotted curve) and 10° (long-dashed curve).
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3.2 Linear and nonlinear synchrotron self~-Compton emission with the full

Klein-Nishina cross section

Schlickeiser and Roken (2008), leading to the conclusion that the fluence behaviour
for e, < eéﬁifn is identical to the J-distribution approximated Thomson regime fluence
behaviour. Thus, we need only the optically thin synchrotron photon distributions

(3.12) and (3.46) for the calculation of the synchrotron self-Compton fluence.

Linear electron cooling

With the linear synchrotron self-Compton intensity distribution (3.52) the synchrotron

self-Compton fluence (3.22) reads for e, > €, .. = 4geow! and to =0

Fu(e = Fes [ (4 Paten i (21— )

€s

(3.55)

[r(2ssenn)) = FRsen 0 (=3 ) )|

where F = hRng/(4mDyv). We start with the computation of the fluence contribu-
tion for the first summand of the function a;(es, 7). Substituting a new time-variable

z =1+ 7 we obtain

Yo/es 2 € 24
F(l) 65) _ FL €s / 24 |:F <__’ s )
L ( 0 63/3 . 3 47860(1 - Esz/%)

(3.56)
1 4
et (et ),
4")/060(1 — esz/'yo) 3 4"}/060(1 — esz/’yo)
Transforming y = €,2/7o and defining €} = (73/ (460))1/ ® the integral yields

FO(e,) = FF 70/ sp( -2 (L) 2

r (E ) 0 63/36;1 €s/v0 Y 37 €s I—y
(3.57)

L\ 3 4 b\ 3 4
(LY (22 () Y gy
&) 1—y 3\ € 11—y

L
k,max

For scattered photon energies ¢ <€ < 6]’% the integrands contribution for y < 1

is dominating, so that (3.57) can be reduced to
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3 Synchrotron self-Compton radiation process

5 1 9 /ek\3 L 3 5 /ek\3
FO )= FE Yo / A a4\ (5 ap(_2 (2L N qu.
L (6 ) 0 6(2)/3621 €s/v0 Y 37 €s Y €s Y 3’ €s 4 Y
Partial integration leads to the solution

3
Uy — pL (1 r 2 (er\’ €s SF 2 (ef)"es
L (€)= Fy 23 4\ 5 T3\ -\ 3 1
€ €l €s Y0 Yo
3
& 15/4F 1 _(EJI%) €s i ’ _1 i 3F _§ i ’ 3.59
1z W 7 (3.59)
€f 127 €s 91\ e 3\ €
L\3 6 L\3 15/4 L\3 LN 3
€7) €, 5 (€7) € s 7 (€F) € [€
_(f)9 F__’(f)4 +<€_L) F_7(f)4 (_f)
Y% 3 % €f 127 v €s

consisting of incomplete and generalised incomplete I'-functions multiplied by simple

power functions. The argument (e]I: /e5)? is much larger than unity while the argument

(eJLc)Ses /74 is much smaller than unity. Hence, the fluence (3.59) can be approximated
by

(1) AFy g < 7 )
F; /(&) = I'—). (3.60)
t 456(2)/3 (e]]?) 15/46;/4 12

For large scattered photon energies eJLc < €5 < 70, we split expression (3.57) for the

fluence into two integrals, and after partial integration we obtain for the first integral

1 9 [ek\3 A 1/ e, 5 9 (eb 365 1
(3 )i e
€s/0 3'\e/) 1—y 5\ 3w 1-%
+1(€_8>2/1 <_1_y)5/3< 4y’ + v >exp —<i)3 y' dy

b 65‘/ €s/70 ) 1 - Y (1 - y)2 €s - Yy

Because all integrals in the high-energy scattered photon range are finally of the form

(3.61)

of the integral on the right-hand-side of (3.61), we solve this in detail to demonstrate
the used analytical methods. For this purpose the exponential function can be Taylor-

expanded leading to
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3.2 Linear and nonlinear synchrotron self~-Compton emission with the full

Klein-Nishina cross section

ey / s\ v =9
4/3 2/3
1— e —| = dy = —|—=
/Gmy (1—y)*Pexp (6) T = an L}
The denominator of the integrand can be written as a generalised geometric series

> (a) ! 1_—1%) (3.63)

k=0

1 /3
/ n—2/3 dy
€s/70 (1 - y)

(3.62)

where (a)y =a-(a+1)-(a+2)-...- (a+ k—1) is the Pochhammer symbol. Thus, the

integral is simply solved by a sum of hypergeometric functions

Ssesam (4]

1
/ yinthA/3 gy,

=0 s/’YO
(3.64)
<1 r?]?))n T/ ( 72 10 \[
Z— — = ——F|4dn+,n—dn+ —y
— n! < €s dn+7/3 3 3 3 €5/
The dominating contribution of the sum is of zeroth order, so that we obtain approxi-
mately
3 s o (7 210 \[|
z )2 [ — 3.65
71/ 2 1(37 37 3 Y e/ ( )
The whole solution of the integral (3.61) reads
Lle), 2 (h)’e, 1 L &\ (12 75 o (T _ 210 o3
5\ 0 3 1-= ) s\eE) \ 70 3T )| 0

