
Prepared for the U.S. Department of Energy under Contract DE-AC02-76CH03073.

Princeton Plasma Physics Laboratory

Application of Mass Lumped Higher
Order Finite Elements

J. Chen, H.R. Strauss, S.C. Jardin, W. Park,
L.E. Sugiyama, G. Fu, and J. Breslau

November 2005

PPPL-4128 PPPL-4128

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by UNT Digital Library

https://core.ac.uk/display/71325527?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


 
Princeton Plasma Physics Laboratory  

Report Disclaimers 
 
 

Full Legal Disclaimer 
 This report was prepared as an account of work sponsored by an agency of the 
United States Government. Neither the United States Government nor any agency 
thereof, nor any of their employees, nor any of their contractors, subcontractors or 
their employees, makes any warranty, express or implied, or assumes any legal 
liability or responsibility for the accuracy, completeness, or any third party’s use or 
the results of such use of any information, apparatus, product, or process disclosed, 
or represents that its use would not infringe privately owned rights. Reference 
herein to any specific commercial product, process, or service by trade name, 
trademark, manufacturer, or otherwise, does not necessarily constitute or imply its 
endorsement, recommendation, or favoring by the United States Government or any 
agency thereof or its contractors or subcontractors. The views and opinions of 
authors expressed herein do not necessarily state or reflect those of the United 
States Government or any agency thereof. 
 
Trademark Disclaimer 
 Reference herein to any specific commercial product, process, or service by trade 
name, trademark, manufacturer, or otherwise, does not necessarily constitute or 
imply its endorsement, recommendation, or favoring by the United States 
Government or any agency thereof or its contractors or subcontractors. 
 
 
 

PPPL Report Availability 
 
 

 
Princeton Plasma Physics Laboratory 
 
 This report is posted on the U.S. Department of Energy’s Princeton Plasma 
Physics Laboratory Publications and Reports web site in Fiscal Year 2006.  
 
The home page for PPPL Reports and Publications is: 
 

http://www.pppl.gov/pub_report/ 
 
 
Office of Scientific and Technical Information (OSTI): 
 Available electronically at: http://www.osti.gov/bridge. 
 Available for a processing fee to U.S. Department of Energy and its contractors, 
in paper from: 
 U.S. Department of Energy 
 Office of Scientific and Technical Information 
 P.O. Box 62 
 Oak Ridge, TN 37831-0062 

 Telephone: (865) 576-8401 
 Fax: (865) 576-5728 
 E-mail: reports@adonis.osti.gov 



�����������	��
������������������������������ ��!�� ��"#$"����%"&�'�(� �(
��
�%���%����� 
	�)�(�*�%+,
��%� �����$-.��� �#������%���(�/!10

2(3547698;:<4>=@?(ACBEDC6FDG2(H�ICJC354K=�AGLMD9NOHFI;P�=@A;2QD;RGI;:<B�STH;U7=�ACV�D9WXU7=@A;8YD9IYDCB[ZCI9H;UFBQB]\
A9^<_<`aSbD9:CDCB@U�V�3dceH�f�HKg

hjilknmpopqEr.m[s Z9tQunvwuFx.vwu�yjx.z({'|}z(~wunv�u���~w|}z@���QtQunzQ��y'unz�x�|}z�u��[~wunzQ�@u����5f�8�J]�w�Q�wt�x.�9x.zQ|}���.~wv����Q|}��~�v�x.zQ���
�E��v�~�AFy'tQ��AF�p�d�Q�Q|}��u��Ou���~���AY��~wun�}��x.v�xp~���v�x.z@� tQ�.~���x.v�~w|}�n�}un��D�HCz[{���zQu	�.��~�tQuny���t�x.�}�}unzQ��un��z[�Qy'unvw|}��x.�
x.z�x.� {���~���A@x.zQ�jvwun�wu�x.v���tQunvw�9x.v�u��wunun�[|}zQ������v<tQ|}��t@u�ve��vw�QunvGy'u�~wt@���Q��A[�w�Q��t�x.�GtQ|}��t@u�vG��v��Qunve��zQ| ~�u��@| ��unv�u�z@��u�A
tQ|}��tQunvG��v��Qunv<��zQ| ~�uFun�}u�y'unz(~w�9x.z@��t@�E�p�w�Eun��~wvwx.� un�}uny'u�z(~���DX3d~9|}�e~�vw�Qu;~wt�xp~9~�tQun�wuFy'u�~�tQ�[�Q�G��| ¡(u�y'��v�u�x.�n�n�@�
v�xp~�uY�w���}�@~�|}��z%~�t�x.z�~�tQun|}v��}|}z@u�x.v9�n���Qz(~wunv���x.v�~���D;8;��¢Gu�¡(unv�A�z[�Qy'unvw|}��x.�}� {'~�tQu�{�x.v�uY�Qvw��tQ|}£@| ~w| ¡(un� {�u��@�EunzQ�w| ¡(u�D
8Cunv�u¤¢Gu'��| ¡(ujx��w�@���nun�w���¥�@�e�w���}��~w|}��z	�.�;~�tQ|}�Y�n��z@��|}��~�£[{¦x.�Q�Q� {�|}zQ��yjx.���§�}�Qy'�Eu��¨tQ|}��tQunv���vw�Qunv§��zQ| ~�ujun� �
uny'unz[~���D�Z9tQ|}�F~©{��Ou��.�Gun�}u�y'unz(~w�§z@�.~Y��zQ� {���unun�¦�wun�n��zQ�E��~�tQ|}v��	��v��QunvYx.���n�Qvwx.��{	£@�@~�x.�}�w���w��x.�}u��n�}����u�� {�~w�
�}|}zQu�x.vGun�}uny'u�z(~��;£({��Q��|}zQ��yjx.�w�G�}�Qy'�Q|}z@�QDlZ9tQ|}�9|}�Gu����Eu��n|�x.�}� {j~�vw�Qu�����vG�wun�n��zQ�%��vw�Qunv9�}�Qy'�jun�}u�y'unz(~w��DªW��Q�}�
f�«�J/x.zQ��x.zQ|}���.~wv����Q|}�F~wvwx.zQ�w�E��v�~Cy'�[�Qun�}�9x.vwu§��~w�@�Q|}un� D
¬�[®�¯�° o.±lk�s 8;|}��tQunv9��vw�QunvG��zQ| ~�uYu��}uny'unz(~w��AQyjx.�w�G�}�@y'�Q|}zQ�QA�tQ|}��tQ� {%x.zQ|}�w�.~�vw���@|}�F~wvwx.zQ�w�E��v�~�A
hj²´³�kpµTi ¶  r.mjr[·¸qEk�kp¹}ºXr�qQm�¹ ° » k�sF¼p½ :C¾�¿@AEÀ�Á�4C«�¿

