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Homeomorphically Irreducible Spanning Trees, Halin Graphs, and Long Cycles in

3-connected Graphs with Bounded Maximum Degrees

Songling Shan

Under the Direction of Guantao Chen, PhD

ABSTRACT

A tree T with no vertex of degree 2 is called a homeomorphically irreducible tree (HIT)
and if T' is spanning in a graph, then 7' is called a homeomorphically irreducible spanning
tree (HIST). Albertson, Berman, Hutchinson and Thomassen asked if every triangulation
of at least 4 wvertices has a HIST and if every connected graph with each edge in at least
two triangles contains a HIST. These two questions were restated as two conjectures by

Archdeacon in 2009. The first part of this dissertation gives a proof for each of the two



conjectures. The second part focuses on some problems about Halin graphs, which is a
class of graphs closely related to HITs and HISTs. A Halin graph is obtained from a plane
embedding of a HIT of at least 4 vertices by connecting its leaves into a cycle following the
cyclic order determined by the embedding. And a generalized Halin graph is obtained from
a HIT of at least 4 vertices by connecting the leaves into a cycle. Let G be a sufficiently
large n-vertex graph. Applying the Regularity Lemma and the Blow-up Lemma, it is shown
that G contains a spanning Halin subgraph if it has minimum degree at least (n + 1)/2 and
G contains a spanning generalized Halin subgraph if it is 3-connected and has minimum
degree at least (2n 4 3)/5. The minimum degree conditions are best possible. The last
part estimates the length of longest cycles in 3-connected graphs with bounded maximum
degrees. In 1993 Jackson and Wormald conjectured that for any positive integer d > 4, there
exists a positive real number a depending only on d such that if G is a 3-connected n-vertex
graph with maximum degree d, then G has a cycle of length at least an'°-12, They showed
that the exponent in the bound is best possible if the conjecture is true. The conjecture is

confirmed for d > 425.

INDEX WORDS:  Homeomorphically irreducible spanning tree, Halin graph, Genaralized
Halin graph, 3-connected graphs, Tutte decomposition.
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PART 1

INTRODUCTION

Finding longest cycles, in particular a hamiltonian cycle in a graph, is one of a few
fundamental yet very difficult problems in graph theory. In fact, to determine whether a
graph is hamiltonian is a classic NP-complete problem. Moreover, Karger, Motwani, and
Ramkumar [35] showed that, unless P = NP, it is impossible to find, in polynomial time, a
path of length n — n® in an n-vertex hamiltonian graph for any ¢ < 1. On the other hand,
inspired by classic results obtained by Dirac [19] in 1954 and Tutte [51] in 1956, respectively,
many sufficient conditions for hamiltonian graphs have been obtained. For examples, see [25].
Accompanying with each of these sufficient conditions, various stronger results such as being
hamiltonian connected and pancyclic have also been established.

As an antithetical class to hamiltonian paths/cycles, homeomorphically irreducible
graphs, graphs which have no vertex of degree 2, were introduced by graph theorists in
1970s. A homeorphically irreducible tree is called a HIT, and a homeomorphically irreducible
spanning tree of a graph is called a HIST of the graph. As graphs of at most three vertices
contain no HIST, we assume the graphs in consideration are of at least four vertices when
we considering HISTs. In the first part of this dissertation, we show the existence of a HIST
in surface triangulations and connected graphs with each edge contained in at least two
triangles. This confirms the two conjectures raised by Albertson, Berman, Hutchinson, and
Thomassen [I].

Another class of graphs which is closely related to HITs and HISTs is the class of Halin
graphs. Let T be a HIT of at least 4 vertices. Then a Halin graph H is obtained from a
plane embedding of T' by connecting the leaves into a cycle C following the cyclic order
determined by the plane embedding. In this notation, we may write the Halin graph as

H =T UC. A wheel is an example of a Halin graph. Since a HIT of at least 4 vertices



contains two leaves sharing the same parent, a Halin graph contains a triangle, and thus
is not bipartite. Moreover, cubic Halin graphs are in one-to-one correspondence (via weak
duality) with the plane triangulations of the disc. Halin constructed Halin graphs in [27]
for the study of minimally 3-connected graphs. Lovéasz and Plummer named such graphs as
Halin graphs in their study of planar bicritical graphs [40], which are planar graphs having
a 1-factor after deleting any two vertices. It was conjectured by Lovasz and Plummer [40]
that every 4-connected plane triangulation contains a spanning Halin subgraph (disproved
n [10]). Although the conjecture is not true, it inspires new questions and problems. We
may ask, can we find any other class of graphs which contain a spanning Halin subgraph or
a spanning generalized Halin subgraph? The second part of this dissertation considers the
existence of spanning Halin subgraphs and spanning generalized Halin subgraphs in graphs
with large minimum degree. Halin graphs possess very nice hamiltonicity properties. Hence
finding the existence of a spanning Halin subgraph can be viewed as a generalization of
finding hamiltonian paths/cycles in graphs.

Finally, in the last part, the problem of finding longest cycles in 3-connected graphs
with bounded maximum degrees is investigated. In 1993 Jackson and Wormald conjectured
that for any positive integer d > 4, there exists a positive real number a depending only on
d such that if G is a 3-connected n-vertex graph with maximum degree d, then G has a cycle
of length at least an'°-12. They showed that the exponent in the bound is best possible if
the conjecture is true. The conjecture is confirmed for d > 425.

Throughout this report, we limit our attention to simple and connected graphs, and
further assume graphs to be finite unless we specify otherwise; and refer to Bondy and
Murty [7] for notations and terminologies used but not defined. The vertex set and edge
set of a graph G are denoted by V(G) and E(G), respectively. For S C V(G), let G[S]
denote the subgraph of G induced by S. Similarly, G[F] is the subgraph induced on F if
F C E(G). The minimum degree and maximum degree of G are denoted by §(G) and A(G),

respectively. Other specified notations are introduced in each chapters.



PART 2

THE EXISTENCE OF HISTS IN SURFACE TRIANGULATIONS AND
CONNECTED GRAPHS WITH EACH EDGE IN AT LEAST TWO
TRIANGLES

Recall that a tree is called homeomorphically irreducible if it does not contain vertices of
degree 2 and a homeomorphically irreducible spanning tree of a graph G is called a HIST of G.
Albertson, Berman, Hutchinson, and Thomassen [I] obtained various sufficient conditions
for a graph to contain a HIST. They also showed that it is N P-complete to decide whether a
graph G contains a HIST. Hill [28] conjectured that every triangulation of the plane contains
a HIST. Malkevitch [41] conjectured that the same result hold for near-triangulations of the
plane (2-connected plane graphs such that all, but at most one, faces are triangles). Albert-
son, Berman, Hutchinson, and Thomassen [I] confirmed the conjecture. Furthermore, they
asked whether every graph that triangulates some surface has a HIST, and more generally if
every connected graph with each edge contained in two triangles contains a HIST. To estab-
lish a strategy to tackle the problem, Ellingham [20] asked whether every triangulation of a
gwen surface with sufficiently large representativity contains a HIST. Huneke observed that
every triangulation of the projective plane contains a spanning plane subgraph such that
every face is a triangle with one possible exception, so every triangulation of the projective
plane contains a HIST. Davidow, Hutchinson, and Huneke [18] showed that every triangu-
lation of the torus contains a HIST. In 2009, Achdeacon [4] (Chapter 15) restated the above

two questions as two conjectures.
Conjecture 2.1. Fvery surface triangulation contains a HIST.

Conjecture 2.2. Fvery connected graph with each edge in at least two triangles contains a

HIST.

We confirm the two conjectures in this Chapter. The proofs can also be found in [11]



and [13].

2.1 Proof of Conjecture [2.1]

A graph G is locally connected if for every vertex v € V(G), the subgraph induced by
the neighborhood N(v) is connected. Ringel [46] showed that every triangulation (includes
orientable and nonorientable ) is a connected and locally connected graph. In this section, we
prove the following much more general result, which confirms the conjecture by Archdeacon
and answers the first question asked by Albertson, Berman, Hutchinson, and Thomassen

positively.

Theorem 2.1.1. Fvery connected and locally connected graph with order at least four con-

tains a HIST.

Corollary 2.1.1. Let II be a surface (orientable or nonorientable). Then every triangulation

of Il with at least four vertices contains a HIST.

Let G be a graph. Write v € G if v € V(G) and similarly e € G if e € E(G).

2.1.1 Proof of Theorem 2.1.1]

Let k be a positive integer. A graph G is called a k-tree if there is an ordering v; < vy <
- < v, of V(G) such that (i) G[{v1,va, ..., vx}] is a complete graph and (ii), for each i > k,
N(v;) N {vy,vq,...,v;_1} induces a clique of order k. Clearly, 1-trees are the same as trees.
Hwang, Richards, and Winter [3I] proved that 2-trees are maximal series-parallel graphs.
As shown in Lemma 2.2 and 2.3, we observe that every 2-tree with more than three vertices
contains a HIST. However, not every connected and locally connected graph contains a 2-
tree as a spanning subgraph. Let W,, := K; + C,, be a wheel of order n + 1 and let GG,, be
obtained from W,, by adding n new vertices such that each is adjacent to a distinct pair of
two consecutive vertices on the cycle C),. It is not difficult to verify that G,, does not contain

a spanning 2-tree. G4 is depicted below.
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Figure (2.1) G4, a locally connected graph without a spanning 2-tree

Let G be a graph and v be a vertex not in V(G). We write H = G @ v if there
exist two distinct vertices uy,us € G such that V(H) = V(G) U{v} and E(H) = E(G) U
{uyv, ugv, uqus}. Note that the edge ujus may already exist in G. We let P(v) := {uy, us}

and call u; and uy the parents of v.

Definition 2.1.1. A graph T of order n > 3 is called a weak 2-tree (W2-tree) if there is an
ordering <: vy < vy < --- < v, of vertices of T' and a sequence of graphs G3 C G4 C --- C

G, =T such that the following properties hold.
(1) G3 = T[{v1,v9,v3}] = K3, and
(2) foreachi=3,4,...,n—1, Giy1 2 G; ®vii1.
In addition, we call the ordering < a W2-tree ordering of T

Clearly, every 2-tree is a W2-tree. However, the converse is not true, for example, the
above graphs G,, are W2-trees but not 2-trees.

Given a W2-tree with a W2-tree ordering <, if we shift a degree 2 vertex to the end
and keep the remaining ordering unchanged, we obtain another W2-tree ordering. So, the

following result holds.

Lemma 2.1.1. Let G be a W2-tree with n > 4 vertices. Let w € G be a degree 2 vertexr and

N(w) = {u,v}. Then either G —w or G —w — uv is a W2-tree.



Lemma 2.1.2. Let T be W2-tree with n > 4 vertices. Then, there exist two vertices u and
v such that T = (T" @ u) v and N[u] N N(v) # 0, where T' is a W2-tree, K3, or Ky. In

this case, {u,v} is called a removable pair of T

Proof. We prove Lemma by applying induction on n = |V(G)|. Since K, (K,
minus an edge) is the unique W2-tree with 4 vertices, Lemma, holds for n = 4.

Suppose n > 5 and that Lemma holds for all W2-trees with less than n vertices.
Let T' be a W2-tree with n vertices and w be the last vertex in a W2-ordering of 7'. Moreover,
we assume that T =T’ @ w, where T" is a W2-tree with n — 1 vertices. Suppose that {u, v}
is a removable pair of 7" and T" = (T* @ u) ® v, where T* is a W2-tree, K3, or K5. We

complete the proof by considering the following five cases regarding N(w) N {u, v}.
o if N(w)N{u,v} =0, then T = [(T* ® w) ®u] ® v, so {u,v} is a removable pair of T}

o if N(w)N{u,v} ={v}, then T = [(T* ® u) ®v| ® w, so {v,w} is a removable pair of
T

o if N(w)N{u,v} = {u} and uwv ¢ E(T"), then T = [(T* ® v) ® u| ® w, so {u,w} is a

removable pair of T

o if N(w)N{u,v} = {u} and wv € E(T"), then T = [(T* ® u) ® v] ® w, so {v,w} is a

removable pair of T

o if N(w) = {u,v}, then T'= [(T* & u) & v] & w, so {v,w} is a removable pair of T

Lemma 2.1.3. A W2-tree with at least 4 vertices contains a HIST.

Proof. Let G be a W2-tree with n > 4 vertices. We proceed by induction on n. If
n = 4, then G = K, , which contains a spanning star. If n = 5, by case analysis, we can

show that G' contains a spanning star, so a HIST.



Assume n > 6 and let G be a W2-tree with n vertices. By Lemma [ZT.2] let {u,v} be a
removable pair of G and assume G = (G’ ®u) @ v, where G’ is a W2-tree with n — 2 vertices.
By the induction hypothesis, G’ contains a HIST, say, 7. Since {u,v} is a removable pair
of G, Nuln N(v) # 0. If uww ¢ E(G), then N(u) N N(v) # 0; if uwv € E(G), by the
definition of @, the other neighbor of v is adjacent to u. In either case, there exists a vertex

w € N(u) N N(v). Then, T :=T" U {wu,wv} is a HIST of G. O

Lemma 2.1.4. FEvery connected and locally connected graph with at least three vertices con-

tains a spanning W2-tree.

Proof. Let G be a connected and locally connected graph of order n > 3. Since every
triangle is a W2-tree, G contains W2-trees as subgraphs. Let T' C G be a W2-tree such that
|V(T)| is maximum. We claim that V(7)) = V(G). Otherwise, W := V(G) — V(T) # 0.
Since G is connected, there is a vertex v € V(T') such that Ny (v) # 0, where Ny (v) is the
set of neighbors of v in W. Since T is a W2-tree, N(v) N V(T') 2 Nr(v) # 0. Since G[N(v)]
is connected, there is an edge uw € E(G) with v € Np(v) and w € Ny (v). Then, T ® w is
a W2-tree containing more vertices than 7', where P(w) = {u,v}. Since uv, wv,uw € E(Q)

and 7' C G, we have T'@® w C G, which contradicts the maximality of |V (7')]. O

So, the proof of Theorem 2.1.1]is completed.

2.2 Proof of Conjecture

We now answer the second question raised by Albertson et al. positively as follows,
whose proof will be given in the next section. We would like to mention that the main proof
technique used in the proof is similar to that for Conjecture 2.1]in the first section. However,
the induction proceeded on the spanning ©—patch graph H (we will give the definition very
shortly) of G is not straightforward. In fact, when H has property Q2(defined in subsection
2), we can not directly proceed the induction. The new approach in dealing with this case,

looks easy and natural, yet really took efforts to come out.



Theorem 2.2.1. Let G be a graph with every edge in at least two triangles. Then G contains
a HIST.

2.2.1 Proof of Theorem 2.2.1]

The proof consists of three main components: (1) define a class of graphs called ©-
patch graphs(we will define this class of graphs very shortly), and show that every graph
with each edge in at least two triangles contains a spanning ©-patch graph; (2) prove a
rearrangeability of ©-patch graphs; and (3) show every ©-patch graph contains a HIST.
Throughout this section, a graph isomorphic to K (K4 with exactly one edge removed) is

called a ©-graph.

Definition 2.2.1. Given a graph H and a vertex v ¢ V(H), let HAv be a graph with
V(HAv) = V(H)U{v} and E(HAv) = E(H) U {ujv, ugv, uyus}, where uy, us € V(H) are
two distinct vertices. That is, HAv is obtained from H by adding a new vertex v and edges
w1V, UV, and uus if uyug ¢ E(H). We name such an operation A-operation and denote by
A(v) := {uy, us}, the set of attachments of v on H. Moreover, we let Afv] := A(v) U {v}.
Note that ujus may or may not be an edge of H.

Definition 2.2.2. Given a graph H and a ©-graph F with a specified degree 3 vertex, let
HOF be the graph obtained by identifying the specified vertex of F' with a vertex u in H.
Let A(F) = {u} be the set of the attachment of F' on H. Such an operation is called a

O-operation.
We use @ to denote either a A-operation or a ©—operation.

Definition 2.2.3. A graph G is called a ©-patch graph if there exists a subgraph sequence

G, CcGyC---CGy =G with s > 2 such that
(1) G1 = K3, and

(2) Gy is obtained from G; by a ©-operation for eachi (1 <i<s—1).

By the above definition, a ©-patch graph has at least 4 vertices, and a ©-patch graph

with exactly 4 vertices is a ©-graph.
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Figure (2.2) ©-graph, A-operation, ©-operation

Lemma 2.2.1. A connected graph with every edge in at least two triangles contains a ©-patch

graph as a spanning subgraph.

Proof. Let G be a graph such that every edge is in at least two triangles. Since
two triangles sharing a common edge induce a ©-graph, G contains a ©-graph, which is
also a ©-patch graph by Definition 2.2.31 Let H C G be a ©-patch graph such that
|V(H)| is maximum. If V(H) = V(G), the proof is completed. So assume the contrary:
W = V(G) — V(H) # (. Since G is connected, there is an edge uw € FE(G) such that
u € V(H) and w € W. Let vjuwv; and vyuwvs be two distinct triangles containing uw.
If v; € V(H) for some i = 1, 2, then HAw with A(w) = {u,v;} is a ©-patch graph larger
than H, contradicting the maximality of H. Hence, we have both v, v € W. Clearly,
G[{u, v, vy, w}], the subgraph induced on {u,v,ve,w}, contains a ©-graph F. So HOF
with A(F') = {u} is a ©-patch graph larger than H, contradicting the maximality of H. O

It will be shown in the following lemma that the ordering of subgraph sequence in the

definition of ©-patch graphs can be rearranged to preserve a nice recursive property.

Lemma 2.2.2. Let G be a O-patch graph of order n > 5. Then there exist a subgraph H

which is either a ©-patch graph or isomorphic to K3 such that one of the following properties
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holds:

P: G = (HAz)Azy and A(zy) N Alzy] # 0;

Qi (0 <k <3): There exist vertices x1,xa, -+ ,x) such that
G = (HOF)Ax1Awy -+ - Axy (G = HOF when k = 0) with Alx;] N Alz;] =0 for all
i#j and A(z) N (V(F)=V(H))#0 fori=1,2,--- k.

Proof. If n =5, from the definition of ©-patch graphs, there exist two vertices x; and
xg such that G = K3Ax1Azy and A(z2) N Alxy] # 0, so P holds. We assume that n > 6 and
Lemma holds for graphs with order < n.

By the definition of ©-patch graphs, G = H* & F*, where H* is a ©-patch graph, and
F™ is either a single vertex or a ©-graph. If F* is a ©-graph, then () holds. So, we assume
F* is a single vertex graph, and say V(F*) = {w}. By applying Lemma to H*, we

divide the remaining proof into two cases below.

Case P. H* = (HAxz)Azy and A(xy) N Alzq] # 0.
If A(w)N{zy, 22} =0, let H := HAw, which is a ©-patch graph and a subgraph of G.

Then G = (H'Ax1)Az,y, so P holds.

Suppose A(w) N{xy, 22} # 0. If 21 € A(xs) or 25 € A(w), H := HAx; C G is a ©-
patch graph. Then, we have G = (H'Axs)Aw and either 1 € A(w) N Axs] or x93 € A(w), so
P holds. We may assume that x; ¢ A(xy) and x5 ¢ A(w). In this case, we have z; € A(w).
Let H' = HAuwx,, which is a ©-patch graph and a subgraph of G. Then G = H'Ax;Aw, so
P holds.

Case Q. H* = (HOF)Az1Axy - - - Axy, where F' is a ©-graph and z; is a vertex in H*.
If Alw)N ((V(F) =V (H))U{xy, 29, - ,x,}) =0, then

G

(HAw)OF) Az Axs - - - Axy,

so Qy holds. If A(w) N Alx;] # 0, wlo.g., say A(w) N Alzg] # (), then

G = (HOF Az Axy - - - Azg_1) Az Aw,
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so P holds. Hence, we assume A(w) N (V(F) — V(H)) # 0 and A(w) N A[z;] = 0 for
i=1,2,---,k. Under this assumption together with the assumption that Afz;] N A[z;] =0
for i # j and A(x;)) N (V(F) =V (H))# 0 fori=1,2,---  k, we have k < 2. Then, we have

G = (HOF)Az1Axy - - - ArpAw,

s0 (Qr41 holds. O

Lemma 2.2.3. Fvery ©-patch graph contains a HIST.
Proof. We use induction on n = |V(G)|. When n =4, G = K is a ©-graph. Clearly,

G contains a HIST. Suppose n > 5, and assume that Lemma 2.2.3] holds for graphs of order
< n. We divide the remaining proof into five cases according to the five properties given in
Lemma [2.2.2]

If G has property @Q; for some ¢ = 0,1,2 or 3, we follow the notations given in
Lemma 2.22] and assume that A(F) = {u} and V(F) — V(H) = {v1,ve,v3}. If G has
property P then u is a specially selected vertex in H. We let T' be a HIST of H if H is a
©-patch graph, and let T' = P; with dp(u) = 2 if H = K3. The case that G satisfies property
(> is the most complicated one, and we can not straightforwardly play induction on it, so

we defer this case to the end.

Property P holds. Suppose that G = HAx1Axy and A(z2) N Alxq] # 0.

In this case, we first show that N(xz1) N N(x2) N V(H) # (. This is clearly true if
A(x1) N A(xg) # 0, so we may assume 1 € A(zy). Let u be the other vertex in A(xs).
Since E(G) = E((HAx1)Axy) = E(HAxy) U{zu, xoxy, uz, }, we have ux, € E(G), that is,
u € N(z1) N N(z2).

Let u € N(x1) N N(x3). Then, it is readily seen that T U {uxy, uxs} is a HIST of G.

Property )y holds. Let G = HOF.

In this case, T'U {uwvy, uvy, uvs} is a HIST of G.

Property ; holds. Let G = (HOF)Az;, and assume, without loss of generality, v; €
A(z1) N (V(F) =V (H)), and let w; be another vertex of A(xy).
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In this case, T'U{wjvy, wizy, uve, uvs} is a HIST of G regardless of whether w; € V(F)

or not.

Property @3 holds. Let G = (HOF)Ax;AxzyAxs and assume that A(z;) = {v;, w;} for
each i = 1,2,3 with wy, wy, w3 € V(H).
By the definition of A-operation, all three edges wivy, wovy, w3vs are in E(G). Then,

T U {wixy, wivy, woks, wovs, w3zs, wvs} is a HIST in G.

Property Qs holds. Let G = (HOF)Ax Az such that A(z;) N (V(F) — V(H)) # 0 for
each i = 1,2, and A[xs] N A[z1] = 0. Assume that A(x;) = {v;, w;} for i =1,2.

We may assume w; # wu for each i = 1,2; otherwise, say w; = wu, then T U
{wavy, Woma, uvy, uxy, uvs} is a HIST of G. Since A[zy] N A[z1] = (), we may assume that
wy € V(H) — {u}. Moreover, under the assumption that w; € V(H) — {u}, let notation
be chosen so that vy is the degree 2 vertex in F' — u whenever it is possible, that is, if
wy € V(H) — {u} and v, is the degree two vertex in F' — u, we rename s, vo and wy as xy,
v1 and wq, and vice versa.

Let z ¢ V(G) be a vertex and G’ := HAz with A(z) = {u,w;}. Clearly, vw;, € E(G’)
although ww; may not be in E(G). Clearly, G’ is a O-patch graph and |V(G'| < n, so it
contains a HIST T". Since dg/(z) = 2, z is a degree 1 vertex of T”. So, we have either

w1z € E(T") or uz € E(T") but not both. Let Ty :=T" — z.

Subcase 1. uw;, ¢ E(T") or uw, € E(T") N E(G).
Note that dp(z) = 1. If uz € E(T"), let T* := Ty U {uvs, wivy, w11, wave, weks}, as

depicted in Figure 2.3l It is routine to check that 7% is a spanning tree of G' and the following
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wl/—‘.%l w 1/—~.Jp

o .Ul _______________ i 1
N SNl
H ___. U3 H \ é. v3
.\ _U2 T [ ) )
9. @ g
uz € E(T") wiz € E(T")

Figure (2.3) vwy ¢ E(T") or uw, € E(T') N E(G)

equalities/inequalities hold.

dT* (U)

dr+(wy)
dr+ (ws)

dT* (SL’)

dT* (ZL’)

drr(u) = [{uz}] + {uvs}t| = dr(u) # 2
dT/(wl) + |{’LU1'U1, w1x2}| = dT/('LUl) + 2 7& 2
dr (we) + [{wave, woxe}| = dp/(wa) + 2 # 2, if wy € V(H);

‘{U)QUQ, W9, U’UgH = 3, if W9 = V3.

dr(x) #2 for all other vertices x € V(H), and

2 for each vertex = € {vy, vy, v3, 21, 2}

Consequently, T™ is a HIST of G.

If wiz € E(T"), let T* := Ty U {wy21, uvy, uvs, weve, woxs }, as depicted in Figure 23]

(we = v3 may occur.) As in the previous case, we can show that 7™ is a HIST of G.
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Subcase 2. uw, € E(T") — E(G).

In this case, T} := Ty — uw; has exactly two components. We construct a HIST of G
from T} according to whether uz € E(T") or wyz € E(T").

Ifuz € E(T"), let T* = T1 U{uvs, uvy, vywy, 0121, Wata, woZs }, as depicted in Figure 241
It is routine to check that 7™ is a spanning tree of G and the following equalities/inequalities

hold.

dr«(u) = dp(u) — {vwy, uz}| + [{uvr, uvs}| = dp(u) # 2

dr(w1) = dp/(wy) — {uwi}| + {viw}] = dp(ws) # 2
dT/(w2> + |{’UJ2’UQ, U)QLL’Q}‘ = dT/(’UJg) + 2 7A 2, if Wo € V(H),

dT* (’LUQ) = .
[{wavs, woxe, uvs}| = 3, if wy = vs.

dr«(x) = dp/(x)#2 for all other vertices x € V(H), and

dr«(x) # 2 for each vertex x € {vy, v, v3, 1, 22}

So, T* is a HIST of G.
In the case wyz € E(T"), if vjvy € E(G), let

*
T = Tl U {’LUlllfl, w1v1, V1U, V1V3, WaU3, 'LUQZL’Q},

as depicted in Figure 2.4l As in the previous case, we can show that 7™ is a HIST of G.
To complete the proof, we show that the vertex v; can be chosen such that viv3 € E(G). If
v1v3 ¢ E(G), then both vy and v are degree 1 vertices in F' —u = P3. So, vy is the degree 2
vertex in F'—u. If wy € V/(H), we would pick x5 as z; and v as our v; in the very beginning,.
So, we = v3. In this case, we can simply swap vs and vz(also ws) to ensure that vivs € E(G).

O

Clearly, the combination of the above three Lemmas gives Theorem 2211



H ™ Z. Vs H N\ /.l Vs
.}\ Y2 o gv: g
) ° > o
uz € E(T") wiz € E(T")

Figure (2.4) vw; € E(T") — E(G)

15
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PART 3

MINIMUM DEGREE CONDITION FOR SPANNING HALIN GRAPHS
AND SPANNING GENERALIZED HALIN GRAPHS

3.1 Notations and definitions

We consider simple and finite graphs only. Let G be a graph. Denote by e(G) the car-
dinality of E(G). Let v € V(G) be a vertex and S C V(G) a subset. The notation I'¢(v, S)
denotes the set of neighbors of v in S, and degg(v,S) = [T'g(v, S)|. We let I'g(v,S) =
S —T'g(v,S) and degg(v, S) = [T'g(v, S)|. Given another set U C V(G), define I'¢(U, S) =
Nuevla(w, S), dega(U,S) = |I'q(U,S)|, and Ng(U,S) = Uuevl'c(w,S). When U =
{uy,ug, -+ ,ux}, we may write I'¢(U, S), dege(U, S), and Ng(U, S) as U'g(uy, ug, - -+, ug, S),
dega(uy, ug, -+, ug, S), and Ng(uy,ug, -+, ug, S), respectively, in specifying the vertices in
U. When S = V(G), we only write I'¢(U), dege(U), and Ng(U). Let Uy, Uy C V(G)
be two disjoint subsets. Then g (U, Us) = min{degg(ui,Us) |uy € Uy} and Ag(Uy, Us) =
max{degg(ui,Us) | uy € U;}. Notice that the notations dg(Uy, Us) and Ag(Uy, Us) are not
symmetric with respect to U; and Uy. We denote by Eg(Uy, Us) the set of edges with one
end in U; and the other in Us, the cardinality of Eqg (Ui, Us) is denoted as eq (U, Us). We
may omit the index G if there is no risk of confusion. Let u,v € V(G) be two vertices. We
write v ~ v if u and v are adjacent. A path connecting u and v is called a (u,v)-path. If G
is a bipartite graph with partite sets A and B, we denote G by G(A, B) in emphasizing the
two partite sets. A matching in G is a set of independent edges; a A-matching is a set of
vertex-disjoint copies of K o; and a claw-matching is a set of vertex-disjoint copies of Kj 3.
The set of degree 2 vertices in a A-matching is called the center of the A-matching ; and the
set of degree 3 vertices in a claw-matching is called the center of the claw-matching. A cycle

C'in a graph G is dominating if G — V(C') is an edgeless graph.
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3.2 The Regularity Lemma and the Blow-up Lemma

The Regularity Lemma of Szemerédi [50] and Blow-up lemma of Komlds et al. [36] are
main tools used in finding a spanning Halin subgraph or spanning generalized Halin subgraph.

For any two disjoint non-empty vertex-sets A and B of a graph G, the density of A and

B is the ratio d(A, B) := 7%"5'). Let ¢ and 0 be two positive real numbers. The pair
(A, B) is called e-regular if for every X C A and Y C B with |X| > ¢|A| and |Y| > ¢|B|,
|d(X,Y)—d(A, B)| < ¢ holds. In addition, if deg(a, B) > 0| B| for each a € A and deg(b, A) >

0| Al for each b € B, we say (A, B) an (e, 0)-super regular pair.

Lemma 3.2.1 (Regularity lemma-Degree form [50]). For every ¢ > 0 there is an
M = M(e) such that if G is any graph with n vertices and d € [0, 1] is any real number, then
there is a partition of the vertex set V(G) into | + 1 clusters Vo, Vi,---, Vi, and there is a
spanning subgraph G' C G with the following properties.

o [ < M;

Vol < en, all clusters |V;| = |V;| < [en] forall1 <i#j <I;

deger(v) > dega(v) — (d+e)n for allv € V(G);

e(G'Vi]) =0 for all i > 1;

all pairs (V;,V;) (1 <i < j <) are e-reqular, each with a density either 0 or greater
than d.

Lemma 3.2.2 (Blow-up lemma-weak version [36]). Given a graph R of order r and
positive parameters 0, A, there exists a positive € = (5, A, 1) such that the following holds.
Let ny,ng, -+ ,n, be arbitrary positive integers and let us replace the vertices vy, vq,- -+ , Uy
with pairwise disjoint sets Vi, Va, -+ V. of sizes ny,ng, -+, n, (blowing up). We construct
two graphs on the same vertex set V.= \JVi. The first graph K is obtained by replacing
each edge v;v; of R with the complete bipartite graph between the corresponding vertex sets

Vi and V;. A sparser graph G is constructed by replacing each edge v;v; arbitrarily with an
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(g, 0)-super reqular pair between V; and V;. If a graph H with A(H) < A is embeddable into

K then it is already embeddable into G.

Lemma 3.2.3 (Blow-up lemma-strengthened version [36]). Given ¢ > 0, there are
positive numbers € = (0, A,r,c) and v = (3, A, r,¢) such that the Blow-up lemma in the
equal size case (all |V;| are the same) remains true if for every i there are certain vertices x
to be embedded into V; whose images are a priori restricted to certain sets C, C V; provided

that
(i) each C, within a V; is of size at least c|V;|;

(ii) the number of such restrictions within a V; is not more than ~v|V;|.

Besides the above two lemmas, we also need the two lemmas below regarding regular

pairs.

Lemma 3.2.4. If (A, B) is an e-reqular pair with density d, then for any A" C A with
|A’| > €|A|, there are at most e|B| vertices b € B such that deg(b, A’) < (d — ¢)|A’|.

Lemma 3.2.5 (Slicing lemma). Let (A, B) be an e-regular pair with density d, and for
some v > ¢, let A C A and B' C B with |A'| > v|A|, |B'| > v|B|. Then (A, B’) is an

e'-reqular pair of density d’, where & = max{e/v,2¢} andd > d — .

The following two results on hamiltonicity are used in finding hamiltonian cycles in the

proofs.

Lemma 3.2.6 ([45]). If G is a graph of order n satisfying d(z) +d(y) > n+1 for every pair

of nonadjacent vertices x,y € V(G), then G is hamiltonian-connected.

Lemma 3.2.7 ([42]). Let G be a balanced bipartite graph with 2n vertices. If d(z) + d(v) >

n+ 1 for any two non-adjacent vertices x,y € V(QG), then G is hamiltonian.

3.3 Dirac’s sondition for spanning Halin graphs

3.3.1 Introduction

A classic theorem of Dirac [19] from 1952 asserts that every graph on n vertices with

minimum degree at least n/2 is hamiltonian if n > 3. Following Dirac’s result, numerous
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results on hamiltonicity properties on graphs with restricted degree conditions have been
obtained (see, for instance, [26] and [25]). Traditionally, under similar conditions, results for
a graph being hamiltonian, hamiltonian-connected, and pancyclic are obtained separately.
We may ask, under certain conditions, if it is possible to uniformly show a graph possessing
several hamiltonicity properties. The work on finding the square of a hamiltonian cycle in a
graph can be seen as an attempt in this direction. However, it requires quite strong degree
conditions for a graph to contain the square of a hamiltonian cycle, for examples, see [21],
[22], [37], [9], and [49]. For bipartite graphs, finding the existence of a spanning ladder is a
way of simultaneously showing the graph having many hamiltonicity properties (see [16] and
[17]). In this paper, we introduce another approach of uniformly showing the possession of
several hamiltonicity properties in a graph: we show the existence of a spanning Halin graph
in a graph under given minimum degree condition.

A tree with no vertex of degree 2 is called a homeomorphically irreducible tree (HIT).
A Halin graph H is obtained from a HIT T of at least 4 vertices embedded in the plane
by connecting its leaves into a cycle C' following the cyclic order determined by the embed-
ding. According to the construction, the Halin graph H is denoted as H = T'U C, and the
HIT T is called the underlying tree of H. A wheel graph is an example of a Halin graph,
where the underlying tree is a star. Halin constructed Halin graphs in [27] for the study of
minimally 3-connected graphs. Lovasz and Plummer named such graphs as Halin graphs in
their study of planar bicritical graphs [40], which are planar graphs having a 1-factor after
deleting any two vertices. Intensive researches have been done on Halin graphs. Bondy [5] in
1975 showed that a Halin graph is hamiltonian. In the same year, Lovdsz and Plummer [40]
showed that not only a Halin graph itself is hamiltonian, but each of the subgraph obtained
by deleting a vertex is hamiltonian. In 1987, Barefoot [2] proved that Halin graphs are
hamiltonian-connected, i.e., there is a hamiltonian path connecting any two vertices of the
graph. Furthermore, it was proved that each edge of a Halin graph is contained in a hamil-
tonian cycle and is avoided by another [48]. Bondy and Lovész [6], and Skowronska [47],

independently, in 1985, showed that a Halin graph is almost pancyclic and is pancyclic if the
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underlying tree has no vertex of degree 3, where an n-vertex graph is almost pancyclic if it
contains cycles of length from 3 to n with the possible exception of a single even length, and
is pancyclic if it contains cycles of length from 3 to n. Some problems that are NP-complete
for general graphs have been shown to be polynomial time solvable for Halin graphs. For
example, Cornuéjols, Naddef, and Pulleyblank [15] showed that in a Halin graph, a hamilto-
nian cycle can be found in polynomial time. It seems so promising to show the existence of
a spanning Halin subgraph in a given graph in order to show the graph having many hamil-
tonicity properties. But, nothing comes for free, it is NP-complete to determine whether a
graph contains a (spanning) Halin graph [30].

Despite all these nice properties of Halin graphs mentioned above, the problem of deter-
mining whether a graph contains a spanning Halin subgraph has not yet well studied except
a conjecture proposed by Lovédsz and Plummer [40] in 1975. The conjecture states that every
4-connected plane triangulation contains a spanning Halin subgraph (disproved recently [10]).
In this paper, we investigate the minimum degree condition for implying the existence of
a spanning Halin subgraph in a graph, and thereby giving another approach for uniformly
showing the possession of several hamiltonicity properties in a graph under a given minimum

degree condition. We obtain the following result.

Theorem 3.3.1. There exists ng > 0 such that for any graph G with n > ng vertices, if

0(G) > (n+1)/2, then G contains a spanning Halin subgraph.

Note that an n-vertex graph with minimum degree at least (n + 1)/2 is 3-connected if
n > 4. Hence, the minimum degree condition in Theorem [3.3.1] implies the 3-connectedness,
which is a necessary condition for a graph to contain a spanning Halin subgraph, since every
Halin graph is 3-connected. A Halin graph contains a triangle, and bipartite graphs are
triangle-free. Hence, K|z rny contains no spanning Halin subgraph. Immediately, we see

that the minimum degree condition in Theorem B3] is best possible.
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3.3.2 Ladders and “ladder-like” Halin graphs

In constructing Halin graphs, we use ladder graphs and a class of “ladder-like” graphs

as substructures. We give the description of these graphs below.

Definition 3.3.1. An n-ladder L, = L,(A, B) is a balanced bipartite graph with A =
{a1,a9,--- ,a,} and B = {by, by, - by} such that a; ~ b; iff |i —j| < 1. We call a;b;
the i-th rung of L,. If 2n(mod 4) = 0, we call each of the shortest (a1, b,)-path and (by, a,)-
path a side of L,; otherwise we call each of the shortest (a1, a,)-path and (b, b,)-path a side
of Ly,.

Let L be a ladder with zy as one of its rungs. For an edge gh, we say zy and gh are
adjacent if © ~ g,y ~ h or x ~ h,y ~ g. Suppose L has its first rung as ab and its last
rung as cd. We denote L by ab — L — cd in specifying the two rungs, and we always assume
that the distance between a and ¢ is |[V(L)|/2 (we make this assumption for being convenient
in constructing other graphs based on ladders). Under this assumption, we denote L as
a% —L— ;l Let A and B be two disjoint vertex sets. We say the rung zy of L is contained
in A x B if either z € Ay € Borz € B,y € A. Let L’ be another ladder vertex-disjoint
with L. If the last rung of L is adjacent to the first rung of L', we write LL’ for the new
ladder obtained by concatenating L and L’. In particular, if L' = gh is an edge, we write
LL" as Lgh.

We now define five types of “ladder-like” graphs, call them H;, Ho, H3, Hy and Hs,
respectively. Let L, be a ladder with a;b; and a,b,, as the first and last rung, respectively,
and x,y, z,w,u five new vertices. Then each of H; is obtained from L, by adding some
specified vertices and edges as follows. Additionally, for each ¢ with 1 <7 < 5, we define a

graph T; associated with H;.

Hi;: Adding two new vertices x,y and the edges xaq, xb, ya,, yb, and zy.

Let Tl = Hl[{xayaalvbluanubn}]-

H,: Adding three new vertices x,y, z and the edges zaq, zby, xz, xby, ya,, yb, and zy.
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Let T2 = HQ[{LE, Yy, z,0a1, bl, Ay, bn}]

Hj: Adding three new vertices x,y, z and the edges xaq, xby, ya,, yb,, either za; or zb; for

some 2 <7<n—1and xz,yz.

Let T3 - H3[{$aya Z7alablaanabn}]‘

Hy:  Adding four new vertices z, ¥y, z, w and the edges way, wby, xrw, by, ya,, yb,, either za;

or zb; for some 2 <i<n—1and zz,yz.

Let T4 - H4[{$a Yy, z,w,a, bl> Ap, bn}]

Hs: Adding five new vertices x, ¥, z, w, u.

If 2(n — 1)(mod 4) = 2, adding the edges way, wby, xw, xby, uay,, ub,, yu, yb,, either za;

or zb; for some 2 <i<n—1and zz,yz ;

and if 2(n—1)(mod 4) = 0, adding the edges way, wby, zw, xby, ua,, ub,, yu, ya,, either

za; or zb; for some 2 <¢ <n—1and zz,yz.

Let Ts = Hs[{x,y, z, w,u, aq, by, a,, b, }].

