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ABSTRACT

A study conducted several years ago found that a stated allowable width/thickness (b/t) ratio in
ASTM C1323 (Standard Test Method for Ultimate Strength of Advanced Ceramics with
Diametrally Compressed C-Ring Specimens at Ambient Temperature) could ultimately cause the
prediction of a non-conservative probability of survival when the measured C-ring strength was
scaled to a different size. Because of that problem, this study sought to reevaluate the stress state
and geometry of the C-ring specimen and suggest changes to ASTM C1323 that would resolve
that issue. Elasticity, mechanics of materials, and finite element solutions were revisited with the
C-ring geometry. To avoid the introduction of more than 2% error, it was determined that the
C-ring width/thickness (b/t) ratio should range between 1-3 and that its inner radius/outer radius
(ri/1,) ratio should range between 0.50-0.95. ASTM C1323 presently allows for b/t to be as large
as 4 so that ratio should be reduced to 3.



1. INTRODUCTION

The ASTM Standard Test Method for Ultimate Strength of Advanced Ceramics with Diametrally
Compressed C-Ring Specimens at Ambient Temperature [1] has been available for over 10
years. However, a study conducted several years ago [2] found that a stated allowable
width/thickness (b/t) ratio in that standard could ultimately lead to non-conservative probability
of survival when the measured C-ring strength was scaled to a different size. That is problematic
and deserves remedy.

The objective of this study was to reevaluate the stress state and geometry of the C-ring
specimen, and suggest changes to ASTM C1323 that would resolve what was observed in Ref. 2.
The primary issues investigated were:

1) which C-ring stress formula or numerical technique to use in the standard? and

2) what geometric boundaries (inner to outer radii ratio, ri/ro, and width to thickness ratio,
b/t) would desirably maintain hoop stress uniaxiality, and uniformity along specimen
width?

2. C-Ring Stress Determination

In general there are three approaches to compute the stress state in a C-ring specimen (geometry
shown in Fig. 1). These are:

e "Elasticity" solution as described Timoshenko and Goodier [3],
* "Mechanics of materials" solution using curved beam theory [4-5], and

* Finite element analysis (FEA) method.

What differences exist between the elasticity and mechanics of materials solutions? Both have
closed form solutions for the C-ring geometry. An effective way to examine any difference is to
explore how they deviate as a function of ri/r,. It is important to note that in reality two
geometric parameters, 1i/t, and b/t, affect the stress state in a C-ring. However, the elasticity and
mechanics solutions assume the specimen to be narrow; namely, under plane stress condition. In
other words, these two approaches predict the stress distribution to be independent of the width,
b. Of course the magnitude of the stress would scale linearly with b, but the distribution will
remain unchanged. A plane stress condition also means that the stress along the axial direction
(width) of the specimen, o, is assumed to be zero.
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Figure 1. Schematic of the C-ring specimen. P is the compressive force, 1, is the outer radius
and 1; is the inner radius, and b is the width. Thickness, t, is ro-1;.



The elasticity solution describes the stress state in a diametrally compressed C-ring as

follows [3]:

o, = (2Ar—2—?+2)sin/3
r r

o, = (6Ar+i—§+?)sin/3

2B D
T,y = —(2Ar—?+7)cos[3

P _-P rrl
2N 2N

B=90-6

where P is the load per unit width.

1
o

(1)



The mechanics of materials solution describes the stress state in a diametrally compressed C-ring
as follows [4-5]:

o,=0,=0
P = Load
PR | r—-r,
Oy =— os6 t=r,-r,
btr |r, - R
v, =", v, 47,
R =20 i y =-2 ! (2)

Summarizing the elasticity and mechanics of materials solutions:

* The elasticity solution assumes a biaxial stress state in the C-ring where both hoop stress
and radial stress (0;) components may exist in the C-ring, along with shear stress.

* The mechanics of materials solution assumes the radial stress component to be zero.

* Both approaches assume the axial stress along specimen width to vanish (0,=0).