! )_ 1<€s)5r( 2 (1)’ 1 )+(ES)Z<1

==\ BT e — < |1

e/ 5\ 0 3 0 -2 €t 14

F(2\p(10) 12/ 7/3F 70210 &\ 3 (e 10/3F 10 1 13 e,
3 3 35\, Z'\3 3 3%/ 50\ 373 37/ )
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3 Synchrotron self-Compton radiation process

The second integral of (3.57)

_ig/l ygp_§i3y4 dy =
€s e/ LY 3\e ) 1—y
L\ 3
(&
€s

yields the solution

(3.67)

(D5 S D) B - () S

n=0

1
. +_7 5 +_10 N ynt1o/3 » +_10 2 +_13
(T 510 L 02 13
2 3 3" T3 ) T 10/3)(n 1 9)2 30 3" g

€s/70
(3.68)
Defining generalised dual hypergeometric functions
vy Cydyy e d (1) (ap)n 2"
le Ciy.ey Cky A1,y .oy Q x| = M_kﬂ 01,---,Ck;d1,---,dl;$ , (369)
P al,...ap;bl,...,bq % (bl)n(bq)n n! ( )

the solution (3.68) can be written in a more compact form

Yo

1 (‘#)362 5 (EJI;)BES 1 €s e\ [ 4 7/3
XD Sp(L2 DS 2 ) k(10002 ) - (2) [y

21
342

30 372

”+7/37—5/3§”+10/3‘ —i—i 10/3 21
1,9,7/3;10,10/3

1
n+10/3,-2/3,n + 13/3
1,9,10/3:10,13/3  |”

65/70

(3.70)
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3.2 Linear and nonlinear synchrotron self~-Compton emission with the full

Klein-Nishina cross section

The whole first fluence contribution (3.57) then reads

FL~b 1_/2 10 127\ 7210 e,
F )= =00 [ —1(2)0( ) == (=) 2R (22—

S

S8 ()" (10113 ¢ 1(e§)263F 2 (h)’e, 1
50\w/) *'\3'3 3%/ 5 3y 1-%

Y0

L\5 4 L\3
+%(€f)963r<—§, (Gf)f ! )2F1(1,9;10;3>

Yo 1_% Yo

1
4 gy | nHT/3,-5/3;n+10/3
ar? P2 g 7/3:10.10/3
) ) ) b 63/'\/0
1
1 osam | m+10/3,2/3,n+13/3
an Y 3D5 :
30 1,9,10/3;10,13/3 K
€s/70

(3.71)

We obtain for the second term of a; (e, 7) for eimm <es < e]Lc a negligibly small fluence

contribution

2
Fé )(ES) =

2y (13
77 (k)

r E) < FV(e,) (3.72)

and for eJ% <€ <Y

FLA5 1 ek 262
FP(e) = —- 000 (——(f) r(—

63/3 (EJI?)QEE

22 At

L)° 6 L\3
NG 65F<—g, () 681_1_S>2F1 (2,11;12;3>
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3 Synchrotron self-Compton radiation process

1
+£y13/32D1 n+13/3,-2/3;n+16/3 ‘ ]

91 32 '
1,7,13/3;8,16/3 "
1
L3 e n+16/3,1/3,n+19/3‘
2247 3721 17.16/3:8,19/3 .
€s/70

(3.73)

- 111

6 13/3 21 n+13/3,—5/3;n+16/3‘

143”372 9.11,13/3:12,16/3

3527 3T 911,16/3;12,19/3

L - 6s/'YO

[ 111
3 16/3 21 n+16/3,—2/3,n+19/3‘ >

where the total fluence is finally Fp(es) = Fél)(es) + FL(Q)(GS).

Nonlinear electron cooling

Using the nonlinear synchrotron self-Compton intensity (3.54) the nonlinear synchrotron

self-Compton fluence reads for e, > el = 4~2¢qwlVL

[o( 5 tmAvitenn) — ot Rwslen )l (=5 g Axsfen) )
(3.74)

where Fi'* = hRno/(8mAoqoy5). Defining ef'* = /7 /(4€9)7 and using the same

methods as for the linear case we obtain for e, < e, < e}'"

FNL’Y6 2
FM (e,) = 00 F(—) (3.75)
T gy s
and o
NL.6
(2) 9F0 '}/065 10 (1)
Gy = b (F) < Fle) (3.76)
20060/ (E}VL) 9
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3.2 Linear and nonlinear synchrotron self~-Compton emission with the full

Klein-Nishina cross section

as well as for eﬁcv L <e, <

3 4
FJ(Vlz(EQ = FdVL”yg £—1<6—5) o F1 (3 —2'4' e_s) _i(ﬁ_s)
63/3 (ejcVL) 383\ 220 2\ o 3" " 12\ o