Let e =1,2,---,5. Notice that each of H; is a Halin graph and except H;, each H; has
a unique underlying tree. Notice also that zy is an edge on the cycle along the leaves of any
underlying tree of H;. For each H;, call x the left end and y the right end, and call a vertex of
degree at least 3 in the underlying tree of H; a Halin constructible vertex. By analyzing the
structure of H;, we see that each of the vertices on one side of the ladder H; — {z,y, z, w, u}
is a Halin constructible vertex. Noting that any vertex in V(H;) — {z,y} can be a Halin
constructible vertex. In Figure Bl we depict a ladder Ly, Hy, Hy, H3, Hy, H5 constructed
from L4, and the graph T} associated with H;. We call a;b; the head link of T; and a,b,, the
tail link of T, and for each of Ty, Ty, Ts, we call the vertex z not contained in any triangles
the pendent vertex . The notations of H; and T} are fixed hereafter.

Let T € {T},---,T5} be a subgraph of a graph G. Suppose that T has head link ab,

tail link cd, and possibly the pendent vertex z. It is clear that if G — V(T contains a
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spanning ladder L with first rung c;d; and last rung c,d, such that c;d; is adjacent to ab,
cnd, is adjacent to cd, and z is adjacent some vertex z’ on some internal rung of L if z
exists, then abLed UT or abLed UT U {z2'} when z exists is a spanning Halin subgraph of
G. This technique is frequently used later on in constructing a Halin graph. The following

proposition gives another way of constructing a Halin graph based on H; and H,.

Proposition 3.3.1. For i = 1,2, let G; € {Hy, Hs} with left end x; and right end y;
be defined as above, and let u; € V(G;) be a Halin constructible vertex, then Gy U Gy —

{z1y1, T2y } U {m129, 11Y2, urus} is a Halin graph spanning on V(G1) UV (G,).

Proof. Fori=1,2, let G; be embedded in the plane, and let T¢;, be a underlying plane
tree of G;. Then 17" := T, U T, U {ujus} is a homeomorphically irreducible tree spanning
on V(G;) UV(Gz). Moreover, we can draw the edge ujus such that T, U Tg, U {ugus} is
a plane graph. Since G;[E(G; — T¢,) — {x;y:}] is an (=4, y;)-path spanning on the leaves of
T, obtained by connecting the leaves following the order determined by the embedding, we
see G1[E(G1 —Tg,) — {x1y1}| UG [E(Gy — Tg,) — {waya ] U {122, 1192} is a cycle spanning
on the leaves of T” obtained by connecting the leaves following the order determined by the

embedding of 7". Thus G U Gy — {x1y1, T2y2} U {122, Y142, uius} is a Halin graph. O

3.3.3 Proof of Theorem B.3.1]

In this section, we prove Theorem B.3.1] Following the standard setup of proofs applying
the Regularity Lemma, we divide the proof into non-extremal case and extremal cases. For
this purpose, we define the two extremal cases in the following.

Let G be an n-vertex graph and V its vertex set. Given 0 < 3 < 1, the two extremal
cases are defined as below.

Extremal Case 1. G has a vertex-cut of size at most 54n.

Extremal Case 2. There exists a partition V; U V5 of V' such that |V| > (1/2 — 78)n and
A(GIV1]) < fn.

Non-extremal case. We say that an n-vertex graph with minimum degree at least (n+1)/2

is in non-extremal case if it is in neither of Extremal Case 1 and Extremal Case 2.
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T Ty T3 Ty Ts

Figure (3.1) L4, H; constructed from L4, and T; associated with H; for each i =1,2,--- .5

The following three theorems deal with the non-extremal case and the two extremal

cases, respectively, and thus give a proof of Theorem [B3.3.11

Theorem 3.3.2. Suppose that 0 < 8 < 1/(20 - 17%) and n is a sufficiently large integer.
Let G be a graph on n vertices with 6(G) > (n+ 1)/2. If G is in Extremal Case 1, then G

contains a spanning Halin subgraph.

Theorem 3.3.3. Suppose that 0 < 3 < 1/(20 - 17%) and n is a sufficiently large integer.
Let G be a graph on n vertices with 6(G) > (n+1)/2. If G is in Extremal Case 2, then G

contains a spanning Halin subgraph.

Theorem 3.3.4. Let n be a sufficiently large integer and G an n-vertex graph with §(G) >

(n+1)/2. If G is in the Non-extremal case, then G has a spanning Halin subgraph.

We need the following “Absorbing Lemma” in each of the proofs of Theorems -

[3.4.3]in dealing with “garbage” vertices.

Lemma 3.3.1 (Absorbing Lemma). Let F' be a graph such that V (F) is partitioned as SUR.
Suppose that (i) §(R,S) > 3|R|, (i1) for any two vertices u,v € N(R,S), deg(u,v,S) > 6|R|,
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and (i) for any three vertices u,v,w € N(N(R,S),S5), deg(u,v,w,S) > 7|R|. Then there

is a ladder spanning on R and some other T|R| — 2 vertices from S.

Proof. Let R = {wy,wy, - ,w,.}. Consider first that |r| = 1. Choose 11, 12, 713 €
['(wy,S). By (ii), there are distinct vertices yi, € T'(x11, %12, S) and yas € T'(z12, 213, S).

Then the graph L on {wy, z11, T12, T13, Y19, Y23 } With edges in

1 1 1 1
{w1$11, W1T12, W1T13, Y1211, Y1212, Y3212, y23x13}

is a ladder covering R with |V (L)| = 6. Suppose now r > 2. For each ¢ with 1 < i < r, choose
distinct (and unchosen) vertices x;1, T, ;3 € I'(w;, S). This is possible since deg(z,S) >
3| R| for each z € R. By (ii), we choose distinct vertices Y1y, ¥as, - - , Yio, Ybs different from the
existing vertices already chosen such that yiy € I'(z1, 242, S) and yis € ['(249, 243, S) for each
1, and at the same time, we chose distinct vertices 21, 2o, - - - , 2,_1 from the unchosen vertices
in S such that z; € I'(@3, 2(;41),1, 5) for each 1 <4 <r — 1. Finally, by (iii), choose distinct
vertices uy, us, - - -, u,—; from the unchosen vertices in S such that u; € I'(x;3, 5411, 2, S).

Let L be the graph with

V(L) = RU{zq, xi2, Ti3, Yio, Yo, Zis Uis Trl, Try Tr3, Y1o, Yos [1<i<r—1} and

E(L) consisting of the edges w, &1, W, Tr2, Wrlr3, YioTr1, YioTra, YssTra, YosTrg and the edges

indicated below for each 1 <1¢ <r — 1:

Wi ~ Ti1, Xi2, T435 Y19 ™~ L1, Li2; Yoz ™~ Li2, L35 Zi ™~ Li3, Lit1,15 Ui ™~ Ti3, Lit1,1, 24

It is easy to check that L is a ladder covering R with |V (L)| = 8r — 2. Figure gives a
depiction of L for |R| = 2. O

The following simple observation is heavily used in the proofs explicitly or implicitly.

Lemma 3.3.2. Let U = {uj,uy- -+ ,ui}, S C V(G) be subsets. Then deg(uy, ug, -+, ug, S) >
S| = (degg(ur, S) + - + degg(ux, S)) = [S| = k(|S| = 6(U, 5)).
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Z11

1
Y12

Figure (3.2) Ladder L of order 14

Extremal Case 1 is relatively easy among the three cases, therefore we prove Theo-

rem B.3.2] first below.

3.3.3.1 Proof of Theorem [3.3.2] We assume that G has a vertex-cut W such that
(W] < 58n. As §(G) > (n+ 1)/2, by simply counting degrees we see G — W has exactly
two components. Let V; and V5 be the vertex set of the two components, respectively. Then

(1/2 =58)n < |V;| < (1/2+ 58)n. We partition W into two subsets as follows:

Wy ={w e W|deg(w,V1) > (n+1)/4—256n} and Wyo=W — Wj.

As §(G) > (n+1)/2, we have deg(w,V3) > (n+ 1)/4 — 2.50n for any w € Wy, Since G
is 3-connected and (1/2 — 58)n > 3, there are three independent edges p1pa, ¢1g2, and ri79
between G[V; U W] and G|V, U Wy with py, g1, 71 € Vi U Wy and pa, ga, 7o € Vo U Wi

For i = 1,2, by the partition of W, we see that 6(W;,V;) > 3|W;| + 3. As §(G) >
(n+1)/2, we have 6(G[V;]) > (1/2 — 55)n. Then, as |V;| < (1/2 4 58)n, for any u,v € V;,
deg(u,v,V;) > (1/2 — 258)n > 6|W;| + 2, and for any u,v,w € V;, deg(u,v,w,V;) > (1/2 —
3508)n > T|W;| + 2. By Lemma[3.4.2] we can find a ladder L; spans W; — {p;, ¢;} and another
TIW; — {pi, ¢;}| — 2 vertices from V; — {p;, ¢;} if W; — {pi, ¢;} # 0. Denote a;b; and c¢;d; the
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first and last rung of L; (if L; exists), respectively. Let

Gy =GV, — V(L)] and n; =|V(G)|-

Then for i =1, 2,

n; > (n+1)/2=56n—"7|W;| > (n+1)/2—408n and 4(G;) > §(G[Vi])=7|W;| > (n+1)/2—4006n.

Let © = 1,2. We now show that G; contains a spanning subgraph isomorphic to either
H, or H, as defined in the beginning of this section. Since |n;| < (1/2+ 56)n and 0(G;) >
(n+1)/2—408n, any subgraph of G; induced on at least (1/4 —405)n vertices has minimum
degree at least (1/4 — 85/)n, and thus has a matching of size at least 2. Hence, when n; is

even, we can choose independent edges e; = x;y; and f; = z;w; with

i, Yi € FGi(pi) - {qz} and  z,w; € FGi(qi) - {pz}

(Notice that p; or ¢; may be contained in W, and in this case we have degg, (pi), dege, (¢;) >

(1/4 — 408)n.) And if n; is odd, we can choose independent edges ¢;y; and f; = z;w; with

9i, Tiy Yi € FGi(pi) - {%}Ji €l'g, (Qz‘, yi) - {pi7 Qi} and  z,w; € FGi(qi) - {xz‘,pi},

where the existence of the vertex x; is possible since the subgraph of G; induced on I'g, (p;)
has minimum degree at least (1/2 —408)n — ((1/2+ 58)n — [T, (p:)]) > |Ta, (pi)| — 4560,

and hence contains a triangle. In this case, again, denote e; = z;y;. Let

G =G — {pi, 4}, if n; is even;

G =G —{pi, ¢i, 9:}, if n; is odd.

By the definition above, |V (G})] is even.

The following claim is a modification of (1) of Lemma 2.2 in [17].
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Claim 3.3.1. Fori = 1,2, let a}b}, c,d; € E(G!) be two independent edges. Then G; contains
two vertex disjoint ladders Qn and Q;a spanning on V(G,) such that Qn has e; = x;y; as
its first rung, a,b} as its last rung, and Qo has cid; as its first rung and f; = z;w; as its last

rung, where e; and f; are defined prior to this claim.

Proof. We only show the claim for 7 = 1 as the case for i = 2 is similar. Notice that by
the definition of GY, |V (G})] is even. Since |V (G})| < (1/2+50)n and §(G}) > (n+1)/2 —
408n — 2 > |V(G7)|/2 + 8, G has a perfect matching M containing ey, fi1,a}b}, c;d;. We
identify ) and ¢} into a vertex called ¢, and identify b} and d into a vertex called #'. Denote
G as the resulting graph and let 't € E(GY) if the two vertices are not adjacent. Partition
V(GY) arbitrarily into U and V with |U| = |V| such that xy, 21,8 € U, yy,w;,t' € V, and let
M'":= M — {ayb},cidy} U{s't"} € Eg (U, V). Define an auxiliary graph H’ with vertex set
M’ and edge set defined as follows. If xy,uv € M’ with x,u € U then xy ~g uv if and only
if z ~g, vand y ~g u (we do not include the case that x ~¢g; wand y ~¢g v as we defined
a bipartition here). Particularly, for any pg € M’ — {s't'"} with p € U, pqg ~g s't' if and
only if p ~¢g: by, d; and q ~¢ a}, c}. Notice that a ladder with rungs in M’ is corresponding
to a path in H’ and vice versa. Since (1/2 —408)n — 2 < |[V(G))| < (1/2+58)n — 2 and
(G) > (n+1)/2 —408n — 2, any two vertices in G} has at least (1/2 — 1305)n common
neighbors. This together with the fact that |U| = |V| < |[V(GY)|/2 < (1/4 + 2.55)n gives
that 6(U, V), 8(V,U) > (1/4 — 132.55)n. Hence

S(H') > (1/4—132.58)n—((1/4+ 2.58)n — (1/4 — 132.58)n) = (1/4—267.58)n > |V (H")|/2+1,

since < 1/2200 and n is very large. Hence H' has a hamiltonian path starting with ey,

/

ending with f;, and having s'#' as an internal vertex. The path with s't’ replaced by a/b]
and c¢|d} is corresponding to the required ladders in Gj. O
We may assume n; is even and ns is odd and construct a spanning Halin subgraph

of G (the construction for the other three cases follow a similar argument). Recall that

P1D2, q1q2, 172 are the three prescribed independent edges between G[V;UW;]| and G[VoUW,],
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where pi,q1,r1 € Vi UWj and po, qo, g2, 72 € Vo U Wy, For a uniform discussion, we may
assume that both of the ladders L; and L, exist. Let ¢ = 1,2. Recall that L; has a;b;
as its first rung and c;d; as its last rung. Choose a; € T'g(a;), b; € T'g(b;) such that
a;b; € E(G) and ¢ € Tai(c), d; € T'gr(d;) such that cd; € E(G). This is possible as
(G) > (n+1)/2—408n—2. Let Q1; and Qy; be the ladders of G} given by Claim B3] Set
H, = Q11 L1Q12 U {p1x1, p1v1, 171, w1 }. Assume Q21 L2095 is a ladder can be denoted as
x2—)y2 — 21 L2(Q92 — m To make ro a Halin constructible vertex, we let Hy = Q91 L0 U
{9222, G2y2, P22, P2y, Ga22, owa} if 7 is on the shortest (y2, w2)-path in Q21 LaQ2, and let
Hy = Q21 L2Q2 U{ 922, Gaya, Paga, PaTa, G222, gaw2 } if 3 is on the shortest (zq, 22)-path (recall
that g1, 21,11 € I'g,(p1)). Let H = H, U HyU{p1p2, 172, q1q2}. Then H is a spanning Halin
subgraph of G by Proposition B3I as H, U {piq1} = Hy and H, U {paq2} = H,. Figure 3.3
gives a construction of H for the above case when ry is on the shortest (ys,ws)-path in

Q21L2Q22-

Figure (3.3) A Halin graph H
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3.3.3.2 Proof of Theorem [3.3.3] Recall Extremal Case 2: There exists a partition
Vi UV, of V such that [Vi| > (1/2 — 78)n and A(G[V4]) < fn. Since §(G) > (n+ 1)/2, the

assumptions imply that
(1/2=78)n < Vi < (1/2+ B)n and  (1/2—B)n < V3| < (1/2+706)n.

Let B and a be real numbers satisfying f < /20 and a < (1/17)%. Set oy = «!'/3 and

ay = a3 We first repartition V(G) as follows.

Vs = {veValdeg(v,V1) = (1 — an)[Vil}, Vor = {v € Va = Vi | deg(v,V3) = (1 — o) [V},

V= ViUVy, and Vo=Vo— V5 — Vi
Claim 3.3.2. [Vpu, [Vo| < [Va — VJ| < a|Val.

Proof. Notice that e(V1,V5) > (1/2 = 78)n|Va| > L22VA||Va| > (1 — a)|VA||Va| as

f < «/20. Hence,
1 —a)W[Va] < e(Vi, Vo) <e(Vi,V3) +e(Vi, Vo = V) < VA|[Va] + (1 — an) VAl[Va — V3.

This gives that |V, — VJ| < as|Va|, and thus [V |, [Vo| < [Va — V3| < as|Va. O

As a result of moving vertices from V5 to V; and by Claim [3.3.2] we have the following.

A(GV])

IA

Bn + |Vor| < pn+ as| Vs,

oV, V3)

v

(1/2=B)n— V2 = V3] 2 (1/2 = B)n — aa| V4,
o(Vy, Vi)

v

(1—a)[Vi| =2 (1 —en)(1/2 = 7B)n, (3.1)

0(Vo, V1)

v

(n+1)/2 = (1= a)|Vy| = [Vol = 3azn + 8 = 3[Vp| + 10,
0(Vo, V3)

v

(n+1)/2 = (1 —a)|Vh| = [Vo| > 3asn + 8 > 3|Vp| + 10,

where the last two inequalities hold because we have 78 + 10/n < «, and o < (1/8)3.
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Claim 3.3.3. We may assume that A(G) < n — 1.

Proof. Suppose on the contrary and let w € V(G) such that deg(w) = n — 1. Then
by 0(G) > (n + 1)/2 we have §(G — w) > (n — 1)/2, and thus G — w has a hamiltonian
cycle. This implies that G has a spanning wheel subgraph, in particular, a spanning Halin

subgraph of G. 0

Claim 3.3.4. There exists a subgraph T C G such that |V (T)| = n(mod 2), where T is
isomorphic to some graph in {Ty,Ty, -+ ,T5}. Assume that T has head link z1x5 and tail
link y1y2. Let m =n—|V(T)|. Then G-V (T) contains a balanced spanning bipartite graph
G with partite sets Uy and Uy and a subset W of Uy U Uy with at most can vertices such
that the following holds:

(i) deger(z, V(G') = W) > (1 —ay — 2a0)m for all x ¢ W;

(i) There exists ¥\ x5, yiyy € E(G') such that x},y. € U;—W, o, ~ x;, and y4_, ~ y;, for

i =1,2; and if T has a pendent vertex, then the vertez is contained in VUV —W.

i11) There are |W| vertex-disjoint 3-stars (K13s) in G" — {2, b, vy}, y4} with the vertices
: 1 T2 Y15 Y2

i W as their centers.

Proof. By (B, for : = 1,2, we notice that for any w,v,w € V/,

deg(u,v,w,Vy_;) > [V = 3(|Vsil = 6(V/, Vi) = (1/2 = 288 — Ban)n > n/4.(3.2)

We now separate the proof into two cases according to the parity of n.
Case 1. n is even.

Suppose first that max{|V/|,|V5|} < n/2. We arbitrarily partition V4 into Vjy and
Voo such that |Vy U Vig| = V4 U V| = n/2. Suppose G[V]]| contains an edge z;u; and
there is a vertex uy € I'(uq, Vy) such that wuy is adjacent to a vertex yo € V,. By (B2),
there exist distinct vertices xo € I'(z1,u1, V5) — {y2, w1}, y1 € I(y2, ug, V) — {z1,u1}. Then

G[{z1,u1,22,y1,u1,y2}] contains a subgraph 7T isomorphic to 7. So we assume G[V/]



32

contains an edge zju; and no vertex in I'(uq,Vy) is adjacent to any vertex in Vj. As
IG) > (n+1)/2, §(G[V5 U Vy|) > 1. Let ug € I'(ug, V) and usys € E(G[VY U Vay)).
Since deg(ug, Vi) = (n +1)/2 — [Vo| > [V] U Vio| — [Vo| and deg(ya, Vi) = 3[Vo| + 10,
deg(uz, y2, VIUV10) = 2|Vo[+10. Let x5 € I'(w1, u1, V3) —{ya, ua}, 1 € (yz, ua, Vi) —{21, wa}.
Then G[{z1,uy,x2,y1,us,y2}] contains a subgraph 7" isomorphic to 7;. By symmetry, we
can find 7" = Ty if G[V;] contains an edge. Hence we assume that both V] and Vj are
independent sets. Again, as §(G) > (n+ 1)/2, §(G[V] U Viq]), 6(G[Vy U Vag]) > 1. Let
riuy € E(G[V] U Vi) and youy € E(G[VY U Vy)) such that z; € V{ and uy € I'(uy, V3).
Since deg(x1,Vy) > (n+1)/2 — |Vo| > V5 U Vao| — |Vo| and deg(uq, Vy) > 3|Vo| + 10, we
have deg(x1,uy, Vy) > 2|V + 10. Hence, there exists zo € T'(x1,u1, Vy) — {y2, ug}. Similarly,
there exists y1 € ['(ya, ug, V{) — {x1,u1}. Then G[{x1, u1, 22, y1, us, y2}| contains a subgraph
T isomorphic to T}. Let m = (n—6)/2,U; = (V] = V(T))UVjg and Uy = (Vg —V(T)) U Va,
and W =V, — V(T'). We then have |U,| = |Us| = m.

Let G' = (V(G) — V(T), E¢(Uy,Us)) be the bipartite graph with partite sets U; and
Us. Notice that |[W| < |Vo| < ag|Va| < agn. By B), we have degg: (z, V(G') — W) >
(1 — oy — 2a9)m for all ¢ W. This shows (i). By the construction of 7" above, we have
x1,y1 € V{. Let i = 1,2. By (B1]), we have 6(Vy, U; — W) > 3|Vp| + 6. Applying statement
(i), we have eq/(Dgr (1, Uy — W), D (x9, Uy — W), e (T (1, Uy — W), T (yo, Uy — W) >
(3|Vo| + 4)(1 — 204 — 4ay)m > 2m. Hence, we can find independent edges 225 and yjy5
such that zf,y; € U, — W, a%_, ~ x;, and y5_, ~ y;. This gives statement (ii). Finally, as
d(Vo, Ui — W) > 3|Vo| + 6, we have 6(Vy, U; — W — {x), xh, 41, y5}) > 3|Vo| + 2. Hence, there
are |W| vertex-disjoint 3-stars with their centers in W.

Otherwise we have max{|V/],|VJ|} > n/2. Assume, w.lLo.g., that |V/| > n/2 + 1.
Then §(G[V{]) > 2 and thus G[V]] contains two vertex-disjoint paths isomorphic to P3
and P,, respectively. Let m = (n — 8)/2. We consider three cases here. Case (a):
VI| =5 < m. Then let zyuywy,y1v; € G[V{] be two vertex-disjoint paths, and let
g € D(xy,up,w, V), y2 € T'(y1,v1,Vs) and 2z € T'(wy,v1,V;) be three distinct vertices.

Then G[{x1,u1,ws, T2, 2,41, 1, Y2}] contains a subgraph 7' isomorphic to 7. Notice that
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Vg — V(T)| < m. We arbitrarily partition V into Vi and Vo such that |V} U Vig| =
Vo U V| =m. Let Uy = (V] = V(T))U Vi, Uy = (Vi — V(T)) U Vyy, and W = V{). Hence
we assume |V/| —5 = m+1t; for some t; > 1. This implies that |V]| > n/2+t; + 1 and thus
S(GIV]]) > t1 +2. Let V be the set of vertices u € V] such that deg(u,V]) > a;m. Case
(b): |V?| > |V/| =5 — m. Then we form a set W with V]| — 5 —m vertices from V" and all
the vertices of Vy. Then |[V/ —W|=m+5+t —(|V{/|-5—m) =m+5=n/2+1, and
hence 0(G[V) — W]) > 2. Similarly as in Case (a), we can find a subgraph 7" of G contained
in G[V] — W] isomorphic to Ty. Let Uy = V] —=V(T) - W, Uy = (V§ — V(T)) U W.
Then |U;| = |Us] = m. Thus we have Case (c): |[VP| < |[VJ] — 5 — m. Suppose
that [V} — V| = m+ 5+, = n/2+ ¢ + 1 for some ¢ > 1. This implies that
S(GIV] = VP]) >ty +2. We show that G[V] — V] contains #; + 2 vertex-disjoint 3-stars.
To see this, suppose G[V/ — V] contains a subgraph M of at most s < t| + 2 3-stars. By
counting the number of edges between V(M) and V] — V? — V(M) in two ways, we get that
HIV] =V = V(M) < egyp(V(M), V] = V¥ = V(M)) < 4sA(G[VY = V}]) < 4saym. Since
V] =VP| = m+5+t, =n/2+t)+1, |[V] =V =V (M)| > m—3t) > m—6aym, where the last
inequality holds as |V{| < (1/24 8)n+ as|V5y| implying that ¢ < |[V/| =m —5 < 2asm. This,
together with the assumption that o < (1/8)% gives that s > t| +2, showing a contradiction.
Hence we have s >t} 4+ 2. Let z;ujw; and y;v; be two paths taken from two 3-stars in M.
Then we can find a subgraph 7' of G isomorphic to T the same way as in Case (a). We
take exactly t| 3-stars from the remaining ones in M and denote the centers of these stars
by W' Let Uy = Vi — VO — V(T) = W', W = W' UVOU Vp, and Uy = (V§ — V(T)) UW.
Then |U;| = |Us| = m.

For the partition of U; and Us in all the cases discussed in the paragraph above, we let
G'=(V(G)—=V(T), Eq(Uy,Us)) be the bipartite graph with partite sets U; and Us. Notice
that [W| < |Vo| < agn if Case (a) occurs, |[W| < |Vo|+|V/|—m—5 < (1/248)n+|Vo|—n/2 <
agn if Case (b) occurs, and |W| = [W/UVPUVy| = |[V] =U, =V (T)|+|Vo| < (1/2+8)n—(1/2—
Dn+ |Vo| < agn if Case (c¢) occurs. Since 0(Vy, V)) > (1 —aq)|V4| from BI) and |V) —U;| <
2a9m, we have 0(Uy — W, Uy — W) > (1 — a; — 2az)m. On the other hand, from (B.1]),
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S(VI,V5) > (1/2 — B)n — as|Va|. This gives that §(U; — W, Uy — W) > (1 — oy — 2a9)m.
Hence, we have dege/ (z, V(G') — W) > (1 — a3 — 2an)m for all = ¢ W. Applying statement
(i), we have eq/ (D (21, Uy — W), T (29, Uy = W), e (D (y1, U — W), T (ya, Uy — W)) >
(3|Vo| +4)(1 — 2y —4az)m > 2m. Hence, we can find independent edges x|z and yjy5 such
that «f,y; € Uy — W, af_, ~ x;, and y5_, ~ y;. By the construction of 7', T' is isomorphic
to Ty, and the pendent vertex z € V; C V; U V) — W. This gives statement (ii). Finally, as
d(Vo,Up — W) > 3agn+ 5 > 3|W| + 5, we have 6(Vo, Uy — W — {a}, 2, i, y5}) > 3|W |+ 1.
By the definition of V2, we have §(V, V/ — W — {z, 25, v}, y4}) > cxm — aan — 4 > 3|W|.
For the vertices in W’ in Case (c), we already know that there are vertex-disjoint 3-stars in
G’ with centers in W’. Hence, regardless of the construction of W, we can always find |W|
vertex-disjoint 3-stars with their centers in W.

Case 2. n is odd.

Suppose first that max{|V/],|V5|} < (n +1)/2 and let m = (n — 7)/2. We arbitrarily
partition Vj into Vip and Vi such that, w.lo.g., say |V U Vig| = (n + 1)/2 and |V4 U
Vool = (n — 1)/2. We show that G[V/ U Vjg| either contains two independent edges or is
isomorphic to Ki (,—1y/2. As §(G) > (n + 1)/2, we have 6(G[V) U Vio]) > 1. Since n is
sufficiently large, (n +1)/2 > 3. Then it is easy to see that if G[V/ U Vio] 2 K (,-1)/2, then
G[V{ U Vip] contains two independent edges. Furthermore, we can choose two independent
edges xju; and yjv; such that uy,v; € V. This is obvious if [Vig] < 1. So we assume
Vil > 2. As 6(Vo, V) > 3|W| + 10, by choosing x1,y; € Vip, we can choose distinct
vertices uy € [(xy,V)) and vy € T'(y1, V{). Let 29 € T'(xy,u1, V3),y2 € T'(yp,v1,V5) and
z € I'(uy, vy, Vy). Then G[{xy,u1,xs,y1,v1,Yy2, 2} contains a subgraph 7' isomorphic to T5.
We assume now that G[V{ U Vjq] is isomorphic to K7 ,—1)/2. Let u; be the center of the
star K (n—1)/2. Then each leave of the star has at least (n — 1)/2 neighbors in V5 U Va.
Since |V U Vy| = (n — 1)/2, we have I'(v, Vg U Vag) = Vo U Vyg if v € V] U Vig — {u}.
By the definition of Vo, A(Vy, V{) < (1 — aq)|Vi| and A(Vp, V) < (1 — aq)|V3], and so
uy € V{, Vip = 0 and Voy = (). We claim that VJ is not an independent set. Otherwise, by
(G) > (n+1)/2, for each v € VJ, I'(v,V/) = V/. This in turn shows that u; has degree
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n — 1, showing a contradiction to Claim B33l So let yov, € E(G[V,]) be an edge. Let w; €
['(vg, V{) — {u1} and wyuyz; the path containing wy. Choose y; € T'(ys, vo, V) — {wy, uy, v}
and x5 € ['(xy, uq, wy, Vy)—{y1,v1}. Then G[{x1, uy, 2, w1, ve, y2, y1 }] contains a subgraph T’
isomorphic to Ty. Let Uy = (V/ =V (T))UVig and Uy = (V3 =V (T'))UVao and W = Vo=V (T).
We have |U;| = |Us| = m and |[W| < |Vp| < aon.

Otherwise we have max{|V/|,|V5|} > (n +1)/2 4+ 1. Assume, w.lo.g., that |V]| >
(n+1)/2 4 1. Then 0(G[V/]) > 2 and thus G[V/] contains two independent edges. Let
m = (n—7)/2 and V be the set of vertices v € V/ such that deg(u, V{) > aym. We consider
three cases here. Since |V/| > (n+1)/2+ 1 > m + 4, we assume |V]| = m + 4 + t; for some
t; > 1. Case (a): [V?] > |V/|—m—4. Then we form a set W with |V]|—4—m vertices from V}”
and all the vertices of Vj. Then |V =W/|=m+4+t; —(|V/|-4—m) =m+4 = (n+1)/2+1.
Then we have §(G[V) — W]) > 2. Hence G[V/ — W] contains two independent edges. Let
ruy, 1 C E(G[V] — W) be two independent edges, and let xo € I'(z1,u1,V3),y2 €
I'(y1,v1,Vy) and z € I'(wy, vy, V3) be three distinct vertices. Then G[{z1, u1, z2, 2, y1, v1, Yo }]
contains a subgraph 7" isomorphic to T5. Let Uy = V] = V(T) =W, Uy = (Vg = V(T))UW.
Then |Uy| = |Us| = m and |W| < |Vo| + |V] = Uh| < |V — V3| + Bn + 4aon. Thus we
have |[VP| < |V/] —4 — m. Suppose that |V/ = V| = m+4+t, = (n+1)/2 + ] for
some t; > 1. This implies that §(G[V} — V]) > ¢} + 1. Case (b): t; > 2. We show that
G[V] — V)] contains #; + 2 vertex-disjoint 3-stars. To see this, suppose G[V{ — V"] contains a
subgraph M of at most s vertex disjoint 3-stars. We may assume that s < t| + 2. Then we
have (1 = 1)[V{ = V¥ = V(M)| < eg_yp(V(M), V] = V¥ = V(M)) < 4sA(G[V{ = V/]). Since
V] =VP| = m+5+t], = (n+1)/2+¢t), |V =VL =V (M)| > m—3t) > m—6aym, where the last
inequality holds as |V/| < (1/24 8)n+ as|V5| implying that ¢ < |[V/| =m —5 < 2aym. This,
together with the assumption that o < (1/8)2 gives that s > #| +2, showing a contradiction.
Hence we have s > t] + 2. Let xju; and y;v; be two paths taken from two 3-stars in M,
and we can find a subgraph T" of G isomorphic to T3 the same way as in Case (a). We take

exactly t] 3-stars from the remaining ones in M and denote the centers of these stars by W'.

Let Uy = VI = V2 = V(T) =W/, W = W U VP UV, and U = (V{ — V(T)) UW. Then
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\Ui| = |Uz| = m. Case (c): t; = 1. In this case, we let m = (n—9)/2. If G[V/ — V}] contains
a vertex adjacent to all other vertices in V/ — V| we take this vertex to V. This gets back
to Case (a). Hence, we assume that G[V] — V}?] has no vertex adjacent to all other vertices
in V/ — V2. Then by the assumptions that §(G) > (n+1)/2 and |V} — V| = (n+1)/2+ 1,
we can find two copies of vertex disjoint P3s in G[V] — V’]. Let zjujw; and yjv12; be two
Pss in G[V/]. There exist distinct vertices xo € I'(xy, uy, w1, V3),y2 € I'(y1,v1,21,V5) and
z € T'(wy, 21, Vy). Then G[{x1,us,wy, 2, y1,v1, 21, Y2, 2}] contains a subgraph 7" isomorphic
to Ts. Let Uy = V) = V2 —V(T), W =VPUV,, and Uy = Vj — V(T). Then |U| = |Uy| = m.
For the partition of U; and U, in all the cases discussed in Case 2, we let G' = (V(G) —
V(T), E¢(Uy,Us)) be the bipartite graph with partite sets U; and U,. Similarly as in Case
1, we can show that all the statements (i)-(iii) hold.
U
Let Wi =UyNW and Wy = Uy N W. For i = 1,2, by the definition of W, we see that
(Wi, U — {2, yy, b, yh}) > 3|W;|. And for any u,v € U;, I'(u, v, Us—;) > 6|W;|, and for any
u,v,w € Uy, Nu,v,w,Us_;) > 7|W;|. By Lemma B.4.2] we can find ladder L; spanning on
W, and another 7|W;| — 2 vertices from U; — {a, x}, yi, y5} if W; # 0. Denote ay;ag; and

b1;be; the first and last rungs of L; (if L; exists), respectively, where ay;, by; € U;. Let

Ul=U;=V(L), ' =|Ui|=|U)l, and G"=G"(Uj LU}, Eg(U,U})

Since |W| < agn, m > (n —9)/2, and n is sufficiently large, we have 1/n + 7|W| < 15aam.

As 6(G' = W) > (1 —a; — 2az)m and a < (1/17)3, we obtain the following:

5(G") > Tm/ /8 + 1.

Let a);, € I'(ay;,US), a); € T'(as,U]) such that a),ab, € E(G); and b, € I'(by;, U)),
by; € T'(be;, Uy) such that b),b5, € E(G). We have the claim below.

Claim 3.3.5. The balanced bipartite graph G" contains three vertex-disjoint ladders Q1, Qo,

and Q3 spanning on V(G") such that the first rung of Q1 is xx}, and the last rung of Q1 is
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ay,aby, the first rung of Qo is bl by, and the last rung of Qy is alyaby, the first rung of Qs is

/

1obhe and the last rung of Qs is yyyh.

Proof. Since §(G”) > 7m//8+5, G” has a perfect matching M containing the following
edges: x5, ajyay, by byy, ahoasy, biobhs, yiys. We identify ajy and by, afy and by, aj, and b,
and ab, and b, as vertices called ¢}, ¢, ¢y, and ¢y, respectively. Denote G* = G*(U;, U)
as the resulting graph and let ¢,cy;, ¢ochy € E(G*) if they do not exist in E(G*). Denote
M' := M — {ahy a5y, by by, ahpay, Digbhy } U {chy¢hy, hachy ). Define an auxiliary graph H' on
M’ as follows. If zy,uv € M’ with z,u € Uj then zy ~pg wv if and only if x ~¢ v and
y ~¢ w. Particularly, for any pg € M’ — {c|,cy, co¢hy} with p € U, pq ~pr ¢1¢, (resp.
Pq ~mr hachy) if and only if p ~g aly, by and g ~arodhy, by (resp. po~er dhy, by and
q ~qr ahy, o). Notice that there is a natural one-to-one correspondence between ladders
with rungs in M’ and paths in H'. Since d¢«(Uf,Us), da+(Us,Uy) > 3m'/4 + 1, we get
0(H') > m’/2+ 1. Hence H' has a hamiltonian path starting with 2}, ending with y]5,
and having ¢}, ¢y, and ¢|,¢h, as two internal vertices. The path with the vertex ¢}, ¢, replaced
by a),ay, and by, b}, and with the vertex c|,c), replaced by a),a5, and bi,b,, is corresponding
to the required ladders in G”. O

IfTe {Tl,Tg}, then

H = 212001 L1Q2LaQ3y1y2 U T.

is a spanning Halin subgraph of G. Suppose now that 7' € {13, Ty, T5} and z is the pendent
vertex. Then z € V/ U V) — W by Claim B34 By (B.1]) and the definition of U] and UJ,
we get dega(z,U7), dega(z,Ul) > (1 — oy — 9ag)m > m//2. So z has a neighbor on each
side of the ladder QiL1Q2L2Q3. Let H' be obtained from x;29Q1L1Q2L2Q3y1yo U T by
suppressing the degree 2 vertex z. Then H’ is a Halin graph such that each vertex on one
side of Q1L1Q2L2Q3 is a degree 3 vertex on its underlying tree. Let 2z’ be a neighbor of z

such that 2’ has degree 3 in the underlying tree of H’. Then

H = 11290Q1L1Q2LaQ3y1y2 UT U {22'},
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is a spanning Halin subgraph of G.

3.3.3.3 Proof of Theorem [3.4.3] We first show that G contains a subgraph T
isomorphic to 77 if n is even and to T3 if n is odd. Then by showing that G — V' (T") contains
a spanning ladder L with its first rung adjacent to the head link of 7" and its last rung

adjacent to the tail link of T', we get a spanning Halin subgraph H of G formed by LUT.
Finding a subgraph T

Claim 3.3.6. Let n be a sufficient large integer and G an n-vertex graph with §(G) >
(n+1)/2. If G is not in Extremal Case 2, then G contains a subgraph T isomorphic to T}

if n 1s even and to Ty if n is odd.

Proof. Suppose first that n is even. Let xy € E(G) be an edge. We show that
G[N(x) —{y}] contains an edge z1z2 and G[N(y) — {z}] contains an edge y;y» such that the
two edges are independent. Since G is not in Extremal Case 2, it has no independent set of
size at least (1/2—75)n. Hence, we can find the two desired edges, and G[{z,y, x1, T2, Y1, y2}|
contains a subgraph 7T isomorphic to 7;. Then assume that n is odd. We show in the first step
that G contains a subgraph isomorphic to K, (K, with one edge removed). Let yz € E(G).
As §(G) > (n+1)/2, there exists y; € I'(y, z). If there exists yo € I'(y, 2) —{y1 }, we are done.
Otherwise, (I'(y) — {y1, 2}) N (I'(2) — {y1,y}) = 0. As 6(G) > (n+1)/2, y; is adjacent to a
vertex yo € I'(y)UL'(2)—{y1, vy, z}. Assume yo € ['(2)—{y1,y}. Then G[{y, y1, 2, y2}] contains
a copy of K. Choose x € I'(y) —{2, y1, y2} and choose an edge z122 € G[I'(x)—{y, y1, y2, 2}
Then G[{y, y1, 2, Y2, T, x1, x2}| contains a subgraph 7" isomorphic to T5. O

Let T be a subgraph of G as given by Claim [3.3.6l Suppose the head link of T" is x1z5
and the tail link of 7" is y1y2. Let G' = G — V(T'). We show in next section that G’ contains
a spanning ladder with first rung adjacent to x;z5 and its last rung adjacent to y y». Let

n' = |V(G')|. Then we have §(G') > (n+1)/2—=T7T>n'/2—-4> (1/2— p)n.

Finding a spanning ladder of G’ with prescribed end rungs
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Theorem 3.3.5. Let n' be a sufficiently large even integer and G’ the subgraph of G obtained
by removing vertices in T. Suppose that §(G') > (1/2—p)n’ and G = GV (G")UV(T)] is in
Non-extremal case, then G’ contains a spanning ladder with first rung adjacent to x1xs and

its last rung adjacent to yiys.

Proof. We fix the following sequence of parameters
I<exdg fxl

and specify their dependence as the proof proceeds.
Let 8 be the parameter defined in the two extremal cases. Then we choose d <  and

choose

1
e = 2e(d/2,3,2,d/4)

following the definition of € in the Blow-up Lemma.
Applying the Regularity Lemma to G’ with parameters € and d, we obtain a partition of
V(G') into £+1 clusters V, Vi, -+ -,V for some £ < M < M(¢e), and a spanning subgraph G”

of G’ with all described properties in the Regularity Lemma. In particular, for all v € V(G'),
deggr(v) > deger(v) — (d+e)n’ > (1/2— B —e—d)n’ > (1/2 —208)n/ (3.3)
provided that € + d < 5. On the other hand,

e(G") > e(G") —

by € < d.
We further assume that ¢ = 2k is even; otherwise, we eliminate the last cluster V, by

removing all the vertices in this cluster to V. As a result, V| < 2en/, and

(1 —2e)n’ <IN =2kN <n/, (3.4)
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where N = |V;| for 1 <1i < /.

