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Coloring Geographical Threshold Graphs

Milan Bradonji¢ * Tobias Miiller! Allon G. Percus!

Abstract

We propose a coloring algorithm for sparse random graphs generated by the geographical
threshold graph {GTG) model, a generalization of random geometric graphs (RGG). In a GTG,
nodes are distributed in a Euclidean space, and edges are assigned according to a threshold
function involving the distance between nodes as well as randomly chosen node weights. The
motivation for analyzing this model is that many real networks (e.g., wireless networks, the
Internet, etc.) mneed to be studied by using a “richer” stochastic model (which in this case
includes both a distance between nodes and weights on the nodes). Here, we analyze the
GTG coloring algorithm together with the graph’s clique number, showing formally that in
spite of the differences in structure between GTG and RGG, the asymptotic behavior of the
chromatic number is identical: y = hi?:n {1+ 0(1)). Finally, we consider the leading corrections
to this expression, again using the coloring algorithm and clique number to provide bounds on
the chromatic number. We show that the gap between the lower and upper bound is within
Clnn/(Inlnn)?, and specify the constant C.

1 Introduction

Numerous approaches have been proposed in recent years to study the structure of large real-world
technological and social networks, and to optimize processes on these networks. A particularly
fertile approach has been to consider the network as an instance of an ensemble, arising from a
suitable random generative model. One straightforward example is the random geometric graphs
(RGG) model, where nodes are placed uniformly at random in a Euclidean space and edges are
placed between any two nodes within a threshold distance. This has the advantage of describing
many aspects of systems such as sensor networks, while avoiding unnecessary detail. Even though
geometric correlations in RGGs complicate the probabilistic analysis of the model, recent work has
clarified many of its structural properties including threshold behavior [Pen03, GK98, GRK04],
random walk behavior [AE07] and chromatic number [MM, Miil, Pen03].

RGGs fail, however, to capture heterogeneity in the network. Geographical threshold graphs
(GTG) aim at generalizing RGGs, providing this heterogeneity via a richer stochastic model that
nevertheless preserves much of the simplicity of the RGG model. GTGs assign to nodes both a
location and a weight, which may represent a quantity such as transmission power in a wireless
network or influence in a social network. Edges are placed between two nodes if a symmetric
function of their weights and the distance between them exceeds a certain threshold [BK07].
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Recent work has analyzed structural properties of GTGs, such as connectivity, clustering coeffi-
cient, degree distribution, diameter, existence and absence of the giant component [BHP08, BHP07].
These properties are not merely of theoretical importance, but also play an important role in ap-
plications. In communication networks, connectivity implies the ability to reach all parts of the
network. In packet routing, diameter gives the minimal number of hops needed for transmission
between two arbitrary nodes. And in the case of epidemics, the existence or absence of the giant
component controls whether the epidemic spreads or is contained.

When considering wireless networks, a natural quantity to study is the chromatic number. This
is the minimum number of colors needed to color vertices, such that no two adjacent vertices in the
graph receive the same color. Treating the colors as the different radio channels or frequencies, the
chromatic number gives the minimal number of channels needed so that neighboring radios do not
interfere with each other. In this paper we study the asymptotic behavior of the chromatic number
for GTGs with constant mean degree. We propose a greedy coloring algorithm, and analyze the
behavior of this algorithm along with the graph’s clique number. This leads to lower and upper
bounds on the chromatic number.

The paper is organized as follows. Section 2 defines the GTG model. Section 3 presents our
main asymptotic result, based on our analysis of the coloring algorithm. We show that for graphs
G of constant mean degree, both the clique number w(G) and chromatic number x(G) are with
high probability given by hllr}rf‘n(l + o{1)). Section 4 analyzes the gap between lower and upper
bounds on the chromatic number, given respectively by the clique number and the greedy coloring
algorithm. We show that this gap is within C'Inn/(Inlnn)?, and specify the constant C. Finally,
Section 5 concludes with open questions regarding the chromatic number for sparser and denser
GTGs.