ÂeÃ �[Ä<Å[Æ�Ç9È�ÉCÊOÅ�Ë�ÇeÄ Ã�Ì¤ÍªÎ	Î[ÏTÐ�Î[ÑbÒlÎ�ÒTÓ�Ô]Õ%ÖØ×�Ù(Új× Û@Ú§Ü¥Ý�ÞpÜ¥ß.Í/Ü�ÑMà¨áªâ�Ð�Ü¥â�Î�ãOÎ�â�äXÍ ålÝ�Ü¥ß�Ý[æ<Ý�áXß.Í
ç Ý ç ÑªÜdÝ�èOÐ�ÞpèOäªÜdß	Ð�Þ ç ÑXÝ�äeèOÞ�Ð�æ�à¦ÍbÒGæYÛQÓwéXáªÜdÒMÎ[êeÎ@ß�Ð.Ý[æ§Ý�Ð�Î[â¥â ç Þ ç Ð�è�Þ ç ÑXÒëÍXèEÐ¨ä ç Þ�ÐpÜ¥ß[â�Î@Ý[ì�íjàîèOÑXï
Ð�ÍXÎ[à�æbÝ�èOâ¥ãTÜ�ÑªïîÐpÍªÎ�ÍªÜ¥ïOÍXâ�å ç ÑªÜdÝ�èOÐ�ÞpèOäªÜdß%Ð�Þ ç ÑXÝ�äeèOÞ�ÐjÜ¥ÝjÒªÜ¸ð$ß(áXâ¸Ð�ñXálÐ�ò5áªÑbÒ ç àîÎ[Ñ Ð ç âwì�óªè�Þ�Ý�áXß.Í
äªÍªÎ�ÑªèOàîÎ�Ñ ç æ�ÐpÍªÎ¤ÍªÜ¥ïOÍªÎ�Þ�è�ÞpÒªÎ[Þ�à¦Î[Ð�ÍªèlÒªÝ�æOÝ�áXß.Í ç Ý�ÍªÜ¥ïOÍªÎ�Þ�è�ÞpÒªÎ[ÞCôXÑªÜ�Ð�Î'ÒlÜ�êeÎ�Þ�Î�ÑXß(Î�× õ�Ú�æEÍªÜ¥ïOÍªÎ�Þ
èOÞ.ÒlÎ�Þ�ôXÑªÜ�Ð�Î�Î[â¥Î[àîÎ�Ñ�Ð.Ý,× ö�Ú ç ÑXÒ÷Íªäeø�Ý�äeÎ�ß�ÐpÞ ç â�Î�â�Î�àîÎ[Ñ ÐpÝ�× ùQÚ¤Í ç ãOÎ$ñeÎ�ß[èOàîÎ�àîèOÞpÎ ç ÑXÒúàîèOÞpÎ
äeèOäªáªâ ç Þ@ìØû�è�à¦ä ç ÞpÎ�ÒüÐpè)â¥Ü�ÑXÎ ç Þ�àîÎ(ÐpÍªèlÒªÝú× ýQÚ�× þ@Úwæ%Ð�ÍªÎ@Ý�ÎëàîÎ(ÐpÍªèlÒªÝ�ïOÜ¥ãOÎ´àîèOÞpÎ ç ß�ß(áªÞ ç ÐpÎ
Ý�èOâ¥álÐ�Ü¥èOÑ9æ¤ä ç Þ�ÐpÜ¥ß[áªâ ç Þpâ�å÷ÿ'ÍXÎ[ÑüÐ�ÍXÎ]ïOÞpÜ¥Ò�ÜdÝ�ÑªèOÐ�ä ç Þ ç â¥â¥Î[â¤Ð�è÷Ð�ÍªÎ ÐpÞ ç ÑXÝ�äbè�Þ�Ð ç ÏlÜdÝ[ì>íjàîèOÑXï
Ð�ÍXÎ[à�æXÐpÍªÎ�ôXÑXÜ¸ÐpÎ¨Î[â¥Î[àîÎ�Ñ�Ð.Ý ç ÞpÎ�ÿ�Î[â¥â ç Ò ç älÐpÎ�Ò,Ð�è$ÞpÎ[äXÞ�Î@Ý�Î�Ñ�Ð�ß[èOàîäªâ¥Î(Ï�ïOÎ[è�àîÎ(Ð�ÞpåOì¤Õjè�ÿ�Î[ã�Î[Þ@æ
Ü¥Ñ�Ð�ÍªÎ�áXÝ�Î�èOòGôXÑªÜ�Ð�Î�Î[â¥Î[àîÎ[Ñ ÐpÝ�ælß(è�Ñ�ÐpÜ�ÑTáªè�áXÝ�â�å¦Ü�ÑTã�Î[Þ�Ð�Ü¥Ñªï�Ð�ÍXÎ�à ç ÝpÝ�à ç Ð�ÞpÜ¸ÏîäªÞpÎ�Ý�Î[Ñ ÐpÝ ç à ç�� è�Þ
ÒlÞ ç ÿ'ñ ç ß��<æ ç ÑXÒ÷ÐpÍªÜdÝîÜ¥Ý ç ò5áªÑXÒ ç àîÎ[Ñ Ð ç â¤ò ç ß(Ð�èOÞ¦Ðpè ç êeÎ@ß�ÐîÐ�ÍXÎ Ñ áXà¦Î�Þ�Üdß ç â¤Î(ð$ß(Ü¥Î[ÑXß[åOìüóªè�Þ
â¥Ü�ÑªÎ ç Þ�Î�â�Î�àîÎ[Ñ ÐpÝ�æCà ç Ý�Ý�â¥áªàîäªÜ¥Ñªï]ï�Ü�ã�Î�Ý ç ï�è èlÒëÝ�èOâ¥álÐ�Ü¥èOÑ´Ð�è]Ð�ÍªÎ$ÑTáªàîÎ�Þ�Üdß ç âYäbÎ�Þ�ò5è�Þ�à ç ÑXß(Î�ì
� Î�ãOÎ�Þ�ÐpÍªÎ[â¥Î�ÝpÝ[æTÐpÍªÜdÝ¤Ü¥Ý'à	áXß.Í�â�Î@Ý�Ý¤è�ñ ãTÜ¥èOáXÝ¤Ü¥Ñ�Ð�ÍªÎ�ß ç Ý�Î%èOò�ÍXÜ�ï�ÍªÎ[Þ'è�ÞpÒlÎ�Þ�ôXÑªÜ�Ð�Î�Î[â¥Î[àîÎ�Ñ�Ð.Ý[ì