For each pair ¢ and j with 1 < i # j < {, we write V; ~ V; if d(V;,V;) > d. As
in other applications of the Regularity Lemma, we consider the reduced graph G,, whose
vertex set is {1,2,--- ,r} and two vertices i and j are adjacent if and only if V; ~ V;. From
0(G") > (1/2 — 28)n/, we claim that §(G,) > (1/2 — 23)¢. Suppose not, and let iy € V(G,)
be a vertex with degg,(ig) < (1/2 — 28)¢. Let Vj, be the cluster in G corresponding to i.

Then we have

(1/2 = B/ |Vig| < |Ee (Vig, V = Vi)l < (1/2 = 2B)EN Vi, | + 2en/|Vig| < (1/2 = B)n'|V;, .

This gives a contradiction by /N < n’ from inequality (3.4]).
Let x € V(G’) be a vertex and A a cluster. We say x is typical to A if deg(x, A) >

(d — €)|A]|, and in this case, we write = ~ A.

Claim 3.3.7. Each vertex in {x1,%2,y1,y2} is typical to at least (1/2 — 20)l clusters in
(i, Vih.

Proof. Suppose on the contrary that there exists z € {x, xa, Y2, y2} such that z is
typical to less than (1/2 — 28)I clusters in {Vi,---,V;}. Then we have dege/(x) < (1/2 —
20)IN + (d+e)n’ < (1/2—=0)n’ by IN <n' and d+¢ < . O

Let x € V(G') be a vertex. Denote by V, the set of clusters to which x typical.
Claim 3.3.8. There exist Vy, € V,, and Vy, € V,, such that d(V,,,V,,) > d.

Proof. We show the claim by considering two cases based on the size of |V, N V,,|.

Case 1. |V, N V,,| < 201

Then we have |V,, —V,,| > (1/2—4p)l and |V,, N V,,| > (1/2—45)l. We conclude that
there is an edge between V,, —V,, and V,, —V,, in G,. For otherwise, let &/ be the union
of clusters in V,, N V,,. Then |Vob UU UV (T)| < 506n is a vertex-cut of GG, implying that G
is in Extremal Case 1.

Case 2. |Vy, N Vy,| > 251
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We may assume that V,, NV,, is an independent set in G,. For otherwise, we are done
by finding an edge within V,, NV,,. Also we may assume that Eqg, (Ve, N Vey, Vi, — Vi) = 0
and Eg, (Ve, MVey, Ve, — Ve, ) = 0. Since §(G,) > (1/2—20)l and dg, (Vi MViy, Vo, UV, ) =0,
we know that [ — |V, UV,,| > (1/2 —20)l. Hence, |Vy, UV, | = [Viy |+ Vio| = Vi, N V| <
(1/2 4+ 2p5)l. This gives that |V, N V| > Vi | + Vel — (1/2 4+ 28)1 > (1/2 — 28)l +
(1/2—=268)l — (1/2+2B)l > (1/2 — 68)l. Let U be the union of clusters in V,, N V,,. Then
U| > (1/2 = 78)n and A(GU]) < (d+ ¢)n’ < Pn. This shows that G is in Extremal Case
2. U

Similarly, we have the following claim.

Claim 3.3.9. There exist Vi, € V,, — {Vay, Vo, } and V,, € Vy, — {Va,, Vi, } such that
d(Vy,, Vi) 2 d.

Claim 3.3.10. The reduced graph G, has a hamiltonian path X1Y7--- XYy, such that
{Xh}/l} = {V;Elv vm} and {kayk} = {th/l? %2}

Proof. We contract the edges V,, V,, and V,, V,, in G,. Denote the two new vertices
as V, and V] respectively, and denote the resulting graph as Gj. Then we show that G,
contains a hamiltonian (V, V;/)-path. This path is corresponding to a required hamiltonian
path in G,.

To show G has a hamiltonian (V, V,)-path, we need the following generalized version
of a result due to Nash-Williams [44] : Let @ be a 2-connected graph of order m. If
Q) > max{(m +2)/3+1,a(Q)+ 1}, then @ is hamiltonian connected, where a(Q) is the
size of a largest independent set of Q).

We claim that G/, is 2fl-connected. For otherwise, let S be a vertex-cut of G/, with |S| <
2p0 and S the vertex set corresponding to S in G . Then |[SUVLUV (T)| < 26n'+2en’ < 50n,
showing that G is in Extremal Case 1. Since n’ = NI+|Vy| < (I4-2)en’, we have | > 1/e—2 >
1//5. Hence, G/ is 2-connected. As G is not in Extremal Case 2, a(G.) < (1/2 — 75)l. By
(Gr) > (1/2—=2p)l, we have §(G.) > (1/2—-26)l —2 > max{(l+2)/3+1,(1/2—78){+1}.
Thus, by the result on hamiltonian connectedness given above, we know that G’. contains a

hamiltonian (V, V;)-path. O
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Following the order of the clusters on the hamiltonian path given in Claim B.3.10, for

i=1,2,---,k, we call X;,Y; partners of each other and write P(X;) =Y; and P(Y;) = X;.

Claim 3.3.11. For each 1 < i < k, there exist X! C X; and Y] CY; such that (X],Y/) is
(2e,d — 3¢)-super-regular, |Y/| = | X1|+ 1, || = | X}| +1, and | X!| = |Y/| for2 <i < k—1.
Additionally, each pair (Y, X],,) is 2e-reqular with density at least d —e fori=1,2,--- ,k,

/ _ /
where X, = X].

Proof. Foreach 1 <i <k, let

X! = {z € X;i|deg(z,Y)) > (d — )N}, and

Y/ = {yeY|ldeg(y,X;) > (d—e)N}.

(2

If necessary, we either take a subset X of X! or take a subset Y, of Y such that |Y{| =
| X1+ 1, Y| = |Xi|+1, and | X]| = |Y/| for 2 < i < k—1. Since (X;,Y;) is e-regular, we have
| X, 1Y/ > (1—¢)N. This gives that | X;|',|X;| > (1—e)N —1and |[X]| = |Y/| > (1—¢)N
for 2 < i < k—1. As a result, we have deg(z,Y;) > (d — 2¢)N for each z € X/ and
deg(y, X[) > (d—2e)N — 1> (d — 3¢)N for each y € Y/. By Slicing lemma (Lemma B.2.7]),
(X[, Y/) is 2e-regular. Hence (X!,Y/) is (2¢,d — 3¢)-super-regular for each 1 < i < k. By
Slicing lemma again, we know that (X;,Y/,,) is 2e-regular with density at least d —e. O

For 1 < i < k, we call (X/,Y/) a super-regularized cluster (sr-cluster). Denote R =
Vo U (ij((X, UY;) — (X]UY/))). Since |(X; UY;) — (X]UY/)| <2eN for2 <i<k—1and
|(X1UZ):/1)—(X{UY1’)|, [(XpUY%) — (X UY))| <2eN+1, we have |R| < 2en+2keN+2 < 3en/.
Asn'iseven and | X||+|Y] |+ - 4| X} |+|Y{| is even, we know |R] is even. We arbitrarily group
vertices in R into |R|/2 pairs. Given two vertices u,v € R, we define a (u, v)-chain of length
2t as distinct clusters Ay, By,---, A;, B; such that u ~ Ay ~ By ~ -+ ~ A, ~ B; ~ v and
each A; and B; are partners, in other words, {A;, B;} = {X;,,Y;, } for some 4; € {1,--- ,k}.

We call such a chain of length 2¢ a 2¢-chain.

Claim 3.3.12. For each pair (u,v) in R, we can find a (u,v)-chain of length at most 4 such

that every sr-cluster is used in at most d>N/5 chains.
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Proof. Suppose we have found chains for the first m < 2en’ pairs of vertices in R such
that no sr-cluster is contained in more than d>/N/5 chains. Let Q be the set of all sr-clusters

that are used exactly by d2N/5 chains. Then

2N 2EN
— Q] < 4 I <
: Q] < m<85n_851_2€,

where the last inequality follows from (B4). Therefore,

80ke 80le
< < < Bl/2
T d*(1—2) T d? < Al/2,

2]

provided that 1 —2e > 1/2 and 80¢ < d?3/2.

Consider now a pair (w, z) of vertices in R which does not have a chain found so far,
we want to find a (w, z)-chain using sr-clusters not in 2. Let U be the set of all sr-clusters
adjacent to w but not in 2, and let V be the set of all sr-clusters adjacent to z but not in
2. We claim that ||, |V| > (1/2 — 26)l. To see this, we first observe that any vertex = € R

is adjacent to at least (1/2 — 33/2)l sr-clusters. For instead,

(1/2 = B)n' < degg(x) < (1/2—=383/2)IN + (d — 2¢)IN + 3en/,

IA

(1/2—=38/2+d+ 2e)n/

< (1/2 = B)n’ (provided that d + 2¢ < 3/2),

showing a contradiction. Since |2 < f1/2, we have [U|,|V| > (1/2 — 25)l. Let P(U) and
P(V) be the set of the partners of clusters in U and V, respectively. By the definition of the
chains, a cluster A € Q if and only its partner P(A) € Q. Hence, (P(U)U P(V))NQ = 0.
Notice also that each cluster has a unique partner, and so we have |P(U)| = |U| > (1/2—2p)I
and |P(V)| = [V| > (1/2 = 2p)L.

If Eq,(P(U),P(V)) # 0, then there exist two adjacent clusters By € P(U), Ay € P(V).
If By and A, are partners of each other, then w ~ Ay ~ By ~ z gives a (w, z)-chain of length

2. Otherwise, assume A; = P(B;) and By = P(Ajy), then w ~ A; ~ By ~ Ay ~ By ~ z
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gives a (w, z)-chain of length 4. Hence we assume that Eq, (PU), P(V)) = 0. We may
assume that P(U) N P(V) # (. Otherwise, let S be the union of clusters contained in
V(G,) — (P(U)UP(V)). Then SURUV(T) with |[SURUV(T)| < 4pn'+3en’ +7 < 56n
(provided that 3e+7/n’ < f3) is a vertex-cut of GG, implying that G is in Extremal Case 1. As
Eq . (P(U), P(V)) =0, any cluster in P(U)NP(V) is adjacent to at least (1/2—243)[ clusters in
V(G,)—(PU)UP(V)) by 6(G,) > (1/2—2p)l. This implies that |P(U)UP (V)| < (1/2428)l,
and thus |[P(U)NP(V)| > |PU)|+|PV)|—|PU)UP(V)| > (1/2—65)l. Then P(U)NP(V)
is corresponding to a subset Vj of V(G) such that |Vi| > (1/2 — 65)IN > (1/2 — 70)n
and A(G[V1]) < (d+ e)n’ < pn. This implies that G is in Extremal Case 2, showing a
contradiction. O

For each cluster Z € {X1,Y/,---, X, Y/}, let Ry(Z) denote the set of vertices in R
using Z in the 2-chains and R4(Z) denote the set of vertices in R using Z in the 4-chains
given by Claim By the definition of 2-chains and 4-chains, we have the following
holds.

Claim 3.3.13. For each i = 1,2,--- k, if Ro(X]) # 0, then |Ro(X])| = |R2(Y])|; and if
Ry(X]) # 0, then |Ry(X])| = |Ra(Y1y)]-

Claim 3.3.14. For eachi = 1,2,--- ,k, if Ro(X]) # 0, then there exist vertex-disjoint lad-
ders Ly, and Ly, covering all vertices in Ry(X]) U Ry(Y/) such that | X] NV (L}, U Ly )| =
Y/ NV (Ly, U Ly)|; and if Ry(X]) # 0, then there exist three vertex disjoint ladders

Ly, Ly, Lit' covering all vertices in Ry(X]) U Ry(Y},,) such that V(Li,) C X]UY],

Proof. Notice that by ClaimB.311] (X/,Y/) is (2¢, d—3¢)-super-regular and (Y;, X;11)
is 2e-regular. Assume Ry(X]) # 0. By Claim and Claim B.3.13] we have
|Ro(X))| = |Ro(Y!)] < d®N/5. Let Ro(X!) = {x1,---,x.}. For each j = 1,--- 1,
since |['(x;, X])| > (d — 2¢)|X]| > 2¢|X]|, by Lemma [B.2.4] there exists a vertex set

B; C Y/ with |B;] > (1 — 2¢)|Y/| such that B; is typical to I'(z;, X]). If r > 2, for

i
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j=1,---,r—1, there also exists a vertex set B, ;1 C Y/ with |B; ;11| > (1 — 4e)|Y/|
such that B; ;4 is typical to both I'(x;, X]) and I'(x;11,X]). That is, for each vertex
by € Bj, we have deg(by,I'(z;, X])) > (d — 5¢)|I'(z;, X])| > 4|R|, and for each vertex
by € Bjj+1, we have deg(by,I'(x;, X)), deg(ba, I'(zj41, X])) > (d — 5¢)|I'(z;, X])| > 4|R|.
When r > 2, since |Bjl, |Bjj+1l, |Bj+1] > (d — 4¢)|Y/| > 2¢|Y/|, there is a set A C X with
|A| > (1 —6¢)|X]/| > |R| such that A is typical to each of B;, B;;1 and Bj;. Notice that
(d—5¢)|B,|, (d—5¢)|Bj j+1|, (d—5¢)|Bjy1| > (d—5¢e)(1—4¢)|Y/| > 3| R|. Hence we can choose
distinct vertices uy,ug, - ,u,—1 € A such that deg(u;, B;), deg(u;, Bj j+1), deg(u;, Bjt1) >
3|R|. Then we can choose distinct vertices vy € T(uj,B;),2z € T(uj, Bj,41) and
yia' € ['(uj, Bj1+1) for each j, and choose distinct and unchosen vertices yi, € B; and
Y55 € B,. Finally, as for each vertex b; € B;, we have deg(by,I'(z;, X;)) > 4|R| and for each
vertex by € Bj;+1, we have deg(by, I'(z;, X)), deg(be, I'(xj41, X])) > 4|R|, we can choose
1, Tj0, j3 € Dy, X0 — {ur, -, up_1} such that yly € T(xj1, w50, YY), Y33 € T, 73, YY),
and z; € ['(z;3, %411, Y/). Let Ly, be the graph with

V(L) = Ro(X1) U {&i1, Tig, Tis, Yios Yags Zis Wis Tty Ty2y Tr3, Yioy Yas | 1 < <7 —1}  and

E(L%,) consisting of the edges ,x1, T, T2, T3, YoTr, YioTra, Y5sTr2, YssTrs and the edges

indicated below for each 1 <1¢ <r — 1:
Tj ™~ X1, X452, Ti3; Y12 ™~ Til, 325 Yoz ™~ X42, T35 25 ~~ Ti3, Ti4+1,15 Ui ™~ Ti3, Tit1,1, Z4-

It is easy to check that L} is a ladder spanning on Ry(X)), 4|Ro(X[)| — 1 vertices from
X; and 3|Ry(X])| — 1 vertices from Y;. Similarly, we can find a ladder L}, spanning on
Ry (Y/), 4| Ro(Y/)| — 1 vertices from X and 3|Ra(X])| — 1 vertices from X/. Clearly, we have
IXIAV (L, U L) = Y/ A V(L U L)

Assume now that R4(X]) # 0. Then by Claim B.312, we have |R4(X])| = |Ra(Y}\1)|-

By the similar argument as above, we can find ladder L}, Li}' such that Ry(X]) C

4z
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V(Li,), Ry(Y/,;) € V(Li"). Furthermore, we have

IXiNV(Ly,)| = 4R(X)| -1, [Y/NV(Ly,)| = 3|Ra(X]) — 1

Vi nVLEH] = AR(Y )l =1 X[, nVLEY] = 3[R(Y )l - 1.

Finally, we claim that we can find a ladder Lflxy

between (Y/, X/, ,) such that |[Y/NV (L}, )]
| X[ N V(L) = |Ra(Y/ )| and is vertex-disjoint from Lj, U Li#'. Since 3|Ry(Y/,;)] <
3d*N/5 and (Y/, X/[,,) is 2e-regular with density at least d — e by Claim B:311] a similar
argument as in the proof of Lemma B3I, we can find Y/ C Y/ — V(L},) and X/, C
X/, — V(L) such that (Y, X/,,) is (4e,d — 5¢)-super-regular and Y| = [X/,,|, and
thus is (4e, d/2)-super-regular (provided that ¢ < d/10). Notice that there are at least
(d —9¢)|Y/"| > d|Y/"|/4 vertices typical to X/, ,, and there are at least (d — 9¢)| X/, ,| >

d?| X[ 1]/4 vertices typical to Y;”. Applying the Below-up Lemma (Lemma[3.:2:2)), we can find

aladder Lj,, within (Y;”, X7, ) such that |Y/ NV (L}, )| = |X],, NV (Li,,)| = |Ra(Y/, )] Tt
is routine to check that L, Li"', L}, are the desired ladders. O

For each i = 1,2,--- k, let X;}* = X] — V(L5 U Ly, U L}, U L;

dzy

U L},) and Y™ =
Y/ =V (L4, ULy, UL}, UL,,, UL, ). Using Lemma@B.2.4, fori € {1,--- ,k—1}, choose y; € ¥;**
such that |A; 11| > dN/4, where A,y := X7, NT'(y;). This is possible, as (Y;*, X/},) is
4e-regular (applying Slicing lemma based on (Y/, X/ ;)). Similarly, choose z},; € A;41 such

that |B;| > dN/4, where B; := Y NI'(z},;). Let S = {y/, 2}, |1 <i <k —1}, and let
X=X —=Sand V' =Y —S. We have the following holds.

Claim 3.3.15. For eachi=1,2,---  k, (X}, Y) is (4e,d/2)-super-reqular such that |Y"| =

(2

X5 +1, Y7 = | X7 + 1, and |X}| = Y] for2 <i<k—1.

Proof. Since |Ry(X])|,|R4(Y/ 1) < d>N/5 for each i, we have | X[|,|Y]| > (1 —¢ —
d*>)N — 1. Ase,d < 1, we can assume that 1 —¢ —d*> —1/N < 1/2. Thus, by Slicing lemma

based on the 2e-regular pair (X],Y;/), we know that (X;,Y;*) is 4e-regular. Recall from

1 T 7

Claim B3I that (X[, Y/) is (2e,d — 3e)-super-regular, as 4|Ro(X])|,4|Ra(Y7,1)| < |V,

17 71

we know that for each x € X}, deg(x,Y) > (d — 3e — d?)|Y;*| > d|Y;*|/2. Similarly, we
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have for each y € Y/, deg(y, X)) > d|X[|/2. Thus (X/,Y;) is (4e,d/2)-super-regular.

(2

Finally, Combining Claims B.3.11 and B.3.14] we have |Y}*| = | X7| + 1, |Y| = | X{| + 1, and
| X = Y| for 2 <i<k—1. O

For each i =1,2,--- ,k — 1, now set By :=Y;*NI'(z},) and C; := X/ NI'(y;). Since
(X}, Y") is (4e,d/2)-super-regular, we have |B; 1], |C;| > d|X}|/2 > d|X}|/4. Recall from
Claim that {X1,Y1} = {V,,, Vo, } and {X,, Y} = {V,,,V,,}. We assume, w.lo.g.,
that X; = V,, and X = V,,. Let Ay = X N[(21), By = Y NI(22), Cp = XN (1),
and Dy = Y," N(y2). Since deg(x1, X1) > (d — )N, we have deg(x1, X{) > (d — e — 2 —
d*>)N > d|X;|/4, and thus |A;| > d|X;|/4. Similarly, we have |By|,|Cyk|,|Dx| > d|X7|/4.
For each 1 < i < k, we assume that Ly, = aibj — Ly, — cidi, Lj, = asby — Ly, — chds,
Li, — difh - L, — did, L,

al, ¢ €Y/ CYiforj=1,2,---,5 Forj=1,2,---,5 let Ay = X} NI'(a}), C; = X;NI'(c}),

3777

= ayby — L, — cidy, and LY, = aiby — Lj, — ckdi, where

Bl = Y NT(), and Di = Y NT(d}). Since (X],Y]) is (2¢,d — 3¢)-super-regular, for

j = 1,2,3,5, we have |['(af, X)|,|T(c}, X])| > (d — 3¢)|X]| and |T(b},Y7)|, [D(ds, Y])] >
(d—3¢)|Y/|. From the proof of Claim B.3.14) the pair (Y; , X;,,) is (4, d — 5¢)-super-regular.
Hence, [T'(aj, Xy, [T(ch, Xiph)| = (d = 4e)[ X, | and [T(by, Y])], [T(d}, )| = (d — 4e)[Y7.
Thus, we have |A%],| B}, |Ci|, |Di| > (d — 4¢)|X]| = d®°N > d|X}|/4 = d|Y}*|/4.

We now apply the Blow-up lemma on (X}, Y;*) to find a spanning ladder L* with its first
and last rungs being contained in A; x B; and C; x D;, respectively, and for j =1,2,---,5,
its (27)-th and (2j4-1)-th rungs being contained in A% x B! and C} x D?, respectively. We can
then insert Lj, between the 2nd and 3rd rungs of L', L}, between the 4th and 5th rungs of
L', L, between the 6th and 7th rungs of L', L'

4uy Detween the 8th and 9th rungs of L*, and
Lfly between the 10th and 11th rungs of L! to obtained a ladder £' spanning on X; UY; — S.
Finally, Lly;asL? - - yi_ 23 LF is a spanning ladder of G’ with its first rung adjacent to x11,
and its last rung adjacent to y;ys.

The proof is then complete.
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3.4 Minimum degree condition for spanning generalized Halin graphs

3.4.1 Introduction

A tree with no vertex of degree 2 is called a homeomorphically irreducible tree (HIT),
and a spanning tree with no vertex of degree 2 is a homeomorphically irreducible spanning
tree (HIST). A Halin graph, constructed by Halin in 1971 [27], is a graph formed from a plane
embedding of a HIT T of at least 4 vertices by connecting its leaves into a cycle following the
cyclic order determined by the embedding. Relaxing the planarity requirement, a generalized
Halin graph is obtained from a HIT T of at least 4 vertices by connecting its leaves into a
cycle. We call the HIT T the underlying tree or underlying HIST of the resulting (generalized)
Halin graph.

Halin graphs possess many hamiltonicity properties. For examples, Halin graphs are
hamiltonian [5], hamiltonian-connected [2] (there is a hamiltonian path between any two
distinct vertices), and almost pancyclic [6] (contains all possible cycle lengths with one pos-
sible exception of a single even length). Compared to Halin graphs, generalized Halin graphs
are less studied. Kaiser et al. in [34] showed that a generalized Halin graph is prism hamil-
tonian; that is, the Cartesian product of a generalized Halin graph and K5 is hamiltonian.
Since a tree with no degree 2 vertices has more leaves than the non-leaves, a generalized
Halin graph contains a cycle of length at least half of its order. Also, one can notice that by
contracting the non-leaves of the underlying tree of a generalized Halin graph into a singe
vertex, a wheel graph is resulted with the contracted vertex as the hub, where a minor of a
graph is obtained from the graph by deleting edges/contracting edges, or deleting vertices.
Therefore, a generalized Halin graph contains a wheel-minor of order at least half of its order.
Although a generalized Halin graph may not be hamiltonian, we conjecture that the lengths

of a longest cycle in a generalized Halin graph is large.

Conjecture 3.1. Let G be an n-vertex generalized Halin graph. Then the length of a longest
cycle of G is at least 4n/5.

It was shown by Horton, Parker, and Borie [30] that it is NP-complete to determine
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whether a graph contains a (spanning) Halin graph. For generalized Halin graphs we obtain

the following.

Theorem 3.4.1. [t is NP-hard to determine whether a graph contains a spanning generalized

Halin graph.

A classic theorem of Dirac [19] from 1952 asserts that every graph on n vertices with
minimum degree at least n/2 is hamiltonian if n > 3. As a continuous “generalization” of
Dirac’s Theorem as well as an approach of showing many hamiltonicity properties simulta-
neously in a graph, the existence of a spanning Halin graph in graphs with large minimum
degree was investigated in the previous section, and it was shown that any sufficiently large
n-vertex graph with minimum degree at least (n+1)/2 contains a spanning Halin graph. We
here determine the minimum degree threshold for a graph to contain a spanning generalized

Halin graph.

Theorem 3.4.2. There exists a positive integer ng such that every 3-connected graph with
n > ng vertices and minimum degree at least (2n + 3)/5 contains a spanning generalized
Halin graph. The result is best possible in the sense of the connectivity and minimum degree

constraints.

Since a generalized Halin graph of order n contains a wheel-minor of order at least n/2,

we get the following corollary.

Corollary 3.4.1. There exists a positive integer ng such that every 3-connected graph with
n > ng vertices and minimum degree at least (2n + 3)/5 contains a wheel-minor of order at

least n/2.

For notational convenience, for a graph 7', we denote by L(T') the set of degree 1
vertices of T and S(T") = V/(T') — L(T"). Also we abbreviate spanning generalized Halin graph
as SGHG in what follows, and denote a generalized Halin graph as H =T U C', where T is
the underlying HIST of H and C' is the cycle spanning on L(T).
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3.4.2 Proof of Theorem B.4.1] and the sharpness of Theorem

Proof of Theorem[3.4.1 To show the problem is NP-hard we assume the existence of a
polynomial algorithm to test for an SGHG and use it to create a polynomial algorithm to
test for a hamiltonian path between two vertices in an arbitrary graph. The decision problem
for such hamiltonian paths is a classic NP-complete problem [24].

Let G be a graph and z,y € V(G). We want to determine whether there exists a
hamiltonian path connecting x and y. We first construct a new graph G’ and show that G
contains a hamiltonian path between x and y if and only if G’ contains a HIST (the proof of
this part is the same as the proof of Albertson et al. in [I]). Then based on G’, we construct
a graph G” and show that G’ contains a HIST if and only if G” contains an SGHG.

Let {z1,22, -+ ,2} = V(G) — {x,y}. Then G’ is formed by adding new vertices
{21, 25, -+, 2z} and new edges {zz, : 1 < i < t}. It is clear that if P is a hamiltonian
path between = and y, then P U {2z : 1 < i < t} is a HIST of G'. Conversely, let T
be a HIST of G'. Since 1 < dr(z)) < de(z) = 1, we get dr(z]) = 1 for each i. Since
N () = {z;} and T is a HIST, we have dr(z;) > 3. Hence T' — {21, 25,--- , 2} is a tree
with leaves possibly in {z,y}. Since each tree has at least 2 leaves and a tree with exactly
two leaves is a path, we conclude that T — {z], 2}, -+ , 2/} is a path between x and y.

Then based on G’, we construct a graph G”. First, for each ¢« with 1 < ¢ < ¢, we
add new vertices 2}, zly, 2l and new edges z/2},, 212, 212, 211 21o, Zi9%ls. Then we connect all
vertices in {z,y} U {2}, zly, 2l : 1 <4 < t} into a cycle C” such that {z];2}y, 2l52ls + 1 <
i <t} C EC"). If T"is a HIST of G', then T" := T' U {2}z, zlzly, 22l = 1 < i < t}
is a HIST of G” and T” U C"” is an SGHG of G”. Conversely, suppose H = T'U C' is an
SGHG of G”. We claim that C' = C”. This in turn gives that 7" = T" and therefore
T" — {2}, 205, 25 + 1 <1 <t} is a HIST of G’. To show that C' = C”, we first show that
zly € L(T) for each 7. Suppose on the contrary and assume, without loss of generality, that
219 € S(T'). Then as Ngn(z15) = {21, 211, 213} We get {21521, 2192115 210213} € E(T'). Since
T is acyclic, 2],21, 21327 € E(T). This in turn shows that {z],2;,23} € L(T). However,

{1921, 219211, 212215} forms a component of T', showing a contradiction. Then we show that
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201, zis € L(T) for each i. Suppose on the contrary and assume, without loss of generality,
that zi;, € S(T). By the previous argument, we have 2i, € L(T). Then 2|21, € L(T)
as 215 is on C and 2] and 2{; are the only two neighbors of 2}, which can be on the cycle
C. As dgn(2y;) = 3 and {215, 21} C Ngn(24,), 211219, 21121 € E(T). Since 2z}, € L(T) and
21,213 € L(T), we get zi,215, 21921, 21213 € E(T). Since dgn(z15) = dgr(213) = 3, we have
29213, 21921, 21215 € E(C). However, 215214, 21521, 21215 forms a triangle but |[V(C)| > 4,
showing a contradiction. So we have shown that {2}, 2},,2l; : 1 < i <t} C L(T). This
indicates that in the tree T — {2}, 2}y, 25 : 1 < i < t}, each vertex 2] has degree 1 and no
vertices of degree 2. Hence T'— {2}, 2}y, 2ls : 1 <i <t} is a HIST of G'.

Combining the arguments in the two paragraphs above, we see that G has a hamiltonian
path between x and y if and only if G” has an SGHG. Hence a polynomial SGHG-tester

becomes a polynomial path-tester. O

Since a generalized Halin graph is 3-connected, the connectivity requirement in Theo-
rem [3.4.2] is necessary. To show that the minimum degree requirement is best possible, we

show the following proposition.

Proposition 3.4.1. Let G(A,B) = K, be a complete bipartite graph with |A| = a and
|B| = b. Then G(A, B) has no HIST T with |L(T) N A| = |L(T) N B if b > 241

If a bipartite graph G(A, B) contains an SGHG H = T'UC, then |L(T)NA| = |L(T)NB].
Thus, by Proposition [3.4.1], it is easy to see that the complete bipartite graphs K,; with

b= % when a is odd and b = % when a is even does not have an SGHG. Let n = a +b.

By direct computation, we get §(K,;) = 222 when b = 321 and §(K,,) = 222 when

b _ 3a—2

——=. We now prove Proposition [3.4.1]

Proof of Proposition[3.4.1 Suppose on the contrary that G(A, B) contains a HIST 7" such
that |L(T) N A| = |L(T) N B|. Then

|S(T) N B[ = [S(T) N A B = [L(T) N B| = (|A] = |L(T") N A)]

B 3(a—1) _a—3
= |B|-A| > 5 a=—
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Since G(A, B) is bipartite and 7" is a HIST of G(A, B), we have |S(T)NA| > 1. Thus, from the
inequalities above, we obtain |S(T") N B| > (a — 1)/2. Since T' is a HIST, we have dr(y) > 3
for each y € S(T)N B. Let Eg = {e € E(T) : eis incident to a vertex in S(7') N B}.
Denote by T the subgraph of T induced on Ep. Notice that 7" is a forest of at least
3|S(T) N B| edges. Hence T" has at least 3|S(T) N B| 4+ 1 vertices. As T” is a bipartite
graph with one partite set as S(7') N B, and another as a subset of A, we conclude that
\V(T)YNA| =|V(T)|—|S(T)NB| > 2|S(T)NB|+ 1. Since |[S(T)N B| > (a —1)/2, we then

have |V(T) N A| > a. This gives a contradiction to the assumption |A| = a. O

3.4.3 Proof of Theorem

Given 0 < f < a < 1, we define the two extremal cases with parameters o and (8 as
follows.
Extremal Case 1. There exists a partition of V(G) into Vi and V5, such that |V;| >
(2/5 —48)n and d(V3, Vs) < a. Furthermore, deg(vy, V3) < 206n for each vy € V.
Extremal Case 2. There exists a partition of V(G) into V; and V, such that |V >
(3/5 — a)n and d(Vy, V) > 1 — 3a. Furthermore, deg(vy, Vo) > (2n + 3)/5 — 2/5n for each
vy € V1.

Then Theorem [3.4.2] is shown through the following three theorems.

Theorem 3.4.3 (Non-extremal Case). For every a > 0, there exists f > 0 and a positive
integer ng such that if G is a 3-connected graph with n > ng vertices and 6(G) > (2n +

3)/5 — Bn, then G contains an SGHG or G is in one of the two extremal cases.

Theorem 3.4.4 (Extremal Case 1). Suppose that 0 < f < a < 1 and n is a sufficiently
large integer. Let G be a 3-connected graph on n vertices with §(G) > (2n+3)/5. If G is in
Ezxtremal Case 1, then G contains an SGHG.

Theorem 3.4.5 (Extremal Case 2). Suppose that 0 < § < a < 1 and n is a sufficiently
large integer. Let G be a 3-connected graph on n vertices with §(G) > (2n+3)/5. If G is in
Extremal Case 2, then G contains an SGHG.
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We show Theorems B.4.3H3.4.5] separately in the following three subsections.

3.4.3.1 Proof of Theorem [3.4.3] We fix the following sequence of parameters,
I<exgd< fkKa<l, (3.5)

and specify their dependence as the proof proceeds. We let § < a be the same o and  as

defined in the two extremal cases. Then we choose d < (. Finally we choose

1 (d[2 d\ 1 (d [3 1 (d d
—mind-e(=, |=|,2,2),=¢(=, > “e(=,2,2,=

d"3

where ¢ (5, ﬁ-‘ ,3) follows from the definition of the £ in the weak version of the Blow-

up lemma and ¢ (%l, [d%w )2, %l) and € (%l,Q, 2, g) follow from the definition of the ¢ in the
strengthened version of the Blow-up lemma. Choose n to be sufficiently large. In the proof,
we omit non-necessary ceiling and floor functions.

Let G be a graph of order n such that 6(G) > (2n+3)/5— fn and suppose that G is not
in any of the two extremal cases. Applying the regularity lemma to G with parameters € and
d, we obtain a partition of V' (G) into (41 clusters Vg, Vi, -+, V) for some | < M = M(e), and
a spanning subgraph G’ of G with all described properties in Lemma B.2.T](the Regularity

lemma). In particular, for all v € V|

deger(v) > dege(v) —(d+e)n>(2/5—-F—d—¢e)n

> (2/5—28)n (provided that & + d < f), (3.7)
and
e(G') > e(G) — (d ; E)nz > e(GQ) — dn?,

by using € < d.

We further assume that [ = 2k is even; otherwise, we eliminate the last cluster V; by



o4

removing all the vertices in this cluster to Vj. As a result, |V < 2en and

(1 —2e)n <IN =2kN <n, (3.8)

here we assume that |V;| = N for ¢ > 1.

For each pair i and j with 1 < i < j <[, we write V; ~ V; if d(V;,V;) > d. We now
consider the reduced graph G,, whose vertex set is {1,2,-- ,[}, and two vertices ¢ and j are
adjacent if and only if V; ~ V;. We claim that §(G,) > (2/5 — 23)l. Suppose not, and let
ip € V(G,) such that deg(ig, V(G,)) < (2/5 — 28)l. Then, for the corresponding cluster V;,
we have eq (Viy, V(G")—Viy) < |Vi,|(2/5—28)IN. On the other hand, by using (3.7]), we have
eq'(Vig, V(G') = Vi) > |Vi,|(2/5 — 28)n. As IN < n from (B.8), we obtain a contradiction.
The rest of the proof consists of the following steps.

Step 1. Show that G, contains a dominating cycle C' and there is a A-matching in G, with
all vertices in V(G,) — V(C) as its center. We distinguish two cases in Step 1, and each of
the other steps will be separated into two cases correspondingly.

Case A. C = X 1Y XoY; -+ X,Y, is an even cycle for some t < k.

Case B. C' = X X1Y1 XY, - XY, is an odd cycle for some ¢ < k.

Notice that in Case B there is at least one vertex in V(G,) — V(C') by the assumption
that |V (G,)| = [ is even. In what follows, if we denote a vertex of G, by a capital letter, it
means either a vertex of GG, or the corresponding cluster in GG, but the exact meaning will
be clear from the context. For 1 <i < t, we call X; and Y; the partners of each other, and
write as P(X;) =Y; and P(Y;) = X;.

Since C' is not necessarily hamiltonian in G,, we need to take care of the clusters of
G which are not represented on C. For each vertex F' € V(G,) — V(C), we partition the
corresponding cluster F' into two small clusters F} and F; such that —1 < |Fy|—|F,] < 1. We
call each F; and F; a half-cluster. Then we group all the original clusters and the partitioned
clusters into pairs (A, B) and triples (C, D, F') with F' as a half-cluster such that each pair
(A, B) and (C, D) is still e-regular with density d and the pair (D, F') is 2.1e-regular with
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density d — e. Having the cluster groups like this, in the end, we will find “small” HITs
within each pair (A, B) or among each triple (C, D, F).
Step 2. For each 1 < <t — 1, initiate two independent edges connecting Y; and X;,;. In
Case A, also initiate two independent edges connecting X; and Y;; and in Case B, initiate
two independent edges connecting the clusters in each pair of Xy and Xy, and X, and Y;.
Step 3. Make each regular pair in the new grouped pairs and triples given in Step 1 super-
regular.
Step 4. Construct HITs covering all vertices in Vj using vertices from the super-regular
pairs obtained from Step 3, and obtain new super-regular pairs.
Step 5. Apply the Blow-up lemma to find a HIT between a super-regular pair resulted from
Step 4 or among a triple (A, B, F'), where both (A, F)) and (A, B) are super-regular pairs
resulted from Step 4, and F' is a half cluster. In addition, in the construction, for each triple
(A, B, F'), we require the HIT to use as many vertices as possible from F' as non-leaves.
Step 6. Apply the Blow-up Lemma again on the regular-pairs induced on the leaves of each
HIT obtained in Step 5 to find two disjoint paths covering all the leaves. Then connect all
the HITs into a HIST of GG using edges guaranteed by the regularity and connect the disjoint
paths into a cycle using the edges initiated in Step 2. The union of the HIST and the cycle
gives an SGHG of G.

We now give details of each step. The assumption that G is not in any of the two

extremal cases leads to the following claim, which will be used in Step 1.
Claim 3.4.1. Fach of the following holds for G,.

(a) G, contains no cut-vertex set of size at most 5l;

(b) G, contains no independent set of size more than (3/5 — a/2)l .

Proof. (a) Suppose instead that G, contains a vertex-cut W of size at most fl. As
d(G,) > (2/5 —20)l, then each component of G, — W has at least (2/5 — 33)l vertices. Let
U be the vertex set of one of the components of G, — W, A= J,., Vi, and B = V(G) — A.
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We see that |Al, |B| > (2/5 — 3B)IN > (2/5 — 48)n, and since e¢(G) < e(G’) + dn?, we have

€G(A, B)

VAN

e (A, B) + dn? < |W||A| 4 dn?

IA

BIN(3/5 + 3B)IN + dn®> < (38/5+ 38>+ d)n®> (as|A| < (3/5+ 38)IN and In < n)

IA

2
§(3ﬁ/5 +382+ d)|A||B| (since |A||B| > 3n2/25)

A\

2
alA||B| (provided that 35(35/5 +368%4+d) < a).

This shows that d(A, B) < «. Since degg, (u, V(G,)—U) = degg, (u, W) < Sl for each u € U,
we see that degg(a, B) < BIN 4 (d + ¢)n < 20n for each a € A provided that d + ¢ < .
However, the above argument shows that G is in Extremal Case 1, showing a contradiction.

(b) Suppose instead that G, contains an independent set U of size larger than (3/5 —
a/2)l. Let U =V (G,)=U, A=,y Vi, and B = V(G) — A. Then |A| > (3/5—«/2)IN >
(3/5 — a)n. For each vertex v € A, since degg(v, A) < dege (v, A) + (d+¢)n < n, we have
degg(v, B) > (2n+3)/5 — Bn — Bn > (2n + 3)/5 — 2n. This gives that

2/5 -2 2/5 -2
|B| (2/5+ a)n
provided that 8 < a/10 + 3a?/2. We see that G is in Extremal Case 2. O

Step 1. Show that G, contains a dominating cycle C', and there is a A-matching in G, with
all vertices in V(G,) — V(C) as its center.

We need some results on longest cycles and paths as follows.

Lemma 3.4.1 ([44]). Let G be a 2-connected graph on n wvertices with 6(G) > (n + 2)/3.

Then every longest cycle in G is a dominating cycle.

Lemma 3.4.2 ([3]). Let G be a 2-connected graph on n vertices with 6(G) > (n + 2)/3.
Then G contains a cycle of length at least min{n,n + §(G) — a(G)}, where a(G) is the size

of a largest independent set in G.

Lemma 3.4.3 ([38]). If G is a 3-connected graph of order n such that the degree sum of any
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four independent vertices is at least 3n/2+1, then the number of vertices on a longest path

and that on a longest cycle differs at most by 1.