2 Geographical Threshold Graph Model

Given random points X1, Xa,--- € [0,1]%, chosen iid. uniformly at random, and iid. nonnegative
weights W1, Ws, ..., we construct the random geographical threshold graphs G,, as follows. Let
NZ Po(n) be the number of the nodes, independent of the X; and W;. Let 6,, be a given threshold
parameter that depends on the size of the graph. Then, G,, has vertex set V(G,,) = {1,...,N},
and an edge ij € E(Gy) iff W
i+ W
x—xp = 0

For technical convenience we identify opposite edges of [0, 1]%, making it into a torus.

We will specifically analyze the regime of constant expected degree. If EW; is a constant, then
this occurs when the threshold parameter is linear in the expected number of nodes, 8, = ©(n).
For simplicity we take 8,, = n, since if 8, = en for some constant ¢ > 0, the weights can always be
rescaled to W; := W;/c.

3 Asymptotic Results

If G is a graph then w((G) denotes its clique number and x(G) its chromatic number. We will show
formally that the clique number and chromatic number of the geographical threshold graph are
essentially the same as those for a random geometric graph with constant average degree:



Theorem 1. Suppose that P(W; > z) = O(z™?%) for some oo > 1. Then
w(Gy)

—_ 1 a.s.

lnn/lnlnn_’ -5
and o

M—’l a's"

Inn/Inlnn
asn — oo.

The rest of this section is devoted to proving the theorem.

3.1 Lower bound

Let w € R be such that P(W; > w) > % Then the probability that G, contains less than  vertices
with weight more than b is exponentially small. Let G, be the subgraph of G, induced by % of the
points with weight wq. Note that if i, j € V(G},) and || X; — X;||* < 2@ /n then certainly ij € E(G)).
Thus G7, (and hence also Gy) contains the ordinary random geometric graph G(%,+/2w/n) as a
subgraph. It follows from computations done in [McDO03| (see also McDiarmid+Miiller) that

P(w(Gr) < (1 —€)Inn/Inlnn) = exp[—0O(n)].

3.2 Upper bound
Let us define a “level” L as follows:

L_liz{iSN:Wi<1},
Ly:={i <N :4F <W;, <41} fork>0.

Note that the set Xy := {X; : ¢ € Li} of the points of the Poisson process corresponding to level
k is in fact a Poisson processes itself with intensity n - (F(4¥*1) — F(4%)) (here F denotes the cdf
of W) on the unit square and intesity 0 elsewhere. Moreover, these Poisson processes (X} )y are
independent.

For x € R? let us denote

M, =Y [{i€L:|X;—all <100 261/ /n}],
k=-1

and let us set
M := max M,.

z€R?

Then we have the following:
Lemma 2. The chromatic number satisfies x(Grn) < M.

Proof: Let us order the vertices by nondecreasing weight and greedily color them. That is, we
first color the vertex with smallest weight, then the vertex with second smallest weight and so on;
and when we choose a color for a vertex we always pick the smallest possible color (ie. the smallest
color that does not occur among the neighbours of the vertex that have already been colored). We
claim that in this way we will never need more than M colors.

For ease of notation let us assume (wlog.) that W) < W, < ... < Wy. Let us define:

N.(i):={j <i:ij € E(Gp)}.



Note that if i € Ly and j € N. (i) then | X; — X;|| < 2¥*2/\/n. For 1 < i < N let c(i) denote the
color that the algorithm has assigned to vertex i.

Now let i be an arbitrary vertex. Let us put jy = ¢ and let ky denote the level of i. For each
of the colors 1,...,¢(i) — 1 there is a 7 € N (i) with ¢(j) equal to that color. Let ¢; < ¢(¢) be the
first color for which there is no j € Ly N N (2) with ¢(j) = ;1. It is possible that no such ¢; exists,
in which case

c(i) € |[Lg, NN()]+1
< 10 € Lip : I1X; - Xl < 10025/ /)|
< My, <M.
If ¢; exists, then let us pick a j; € No(¢) \ Ly, with ¢(j1) = ¢1. Let ky denote the level of j;. All
colors 1,...,¢; — 1 must occur in N(71). Let co < ¢; be the largest color for which there is no
J € L, N N(j1) with ¢(j) = cp. It is possible that now such ¢y exists, in which case
c(i) < |LgNN<(@)| + |Lg, N N(1)] +2
< |{j € Li: |X; — Xj, < 100-2%/y/n}|
+ {J € Ly, + [1Xi — X, || < 100- 2%/ /n}]

< Mle < M.