� Ñ$è�ÞpÒlÎ�Þ§Ð�è	Í ç ãOÎ¤ÐpÍªÎ ç ß[ß[áªÞ ç ß(å	èEò9ÍªÜ¥ïOÍªÎ�Þ�è�ÞpÒlÎ�ÞYÎ[â¥Î[àîÎ�Ñ�Ð.Ý ç ÝYÿ�Î[â¥â ç Ý��OÎ�Î[äîÐpÍªÎ�ÞpÎ ç Ý�è�ÑlÓ
ç ñXâ�ÎîÑTáªàîÎ[ÞpÜ¥ß ç â§Î[ð�ß[Ü�Î�ÑXß(åMèEò�â�Ü¥ÑªÎ ç Þ�èOÑªÎ@Ý[æ;Ð�ÍªÎ�à ç Ý�Ý�â¥áªàîäbÎ@Ò´ÍªÜ�ï�ÍªÎ[Þ�è�ÞpÒªÎ[Þ�Î[â¥Î[àîÎ�Ñ�Ð.Ý ç ÞpÎ
Ü¥Ñ�ÐpÞ�èlÒlábß(Î�ÒMÜ¥Ñ�× ��Ú ç ÑXÒ/Ü¥àîäªâ¥Î[àîÎ[Ñ Ð�Î@Ò´ÍªÎ[ÞpÎîñ å�ÐpÍªÎ ç áªÐ�Íªè�ÞpÝ�Ü¥ÑMÐpèOÞpèOÜdÒ ç â�ïOÎ�èOàîÎ(ÐpÞ�å�ì�û�è�à¦Ó
ä ç Þ�Î@Ò�Ð�è�ÐpÍªÎ	� ç ïOÞ ç ÑXïOÎ�ÍªÜ�ï�ÍªÎ[Þ%èOÞ.ÒlÎ[Þ�Î[â¥Î[àîÎ[Ñ ÐpÝ�æeÎ(ÏTÐ�Þ ç èOÑªÎ¨ñªáªñªñªâ¥Î¨ÑXèTÒªÎ¨ÜdÝ ç ÒXÒlÎ�Ò�Ü¥Ñ Ð�ÍXÎ
Ý�Î�ß(è�ÑXÒëèOÞ.ÒlÎ�Þ�èOÑªÎ@Ý ç ÑbÒëÎ(ÏTÐ�Þ ç Û�ñªáªñXñªâ�Î,ÑªèlÒlÎ�Ý ç ÞpÎ ç ÒªÒªÎ�ÒëÜ¥ÑúÐ�ÍªÎ$Ð�ÍªÜ¥ÞpÒ÷èOÞ.ÒlÎ[Þ�è�ÑªÎ�Ý�æ�Þ�Î[Ó
Ý�äbÎ@ß�Ð�Ü¥ãOÎ�â�å�
�ó�Ü¥ïOáªÞpÎ�Ù�(ì�í%Ý ç Þ�Î@Ý�áXâ¸Ð@æªÐ�ÍXÎ�ÑTáªà¨ñeÎ[ÞjèOòFß[èOâ¥â ç Ð�Ü¥èOÑ�äeèOÜ¥Ñ�Ð.Ý'Ü¥ÑXß(ÞpÎ ç Ý�Î@Ý�Ð�è$ñeÎ�Ð�ÍXÎ
Ý ç àîÎ ç Ý�Ð�ÍXÎ�Ñ áXà¨ñeÎ[ÞjèOò�ÑªèlÒ ç âGäbè�Ü�Ñ Ð.Ý[ì�Ì¤ÍXÎ�Ý�Î�Û¦Ý�Î(Ð.Ý'èEòFäbè�Ü�Ñ Ð.Ý ç ÞpÎ�ß ç ÞpÎ(ò5áªâ¥â¥å ç ÞpÞ ç ÑªïOÎ@Ò�Ý�è
Ð�Í ç Ð�Ð�ÍªÎ�å]ß(èOÜ¥ÑXß[Ü¥ÒlÎ	ÿ'Ü¸ÐpÍ/Î ç ß.Í]èOÐ�ÍªÎ�Þ�ì�íjÑMÎ(ÏTÐ�Þ ç ÐpÍªÜ¥ÞpÒ è�ÞpÒªÎ[Þ%Ð�Î[Þpà èOÞ%ò5èOáªÞ�Ð�ÍMèOÞ.ÒlÎ[Þ�Ð�Î�Þ�à
ÿ�Î[ÞpÎ ç ÒªÒªÎ�Ò Ðpè�Î ç ß.Í/Ý�Î�ß[èOÑXÒ è�ÞjÐpÍªÜ�Þ.Ò]è�ÞpÒªÎ[Þ�ñ ç Ý�Î�Ý'ò5áXÑXß�ÐpÜ�è�ÑXÝ[æ ç ÑXÒ Ü¥Ñ]ÐpÍªÎ¦Ý ç àîÎ¨Ð�Ü¥à¦Î	Ð�ÍXÎ
Ü¥Ñ�ÐpÎ[ï�Þ ç âeÿ�Î[Ü¥ïOÍ Ð'ÿ ç Ý'ß ç Þ�Î[ò5áªâ¥â�å�ß.ÍXè�Ý�Î[Ñ,Ý�è¦Ð�Í ç Ð'Ð�ÍªÎ�� ç ï�Þ ç ÑªïOÎ%äªÞ�è�äbÎ�Þ�Ðnå
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ç ÞpÎ��OÎ�älÐîò5èOÞîÐ�ÍXÎ ñ ç Ý�Ü¥Ý¦ò5áXÑXß�ÐpÜ�è�ÑXÝ ç Ð�ÐpÍªÎ ÑªèlÒ ç â'äbè�Ü�Ñ Ð�Ý�Î(Ð ç Ýîÿ�Î[â¥â ç Ý$èOÑ)Ð�ÍªÎ]ß[èOâ¥â ç Ð�Ü¥èOÑ
äeèOÜ¥Ñ�Ð�Ý�Î(Ð ç â¥Ý�èXì´ÕjÎ�Þ�Î�
 � � �!� � � ç Þ�Î�ÐpÍªÎ�ã ç â�áXÎ�Ý	èEòjñ ç Þ�ålß(Î�Ñ Ð�ÞpÜ¥ß$ß[èTèOÞ.ÒlÜ�Ñ ç Ð�Î�
 �"�!�#� ç Ð¦Ð�ÍXÎ
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ÑªèlÒ ç â�äeèOÜ¥Ñ ÐpÝ�� �Oì¨Ì¤ÍªÎ�Þ�Î[ò5èOÞpÎOæGà ç ÐpÍªÎ[à ç Ð�Üdß ç â¥â¥å,ÐpÍªÎ�Ý�Îîñ ç Ý�ÜdÝ�ñeÎ[Í ç ã�Î¦Ý�Ü¥à¦Ü¥â ç Þpâ�å�Ð�è Ý�äbÎ@ß�ÐpÞ ç â
Î[â¥Î[àîÎ�Ñ�Ð.Ý'ÿ'Ü�Ð�Í�� ç áXÝpÝ�Ó+�;èOñ ç Ð�Ð�è�� á ç ÒªÞ ç Ð�áªÞpÎ%äeèOÜ¥Ñ ÐpÝ�æXÝ�è	ÐpÍ ç Ð'ÐpÍªÎ�à ç ÝpÝ¤à ç Ð�ÞpÜ�Ï,Ô&Þ�Î�à ç Ü�ÑbÝ
Ð�èîñeÎ�ÒlÜ ç ïOè�Ñ ç âwì � è�ÿ Ð�ÍªÎ�à ç ÝpÝ¤â¥áªàîäªÜ�ÑXï$ß ç Ñ�ñeÎ�Î ç Ý�Ü¥â�å ç ÑXÒ ç ß[ß[áªÞ ç Ð�Î�â�åîÐ ç ��Î[Ñ9ì
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óªè�Þ¦Ý�Ü¥à¦äXâ�Üdß(Ü�ÐnåOæ§ÐpÍªÎ�� ç ï�Þ ç ÑªïOÎ�ÍªÜ�ï�ÍªÎ[Þ¦èOÞ.ÒlÎ�Þ¨Î[â¥Î[àîÎ�Ñ�Ð.Ý ç ÞpÎ�ß ç â�â¥Î�Ò � ç ï�Þ ç ÑªïOÎ�ÍXè/Î[â¥Î(Ó
àîÎ[Ñ ÐpÝ�æ�ÿ'ÍªÜ¥â�Î�Ð�ÍXÎ�ÍªÜ¥ïOÍXÎ[Þ�èOÞ.ÒlÎ[ÞCÎ[â¥Î[àîÎ[Ñ ÐpÝCÿ'Ü�Ð�Í¨à ç Ý�ÝCâ�áXà¦äXÜ�Ñªï ç ÞpÎ�ß ç â¥â�Î@Ò�â¥áªàîä¨Íªè%Î[â¥Î[àîÎ[Ñ ÐpÝ
Ü¥Ñ Ð�ÍªÜdÝjÿ�èOÞ �<ì�Ì¤ÍXÎ	� ç ïOÞ ç Ñªï�Î�Íªè$Î[â¥Î[àîÎ�Ñ�Ð.ÝjÍ ç ã�Î ç â¥Þ�Î ç Òlå,ñbÎ�Î[Ñ Ü¥ÑXÝ�Ð ç â¥â¥Î�Ò�Ü¥Ñ/Ô]õOÖ × öOÚ ç ÑXÒ
ÍªÎ�Þ�Î�ÐpÍªÎ¨â¥áªàîä Íªè,Î[â¥Î[àîÎ[Ñ ÐpÝ�Ü¥Ý%ß(è�à¦ä ç Ð�Ü¥ñªâ¥å,Ü¥Ñ Ð�Î�ïOÞ ç Ð�Î@Ò�Ü�Ñ Ð�è�Ü¸Ð@ì�Ì¤ÍªÎ�ÑTáªàîÎ[ÞpÜdß ç â ç ß�ß(áªÞ ç ß[å
ç ÑbÒ/Î[ð�ß[Ü�Î�ÑXß(å/èEò�è�äbÎ�Þ ç Ð�è�ÞpÝ�æGÝ�áXß.Í ç Ý%ôXÞ.Ý�Ð�è�ÞpÒªÎ[Þ�ÒlÎ[ÞpÜ¥ã ç Ð�Ü¥ãOÎ�æGïOÞ ç ÒlÜ¥Î[Ñ Ð�æ � ç äªâ ç ß[Ü ç Ñ9æGÜ¥ÑªÑªÎ[Þ
äªÞpèlÒláXß�Ð@æ ç ÑXÒ�ß(Þpè�ÝpÝ�äXÞ�èlÒláXß(Ð�æ ç Ý'ÿ�Î[â¥â ç Ý¤Î�â�â¥Ü¥älÐ�Üdß�Ý�èOâ¥ãOÎ[Þ.Ý�æªÝ�áXß.Í ç ÝIHFèOÜdÝ�Ý�èOÑ�Î�� á ç Ð�Ü¥èOÑXÝ ç ÑXÒ
ÕjÎ�â�àîÍªè�â¸Ð/J�ÎK� á ç ÐpÜ�è�ÑXÝ[æ ç Þ�ÎYàîè�ÑªÜ¸ÐpèOÞpÎ�Ò�Ü¥Ñ�ÐpÍªÎ�äXÞ�èlß(Î@Ý�Ý;èEòXÝ�èOâ¥ãTÜ�Ñªï�Þ�Î ç â¥Ü¥Ý�Ð�ÜdßYäªâ ç Ý�à ç àîèlÒlÎ[â¥Ü�ÑXï
Ü¥ÑML�Ûlì