By (a) of Claim B.41], G, is fl-connected. Since n = NI + V| < (I + 2)en, we get
[ > 1/e —2. Since 1/e —2 > 3/ (provided that 5 > 3¢/(1 — 2¢)), we then have Sl > 3.
So G, is 3-connected. By Claim B.4.1] (b), G, has no independent set of size more than
(3/5 — a/2)l. Notice that 6(G,) > (2/5 —28)l > (I +2)/3. Applying Lemma B.4.1] and
Lemma on G,, we see that there is a cycle C' in G, which is longest, dominating, and
has length at least (4/5 + /2 — 20)l. Let W = V(G,) — V(C). In Case B, we order and
label the vertices of C' such that X, is adjacent to a vertex, say Yy € W (recall that W # ()
in this case). We fix (X, Yy) as a pair at the first place (XY, € E(G,), as cluster in G,

(X0, Yp) is an e-regular pair with density d). Let

W, if in Case A;
W —{Y}, if in Case B.

W =

We have W'| < (1/5 — /2 + 20)1 if in Case A and W'| < (1/5 — /2 +25)l — 1 if in
Case B. So 2|W'| < (2/5 —a+46)l < (2/5 —26)l (provided that § < «/6) if in Case A and
2IW' < (2/5 —a+4p)l —2 < (2/5 —28)l — 1 (provided that 5 < «/6) if in Case B. Thus
there is a A-matching centered in all vertices in W'; furthermore, if in Case B, we can choose
the matching such that X is not covered by it. Let M, be such a matching. For a vertex
X € W', denote by M, (X) the two vertices from V(C) to which X is adjacent in M,. Then

we have two facts about vertices in M, (X).

Fact 3.4.1. Let X € W'. Then the two vertices in M;(X) are non-consecutive on C. (By

the assumption that C' is longest.)

Fact 3.4.2. Let X #Y € W'. Then no two vertices from Mx(X)U Mx(Y) are adjacent on
C. (By applying Lemma[3.7.3.)

For a complete bipartite graph, if it contains an SGHG, then the ratio of the cardinalities

of the two partite sets should be greater than 2/3 as shown in Proposition B4l Since a
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longest dominating cycle in G, is not necessarily hamiltonian, we need to take care of the
clusters of G which are not represented by the vertices on C'. One possible consideration is
that for each F' € V(G,) — V(C), suppose F is adjacent to A € V(C), recall P(A) is the
partner of A. Then as clusters, we consider the bipartite graph of G' with partite sets A and
P(A)U F. However, |A|/|P(A) U F| is about 1/2, which is less than 2/3. For this reason,
we partition F' € V(G,) — V(C) into two parts to attain the right ratio in the corresponding
bipartite graphs. Suppose M,(F) = {Dy, Dy} C V(C). As a cluster of G, we partition F’

into F} and F; arbitrarily such that

=[] [3] o =[] F2)

We call each F; a half-cluster of G. Then we create two pairs (D;, F;), and call D; the
dominator of F;, and F; the follower of D;, and (D;, F;) a DF-pair, for i = 1,2. We have the

following fact about a DF-pair.

Fact 3.4.3. Each DF-pair (D, F) is 2.1e-reqular with density at least d — . (By Slicing

lemma.)

Also, by Fact B4 and Fact B.4.2 if D € V(C) is a dominator, then P(D), the partner
of D, is not a dominator for any followers. As X, & V(W'), we know that X, is not a
dominator for any half-clusters. We group the clusters and half-clusters of G into H-pairs
and H-triples in a way below. For each pair (X;,Y;) on C, if {X;,Y;} NV (M,) =0, we take
(X;,Y;) as an H-pair. Otherwise, |[{X;,Y;} NV (M,)| = 1 by Fact B:4.T and Fact Since
there is no difference for the proof for the case that X; € V(M,) or the case that Y; € V(My,),
throughout the remaining proof, we always assume that Y; € V(M,) if { X, Y;}NV (M,) # 0.
In this case, there is a unique half-cluster ' with Y; as its dominator. Then we take (X;,Y;, F')
as an H-triple. We assign (Xy, Yy) as an H-pair.
Step 2. Initiating connecting edges.

Given an e-regular pair (A, B) of density d and a subset B’ C B, we say a vertex a € A
typical to B’ if deg(a, B") > (d — ¢)|B’|. Then by the regularity of (A4, B), the fact below
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holds.

Fact 3.4.4. If (A, B) is an e-reqular pair, then at most €| A| vertices of A are not typical to
B’ C B whenever |B'| > ¢|B].

For each 1 <7 <t —1, choose y] € Y] typical to both X; and X,;;, and y/* € Y; typical
to each of X;, X;11, and I'(y;, X;). Correspondingly, choose z;,, € I'(y, X;41) typical to
Yii1, and 275, € I'(y;*, Xiq1) typical to both Y and I'(x},,Yi;1). For i = ¢, we choose y;
and y;* the same way as for i < ¢, but if in Case A, choose x} € T'(y;*, X1) typical to Y7, and
7" € I'(y;, Xy) typical to both Yy and I'(z7,Y1); and if in Case B, choose = € I'(y;*, Xo)
typical to X, and z* € I'(y;, Xo) typical to both X; and I'(z§, X;). Furthermore, in Case
B, we choose y;,, € X typical to both Y, and X, and y;7; € X typical to each of Yy, X,
and I'(y;, 1, Yo). Correspondingly, choose x7 € I'(y;,, X1) typical to Y7 and 7" € I'(y;5,, X1)
typical to both Y; and I'(z7,Y1). Additionally, we choose y; € I'(y;,,,Yo) such that yg is
typical to Xy, and choose y5* € I'(y;7,, Yo) such that yg* is typical to Xy. Notice that by the

choice of these vertices above, we have the following.

yz z+17y:* ;k-T-leE(G)v fOI'lSZSt—l,
iy, 27y € B(G), in Case A;

TOY TG Y Tt T Y Yo Vi Yo Yier € E(G), in Case B.

By Fact[3.4.4] for each 0 < i < t, we have |['(zf, Y;)NI(xf*, Vo), [T(yf, Xi) N0 (y*, X5)| >
(d= )N, and [D(yy, Yo) (it Yo)l > (d— )NV,
Step 3. Super-regularizing the regular pairs in each H-pair and H-triple given in Step 1.
For each 0 <i <t if (X;,Y;) is an H-pair, let

X ={x e X;:deg(z,Y;) > (d—¢e)N} and Y/ ={yeY:deg(y,X;) > (d—e)N}.

By Fact B44], we have |X[|,|Y/] > (1 —¢)N. Recall that o}, z}* € X; and y},y;* € Y; are

the initiated vertices in Step 2. For 1 < ¢ < ¢, if | X] — {af, x/*}| # |Y) — {y, y*}|, say

| Xi = {7, 27} > 1Y) = {7 w7}, we then remove | Xj — {a7, 27" H — [V — {y]’, y;"}| vertices
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koK

out from X/ — {zf, x*}, and denote the remaining set still as X/. Denote Y/ — {yF, y*} still
as Y/. We see that | X!| = |Y/|. As |Y/| > (1 — ¢)N (to be precise, the lower bound should
be (1 — &) N — 2, however, the constant 2 can be made vanished by adjusting the e factor,

we ignore the slight different of the e-factor here), we have that | X; UY; — (X[ UY/)| < 2eN.

FOI' Z = Oa lf |Xz/ - {zrax;*>y:+lay;—tl}| 7& |)/;/ - {y:>y:*}|7 say |Xz/ - {x:ax;*ay;—kl?yﬁilH >

kK

Y = {7, 5"}, then we remove | X} — {af, 27", yy vt — [V — {y7, 4"} vertices out from

X! —A{af, o7, yf 1, y;11} and denote the remaining set still as X7. Denote Y, — {y;,y;*} still

as Y/. We see that |X]| = |Y/|. We call the resulting H-pairs supper-reqularized H-pairs. By
Slicing lemma (Lemma [B.2.5]) and the definitions of X/, Y/, we see that

1) T

Fact 3.4.5. Fach supper-reqularized H-pair (X,Y/) is a (2¢,d — 2¢)-super-reqular pair.

RN

For each H-triple (X;,Y;, F'), by Fact B43] (Y;, F) is 2.1e-regular with density at least
d—e. Let

X/ = {reX,:degeY) > (d—)N),
Y! = {yeY;:deg(y,X;) > (d—¢e)N,deg(y, F) > (d — 3.1¢)| F|}, and

F' = {f€eF:deg(fY;) > (d—3.1e)N}.

Recall that =7,z € X, and y/,y* € Y, are the initiated vertices in Step 2. We remove

1771

xf, i out from X/, and remove y, y;* out from Y/. Still denote the resulted clusters as X

797

and Y/

7

respectively. Remove [d®N7] vertices out from F, which consists of all vertices in
F—F"and any [d*N]—|F — F'| vertices from F’ (we need to increase the ratio |Y/|/| XU F’|
a little as later on we may use vertices in Y; in constructing HITs covering vertices in Vj).
Denote the resulting set still by F’. Then we see that | X!| > (1 —¢)N, |Y/] > (1 —3.1e)N,
and |F'| > (1 —2.1¢)|F| — d®*N > (1 — 2.1e — 2d*)| F|. We call the resulted H-triples supper-

reqularized H-triples. By the Slicing Lemma and the definitions above, the following is true.

Fact 3.4.6. For each super-reqularized H-triple (X[, Y/, F"), (X!, Y/) is (2e,d — 3.1¢)- super-

PEEaE i 4

reqular, and (Y], F') is (4.2¢,d — 3.1 — 2d?)-super-regular.
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Let Vi be the union of the set of vertices from each (X; UY; — (X] UY/)) —
{ap, o7 vl vy — i vt ({win v} exists only if in Case B), where (X;,Y;) is an
H-pair, and let V@ be the union of the set of vertices from each (X; UY; U F — (X/ U
Y! U F) —{a, xf, yf,y*}, where (X;,Y;, F') is an H-triple. Notice that for each H-pair
(X;,Y:), we have | X; UY; — (X/UY/)| < 2eN; and for each H-triple (X;,Y;, F'), we have
| X; — X/ <eN,|Y;-Y/| <(e+2.1e)N, and |F — F'| < d*N. Hence by using the facts that

IW'| < (1/5—a/2+2pB)l,t=1/2, and NI < n from inequality ([B.8]), we get
V| 4 V2] < 2eN1/2 +2(1/5 — o+ 28)I(d*N +2.1eN) < 2d*N1/5 + 2eN1 < 2d°n /5 + 2en.
Let V§ = Vo U Vg UVZ. Then

\Vy| < 2en+2d*n/5 + 2en < d*n/2  (provided that & < d®/40). (3.9)

Step 4. Construct small HITs covering all vertices in V.

Consider a vertex x € Vjj and a cluster or a half-cluster A, we say that x is adjacent to

A, denoted by x ~ A, if deg(z, A) > (d — €)|A|. We call A the partner of z.

Claim 3.4.2. For each vertex x € V{, there is a cluster or a half-cluster A such that v ~ A,
where A is not a dominator, and we can assign all vertices in Vy to their partners which are

not dominators such that each of the cluster or half-cluster is used by at most d;—ON vertices

from Vj.

Proof. Suppose we have found partners for the first m < d®n/2 (recall that |Vj| <
d®n/2) vertices of Vj such that no cluster or half-cluster is used by at most d;—ON vertices. Let
Q) be the set of all clusters and half-clusters that are used exactly by d;—ON vertices. Then

d*N 3 3
W|Q| < m<d’n/2 < d’(2kN + 2en)/2

< d®kN + dgﬂ,
1— 2
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by inequality (B.8]). Therefore,

20d%k N 20d%1
d? d*(1 —2e)
< 10dl 4 40dl (provided that 1 —2¢ > 1/2)

€]

IN

IN

Bl (provided that 50d < ).

Consider now a vertex v € V{ not having a partner found so far. Let U be the set of all
non-dominator clusters and half-clusters adjacent to v not contained in 2. We claim that
|U| > (o — 7P)l. To see this, we first observe that any vertex v € V{ is adjacent to at least
(ov — 65)] non-dominator clusters and half-clusters. For instead, as v may adjacent to 2|W'|

dominators, vertices in V{, or clusters A with deg(v, A) < (d — ¢)|A|, we have

(2/5—8)n < dega(v) < (a —6B)IN + (2/5 + 48 — a)IN + d°n/2 + (d — )IN
< (2/5—-28+d/2+d—e)n
< (2/5—38/2)n (provided that d — e + d*/2 < 3/2 ),
showing a contradiction. Since || < Bl, we have |[U| > (2a — TP)I. O

Now for each non-dominator cluster A (A is either a cluster X/, Y/, or a half cluster

F"), let 1(A) be the set of vertices from Vj such that each of them has A as its partner. By
Claim B.4.2] we have |I(A)| < d;—ON.

We need three operations below for constructing small HITs covering vertices in V.
Operation I Let (A, B) be an (¢/,0)-super-regular pair, and I a set of vertices disjoint
from AU B. Suppose that (i) deg(x, B) > d'|B| > ¢'|B| and deg(z, B) > d'|B| > 3|I| for
any x € I; (ii) (6 —&")d'|B| > 3|I|; (iii) (6 — &')|A| > |I|; and (iv) 6|A| > 4|I]. Then we can
do the following operations on (A, B) and I.

Let I = {xy, 29, - ,2)7}. We first assume that |I| > 2.

Since (A, B) is (¢, §)-super-regular, for each v € I'(x;, B), |I'(v, A)| > 0|A|. By condition
(i), we have |I'(z;, B)| > €| B| for each i. Applying Fact B.:Z4] we then know that there are
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at least (0 — ¢’)|A| > || vertices from I'(v, A) typical to I'(z;+1, B) for each 1 <14 < || — 1.
That is, there exists A; C I'(v, A) with |A;| > (§ — &’)|A| > |I| such that for each a; € Ay,
IT'(ay, I'(zi41, B))| > (0 — €)d'|B| > 3|I|. As deg(x,B) > d'|B| > 3|I| for any x € I and
(0 —&")d'|B| > 3|1|, combining the above argument, we know there is a claw-matching M;
from I to B centered in I such that one vertex from I'(x;, V(M;)) and one vertex from
I'(zi41, V(M) have at least (0 —¢’)|A| > |I| common neighbors in A. Let 1, ;2, 243 be the
three neighbors of z; in M (in fact in B) and suppose that |['(x;3, A) N T'(z41.1, A)| > |1].
For 1 < i < |I| — 1, we then choose distinct vertices y; € I'(x;3, A) N (2411, A4). By
condition (iv), there is a A-matching M, between the vertex set {z;3 : 1 <i <|I| —1} and
the vertex set A — {y; : 1 <1i < |I| — 1} centered in the first set, a matching M; between
{rizip 1 <i<|I|—=1}and A—{y; : 1 <@ < |I| = 1} — V(My) covering the first set,
and a matching My between the vertex set {y; : 1 <4 <|I| — 1} and B — V(M) covering
the first set. Finally, by using (iv) again, we can find three distinct vertices ys1, Y32, ysz €

D213, A) = {y; - 1 <i<|I| =1} = V(M;y) — V(Ms). Let T be the graph with

V(Tp) =V (M) U{y; : 1<i <[I| =1} UV (My) NV (M3) UV (My) U{ys1, ysa, yss}

and

E(Tg) = My U{yixis, yiviz11 = 1 <i <|I| =1} UMy U M3 U My U {x13y31, T13Y32, T13Y33 }-

If |I| = 1, we choose x11, 12,13 € ['(x1, B) and a1, y32, Y33 € ['(x13, A). Then let T be the
graph with

V(Tg) = {x1, x11, T12, T13, Y31, Y32, Y33 }

and

E(TB) = {9319311,5511712,5511'13, T13Y31, L13Y32, 3713?933}-
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In any case, we see that Ty is a HIT satisfying

V(Ts) N Bl = |[V(Tp) N Al =4[l -1,

IL(Ts) N B| = min{2/I|+1,3|I] — 1}, |L(Ts) N A = 3|1]. (3.10)

We call T the insertion HIT associated with B. Figure 3.4l gives a depiction of Ty for

|I| =1, 3, respectively.

/N

5 s

[l =1 11| =3
Figure (3.4) The HIT T

Operation IT Let (A, B) be an (¢/, 0)-super-regular pair, and I a set of vertices disjoint
from AU B. Suppose that (i) deg(z, A) > d'|A| > ¢'|A| and deg(x, A) > d'|A| > 3|I| for any
x € I; (i) (0 —&)d'|A| > 3|I|; (iii) (0 — 2¢’)|B| > |I|; and (iv) 6|B| > 3|I|. Then we can do
the following operations on (A, B) and I.

Let I = {x1, 29, - ,2)7}. We first assume that |I| > 3.

Since (A, B) is (¢/, §)-super-regular, for each v € I'(x;, A), |I'(v, B)| > 6| B|. By condition
(i), we have |I'(z;, A)| > €| A| for each i. Applying Fact[B.4.4] we then know that there are at
least (0—2¢")|B| > |I]| vertices from I'(v, B) typical to both I'(x;41, A) and I'(x;19, A) for each
1 < i < |I| — 2. That is, there exists By C I'(v, B) with |B;| > (6 — 2¢)|B| > |I| such that
for each by € By, |I'(by, ['(xi41, A))|, |T(b1, [ (202, A))| > (6 —€')d'|A| > 3|I|. As deg(z, A) >
d'|A| > 3|I| for any x € I and (0 — €')d'|A| > 3|I|, combining the above argument, we
know there is a claw-matching M; from I to A centered in I such that any one vertex from
I'(z;, V(My)), any one vertex from I'(x;41, V(Mr)), and any one vertex from I'(x; 1o, V (M))

have at least || common neighbors in B. Let x;1, x;2, ;3 be the three neighbors of x; in M (in
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fact in A). For i = 1, choose yo € I'(z13, A) NI (223, A)NT' (33, A). Let h = [(|I|—3)/2]. For
1 <k < h, we then choose distinct vertices yi € ['(x149k,2, A) N T'(z24253, A) N T(2310k 3, A)
(if [I| = 2+ 2k, let I'(2349k3, A) = A). By condition (iv), there is a matching M between the
vertex set {@;3, T14op2 © 1 <@ < |I|,1 <k < h} and the vertex set B — {yo,yx : 1 <k < h}
covering the first set. If |I| is even, choose y31, Y32 € I'(x13, B) such that they have not been
chosen before; if |I| is odd, choose ys1,ys2,y33 € I'(213, B) such that they have not been

chosen before. Let T4 be the graph with

V(T V(M) UV (M) U{yo,yr = 1 <k <h}U{ys, ys}, if ] is even;
A pu—
V(M) UV(M)U{yo,ye : 1 <k < h}U{ysi,yse, Y33}, if [I] is odd;

and E(T4) containing all edges in M; U M U {yox13, YoT23, Yors3} and all edges in

{212k 02Uk Torok 2Uks T2k 2Uky T142m,2Yns Taton2Yn - 1 <k < h— 1} U {ys1,y32}, if |I] is even;

{142k 2Uk, Tovok 2Uk, Tarok oYk = 1 <k < h}U{ys1, ys2, yss}, if |7] is odd.

If |I| =1, we choose x11, 12, x13 € I'(x1, A) and ys1, y32 € ['(z13, B), and then let T4 be the

graph with

V(Tg) = {1, 211, T12, T13, Y31, Y32} and E(Tp) = {x1211, T1212, T1213, T13Y31, T13Y32 -

If ‘I| = 2, we choose 211,212,213 € F(Il, A), x11,T12,T13 € F(SL’Q, A), Y € F(Ilg, B)ﬂf(x21, B),
Y11, Y12 € (213, B), and ya1,y2e € (291, B) such that they are all distinct, then let Ty be

the graph with

V(Tg) = {xi, v, Ti2, Ti3, Y, Y1, Yie : ¢ = 1,2} and

E(TB) = {931'932'1, XTiZTi2, TiXi3, X13Y, X21Y, T13Y11, L13Y12, T21Y21, 3721?/22}-

We see that T4 is a tree which has a degree 2 vertex y only if |/| = 2 and a degree 2 vertex
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yp, only if [7| > 2 and || is even. In addition, T4 satisfies the following.

2|1], if [I] =1,2;
V(T NAl = 3|I| and |L(Ty)NA| = "
2|1|—[L], if [I] >3; and

2

2, i 1] = 1;
V(Ta) N Bl =
2|1 +1, if |[I| >2; and
2|11, if [I] =1,2;
|L(TA)N B| = (3.11)

21| — [ﬁw . if 1] > 3.

2

In this case, we call Ty the insertion tree associated with A. Notice that |L(T4) N A| =

|L(T'4) N B| always holds. Figure 3.4l gives a depiction of Ty for |I| = 1,2,5, 6, respectively.

& G A0
A A A )\f

1| =1 |I| =2 11| =5

A /.>\<\./ . }\./.\

[ X~ 7 X
B ® ¢ 6o V¥ 8 ¢
1| =6

Figure (3.5) The tree T4

Operation III Let (B, F') be an (¢/,0)-super-regular pair, and I a set of vertices disjoint
from B U F. Suppose that deg(z, F') > d'|F| > 3|I| for any x € I and §|B| > 6|I|. Then we
can do the following operations on (A, B) and I.

Let I = {x1,2s,--- ,2)1}. Since deg(x, B) > d'|B| > 3|I| for any « € I, there is a

claw-matching M; from I to F centered in I. Then as §|B| > 6|I|, there is a A-matching
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My from V(M) N F to B centered in V(M) N F. Let Tr be the graph with
V(T) =V(M;)UV(M,) and E(Tg)= M;U M,.
We see that T is a forest with no vertex of degree 2 satisfying
\V(ITp)NF|=|S(Tr)NF| = 3|I|and |V(Tr)NB| = |L(Tr) N B| =6|I]. (3.12)

We call T the insertion forest associated with F'.

Now for each H-pair (X/,Y/), we may assume that I(X]) # 0 and I(Y]) # 0 for a
uniform discussion, as the consequent argument is independent of the assumptions. Recall
that (X/,Y/) is (2¢,d — 2¢)-super-regular by Fact B.45 Notice that deg(x, X|) > (d —¢)| X]]

for each z € I(X]), |[[(X])]| < d2—0N, and |X!|,|Y/| > (1 —¢)N. By simple calculations,
we see that (i) deg(z, X]) > (d — ¢)|X}] > 2¢|X]| and (d — €)|X}| > 3d*N/20 for each
r € I(X]); (ii) (d — 2e — 2e)(d — &)|X}| > 3d*>N/20; (iii) (d — 4¢)|Y/| > d>N/20; and (iv)
(d —2¢)|Y/| > d*N/5 > 4I(X!). Thus all the conditions in Operation I are satisfied. So we
can find a HIT T, associated with Xj. As [V (T )NX]| = [V (Tx,)NY/| < 4|I(X])| < dQ—N, we
know that (X] =V (T'x),Y! =V (Tx:)) is (4, d—2e —d*N/5)-super regular. Since deg(y, Y/) >
(d — e)Y]| for each y € I(Y), we get deg(y,Y; — V(Tx:)) > (d — e — d*/5)|Y/| for each
y € 1(Y/). By direct checking, conditions (i) ~ (iv) of Operation I are satisfied by the pair
(Xi=V(Tx,),Y] =V (Ix;)) and I(Y]). Then we use Operation I on (X;—V (Tx/), Y=V (Tx,))
and I(Y;) to get a HIT Ty, associated with Y/ — V(Txs). Denote

X} = X/ = V(Tx) — V(Ty,) and Y =Y/ - V(Ix) - V(T}).

By using (3.I0) in Operation I, we have | X}| = |Y;*| > (1 — 2d?/5 — )N > N/2. By Slicing
lemma (Lemma [B.2.5]) and Fact 345, we have the following.

Fact 3.4.7. For each H-pair (X;,Y;), (X}, Y) is (4e,d — 2& — 2d?/5)-super-reqular with

7

| X7 =Y. We call (X},Y) a ready H-pair.

(3
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Then for each H-triple (X, Y/, F”), we may assume that I(X]) # 0 and I(F’) # 0 (recall
that Y; is assumed to be the dominator of F, so I(Y/) = 0 by the distribution principle of
vertices in V{ from Claim B.42). By Fact B4.6] we know that (X/,Y/) is (2¢,d — 3.1¢)-
super-regular and (Y/, F') is (4.2¢,d — 3.1e — 2d®)-super-regular. Notice also that |X!| >
(1—¢e)N, |Y/| > (1 —3.1e)N, |F'| > (1 — 2.1e — 2d*>)N/2, and deg(z, X!) > (d — )| X!| and
deg(y, F') > (d — ¢)|F'| for each x € I(X}) and each y € I(F"). Since |[I(X])|, [I(F")] < d;—ON
and ¢ < d < 1, the conditions of Operation III are satisfied by (Y/, F’) and I(F") by direct

calculations. Let Tp be the insertion forest associated with F’. Then we use Operation II

on (X, Y/ = V(Tp)) and I(X]) to get a tree Tx; associated with X]. Denote
X; = X! = V(Tx), Y =Y} = V(Tp) = V(Tx,), and F*=F —V(Tp).

By using (BII) and (B3I2) in Operation II and Operation III, respectively, we have
X7, 1Y > (1= 3.1e — 9d2/20)N > N/2 and |F*| > (1 — 2.1 — 2d%)N/2 — 3d2N/20 >
(1 —2.1e — 2d® — 3d?/10)N/2. By Slicing lemma and Fact B.Z.8], we have the following.

Fact 3.4.8. For each H-triple (X;,Y;, F), (X7, V) is (4e,d — 3.1e — 9d?/20)-super-reqular

and (Y, F*) is (8.4e,d — 2.1 — 3d?/10 — 2d3)-super-reqular. We call (X},Y;*, F*) a ready
H-triple.

Step 5. Apply the Blow-up lemma to find a HIT within each ready H-pair and among each
ready H-triple.
In order to apply the Blow-up Lemma, we first give two lemmas which assure the

existence of a given subgraph in a complete bipartite graph.

Lemma 3.4.4. Suppose 0 < ¢ < d < 1 and N is a large integer. If G(A, B) is a balanced
complete bipartite graph with (1 —e — d*/2)N < |A| = |B| < N, then G(A, B) contains a
HIST Tpuir with A(Tpuir) < [2/d*] and ||L(Tpair) N A| — |L(Tpair) N Bl| = £ for any given

non-negative integer ¢ with ¢ < d*N.

Proof. By the symmetry, we only show that we can construct a HIST T such that
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IL(T)NA| — |L(T)N B| = . Let A’ = [d®N]. We choose distinct ay,as, - ,an € A and
distinct by, by, - -+ ,bar—1 € B. Then we decompose all vertices in B into By, By, - - -, Bas such
that 3 < |B;| < 1/d® B;N Biy1 = {b;} for 1 <i <A’ —1,and B;NB; =0 for |i — j| > 1.
Now we choose ¢ + 1 distinct vertices bas, bary1, -+ ,barse from B —{b; : 1 <i < A’ —1}.

As A" = [d®N], L+ A’ < (d* + d®)N + 1, and thus

2004+ A') < (2d* +2d*)N +2 < (1 —d*/2 —e)N — [d*N] < |A| — [d*N].

Thus we can use all of the vertices in {b; : 1 < i < A’ + ¢} to cover all vertices in
A—{a;|1 <1i < A’—1} such that each b; can be adjacent to at least two distinct vertices. We
partition A—{a; |1 <i < A’—1} arbitrarily into Ay, Ag, -+, Agyar such that 2 < |A;] < 1/d3.

Now let T be a spanning subgraph of G(A, B) such that

E(T)={ab|be B;,1 <i<A}U{bjalac A;,1 <j <A +1}.

Clearly, A(T) < [2/d*]. As |A| = |B|, |S(T)N Al = A, and |S(T)N B| = A’ + ¢, we then
have that |L(T) N A| — |L(T) N B| = {. We denote T" as T}, O

Lemma 3.4.5. Suppose 0 < ¢ < d < 1 and N is a large integer. Let G = G(A, B, F)
be a tripartite graph with V(G) partitioned into AU B U F' such that both G[A U B] and
G[B U F| are complete bipartite graphs. If (i) (1 — 4e — d*/2)N < |A|,|B] < N, (ii)
(1/2 — 2.1e — 3d?/20 — &®)N < |F| < (1/2 — d®)N, and (iii) for any given non-negative
integer | < 3d*N/10, we have |B] —2(|JAU F| — |B| — 1) > 3d®N/2 holds, then G contains a
HIST Tyyipie and a path Pype spanning on a subset of L(Tyipe) such that

(a) Tivipie is a HIST of G with A(Tiyipie) < [3/d?];

(b) |L(Ttrip16) N B| = |L(Tt7’iple) N (A U F)| — L.

(¢) Piiple is a (b, f)-path on L(Tiipie)NE and any | L(Tyipe) N EF | vertices from L(Tyipe) B,
and |V (Piipie) N F| < 5d*N/6.
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Proof. Let A’ = [d®*N/2]. We choose distinct by, by, -+ ,bar € B and partition all
vertices in F into Fy, Fy,---, Fas such that 3 < |Fj] < 1/d®. Then we choose distinct
ai,as, - ,aa—1 € A and decompose all vertices in A into Ay, As, -+, Axs such that 3 <
|Ai| <2/d® Ain Ay ={a;} for 1 <i < A'—1,and A;NA; =0 for |i — j| > 1. Choose one
more vertex, say anr € A—{a; |1 <i < A'—1}. Let I’ = |JAUF|—|B|—1. Notice that I’ > 0.
Now we choose [" distinct vertices fi, fa, -+, fr from A —{a; : 1 <i < A’} U F (choose as
many as possible from F first) and partition any 2!’ vertices of B — {b; : 1 <i < A’} into
By, By, - -+, By such that | B;| = 2. By (iii), we see that there are at least |d®>N | vertices left
inB=B—{b:1<i<A}— Ui;l{B,} Hence we can partition B’ = BiUB,U---U B,
such that |Bjy,| > 2 and |Bj| > 1 for j # A’. We let T' be a subgraph of G on AUB U F

with
E(T) ={bif,bia,a; : fe Fae A;,b € B,1<i<A}YU{fib:be B;,1<i<I}.

By the construction, 7" is a HIST of G, which clearly satisfies (a). Since |S(T) N B| = A’
and |[S(T)N(AUF)| = A"+ = A+ |AU F| — |B| — [, we then see that T satisfies
(b). f L(T)NF #0,1et f e L(T)N F and b € L(T) N B, we can then take a (b, f)-path
P with V(P)NF = L(T)U F and |V(P)| = 2|L(T) N F|. By (i) and (ii), we see that
I!'=|AUF|—|B|-1>(1/2—6.1e —4d*/5— d®)N. Hence |V(P)NF|=|F| -1 < 5d*N/6.
Denote T" as Tiyipie and P as Piyjpje. O

Now for 1 < < t and for each ready H-pair (X, Y;*), suppose, without of loss generality,
that |(L(Tx;) N ¥7) U (L(Ty) 0 Y] = [(K(Tx) 0 X2) U (E(Ty) 1 XD)| = I, where Ty,
is the insertion HIT associated with Xj and Ty is the insertion HIT associated with Y}
Notice that I < d?N from 3I0) and BII). Let z, € S(Tx:) N X] be a non-leaf of T, and
y» € S(Ty;) NY/ a non-leaf of Ty,. Since (Xj,Y/) is (2¢,d — 2¢)-super-regular by Fact
and |Y! — Y| < 2d2N/5, we have deg(x,,Y;") > (d — 2¢ — d*/2)N > dN/2. Similarly,
deg(yp, X;) > (d — 2e — d?/2)N > dN/2. Also, from Step 2, we have ['(z},Y;), T'(z}*,Y;) >

(d — 3e)N. So, T'(x;, V), D(x:*,Y*) > (d — 3e — d?/2)N > dN/2. Similarly, we have
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C(yr, X7), D(yr, X7) > (d—3e—d?/2)N > dN/2. Recall that (X}, Y;*) is (4, d—2e—8d?/20)-

)

super-regular by Fact B47, and therefore (X[, Y;*) is (4e, d/2)-super-regular. By the the
strengthened version of the Blow-up lemma and Lemma B.44](the conditions are certainly
satisfied by X7 and Y;*), we can find a HIST 7} = T, on X} UY;* such that there exist
Ya € S(TY)NT (x4, Y7), mp € S(T1)NT (4, X7), y; € S(T7) NT' (27, Y7), yi' € S(T7) NT' (27", Yy),
and z; € S(TH)NT (v}, X;), 2/ € S(TYHNT(y*, X;) such that |L(T))NXF|—|L(THNY =1
Hence |L(T)NX | 4| L(Tx) N X |+|L(Tyy ) NX]| = |L(T])NY; |+ L(Tx;) Y7 |+ L(Ty ) NYY .
Let T° = T{ UTx: UTy: U{aYa, Yo } ULz yi, o7y] v o, iy} Tt is clear that T is a HIST
on X/ UY/UI(X])UI(Y/) such that
{af, a7 yf,y"} C L(TY) and  |L(T) N X]| = [L(T) N Y.

For the ready H-pair (Xg, Y{"), let z, € S(T'x;)NX( be anon-leaf of Ty, and y, € S(Ty;)NYy a
non-leaf of Ty;. By the the strengthened version of the Blow-up lemma and Lemma[5.4.41(the
conditions are certainly satisfied by X and Y{'), we can find a HIST 77 & T, on X U Yy
such that there exist y;, € S(T7)NL(zf, Yo), yg € S(TY)NT(z5*, Yo), )41 € S(TY)NL (y514, Yo),
z) . € S(TY) NI (y;t1,Yo), and zf € S(IY) NI (yg, Xo), zf € S(T7) N T'(yg*, Xo) such that
| L(TY) N XG |+ LTy ) N X | + [ L(Tag ) N X = | L(TY) NG|+ | L(Tx ) NG|+ [ L(Tyy ) N Y +2.
Let T° = TP U Tx; U Ty U {Za¥ar Yoo} U {Z5Y0, T5°Y0, Y6 %0, Yo" T0> Yir1Tiqts YeraTipa to 16 i

clear that T° is a HIST on X} U Yy U I(X{) U I(Y]) such that

For each ready triple (X;,Y;*, F*), we know that (X7, Y;) is (4e,d — 3.1e — 9d*/20)-
super-regular and (Y;*, F*) is (8.4¢,d — 2.1e — 3d?/10 — 2d?)-super-regular by Fact B.4.8
Notice that (1 —4e —9d?/20)N < |X}|,|Y;*| < N and (1/2 —2.1e —3d?/30 — d®)N < |F*| <
(1/2 —d*)N. Let |I(X])] =" and |I(F")| = 1/6 for some integer [. By Operation IT we have

[V (Tx)NX]| < 3l"and [V (Tx:)NY/| < 2I'+1. By Operation III we have |V (Tp )N F;| =1/2
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and |V(Tp) NY/| = 1. Notice that |L(Tx/) N Xj| = [I(Tx;) N Y]/|. Hence,

Yo = 20X U FT = Y7 =) = 3(1Y]| =21 = 1= 1) = 2(|X]] = 31') = 2(|F"| = 1/2) + 21

= 3V —2[X{[ - 2|F] -3

v

3(1—-3.1e)N —2N — N +2d°N — 3 > 3d°N/2.

By the weak version of the Blow-up lemma (Lemma [B.2.2) and Lemma B.4.5, we then can
find a HIT T} = Typipe on X7 UY* U F* and a path P; 2 P, spanning on L(7}) N F* and
other |L(T{) N F*| vertices from Y;*. Let y, € S(T’x;) NY; be a non-leaf of T'x/ (take y, as
the degree 2 vertex if Ty, has one) and y,, € S(Tr) NY]" a non-leaf of Tr. Then as (Y}, F')
is (4.1e,d — 2.1 — 2d3)-super-regular, we have |I'(y,, F")], |[T'(v,, F')| > (d — 2.1e — 2d®)N/2.
Since |F' — F*| < 3d*N/20, we then know that |T'(ya, F)|, |T (v}, F*)| > (d —2.1e — 3d*/10 —
2d3)N/2. Since |F* N L(TY)| = |V(P) N F*| < 5d*N/6 < (d — 2.1e — 3d*/10 — 2d*>)N/2,
there exist f, € (S(T7) N F*) NT(ya, F*) and f, € (S(TH) N F*) NI (y,, F*). For each
x € I(F'), since deg(z, F') > (d —¢)|F'| > (d—¢)(1 — 2.1 — d3)N/2, we know there exists
e (S(THNF*)NT(z, F*). From Step 2, we have |['(z},Y;) NT(x*,Y;)| > (d — €)*N and
IT(yr, Xi) NT(y;*, Xi)| > (d —e)?N. Hence |T'(z},Y/)N F( Y] > ((d—¢€)? —3.1e)N.
Since |S(T} U Tx: UTp) N X]| < d*N/2, we see that there exists y' € I'(z},Y;) NI'(z}*,Y;) N
L(T} U Txs U Tpr). Similarly, there exists ' € T'(yf, X;) N T(y*, X;) N L(T} U Txs U Tpr).
Let T" = T{ UTx: UTp U{zf' : x € I(F), f € (S(T}) N F*) N D(z, F*)} U{Yafa, yofo} U
{zr, e, o'y, o'yr*}. Tt is clear that T" is a HIST on X/ UY/ U F' U I(X]) U I(F’) such
that
foh ey} C LT and |L(TY) N X)| = |L(T) N Y]

Let H' =T"U P;. We call P; the accompany path of T".

Step 6. Apply the Blow-up Lemma again on the regular-pairs induced on the leaves of
each HIT obtained in Step 5 to find two vertex-disjoint paths covering all the leaves. Then
connect all the HITs into a HIST of G and connect the disjoint paths into a cycle using the

edges initiated in Step 2.
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Suppose 1 < i < t. For each H-pair (X;,Y;), let X} = X! N L(T?) — {x},z*} and VI =
Y/NL(T)—{y¢,y;*}, and for each H-triple (X;,Y;, F), let X! = X!NL(T'UPR;)—{z}, x;*} and
YE =Y/NL(T'UP,)—{y;,y;*}, where T" is the HIST found in Step 5, and P is the accompany
path of T%. By Operations I, IT and III, and the proofs of the Lemmas 3.4 4 and 3. 4.5 we have

(X)) UI(Y]) € S(T;) and F'UI(F') C S(T;UF;). Thus, X[ UY? = L(T") — {=}, =", y{, y;*}

7

for each H-pair and X UYL = L(T'U P)) — {x}, z}*, y}, y;*} for each H-triple. Furthermore,
we have |X}| = |Y/*|. For the H-pair (Xo,Yp), let X = X[ N L(T°) — {af, x5, yioa, vita

and Y = Y{ 1 L(T®) — {u, 5"} We have X& U Y = L(T®) — {u5, 25", i1, s} and
| XE| = |YE| since from Step 5 we have |L(T°) N X}| = |L(T°) NY;| + 2. By the construction
of Tpair and Hypipre, we see that |S(T;) N X!, |S(T;)NY/] < d>N. Since each H-pair (X[, Y/) is
(2e, d—2¢)-super-regular, and each pair (X/,Y/) from an H-triple (X!, Y/, F’) is (2¢,d—3.1¢)-
super-regular, by Slicing Lemma, we then know that (X7, Yl) is (4e,d — 3.1e — d?)-super-

7

regular and hence is (4¢, d/2)-super-regular.

For each 1 < i < t, by the choice of zf, z* yF, v, we have |I'(z},Y;)], |I'(x*, Y| >
(d—e)N and [T(y;, X;)[, [T(y;*, Xi)| = (d—e)N. Hence, [['(af, V)|, [T(2;*, YiF)| = (d—e —
3.1e — d*)N > dN/2 and |T(y;, X1)|, |0 (y;*, X}F)| > (d — e — 3.1e — d*)N > dN/2. Similar
results hold for the vertices g, 23", y/, 1, y;7,. For each 0 <7 < ¢, we choose distinct vertices
yl € T(zp, Y1),y € D(x*,YF) and 2} € D(yf, XF), o/ € D(yr*, XF). If T* does not have
the accompany path, then by the strengthened version of the Blow-up lemma, we can find
an (z},y!)-path P} and an (z,y/)-path Pj such that P} U Pj is spanning on X/ UY}E. If T*
has the accompany (b, f)-path P;, we see that deg(b, XF), deg(f, YY) > dN/2 as (X[, Y/) is
(2e,d—3.1¢)- super-regular, and (Y/, F”) is (4.2¢,d — 3.1e — 2d®)-super-regular. Applying the
strengthened version of the Blow-up lemma, we can find an («/, y})-path P}, and an (27, y!)-
path P§ such that P}, U P¢ is spanning on XF U Y;Y, and two consecutive internal vertices
a b e V(P with ¥ € T'(f,Y), and o’ € T'(b, X1). Let Pj = P}, U P, U{fV,ba’} — {a't'}.
Notice that for the H-pair (X, Yy), the two vertices y;,, y;7, are not used in this step, but

we will connect them to y; and y;*, respectively, in next step.