7/3 11/3 7/2
F<4 ! 5;3>_1MF<_§7 (F) e 1 )

3P T8 SRR

4 (ENL)35/6Ei4/3

e 5 (E}VL)WGS ! Fl1 21 23 &
21 21/2 3’ 9/2 1 — & 241\ 5 9 9
o Yo Y0 Yo

1

2 o n+3,—5/3;n+4‘ 1 4o n+4,—2/3,n+5‘ )

— 5Y 3t —57Y 3P
7 : 21 :
1,3,21/2;4,23/2 /10 1,4,21/2;5,23/2 /0
(3.77)
and
7/3 17/3 7/2
F](sz(e ) _ F({VLPYS _1 (E}VL) €s T _g (EﬁcVL) €s 1
D N B W R e

N2 (VPR s (V)P 25 97 e,
2F1(178;9;6—>+——(f ) I'f—- (f ) 2F1(2 ; '6)

W) 25 PP 3 R 1-2 2727,

9 591 n+5-2/3;n+6 6 291 n+6,1/3,n+7
+ Y 3 487 372
80 1,5,8;6,9 18 bOST
€s/70 /70
1
9 5001 n+5,—5/3;n+6’ L 6201 n—|—6,—2/3,n+7‘
125% 32| 9 5 95/2.6.27/2 | ] 757 372\ 9.6,25/2:7,27/2 )
€s/70 co/0
(3.78)

In Figures 3.6 and 3.7, we show the linear, (3.71) and (3.73), and the nonlinear flu-

ence distribution (3.77) and (3.78) (solid curves) in comparison to the d-distribution
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3 Synchrotron self-Compton radiation process

approximated Thomson regime restricted fluence distributions (dashed curves)

19 . 7/3
Fi(es):7F0L’5€—f[1—(6—> ] (3.79)

€2 Yo
and
7/6 3
2 € €
s _ 2 pNLSf _ (s
Frp(es) = 3F0 e§/3 [1 (70) ] (3.80)

Despite the different functional form of the full Klein-Nishina fluence distributions
and the approximated fluence distributions in the high-energy regime in both electron
synchrotron cooling cases the plots look nearly identical (except for negligible small
variations in the magnitude) due to the averaged cancellation of the significant addi-

tional contributions of the full Klein-Nishina fluence distribution among each other.

3.3 Discussion

Schlickeiser and Lerche (2007) developed a nonlinear model for the synchrotron radi-
ation cooling of ultra-relativistic particles in powerful non-thermal radiation sources
assuming a partition condition between the energy densities of the magnetic field and
the relativistic electrons. Here, we used this model in order to calculate the synchrotron
self-Compton process in flaring TeV blazars and compared it to the results obtained

with the standard linear synchrotron cooling model.

For simplicity, we chose the case of instantaneously injected monoenergetic rela-
tivistic electrons as an illustrative example, although other injection scenarios like the
instantaneous injection of power-law distributed electrons (Schlickeiser and Lerche,
2008) are also possible. After the nonlinear electron synchrotron radiation cooling
the created synchrotron photons with non-relativistic energies are multiple Thomson

scattered off the cooled electrons in the source (synchrotron self-Compton process).
We calculated the optically thin and thick synchrotron radiation intensities as well as

the synchrotron photon density distributions in the emission knot as functions of fre-

quency and time. These synchrotron photons serve as target photons in the synchrotron
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3.3 Discussion
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Figure 3.6: Normalised linear fluence distributions for the full Klein-Nishina cross sec-

tion (solid curve) and for the J-distribution approximated cross section
(dashed curve) for eJ% < €5 < 7o with vy = 107.
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3 Synchrotron self-Compton radiation process

self-Compton process. Using the Thomson approximation of the inverse Compton cross
section we determined the synchrotron self-Compton intensity and fluence for a non-
linear electron cooling. It is shown that the optically thick synchrotron radiation
component provides only a negligible contribution to the synchrotron self-Compton
quantities at all frequencies and times as in the linear cooling case.

In the following, we compared the linear to the nonlinear fluence distribution fitting
both to the observed TeV fluence spectrum of PKS 2155-304 on MJD 53944 and per-
formed a statistical quality-of-fit test (AIC test). For this particular data record we
found the linear model to be more appropriate than the nonlinear. To transform this
indication into a solid conclusion we have, thus, to perform tests on more statistical
ensembles.

Nonetheless, the excellent agreement of both, linear and nonlinear synchrotron self-
Compton fluence spectra with the observation of the gamma-ray flare of PKS 2155-304
support the injection scenario of monoenergetic electrons by the relativistic pick-up

process.

To generalise the d-distribution approximation results we discussed the linear and
nonlinear synchrotron self-Compton scattering processes of flaring TeV blazar sources
utilising the full Klein-Nishina cross section for the computation of the inverse Comp-
ton scattering rate.