Here the first line follows from the fact that each color < ¢(i) must either occur as the color of ¢ or
j1 or of a neighbour of i of level k or as the color of a neighbour of j; of level ky; and for the second
line we have used that || X; — X;,|| < 28*2//n and that ||X; — X, || < 2872/ /mif j € Nc(ji)N Ly, -

Now suppose that 53 > --- > j,, and k; > --- > k;, have been defined in such a way that,
for p=0,...,m, we have jp11 € Lr, N N<(jp) and c(jps1) < ¢(jp) is the largest color that does
not occur in {c(j) : j € Nc(jp) N Lg,}. Let ¢y be the largest color such that there is no
J € Ne(gm) N Ly, with ¢(j) = ¢my1. If no such ¢mqq exists, then

c(i) < 3 lolLli, NN<(p)l +m+1

< Xpio {7 € Ly X5 = X5, |2 < 100 2% //n} |
< My, <M.

The first line follows because necessarily {1,...,¢, — 1} C {e(j) : 5 € Nc(Gm) N Ly, } and c(§) =
em, {em + 1, ema1 — 1} C{c(j) 1 7 € Ne(Gm~1) N Ly, _, } and ¢(jm—1) = ¢m—1, and so on. The
second line follows because, by the triangle inequality:

m—1 m—1
2 2
HXJp - ij” < llX]q — qu+1H < —\/_ﬁ E 2kq+1 < 2)(:;,»%3/\//?—1’

for all 1 < p < m. And hence, for any j € N<(jp) N Lg,, we have
X5 = Ximll < WX, = Xl + 1X5 — X5l

< (2&:?+3 + 213,,—{-2)/\/5

< 100- 2% /\/n.

If ¢y exists then we can choose jpmi1 € Ne(Jm) \ Ly, such that ¢(jme1) = cme1 and set by

equal to the level of j,,.1, and continue by attempting to pick a ¢, 42. It is clear that the process

of picking new ¢,,’s cannot continue indefinitely (certainly there can be no more than N steps), so
we can conclude that ¢(7) < M. Since the vertex ¢ was arbitrary, the claim follows. n

To finish the proof of the theorem it now suffices to prove the following lemma:



Lemma 3. IfP(W) > z) = O(z™%) for some a > 1 then

limsu M <1 a.s
_— a.s.
n_,oop Inn/lnlnn —

Proof: Let us set

M=) {i€ Ly : ||Xi — zl| <200- 2571/ /n}],
k=-1

and note that if 4 := {(\/iﬁ, %) :0<a,b<+/n}then
M < max M. (2)
€A

Let z € R? be arbitrary and note that MJ’E% 2120:—1 Zy., where the Z; are independent Poisson
random variables, and EZ; < 7(200)2-4*+1.P(W; > 4F) = O(4¥(1-2)). So in particular M is itself
Poisson with a mean that is bounded above by some constant, i say. Using a well known bound
(see for instance [McDO03]) we see that

ep
((1 +e)lnn/Inlnn
= exp[-(1+e+o0(1))Inn]

P(M, > (1+¢)lnn/Inlnn) < (3)

) (14€e)Inn/Inlnn

Hence, by (2), (by applying the Union bound)
P(M; > (1+¢)Inn/Inlnn) < nexp[—(1+&+o(1))Inn] <n"3. (4)

This shows that M/(Inn/Inlnn) is upper bounded by 1 + £ whp. To prove an almost sure
convergence result, it is possible to adapt a “subsequence trick” from [Pen03], page 123. |

4 Mind the Gap

In this section we analyze the gap between lower and upper bounds on the chromatic number,
given respectively by the clique number (Subsection 4.1) and the greedy coloring algorithm (Sub-
section 4.2). In the Subsection 4.3 we show that this gap is within C'lnn/(Inlnn)?, and specify the
constant C.

4.1 Lower Bound

In words, informally, we divide the space [0,1]? into a number of disjoint balls. A clique number
of nodes in each ball, is an lower bound on the chromatic number of the entire graph. A number
of fixed balls, (that is the size of balls), is a parameter in our discussion. Formally, the argument
is the following.