We now connect the small HITs and paths together to find an SGHG of GG. In Case A,
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for 1 <i<t—1, wehave |S(T")NY;| > d®N/2 >N and |S(T"") N X;41] > d®N/2 > eN.
Since (Y;, X;41) is an e-regular pair with density d, we see that there is an edge e; connecting

S(Ti+1) N Xi—l—l and S(TZ—H) N Xi+1- Let

t
T=JTu{e|1<i<t—1}
i=1
Then T is a HIST of G. Let C be the cycle formed by all the paths in (J!_, (P{ U Pi) and all

edges in the following set

{aiyh ey yiat yey 1< i< U{yial yleiy 1 < i<t =1 U {yar, g e},
notices that the edges in {y;x} |, y; x5, 1 <@ <t—1}U{y;27", y "7} above are guaranteed
in Step 2. It is easy to see that C is a cycle on L(T'). Hence H =T U C'is an SGHG of G.

In Case B, for 1 <i < t—1, we have |S(T)NY;| > d®N/2 > &N and |S(T")N X4 | >
d®*N/2 > eN. Since (Y;, X;11) is an e-regular pair with density d, we see that there is an edge
e; connecting S(T™) N X;,; and S(T""') N X;,,. Similarly, there is an edge ey connecting
S(Ty) N Xy and S(T) N X;. Let

t
T=JTu{elo<i<t—1}.
=1

Then T is a HIST of G. Let C be the cycle formed by all paths in (J/_, (P U P}) and all

kok o kok k) kk )k ok

edges in the set {yiyi 1, U5 it Vit vineT, oy, ¥y, } and in the following set

{3yl oy i,y 10 <i < thU{yjal . yfapy, 1<i<t—1}

It is easy to see that C'is a cycle on L(T"). Hence H =T U C'is an SGHG of G.
The proof of Theorem [B.4.3]is now finished. U
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3.4.3.2 Proof of Theorem [B.4.4] By the assumption that deg(vy, V) < 20n for

each v; € V} and the assumption that 6(G) > (2n + 3)/5 in Extremal Case 1, we see that

S(GIVA]) > (2n +3)/5 — 26n.

Then (B.13)) implies that

Vil > (2n+3)/5—26n and |Vz| < 3n/5+20n.

Also, by |Va] > (2/5 — 48)n in the assumption,

Vil < (3/5 +45)n.

We will construct an SGHG of G following several steps below.
Step 1. Repartitioning

Set oy = @3 and ay = a3, Let

Vi=Vi and Vj={velhldeg(v,V1) < aq|VA[}.

Then by d(V;, V) < «a, we have

ar[Vil[Va = V3| < e(V1, V3) + e(Vi, Va = V) = e(V1, V2) < a|Vi||Val.

This gives that
Vo = V3| < | Val.

Denote V) = Vo — V. Then by the definition of Vj, we have

0(Vig, Vi) > aa|Vi| and 8(G[V3]) = (2n+3)/5 — aa|[V]| = (2/5 — an(3/5+ 48))n

(3.13)

(3.14)

(3.15)

(3.16)

, (3.17)
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where the last inequality follows from (B.15).
Let n; = |V/| for i = 1,2. Then by [B.I3) and (315,

S(GIV]) > (2n 4 3)/5 — 28n > 20 =20

2 mnl > (2/3 - 85)711, (3-18)

and by (8I4) and the second inequality in (B.17),

(2/5 —a1(3/5+45))

SOV = (25— on(3/5 +4B)n > SR

To Z (2/3 — 1.1@1)7’1,2,

provided that § < ga?i(;(l) 73

Step 2. Finding three connecting edges

AS @G is 3-connected, there are 3 independent edges z}yt, x2y? and zyyy connecting
VI UV and Vy such that 2}, 2% zn € V/UVS and y}, 4%, yny € V5. In the remaining steps,
we will find a HIST T; in G[V] UV{}] with zy as a non-leaf and z}, 7 as leaves, and a HIST
T, of G[V3] with yy as a non-leaf and y}, y? as leaves. Then T' = Ty UTy U{zyyn} is a HIST
of G. By finding a hamiltonian (z}, 2% )-path P, on L(T}), and a hamiltonian (y},y?)-path
on L(T3), we see that

C:= P UPU{zy}, 2292}

forms a cycle on L(T). Hence H :=T U C' is an SGHG of G.
Step 3. Initiating two HIT's

In this step, we first initiate a HIT in G[V/ U V3] containing Xy as a non-leaf and z}
and 72 as leaves. Then, we initiate a HIT in G[V] containing yx as a non-leaf and y} and
y? as leaves.

For z} 22 xn € V] UV, by BI3) and ([BIT), each of them has at least ay|V]| > 9

neighbors in V. Thus, we choose distinct z7, 21, 2% 2% 2L, 2%, 2% € V] such that

1 1 1 2 2 2 1 2 3
zLNZL,Z, zLNZL,Z, zNNZN7ZN7ZN'

(Note that 21 and 2 may be from V3, and therefore they may not have too many neighbors
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in V/, we then choose 2z} and 22 from V/ as their neighbors, respectively.)

By (B18), we see that any two vertices in G[V]]| have at least (1/3 — 165)n; > 14

neighbors in common. Thus, we can choose distinct vertices z'!, 222 22 vff € V/ —
12 11,2 1,2 .3
{z1,2],2xN,21,2", 27, 25, 25, 25 } such that
Al Gl 2002 2 12 o R 1 L
Furthermore, by ([3.I8) again, we have §(G[V{]) > (2/3—88)n; > 17. Choose 21, 23, 2z} € V/
not chosen above such that

1 1 .2 2 11 1
ZlNZ’Z2NZ7ZNNZN

Let T}, be the graph with

12 1 .1 .1 .2 11 12 22 2 2 3 R _1 .2 _11
V(T1) = {xp, 7, TN, 2N, 21, 2 5 21, 2 s 200 250 2% 25, 26, U1y 215 295 2N

and with edges indicated above except the edges !z} and 2%22. We see that T} is a tree

with v as the only degree 2 vertex, and |V (T1;)| = 17 and |L(Ty;)| = 9. Notice that in T,

21 2t and 22,22 are leaves, and xy is a non-leaf. Figure 3.6 gives a depiction of T;.

Uy
Figure (3.6) The tree T1;

Notice that the edges x} 2} and 2% 2% are not used in Tj;. We will first construct a HIST
Ty in G[V{' UV} containing T}, as a subgraph, then find a hamiltonian (z},2%)-path on
L(Ty) — {x},2%} by Lemma B2 finally by adding z}2} and 2227 to the path, we get a
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hamiltonian (z}, 2% )-path on L(T}). The reason that we avoid using x} and z% is that when

x}, 12 € V), we may not be able to have the condition of Lemma on G[L(T})] in our
final construction.

Then we initiate a HIT in G[V;] containing y},y? as leaves, and yy as a non-leaf.

As yi,y?, yny € V3, by (B19) and the fact that each two vertices from Vj have at least

(1/3 —2.2a1)ny > 7 common neighbors implied from (3.19), we can choose distinct vertices

y127y]1\f7y]2\f7y?\771)§ S ‘/2/_ {yivy%nyN}

such that

Y~ LY UN ~ YN YR Uan Vs ~ Y YN (3.19)

Let Ty be the graph with V(Ty) = {yl, 2, yn,v'% vk, v v, v&} and with E(Ty;) de-
scribed as in (B19).
We see that Ty is a tree with vl the only degree 2 vertex and y! y? € L(Ty), yy €
S(Ty) and
V(T) NV =8, |L(T) N V| =5. (3.20)

Denote

U1 = Vvll — V(Tll), U2 = ‘/2, — V(Tgl), and ‘/12 = ‘/102 — V(Tll)

Step 4. Absorbing vertices in V.
We may assume that V% # (. For otherwise, we skip this step. Let Vi3] = nis and
Vv102 = {1’1, L2, axmz}'

Since |V (T11)] = 17, by (B.I7T), we get
6(Viy, Ur) > e [V{| = 17 > 3ap|Vo| > 3|Va — V5| > 3|V

Thus, there is a claw-matching M, from V3 to U centered in V5. For i = 1,2, ,nya, let

Zi1, T and x;3 be the three neighbors of x; in M,.. If njy = 1, let T, = M., and we finish
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this step. Thus we assume niy > 2.

By (318]), each two vertices in in V/ have at least
(1/3 —168)ny > 6an| V| + 17 (3.21)

neighbors in common. The above inequality holds as ny > 2n/5 — 206n, |V5| < 3n/5+ 20n
by ([B14), and we can assume that 18as/5 + 1063/15 + 12a23 + 18/n — 323? < 2/15.
Thus, for each i = 1,2, ,n1y — 1, we can find distinct vertices a3, zhg, 235, 23, | in

U, — V(M,) such that
i i i 3 3
T13 ™ iz, Tit1,15 Tz ~ L3y Tiz 7 Tids Tippn Y Titl 1 (3:22)

Let T, be the graph with V(T,) = V(M,) U {x}3, x93, 2%, 2}, : 1 < i < nyp — 1}, and
E(T,) including all edges indicated in (8.22) for all i and all edges in M.. It is easy to see,
by the construction, that T} is a HIT with

|V(Ta)ﬂU1\ :7n12—4 and ‘L(Ta)mUﬂ :471,12—1.

Using ([3.2I) again, we can find 2y € U; — V(T,) such that z§ ~ off,xq;, where
’Ul S V(Tll) and z1; € V( ) By m

S[GIV/]] > (2n +3)/5 — 26n > Gas| Vi3] + 20,

since |Va| < 2n/5 4 26n, and we can assume that 23 — 12a98 — 18a/5 — 21/n < 2/5. So
we can find distinct vertices z}7, a1, € Uy — V(T,) — {z§ } such that x3¢ ~ 2}, x1; ~ 1.

Let T} be the graph with

V(T}) = V(Ty)UV(T,)U{xy, 25, v1,} and E(T!) = E(TH)UE(TCL)U{x}\}v}%,xNxH,xNxN,xhxn}.
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Then T is a HIT such that

V(THNU| =Tn +16 and |S(THNUL| =30 + 7. (3.23)

Denote U] = U, — V(T?) and Uy = U, — V(T?).
Step 5. Completion of HITs 7} and 7T,

In this step, we construct a HIST 7; in G[V/] (i = 1,2) containing 7} as an induced
subgraph.

The following lemma guarantees the existence of a specified HIST in a graph with n

vertices and minimum degree at least (2/3 — a’)n for some 0 < o/ < 1.

Lemma 3.4.6. Let H be an n-vertex graph with 6(H) > (2/3 — o/)n for some constant
0 <o <« 1. Then H has a HIST Ty satisfying
(i) Ty has a vertex vy of degree at least (2/3 —a/)n — 1, and vy can be chosen arbitrarily

from V(H);
(i) |S(Ty)| < (1/6 +a'/2)n+ 2.

Proof. Let vg € V(H) be an arbitrary vertex. If n(mod2) = deg(vg) + 1(mod2),
then we let Ngp = Ny (vg). For otherwise, let Ng be a subset of N(vg) with |Ng(vg)| — 1
elements. Let T,, be the star with V(7,,) = {vg} U Ng and E(Tg) = E({vr}, Ng). Let
VWw=V(H)-V(T,,) By §(H) > (2/3 —a')n, we have |V;| < (1/3+a')n+ 1. By the choice
of Ng, we have |Vy| = 0(mod2). If Vy = (), then let Ty = T,,,. For otherwise, we claim as

follows.

Claim 3.4.3. Let Vi C V(H) be a subset with |Vi| > (2/3 — a')n — 1 and |Vi|(mod2) =
n(mod2). Then there exist two vertices from Vo = V(H) —V} such that they have a common

neighbor in V.

Proof of Claim[3.3 We assume that |V;| < (2/3+2a’)n. For otherwise, |Vp| < (1/3—2a/)n.
Since 0(H) > (2/3 — a/)n, any two vertices of H have at least (1/3 — 2a/)n neighbors in

common. By [Vy| < (1/3 — 2a’)n, any two vertices from Vj have a common neighbor from
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Vi. We are done. Thus |Vi| < (2/3 + 2¢/)n, and hence |Vy| > (1/3 — 2a/)n > 3. By the
assumption that [V;| > (2/3 —a/)n — 1, we have |V| < (1/3 + o/)n + 1. This implies that
deg(vo, V1) > (1/3 — 2a/)n — 2 for each vy € Vj. As |[Vp| > 3 and 3((1/3 — 2a/)n — 2) >
(2/342a/)n >> |V4| (provided that 8¢/ +6/n < 1/3), we see that there must be two vertices
from V{ such that they have a neighbor in common in V;. O

By Claim B.43] there exist two vertices vj', v§?> € V; such that they have a common
neighbor in 7,,. Adding v}' and v}? to T, and two edges connecting them to one of their
common neighbor in V(T,,). Let T, be the resulting graph. Then we see that T, is
a HIT with |V(T,.)| = |V(T,,)| + 2, and hence (|V(T,,)| + 2)(mod2) = n(mod2). Also
V(T )| > |[V(T,,)| > (2/3 —a/)n — 1. So we can use Claim again to find another
pair of vertices from Vy — {vg',vy°} such that they have a common neighbor in V(T ).
Adding the new pair of vertices and two edges connecting them to one of their common
neighbor in V(7)) ) into T, , we get a new HIT T}} . By repeating the above process another
lo = (|Vo] —4)/2 times, we get a HIT T . Let Ty = T, . We claim that Ty has the required
properties in Lemma [B.4.60 Notice first that dr, (vg) > (2/3 —a’)n — 1. Then since Ty has
vp and at most |Vp|/2 distinct vertices as non-leaves and |Vy| < (1/34 a/)n + 1, we see that
1S(Tw)| < (1/6 +d'/2)n + 2. O

Let H; = G|U; U {vL}]. Recall that v}, is a non-leaf in 7). By (B.I8) and (3:23), and
by noticing that nyy < |V — VJ| < ag|Va| < 3agny /2 (by (B14)), we see that

S(HY) > (2/3—8B8)n1 — (Tnis + 19)
2 (2/3 — 86)711 — 21(12711/2 —19
> (2/3 = 11ag)|V(H)l. (3.24)

Let o/ = 1las < 1 (by assuming o < 1). By Lemma B.4.6] we can find a HIT 77 in

H, with v}, as the prescribed vertex in condition(i). It is easy to see that T} := T UT] is a
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HIST of G[V{ U V3] and

si = |S(Ty)NV{| =[S(T}) N V| +|S(T{) N VY|

IA

3nig + 74 (1/6 + 5.502)|V (H;)| + 2 (by (8:23) and Lemma B.2.0])

IA

3n1a + 94 (1/6 + 5.5a2)n4

S (1/6 + 10.50&2)711 (by 12 S 30(2711/2). (325)

Let Hy = G[Uy U {v%}]. By(3.19) and (3.20), we see that

0(Hz) > (2/3 =11la)ny —8 > (2/3 —1.20)|V (Hy)|.

By letting o/ = 1.2ay, we can find a HIT T} in Hy with v% as the prescribed vertex in

condition (i) of Lemma B46 Then Ty := T2 U Ty is a HIST of G[V;]. Also, notice that

soo = |S(L) N V3| = [S(TY) N V3] +[S(T5) N V3]

IN

3+ (1/6 4 0.60)|V (Hy)| + 2

< (1/6—}—070&2)7@2, (326)

where the last inequality holds by assuming 5/ns < 0.1as.
Step 6. Finding two long paths

In this step, we first find a hamiltonian (z}, 23)-path P! in G[L(Ty) — {z},2%}]; then
find a hamiltonian (y!,y?)-path P, in G[L(Ty)]. Let Gi; = G[L(T}) — {z},22}] and ny; =
[V(G11)|. We will show that 0(G11) > iny;. We may assume s; > (1/6 — 86)n; — 2. For
otherwise, if s; < (1/6 — 88)ny — 2, then by (BI8), we get

6(Gu) > O(G[V/]) —s1—2
> (2/3-8B)n1 — ((1/6 —83)n; —1—2) —2
> 17”L1-|-1217”L11+1-

2 2
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Hence, s; > (1/6 — 8f)ny — 2, implying that

Ny — 2
ny; < (5/6 +88)n; +2 and thus ny > 5/25174'85 (3.27)
Hence, by (3.25)
5(G11) Z (S(G[‘/l/]) — 51 — 2 Z (2/3 — 86)711 — (1/6 + 10.5(12)711 -2

1/2 =26 — 1lay
5/6 4+ 25

> (1/2 — 85 — 110(2)71,1 > (nu — 2) > n11/2,

the last inequality holds by assuming 35 + 11as + 2/n1; < 1/12. By applying Lemma
on G, we find a hamiltonian (2}, 2%?)-path P} in Gy;. Let P, = P! U{zjx}, 2222}, We see
that Py is a a hamiltonian (z},2?%)-path on L(T}).

Let Gy = G[L(T,)] and ngs = |V(Gaz)|. We will show that §(Gaz) > nge/2. We may

assume that sy > (1/6 — 1.1aq)ne — 2. For otherwise, if s, < (1/6 — 1.1a)ny — 2, then by

(B3.19), we see that

(Gaa) > 5(G[V2l])—82—2

> n2/2 Z n22/2.

Thus, sy > (1/6 — 1.1a1)ne — 2, implying that

7122—2

Nay <ny— 82 < (5/6+ 1.1ag)ny +2  gives that ng > m'
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5(Gas) > O(G[VY]) — so—2
> (2/3—=1.1as)ng — (1/6 +0.7a1)ng — 2
> (1/2 = 1.9a;y)n, > H(nm —2)
> ngy/2.

The last inequality follows by assuming that 2.45c1 +2/nq; < 1/12. Hence, by Lemma [3.4.6],
there is a hamiltonian (y}, y?)-path P, in Gas.
Step 7. Forming an SGHG

Let T =T, UTyU{zyyn} and C = P, U P, U {zlyl x2y?}. We see that T is a HIST
of G with L(T) = V(P,) UV (F,) and C is a cycle spanning on L(7T). Hence H = T UC'is
an SGHG of G.

3.4.3.3 Proof of Theorem Notice that the assumption of Extremal Case 2
implies that
Vil > (3/5—a)n and [V3| = (2/5 —26)n.

We may assume that the graph G is minimal with respective to the number of edges.
This implies that no two adjacent vertices both have degree larger than (2n + 3)/5. (For
otherwise, we could delete any edges incident to two vertices both with degree larger than
(2n + 3)/5.) We construct an SGHG in G step by step.

Step 1. Repartitioning

Set a; = a3 and ay = o3, Let

Vi = {veValdeg(v, V1) = (1 = 3on) [V},
Vo = {veVa—Vjldeg(v,V1) < an|Va]/6},

Vi = MUK V= V-V
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As d(V1,V,) > 1 — 3a, the following holds,

(1 =3a)Wi[[Va| < ec(V,V2) = ec(V1,V3) +ec(V1, Vo — V3)
< WA[IV3] + (1 = 3an)[Vi[|Va = V3.
The inequality implies that

Va — V3| < aolVh). (3.28)

As a consequence of moving vertices in V5 — V3 out from Vs, by (B.28)) we get

6(Vi,V3) > (2n+3)/5—28n — as|Vy|
> (2n43)/5 — 683|Va| — as| V5|
> (2n+3)/5 — 2as| V4], (3.29)

provided that 65 < as. And as a consequence of moving vertices in Vj to Vi,

o(Vg, V3)

v

0(G) = A(Vg, Vi) — A(Vg, Ve = V3)

V

(2n +3)/5 — ai|V5|/6 — | Vs|

> (2n+3)/5 — ay|Vs|/3 (provided that as < «a;/6), (3.30)

and

a1|Va]/6 < 6(Vi3, V) < (1 = 3en)|Vi. (3.31)

From (3:29) and (3.30), we have

0(VI,V3) = (2n+3)/5 — an|V2|/3. (3.32)

o(Vy, V) > (1 —3a1)|Vi] > (1 —31)(3/5 — a)n > [(2n+ 3) /5], (3.33)
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we get that
deg(v]) = [(2n + 3)/5] (3.34)

for each v} € V{, by the minimality assumption of e(G). Hence (8:332) and (3.34) give that

A(GIV]]) < au|Val/3. (3.35)

Step 2. Finding a vertex v; from V) with large degree in V/
Let
e = e(G[V]]) (3.36)

be the number of edges within V/, notice that e;, maybe 0. Then

ec(V{, V3 U Vi) = [V{[[(2n +3)/5] — 2e;u. (3.37)

Let
din = e /IV{| and |no| = ||V UV| = [(2n + 3)/5]]. (3.38)

By (3.35) and the definition of d;, in (3.38)), we have

ldin] < a1|V2]/6.

In fact, since A(Vi, V{) < A(Vi, Vi) +A(V1, V)) < 2Bn+[Vi| < 2B8n+as|Va|, and A(Vy, V) <

a1|Va|/6 + az| Vs, more precisely, we have

2 = 2ei/|Vi| < (260 + o V2 VA|/IVV] + (0 [V2l/6 + az| V2] [V /[ VA]

IA

(26n + az|Va|) + as(en|Va|/6 + az|Val) (as [Vi] < aaf V3| and Vi, [V2| < V)

IN

(68 + ay + /6 + a3)|Va| (as Bn < 33|Va))

< 2ay|Vs| (provided that 68 + a/6 + a2 < as). (3.39)

Set
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Case A. [(2n +3)/5] — |[VJ U VS| = ng > 0;
Case B. [V; UVY| — [(2n+3)/5] =ng > 1.
We have
[(20+3)/5] — [V, UV| < 281+ V| < (66 + ao)|Val < 2aslVal,  Case A,

V3 UVS| —[(2n+3)/5] < (2/5+a)n— [(2n+3)/5] < an, Case B.

Then in case A,

ec(VI,VaUVip) = [V/[[(2n+3)/5] — 2es  (by (334))
= [VII(IV3 U Via| + no — 2di,)

> |V UVR|(IV)] + 1.4ng — 3.2d3n),

as 1.4|VJUVE| < 1.4((2n+3)/5+an) < (3/5—a)n < |V]{| and 1.6|V;UVS| > 1.6((2n+3)/5—
268 —ag)n > (3/5+ 2B 4+ ag)n) > |V/| provided that 2.4a0 < 1/25 and 5.28 4 2.6a, < 1/25
respectively. Since eq(VY, Vy UVY) < |Vy UVEL||V/], we have |V]|+ 1.4ny — 3.2d;, < |V{|, and
thus 1.4ng < 3.2d;,.

In Case B,

ec(VI, V3 UVi) = [V/[[(2n+3)/5] = 2es  (by (334))
= [VII(1Vz U Vi3] — no — 2din)

> V3 UVBI(IVY] = 1.6no — 3.2d;n),

as 1.6|Vy U VS| > 1.6((2n + 3)/5 — 28 — agn) > (3/5 + 28 + as)n > |V/| provided that
5.28 + 2.6a < 1/25.
Let

{ 13.2d;, — 1.4n0 ], if Case A,
d, =

|1.6ng + 3.2d;,|,  if Case B. (3.41)
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By [339) and (3:40), we see that

3.2a|V5|,  if Case A,
d <

6.4a|Va|,  if Case B. (3.42)

Then there is a vertex vy in VJ U VS of degree at least |V/| — d;. We will fix this vertex

in what follows. In fact, such a vertex v} is in VJ by the facts that
0(Vig: Vi) < (1 =3an)[Vi| and V]| —d; > (1 = 3a4)| VA, (3.43)

where |V{| —d; > (1 — 3a;)|V4| holds because of (3.42)).
Step 3. Finding a matching M within G[I'(v;, V/)]

In this step, if e;, > 1, we first find a matching within G[V]] of size at least e;,/(2 A
(G[V]])). We assume this by giving the following lemma.

Lemma 3.4.7. If G is a graph with mazimum degree A, then G contains a matching of size

|E(G)
at least <.

Proof. We use induction on |V(G)|. We may assume that the graph is connected.
For otherwise, we are done by the induction hypothesis. Let e = xy € E(G) be an edge and

G' =G —{x,y}. Since |[Ng(x) U Ne(y)| — {z, ¥} < 2(A — 1), we have

e(G') > e(G) — 2(A — 1) — 1 > ¢(G) — 2A.

Hence, by the induction hypothesis, G’ has a matching of size at least 6(02)7;% = 62(2) — 1.
Adding e to the matching obtained in G’gives a matching of size at least 62(? in G. O

In case A, we take a matching in G[V/] of size at least max{|11d;,|, 11ng}. This is

possible because

2A (GVY]) ~ 2aa|V{I/3 200 = "
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provided that o < (£)3, and

2ein > [VII[(2n+3)/5] — [VIIIV3] = (1 — 3an) Vi ||V

V

VI[[(2n +3)/5] — [V{]([(2n +3) /5] — no — [Via]) — [VAIIVi3] + Beu|Vi[[Viy

> |Vi[no + 3u VA [V (3.44)

implying that

Cin S Cin S |V/|no/2 S 3no > 11
n
2 A (GIV]) = 20a|V{|/3 = 2e0|V]|/3 = 4oy = "

provided that o < ()3
By B41), |V{| —I'(v3,V{) < d; < [3.2d;,|, we can then choose a matching M from
['(v3, V) such that
| M| = max{|7d;,], Tno}. (3.45)

In case B, we take a matching in G[V/] of size at least |8d;,|. This is possible as

€; e 3d;
in > in _ in > 8d2n
NGV 2 20ViTB - 20, = B

provided that o < ()2,
By the second equality of (3.A41)), |V{| — '(vs, V{) < [3.2d;, + 1.6n0]. If ng < 2d;,, then
13.2d;,, + 1.6ng] < |7d;,]. Thus, there is a matching M within I'(v3, V{) such that

LdznaJ if ng < Qdm,
| M| =
0, if ng > 2d;,. (3.46)
We fix M for denoting the matching we defined in this step hereafter.

Step 4. Insertion

In this step, we insert vertices in V% into V{ — V(M). Let I = V) = {x1, 29, - , 21},



90

Uy =T'(v3,V]) =V (M), and Uy = V3. Then (i)

o(L,Uh) = 6(I,V)) = V(M) = [V = T(v3, V)]

Z Oé1|‘/2|/6 — max{ L?de s 771,0} — L16n0 + 32dmj,
> 1|Va|/6 = 20.4a2| V2| (by B.39) and (B.40))
> 3as|Va| > 3|I]  (provided that 23.4as < ;/6),

and from (3.32), we have (ii)
0(Ur, Uz = {v3}) = [(2n +3)/5] — aa[Va| /3 = 1 > ap| V| = [I].

By condition (i), there is a claw-matching M; between I and U; centered in I. Suppose
that ['(x;, My) = {xi0, xi1, zi2}. We denote by P, the path x;x;x;2. By (ii), there is a
matching My between {x;0|1 < i < |I|} and Uy — {v3} covering {z; |1 < i < |I|}. So far,
we get two matchings M; and M.

Next we delete three types of edges not contained in

11
(UE(Pxi))U{xixio S 1<i<|I|}.

Those edges include edges incident to a vertex in I, edges incident to a vertex in

]

U ((C(zin) = T(@)) U (D(a) — T(za))) |

i=1

and one edge from the two edges connecting a vertex in I'(z;1) N ['(z;2) to both x;; and x;9,
for each 1 =1,2,--- ||

For the resulting graph after the deletion of edges above, we contract each path P, (1 <
i <|I]) into a single vertex v,,. We call each v,, a wrapped vertex and call P,, the preimage
of v,,. Denote by G* the graph obtained by deleting and contracting the same edges as
above, and let U =V and Uy = V(G*) — U;. (We will need the following degree condition



91

in the end of this proof.) Since |Uj| = |V;| < (2/5 + a)n, combining with ([8:32), we have

deg(va;, Uy) = Ui, Uy) N T (i, Ug)| = 1 2 2n/5 — o |Val.

By the above inequality and ([3.32), we get the first inequality below in ([B.47). Since one
edge from the two edges connecting a vertex in I'(z;;) N I'(z42) to both z;; and ;5 is deleted
in G* for each ¢ = 1,2,---,|I|, combining with (B:33]), we have the second inequality as

follows.

Uy, Uy) > 2n/5— a|Val,

o(Uz,U) = 6(Vy, Vi) =12 (1 =3ay)[Vi] = 1. (3.47)

Let U] and U} be the corresponding sets of U; and Us, respectively, after the contraction.

Let Ty be the graph with

V(Tw) = {ZL’Z'Q,’UM o1 S 1 S |[|}U(V(M2)QU2) and E(Tw) = {l’iovxi o1 S 1 S |I|}UE(M2)

By the construction,

V(Tw)NU| = {wio, va, + 1 < i < I} = 2|1, [L(Tw)NUi| = [{vg, - 1< i <|I|}|=[I], and

[V (Tw) N Us| = |L(Ty) N Us| = [V (Mz) N Us| = |1].

Notice that Ty is a forest with |I| components and each vertex x;o (1 < i < |I]) has
degree 2 in Tyy. (We will make Ty connected in the end by connecting each x; to vj.) See
a depiction of this operation with || = 1 in Figure B.17 below.

Let U} = (V] —U,)UU] —V(Tw), U} = Uj — V(T ), and G; the resulting graph with
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Figure (3.7) Ty with [/| =1

V(Gr) = U} UU?. We have that

U = Vi =38l) = V{] = 3ndy. || = V3] = 1] = V5] — .
S(UFUP) = 8(V{,V§) = ny > [(2n+8)/5] = on|Val/3 — ni,

0(UL,Up) = 8(V5, Vi) = 3niy > (1 = 301)|Va| — 3ni,. (3.48)

Step 5. Matching Extension

In this step, in the graph G, we do some operation on the matching M found in Step
3. Notice that the vertices in M are unused in Step 4. Recall that |M| < max{7ng, |7d;,|}.
By |din] < as|Va| from (B39) and ng < 2as|Vs| from (B40), we get

|M| < 14as|Va|. (3.49)

Hence, 6(U},U? — {v3}) > [(2n + 3)/5] — au|Va|/3 — n% — 1 > |M]|. Let Vis be the
set of vertices containing exactly one end of each edge in M. Then there is a matching M’

between Vy; and Us — {v;} covering Vys. Let Fyy be a forest with
V(Fy)=V(M)U(V(M)YNUy) and E(Fy)=E(M)UE(M).
Notice that
\V(Fu) MU =2|M], [L(Fum) UL = V(M) = V| = | M|,

|V (Fa) NUs| = |L(Fa) NUz| = [M].
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Notice that Fj; has |M| components, and all vertices in V), has degree 2. (We will make
Fy a HIT later on by connecting each vertex in Vs to the vertex vy € Usy) See Figure B.§]

for a depiction of Fj; with |[M| = 3.

LT

Figure (3.8) Fy with |M| =3

Let
Uy =U —V(Fy) and Ui, =U; —V(Fy).

Notice that

Uy = 1U7| = 2|M| = V]| — 3n}, — 2|M],

Uil = |UF| = M| = |V5] —ny —|M], (3.50)
and

0(Ux, Us) = [(2n+3)/5] — an|Val|/3 —ni, — | M],

0(Usp Uy) = (1= 3an)|Vi| = 3ngy — 2|M]. (3.51)

Step 6. Distribute Remaining vertices in U}, — T'(vj, V{)

Let

We may assume n; > 1. For otherwise, we skip this step. By ([.42), we have

3.2a5| V3|, Case A,
ny <

6.4a5|V5|,  Case B. (3.52)
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By nf, < ay|Vs| from [B28) and | M| < 14as|Vs| from ([349), we have (i)

0(Un,Usr) = [(2n+3)/5] — aa|Va| /3 — niy — [M] = [(2n + 3) /5] — au|Va|/3 — 1502 V2|

> (1 —=3a)|Va] — aa|Va|/3 — 15| V|  (as [(2n+3)/5] > (1 — 3a)(2/5 + a)n)
> (1 —-3a—a;/3—15a9)|Va|) > (1 — ay)|V2| (provided 3a + 15a < 201 /3)
> (1—o)|Uyl. (3.53)

By ([3.50) and (3.52), we have (ii)

Uy — 100 [Va| = [n/10] =1 > V3| = ny — |[M] — 1601 |Va| — 0.6400| V2| — 2

v

(1 — 09 — 140(2 — 100(1 — 0.640&2 — |Vé|/2)|%|

> (1 —11aq)|Va] (provided 15.64as + |Va|/2 < ay)

V

0 (provided 11a; < 1).

Let Ug = Uj; — T'(v3, V) and denote [%-‘ = [. Suppose first that |Ug| > 2. We partition
Ur = Ug, UUg, U ---U Ug, arbitrary such that each set contains at least 2 and at most
|Ug|/10 vertices. Then by the conditions (i) and (ii), for each 1 < < [, there is a vertex

y; € Uy —{v3} which is common to all vertices in Ug,, and is not used by any other U, r; With

j # 1. Let Tg be the graph with
V(Tr) =UrU{y; : 1<i<l} and E(Tg)={zy; : x € Ug,1 <i<I}.

Suppose now |Ug| = 1, let Ugr = {xg}. Choose z%y € U}, — Ug and yr € Uz, — {v3} be a

vertex common to xg and x’5. Let Tk be a tree with

V(Tr) = {zr, 2, yr} and E(Tg) = {xryr, Tryr}
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V(Tr) N Uy | = |L(TRN Uy | = max{|Ur|,2}, [V(Tr)NUy| =1, and |L(TrNUy|=0.

Notice that T is not connected when |Ug| > 17 and that Tk may have degree 2 vertices in

V(Tr) NU%,. Later on, by joining each vertex in Tr N U%; to a vertex of a tree, we will make

the resulting graph connected, and thereby eliminating the possible degree 2 vertices in Tk.

Let
Up=Uy, —V(Tg) and U =U3: —V(Tg).

Then we have

Ukl = |Uxy] —n = [V{] = 3ni, — 2| M| — max{2,m},

URl = Ukl = [m/10] = [V3] = nly — [M] = [m/10],

and

0(Ug,Uz) = [(2n+3)/5] = au|Va|/3 — nYy — | M| — [ny/10],

S(UZ,UL) = (1—=3a)|Vi| —3n%, — 2|M| — maz{2,n;}.

Let G be the subgraph of G induced on U} U U3.
Step 7. Completion of a HIST in Gj
In this step, we find a HIST T}, in G such that

| L(Tonain) VUR| = |L(Tw)l/2 + | L(Fa) N UL+ |[L(TR) N Uy | =

| L(Tnain VUR)| = [L(Tw)l/2 + |L(Far) N UF| + | L(Tr) N Uy

(3.54)

(3.55)

By the construction of Fy; and Tg, we have |L(Fy) N U} = |L(Fy) N UZ| and |L(Tg) N
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Ul — |L(Tr) NUZ,| = max{2,n;}, respectively. So

| L(Trnain) N Us| = |L(Tain) N Up| = max{2, n;}. (3.56)

Notice that v € U3, vj is adjacent to each vertex in Uy, and V{ — T'(v3, V{) C V(U}).
We now construct 1,4, step by step.
Step 7.1
Let T

main

be the graph with

V (T}

main

):{US}UU}2 and E(T}!

main

) = {vse|a € UL},

To make the requirement of (B:50]) possible, we need to make at least

ds = |Up| —|Ug| +max{2,m},

= Vil = V3] = 2n3, — [M] + [ny/10] (3.57)

vertices in U }3 with degree at least 3 in T},4,, Where the last inequality above follows from
(B54). Hereinafter, we assume that max{2,n;} = n;. Since the proof for max{2,n;} = 2
follows the same idea, we skip the details.

and T

Since all vertices in Uy are included in 7T} ain 18 connected, each vertex in

main

1
Tmain

needs to join to at least two distinct vertices from U% — {v3} to have degree no less

than 3. Hence, to make a desired HIST 7T,,,4in, it is necessary that

dpe = |Up| —1—2d3
= |VJ| —nYy —enr — [ny/10] — 1 — 2ds
= 3IV3| = 2|V{| + 3nf, + |M| = 3[n;/10] — 1

> 0. (3.58)
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We show (B.58) is true, separately, for each of Case A and Case B. For Case A, notice that

Vi[=n—[(2n+3)/5] +no and [V3]| =[(2n+3)/5] —no — ni,.

Hence,

3|Vy| =3[(2n 4 3)/5] — 3ng — 3nY, and 2|V/| = 2n — 2[(2n + 3)/5] + 2ny.

Thus,

dpe = 5[(2n+3)/5] —2n — 5ng — 3nYy + 3nYy + |M| — 3[n;/10] — 1
> 2 5ng + | M] — 3[[3.2din|/10]  (by ny < dy|3.2ds, — 1.4n0) from (3ZT))

— 2 5mp + max{7ng, |7dim|} — 3[|3.2ds ] /10]

Vv

0.
Now we show (3.58]) is true for case B. Notice that
Vi =n—[(2n+3)/5] +no and [V3| = [(2n+3)/5] +no — nf,.
So
3|Va| = 3[(2n+3)/5] + 3ng — 3n], and 2|V{| =2n—2[(2n + 3)/5] + 2n,.
Recall that ng > 1 in this case. We have
dpe = 5[(2n+3)/5] — 2n 4+ ng — 3ny + 3nYy + |M| — 3[n;/10] — 1

> 24 mng+ | M| —3[n/10]

= 24 ng+ |M| = 3[[3.2ds, + 1.6n0)/10]  (by ny < [3.2ds + 1.6n0] from (B2
2+ ng + |din) — |9.2din/10] — [4.800/10] — 1 >0, if ng < 2ds;
2+ ng — [9.2d;,, /10| — [4.8n/10] — 1 > 0, if ng > 2d;y,.
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We now in Step 2 below show that there is a way to make exactly dy. vertices in 10} ..
with degree 3 by joining each to two distinct vertices from U% — {v}}.
Step 7.2

We first take 2d3 vertices from U3 — {v3}. For those 2ds vertices, pair them up into d3

pairs. We show that for each pair of vertices, they have at least d3 common neighbors in Uj.

Using B.55), |M| < 1dag|Vs| from (349), n; < d; < 6.4as|Va| from (3.42)), we have

(U UR) > (1 —=3a)|Vi| —3nY, — 2| M| — max{2,n;}
> V4| = 3| V1| — 3an|Va| — 28ais|Va| — 6.4 | V5|
> V| = |Vi = V4| = 3Tdas|Va| — Bon V4. (3.59)

Since |Ux| < |V{], we know that any two vertices in U3 have at least

Ne

V| = 2V{ — Vi| — T4.8as|Va| — 6au| Vi

A%

(3/5 = a)n = T6.8s|Va| — 6o [Vi|  (by [V = Vi| = [VG] < [Va = V3| < aafVa))

> 3n/5—10ay|Vi| (provided that 76.8cs + 3 < 4ay)

common neighbors in U}. On the other hand,

ds = |V{]—|V3| = 2n3y — |M| — [m/10]

< (3/5—a)n— (2n/5—208n — Vo — V3|) + (1.6ng + 3.2|d;n ) /10 + 1

= n/b—an+28n+|Vo — Vi| + (3.2a3|Va| + 3.2a5|V5|) /10  (by (B:39) and (3.40)))

IN

n/5 —an + 26n + as|Va| + 0.640s| V5|

IA

n/5 + 2a4|Va| < n. (provided 120y < 2/5).

Denote by {uf,ui}, {uj, u3}, - -, {uy,, ul,} the ds pairs of vertices from Uz — {v;}. Then by

the above argument, we can choose ds distinct vertices say vy, v, - - -, vg, from L(T . ) such

main

that v; ~ ul, u? for all 1 < i < ds.

17
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Let T2

main

be the graph with

V(Tfiazn) = V(Trlmm main)U{Uiuzl’ Uiu? 01 < i < d3}

YW{uj,uf : 1<i<ds} and E(T:

i) main

) = BE(T}

If V(Gr) — V(T2

main

) =0, we let Thaim = 172

main*

For otherwise, we need one more step to
finish constructing T},4in-
Step 7.3

For the remaining vertices in U3 — V(T2 ..,.), we show that each of them has a neighbor

main

in S(T?

main

(3.59), we have

) N U}; that is, a neighbor in U} of degree 3 in V(T2

main

). This is clear, as by

0(Uk,Ug) > [V = [V} = Vi| = 3T-das|Va| — 30 |V)]|

> |Ug| = 384as|Va| = 31 [Vi|  (by [V} = Vi| < [Va — V3| < auVA)).
Since |S(T2 ;) NUL| = d3, and

d; = |Vi| = |V3| = 2n}, — 2[M] + [n/10]
> (3/5—a)n—(2/5+ a)n — 2as|Va| — 28| V| + 0.64as| V3|

> n/5— 2an — 29.36a,|Vs|

> 38.4as|Vo| + 3aq|V4]  (provided 2a + 67.76cs + 3y < 1/5).