The following contrasts the elasticity and mechanics of materials solutions:

1)

2)

3)

4)

5)

6)

7)

8)

Both approaches neglect the axial stress along the width of the C-ring specimen
(z-direction). This is because the specimen is assumed to have a narrow (small width)
rectangular cross section, resulting in a 2-D (biaxial) stress state.

Since both the elasticity and mechanics of materials solutions are based on 2-D plane
stress analyses, they do not account for the effect of the C-ring width on the stress state as
it transitions from plane stress to plane strain condition.

The elasticity and mechanics of materials hoop stress solutions throughout the specimen,
including the maximum stress location, are within 2% of each other for C-rings with
1i/To > 0.53 (see Fig. 2). The elasticity solution always yields higher circumferential stress
than the mechanics of materials solution.

As can be seen in Fig. 2, as the ri/r, ratio decreases (increasing thickness), the discrepancy
between the elasticity and mechanics of materials solutions increases. For example, the
difference between the two maximum stress solutions reaches 5.4% for r;/r, = 1/3.

Hence, it would be constructive if ASTM C1323 [1] delineated an ri/r, ratio threshold
above which the mechanics of materials solution should be used and below which the
elasticity solution should be used. A 2% difference was sought as a threshold error in
this study. Therefore, in order to use the mechanics of materials solution with confidence
that the maximum stress value is within 2% of the maximum stress of the (more accurate)
elasticity solution, then rj/r, > 0.53.

The advantages for using the mechanics of materials solution include simplicity, already-
derived effective size formulas, and being more conservative (predicting lower stress at
failure) compared to the elasticity solution. In addition, Fig. 3 taken from
Dufty et. al. [2] shows the mechanics of materials solution resulting in a closer maximum
stress value to the FEA simulation at the center of the specimen’s width (compared to
that of the elasticity solution).

As will be seen later, geometric considerations will lead to recommending that ri/r, be
greater than 0.50. Thus, as long as ri/r, > 0.50, the mechanics of materials solution is
probably more appropriate for use in ASTM C1323.

For cases where 1i/r, < 0.50, it is recommended that FEA be utilized because (as will be
discussed later) stress uniaxiality is no longer maintained in the specimen.
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Figure 2. Comparison between the elasticity and mechanics solutions for the
C-ring specimen as function of inner to outer radii ratio (ri/r,).
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Figure 3. Maximum circumferential tensile stress as function of specimen
geometry (from Ref. 2).



3. EFFECT OF GEOMETRY

Unlike the closed form solutions, FEA has the advantage of modeling the 3-D stress state in the
C-ring taking into account the effects of both geometric parameters, ri/r, and b/t. As stated
earlier, the closed form solutions ignore the influence of specimen width (b) on the stress state.

In light of the discussion in Section 2, the mechanics of materials solution will be compared to
the FEA numerical solution.

Embree and Segall [6] used FEA to study the effect of C-ring geometry on its state of stress
uniaxiality. They defined stress uniaxiality to occur when o,/0, > 10 at the center of the outer
surface of the C-ring specimen at the 3-o'clock position (Fig 1). Embree and Segall performed
FEA simulations using the matrix shown in Table I. The present study replicated the same
simulations and expanded on their published results in the revisitation of the C-ring geometry. In
all of these simulations, an outer radius of 50.8 mm and Poisson’s ratio of 0.155 were kept
constant, while b and r; were varied. Furthermore, all C-ring configurations were loaded to
produce the same maximum hoop stress of 100 MPa.

Figure 4 displays four of the 20 C-ring geometries considered in this study. Figure 5 shows a
typical mesh distribution used to simulate the one-quarter symmetric C-ring model using Solid95
elements in ANSYS. Figure 6 displays a typical hoop stress distribution in a C-ring. It is to be
noted that the maximum hoop stress occurs at the edge of the specimen - an indication the stress
state is deviating from a plane stress condition.



Figure 4. One-quarter symmetric model for four of the 20 C-ring geometries

considered in this study. The width in the figures is half of the actual C-ring
width (symmetry).
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Figure 5. Mesh distribution of ANSYS Solid95 type elements.