N9Ã � ÉAOQP Æ�Ë�ÊFR�S¨�,ÊOÊOÉCÆ4RªÊ$TURXÄCÈ �CV÷ÊOË,PTÄCÊ<T �	Ç�OQWARlÆ�Ë,X�ÇeÄYX´Ë�Ä �[Zb� ÃîÔ/õOÖØÜ¥Ý
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ç ÑXÜ¥Ý�èEÐpÞ�è�ä å	Ü¥Ý�Þ�Î�â ç Ð�Ü¥ãOÎ�â�å¦â�è�ÿ�æOÐ�ÍªÎ�Ð�Þ ç ÑXÝ�Ü�Ð�Ü¥èOÑ�â ç åOÎ[Þ�Ü¥Ý�ÑªèEÐ�Ý�Î�ÑXÝ�Ü�Ð�Ü¥ãOÎjÐ�è�ÐpÍªÎjÐnåTäeÎ�èOò<àîÎ@Ý�ÍªÎ@Ý[ì
J Î�ÿ'Ü�â¥â;ÒlÜdÝ�ß[áXÝpÝ¤à¦è�Þ�Î ç ñbè�álÐ¤Ð�ÍªÜdÝ'â ç Ð�Î�Þ�ì

� èOÐ�Î�ÐpÍ ç ÐjÐpÍªÎ[ÞpÎ ç ÞpÎ	þ	ß(èOÑ ÐpèOáªÞ'â¥Ü�ÑXÎ�ÝjÒlÞ ç ÿ'Ñ�Ü�Ñ Î ç ß.Í�Ý�áªñªÓwäªâ¥èEÐ@ì�û�èOáXÑ�ÐpÜ�ÑXïîò5Þ�è�à ß(è�â�è�Þ
ïOÞpÎ[Î�Ñ�Ð�èúÞpÎ�ÒGæ�Ð�ÍXÎ[å ç ÞpÎ ? � _KI¥Ù@Û�ù��+? � _KI}ÛOù���? � _KI}ù$_ �+? � _�I ý ÛOù���? � _KI�þEùªæ ç ÑXÒ
? � _�I �TþEù�ß[èOÑ Ð�è�áªÞ�â¥Ü¥ÑªÎ�Ý�ælÞ�Î@Ý�äeÎ�ß(Ð�Ü¥ãOÎ�â�å�ìFÌ¤ÍXÎ	Ù@ÝnÐ¤Þ�è�ÿ ß[èOÞpÞ�Î@Ý�äeèOÑbÒªÝYÐpè¨ÐpÍªÎ�â�Ü¥ÑªÎ ç Þ�Î[â¥Î[àîÎ[Ñ ÐpÝ
ÿ'Ü�Ð�ÍëÜ�Ñbß(ÞpÎ ç Ý�Ü¥Ñªï,ï�Þ�ÜdÒ]ÞpÎ�Ý�èOâ¥álÐpÜ�è�Ñ9ì¦í%Ý�Ð�ÍXÎ¦ï�Þ�ÜdÒMïOÎ(Ð.Ý�Þ�Î[ôXÑªÎ@ÒGæGÐ�ÍXÎ�â ç å�Î[Þ�Ü¥Ý�Ñ ç Þ�Þpè�ÿ�Î�ÒGæ<ñªálÐ
ÑªèOÐ�Ý�Ü�ï�ÑªÜ�ôbß ç Ñ�Ð@ì¨í ÒlÞ ç à ç Ð�Üdß	Ü�àîäªÞpè�ãOÎ�à¦Î�Ñ Ð%ÜdÝ�ò5è�áªÑXÒ ç Ð�Ð�ÍªÎ$ÛEÑXÒ]Þpè�ÿKÿ'ÍªÎ[ÞpÎ	Ð�ÍªÎ�Ý�Î�ß(è�ÑXÒ
èOÞ.ÒlÎ�Þ�Î[â¥Î[àîÎ�Ñ�Ð.Ý ç Þ�Î ç äªäªâ¥Ü�Î@ÒGì%í�Ð%Ð�ÍªÜdÝ%Þ�è�ÿ�æbèOÑªÎ¦ß ç Ñ]Ý�Î[Î¨Ð�Í ç Ð�ÐpÍªÎ¨â ç åOÎ�ÞjÜ¥Ý%à¨ábß.Í Ð�ÍªÜ¥ÑªÑªÎ�Þ�ì
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Ì¤ÍªÎ�õEÞ.Ò]Þpè�ÿ�ÜdÝ�èOñlÐ ç Ü¥ÑªÎ�Ò/ñTå Ð�ÍªÎ¦ÐpÍªÜ�Þ.ÒMèOÞ.ÒlÎ[Þ�Î[â¥Î[àîÎ�Ñ�Ð.Ý[ì�û�â�Î ç Þpâ�å�ÐpÍªÎîâ ç å�Î[Þ�ÜdÝ%Ñ ç ÞpÞ�è�ÿ�Î�Ò
Òlè�ÿ'Ñ/Ð�è ç ÑªèOÐ�ÍªÎ�Þ�â¥Î[ã�Î[âwì¨óªÞpèOà ÐpÍªÜdÝ�ôbïOáªÞpÎ	ÿ�Îîß ç Ñ´ß(è�ÑXß(â¥áXÒlÎ	Ð�Í ç Ð�Ð�ÍªÎîäªÞpèOäeÎ[Þ�Þ�Î@Ý�è�â�áªÐ�Ü¥èOÑ
èEò�Ð�ÍªÎ	Ð�Þ ç ÑbÝ�Ü�Ð�Ü¥èOÑMâ ç å�Î[Þ�ÒlÎ[äeÎ[ÑXÒXÝ�èOÑ]ÐpÍªÎîÍªÜ¥ïOÍªÎ�Þ�è�ÞpÒªÎ[Þ�Î[â¥Î[àîÎ[Ñ ÐpÝ�èOÐ�ÍªÎ�Þ�Ð�Í ç ÑMè�Ñ]Ð�ÍXÎ¦ï�Þ�ÜdÒ
ÞpÎ(ôXÑªÜ¥Ñªïbì