Now, we join an edge between each vertex in Uz — V(T2,,,) and a neighbor of the vertex in

S(T2

main

verify that 1,4, is a HIST of Gg.

)NU 11%. Let T),4in be the resulting tree. By the construction procedure, it is easy to

Step 8. Connecting Ty, Fy, Tr, and V(T},.,) into a connected graph

In this step, we connect Ty, Fis, Tr, and V (T},4:,) into a connected graph. Recall that
each degree 2 vertex in Ty and F), is a neighbor of v3. We join an edge connecting v} in
V(Tnain) and each degree 2 vertex in Ty and Fj;. By the argument in step 7.3 above, we

know each vertex in V(Tg) N U3, has a neighbor in S(Tyum) N Uk. Thus, we join an edge
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between each vertex in V(Tg) N U2, to exactly one of its neighbor in S(Tyuain) N Uk. Let T*
be the final resulting graph. Notice that I = V% = {x, 29, -, 27} € L(T*) is the set of
the wrapped vertices from Step 4. Recall that G* is the graph obtained from G be deleting
and contracting edges from Step 4. Then by the constructions of Ty, Fis, Tr, and T),qin,
we see that 7% is a HIST of G* with |L(T*) N U{| = |L(T*) N U |.

Step 9. Finding a cycle on L(T™)

Denote

Ul = LT NU;, U2 = L(T*)NU; and Gp = G[Ec(UL,U?).

Notice that G, is a balanced bipartite graph. And

[S(T) MU = ds <n/5+2m|Va|  (by B.60))

IS(T*)NU;| = 1+ [n/10] <24 0.64as|Va| (by n; < d; < 6.4as|Va| from (3.42)).

Thus by 3.47),

S+ (UL, UR) > 2n/5— aq|Va| — (2 + 0.64an|Va]) > 3n/10 > |U7|/2 + 1,

06+ (U, Up) = (1=3a)[Vi| = 1= (n/5+ 204 |V3|) > n/3 > |Up]/2 + 1.

By Lemma B.2.7 G, contains a hamiltonian cycle C".
Step 10. Unwrap vertices in V(C') N {vy, ey, -+, Vs }

On (', replace each vertex v,, with its preimage P,, = z;x;2 for each i = 1,2,--- | |I|.
Denote the resulting cycle by C. Recall that 1,2z, € I'(vy) by the choice of z;; and x;.
Let T be the graph on V(G) with

E(T) = E(T*) U {U;l’il,U;IiQ 1= 1,2, Ty, ‘]|}

Then T is a HIST of G. Let H =T UC. Then H is an SGHG of G.
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The proof of Extremal Case 2 is finished. U
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PART 4

A LOWER BOUND ON CIRCUMFERENCES OF 3-CONNECTED GRAPHS
WITH BOUNDED MAXIMUM DEGREES

4.1 Introduction

In 1980, Bondy and Simonovits [§] showed that the best general lower bound on the
length of a longest cycle in an n-vertex 3-connected cubic graph is between exp(ci/logn)
and n® for some positive constants ¢; and ¢y, and they also obtained similar bounds for
3-connected graphs with bounded degrees. The lower bound exp(c;y/logn) for cubic graphs
was improved to n%% by Jackson [32] and was further improved to n%® by Liu, Yu and
Zhang [39]. In 1993, Jackson and Wormald [33] proved that every 3-connected n-vertex
graph with maximum degree at most d has a cycle of length at least %nl"gﬂ +1 with b = 64>
They also conjectured that for d > 4 the correct value for b should be d — 1, and they gave
an infinite class of graphs showing that b = d — 1 is the best possible value that one can

hope for.

Recently there has been considerable interest in approximating longest cycles in 3-
connected graphs with bounded degrees. Karger, Motwani, and Ramkumar [35] showed that
unless P = NP, it is impossible to find, in polynomial time, a path of length n — n¢ (for
any € < 1) in an n-vertex Hamiltonian graph. They conjectured that it is hard even for
graphs with bounded degrees. On the positive side, Feder, Motwani, and Subi [23] showed
that there is a polynomial time algorithm for finding a cycle of length at least n(°&s2)/2 in
any 3-connected cubic n-vertex graph, and they asked the same question for 3-connected
graphs with bounded degrees. Chen, Xu, and Yu [I4] provided a cubic-time algorithm that,

given a 3-connected n-vertex graph with maximum degree at most d, finds a cycle of length
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at least n'°&2 + 3 with b = 2(d — 1)? + 1. This result was improved to b = 4d + 1 by Chen,
Gao, Yu, and Zang [12].

Before stating the main result, we introduce some notation. For any graph GG, we denote
by |G| the number of vertices of G, G — z the graph obtained from G by deleting the vertex
z € V(G), and Ng(z) the set of neighbors of z in G. If G is a path or cycle, then ¢(G)
denotes the length of G. Let S1,S2 C V(G) be two disjoint sets. An (S, S2)-path is a path
P connecting one vertex in S; and one vertex in Sy such that [V(P)N S| = [V(P)NSy| = 1.
When S} = {x} is a singleton, we simply write as (z, S)-path. The main result of this paper

is the following:

Theorem (4.1.1). Let d > 425 be an integer, and r = log,_, 2. Let G be either a cycle or

a 8-connected graph and e = vy € E(G) be an edge.

(a) If G is 3-connected, then for any z € V(G) —{x,y} such that A(G — z) < d and z has

at most t neighbors distinct from x and y, there is a cycle C in G — z through xy such

1/d=21|G]\"
> (22 2.
thatﬁ(C)_4<d_1 t) +

(b) If A(G) < d, then for any f € E(G) — {e}, there is a cycle C in G through e and f

1 /d—-21 "
> | — .
such that £(C) > 1 ((d — 1)2|G\) +2
(¢) If A(G) < d, then there is a cycle C through e in G such that (C) > |G|" + 2.

We first note that Theorem holds trivially when |G| < d; hence, throughout the
rest of this part, we assume |G| > d+1 > 426. Also note that Theorem holds trivially
when G is a cycle. However, we include cycles in the statement of Theorem for the
following reason: cycles occur in our inductive arguments, and their inclusion makes many

arguments less cumbersome.

The rest of this part is organized as follows. In Section 2, we recall Tutte decomposi-

tion [52] for decomposing a 2-connected graph into 3-connected components and some results
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from [12] concerning paths in 2-connected graphs. In Section 3, we prove a useful inequality
about the function f(x) = 2'°%2. In Section 4, we state lemmas concerning paths in a chain
of 3-connected components, and in Section 5, we inductively prove Theorem (1.1) (a) and
(b). Section 6 is the most significant part of the paper, where we prove Theorem [(4.1.1)](c)

inductively.

4.2 Paths in block-chains

We recall Tutte decomposition for decomposing a 2-connected graph into 3-connected
components. A detailed description can be found in [I4] and [29]. Let D denote the set
of all 3-connected (simple) graphs, C denote the set of cycles (with at least three vertices),
and B denote the set of bonds (a bond is a multigraph with two vertices and at least three
edges between them). Tutte [52] proved that every 2-connected graph G can be uniquely
decomposed into 3-connected components, which belong to BUC UD. We call such a de-
composition as the Tutte decomposition. Those 3-connected components are linked together
by wirtual edges to form a tree-like structure. More precisely, if we define a graph whose
vertices are the 3-connected components of G obtained from the Tutte decomposition and
two vertices are adjacent if the corresponding two 3-connected components share a common
virtual edge, then such a graph is a tree, which we call the block-bond tree of G. Hopcroft
and Tarjan [29] gave a linear time algorithm for decomposing any 2-connected graph into

3-connected components.

Recall that in the block-cut tree of a connected graph there is a cut-vertex between
two consecutive blocks. However, in a block-bond tree, it is not necessarily true that there
is a bond between any two 3-connected components. For example, let G; and Gy be two
3-connected graphs such that each (G; contains two nonadjacent vertices u; and v; for each
1 = 1, 2. Let G be obtained from G; and G, by identifying u; with v; and us with vs,

respectively. According to Tutte’s decomposing algorithm, G; + uyv; and G5 + usvs are the
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only two 3-connected components of GG. Clearly, in the block-bond tree, they are adjacent

but there is no bond between them.

For convenience, 3-connected components that are not bonds are called 3-blocks, consist-
ing of cycles and simple 3-connected graphs. An extreme 3-block is a 3-block that contains
at most one virtual edge. That is, either it is the only 3-connected component (in which case
G is either a cycle or a 3-connected simple graph), or it corresponds to a degree one vertex

in the block-bond tree.

A block-chain in G is a sequence HiH,...H), of 3-blocks of G for which there ex-
ist By, Bs,...,Bp_1 such that for each 1 < j < h—1, B; = 0 or B; is a bond, and
HB1H3B, ...B,_1H}, is a path in the block-bond tree of G. A detailed description with
examples can be found in [14]. For convenience, we sometimes write H = HH,... Hy,
for this situation. In the rest of the paper, unless stated otherwise, we will always assume
that each virtual edge in E(H; N Hiy1) is deleted from H if at least one of H; and H;yy is
3-connected and there are exactly two components in G — V(H; N H;1). Because in this
case it is not possible to replace the virtual edge by a path in G outside of H. However, if
both H; and H;,, are cycles, then the virtual edge shared by H; and H;,; can always be
replaced by a path outside of H. Throughout this section, we adopt the convention that an
object is empty if it is not defined. For example, if H = H{H, ... H}, is a block-chain under

consideration, then Hy and Hy,, are both empty graphs.

The following result is proved in the proof of Lemma (3.6) in [14], which will be used
to link together long paths from different block-chains. We note that the path stated in the

lemma can be found in linear time by using a result from [43].

Lemma (4.2.1). Let H = HyH,...Hy be a block-chain in a 2-connected graph G, x €
V(Hy)—V(H2), and f € E(Hy) — E(Hp-1) such that f is not incident with x, and let pq, vw
be two distinct edges in E(H)—{f}. Then there is a path P in H through f from x to some
z € {p,q} U{v,w} such that if z € {p, q} then pq ¢ E(P) and vw € E(P) and if z € {v,w}
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then vw ¢ E(P) and pq € E(P).

Lemma (4.2.2). Let H = H{H,...Hy be a block-chain in a 2-connected graph G, x €
V(H,) — V(Hy), and pq, f € E(Hp) — E(Hp-1) be distinct such that neither pg nor f is
incident with x. If Hy, is 3-connected and q is not incident with f, then in H — q, there is

an (x, p)-path through f.

Proof. We use induction on h. If h = 1, then H; is 3-connected and H; — ¢ is 2-connected,
so Hy — ¢ contains an (z, p)-path through f. Suppose h > 2 and let {a,b} = V(H,_1 N Hy,).
Since pq ¢ E(Hp_1), we may assume a ¢ {p,q}. Let P, be an (a,p)-path through f in
H, —q.

If ab ¢ Py, let Py be an (x,a)-path in HyHs ... H,_1—b; then Py, := PyUP, is the desired
path. If ab € Py, let Py be an (z,b)-path in H1H, ... H,_1 — a; then P := P, U (P, — ab) is
the desired path. O

Lemma (4.2.3). Let H = H1H; ... Hy, be a block-chain. Let xy, pq,uv be three edges such
that xy € E(Hy) — E(Hs) and pq,uv € E(Hy,) — E(Hp,_1), where pq # xy # wv but it is
possible that pg = uv. Then there is a path P inH from some z € {z,y} tow € {p, ¢} U{u, v}
such that {x,y} Z V(P), wv € E(P) if w € {p,q}, and pq € E(P) if w € {u,v}.

Proof. We first consider h = 1, that is H = H;. The result is trivial if H; is a cycle. Suppose
that H; is 3-connected. Then H; — y is 2-connected, and thus contains an (z, {p, ¢})- path
P through uwv.

We now assume h > 2. Let {a,b} = V(H,) NV (Hy_1). By the same argument as for
the case where h = 1, there is a path Py from z* € {a,b} to w € {p,q} U{u,v} such that
{a,b} £ V(Py), uwv € E(Pg) if w € {p,q} and pq € E(Py) if w € {u,v}. Clearly, there is
a path @ in Hy ... H,_1 — ab from some z € {x,y} to z* such that {z,y} Z V(Q). Then
@ U Py is the desired path. O
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Lemma (4.2.4). Let H = HH,...Hy be a block-chain, u,v € V(Hy) be distinct, and

x € V(H —v). Then there is a path from x to u avoiding v.

Proof. We use induction on h. The result is clearly true when h = 1. Assume the claim
holds for block-chains with fewer than h blocks. Let {a,b} = V(H,_1 N Hy). If x € V(H},),
let P, be a path in Hj, from z to u avoiding v. If ab ¢ E(P,), let P := Py; if ab € E(P,), let

P be obtained from P, by replacing ab by a path in Hy ... Hy,_; from a to b.

Suppose x ¢ V(Hp,). Assume, without loss of generality, that a # v, and let P, be a path
in Hy, from a to u avoiding v. By induction, let P; be an (x, a)-path avoiding b in Hy ... Hy,_4
if ab ¢ E(Fy), and let Py be an (x,b)-path avoiding a in H; ... Hy_; if ab € E(Fy). Then
P := P, U (P, — ab) is the desired path. O

Lemma (4.2.5). Let H = H H, ... Hy, be a block-chain, and let xa' € E(H,) — E(Hs) and
uv € E(Hy) be two edges in H. Then there is an («',{u,v})-path in H — x.

Proof. We use induction on h. The statement is clearly true when h = 1 as H; — z is
connected. So we assume h > 2, and let V(H;) N V(Hz) = {a,b}. Suppose first that
x ¢ {a,b}. By induction, we let P; be an (2/,{a,b})-path, say (z/,a)-path, in H; — x, and
let P, be an (a,{u,v})-path in HyHs--- Hp, —b. Then P; U P; is the desired path. Then,
suppose, without loss of generality, that x = a. Let P; be an (2/,b)-path in H; — x, and
by induction, let P, be a (b, {u,v})-path in HoHs--- Hy — a. Then Py U P, is the desired
path. O

We conclude this section by recalling two graph operations from [I4]. Let G be a
graph and let e, f be distinct edges of G. An H-transform of G at {e, f} is an operation
that subdivides e and f by vertices x and y, respectively, and then adds the edge xy. Let
x € V(G) such that z is not incident with e. A T-transform of G at {z, e} is an operation

that subdivides e with a vertex y and then adds the edge zy. Let G’ be a graph obtained
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from a 3-connected graph G by an H-transform or a T-transform. It is easy to see that G’

is also 3-connected (see, e.g., Lemma (3.3) in [14] for a proof).

4.3 Lower bounds of m!©g2 4+ plog,?2

Fix b = d—1 hereinafter, where d > 4 is an integer and let r = log, 2. Clearly, 0 < r < 1,
which in turn gives that m”+n" > (m-+n)". In this section we improve this inequality under
different situations. The new inequalities will be used to show that the union of some long
paths has the desired length. The first one is a strengthening of Lemmas (3.1) and (3.2) in
[12].

Lemma (4.3.1). Let m and n be two positive real numbers such that m > b°n > 0 for some

real number 3. Then,

m’ 4’ > <m + b (bl°g2(1+2”3) - 1) n> > (bﬁbl"gZ(“?"*) n> (4.1)
Proof. Define f(t) = ¢ ((1 + ) — 1). It is easy to verify that

m’ +n" = (m+ f(n/m)n)" and f'(t) = tl? (1—(1+¢)t=nimy.

Since b > 3, we have 0 < r < 1, and hence f'(t) < 0 when ¢ > 0. Therefore f(t) is a
decreasing function on the interval (0,00). For m > b°n > 0, we have n/m < b=?, and so

(since b" = 2)
fln/m) > f(7%) =v° ((1 +2 ) 1) - (b1°g2(1+2”3> . 1) .

Here, the first inequality in (4.1]) follows from m” + n" > (m + f(n/m)n)", and the 2nd

inequality in (&) follows from m > t%n. O

Taking 8 = 0,log, 1.1,1,2,—1, —2, we get the following inequalities from (4T]). It is
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straightforward to verify (£TIal) - (4.11)

((m+ (b—1)n)", if m > n; (4.1a)
(m + 11680272 _ypyr i > 1 (4.1b)
(m + b(b'°82%/2 — 1)n)", if m > bn; (4.1c)
m"+n" >
(m —+ b2(b°%25/% — 1)n)", if m > b%n; (4.1d)
(blos23/2p)r if m > n/b; (4.1e)
| (plos25/4p)", if m > n/b?. (4.1f)

In the proofs, the following elementary inequality will be used frequently for any two

positive real numbers x and y,
4y > 2oy = ((d—1)%y) " (4.2)
Lemma (4.3.2). The following inequalities hold:
2+1 > (r+d—-1) provided x > 1.

Lemma (4.3.3). Let b > 23 be an integer. If m and n are two positive real numbers such

that m > 1.1n, then m” +n" > (m + bn)".

Proof. Applying Lemma for f = log, 1.1 < logys 1.1, we have m” + n” > (m +
L1(pos(1+27 % D) 1ypyr - So. we only need to show that 1.1(plog2(0+27%0M) _ 1) >
provided b > 23. For any x > 1.1, let 7 := 7(z) = log, 1.1, ¢ := ¢(7) = logy(1 +277) and
f(z) = 2°0@) Tt is clearly that lim, ,.(1.1f(2) — 2) = oco. It is sufficient to show that
1.1f(z) — z is an increasing function for x > 23, which is equivalent to - f(z) > 10/11 for

T > 23.
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Simple calculations show that -£7(z) = —2LL — —;l(ffl and L¢(7) = — 15 So,

do dr dlnx) f(g:)( ;

d
Ef(x) = f(z) <(lnz)d—7£ +¢ e r \112r +¢(7)) ‘

Since lim, o 7(x) = 0 and lim, o ¢(7) = 1, lim, o %f(x) = 1. It is sufficient to show

that % f(x) is decreasing as x increasing. Writing % f(x) in terms of 7, we have

T (¢(1)—1)Inl.1 T

T ) =e ST

L fay = a2 (7))

We only need to show % f(x) is increasing as 7 increasing when 7 < 7(23), which is equivalent

to d df

<= > 0. Taking derivative, we obtain

iﬁ _e(dﬁ(‘r)fl)lnl.l lnll(l_(b_l—i—%)((ﬁ_'_l.g_%) B 797 1n 2
dr dx N 72 (1 + 27—)2
So, we only need to show that

InL1(1-¢— %)+ %) 7127 In2
- — if 7 < 7(23).
- (1+2T>2>O if 7 < 7(23)

9(7)
We define the value of g(7) at 7 =0 as

) In1.1Iln2
9(0) = lim g(7) = ——.

Then ¢(7) is a continuous function on the closed interval [0,7(23)]. To show g(7) > 0
within [0,7(23)], as g(0) > 0, by the intermediate zero theorem, instead, we show that
g(7) has no zero in [0,7(23)]. To do so, using the bisection method, with tolerance as
1 x1071% a numerical search within [0, 1] interval gives 0.04765221 as the root of g(7). Since
7(23) < 0.0304 < 0.04765221, we conclude that g(7) > 0 when 0 < 7 < 7(23). The proof is

completed. 0
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4.4 Long paths in block-chains

In this section, we will give a few lower bounds of long paths connecting special vertices
in a block-chain. Throughout this section, we assume that n > 4, Theorem holds
for graphs with at most n — 1 vertices, and ‘H := H{H, ... Hy is a block-chain such that
|H| < n — 1 such that

o A(H;) <dforeach 1<i<h.
e As of a subgraph of G, H contains at most 2d — 1 vertices of degree 2.

Recall, for convention, we also denote by H the graph with vertex set | J V' (H;) and edge set
U E(H;) with the deletion of virtual edges.

Lemma (4.4.1). For any edge wv € E(H,) — E(Hs), there is a (u,v)-path P in H such that

£Gﬁzi(i;iwﬁu+m)i+L

provided that d > 23.

Proof. Since |H| < n — 1, it follows from our assumption that Theorem |(4.1.1)| holds for
each H;. We proceed with induction on h. Suppose h = 1. Then H is either a cycle or a

3-connected graph. Since the case |H| < d is trivial, we may assume |H| > d + 1, and hence

d—2.1

> ——

(|H| +1).

By Theorem [(4.1.1)(c), H = H; contains a cycle C' through wv such that

1 1 /d—-21 "
> —|H|" > - .
E&U_JH|+2_4<d_1ﬂ%Hﬂo +2

Hence P := C — {uv} gives the desired path.
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Therefore, assume h > 2. Let H' := -+ Hy, and {aq,b,} := V(H; N Hy). We consider

two cases.

First, assume |H;| > ©2L(|%| + 1). By Theorem [(4.1.1)](c), we can find a cycle C; in

H, through wv such that

(e = gl +22 1 (L2 H ) 2

If C; does not contain a1b;, then P := C} — {uv} is the desired path. If C contains a1b,
then let Cy be a cycle in H' through a1b;. It is clear that P := (C; U Cy) — {a1by, uv} is the

desired path.

Now assume |H;| < ©2L1(|H|+ 1). Then

d—1 11|H,|  1.1|Hy|
S H |~ |H|+2> > .
.| il = [ + d—21~ d—1

|+1=|H|-|H
M+ 1 =[] = [H| + 3> ———

Applying Theorem |(4.1.1)(b), we find a cycle C} in H; through uv and a,b; such that

(d—2.1)|H,]
ez ()

By induction, we find a path P’ in H' between a; and b; such that

£(P’)24(dd L) 41 ))T+1.

Hence P := (Cy U P') — {uv,a1b, } is a path between u and v in H such that

= i(%)r+4(dd 21(\%\+1)>T+1
> (G (e -0 ) w1 oy Lo [333)
g i(dd__i (|”H\+1))T+1,



113

. . . . . L1|Hy| -
where in the 2nd inequality above, the inequality [H'| +1 > =54 is used. O

Lemma (4.4.2). Let x € V(Hy,) — V(Hp—1) such that dy(x) = dp, (z) < d—1 and uv €
E(H,) — E(Hs) such that x ¢ {u,v} when h =1. Then there exists a path P in H — v from
u to x such that

1~ (d—21 11
1z g () vaz

i=1

(a=p) +2

Moreover, if Hy is 3-connected, we can improve the constant 1/2 to 1:

0233 () 12 ()

Proof. Note that the second inequality in each of the lower bounds above for ¢(P) is a simple

application of Lemma [(4.3.1)l So we only show the first part of the lower bounds.

We apply induction on h. Suppose h = 1. If H; is a cycle, then |H;| < 2d — 1, which
in turn gives —(‘fl 2112\H1\)7’ < 1/2 and ((‘fl 2112\H1\) + 3 < 1. On the other hand, since
x ¢ {u,v}, there is an (x,u)-path P in H; — v with ¢/(P) > 1. Hence, the assertion holds.
Now assume H; = H is 3-connected. Note that A(H; +xu—wv) < d and v has at most d — 1
neighbors in H; — v. By applying Theorem [(4.1.1)[a) to H; + zu we find a cycle C' through
zu in (Hy + zu) — v such that ¢(C) > 1 ((d — 2.1)|H;|/(d — 1)*)" + 2. Hence P := C — {zu}

gives the desired path.

Now we assume h > 2. Let {ay,b1} := V(H1NHy) and Z := HyHj - - - Hy,. By induction,
in H; — v, there exists a path P; from u to some vertices in {ai,b;}, say to aj (notice
that a;b; may be on P;) such that ((Py) > 1((d—2.1)|H;|/(d—1)%)" + 1 unless H; is a
cycle and u ¢ {a,b;} (in this case, P, may only contain one vertex). Moreover, ¢(P) >

1 ((d—2.1)|H|/(d—1)*)"+1 when H; is 3-connected. We will consider the case that H is

a cycle and u € {ay, b} at the end.
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Applying induction again we find a path P, in Z — b; from x to a; such that
1 (d—21)|H;|\" 1
((P. - —_ —.
(P2) 2 4Z< (d—1)? T3
Moreover, when H, is 3-connected,

h
1 (d— 21|H|
%ZZZ< )+L

1=

If a1by € E(H) or ayby ¢ E(Py), P := Py UP, is the desired path. Thus, we may assume
that a1b; is a virtual edge in Hy, a1by € E(P;) and a1by ¢ E(H).

If Hy is a cycle, then Hy must be 3-connected since a1b; ¢ E(H). Let Py in Z — ay from

h
1 (d— 21\H\
&212( )+L

1=

z to by such that

Then, P := (P, — a1) U P, satisfying

)z 2§30 (MY s g (U2 )

1=

so P is the desired path.

We may assume that H; is 3-connected. In this case, we have ¢(P;) > i(%)r +1.
)| Hi|

Let P, be an (z, by )-path in Z — a; such that ¢(P,) > 1 ZZ 5 (%) + 1. Moreover, in

this case, we can find the desired path if H, is 3-connected. So, we may additionally assume

that Hy is a cycle. Since Py is a (u, ay)-path, a;by € E(Py), and ((Py) > 1, u ¢ {a1,b1}.

We now, under the assumption that H; is 3-connected, Hs is a cycle, u ¢ {ay,b;}, and

a1b; € E(Py), construct a path P according to the following two cases.

Suppose first that h = 2. If H, is a triangle, that is, V(Hs) = {ay,b1,z}. Applying
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Theorem[(4.1.1)|(a) to (X +uz) — v, we obtain the desired (z,u)-path P in H—v. So we may
assume that |V(Hy)| > 4, which in turn shows that Hy contains a path P, with ((P,) > 2,
which is either an (x, aq)-path or an (z, by)-path. Assume, without not loss of generality, P,
is an (z, a1)-path and @3 is the (z, by)-path in Hy — a1by. Let Q1 be a (u, by)-path in H; —v
such that (@) > 4(%) +1. If a1by ¢ E(Q1), then P := Q2 UQ; is the desired path.
If a1by € E(Q1), then P, U (Q — a1) is the desired path since |Hy| < 2d — 1.

We now assume that h > 3 and let {as,bo} := V(Hy N H3) and H" := H3Hy - - Hp,.

Applying induction, there is a (u, az)-path P; in Hy Hy avoiding v such that
1<~ [ (d—2.1) |H|
ISEESS ( ) i1

If agby ¢ E(P;), by the induction hypothesis, we find an (ag, x)-path P’ in H” — by such
that
1 d—2.1 1
(P > 42 (m\fm) + 5
Then P := P, U P’ gives the desired path. Thus, we assume asby € E(P;). If H3 is 3-
connected, then by induction there is a (b, z)-path P avoiding as in ‘H” such that ¢(P’) >
1 ZZ s ( (d-2.1) |2HZ|> + 1 in H”. Hence, P := (P, — a3) U P’ gives the desired path. Thus,
we have asby € E(P;) and Hj is a cycle. Since both Hy and Hj are cycles, asby € E(H).
We find an (ag,x)-path P’ in H"” — b, such that ((P') > ZZ s ( (@2 H: |> + L. Then,

@-1)2 2
P := P, U P’ is the desired path. O

Let U and W be two vertex sets. By definition, an (U, W)-path P is a (u,w)-path for
some u € U and w € W, and |[V(P)NU|=1and |V(P)NW|=1. We call P a path from U
to W if P is a (u,v)-path from some u € U and w € W while V(P)NU or V(P)NW may

not be singleton.

Lemma (4.4.3). Suppose that |H| < n — 2 and Theorem |(4.1.1) holds for graphs with less
than n wvertices. Let x € V(Hp) — V(Hp_1) such that dy(z) < d—1, f € E(H,) — E(H>)
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and pq € E (U/_ H;) — {f}. Then there exists a path P in H from z to z € {p,q} through
[ such that pg ¢ E(P) and ((P) > 1 (&:—%')12|H|>T.

Proof. We use induction on h and consider the base case h = 1 first. In this case, if H;

is a cycle, then there exists a path P from x to {p,q} through f. Since |H;| < 2d — 1,

(Py>1>1 (&‘_21')12 \?—[|) . We may assume that H; is 3-connected and consider two cases

according to whether z € {p, ¢}.

If v ¢ {p,q}, let H| be the graph obtained from H; by a T-transform at {z,pq}, and
let 2/ be the new vertex. Since |V(Hj)| < |[V(H)|+ 1 < n — 1, we use Theorem (1.1)(b) to
find a cycle C'in H] through zz’ and f such that ((C) > 1((d — 2.1)|H{|/(d — 1)*)" + 2. Tt
is clear that C' — 2’ gives a desired path. If z € {p, ¢}, we use Theorem [(4.1.1)(b) to find a
cycle in H; through pg and f. Then Cy — {pq} is the desired path.

Assume h > 2. Let H' = HyHs - -+ Hy, and {aq1,b,} := V(H;) NV (Hs). We consider the

following three cases.

Case 1. pg ¢ E(H,). We use Theorem |(4.1.1)[(b) to find a cycle C' in H; through f and

a1b; such that

1/ (d—21)|H]\"
E(C)zz<w) +2.

We apply induction to find a path P’ in H' from x to {p,q} such that a;by € E(FP'),
pq ¢ E(P'), and
1/ (d—21)|H|\"
(P> - ——~ ).
(P) 2 4 ( (d—1)?

Then (C' — {a1b1}) U P’ is also the desired path.

Case 2. {p,q} = {a1,b1}. We use Lemma |(4.4.2)| to find a path P’ in H' — ¢ from x to p

avoiding ¢ such that ((P') > <(‘Z__21')12 |”H’|)r + 5 and let C be the cycle in I as in Case 1.

Then P := P"U (C — {pq}) is the desired path.
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Case 3. pq € E(H,) — {a1b1}. We assume, without loss of generality, that a; ¢ V(U;>3H;).
By induction, there is a path P; in H; from a; to {p, ¢} such that f € E(P)), pq ¢ E(P),
and ((Py) > (le = |H1|) . Since x € V(Hy) — V(Hy_y) and {a, b} = V(H,) NV (Hy), we
have x ¢ {a1,b;}. By Lemma , there is a path P’ in H' — by from x to a; such that

w23 () 4

Moreover, if H, is 3-connected then

1Pz g () +

Hence P := P; U P’ is the desired path in H if a1b; ¢ E(P)), aiby € E(H), or Hy is 3-
connected. So, we assume a;b; € E(Py), aiby is a virtual edge in Hy, a1by ¢ E(H), and Hy

is a cycle.

If h =2 and |V(H)| > 4, then in Hy, we can find an (z, {a1, b, })-path P’ such that
((P") > 2. If P'is an (x,by)-path, then P := (P; —a;)UP’ is the desired path by noting that
|Hy| < 2d—1. So assume that P’ is an (x, aj)-path. In Hy, let P; be a path from b; to {p, ¢}
such that f € E(Py), pg ¢ E(Py) and ((P) > § ((d —2.1)|H;|/(d — 1)%)". We may assume
that a;b; € E(Py) (otherwise, let P’ be an (z, by)-path in Hy — a1, then P := Py U P’ is the
desired path, as ¢ € V(Hy) — V(Hy), ¢{(P') > 1). Then P := (P, — b;) U P’ is the desired
path. So we assume |V (Hs)| = 3 or V(Hy) — V(H;) = {z}. Let H* be the graph obtained
from H, Hjy by a T-transform at {x, pq}, and let 2’ be the new vertex. Since |V (H*)| <n—1,
we can then apply Theorem (1.1)(b) to find a cycle C' in H* through zz’ and f such that
((C) > 3((d—2.1)|H{|/(d — 1)*)" + 2. It is clear that C' — 2’ gives the desired path.

If h > 3, let {as,bo} := V(Hy) NV (Hs3) and H" := H3H, - - - Hy,. Assume, without loss
of generality, that ay € V(Hy) — V(H;). Applying induction, there is a path P, in HyH,
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from ay to {p, ¢} such that f € E(P) and pg ¢ E(P), and

2
1 (d— 21|H|
ry > 13 (U=20EY

i=1

If asby ¢ E(P;), by Lemma [(4.4.2), we find an (ay, x)-path P’ in H” — by such that
(P > 3 ZZ 3 < (d— 21 |H ‘) + % Then P := P; U P’ gives the desired path. Thus, we

assume ashy € E(P;). If Hj is 3-connected, then there is a (by, x)-path P’ in H” such that
ag ¢ V(P')and ((P') > ; Ly, <M> +1 by Lemma/(4.4.2)] Hence, P := (Pi—az)UP’
gives the desired path. Thus, we have ayby € E(P;) and Hj is a cycle. Recall that Hs is a
cycle by our earlier assumption. We use Lemma to find an (ag, z)-path P’ of desired
length in H"” — by. Let P := Py U P’ (since agby € E(H) in this case). Then P is the desired
path. O

Lemma (4.4.4). Assume that Theorem holds for graphs with less than n vertices.
Let H = H\H,...Hy, be a block-chain in G —y such that |H| < n, x € V(H;) — V(H2)
with dy(z) < d—1, w € V(Hy) — V(Hg_1) — {z} for some k with dy(w) < d—1, and let
1 <m < h be fized. Then there is a (w,x)-path P in H such that

max{k,m} r
1 1 d—2.1
P)> S| Hu|" + - 222wl 4,
Pzl Y (S (4.3

i=1,#m

particularly, when k = h,
1 1 d—2.1 "
> | Hul + 2> (51 Hil ) .

Proof. Let V(H; N H;y 1) = {a;,b;} for i =1,2,... h — 1 such that each H; — a;b; — a;_1b;_1
contains two vertex-disjoint paths connecting a;_; to a; and b;_; to b;, respectively. We

consider the following cases.

Casel. m=k=1
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If H,, is 3-connected, then by Theorem (¢c), Hy + wax contains a cycle C), through
wz such that |C,,| > L H,|" + 2. So, Cy, — {wz} is the desired path. If H,, is a cycle, the

(x,w)-path in H,, — a;,b,, with length at least 1 is the desired path (as x # w).

Case 2. m=1and k > 1

If H,, is 3-connected, we perform a T-transform on (x, a;,b,,) and let z be the resulting new
vertex. Then, by Theorem (c), there is a cycle C,, in the T-transformation through xz
such that |C,| > 3| H,|"+2. Let P, = Cy,,—z. Clearly, anb, & E(P,,) and ((Py,) > | H,,|".
Assume P, is from z to a,,. If H,, is a cycle, let P,, be a path from = to {a,, by}, say to
@, which has length at least 1. Let @ be a (w, a,,)-path in Hy, 1 Hpyo . .. Hy — by, given by
Lemma . Then P := P,, U is the desired path.

Case 3. m>1and k=m

Then w € H,, and w ¢ {an_1,bn_1}. If H, is 3-connected, we do a T-transformation
on (w, @p_1by,—1) and, use Thorem (c) to obtain a path P, from {a,,_1,b,_1}, say
A1, to w with £(P,,) > i\HmV; if H,, is a cycle, let P, be a path from w to {am_1,bm-1},
say a,,_1 of length at least 1. Let P, be an (z,a,,1)-path in Hy...H, 1 — by,,_1 with
U(P) >33 (&__—21')12|Hi|>r given by Lemma [(4.4.2)] Then, P := P, U P,, is the desired
path.

Case 4. m>1land k<m

Applying Theorem [(4.1.1)|(c), we find an (a,—1, by—1)-path Py, in H,, with £(P,) > 1|H,,|"+
1. In case that a,,b,, € E(P,) and a,,b,, ¢ E(G), the edge a,,b,, on P, is replaced by an
(G, b)-path in Hy, 1 Hppyio - - Hy.

For each ¢ with k < i < m, we use Theorem |(4.1.1)[ (b) to find a cycle C; in H; through
a;_1b;_1, and a;b; such that ¢(C;) > i(%)r +2. Let P; and (); be the two components
of Cz — {a'i—lbi—b aZb,}
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If we {ax,br}, say w = ag, applying Lemma |(4.4.2)] we find an (x,bg)-path P; in
Hy...Hy—ay with ((P) > 1%, ( A2, |) Cleatly, P, U (U1 (P,UQ;)) U Py, gives

the desired path. So assume w ¢ {ag,bx}. If Hg is 3-connected, we do a T-transformation
on (w,ag_1b;_1) and let w’ denote the new vertex. Applying Theorem |(4.1.1)[ (b), we find

a cycle Cy in Hy through w'w and aiby such that ¢(Cy) > i(%)r + 2. Let P, and

Qy be the two components of Cy — {w’, arby}. Without loss of generality, we may assume
that Py is a (w, ax_1)-path. Note that, £(P) + (Qy) > (Ccll 2112 |Hg|)" — 1. If Hy is a cycle,
let P’ be the path from w to {ap_1,bx_1}, say ax_1, in Hy — ag_1bx_1 through aib,. Let
Py and Qi be the two components of P’ — {aybi}. Then ¢(Py) + ((Qy) > 4( L 1 5| He|)" as

w ¢ {ak_l,bk_l,ak,bk} and ‘Hk‘ S 2d — 1.

Applying Lemma|(4.4.2)| we find an (x, ay_1)-path Py in Hy ... Hy_1—bg_; with {(P;) >
ek ( e 2112 |H; |> Clearly, P, U (U1 (P, U Q;)) U P, gives the desired path.
Case 5. k>m > 1
We start by finding a desired path in H,, and first consider the case that H,, is 3-connected.
Let H/, be obtained by an H-transform of H,, over (a,,_1by_1, @nby) and let ¢,,_1 and ¢, be
new vertices. By Theorem (¢), we find a cycle Cy, in H/, through c¢,,_i¢,, such that
|Con| > i|Hm|T + 2. Then C,, — {¢m, ¢m—1} gives a path P,, from {a;,_1,bm_1} to {am,bn},
say from a,,_1 to by, such that ¢(P,,) > i\HmV — 1. If H,, is a cycle, let P,, be a nontrivial
path from {a,;,_1,bpm_1} to {am, by}, say from a,,_; to by,, not containing the edges a,,_1b,,_1

and a,,b.,.

Applying Lemma ((4.4.2)| we find an (z,a,,—1)-path P, in HiHy ... Hp 1 — by—q with
(P) > ; ZKm((‘fi 2112|H )" + 3; and find a (b, w)-path in Hyy1Hyys ... Hy — ap, with

U(P) > 3 Zm<i<k((‘; 2112 |H;|)" + 3. Clearly, P, UP,, UQ is the desired path. O

Let H be a 3-connected graph and ab € E(H). Then H — ab is a block-chain, and by

a simple argument, each of a and b belongs to exactly one block in H — ab. In the following
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lemma, we will say H — ab is a block-chain even in the case that H is a cycle. We include

this trivial case just for notational convenience.

Lemma (4.4.5). Let H = H\H,...Hy be a block-chain in G —y such that |H| < n —1,
and zx' € E(H,) — E(Hs) and y' € V(Hy,) — V(Hp-1) — {z,2'}. Suppose Hy = max{|H,| :
H; € H}. Let {a,b} = V(Hy) NV (Hy_1), where a = 2’ and b = = if k = 1. Let Hy :=
HyHyo - - - Hyp, - - - Higg, be the block-chain Hy, — ab (when Hy, is a cycle, Hy; is a copy of Ky
for each 1 < i < ky) such that a € Hyy, b € Hyy,, and |Hyy,| = max{|Hy;| : 1 <i < kp}.

Then there is a path P in H — x from x’ to y' with
ko—1 r h
1 d—2.1 1 d—2.1 1
L St - ST m) -2 4.
(P2 il + 5 Y (i) +1 3 (Gl -5 (49)
=1 i=k+1
and a path Q in H from x to x’ with
1 1 d— 2.1 | d—2.1
Q) > ~|Hyp, |" + ~ ————|Hy; - ——|H;| | ; 4.
@z gl + X () + 15 (Gagl)
i#£ko i<k
moreover, if Hy is a cycle,

1 1 d—2.1 "ol d—2.1 "ol
E(Q)21|Hkko| ‘l’ZZ(m|sz|) +Z;(M|Hl|) +§ (47)

i#ko

Proof. We prove the first statement first.