We obtained only fluence distributions with additional non-vanishing contributions
in the high-energy regime e}Lc’NL < €5 < 7y of the scattered photons, e.g. generalised
incomplete I'-functions or the new generalised dual hypergeometric functions. Surpris-
ingly, for the special class of electron and synchrotron photon distributions used in this
work these contributions cancel each other out in average. Hence, it can be justified to
model the photon spectra by applying the J-distribution approximation for the calcu-
lation of the differential inverse Compton scattering rate for electron and synchrotron
densities of the form (3.45), (3.46) as well as (2.7) and (3.12).
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4 Summary and Conclusions

In this thesis, we investigated analytically the double-peak profile of the emission
of powerful cosmic non-thermal radiation sources with dominant magnetic field self-
generation like TeV blazars. Therefore, we used the well established linear model and
for the first time the recently introduced nonlinear electron synchrotron cooling model
developed by Schlickeiser and Lerche (2007).

We assumed a flare to occur in the emission knot, propagating in the jet of an active
galactic nucleus, at the time t = ¢y due to the uniform instantaneous injection of mono-
energetic ultra-relativistic electrons via the relativistic pick-up process. At later times
the electrons are subjected to a linear or nonlinear synchrotron radiation cooling. In
the first, linear scenario the magnetic field is constant, while in the second the magnetic
field is time-dependent and adjusts its strength to the energy density of the injected
electrons. These synchrotron photons produced in this way most probably cause the
low-energy peak in the blazar spectra. Afterwards, they are multiple Thomson scat-
tered off their generating electrons. This is the so-called synchrotron self-Compton

process, which we presumed to be responsible for the high-energy peak.

For our investigation of the low-energy peak, we succeeded in working out the differ-
ences between single and multiple instantaneous injections of monoenergetic relativistic
electrons by solving the linear and nonlinear kinetic equations for the intrinsic temporal
evolution of relativistic electrons and by calculating the associated radiation formulas.
This is of great interest, because it is very likely that electron injections into the plas-
moids occur repeatedly, so that this would explain substructures in high-resolution
measurements of the synchrotron peak. Substructures in a system with nonlinear elec-
tron cooling would be completely different to those of a system with linear electron
cooling, since the nonlinear model magnetic field depends on time and on the number
of injections (see for example Figures 2.6 and 2.7), whereas the linear model magnetic

field is constant.
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4 Summary and Conclusions

For our study of the high-energy peak we computed the optically thin and thick syn-
chrotron radiation intensities and photon density distributions of one instantaneous
injection of monoenergetic electrons in the emission knot as functions of frequency and
time analytically, followed by the synchrotron self-Compton intensity and fluence using
the ¢-distribution approximation in the Thomson limit of the inverse Compton cross
section. For all times and frequencies the optically thin part of the synchrotron radia-
tion process is demonstrated to provide the dominating contribution to the synchrotron
self-Compton quantities, while the optically thick part is always negligible.

In the following, we compared the linear to the nonlinear synchrotron radiation cool-
ing models using one of the data records of the time-averaged spectra of PKS 2155-304
on MJD 53944 favouring a linear cooling of the injected monoenergetic electrons. The
surprisingly good agreement of both, the linear and nonlinear cooling models with the
data strongly supports the theory of the relativistic pick-up process of simple monoen-
ergetic electrons operating in this source.

Finally, to obtain most general results, we applied the full Klein-Nishina cross section
to the inverse Compton scattering rate. We found, for the first time, that functional
differences in comparison to the J-distribution approximation occurred only in the
high-energy regime of the synchrotron self-Compton intensity and fluence distributions.
These unanticipatedly compensate each other in average, so that the less intricate o-
distribution approximation appears to be appropriate for future calculations with the
special class of density distributions utilised in this work.

Prospective topics regarding the subject discussed here can be addressed. Numerical
simulations of the synchrotron intensity and fluence distributions for more than four
injections are required, as well as an analytical description of the intrinsic optically
thick synchrotron radiation formulas for multiple injections in the nonlinear electron
synchrotron cooling case for the claim of completeness. Moreover, to obtain definite
results in favour of the linear cooling model, further quality-of-fit tests on additional

data records have to be performed.