Ì¤ÍªÎ'ÐpÞ ç ÑXÝ�Ü¸ÐpÜ�è�Ñ�â ç å�Î[Þ§ÜdÝYÜ¥Ñ�ÐpÞ�èlÒlábß(Î�ÒîñTå	Ð�ÍªÎ%äbÎ�Þ�äeÎ[ÑbÒlÜ¥ß[áªâ ç Þ�ß[èOÑXÒªáXß�ÐpÜ�è�Ñ > H ì � Ð � ÝYÿ'ÜdÒTÐpÍ
ÜdÝ�ÒlÎ[ÑXèEÐ�Î@ÒëñTå����bì�Ì¤ÍXÎ$ÑTáªàîÎ[ÞpÜ¥ß ç âYß(è�àîäªálÐ ç Ð�Ü¥èOÑúèOò�ÐpÍªÜ¥Ý¨â ç å�Î[Þ ç Ð	ÍªÜ�ï�Í ç ÑªÜdÝ�èOÐ�ÞpèOäTå]ß ç Ñ
ñeÎ�ÒlÜ�ð�ß[áªâ�Ð	Ü¥ÑëÐ�ÍªÎ�ß ç Ý�Î�ÿ'ÍªÎ[ÑëÐpÍªÎ�ß[èOàîäªálÐ ç Ð�Ü¥èOÑ ç âYï�Þ�ÜdÒ´Ü¥Ý¨ÑªèEÐ ç â�Ü¥ïOÑXÎ�Ò´ÿ'Ü¸ÐpÍëÐ�ÍªÎ,ÝnÐpÞ�è�Ñªï
Ð�Þ ç ÑbÝ�äeèOÞ�ÐjÒlÜ�ÞpÎ�ß(Ð�Ü¥èOÑ9æ >�E ì

���ëÜdÝîäªâ¥èEÐ�ÐpÎ�Ò ç ï ç Ü¥ÑXÝnÐ	Ð�ÍªÎ�Ü¥ÑXß(ÞpÎ ç Ý�Ü¥Ñªï ç ÑªÜdÝ�èOÐ�ÞpèOäTå´Ü�Ñüó�Ü�ï�áªÞ�Î�ý/ò5èOÞ ç â¥â�Ð�ÍªÎ õ/Ðnå äeÎ�Ý
èEòjàîÎ@Ý�ÍªÎ@Ý[ì´Ì¤ÍªÎ > E Í ç Ý�ÐpÍªÎ�ã ç â�áXÎ�Ý,Ù�_ N �[Ù�_ # �[ÙK_ P ��Ù�_ Q �[ÙK_��-��Ù�_����[ÙK_�����Ù�_��-�[Ù�_���æ§ÿ'ÍªÜ¥â�Î,Ð�ÍXÎ
ïOÞpÜdÒúÞ�Î@Ý�è�â�áªÐ�Ü¥èOÑúÜdÝ�ôªÏlÎ@Ò ç Ð$ÛEõF\ �úÛEõF\ªì´í â ç ÞpïOÎ �

D ç ÑbÒ �
F ÜdÝ¨ábÝ�Î@Ò÷ÍªÎ�Þ�Î�Ý�è]ÐpÍ ç Ð¦Ð�ÍXÎÝ�èOâ¥álÐ�Ü¥èOÑXÝ¨Í ç ãOÎ,Ý�áªÞpÎ[â¥åëß(èOÑTã�Î[ÞpïOÎ�ÒMÿ'Ü�Ð�Í÷ÞpÎ[ï ç Þ.ÒlÜ�ÑXï�Ð�è/ï�Þ�ÜdÒëÞpÎ�Ý�èOâ¥álÐ�Ü¥èOÑ9ì]óXÞ�è�à ÐpÍªÎ ç ñbè�ã�Î

ß(è�ÑXß(â¥áXÝ�Ü�è�Ñ9æ9è�Ñªâ�å/Ð�ÍªÎ�â¥áªàîäëÐ�ÍXÜ�Þ.Ò´èOÞ.ÒlÎ[Þ�Î[â¥Î[àîÎ�Ñ�Ð.Ý ç ÞpÎ ç äªäXâ�Ü¥Î�ÒMÐ�ÍXÜ¥Ý�ÐpÜ�àîÎ�ì����! #"%$'&)( Ü¥Ý
ò5èOÞ � N àîÎ�Ý�Í 
*�)�! +"-,.$�&.&)/KÜ¥Ýjò5èOÞ �10�àîÎ@Ý�Í 
*���! #"32#&.�4�6587 Ü¥Ýjò5èOÞ � # àîÎ@Ý�Í9ì'Ì¤ÍªÎ�äXâ�èOÐ�Ü¥Ý
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ÒlÜ¥ãTÜ¥ÒlÎ@Ò/Ü¥Ñ Ð�è]Û,ä ç Þ�ÐpÝ�ÒláXÎ	Ðpè�Ð�ÍªÎ$ÒlÞ ç à ç Ð�Üdß	ß.Í ç ÑªïOÎ@Ý�èEò�ÐpÍªÎ�Ý�ß ç â¥Î	Ü¥Ñ3���Xì$Ì¤ÍXÎ	ôbÞpÝ�Ð�ä ç Þ�Ð
ÜdÝ'ò5èOÞ	Ù�_ N�� > E � ÙK_ � ì � Ð.Ý�Ýpß ç â�Î�áXÑªÜ¸Ð�Ü¥Ý�Û$_ � Reì'Ì¤ÍªÎ¦Ý�Î@ß(è�ÑXÒ�ä ç Þ�Ð�ÜdÝ'ò5èOÞ	Ù�_ � � > E � ÙK_ � æ
ç ÑbÒ,Ü�ÐpÝ%Ý�ß ç â¥Î�Ü¥Ý � Reì�ÕjÎ�Þ�Î � R � _KI _<_XÙ[öXìYÌ¤ÍXÎ ç ÞpÎ ç áªÑXÒªÎ[ÞjÎ ç ß.Í�â�Ü¥ÑªÎ�ÞpÎ[äXÞ�Î@Ý�Î�Ñ�Ð.Ý�Ð�ÍªÎ�ÿ'ÜdÒTÐpÍ
ß ç â¥ß[áªâ ç Ð�Î@Ò�è�Ñ,Î ç ß.Í�èEò�Ð�ÍªÎ�ÐpÍªÞpÎ[Î�ÐnåTäbÎ@Ý'èEò�à¦Î@Ý�ÍXÎ�Ý�ì
í�Ð�Ý�à ç â�â > E æ � Ù�_ Q ælÐpÍªÎ�àîÜ¥Ý ç â¥Ü�ï�ÑªàîÎ[Ñ ÐjÍ ç Ý ç ÑXÎ[ïOâ¥Ü¥ïOÜ¥ñªâ�Î�Î[êeÎ@ß�Ð�ì�íjâ¥âGÐ�ÍªÞpÎ[Î�â¥Ü¥ÑªÎ�Ý¤Í ç ã�Î