Case 1. h=k=1
If Hy is a cycle, then since ¢y’ ¢ {z,2'}, we can find an (2/,y')-path P in H; — x such that
((P) > 1 > 3 Hl" + % Zko ! (Cclz 2112\Hk2|) (using |Hy| < 2d — 1). So assume H; is

3-connected, then apply Lemma |(4.4.4)| on Hy = Hj, — ab, there is a path P from 2’ to ¢/’
such that £(P) > L[ Hy " + 1 300! (& 211 |Hkl\> :

Case 2. h>1land k< h
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Let {ag,br} = V(Hy N Hyyq). Suppose k = 1. If H; is a cycle, then let P; be a path in
Hy, — x from 2’ to {ag, by}, say to ag, such that ¢(P;) > 1 (notice that ayb, may be on P;).
If axby ¢ E(P;), then let Py be an (ax,y')-path in HyHj - -+ Hy, — by, given by Lemma |(4.4.2)]
such that ¢(P) > i2i22(([zii 211 |H;|)” + 5. Then P := P, U P, gives the desired path.
Hence we assume that apb, € E(Pp). If Hy is also a cycle, then ayb, € E(G). We let
P := P, UP, as in the previous case. So assume H, is 3-connected. Let P; be a (by, y’)—path
in HoHs- -+ Hp — a; given by Lemma such that ¢(P) > izi22((‘fi 2112|H D"+
Then (P, — {axbr}) U P; gives the desired path. Suppose H; is 3-connected. Since {a,b} =
V(H) NV (Hi_1) and {ay, by} = V(Hr) NV (Hgi1), we have {a, b} # {ay, br}. Assume that
a # ag. By applying Lemma on Hy = Hy — ab, there is a path P; from a to a; such
that ((P2) > 3| Hi|" + 1 Zko ! <‘fl 2112 |H,ﬂ|>r. If axb, ¢ E(Py), let Py be an (ag, y')-path in
HyHj - - - Hj, — by given by Lemma such that ((P;) > 1 Zz>2( L 1 5| H;|)" + 4. Then
P := P,UP, gives the desired path. Hence we assume that aiyb, € E(P;). Let P, be a (b, y’)—
path in HyHy - - - H, — ay, given by Lemma [(4.4.2)|such that ((P;) > Zizz(([[iz 2112 |H;|)" +
Then (P, — {axby}) U P gives the desired path.

If k> 2 let P, be an (2/,{a,b})-path, say (2/,a)-path, in HiHy--- H,_1 — x given by

Lemma |(4.2.5), Again assume that a # a;. By applying Lemma |(4.4.4)lon Hy = Hy — ab,

there is a path P, from a to aj such that ((P,) > 4|Hkk0| + 3 Zko ' ((Crli 2112|Hm|) I

apby ¢ E(P,), then by Lemma [(4.4.2) we find a path P;in Hy 1 Hy - Hy, — b, from ay
to y' such that ((Py) > 13, (le 211, |) . Then P := P,U R, U P, is the desired
path. Hence assume ab, € E(P,). By Lemma ((4.4.2) , let P3in Hyy 1 Hyyo--- Hy — a, from
br to y' such that ¢(P3) > iZiZkH <Ccll 2112 |H; |> . Then P := P, U (P, — agby) U Ps is

the desired path.

Case 3. h=k>1
Since y' € V(Hh) — V(Hp-1) and {a,b} = V(Hy) NV (Hg_1), we have v’ & {a,b}. Applying
Lemma on Hy = Hj, — ab, we obtain an (a,y’)-path P, such that ((P,) > 1| Hy,|" +
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L Ly kot <d 2.1 ‘HM)T. Then P := P, U P, is the desired path.

For the second statement, we first apply Lemma to Hy = Hy—ab to find an (a, b)-
path P, of length at least 1| Hpy,|" + D itk ((([11 %12 |Hk,|>r (the virtual edge may contained
in E(Hy N Hgy1) will be replaced by a path in Hy 1 Hgio- - Hp). Denote {ag, by} := {x,2'}.
Then for each 1 < i < k — 1 we use Theorem (b) to find a cycle C; in H; through
a;_1b;_1, and a;b; such that ¢(C;) > i(%)” +2. Let P; and (); be the two components

of C; — {a;_1b;_1,a;b;}. Then Q = UZ ) (P U Q;) U Py, gives the desired path.

Particularly, suppose H; is a cycle. If k = 1, we can find an (z,2’)-path @ in H;
such that ¢(Q)) > 2 (the virtual edge may contained in E(H; N Hy) will be replaced by a
path in HyHs--- Hy). Then E(Q) > 2> L[+ 150, (2 %12|Hk,|>r C1/2 Tk > 1,
then we apply Lemma )| to Hy = Hy — ab to find an (a,b)-path Py of length at
least | Hipo|” + izi#ko ({fi 211 |Hkl\>r (the virtual edge may contained in E(Hy N Hyy1)
will be replaced by a path in Hy,1Hyio--- Hy). Denote {ag,bo} := {z,2'}. Then for each
1 < ¢ < k—1 we use Theorem (b) to find a cycle C; in H; through a; 1b;_1,
and a;b; such that ¢(C;) > i(%)r + 2. Let P; and @; be the two components of

Ci—{a;_1bi_1,a;b;}. As Hy is a cycle, in particular, £(P)+4(Q,) > 1 > i (Cclz %12|H1|>T—|—1/2.

Then Q := U/~ (P,UQ;) U P, gives the desired path. O
Lemma (4.4.6). Assume that Theorem holds for graphs with less than n vertices.
Let G be a 3-connected graph with A(G) < d , |G| < n and xy € E(G). Suppose H =
H\Hy...Hyp and L = L1Ly ... L, are two block-chains in G — y such that (a) v € (V(Hy) —
V(H2)) N (V(Ly) — V(Le)); (b) xw € E(Hy) — E(Hs) and zw' € E(Ly) — E(Ls3); and
(c) {z} = V(H) NV (L) when w # ', and {x,w} = V(H) N V(L) otherwise. Let y €
V(Hp) =V (Hp_1) —{z,w} and y" € V(L)) =V (Li—1) —{z,w'}. Then, provided that d > 25,
either there is a path Py from w to y' in H — x, and a path Py from w' to x in L or
there is a path Py from w to x in H, and a path Pp from w' to y' in L — x such that
((Py) + ((Py) > 1|H|" + 1|L|" — 1/2; moreover, if Hy is a cycle and Ly is a cycle, we can
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have ((Py) + ((Pr) > H|" + 1L

Proof. Let 1 < k < h and 1 < p < /¢ such that |Hy| = max{|H;| : 1 < i < h} and
|L,| = max{|L;| : 1 < i < ¢}. Let {a,b} = V(Hg) N V(Hy_y), where {a,b} = {z,w}
when k£ = 1; and {c¢,d} = V(L,) N V(L,—1), where {c,d} = {x,w'} when p = 1. Let
Hy:= HyHyo - - Hypy - - - Hyp, be the block-chain Hy —ab and Lo := Ly1Lya - -+ Lyp, - - - Ppyp,
be the block-chain L, — cd, such that (i) |Hgk,| = max{|Hy| : Hp € Ho} and |L,p,| =

max{|Ly| : L, € Lo}, and (ii) a € Hyy,b € Hyy, and ¢ € Ly, d € Ly, be distinct. Denote

Wt =Y (E3EIE) L b= Y (S 1)

Wt = Lo, (250 Hl) by = Sic, (&35 1)
=S, (E2510) =S, (&3

I = iy (E251101) s 1 = oy (E251,1)

By symmetry between H and £ (both H; and L; are cycles for the statement in the

“moreover” part), we may assume
W+ 1"+l > IT+h™ +hg.

Let Py be a path in H — 2 from w to 3’ given by Lemma |(4.4.5)| (see (4.5])) such that

1 1
{(Py) > \Hkko\ +4h++4h0 —1/2,

and Pp, be a path in £ from v’ to = given by Lemma |(4.4.5)| (see (A6])) such that

1 1
Iy + -1,

1 o1
e(PL> Z Z|Lpp0| +Zla_+4 4



In particular, if L; is

Since h* + ¢~ +

h+

Using (d — 1)'g25/4 —

a cycle, then

1 .1 1. 1 _
((Pr) > Z|Lppo| ‘I'Zl(—)l—“‘zlo +Zl +1/2.

b5 >0t +h™ +h{,

+ 17+ > 1/2(h Y+ 17 +13)+ 12007+ h™ + ).

1> 2L when d > 25 and 2" +y" > (24 (d—1)*((d —

if z > (d — 1)%y (equality (ld)), we have

1)10g2 5/4 _

1 1 1 1 1 1
H "ht h "hT 4+ —(——
and,
1 1 1, 1 1
L )T g ()T () > L)
Hence,
((Pp) + ¢(Pr)
1 .1 1. 1 .1 1. 1._ 1
> Z|H’“k°‘ +1h++1h0 +Z\L,,p0\ +Zl0++il° +Zl -5
1 o1 1,11 11 1
= gHiwl" + Jho + 7ol + 7lo + (GAT 4 317+ 2l5) — 5
1 1 1 1 1
> ZIHkkOI’#Zhg+Z|L,,,,O|"+Zl0‘+Z(h++£‘+£g+£++h‘+h§)——
1 1 1 1 1 1
> —|Hpp|" + =ho Ly, |"+ =05 + - "ht 4+ "hy
1, 1 + o 11 1 1 1 1 _ 1
(AT _—T’h-‘r _—rl-‘r _—rl _ 1
+4(d—1) 1(g=7)" +4(d—1) g ) g (sinee (o
1, 1 1 1,1 . _ 1,1
= |Hkko| +4(d—1) h++1h0 ‘l‘Z(ﬁ)h +Z(d—1) ha—‘l‘
1 1 1 1, 1 1, 1 1
L L At R R R R
1
>

Z'H‘ + ZW 5
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and when both Iy and L, are cycles, {(Py) + ((Py) > M|+ 1|L|". O

4.5 Proofs of Theorem [(4.1.1)| (a) and (b)

The following two lemmas state that parts (a) and (b) of Theorem ((4.1.1)|can be reduced
to Theorem |(4.1.1)| for smaller graphs. The proof of (a) is essentially the same as that in

[12], but the proof of (b) needs more work.

Lemma (4.5.1). Let n > 4 be an integer. If Theorem|(4.1.1) holds for graphs with at most
n — 1 vertices, then Theorem|(4.1.1)(a) holds for graphs with n vertices.

Proof. Let G be an arbitrary 3-connected graph with n vertices, let zy € E(G) and z €
V(G) — {z,y}, and assume that A(G — z) < d. Let t denote the number of neighbors of z

in G — {x,y}. Since G is 3-connected, t > 1.

Let H = H, ... Hp, be a block-chain in G — z such that zy € E(H,)— E(H,) and, subject
to this, |H| is maximum. Therefore, Hj, is an extreme 3-block of G — z. Since each extreme
3-block of G — z must contain a neighbor of z, there are at most t — 1 extreme 3-blocks of
G — z different from Hj, and hence V(G — z) is covered by at most ¢ block-chains starting

from H; and ending with an extreme 3-block of G — z. It then follows that |H| > (n —1)/t.

Note that A(G — z) < d implies that A(H;) < d for 1 < i < h. By Lemma |(4.4.1),

there is a path P in ‘H from z to y such that

1/d-21 " 1/d—21 n\"
> - > L ,
£(P)_4<d_1 (\H|+1)) +1_4<d_1 t) +1

Then C := P + zy is a cycle through xy in G — z with ¢(C) = ¢(P) + 1, giving the desired

cycle. O

Lemma (4.5.2). Let n > 4 be an integer. Suppose Theorem |(4.1.1) holds for graphs with
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at most n — 1 vertices. Then Theorem|(4.1.1)(b) holds for graphs with n vertices.

Proof. We note that by Lemma|(4.5.1), Theorem |(4.1.1)(a) holds for graphs with n vertices.
Also note that Theorem [(4.1.1)(b) holds trivially for cycles. So it suffices to show that

Theorem |(4.1.1)(b) holds for 3-connected graphs. Let G be a 3-connected graph with n

vertices, let e = xy, f be two distinct edges of G, and assume A(G) < d.

Suppose e and f share a common vertex. Let f = yz. We note that G’ := G + zz is
3-connected, A(G’' — y) < d, and that y has at most d — 2 neighbors distinct from z and z.
By employing Theorem |(4.1.1)(a) to G’, which has n vertices, there is a cycle C’ through zz

in G’ — y such that

1/ (d=21Dn \’ 1 ((d—21)n\"
@z (@mass) 221 ()

Then C := (C" — {xz}) U {e, f} gives a cycle through e and f such that

1 /(d-21)n "
ﬁ(C) > Z (W) + 3.

Therefore, we may assume that e and f are not adjacent. Let H := H;...H) be a
block-chain in G — y such that x € V(H,) — V(Hs) and f € E(H,) — E(Hp—1). Note
that the degree of x is at most d — 1 in H and A(H;) < d for all 1 < ¢ < h. Suppose
V(H) = V(G —y). If H is a cycle, then every vertex of H is adjacent to y. Let 2’ be a

neighbor of x in A and P be the path in H from z to 2’ through f. Then P U {yz,yz'} is
the desired cycle for Theorem |(4.1.1)|(b).

Now assume that #H is not a cycle. If Hj is a cycle, we choose 2’ to be an endvertex
of f which has degree 2 in #; otherwise, let 2’ € (V(Hp) — V(Hp—1)) N Ne(y) such that 2/
is incident with f whenever possible (for the choice of f’ in the following). Let H' be the

graph obtained from H by joining z to z’, and then suppressing all the remaining degree
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2 vertices. It is clear that H' is 3-connected, |[H'| > n—1 — (d — 1), and A(H') < d.
Let f/ = fif f € E(H'), otherwise let f’ denote the new edge incident with z/ in H’.
We use Theorem |(4.1.1)[(b) to find a cycle C" in H' through zz’ and f’ such that ¢(C") >

i((‘é—j‘)g |H'|)" + 2. Then (C" — {z2'}) U {yx,yz'} (adding back the suppressed vertices if

necessary) gives a cycle C' in G through zy and f such that
1 /d-21 " 1/d—-21 \"
> ———|H' > —= 2 L 4.3.2))).
E(C’)_4((d_1)2| |) —|—3_4<(d_1)2n) +2 (by Lemma |(4.3.2))

So we may assume that V(H) # V(G — y). Then there is a 3-block B of G — y such
that |[V(B) NV (H)| = 2. Let {p,q} :=V(B)NV(H) and G; be the graph obtained from G
by deleting those components of G — {y, p, ¢} containing a vertex of H. We choose {p, ¢} so

that |G| is maximum. Then,

(d=D]Gi[+ |H] = n. (4.8)

If V(G) = V(G1UH), we let Gy = (. Otherwise, there is a 3-block B’ of G —y such that
V(B')YNV(HUG:) = {v,w} for some {v,w} # {p,q}. (Note that {v,w} C V(H).) Define
G+ as the graph obtained from G by deleting those components of G — {y, v, w} containing

a vertex of G; UH. We choose G5 such that |Gs| is maximum. Then

(d —2)|Ga| + |G1] + |H| > n. (4.9)

Clearly, |G| > |Gs|. Let G be the graph obtained from G; by adding the edges yp, yq,
and pq if they are not already in G;. Define G, similarly from G5. We note that G and G,
(if nonempty) are both 3-connected. We shall find the desired cycle for Theorem [(4.1.1)|b)
by combining long paths in the two largest graphs among #H, Gy, and Gs. Let t; := |[N(y) N
V(Gi) — ({p, ¢} U{v,w})| for i = 1, 2, respectively. We divide the remaining proof into two

cases.
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45.1 Case 1: t; > 2 or ty > 2.

In this case, inequalities (A.8) and (4.9) can be improved (by exactly the same reasons)

to

(d—2)|G1|+ |H| >n and (4.10)

(d — 3)|Ga| + |Ga| + |H| > n. (4.11)

Suppose |H| > |G2|. Then from (4.IT]), we have
|G1] + (d — 2)|H]| > n. (4.12)

If pg # f, we use Lemma to find a path P in H from x to z € {p,q}, say z = p,
through f such that pg ¢ E(P), and

1/(d—21)|H]\"
®z5 ()

Since e = zy is not adjacent to f, = & {p,q}. Hence if pq = f, we can apply Lemma |(4.4.2)
to find a path P’ in ‘H — p from z to ¢ such that

WL (d=2D)H]\" 1
w5 () +r

and set P := P’ U {pq} in this case. Since A(G] — ¢q) < d, we may use Theorem |(4.1.1)(a)
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to find a cycle C through py in G| — g such that
1 d—2.1 "
S 2.
Then PU (Cy — {py}) U {zy} gives a cycle C in G through zy and f such that

iy = 5 (YA g (MR e

d—1)2 (d—1)
1
Z

Now assume |H| < |G3|, and hence Gy # 0. Let P, be a path in H from z to z €

{p,q} U{v,w} through f as given by Lemma |(4.2.1) such that (i) exactly one of pg and vw
is in E(Py); (ii) if pg € E(Py) then z € {v,w}; and (iii) if vw € E(P;) then z € {p,q}.

H(EEh (- 2)IGhl + D) +2, i [H] > |Gal
1

H(E2L(G + (= DIHD) +2, i [H] <|Gal

(d—21)n
(d—1)

(by (1a))

) +2 (by (£I10) and (4.12))).

Assume, without loss of generality, that p¢ € E(P;) and z = v. Let P, be a (p, q)-path
in G| — y given by Theorem |(4.1.1)[(a), and let P; be a (v,y)-path in G, — w given by
Theorem [(4.1.1)(a). Then ((P,) > 1 ( (d-2.1) |G’|)T + 1 and ¢(P3) > (% 211 |G2|)T + 1.
Now C := (P, — {pq}) U P, U Py U {xy} is a cycle through zy and f in G such that

1 /(d=2D)|G\" 1 [(d-21)|Gal\"
wor = 3 (CFE) w1 () ¢
> 1 (& 21|Gn+<-—mmu0 2 (by (1) and |61 2 |G
> i( \G1\+(d 3)|G2|+|’H\)) (since |G| > [H])
> (Y ‘212)-+2 (by (10)).
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4.5.2 Case 2. t; =ty = 1.

Let P be a path in H from z to z € {p, ¢} U{v, w} through f as given by Lemma|(4.2.1)|
such that if pg € E(P) then z € {v,w} and if vw € E(P) then z € {p, ¢}.

Suppose |H| < (d — 3)|Ga|. If vw € E(P) and z € {p, ¢}, say z = p, then let P, be a
longest path in G} —¢ from p to y and P, a longest (v, w)-path in G, —y. By Theorem
(a) for P, and Lemma for P, (using to = 1, in this case G, — y is a block-chain), we
have the following lower bounds for ¢(P;) and ¢(P,).

«p) > i(%)rm, (4.13)
0p) > i(%) 11 (4.14)

Let C := (P — {vw})U P, U P, U {xy}. Then C is a cycle in G though xy and f such

that
1 /(d—2.1) " 1/(d-21) \ .
o (260 - niGD) +32 () +3 it @-DiG 216G
“)1/@-21 - ' Lid=21) \ _
(S5 0e@-2@-vi6) +32 1 (30 st @ - njad < (6

If pg € E(P),z € {v,w}, say z = w, let P, be a longest path in G, — v from w to y, and
P, be a longest (p, ¢)-path in G} —y. Using Theorem ((4.1.1)| (a) for P, and Lemmas |(4.4.1)]

for Py (using t; = 1, then in this case G} — y is a block-chain), we have the following lower

bounds for ¢(P;) and {(F2).

P > %(%)TH (4.16)
0p) > i(%) 42 (4.17)
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Let C := (P —{pgq}) U P, U P, U{zy}. Since (d —2)|Go| > |H|, by (7), (d — 1)|G4| +
(d —2)|G3| > n. Then as (d — 1)|G1| > |G2| always holds, by (1a) we have

ooy > . (%((d— 1)IGy| + (d—2)|G2|)) 43> % (%n) 43,

So we may assume |H| > (d — 3)|Gs|. If pg # f, we use Lemma |(4.4.3)| to find a path

P in H from x to z € {p, q}, say z = p, through f such that pg ¢ E(P) and

1/(d—2.D)H\"
®z5 ()

Again = & {p,q}. Hence if pg = f, we can apply Lemma |(4.4.2)| to find a path P" in H — p

from x to ¢ such that
W1 (d—=21)H|\"
> (2 =
1= (S

and set P := P'U{pq}. Since A(G} —¢q) < d, we may use Theorem |(4.1.1)(a) to find a cycle

(4 through py in G} — ¢ such that

1/d-21 "
Uen = 5 (W'G”) +2.

Then P U (Cy — {py}) U{xy} gives a cycle C in G through zy and f. If |H| > (d — 4)|G4],

then by inequality (1c),

0 = 5 (Ml @ = (=052 - njei) ) +2
> o <(<dd7__21’>12<\%| +(d- 1>\Gl\>) +2 (whend 28, (4~ 1)l > 3and 2(d~4) > (d - 1))
. i(%n) +2 (by @F).

So (d — 3)|Ga| < |H| < (d —4)|Gy]. Then from (48) and (43), we have

|G1| 4+ (d —2)|H| > n and (d — 2)|G4| + [H| > |G| + (d — 2)|Gs| + |H| > n,
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where the second inequality follows from (d—3)|G1| > (d—2)|G3| as (d—4)|G1| > (d—3)|Gs|.

By using the inequalities,
|G1|" + [H]" = min{(|G1| + (d = 2)|H])", ((d — 2)|G1| + [H])"},

we obtain that ((C') > ((d — 2.1)n/(d — 1)*)" + 2. O

4.6 Reduction of Theorem |(4.1.1)((c)

In this section, we prove the following result which reduces Theorem |(4.1.1)(c) to The-
orem |(4.1.1)| for smaller graphs. The part of proof is long and tedious, but contains a few

crucial new ideas in estimating the lower bound of special paths.

Lemma (4.6.1). Let n > 4 be an integer. If Theorem|(4.1.1) holds for graphs with at most
n — 1 vertices, then Theorem|(4.1.1)(c) holds for graphs with n vertices.

To prove Lemma [(4.6.1) let G be a 3-connected graph with n vertices and A(G) < d,
and let zy € E(G). It is easy to see that when n > 5, G contains a cycle through zy of length
at least 5 = 1 ((d — 1)1°826)" + 2. Hence, Theorem [(4.1.1)|c) holds when n < (d —1)"*&6. So

we assume n > (d — 1)1%26 hereafter.

Let H := H{H;y--- Hy be a block-chain in G — y such that x € V(H;) — V(H,) and
subject to this, |#H| is maximum. We note that H may contain only one block H;. In
this case, all 3-blocks attached to H; contain x and H; may not be an extreme block.

However, when h > 2, H, must be an extreme 3-block in G — y and there is a vertex

x' € (V(Hy) — V(Hp-1)) N Na(y).

Claim (4.6.0.1). We may assume V(G —y) # V(H).

Proof. Suppose V(G —y) = V(H). Since G is 3-connected, there exists a vertex z’ €
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(V(Hp) —V(Hp-1))N(Ng(y) — ). Let H' be obtained from H by joining 2’ and x and then
suppressing all remaining degree 2 vertices. Clearly, H' is 3-connected with A(H') < d and
n>|H|>(Mn—-1)—(d—2)=n—d+ 1. Let C" be a longest cycle in H' through zz’. By
Theorem [(4.1.1)] (c), we have |C'| > 1|H'|" 4+ 2. Let C = (C" — {aa'}) U {zy, 2’y}. Then by
Lemma [(4.3.2)] we have |C] > [C'| +1 > 2(n—d+1)"+3 > in" + 2, so C is the desired

cycle. O

A block-chain £ := LiL, ... L, different from H is called an H-legift HN L C Ly — Lo
and L, is an extreme block. Note that, for each extreme block L not in H, there is a unique

‘H-leg containing L.

Since H # G—y and G is 3-connected, there are H-legs. Let £ := LyLsy ... L; be an H-leg
with |£| maximum. Suppose further that V(H)NV (L) =V (H,) =V (H—1)NV (L) = {p, q}
for some 1 <t < h. Since each H-leg contains an extreme block and each extreme block
contains a neighbor of y, there are at most d—1 H-legs. Hence, (d—1)(|£|—2)+|H| > n—1,
that is,

(d—1)|L|+ |H| > n+2d—3. (4.18)

We will use the following parameters (which approach 0 as d — c0):

d—1 1

T @—2D)((d—1DleE? —1) 27T ([d—1)eb/A — 1’

Claim (4.6.0.2). We may assume |H| < (e1 + €a)n.

Proof. Suppose |H| > (€1 + e2)n. Let H,, € H such that |H,,| is maximum, H' :=
H\Hy...H, 1 and H" := Hy,1Hpio...H,. For each 2 < i < h, let {a;,b;} =
V(H;) NV (H;_y).

If the vertex «' € (V(Hy) — V(Hp_1)) N (Ng(y) — x) is well defined, we let P be a

longest (x,z’)-path in H and C' := P U {xy, 2'y}. Clearly, C is a cycle containing edge zy.
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We will show that C'is the desired cycle by estimating lower bounds of |C] in different cases

accordingly.

Suppose |H'| + |H"| > e;n > 0. Then, h > 2 and H}, is an extreme block of G — ¥, so
the vertex ' € (V(Hp) — V(Hp-1)) N (Ng(y) — ) is well defined. Applying Lemma |(4.4.4)|

(see (4)), we obtain a lower bound of |C| below.

1 1 d—21 "

W

1 d—2.1 , " "

> 1 <|Hm| + ((d— 1)10g2(3/2) — 1) -1 (|H | + |H |)) + 2 (by |Hm| > |H,| and dm»
1/d—-21 1 "

> = 0g(3/2) _ "

> 1 (5 - 1) (] + ) +2

> inr+2-

Thus, we assume |H'| + |H"| < eyn. Then, |H,,| > ean as |H| > (€1 + e2)n.

We distinguish two cases by considering which one is bigger between |£| and |H"|.
Suppose first that |£| < |H”|. Then, using |H,,| > |H;| = (d 1)
m — 1 and (£Id)), we have a lower bound of |C| below.

012 § (1l + (@ = 150 =y e+ (U200 2

If (3 1%;72{”‘ > [Hml+((d- (1)1_03(0/4) DI then using inequality (@If) of Lemma [(4.3.1) and the

inequality (d — 1)10g2(5/4) > 1

= ey

1 r 1
|C| Z Z ((d— 1)10g2(5/4)(|Hm| + (( 1)log2(5/4 )|rH |)> + 2) Z an + 2.

_ 7 H,, d—1)los (5/4) _ H . . . .
Thus we may assume % < | aa( (1;_1; ) ) Using inequality (41d) in
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Lemma [(4.3.1)] by noting that (d — 1)&2(>/4 > 2 if d > 10, we have

—1)%(d—2.1 "N\
|C| > i <|Hm| + ((d— 1)10g2(5/4) _ 1) |H/| + ((d— 1)10g2(5/4) _ 1) (d )(ng_ 1)2 )|H |) + 2’

1 T

> 3 (HHl + 17+ ) + (@ = 4)((d = D=0 —)a)) +2

> i(|7—[| +(d—1)|L])"+2 (since |[H"| > |L] and (d — 4)((d — 1)"8=6/D — 1) > d —1)
1

> -n' +2 (by EIN)).

4

We now consider the case |£| > |H"|. Since |#H| is maximum subject to = € V(H;) —

V(Hs), we have either m >2and 1 <t <m—1lorm=t=1and z € {p,q}.

If m > 2, let P, be a path in H,, between a,,_1 and b,,_; as given by Theorem (c)
If {am_1,bm-1} # {p,q}, let P’ be a path in H' through a,,_1b,,—1 from z to {p, ¢} as given
by Lemma and let the notation be chosen so that P’ is from x to p; otherwise,
{@m-_1,bm-1} = {p,q}, let P" be a path in H' — p from z to q given by Lemma [(4.4.2)] and
let P':= P" U {pq}. Let P; be a path in £ — ¢ from p to y' € (V(L;) — V(L;_1)) N Ng(y)
as given by Lemma Then C := P, U P'U P, U{yz,yy'} — {am-1bm-1} is a cycle
through xy in G such that

1 1 (d—2.1)|7‘” o1 (d—2.1)|£‘ T
|C| > Z|Hm| +E<W> +Z<W) + 2.

By the same argument as above and using (4.1d) and (4.1f) depending on whether (61(712;711);2%’\ >

| Hom|

-z we have

1<(d— 2.1)|£]|

]_ r
> 2 (7 1)los(5/9)
€1z (-1 Hal) + a1y

T 1
) +221nr+2 or
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1 C2((d — qyoraa) _ 1y A= 2D[HN 1 (d = 2.1)[L]\T
1 = £ (|Hal+ (@ = 1((d=1) DT ) +5( =T ) +2
1 N LA =212y
If [ Hy| + [H'| > (d — 12523, then
I N 1A= 21)[2]y
(1l + 1)+ (=) +2
1 (d—2.1)L]\"
> = / N2((a _ 1\oga(5/4) 1\ \@& — £ L)[L|
> (1l + P+ (@ = 102 1) D) 2
1
> (|Hal + [+ 4+ (d= DI +2 (since £] > [
> inr—l—Q

Otherwise, |H,,| + |H'| < (d — 1)2(d(;2_'8|f‘, then we get

1<(d— 2.1)\£|>T 49

(1l + )+ 3 (=T

1 r

> Z((d . 1)log2(5/4) _ 1)(|Hm| + |rH/|)) +9
1

> —n"+2 (since |H,,| > en).

4

We now assume m =t = 1 and, without loss of generality, x = p. Let P,, be a longest
path from z to ¢ in H given by Lemma and P, a longest path in £ — p from ¢ to

y' € (V(L;) — V(Li—1)) N Ng(y) given by Lemma |(4.4.2), Then C' := P,, U P, U{zy,y'y}

is a cycle of length ((C) > 1|H,,|" + %C%%B‘fl) +2 > 0" + 2, where the last inequality

follows from a similar argument as above for m > 2 and |£| > |H"|. O

, , ' #{p.qy itz ¢ {pq}
An H-leg M is called a minor-leg of H if V(MNH) ; or there

ZR if v € {p.q}
is another H-leg £* such that both M and L* intersect H on {p, ¢}, V(L*) N (M) # {p,q},

and |L* — M| < ean/(d — 2.1). We call the minor-leg M defined in the first case an A-type
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minor-leg; and in the later case a B-type minor-leg.

Note that if H has an A-type minor-leg, then A > 2. For an A-type minor-leg M of H,

we have the following claim.

€M
d—2.1"

Claim (4.6.0.3). If M := M - -+ M,, is an A-type minor-leg of H, then |M| <

Proof. Suppose |[M| > 2. By our choice of Hy, t is the smallest positive integer such that

{p,q} C H;. Similarly, let s be the smallest integer such that V(M)NV(H) = V(M)NV (H,).

Let {u,v} = V(H;) N V(M) and g := max{s,t}. Moreover, let H' = H1Hy---H, and
H'" = Hyi1Hyio--- Hy. By the maximality of |#| and |£| and the existence of M, we
have g < h, [H"| > |M]|, and [£| > |[M]. Recall V(H,) NV (H,11) = {ag,b,}. Since
x € V(H))—V(H,y) and a4, b, € V(H,) NV (Hy41), we know z is not incident to azb,. Hence,
we can apply Lemmal(4.2.1)|to find a path P’ in H' through a,b, from z to z € {p, ¢}U{u,v}.
Let P” be a path in H"” between a, and b, as given by Lemma such that ¢(P") >
HEEL(H" + 1) + 1. If 2 € {u,v} (say, z = u), let Py be a path in M — v from u to
Yy € Ng(y) N (V(Mp) — V(Mp-1) — {u,v}) (the vertex " exists by the 3-connectivity of G)
as given by Lemma [(4.4.2)| with ¢(Py) > i(&__—%')lﬂ./\/ﬂ)r + 1, and P, be a path in £ between
p and ¢ as given by Lemma [(4.4.1)] with ((P;) > 2(%2(|£| +1))" + 1. The case z € {p, ¢}
is treated similarly. Since | M| < |£| and |[M| < |H"|, the paths P, P”, P;, Py, and edges

yx,yy give rise to a cycle C' in G through xy such that

1/d-21 "1 /d—21 "1 /d-21 "
> _ - — .
c| > 4(d_1 |M|) +4(d_1 |/\/l|) +4((d_1)2|/\/l|) +2  (4.19)

1 1 /d—21 ’
= L(d—2)M) +1<W‘M‘> o (4.20)
> i((d—1)1°g2(5/4)(d—2.1)\/\/l\)r ((1f) in Lemma [Z3.1))
> %nr+2
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Recall that t is the minimum positive integer such that {p,q} C V(H;). Let Z :=

H\Hy---H, and J := Hy11Hyio - - - H,. We have a similar claim for a B-type H-minor-leg.

Claim (4.6.0.4). Let L* and L** be two H-legs with attachments {p,q}. If L NL™ # {p,q},

then we may assume that one of L* and L** is a B-type H-minor-leg.

Proof. Assume, without loss of generality, that [£*| < |£*|. Let Lo = L£* N L*. Let
{u*,v*} = V(L) NV(LF) and {u**,v*™*} =V (Ly) NV (LT*).

By Lemma |(4.2.3), we may assume that there is a (p, u*)-path P, through edge u**v**
in Ly, but not the edge u*v*. Let w* = |£* — Ly| + 2. Let P; be a path in Z — p from x to
¢ such that ¢(P;) > L(“=2DE0r given by Lemma [(4.4.2)] P, a (¢, p)-path in J such that

4\ (d—1)2
(Py) = (A = {(20) given by Lemma [Z40)] (note that 7] > [£] > w*),

P** be a path in £ — (Lo — {u™,v*}) from u** to v** given by Lemma |(4.4.1)] with
U(P*™) > i(%)’" +1, and P* a path in G[L* — (Lo — {u*,v*})] from 2’ to u* avoiding
v* given by Lemma ((4.4.2)] where 2’ is a neighbor of y in the last block of £*. Then we

obtain a cycle C' := P*U (P, — {u*v**}) U P** U P; U Pr U {yx’, zy} through xy such that

e e ) EEEE(CEE R R

where the last inequality follows from (&If). Noticing €, = ——mmmm—, We have (d —

(d—1)
2.1)(d — 1)l825/4* > n if w* > eyn/(d — 2.1). So, we may assume w* < en/(d —2.1). O

Let Gy be the subgraph of G obtained by deleting the components of G — {y, p, ¢} that

contain a vertex in ‘H. By adding a few special edges to Gy, we define Gj, as follows:

o GoU{py, qy} if Hy is a cycle and {p, ¢} # {a¢, bi};
0-—

GoU{y}| U{py,qy,pq} if pq ¢ E(G) and the above case false.

Note that the difference is whether the edge pq is forced to be added.
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Suppose that there are exactly ¢ H-minor-legs. Then 0 < ¢ < d — 3 (as y is adjacent to
at least two vertices in H and at least one vertex in £, there are at most d — 3 neighbors of
y contained in H-minor-legs ). Let M be one of the largest minor-legs if there is one. Then,

the following inequalities hold.

Gol = n—[H = oM| 2 n—[H] - 2202 > (1—a = 2a)n,
n —s|M|
> - '
|H| > R p— and
7] = 1Lz M.

Since |H| < (e + €2)n, we have || > = 5 Uzazehn py complete our proof of
-1 d—1

Lemma |(4.6.1) we consider two cases according to whether = € {p, ¢} or not.

4.6.1 Case 1z ¢ {p,q}.

In this case, by the maximality of |H|, we have |[H| > |J| > |£| and 1 <t < h — 1.
Consequently, we have h > 2 and the vertex o’ € (V(Hp,) — V(Hp-1)) N (Ng(y) — ) is well
defined.

Claim (4.6.1.1). A(G}) < d and G} is 3-connected.

Proof. Since dg; (v) = dg(v) for every v € V(Go) — {y,p,q}, we only need to verify that
degrees dg (p), day(q), and dg; (y) are not bigger than d. Since |J| > |£] > 0, Hyy exists.
Then both p and ¢ have at least two neighbors in G — V(Gj), and thus dg; (p) < d and
dey () < d. Purthermore, de (4) < de(y) + [{p.q}| — [{.a'}] < d.

For the connectivity, it is clear that if there exist at least three internally vertex-disjoint
(p, q@)-path, then Gj, is 3-connected. As Gy is connected, there is a (p,¢)-path using only
vertices of Go; pyq is another (p, ¢)-path which intersects V (Gy) only on {p, ¢}. If pg € E(G}),

the edge pq gives the third (p, ¢)-path. Hence G is 3-connected if pg € E(GY). So, we only
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need to show that Gj, is 3-connected when Gy = Go U {yp,yq} and pq ¢ E(G}). We suppose
on the contrary that Gj has exactly two internally vertex-disjoint (p,q)-paths (as Gf, + pq
is 3-connected). As y connecting p and ¢, Gy contains exactly one (p, q)-path. Denote by
Plp, q| a shortest (p,q)-path in Gy. Then in G —y, (H; — pq) U P[p,q| is an induced cycle.
According to Tutte’s decomposition algorithm, (H; —pq)U P[p, ¢] forms a 3-block. This gives

a contradiction to that H; is a 3-block. I

Claim (4.6.1.2). There is a path Py in G{y with two endvertices in {y,p, q} such that {(FPy) >
1(1Gol +1)" and ({py, qy, pa} — E(G)) N E(Py) = 0 (when pq € E(G), we allow pg € E(Fy)).
Moreover, if Hy is a cycle, given z € {p, q}, we can choose Py such that one of the endvertices

of Py is z.

Proof. Since A(Gj) < d and G is 3-connected, G, contains a (p,y)-path P} such that
((F}) > 1(|Gol + 1)" 4+ 1 by Theorem [(4.1.1)[c). If gy € P, then Py := Pj— y is the desired
(p, q)-path. Since |G| > (1 —€; — 2e2)n > (1 — €1 — 2€2)(d — 1)!°826 > (d — 1)%, we have

((F}) > 3. Hence if pg € P}, then qy ¢ E(Ff). So Py := Pj — p is the desired path.

When H, is a cycle, we use Theorem (c) to find a (z,y)-path P in G}, such that
U(Py) > 3(|Go| +1)" + 1. If V(Fy) N ({p,q} — z) = 0, then P, itself is the desired path.
So assume {p,q} — z C V(P). If pq ¢ E(P) , then Py — y is the desired path. Hence,
assume that pg € E(F), and so pg € E(Gj). We may assume pg ¢ E(G); otherwise P is
the desired path. By the definition of Gj,, we have {p, q} = {as, b;} in this case. Let Ps be
an (as, by)-path in J given by Lemma Then Py := (Py — {pq}) U Py is the desired

path with (Py) > 1(|Go| +1)" + L({=20yr 4, -

4.6.1.1 Subcasel.l. {p,q} # {a;,b} = V(H; N Hyyq). Using the inequalities

max{|Z|,|TJ|} > |J| > \£|"d__|?| > (1_21__152)", we will consider a few cases to show that
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there exists a cycle C' through xy such that

SR <(|Go| cry (s 2-1>(C-eraf){2|z|, |J|})T) s
] s
> i ((1 e —26) + (1 — €1 — 260)((d — 1)leB0+27%) _ 1)>rnr )
> w2

where we let 8 = log,_, <%) for Lemma |(4.3.1)] which is greater than 1 but

less than 2 when d > 42. We also use the inequalities 1 — ¢; — 265 > 0 when d > 43, and

(1—€ —26) + (1 — e — 2€)((d — 1)l92+27) _ 1) > 1 when d > 68.

We first consider the case that there is a (p, ¢)-path Fy in Gy — y such that ((F) >
1(IGol +1)7. Let P; be an ({a;, b}, ), say (a;,x)- path in Z through pg given by
Lemma such that ¢(P;) > i(%ii)’?')r (as {p,q} # {ai,b;}), and P; be an
(a;,z") path in J — b, given by Lemma such that ¢(P;) > i <(d(_d2_'11))‘2‘7|)r, where
' € (V(Hy) —V(Hp-1)) N Ng(y) (as Hiyq exists and G is 3-connected, @’ & {as, b }). Then,

C = (Pr—{pq}) U P;UPyU{zy} is the desired path.

Suppose that H; is 3-connected. By Claim [(4.6.1.2)| and the discussion above, we may
assume that there is a path Py in Gy from p to y avoiding ¢ such that ¢(Py) > 3(|Go| +1)".
If |Z| > |J|, by Lemma ((4.4.2)] let Py be a path in Z — ¢ from z to p such that ¢(Py) >

L(t=20)

1T )"+ 1. If a4b; € E(Pg), then we replace a;b, by a path in J from a; to b;. Then,

C := Py U Py U {zy} is the desired cycle. If |Z| < |TJ|, let P be a path in Z — ¢ from «
to p through a;b; given by Lemma |(4.4.3)| and P; be a path in J from a; to b; such that
U(Py) > i(%)r + 1 given by Lemma |(4.4.1)] Then C' := (P; —{a;:b:}) U Py U Py U{zy}

is the desired cycle.