In conclusion, we notice that our investigation of emission processes in powerful
cosmic non-thermal radiation sources with dominant magnetic field self-generation in-
dicates that these arise most likely from the instantaneous injection of monoenergetic
electrons via the relativistic pick-up process (see Figure 3.1). Also, conceivable sub-
structures in the synchrotron emission peak can be explained by the scenario of multiple

monoenergetic injections.
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A Single electron differential

scattering rate

To solve the €-integration in the single electron differential scattering rate
2N Tric / / / ( ) H( N
(€. — € € — — €—¢€
dt des 2v2¢, 0) 27y 7

6/3 6, 6/
S =4+ = —sin? ) | dcos ) de de
/ / /
¢ \€, ¢

we have to transform the Dirac distribution

We then obtain

00 2
PN wrge / n(e) /1 ¢ [1 e _COSX,)]—I
dtde, — 2v% Jo € J_11— 6/8(1 — Cos X’)

(1 / 2 € €
es(l COSX)+COS X)H(l—e’s(l—cosx’) 27>

6/

- H | 2ve — 2 dcos X' de.
(Py 1—6’8(1—(:08)(’)) X

(A1)

(A.2)

The scattered photon energy in the electron rest frame with respect to the scattered

photon energy in the comoving frame €, = €,/(~v(1— [ cos \’)) yields, using the head-on

approximation, €5 = ve.(1 4+ [ cost)l). Substituting n = 1 — 5 cos x’ we obtain
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A Single electron differential scattering rate

‘ H(ﬁ - 77>H<n N 2726(168— es/v)) e

where 3 ~ 1leading to 1—3 = 1/(*(1+5)) =~ 1/(29%). With ¢; = 2+€2/(v*(1—€5/7)),
e = €,/(27%€(1 — €,/7)) and c3 = 4v%cy the n-integration can be solved by

(A.4)

/12 (1—24—%)}[(77—62)]{(77—03)6117: {H(n_cz)g(cg_n)

/272

: <77 —21ln(n) — ﬁ) — H(cs —c2)H(n — c2) (02 —2In (cp) — C—l) (A.5)

n Ca

2
C1

+ H (e — o) H (1 = c3) (C3 () _)]

C3

1/2~2

After inserting the boundaries of integration and simple algebra we obtain

high-energy contribution

€ €2 + €5 /€ 4726(1_6_5y
& ) _&Te/e TS
1+2In <472€(1_§)> 272(1_%> + 2ees + ”

low-energy contribution

i 1 4y2e, 2¢2 2¢, €€q € €5 \
| = =424 2In | ——2- ) — 5 -+ +—({1-=
[ 20z (6(1—%)> - (1-2) 2 &\ 1
:,-6 —_— —— —_—— :/'6 ———
— Ay fe -2 <4 2/ —ele
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~ H(1—Alee,))H(es —¢)

(1 — A(e, es)) (A(el, ) + 2 [1 + ese]) +21In (A(e, es))]

2¢
A rom (S}
4~2¢, € €s

J/

+ H(e — €,)H (47%€; — €)

-~

— 472
(A.6)
Thus, (A.4) reads
CZ;ZS ~ 7;7:;40 /OOO nE:) (472H(1 — A(e, es))H(eS —€)
. [(1 — Ae, ) (1 + 2A (e, €,) [1 + GSED + 2A(€, €5) In (A€, €5)) (A.7)
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A Single electron differential scattering rate
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B Solution of the electron kinetic
equation with two injections for

linear cooling

Inserting the energy loss rate |y| = Dgy? with the constant rate Dy into the kinetic

equation (2.2) yields

—a”gt’ H_ Doa%(vzn(% 1)) = qo8(y —70)3(t — to) + (Y — )3t — ). (B.1)

With the time variable 7 = Dyt and the function R = v?n the kinetic equation reads

OR(y,1) .2 OR(~,T)

= (Jo’725(’7 - 70)5(7 - To) + Q1’725(’Y - 71)5(7' - Tl)~ (B.2)
or 0y

Substitution of = v~ finally yields

OR(x,T OR(x, T

(,() ) + (z,7) = qod(r — 20)d(T — 710) + @10(x — 21)0(T — 71). (B.3)
T ox
This equation is immediately solved by Laplace transformations with respect to 7 and
x. Multiplying (B.3) with e™** and integrating over the positive z-space we obtain
using F(s,7) = [ e " R(z, 7)dx

/ 6_%—85’(1’, 7) dr +/ e‘”—aR(m’ T)dx = qod (T — To)/ e 5§ (x — x0)dw

~~ ~~
BF(S 7)

57 =6_5”:R($,T)‘ZO+SF(S,T) (B4)

+ (T — 1) / e (x — z1)dx.
0
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B Solution of the electron kinetic equation with two injections for linear cooling

Under consideration of the boundary condition R(0,7) = 0 we find

O0F (s, )

- + sF(s,7) = qod (T — 10)e " + q16(7 — 11 )e L. (B.5)

The second Laplace transformation Q(s,w) = [;~ e “TF(s,7)dr with the boundary

condition F(s,0) = 0 results, after a simple equivalence transformation, in

—S8Tg ,—WTY —8T1 ,—WT]
Qsyw) =R ¢ Tde € (B.6)

s+ w

Thus, the original function R(z,7) is

R(z,7) =qoH(z —x0)0(x —xg — T+ 70) + nH(x —20)0(x — 21 — T+ 7). (B.7)