For some threshold weight wy, let « be defined by P[W < wy] = a. We will appropriately choose
constants wy and « later. Let us define a radius 73 = 26 We consider b =1/ (2r0)? disjoint balls
with radii 7o, and call these balls B;. For convenience, tile the square [0,1]? into b = 1/(2r)? sub-
squares of the size 2rg x 2rg, and within each of the squares inscribe a ball of radius rg. The number
of nodes within B; is given by Poisson distribution Po(nr3r). While the number of nodes with

weights > wp within B; is given by Po((1—a)nr2m). And, we call its expectation X := (1—a)nrir.



Let us note that for 8, = n it follows b = 71y = £o- = % (this is ©(n)) and A = F(1 — a)wy (this
is ©(1)).

Let us now consider only nodes with weights > wjg, that belong to the halls B;. All nodes
(W > wp) within a ball B; form a clique, since each pair within B; satisfies the connectivity
relation Eq. (1). Let k be a positive integer to be specified later. The number of nodes within B;
satisfies

)\k

P[Po(\) > k] > e—*ﬁ, (5)
and we denote p := e~ *A*/k!. For I, being an indicator of the event {Po()\) > k}, we have
P[I; = 1] > p. Let us define J = Z?:l I; and show that P[J = 0] — 0. First, J = 0 iff all I; are 0.
Second, the indicators I; are mutually independent, since the balls B; are mutually disjoint. Then
it follows, P[NI¢] = P[If]> < (1 — p)® = exp(In(1 — p)b). We already have b = ©(n). Thus, let us
choose p = Inn/n, what implies P[J > 0] > 1 — exp(In(1 — p)b) = 1 — exp(—O(Inn)) = 1 — n~O0),
Thus, we solve the following equation in k

A
o= O(lnn) (6)
By taking the logarithm, the Eq. (6) is equivalent to
“A+klnA—Ink!+Inb = In(6(Inn)). (7)

The Stirling’s Formula satisfies k! = +2rk¥*3e"**13F for some a € (0,1), and applying the
logarithm on k! it follows Ink! = %ln 27k + k(lnk — 1) + O(1/k). Now, the Eq.(7) is equivalent to

E(1+mmA)+Inn=(k+ %) Ink+ X+ %1112# + In(wy/2) + O(1/k) + S(Inlnn) (8)

Calling A =1+Indand vy = A+ % In 27 +In{wp/2) + O(1/k) +O(Inlnn) the get the new equivalent
equation in &
Inn—ilnk—~
k= 2 .
Ink—-A )
Let us introduce the new variables y = k/e® and ¢ = (Inn — A/2 — 7)/e® and the constant
n = 1/(2¢*). Then Eq. (9) is equivalent to

x
Y= —1. 10
Y=y (10)
For given z and 7, the Eq. (10) has the unique solution in y. It can be easily verified that the
solution is given by

- &(1+ h;:;x(l+o(1))). (11)

Let us call A = A/2+ ~. Since A = o(lnn), Inz can be expressed as
Inz = In(e ™ (nn—A))
—A+Inlnn+mIn(l - A/lnn))
= lInlnn— A —o(1). (12)

Since A is constant, it follows

Inlnz = ln(lnlnn—-A—o(l))
= Inlnlnn + o(1). (13)



and furthermore

Inlnz  Inlnlnn+o(1)
Inz ~ Inlnn—A+0(1)
Inlnlnn
= Tolnn (1+0(1)). (14)

Now, the Eq. (10) is equivalent to

k _ lhn-A 1
edA M Iny 2eh
Inn—-4A 1
k= —— ——.
Iny 2 (15)
To proceed, let us calculate Iny
Inl
Iny = 1n3:—1n1n:1:+ln(1+ Illnm(1+ ()))

= Ilnz-Inlnz+ o(1)
= Inlnn—Inlnlnn — A+ o(1)..