Finally, we assume that H, is a cycle and Py given by Claim [(4.6.1.2)|is a (p, y)-path.

Since |J| > |£| in this case, the edge a;b; exists. As {a;, b} # {p,q}, we can assume,
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without loss of generality, that a;_1...a:b;...p...b;_q lie in this order along H; — a;_1b;_1.
Let 7% :== HiHy ... Hy—y. Applying Lemma|(4.4.2)| we find a path Pj; in Z* — b;_; from z to
a;—1 such that ((P};) > i(%)r + 3. Extending this path along H; and J, we obtain

a path Py in H from z to p avoiding ¢ such that ¢(Py) > ¢(P};) + 2. Since the number of

degree 2 vertices in ‘H is no more than 2d — 1, we have ¢(Py) > i((d(ﬁ}))‘f‘)" + 1. Let Pj be
a path in J from a,; to b, such that ¢(P;) > %(%)T + 1 given by Lemma |(4.4.1). Note
that in this case, we can choose Py to be a (p,y)-path such that ¢(Py) > 1(|Go| +1)". Then,

C = (Py —{ab}) U P; U PyU{zy} is the desired cycle.

4.6.1.2 Case {p,q} ={a;,b:} = V(H; N Hiy1) In this case, G, :== GoU{py, qy, pq}.
Assume, without loss of generality, that dg,(p) < dg,(q). Let t, = [Ng; (p) —{q,y}|. Clearly,
t, < dg(p)—2 < d—2. Let P be an (x, p)-path in Z — ¢ given by Lemma|(4.4.2), P; a (p, q)-

path in J given by Lemma|(4.4.1)} and P a (g, y)-path in G — p given by Theorem |(4.1.1)]
(a). Let C := PrU P;U PyU{zy}. Then we have

toy = 3 (D 2 2 ) e

Claim (4.6.1.3). |7|" + (&ZL)" > (|7| + |Z|)" > |H|" provided d > 61.

d—1

Proof. By Lemma |(4.3.3)] we only need to show that |J| > %. Otherwise, using |£| >

(1—e1—€2)n

-, we have

(@=DIT| _ (@=DIE _ (L—er—en

> > 7| >
(€1 + e2)n > [H] > |Z] 11 - 11 - 1.1

However, when d > 61, €; + € < 0.47 and @ > 0.47, showing a contradiction. O
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Consequently, by Lemma ?? we have

1 [ (d—2.1)|Gol
1 ( @10,

_ 2 r/2
i ((%(1 —|H|/n —cex/(d — 21))(|’H\/n)) n" +2.

(d— 2.1)|H]

0(C) Y+&——E:T——Y)+2 (4.22)

v

Clearly, C' is the desired cycle if

(d = 2.1)%(1 = [H]/n — sea/ (d = 2D)([Hl/m)
t, -

1. (4.23)

Assuming this is not the case, we will show that there are very few minor-legs of H, which

reveals some properties of H.

Claim (4.6.1.4). We may assume ¢ < 3 (provided d > 195).

Proof. By plugging |H|/n > %ﬁ;m and t, < d — 2 in (£23), we get

(d—2.1)*(1 = [H|/n —sex/(d — 2.1)) - (|H]/n)/t

2 1—§€2/(d—21) C€Eo 1—§€2/(d—21)
2 M—21)<1— d—1—< _d—21)( d—1—¢ )/(d_2>

(d—2.1)*(d—2.1—¢ce)*(d—2—)

= >1
(d—21)2(d—-1-¢)%(d-2) -
provided d > 195 and ¢ > 4. O
We now refine the legs of H contained in Gy. Let Ly, Lo, ..., L, attach H at {p, q}

such that V/(£;) NV (L;) = {p, ¢} for any i # j and, subject to this constraint, ). |V (L;)|
is maximum. We name them major-legs of H. Clearly, all other H-legs remained in Gj, are

B-type minor-legs.

Claim (4.6.1.5). We may assume { > d — 5 provided that d > 195.
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Proof. Since Ly, Ly, ..., L, are all possible non-minor-legs, [H| > (1 — 2% )n/(¢ + 1).

Plugging this inequality in (£23]) and assuming ¢ < d — 6, we get the following

(o > ((<d —t2-1>2(1 _ 12? —cer)(d — 2.1))(%))”2 42
_ _ 2\ /2
> (g(d (ez%lmzzf@) ) e
> inr + 2,
for each ¢ =0,1,2,3 when d > 195; where we used t < d—2and ¢/ < d—6 . O

For each £;, let G; be induced by the component of G —{p, ¢, y} containing £; — {p, q},
and including two vertices p and ¢, that is, the union of £; and all B-type minor-legs sharing
a vertex with £; — {p,q}. Let G} = G|V (G;) U{y}| U{pq,py,qy}. Clearly, each G} is 3-
connected with A(G}) < d. Let t;(p) = dg;(p) =2, t:i(q) = der (q) —2, and t; = 5(t:(p) +1:(q)).

By counting the neighbors of p and ¢, respectively, we have

IA

da(p) — |Nu(p) —{q}| < d -2,
ti(q) +ta(q) + -+ tlq) < dolq) — [Nulq) —{p} < d -2,

S (tilp) +tilg) < d —2.

1<4<8

t1(p) +t2(p) + - - - + te(p)

ti+ty 4+t

We note that, for each i, t;(p) > 1, t;(¢) > 1, and ¢; > 1. Assume, without loss of

o Gl |Gl
generality, T = maxXi<i<e -

Claim (4.6.1.6). We may assume t, = 1 provided that d > 194.

Proof. Otherwise, we have t; > 3/2 since both ¢;(p) and t;(q) are positive integers. Then
either p or ¢ has degree at least 2 in Gy; and consequently, / < d —2 — 1 — ¢ (each £; has a
neighbor of p and a neighbor of ¢). By Claim |(4.6.1.5)[ that ¢ > d — 5, we may assume that

¢ < 2 in this case.
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Let T3 := {Z ot = tl(p) = tl(q) = 1} and 15 := {’L ot > 1} and let 61 = |T1‘ and
= |T3|. By Claim |(4.6.1.5)] we have ¢; + ¢, = ¢ > d — 5. On the other hand, we have
U+ 3/205 < 21955 t; < d — 2, which in turn gives ¢, < 12. So, ¢{; > d — 17. As d > 180,

201/3 > (5.
Foreachi =1,2,...,0, let w; = |V(G;) =V (L;)|. Clearly, S>0_ w; < > M| <
Mis an ‘H-minor-leg
sean/(d —1).

For each i € T}, by the maximality of |G4]|/t;, we have
|Gl = 1Gil /i < [Ghl/t < (2/3)[Gh] < (2/3)(|H] 4 wi) (since |£4] < [H] when z & {p, ¢}).

For each i € T5, we have

A simple calculation gives the following inequalities.

20, 20,

1<i<t i€Ty
2€ 20
< (= 5 T )\’H| 31 (w1 + max{wl}) (since o < 201/3)
20 62 2£ CeEaNn . on
< (3 + §)|”H| + EWECE (since Y, w; < F2%)
2(d
< ( +3)|7—[| % (since £ < d—3,0y <12))
Since [H| + Y2, <, |Gil > n — %%, we get the following inequality
_ 2(d—1.5)ceq
> 2.1
"z —aras "
2(d—1.5)geg segn Segn

When d > 194, for each ¢ = 0,1, 2, %n > ‘i =+. Recall that — ‘i =+ is the lower

bound on |H| used in the proofs of both Claim [(4.6.1.4)| and Claim |(4.6.1.5), and so we are

done by the previous conclusions. O
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Let Hj, be a block of J with maximum number of vertices, that is, |Hy| = max{|H;| :
t+1<i<h}. Let Ly := LiLy...Ls and let L,, be a block of £; with maximum number

of vertices. Since t; = 1, Ly is a cycle.

Claim (4.6.1.7). Let 2/ € (V(Ls) — V(Ls—1)) N Ng(y). We may assume that there is a
(p, 2")-path Py in L1 — q such that

1 d—2.1 1
>_ T = T _ >_ T o_ .
£<P>_4<\Lm\ +Z§¢m:(<d—1>2'Ll')) 12516 -1

Proof. Assume V(L; N Ly) = {a,b}. In L4, we replace L; by a triangle zabz and apply the
particular part of Lemma to get a (z,2')-path. Replacing either the edge za or zb
by a path from p to {a,b} (we can fix p as L; is a cycle), and denote the resulted path by
P. We obtain the desired path; in case that p € {a,b}, we may have the lower bound ¢(P)
above 1 unit less than the bound given in Lemma . O

Claim (4.6.1.8). du(p) — 1 < 2, so both H; and Hyyq are cycles.

Proof. Otherwise, we have ¢ < d — 3, which in turn shows that

n —cen/(d — 2.1).

>
] = (41

Let P; be an (x,q)-path in Z — p given by Lemma|(4.4.2), Py be a (p, ¢)-path in J given by
Lemma ((4.4.1)} and P; be a (2, p)-path given by Claim [(4.6.1.7)] Let C':= P,UP; U P, U



{yz', xy}. Then C is a cycle through zy and

1 (d—21)[T].,
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1 (d—2.1)|7]

1. ,
1 d—2.1)|H
> = (|£1|T + (%)T) +2 (by Claim 4.6.1.3
L (P (a2
> r
> 4( 21y T ))+2
__sean 7”/2
41 €N €on
> 1 (n -~ =51~ ao)d—2.1)(n — 35%) iy
4 (d—1)(+1)
1 Md — 2.1 — cex)?\""”
- = "+2
4( (d—2.1)((+1) mr
1 )d — 2.1 —cex)?\""?
> — r < d—
> 4(( 20 —<—1) n+2 (byl+¢<d-—2)
> %nr—i—Q,

when d > 41 and ¢ > 1. Thus, we assume ¢ = 0. Then by ¢ < d — 3, we get

(C)

>
-4

(d—1)(d—2.1)

1 /(d=1)(d—-21-ce)?\"?
( d—21)((+1)? ) w2

1
= Z(u—znu—

1
> —n"+2.
_4n+

o\ 7/2
2)2> n" +2

O

Let P; be an (z, p)-path in Z—q given by Lemma [(4.4.2)|such that ¢(P;) > i(d(;i}))‘f‘ )+

N[

. Applying Lemma [(4.4.6)|on J and L, with J taking the role of H, p taking the role of

x and ¢ taking the role of both w and w’ in the lemma, respectively. Let v € (V(H}) —

V(Hp-1)) N Ne(y). Then we can find a (g,
such that ((P;) +((Pp) > 1| T|" + L[|

y')-path P; in J — p and a (p, q)-path P, in L
—1/2. Then C := PUP;U P, U{zy,yy'} is a cycle
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through xy such that

1d-21Z]., 1 1 1 1
> M ATy - - r - r_ =
Oz =g )V Tt gl gl —5+2
1 1
> Z|H|T+Z|£|T—I—2 (By Claim |(4.6.1.3)))
1 n n—n/d—1)\"
> - —1)2. .
> 4((d 1) 71 73 ) +2
= inr+2,

since in this case, |£| > "d__‘?‘, and as [H| > |J| > |L| gives that |H| > F75.

4.6.2 Case 2z € {p,q}.

Let the notation be chosen so that x = p. In this case, the notation £L = Li1Ly- -+ L,, is
used to indicate an arbitrary H-leg. We note that || > |£| may no longer hold because it
is possible that € V(Ly). An H-leg L is properif x € V(L) — V(Ly). For a proper H-leg
L, |L| < |H] still holds.

If {x,v} is a 2-cut of G — y for some v € V(H;), let G, be obtained from G — y by

deleting all components of G — {y,z,v} containing a vertex of H and adding the edge xv

G|

when v ¢ E(G). Let vy € V(H;) such that da, (x)—1
vg

is maximum. Let G, = G, U {zy,vy}.

|Gl en -
» (:2)—1 > & provided d > 93.

Claim (4.6.2.1). -

Proof. Notice that all H-legs not containing x are A-type minor-legs, and there are at most

three H-minor-legs by Claim [(4.6.1.4)] Hence |Gy,| + > |Go| + [H| + 22% > n. Thus we

EZN
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have
Gy 2Ly e
_ =7 vl > >
do(®)—1 = S(e(@) -1~ d-2
S n — (61 + 62)” - d3_6227,L1 - €on
- d—2 d—21

O

Let T denote the block-bond tree resulted in from G—y+zv, by the Tutte decomposition.
We treat T as a rooted tree with the root at the bond By containing the edge xvgy (notice
that as zvg € E(G —y + xvy), and G — y + xvg — {x,vp} has at least two components, the
bond By exists). Except By, we assume that all bonds are removed from T and two 3-blocks
are adjacent if either one is the parent of the other one in the original tree or there is a bond
B between them such that one is the parent of B and the other one is a child of B. We will
follow the partial order < of T generalized naturally by the parent-child relationship of the

tree, that is By < B, if By is a descendent of Bs.

A block of T is called an z-block if it contains z. Let X be the union of all z-blocks.
A block-chain Y1Y5...Y,, such that Y] N X is a virtual edge not incident with x is called a

y-chain. The following definition will play a key role in our proof.

Claim (4.6.2.2). IfY; and Ys are two distinct y-chains attached to the same x-block B ¢ H

with |Y1] > |Ya], then |Ya| < 725

eon

Proof. Suppose to the contrary that |Ys| > -2f-.

Suppose there are x-blocks By, By, -+, By
such that BB By - -+ By is a block-chain and B, N H, = {z,v}, z;y; = E(Y; N B) for each
i=1,2,and BN By = {z,u}.

By Lemma|(4.2.1), we may assume that there is a path (u, z1)-path Pp in B containing
edge xays. Let P be a longest (1, 2')- path in Y] —y; given by Lemma |(4.4.2) where 2’ is a
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vertex in the extreme block in Y; which is adjacent to y. Let P, be a longest (x2, y)-path in
Y, given by Lemma [(4.4.1)] and Py be a longest (z,v)-path in H given by Lemma [(4.4.1)]
Since BB By - -+ By is 2-connected, BB By - -+ By — x is connected. Let Ps be a (u,v)-path
in BB1By -+ By —x. Let C' = Py UP3;U(Pg—xoy2) UP,U Py U{zy,yz'}. Since z ¢ Y] and
x ¢ Ys, [H| > [Yi| > |Yo|. Then

d—2.1 "1 /d-21
> - — 2
@ = 5 () +3 () 5 (=) -
1 d—2.1 1
> =2 >
> 25<d \Y2|) +2> " +2,
since 2.5 = ((d — 1)%82%/2)", O

We call a y-chain Y a small chain if Y| < 2.

Definition (4.6.2). A block B € X is called a giant block (GB) if

° dB‘(f)‘_l > -2, orif there is a y-chain Y attached to B such that

i |Y| > dE_22n_170T

|BY| ean
® oyt > 79

If B is not a GB, we call B a small block (SB).

Let B be an x-block. If there exist y-chains attached to B, let' Y be one of the y-chains
with largest cardinality. Then BY is called a y-extension of B. Notice that BY is a proper
H-leg, and so |BY| < |H]|.

Following the notation in the above definition, we have the following observation.

Claim (4.6.2.3). Let B be an x-block and BY a y-extension of B. Suppose that xb and xbt/

are the virtual edges of B corresponding to its parent and one of its children, respectively.
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Then, there is a (b,V)-path P in BY — x of length ((P) > L(EZ2LY])" + 1 and there is a
(b y)-path Q in GIV(BY) U {y}] — & of length ((Q) = 3 (‘Y ])" + 1.

Proof. Let {u,v} = V(B)NV(Y). If B is a cycle, let P, be the unique path from b
to b’ through wv. If B is 3-connected, then B — x is 2-connected. There is a path P;
from b to b’ through wv. By Lemma [(4.4.1)[there is a (u,v)-path path P, in Y such that
((Py) > Y(E2Y|)" + 1. Then P := (P, — {uv}) U P, gives the desired (b,V)-path.

To prove the second statement, if B is a cycle, let P; be the unique path in B — x from
b to z € {u,v}, say u, avoiding v; if B is 3-connected, B — x — v is connected, there is a
path P, from b to u. We may assume that dy(v) > 3. For otherwise, let Y* be the graph
obtained from G[(V(Y) U {y}] U {yu,yv,uv} by suppressing all degree 2 vertices. Then,
applying Theorem [(4.1.1)] (a) to Y* — v, we can find a (u,y)-path P, not containing uv
such that ((P;) > 2(L2L|Y])" + 1. Thus, P> U P; is the desired path. Hence, dy(v) > 3.
This implies that the first block of Y is 3-connected. Let Y* be the graph obtained from
G[(V(Y) U{y} U {yu,uv} by suppressing all degree 2 vertices. If dy«(y) > 3, then Y*
is 3-connected. Applying Theorem (c) on Y* we find a (u,y)-path P, of {(P) >
HEENY])" + 2. (We may assume that uv ¢ E(P2). As otherwise we can choose P; to
be a (b, v)-path avoiding u and P := P; U (P, — {uv}) gives the desired path.) Otherwise,
dy+(y) = 2; and thus Y* is a block-chain with edge uy in one end-block and v at the other
end. Applying Lemma on Y*, we find a (u,y)-path P of {(P,) > 1(Z2L|Y])" +
In any case, P, U P; is the desired path. O

We need to distinguish three different types of degrees of = in B for each x-block: dp(x)
is the degree of z in B, d(¢,p)(x) is the number of edges of G incident with z in B, and
dwv,p)(x) is the number of virtual edges in B, that is, the degree of B, as a vertex in the
subtree of T induced by all z-blocks. We have dg(x) < d(g p)(x) + dv,p)(x) and the strick

inequality may hold (for example, an edge may be counted in both d(¢ g)(z) and dv,p)(x)).
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For each z-block, we now associate it with a number #(B):

This number is in correspondence of the parameter ¢t in Theorem |(4.1.1)| (a), and it is
used when applying Theorem ((4.1.1) (a) on B. We will consider the ration |B|/t(B). For

convention, we define |B|/t(B) = 0 when ¢(B) = 0. (In this case B is a cycle.)

Claim (4.6.2.4). All GBs form an anti-chain (a set of vertices in the block-bond tree forms

an anti-chain if, pairwise, they don’t have the parent-child relationship) in T.

Proof. Suppose there is an H-leg B = By - - - By_1 B L, where each B;,1 < j <k, is a 3-block
containing x, and L is the largest block-chain attached to By (so BpL contains an extreme
block, and so has a neighbor of y). Let {x,b} := V(H,) NV (By), and V(B;) N V(By1) =
{z,b;} for 1 <i <k — 1. Suppose there are indices i and m with ¢ < m such that both B;

and B,, are GBs, and m = k if B,, is an external GB.

Foreach 1 < j# m < k—1,if B; is a cycle then let P; be the path in B; — x from b;_;
to b;; otherwise let P; be a path in B; — x from b;_; to b; as given by Theorem |(4.1.1)(a).

Let Y; and Y,, be the largest y-chains (if exist) attached to B; and B,,, respectively.

In the case k # m, let P,, be a longest (b,,_1, b,,)-path in B,, —x if dB|B(7;)‘_2 > 2%, and

let P, be a longest (bp,—1, b )-path as guaranteed by Claim|(4.6.2.3)|if |Y;,| > 725; let P be
a longest path in G|V (BiL)U{y}|+bx_1y—= from by_; to y as given by Theorem|(4.1.1)(a) (as
BiL has an extreme block which contains a neighbor of y, G[V(BiL) U {y}] + bx_1y is 3-

connected).

If K = m, we pick P, as in the previous case if Lfg:)‘ > ?;_23, or dB‘(f)‘_2 > 2 if
Vil > %5, let P; be the (by_1,y)-path as guaranteed by Claim [(4.6.2.3) Let P, be

a path in H from z to by as given by Lemma |(4.4.1)] So, we have in either case that
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(P > H(2 )

d—1 d-2.1

Then C := PyU (U=} P)) U P, U {zy} gives a cycle in G through xy. Noting |H| > |B,|
and |H| > |ByY|, thus

1/d " 2.1 \B\ "1 /d-21 en
14 > = — Z 2
(©) = 4<d |H‘) 4( d—1 dp(z 2) +4(d—1d—2)
1/d "1 /d-21 |B| " 1/d—21 en \"
> = B; - - 2
= 4<d | |) 4( d—1 dp(z 2) +4<d—1 d—2.1)+
1
= " +2. (Provided ; A% > d@;l)
So, we may assume dB_'f;J_ =¥%. Since B; is a GB, by the definition, it has a y-chain

Y; such that |Yj| > 2. Let P; be a path in B; — x from b;_; to b; as guaranteed by

Claim [(4.6.2.3)] such that ((P;) > 1(%2L|Y;|)" + 1. All other paths are as defined in the

previous argument, we obtain a cycle C' in G through zy such that
1 /d—-21 1 /d-21 "1 /d—21 en \"
4C) 4(d |H‘) 4(d—1|Yi|) +Z<d—1d—2) 2

d—21 1/d " d—21 en \"
( |Y‘) 4<d |Y|) 4<d—1d—2) +2

d—
n"+2. (Provided |V;| > L)

v

v

4
1
4

Claim (4.6.2.5). We may assume |H| > 22~ provided that d > 123.

Proof. Suppose that |H| < d2f22"“1. Then for each maximal proper H-leg £, we have |L] <

|H| < dzzz_l. As each maximal proper H-leg either contains an extreme block (and thus has

a neighbor of y), or it is an x-block (and thus has a neighbor of ), we then have at most
2(d — 1) maximal proper H-legs. All those H-legs, together with H, cover all the vertices of

V(G) —y. However, % < n —0.1 when d > 123, showing a contradiction. O



155

Claim (4.6.2.6). For any virtual edge xv with v # vy, if L is an H-leg such that LAH = xv,

then |L]| < 2= provided d > 123.

Proof. We consider two cases according to whether |Hy| > |[HyHs...Hy|. If |Hy| >

|HyHj ... Hy|, then H; > -2 by Claim |(4.6.2.5)} Let P be a longest (x,v)-path in £,
Py be a longest (vo, y)-path in G, — given by Theorem |(4.1.1)(a), Cy be a longest cycle in
H, through two edges xv and zvy given by Theorem [(4.1.1)(b), and let Py = Cy — {xvy}.

From them, we can obtain a cycle C' through zy such that

1/d—21,.\" 1({d-21 |& "1 /d-21 1
> - - v Sl e 2> n" 42
E(C)—4<d—1 |£|) +4<d—1 dG%O(x)—2> +4((d 7y 1') Feagr e

provided min{|L|, di ,[Hi[} > 5255 Since the other two already do by Claims |(4.6.2.1)
and |(4.6.2.5), we may assume |L£| does not.

If |H| < |HyHs...Hy|, then |HyHs. .. Hy| > 2=, Define P;, and P, the same way

as above. Let H' = HyHs...H. Let C; be a cycle in H; through edges zv, xvy, and ab,
where ab = Hy NH', and P, = C; — {zvy}. Let Pj, be a longest (a,b)-path in H' given
by Lemma Then we have ¢(Py) > (2L H/|)" + 1. Similarly, we can show that
the cycle C' := (P, — {ab,zv}) U P}; U Py, U {zy} passes through zy, and {(C) > in" + 2 if

L] > e O

Notice that there are at most d—2 (as G, has an extreme block, and thus has a neighbor
of y) H-legs M with MNH # xvy. By Claim|(4.6.0.3)|and Claim |(4.6.2.6) |M| < 2= for

each such H-leg, which gives >, M| < d =) 162’/1, An immediate consequence is that

Gryl  n = ] — frean

o 2 s (4.24)

Claim (4.6.2.7). We may assume that |H| < M provided d > 125.
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Proof. Let Py, be a longest (vo,y)-path in G, — x given by Lemma (a), and Py be a
longest (z,vg)-path in H given by Lemma |(4.4.1)} Then C := Py U Py U {zy} gives a cycle

through xy such that

1/d—21_ N\ 1({d-=21 |6, \
> = - o 2
“ey =z 4(d—1m0‘+4<d—1%4@—2)+

1 (d —2.1)%H| H  d-2 "2 1
> _ L r > T
> 4((al 1)2. A= 1)2(d - )(1 " d—2.1€2n) n —|—2_4n +2,
provided |H|>Mandd>125 O

Since all GBs form an anti-chain of T and the root By is not a GB, there is a subtree
Ty of T containing the root such that it contains no GB and each branch of T — T contains
at most one GB. (The subtree containing By obtained from T by deleting all of the GBs has
the described property. ) We may assume Ty has this property with maximum cardinality.
Let T1, T3, - - -, T be the block-trees corresponding to branches of T — Ty. For each 7;, we
call the block of 7; which is an immediate child of the z-block to which 7; attaching in T
the first block of 7;. By the maximality of Ty and the fact that all GBs form an anti-chain

in T, we have the following observations:

e Excluding By, every x-block which is a leave of T is adjacent to a GB, which is the
first block of some 7; (as if not, we can make Ty larger by adding the first block of the

7; to that leaf). Conversely, each GB is attached to an z-block which is a leaf of Ty;

e Each virtual edge in B € T which is adjacent to neither the parent of B nor the child

of B is corresponding to at least one some branch 7;.

For each z-block B, let B := BL be a maximal block-chain containing B as the first
block such that B has the largest cardinality among all of such block-chains. Then by the

maximality of B, it contains an extreme block.
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For each i, let B; be the GB contained in 7; , we let £; := B;. Then by Claim [(4.6.0.3)
and Claim |(4.6.0.4)] we know each leg of £; is contained in an H-minor-leg, and hence has

cardinality less than 2. By the construction of L;, it contains an extreme block. Note
that each £; and the branch 7; containing it, have exactly the same predecessors, that is
they are connected to B, through exactly a same block-chain in Ty. Also, notice that the

first block of each L; is an z-block. Let

L = {ﬁl, £2, ,ﬁm}

Correspondingly, for each £; € L, we let M; C Ty be the chain of z-blocks which
connects L; to By. Thus, M, L; is a block-chain. Notice that M; may be empty in case that
the first block of £; is an immediate child of By.

We use the partial order < generalized by T naturally, i.e., if By is a child of By, we
have By < By. For each L;, if M;#£0, let n(L;) = ZBeMi %, and

w(L;) = |Li] +n(Ls).

Note that by introducing 7(£;), (dv,s)(x)—2)- % vertices in B are distributed into £; when
dw,p)(x) > 3 ( Bisnot a cycle). As each virtual edge incident to = in B which is not incident
to the parent or the child of B is contained also in some 7;, and there are (d,py(x) — 2)

of such virtual edges. Let us see now which portion of vertices of G are not considered into

> w(Li)-

(i) On a cycle-block B € Ty, degree 2 vertices which are neighbors of y;
(ii) Small y-chains and legs of £; contained in the branch 7;;

(iii) For each B € Ty, we have (dy,p)(x)—2)- % vertices in |B| are distributed into w(L;).
1B

"B vertices in B remained.

So, there are at most dq ()
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We estimate the number of vertices in the above three cases.

e If (i), let 62 be the number of such degree 2 vertices.

e If (ii), as each maximal block-chain has an extreme block, and each block-chain can
be extended to a maximal one, we suppose there are in total exactly s extreme blocks

which are contained in some branch 7;, but not in any one of £;. Then,

ST < I+

e For each B € Ty, which is not in case (i), |B| < (dw,p)(x) — 2) - % + dc,B)(7) - t‘—‘

As each B € Ty is a SB, we have |B| < ((d(V,B)(x) —2)- % + d(G,B)(x)) pa

Let
$'=64 Y dip)().
BETy
For each £ € L, let 7,(£) = [Ng(z)| — 1, 7,(£) = [Na(y) N L], and 7(L) = (.(L) +
7,(L£)). Note that the definition for 7,(£) is different from that for 7,(L), as when we remove
legs of £; in 7T;, it may be possible that in £;, z is only incident to virtual edges. However,
each virtual edge incident to x correspondences to at least one real edge incident to x in

some legs of L;, so we let 7,(L) = |Nz(x)| — 1. The following inequalities hold.

> n(L) < d@)—-1<d-1,

Sn(L) < dly)-1<d—1, and
Sorie) < glde)+d) -2 Sd-1

We note that for each £ € L, we have 7,(£) > 1, 7,(£) > 1, and 7(£) > 1. By
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relabeling the branches £ € L — H, suppose we have

As zy € E(G), and also by noticing that |Ny(y) — {z}| > 1 and dy(z) — 1 > 1, when
d > 425,

w(L) > > w(Li) > n—|H| - (8:{_82)_51% S = |H|

T(E) - Zﬂ'(ﬁz) —d—1- %(Tx(H) _|_7-y(’H)) _ (S—I—S’)/Q = T4_9 (4.25)

since under the assumption that |H| < (1+§‘_5162)" and s + s < 2(d — 3) (zy € E(G), and

!
n—|p|- e en

’ o d—2—(s+s")/2

both x and y have at least one neighbor in each of £ and H) is an increasing

function of s 4+ s’. The notations £ and £’ will be fixed for the above definition hereafter.
Claim (4.6.2.8). Let M := M M,...M,, be the block-chain connecting some L" € L to
By. Suppose VIMNL) =V (M,NL)={x,v,} and zvy € E(M;). Then in M, there is a

(U0, Um)-path Py with ((Py) > 13, (%m)) .

Proof. For each i = 1,2,--- 'm — 1, let M; N M;.; = {z,v;}. Let P; be an (m;_1, m;)-path
in M; — x given by Theorem |(4.1.1)| (a) (when M; is a cycle, the assertion trivially holds)

such that ¢(P;) > i (%t‘(ﬁl)) . If P, contains some virtual edges, which are supposed to
be replaced by a path connecting the two ends of the virtual edge in a y-chain of M, with
the ends as attachments (notice that this y-chain is a small-chain; and thus is not contained

in any other block-chain in L — {£"”} by the construction of L”). Let Py := U;P;, which is

the desired path. O

Claim (4.6.2.9). We have L satisfies 7(L) = 1. In particular, if let L = LyLy--- Ly, then
x € V(L) — V(Ly) and Ly is a cycle provided that d > 85.
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Proof. In the proof, we let & = 7(L£). Suppose on the contrary that & > 1. Then o > 1.5
from the definition. So, by (£25) we have

1.5(n — |H|)
w(L) > —a—7

Let M := MM, ... M,, be the block chain connecting the root By of T and the block
Ly in £, and suppose Ly N M,, = {z,v,}. Let G’ be a graph obtained from G[V (L) U
{y}] U {yz,yv,} by suppressing all degree 2 vertices. Then it is 3-connected, and then by
Theorem[(4.1.1)|(a), there is an (vy,, y')-path Pp in G'—x such that ((Py) > 1 ( d-21 |£|)

where 3’ is a neighbor of y in the last block of L. Let Py be an (z,vy)-path in H given by
Lemma [(4.4.1)] and Py be a (vg, vy,)-path in M — @ such that ¢(Py) > 13, (dd 21 t‘M |)>

given by Claim [(4.6.2.8)]

Set C':= Py U Py U Py U {yy', xy}, which is a cycle through xy such that

1 /d—21 1 d—21 M| \" 1(/d—21 .\
0ve) > - L 2
@ = 5 () 2 () < () -

(d—2)egn

As |H| > _di“ and |£| > - ” for each M; (as L contains a GB and each M; is
not a GB), by using (£1d),

() <1 (G le‘f -0 +2
<dd |%|) %(d 2.1 )+2
(d— 21/

1
i
1
i
1 [ (d—1)%(d — 2.1)*|H|w(L) )
> () e
1
i
1
i

(C)

T
T

15(d—21—(d—2)e)(d —21+6)\"* |
( @=17 ) e

v

7‘_'_2’
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when d > 85. O

Claim (4.6.2.10). We may assume that w(L) < =55 provided d > 25.

Proof. Suppose not. Then we have also |H| 4+ n(L) > - M, ... M,, be the
block chain connecting the root By of T and the block L; in £, and suppose L1NM,, = {z,x'}.
Let G’ be a graph obtained from G[V (£)U{y}|+{yz, yz'} by suppressing all degree 2 vertices.
Then it is 3-connected, and by Theorem (a), there is an (2/,y')-path P, in G' — «
such that ((Py) > 1 (EZLL|)" + 2, as [Ng(z) N L] = 2, where ' is a neighbor of y in

the last block of L. Let Py be an (z,vg)-path in H given by Lemma |(4.4.1), and Py be a

vg, «')-path in M — x such that ¢(Py;) > d 2 L |M’ .
4 M;)

Set C':= Py U Py U Py U {yy', xy}, which is a cycle through xy such that

e = ZCZQHM) 4Z:CZES£QJ‘+ZCfow0”4

As—z(m L) =10 () + 15 (E2 ) and (] = 3 and

L] > ; ” for each M;, by using (Z.Id), and the fact that “=2% 1)(& 11))'%2(3/2) > 1 when d > 25,

we have

tey = 5 (T enen) + 1 (S0eaen) +2
1 /(d=1)%(d—2.1)2\""? _
= Z(u—1yu—21y) we
= inwz

We now show that there is a cycle C' through zy in G such that ¢(C') > tn" + 2.
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Case 1. H; € H is a cycle.

Recall that |L| +n(L) > "d_m'. This gives that |H|+n(L) > ;%5 by |H| > |£](as L is

—2

a proper H-leg).

Let w := vy, and let M := M; M, ... M,, be the block-chain connecting the root By of
T and the block L, in £. Suppose that V(M N L) = V(M,, N L) = {z,w'}. Let ¢ be a
neighbor of y in H different from x (3’ exists by the 3-connectivity of GG). Let Py be a path
in M — z from w to w’ such that ((Py) > 1>, <%t‘(]\@)>r given by Claim [(4.6.2.8)] As
both H; and L, are cycles, apply the particular part of Lemma on H and L, without

loss of generality, assume that we find a (w,y’)-path Py in H — x, and an (z,w’)-path Pp,
in £ such that ((Py) 4+ ((Py) > z(|H]" + |L|"). Let C := Py U Py U P, U{yy',zy}. Then
C'is a cycle through zy such that ((C') > 2| H|" + 2|L|" + ((Py) + 2. By splitting the value
((Pyy), we have

1 1
UO) = ZIMI"+ 1L+ E(Pu) +2

> LM+ n(0)) + 3 (1] + n(L)) +2

1 ) n n—n/(d—1)\"
> Z((d_l) '(d—l)' 73 ) +2
= in’"—l—z

Case 2. H; € H is 3-connected.

In this case, we have 7,,(#) > 2. Hence by (4.25]), we have

n—|H]
d—25

> (4.26)
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As 7(£) > 1, a similar argument as in (£25]) gives that

w(L) SN |H| —w(L)
(L") — d—35

(4.27)

If n(H) > n(L’), then we construct a cycle C through xy using H and £ and a cycle
C, through zy using £ and £', and show that ¢(C') + €(Cs) > 2(3n" + 2). If n(H) < n(L'),
then we construct a cycle Cy through xy using ‘H and £" and a cycle Cy through zy using
L and £', and show that ¢(C) + £(Cy) > 2(3n" + 2). Assume, without loss of generality,
that n(H) > n(L’). Suppose L = LyLy--- L and L' = L{Ly---Lj,. Let M := MM, ... M,
be the block-chain connecting the root By of T and the first block L; in £, and let M’ :=
MiM; ... M, be the block-chain connecting the root By of T and the first block L} in L’

Furthermore, we suppose

M, N Ly ={z,b} and M/, N L} = {x,b'};

Ly =max{L;: L; € L1} and L) = max{L; : L; € Ly};

LN Ly ={a,b}, Ly N Ly = {aw, b}, L,N Ly, | = {c,d}, and L, N L}, = {cy, di};

LO = LlekQ cee kao cee kal is the block-chain Lk — ab, and

Ly=L,Ly--- Ly, - L, is the block-chain L, — cd such that

ppo PP
(1) Lk, = max{Ly; : Ly; € Lo} and L, = max{L,, : L, € Ly},
(ii) @ € Lg1,b € Lgg,, c € L;l, and d € L;pl, and

(iii) given by Lemma |(4.2.5)| Py is a path in LyiLy--- Ly_1 — x from b to a, and P

is a path in L{L}---Lj,_, —x from ¥ to c.
We include the trivial case that Ly, or L is a cycle in the above notations. Denote

o =Sy (E2EIL) = T (&35 L)
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o U =T (25 1L0l) I = Dy, (235 1001)
cuwh =53, ((C(li_—zl')lz |L;|> ,owT =), ((?1_—%)12 |L;|) ;

_ d—2.1 " - d—2.1 "
° wy _Zi>po ((d_1)2|L;Ji|> Wy _Zi<pg ((d_1) |L;n|> .

Let 4 be a neighbor of y in the last block of £. We now construct a cycle Cy through

xy by using paths in H and £ as follows:

o Let Py be a path in H from = to vy given by Lemma such that ((Py) >
TCEHHDT + 1,
e Py be a path from vy to b in M — x such that £(Py) > 1>, <d_2'1‘Li‘)>r given by

d—1 t(Mi
Claim [(4.6.2.8)| and

e P beapathin £—x from b to y’ given by Lemma such that ¢(Pr) > | Lik,|"+

1p— 1 1
Log 4 ler — 1

Then Cy := Py U Py U P U{yy’, zy} is a cycle through xy. Now we construct a cycle

Cy in £ and £'. Assume, without loss of generality, that the following inequality holds.

4w +wy > wh+17+17.

Let Pp, be a path in £ — z from b to y’ given by Lemma |(4.4.5)[such that

1

410— B

1 1 1
((Pr) > =|Lpk|" + =17" =
( L>—4| kk0| +4 _'_ 27

and Pp/ be a path in £' — z from b’ to x given by (£0) of Lemma |(4.4.5) such that

1., . 1 N
g(PL/) > E‘L;po‘ +ng—+1w0 +Zw .
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Let Py be a path in M — z from b to vy such that ¢(Py) > 13, (%J&Z‘))T given
by Claim [(4.6.2.8)] and let Py be a path in M’ — z from b to vy such that {(Py) >
Ly (%t%) given by Claim [[4.6.2.8) Then Cy := P, U Py U Py U P U {zy, yy'}
contains a cycle through zy of length at least ¢(Py) + ¢(P;)+2— % (notice that Py and Py

may intersect). Then,

1 1 (d- d—2.1 | M
wrw+3n = () + 42(@—1) )
1 2.1 (d—2.1)((d — 1)/ — 1) | M| '
> Z(d |H|+Z 1 -t(Mi))) + 1
. i(dd‘“ |H|+n<cl>>) 1,

as when d > 12, (d_z'l)((d;?iog2(5/4)_l) > 1 and

UPL)+ 1 (I + 17+ 0(Pu))

> el + 35 (53 1l )+ 4 S (85 1)+ 35 (855 4) 3
> l(|Lppo| + Z (d—2-1)((d—1)l°5’12(9/8)—1)\%\ + Zi#p (d—2~1)((d—16)l’_°912(9/8)—1)|Li|
> (L) -3,

1
4
as (d —2.1)((d — 1)!°920/8) —1)/(d — 1) > 1 when d > 64. Therefore,

() + 3 +17) = 5Pu) > <d L) + n(c))) L)y 2

1\ d 1 2
1 /(d—1)(d—2—15e)\""? 1
> L) B
= 4( (d—1.5)(d — 2.5) et
> 1nr—i-2+1
=1 2’

where the last inequality is obtained by using inequality (A.2), w(L) > Z:';é' from (4.20),
[H| +n(L) > 5= following from |H| + n(£) > w(£), and [H| < (H& from Claim



166

(4.6.2.7)] Similarly,

€(Py) + 3H(Pu) + 6(Pu) + (P — 305 +10)

v

LULL+n(C)) + 021 + (L)) — 3.

Thus

(Co) + 1 (UPa) + €(Pu)) = 305 +17) 2 0L+ n(L0)) + (Ll +n(La)) +2 3

r/2
! (d—2—156)(d—2— 156 — =)
= 3 (d—2.5)(d—325)
1 1
> Spr4oo -
z vt 5
provided that d > 125, where the conditions that w(L) > Z:';é', w(L') > %;‘5"(5) from
@27), w(L) < 257 from Claim |(4.6.2.10), and |H| < (H;'_sfz)" from Claim [(4.6.2.7)| are
used.

From above, we now can see £(C}) + ((Cy) > 2 (3n" + 2), this implies that at least one

of £(Cy) and ((C,) is at least in" + 2. The proof is then completed. O

1
i
* 2
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