The linear electron density distribution can be computed to
n(v,7) =7 R(v,7) = qoH (70 — 7)5<’y - ’V(LO)> +aqH(n — 7)5(7 - 72”) (B.8)

with *y(Lk) = /(1 + Doy(t — tx)). The solution for the kinetic equation for m + 1

injections

on(vy,t)

5 Doa%(fn(% t) = ’; qr0(y — )0 (t — tx) (B.9)

can be easily found generalising the result (B.8)

n(3,7) = 3 acH (e = )3 (7 = 1Y), (B.10)
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C Solution of the electron kinetic
equation with two injections for

nonlinear cooling

Under the partition condition eg = Ug(t)/U.(t) the evolution of the population of

relativistic electrons is described by the kinetic equation

Inlnt) _ 4 ( / o, tm) 8% (27, )) = aod(y = 30)3(t — to)

ot (C.1)

+q10(y —7)(t —t1).

The substitution of 7 = Ayt and S = +*n results in the equation

—&ggl’ ™) _ 7 </OOO S(’;’ T)d7> asgv, n)_ Q07> = 70)8(T — 70) ©2)

+ @5 (y — 1)d(T — ).

Once again we use the variable z = y~!. Hence, the kinetic equation readily yields

o)y (/m & T)dx) o = aile ot ) (©3)

+ @0z — z1)0(T — 11).

Defining a function T'(7) through the integro-differential equation

/Ooo @dw = U(r) = dz(:) (C.4)

we obtain the form
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C Solution of the electron kinetic equation with two injections for nonlinear cooling

d(1 — 70)
U(r)

St —m)

0S(z, T) 0S(x,T)
i ()

oT ox

= qod(z — 7o) + @ (v — 1) (C.5)

Laplace transformations regarding x and T' (see Appendix B), requiring the boundary
conditions S(x,0) = 0 and [;* e *"5(0,T)dT = 0, constitute the solution

S(z,T) = q05(x —xo—T(7) + T(TO))H(T - T(TO))

+qé(z —z —T(r)+T(n))H(T —T(7)).
Solving the nonlinear kinetic equation for m + 1 injections

ang, D_ 4, ( /0 " nl, t)dv) %(7%(% t)) = ; @d(y — )3t —t)  (C.7)

we find the solution
S(x,T) = Z @ H(T — T(13,))0(x — 2, — T(7) + T(71)). (C.8)
k=0
With z;, > 0 and the solution (C.6) the integro-differential equation (C.4) reads

dT H(T —T(7)) H(T —T(m))

E:qu—T(To)+x0+q1T—T<Tl)+ZL'1'

(C.9)

Since dT'/dr = fooo yndy > 0 is an averaged energy density that vanishes only before
the first injection and after all injected particles have cooled down, T' is required to be
strictly increasing in the time between. Hence, the image set T' = {T'(19) < T'(1y) <
T(7)} can be reduced to the subset T' = {T'(1y) < T'(11) < T(7) |70 < 7 < 7} which is
analogous to the equivalences H(T—T (1)) < H(t—7o) and H(T—T(71)) < H(t—m1),
so that within the interval 7 < 71 < 7 equation (C.9) yields

dr o !
- + .
dr  T—-T(ro)+zo T—-T(1)+

(C.10)

This differential equation can be converted into the simpler form
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C.1 The case £ > 1

dI' ¢TI+ qos1 + q150
dr T2 + (80 + 81)T + 80817

(C.11)

where ¢ = qo + ¢1 and s, = xp — T(7). A transformation with the function { =
qT + qos1 + q15o and the constants zg = (so — s1)(qo — q1) and 21 = qoqi(so — s1)? leads

to the equation

d§ q°¢
- 12
dr 24 206 — 21 (C.12)
which can be easily integrated yielding
2 _ 2
/ Wd{ = % + 206 — 2110 (€) = ¢*7 + const. (C.13)

This transcendental equation has to fulfil the relations £ > 0 and d¢/dr > 0, resulting

in the inequality

E+2{—2n>0 (C.14)

with the solutions £ > ¢i(sg — s1) for so —s1 > 0 and £ > —qo(sg — s1) for sp — 51 < 0.
To obtain analytical solutions of equation (C.13), we analyse the two domains { < 1
and £ > 1.

C.1 The case ¢ > 1

For £ > 1 equation (C.13) approximately reads

2

% + 206 = ¢*7 + const., (C.15)

which can be easily solved using the quadratic formula. The constant can be deter-
mined by applying the boundary condition 7'(7;) at the time of the second injection.

So one obtains for the initial function T'
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C Solution of the electron kinetic equation with two injections for nonlinear cooling

T(1) = Go(T(10)—20) +@1 (T(T1)—$1)+\/QQ(T —71) + (q[T(11) — T(70) + mo] + @1$1)2,
(C.16)

where ¢ = qi/q. To calculate T'(7) and T'(7;) the intervals 7 < 7o < mpand 7 < 7 < 7y

have to be examined first.