L

-137.262 -83.33 -29.397 24.5

35 78.467
-110.296 -56.363 -Z.431 £1.501 105.433|

AN

-137.262 -83.33 -29.397 24.535 78.467 -137.262 -83.33 -29.397 24.535 78.467
-110.2%6 -56.363 -2.431 £1.501 105.433| -110.296 -56.363 -Z.431 S1.501 105.433|

Figure 6. Hoop stress distribution in the C-ring. Note that the maximum hoop
stress occurs at the edge of the specimen.
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Table I. Simulation matrix and FEA results for various C-ring geometries.

% (o)
b t difference 9 _edge
P (N) (mm) | (mm) ri/t, | b/t t;eegvyezgd 0y/0;, Oy comer| VEIV | Ac/A
FEA
60096.15 | 38.1 38.1 025 1 -7.54 10754 1.035 | 0.0190 | 0.0966
10250.5 254 | 254 | 0.5 1 -1.49 -283.5 1.022 | 0.0163 | 0.0805
888.68 12.7 127 1 0.75 | 1 -0.06 -365.2 1.010 | 0.0157 | 0.0730
5.66 254 | 254 095 1 -0.01 -133345 1.002 | 0.0141 | 0.0682
1201923 | 76.2 | 38.1 | 025| 2 -7.25 13.3 1.064 | 0.0151 | 0.0988
20501 508 | 254 | 0.5 2 -0.15 26.7 1.066 | 0.0125 | 0.0788
1777.35 254 12.7 1 0.75 | 2 0.94 185.9 1.040 | 0.0134 | 0.0787
11.32 508 | 254 | 095 | 2 0.20 -10848 1.008 | 0.0137 | 0.0840
180288.45 | 1143 | 38.1 | 025 | 3 -8.45 8.4 1.056 | 0.0147 | 0.1064
30751.5 762 | 254 | 0.5 3 -0.25 10.2 1.082 | 0.0109 | 0.0763
2666.03 38.1 127 1075 | 3 1.96 29.7 1.075 | 0.0109 | 0.0718
16.97 7.62 | 254 | 095 | 3 0.52 12435.0 1.018 | 0.0129 | 0.0879
240384.6 | 1524 | 38.1 | 025 | 4 -9.30 7.8 1.045 | 0.0152 | 0.1160
41002 101.6 | 254 | 0.5 4 -1.20 7.4 1.073 | 0.0107 | 0.0793
3554.70 50.8 12.7 1 0.75 | 4 2.36 13.5 1.098 | 0.0095 | 0.0666
22.63 10.16 | 2.54 | 095 | 4 0.95 300.2 1.031 | 0.0120 | 0.0862
300480.75 | 190.5 | 38.1 | 025 | 5 -9.61 7.8 1.040 | 0.0156 | 0.1232
51252.5 127 254 | 0.5 5 -2.10 6.7 1.061 | 0.0109 | 0.0840
4443 38 63.5 127 1075 | 5 2.00 8.9 1.100 | 0.0090 | 0.0658
28.29 127 | 2.54 | 095 | 5 1.46 117.9 1.047 | 0.0111 | 0.0816

*  The last two columns refer to the effective volume/volume ratio and the effective area to area
ratio for Weibull modulus m=10.

Continuing the theme of Section 1, Fig. 7 shows how the FEA solution deviates from the
mechanics solution as a function of b/t and ri/r,. This figure is essentially a topographic map
where the colors indicate the % difference between the FEA and mechanics of materials
approaches as function of ri/r, and b/t. For example, for a C-ring specimen with b/t = 4 and
1i/to = 0.75, the mechanics of materials solution for the maximum hoop stress at the center of
outer surface at the 3-o'clock position deviates by 2-4% (see legend) from that of the FEA
simulation.