Plugging the last result into Eq. (15), the expression for & finally follows

Inn — A 1

ko= Inlnn—Inlnlnn—A+o(1) 2

Inn A Inlnlnn + A 1
== 1— — B —— o
Inlnn( 1nn) (1 Inlnn o(l/lnlnn)) 2
_ Inn ( 1n1n1nn+A+o(1)) 1
" lnlnn Inlnn 2
_ Inn Inlnlnn + A + o(1)
- lnlnn( Inlnn ) (16)

Thus, there is a clique of the size at least k& within some ball B;, with probability > 1 — n=81)
Since k < w(Gy) < x(Gh), it follows

Inn ( Inlnlnn + A+ o(1)
Inlan

) < X(Gn)'

Inlnn

4.2 Upper Bound

In this subsection we derive an upper bound on the chromatic number, given by the greedy coloring
algorithm Section 3. Let us consider the inequality (3).

e (I4+¢jylnn/Inlnn
<
) = ((1 +¢€) lnn/lnlnn)

= exp{(B —In{(1+¢)lnn/ lnlnn))(l +¢)lnn/ lnlnn)}

Inn
P(AM! 1+¢
(Mg > (14 )1nlrm

B(l +e) 1
= exp{lnn( (ln(l+5)+1nlnn-1nlnlnn)(1+5)lnlnn)}
B(l +5 _(1+e)In(l+¢) Inlnlnn
= 1 - 1 —
exp{ nn( Inlnn Inn (1+e)+(+e) Inlnn )}
Be e(1+o(1)) Inlnlnn  Inlnlan
= 1 - -1-
exp{ nn(lnlnn Inlnn Inlnn T-edt Inlnn ¢ Inlnn

7



where B = In(ue). Let us choose ¢ to be

Inlnlnn+ s
I ————

'

Inlnn
then it follows that

B—3 £
Inlnlan+B-1-
Inlnn lnlnn( nlolnn+5-1 0(1)>}

= exp{lnn(— 1+W)}.

Hence, by (2) and by taking s > B + § it follows that P(M, > (1 +¢)lnn/Ilnlnn) with probability
>1—e" i (6=0(1), Thus, for any positive §, with high probability, that is probability > 1 —

inn

e~ minn(0=°(1) the chromatic number satisfies

P(M, > (1+¢)lnn/Inlnn) < exp{lnn(—1+

(G < Inn (1+ 1nlnlnn+B+5+o(1)).

“Inlnn Inlnn

4.3 Comparison of Bounds

Let us now optimize the constants A = 1+ In )X and B = In(eg) = 1 + In i to minimize the gap
between lower and upper bounds on x(G,). We define s; = max A and s = min B. Thus

81 = l+maxlnA
= 1+ max(l — a)nrin

Tn
= 1+ maxln—ia(l - a)wy

= 1l+In ;gn_ + maxIn(1 — F(wg))wy from the definition of «

= 1+In(n/2) +In ( sup wo(1 — F(wg))). (17)

wg 20

On the other hand s5 = 1+4minln g. The conditions imposed on the weight distribution in Lemma 3,
are P(W > z) = O(z™) for some o > 1. Thus, 1 — F(#) = O(4=%9) < D4% for an absolute
constant D, given by D = max;4%(1 — F(47)). Now, we obtain an upper bound on p

po< Y E(Z)
j=-1
=
< 7(200)* Y 4F(1 - F(4))
j=-1
xX
< w(200)* Y 4FID4m
j=—1
o
= 7(200)%4D 4=k
j==1
_ 2 a1 1
= 7(200) 4D(4 + T (1/4)0_1).
That is, )
s2< 1+ In (n(20024D (47 + e (1/4)%1)). (18)



Now the bounds on x(Gy)

Inn Inlnlnn + s1 Inn Inlnlnn + s
1 < x(G,) < .
Inlnn( Inlnn ) < x(Gn) Inlnn (1 + Inlnn ) (19)
give us the size of the gap
Clnn/(Inlnn)% (20)

That is, the constant C, specified in the abstract, is

C=82—81,

where s; and s; are given in Eq. (17) and Eq. (18), respectively.

5 Conclusion

In this work, we have derived the chromatic number and proposed a coloring algorithm on GTG,
for the case of 6, = O(n), that is, when the mean degree is constant. It naturally arises, that we
are interested into the values of the chromatic number for denser and sparser GTGs. A particularly
interesting case would be to show y around the connectivity regime. The connectivity threshold
has been derived to be 8, = ©(n/Inn), [BHP07]. However, the methods that we have used here
rely heavily on techniques that work for random geometric graphs of equivalent degree. It is
unclear whether those techniges would apply near the connectivity threshold, because the limiting
connectivity regime in RGG, when the typical vertex degree grows logarithmically, is of special
interest and is already ‘hard’ [Pen03].
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