Throughout the whole time interval 7 < 7y < 7 differential equation (C.9) leads to
the solution T'(7) = 0. To assure the continuity of 7" at the transition of the intervals
it is inevitable to demand that T'(7y) = 0. With this condition equation (C.9) reads

forngy<t<m

dT’ do

- = C.17
dr T+ Zo ( )
leading to
T2
zoT + 5 = QT + const., (C.18)
where const. = —qy19. This equation is solved by
T(r) =~ + 1/ 2a0(7 — ) + 73, (C.19)

Again it is essential to require in order to guarantee the continuity of 7" the constant
T(m) to be

T(n) = —wo + \/ 2go(m1 — 7o) + 3. (C.20)

The second solution of (C.16) and (C.19) can be omitted because we demanded T'(7)

to be strictly increasing over the complete time interval.

In terms of 7 the solution (C.6) reads for the different time domains

S(x,T|1o<7<m7)=qH(x— xo)é(x - \/2(]0(7’ —T0) + :U%) (C.21)

and
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C.1 The case £ > 1

S(x, T|1o <71 <7)=qoH(x — x0)

A - 2
ol x—/2q¢(r — 1)+ (qlxl + qo\/2qo(71 —7) + .tv%)

ta (az —200(m — ) + x)) adtle =) (€.22)

] ] 2
0l x—1/2q(T — 7)) + (qlxl + qo\/qu(ﬁ — 1) + m%)

T Cfo(\/qu(ﬁ )4l x1)>

With these the nonlinear solution for the electron density distribution n(v,t) can be

calculated to
n(y,t|to <t <t1) = qoH (v —7)d (v — nr) (C.23)

n(y,t|to <ty <t)=qH (v — 7)5(v - %(S)L) + @ H(y — 7)5(7 — %(vl)L>, (C.24)

where

Y0
- C.25
YNL \/1 20 073 =) ( )

is the characteristic nonlinear Lorentz factor for the single-injection scenario and

2
71(\];% =Y%M (\/2(_1140737%(75 —t) + (Cﬁ% + gomn \/261014073(151 —1to) + 1)

(C.26)

-1
+ (—=1)*Gpe-1, <71 \/2%140%2)(751 —to) +1— 70))

65



C Solution of the electron kinetic equation with two injections for nonlinear cooling

are the characteristic nonlinear Lorentz factors for the double-injection scenario with
k=0,1.

C.2 The case ¢ <« 1

Considering the boundary inequality (C.14) coupled to the special case £ < 1 we ob-

tain the relation

q1(so—s1) <€&E<K1 for sp> s :>q1(\/2q0(71—70)+x3—x1)<<1

and

—qo(s0— s1) <E <1 for sp<s1 = qo(z1 — \/qu(ﬁ —70) +23) < 1.

These particular relations hold only for small injection strengths ¢, and for small in-
jection sequences 71 — Ty assuming nearly identical injection energies 7. Here, both
cases can be omitted because on the one hand the injection of relativistic particles
of the ambient interstellar and intergalactic mediums into the plasmoid is of intense
strength (order of magnitude ~ 10°) due to the plasmoids size in correlation with the
outer particle density and on the other hand the plasmoid collects relativistic parti-
cles sweeping through the interstellar and intergalactic mediums via a pick-up process,
which is assumed here to be a discrete collection process, so that it is essential that
the system consisting of the plasmoid and the interstellar and intergalactic mediums
needs some time after each injection to adjust and collect enough particles for another

injection.
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D Optically thin synchrotron radiation

intensities

The structure of the electron spectrum is given in both the linear and the nonlinear
cooling cases by n(y,t) = qoH (v —7)8(y = 7'V (t)) + g1 H(n = 7)d(y =+ (¢)). Thus
the synchrotron intensity (2.15) for the domain ¢y < t; <t reads

RP()I/

™

) v -2 14

The linear cooling case yields

—1
3RP,v PO 1/3 v
I (v, t) ~ 87: 0 <q0 [0.869(%) + exp (W)
vy,

(D.2)
(1) 1/3 -
v v
+ ¢110.869 (L) + exp (W)
v vy
with the characteristic frequencies
K3 (k)2 3v07;
Vé) = Euoyé) = K 5 (D.3)
2(1 + D(ﬂ/k(t — tk))

In the nonlinear cooling case, however, the electron gyrofrequency is a function of time

due to the time-dependence of the magnetic field

eB(t o
w(t) = 9 _ c\/ 2eprom! / yann(y,t) dy = c\/ 2eprom! (QO’VJ(\(I])L + a17N] )
0

©2Tmec
(D.4)
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D Optically thin synchrotron radiation intensities

The constant ry = 2.82 - 10713cm denotes the classical electron radius. Using the non-

linear characteristic frequencies

k 3 k) 2 3 0 1 k)2
A= Sn0nlt)’ = 2o\ Pesnat (anll +aclll) 4 09)

the nonlinear optically thin synchrotron intensity can be obtained

3RPyc
INL(I/, t) ~ 87T0 \/2€BTO7rl (qof}/](\(f]%, + Q1’y](\2/>

L0\ 1/3 y —1 S0\ 1/3 y -1
~ 0| 0.869 (ﬂ) + exp (W) +q [ 0.869 (ﬂ) + exp (W) .
v VNL v VNL