For an error less than 2%, the C-ring specimens within the purple region of Fig. 7 would satisfy
that criterion. As can be seen from this figure, keeping the C-ring b/t between 1-3 and ri/r,
between 0.50 and 0.95 would ensure that the mechanics of materials stress formula (Eq. 2) be
within 2% of the FEA solution. As expected, Fig. 7 shows that as a C-ring gets wider and
thicker, the FEA and mechanics solutions deviate accordingly. This is because the C-ring
approaches plane strain rather than the assumed plane stress condition inherent in the mechanics
of materials and elasticity theories. For example, the mechanics solution for maximum hoop
stress in a C-ring with 3 <b/t <5 and ri/r, = 0.25 differ by 8-10% from that predicted by FEA.
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Figure 7. % difference between mechanics solution and FEA for maximum hoop
stress value as function of r;/r, and b/t.

The ratio of the hoop stress to axial stress (0,/0,) at the center of the outer surface at the
3-o'clock position is used to assess the uniaxiality of stress state in the C-ring specimen. As
0,/0, decreases, the C-ring specimen deviates from uniaxiality and plane stress condition and
approaches that of multiaxiality and plane strain condition. A goal should be to standardize the
ASTM C-ring specimen with a uniaxial stress state.

Embree and Segall [6] stated that if o,/0, > 10 then the specimen can be assumed to be in a
uniaxial stress state. The present study will adopt their argument in this report. However, the
results computed and included in this report are robust enough to permit changing this value and
designing specimen geometries to obey whatever uniaxiality ratio one deems suitable.

Figure 8 displays a topographic map of the uniaxiality ratio as function of b/t and ri/r,. The
computed uniaxiality ratios are widespread in this figure. In order to see the demarcation below
and above the uniaxiality ratio of 10, Fig. 9 zooms in at values between -50 and 50 and clearly
shows where this ratio goes below 10.
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Per Fig. 9, in order to keep the uniaxiality ratio above 10, the following geometries must be
maintained:

* 1 <Db/t<3 and any ri/r, above 0.25,
* 3 <b/t<4 andr/r, > 0.50, and
e 4 <b/t<5andr/r, > 0.75.

A union of these recommendations, and that made earlier to keep the FEA and mechanics of
materials solutions within 2% of each other, leads to the same conclusion that the C-ring
geometry should have its b/t between 1-3 and ri/r, between 0.50-0.95. ASTM C1323 presently
allows for b/t to be as large as 4; the present analysis recommends that this be reduced to 3.

@ 800-1000
stress W 600-500

L g 400-600 fi/ro

m 200-400

o 0200
m-200-0
O-400--200
O-600--400
m-5300-600
o-1000--800

1 2 3 4 5
width/thickness (b/t)

Figure 8. Stress uniaxiality ratio (o,/0;) as function of b/t and ri/ro.
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Figure 9. Absolute value of the stress uniaxiality ratio (o,/0;) as function of b/t and
1i/to. The scale for the uniaxiality ratio is zoomed in to highlight the demarcation
below and above a value of 10.

Uniformity of the hoop stress distribution along the width of the C-ring specimen is yet another
parameter that can be used to assess the plane stress state in the specimen. In addition, this
parameter is important because it can be used to avoid edge failures in C-rings due to
significantly higher edge hoop stress. Figure 10 shows a topographic map of the ratio of edge
hoop stress to center hoop stress at 3-o'clock poison of outer surface as function of b/t and ri/r,.
As can be seen from Fig. 10, if the edge stresses are to be kept low (equal to that at the center),
then C-rings should tend to be narrow and thin.

14
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Figure 10. Ratio of edge hoop stress to center hoop stress at 3-o'clock position of
outer surface as function of b/t and r;/r,.

4. RECOMMENDATIONS

Based on the analysis and parameters considered in the work, a C-ring specimen's geometry
should be maintained within the following ranges:

1<b/t<3 and 0.50<r/r, <0.95.

ASTM C1323 presently allows for b/t to be as large as 4; that should be reduced to 3. Of course
there are stability issues with very thin specimens. These are up to the experimentalists to
decide. Lastly, this investigation was performed using Poisson’s ratio =0.155; the recommended
values of b/t and ri/r, may change somewhat for different Poisson's ratios.
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