Ð�ÍXÎ	Ý ç àîÎ¨ñ ç ÑXÒlÿ'ÜdÒTÐ�Í;ì J ÍªÎ�Ñ Ð�ÍXÎ ç ÑªÜ¥Ý�èEÐpÞ�è�äTå�Ü¥ÑXß(ÞpÎ ç Ý�Î@Ý¤ò5Þ�è�à ] Ù�_ Q æeÐ�ÍªÎ	â ç å�Î[ÞjñeÎ�ß[èOàîÎ�Ý
Ð�ÍXÜ�ÑªÑXÎ[Þ ç ÑXÒ$Ð�ÍªÎ�àîÜ¥Ý ç â¥Ü¥ïOÑªàîÎ[Ñ Ð'ÝnÐ ç Þ�ÐpÝ�Ð�è ç ê<Î�ß(Ð�ÐpÍªÜ¥Ý�â ç åOÎ�Þ�ìFí�Ð >�E�� ÙK_ Q H ÙK_ � æ�ÐpÍªÎ�Î(ê<Î�ß(ÐÜdÝ'àîÎ�ÒlÜ¥áªà�ì)��� ��Î[Î�äXÝ¤ïOè�Ü�ÑªïîÒlè�ÿ'Ñ�èOÑ � N àîÎ�Ý�Í 
ªÿ'ÍªÜ¥â¥Î�ÝnÐ ç åTÝ ç äªäªÞpèQÏTÜ¥à ç ÐpÎ[â¥å ç Ð ç â�Î�ãOÎ�âGèEò_KI}ù-� R è�Ñ �10¦àîÎ@Ý�Í9æ ç ÑXÒ´ý�� R/èOÑ � # à¦Î@Ý�Í;ì$í�Ð�â ç Þ�ï�Î >�E æ���ÙK_ � æ9Ð�ÍXÎ ç â�Ü¥ïOÑXà¦Î�Ñ ÐpÝ�ñeÎ�ß(è�àîÎ
ß(ÞpÜ�Ð�Üdß ç âwì§Ì¤ÍªÎ�ß(èOÑTã�Î[ÞpïOÎ[Ñbß(Î�èOò9Ð�ÍXÜ¥Ý¤â ç åOÎ�Þ�Ðpè�ÿ ç ÞpÒ J�Î[Þpè¨ÜdÝ�èOÑªâ¥å$èOñbÝ�Î�Þ�ã�Î�Ò�è�Ñ � N àîÎ�Ý�Í�ÿ'ÍªÜdß.ÍÍ ç Ý�ò5áªâ�â ç â¥Ü�ï�ÑªàîÎ[Ñ ÐpÝ�ì�`%Ñ � # àîÎ@Ý�Í�ÿ'Ü¸ÐpÍ�Ñªè ç â¥Ü�ï�ÑªàîÎ[Ñ ÐpÝ�æ�����Ý�Ð ç ålÝ ç Ý¤â ç ÞpïOÎ ç ÝjùKI � � R<ìFÌ¤ÍXÎ
ÿ'ÜdÒTÐ�Í�èOÑ � 0 àîÎ�Ý�Í,â¥Ü¥Î�Ý¤ñeÎ(Ðnÿ�Î[Î[Ñ � N ç ÑbÒ � # ì � Ñ ç â�âwæ ����è�Ñ � N àîÎ@Ý�Í�ÒlÞpèOäXÝ'ß[èOÞpÞ�Î@ß�Ð�â¥åOæTÿ'ÍªÜ¥â¥Î
���¦èOÑ$Ð�ÍªÎ�èEÐpÍªÎ[Þ'Û�ÐnåTäeÎ�Ý�èEò9àîÎ�Ý�ÍªÎ�Ý�ò ç Ü¥â¥Î�Ò�Ðpè	ß[èOÑTãOÎ�Þ�ï�ÎOæOä ç Þ�Ð�Üdß(áªâ ç Þpâ�å	èOÑ � # àîÎ�Ý�Í�ÿ'Ü�Ð�Í$ÑXè
ç ÑTå ç â�Ü¥ïOÑXà¦Î�Ñ ÐpÝ�ì
í�Ý,èOáXÞ�Ý�Î�ß[èOÑXÒ ß ç Ý�ÎOæ¤ÐpÍªÎ���Ô �aèOò�Ð�ÍªÎMÎ[ÞpÞ�è�Þ�ÜdÝ�äªâ¥èEÐ�Ð�Î@Ò Ü¥Ñ ó�Ü�ï�áªÞ�Îúþ ç ï ç Ü¥ÑXÝ�Ð$Ð�ÍXÎ

ïOÞpÜdÒëÞ�Î@Ý�è�â�álÐpÜ�è�Ñ ç Ð > � � Ù�_ Q ì � 0 àîÎ�Ý�Í÷Ü¥Ý	áXÝ�Î�ÒGì´Ì¤ÍªÞpÎ[Î$â¥Ü�ÑXÎ�Ý ç ÞpÎ�ÒlÞ ç ÿ'ÑëÐ�èMÝ�Íªè�ÿ Íªè�ÿ
ç ß�ß(áªÞ ç ÐpÎ�Ð�ÍªÎ¨Ý�èOâ¥álÐpÜ�è�Ñ,ÜdÝjß ç â¥ß[áªâ ç Ð�Î@Ò�ñ å,â�Ü¥ÑªÎ ç Þ 
 $�&)( ��æªâ¥áªàîä/Û�ÑXÒ�è�ÞpÒlÎ�Þ
 ,.$�&.&)/ ��æªâ¥áªàîä
õEÞ.Ò�è�ÞpÒªÎ[Þ�
 2#&�� �65%7 �;Î[â¥Î[àîÎ�Ñ�Ð.Ý[ì `%ñTãTÜ�è�áXÝ�â¥å�Ð�ÍXÎ�ÑTáªàîÎ�Þ�Üdß ç âªÝ�è�â�álÐpÜ�è�Ñ¨ÜdÝFäbè�â�â¥álÐpÎ�Ò¦ñTå > � ì � Ð
ÜdÝYãOÎ�Þ�Ü�ôXÎ@Ò ç ï ç Ü�Ñ¦Ð�Í ç ÐYÐpÍªÎ�ÍªÜ¥ïOÍXÎ[ÞYè�ÞpÒlÎ�ÞYÎ[â¥Î[àîÎ�Ñ�Ð.Ý ç Þ�Î'Î[êeÎ@ß�Ð�Ü¥ãOÎ ç ÑXÒîÑªÎ@ß(Î@Ý�Ý ç Þpå ç äXäªÞ�è ç ß.ÍªÎ@Ý
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Ü¥Ñ,ÐpÍªÎ�Î(ÏlÜdÝnÐpÎ[ÑXß[Î�èEò ç ÑªÜdÝ�èOÐ�ÞpèOäTåOì

50 100 150 200 250 300 350
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

x 10
−3 K

p
 = 0

N
s

R
M

S
Linear elements   
2nd order elements
3rd order elements

���
	����@D @ 'K� �"�dE^! � %('K���1���*!�� ! � %('K�."4��20�-��)8� ���F��!�� �K%8)8!�"^)(" ? ��������� G�@ 'K����!�� �K%8)8!�"^)(��@K!��9� ��% � # �9�
	 ? G)@ ' �.��!�� �K%8)8!�"9� �3'�) �/'K�1� !��*#D�-�3�-� �-20�1"4%8� )(� 23!��,�3�D� �1�K�*��% �0%('K��"^)(%8� � !�:��1�.!��*#��1��� !���"4% �1� @�����%5�
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