(D.6)

The detailed calculations for the domain ¢y < ¢ < t; can be found in the appendices of
Schlickeiser and Lerche (2007).
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E Synchrotron optical depth and

photon spectra

E.1 Optical depth

The synchrotron emission of ultra-relativistic electrons is optically thin for frequencies
and times satisfying the condition D(w,7) < 1 and optically thick for D(w,7) > 1.
The transition occurs at the frequency wy(7) defined by D(w,7) = 1. For 7 — 1y < 1
(and its analytical continuation) the optical depth (3.9) reduces to

5/3
D(w,7—7<1) ~ (%) (147 —7)** (E.1)

as long as 7 — 79 < w~*®. In this range the transition frequency reads

wi(T — 19 < uf4/5) ~ w147 - 70)2/5- (E.2)

In the domain 7—7y > 1 (and its analytical continuation) the optical depth simplifies to

D(w,7—7 > 1) =~ (%)5/3(7—70)2/3(1+%w(7—¢0)5/4) exp (—W(T — 70)5/4). (E.3)

Substituting z = w(7 — 79)** and expanding asymptotically for z > 1 as well as for
z <1 we find
48/15 2<1
3
D(z) = wi)/gw_u/5z8/15 <1 + 57;) e % ~ wf/3w_11/5 (E.4)
3
52:23/156—2’ Lz > 1
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E Synchrotron optical depth and photon spectra

with the proper transition frequency

—20/33

2/5
/ 77—_7—0§w1

w1 (T — 70)
wy(T) ~ (E.5)
3 _
(r— 7'0)’5/4 In (iwf/g(T — 70)11/4) T — T > W 20/33

In Figure E.1, we present the time-dependence of the transition frequency. For small

times 7 — 79 < 1 the transition frequency is constant at the value w;. After this it

: : : : 25/33 —20/33
increases linearly to its maximum w] at T — T = wy

—5/4 20/33

followed by a decrease

proportional to 7 at times 7 — 79 > w;
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Figure E.1: Normalised synchrotron transition frequency w; as a function of the time
7 in the nonlinear cooling case plotted for w; = 10715, The instantaneous
injection of monoenergetic ultra-relativistic electrons occurred at 7y = 0.

E.2 Synchrotron spectra

According to (3.5) the synchrotron intensity in the optically thick frequency domain

w < wy is given by
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E.2 Synchrotron spectra

(R - ,
M = Tow; 5/3 w ’
(1+7 — )1/ (1 + 3wl 47— 70)5/4)

Hw<w,7) ~ (E.6)

where [y = agPyqoRvy/(47). In the optically thin frequency interval w > w; we obtain

Hw>w,T)~jlw,T)R = Iow1/3(1 + 7 - 7‘0)1/6 exp (—w(l + 7= 7'0)5/4). (E.7)

In Figure E.2, we show the intensity distribution as a function of the frequency w at

various times 7 = 0, 10%, 10 and 10''. Consequently the transition intensity reads

2
Itrans(T) - I(wta 7-) - [0w1_5/3 s’ . (E8)
(14+7—71)2|1+ %wt(l + 71— 70)5/4]

Applying the transition frequencies (E.2) and (E.5) we obtain for the transition inten-

sity at normalised times 7 — 79 < w; 20/33
1/3 3/10
_ w (1 + 7= T())
Tipans (T — 10 < wy 2% ~ L : E.9
t ( 0>W ) 01+%wl(1+7__7_0)33/20 ( )
whereas at times 7 — 79 > w; 20738 the result is
3,,5/3 11/4
~20/33 2, I <5w1 (r =)™ >
Itrans(T — Ty > Wy ) ~ 5/3 3 . (ElO)
3w, (T — 7o)
At small times 7 — 79 < 1 the transition intensity turns out to be
Lipans(T — 10 < 1) Iowi/g. (E.11)

The time-dependence of the transition intensity is presented in Figure E.3.

71



E Synchrotron optical depth and photon spectra

10-3_

10-6_

1g(1/10)

I

: LA
r o .
g IIJ} T l| : T T | T
T U1 R U/ R U1 RS U/ S Vi

la{omega)
Figure E.2: Synchrotron intensity distribution as a function of the frequency w at dif-
ferent times 7 = 0 (solid curve), 7 = 10* (dash-dotted curve), 7 = 10°
(dotted curve) and 7 = 10! (dashed curve). The injection occurred at

7o = 0 with the parameter w; = 1075,
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Figure E.3: Synchrotron transition intensity Iy..ns/Io as a function of the time 7 plotted
for w; = 1071% at the injection time 7y = 0.
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