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Abstract
We extend the Fermilab method for heavy quarks to include interactions of dimension six and seven in the

action. There are, in general, many new interactions, but wecarry out the calculations needed to match the
lattice action to continuum QCD at the tree level, finding sixnon-zero couplings. Using the heavy-quark
theory of cutoff effects, we estimate how large the remaining discretization errors are. We find that our
tree-level matching, augmented with one-loop matching of the dimension-five interactions, can bring these
errors below 1%, at currently available lattice spacings.

PACS numbers: 11.15.Ha, 12.38.Gc

∗Present address

1

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by UNT Digital Library

https://core.ac.uk/display/71319821?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://arXiv.org/abs/0803.0523v1


I. INTRODUCTION

An important application of lattice gauge theory is to calculate hadronic matrix elements rele-
vant to experiments in flavor physics. With recent advances in lattice calculations withnf = 2+1
flavors of dynamical quarks [1–4], we now have an exciting prospect of genuine QCD calcula-
tions. To match the experimental uncertainty, available now or in the short term, it is essential to
control all other sources of theoretical uncertainty as well as possible. An attractive target is to
reduce the uncertainty, from any given source, to 1–2%. Thistarget will be hard to hit if one relies
on increases in computer power alone: methodological improvements are needed too.

Many of the important processes are electroweak transitions of heavy charmed orb-flavored
quarks. A particular challenge stems from heavy-quark discretization effects, becausemQa 6≪ 1.
The key to meeting the challenge is to observe that heavy quarks are non-relativistic in the rest
frame of the containing hadron [5, 6]. The scale of the heavy quark mass,mQ, can (and should) be
separated from the soft scales inside the hadron and treatedwith an effective field theory instead
of computer simulation. Even so, at available lattice spacings [1], many calculations ofD-meson
(B-meson) properties suffer from a discretization error of around 7% (5%) [2, 3]. Thus, it makes
sense to develop a more accurate discretization.

In this paper we extend the accuracy of the “Fermilab” methodfor heavy quarks [7] to include
in the lattice action all interactions of dimension six. We also include certain interactions of
dimension seven. Because heavy quarks are non-relativistic, they are commensurate with related
dimension-6 terms, in the power counting of heavy-quark effective theory (HQET) for heavy-light
hadrons [5] or non-relativistic QCD (NRQCD) for quarkonium[6].

The Fermilab method starts with Wilson fermions [8] and the clover action [9]. With these
actions lattice spacing effects are bounded for largemQa, thanks to heavy quark symmetry. They
can be reduced systematically by allowing an asymmetry between spatial and temporal interac-
tions. Asymmetry in the lattice action compensates for the non-relativistic kinematics, enabling
a relativistic description through the Symanzik effectivefield theory [10]. Alternatively, one may
interpret Wilson fermions non-relativistically from the outset [7], and set up the improvement
program matching lattice gauge theory and continuum QCD to each other through HQET and
NRQCD [11, 12]. The Symanzik description makes it possible to design a lattice action that be-
haves smoothly asmQa→ 0, converging to the universal continuum limit. The HQET description,
on the other hand, makes semiquantitative estimates of discretization errors more transparent.

The new action introduced below has nineteen bilinear interactions beyond those of the asym-
metric version of the clover action, as well as many four-quark interactions. Several of these
couplings are redundant, and many more vanish when matchingto continuum QCD at the tree
level. We study semiquantitatively how many of the new operators are needed to achieve 1–2%
accuracy. We find, in the end, that onlysix new interactions are essential for such accuracy. The
action is designed with some flexibility, so that one may choose the computationally least costly
version of the action.

This paper is organized as follows. Section II considers thedescription of lattice gauge theory
via continuum effective field theories. Then, in some detail, we identify a full set of operators de-
scribing heavy quark discretization effects. We then determine how many of these are redundant,
and which redundant directions should be used to preserve the good high-mass behavior. We have
two goals in this analysis. One is to design the new, more highly improved, action; for this step a
Symanzik-like description is more helpful, and the resulting action is given in Sec. III. The other
is to estimate the discretization errors of the new action; here the HQET and NRQCD descriptions
are more useful, and our error estimates are in Sec. V. To makeerror estimates, and to use the new
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action in numerical work, we need matching calculations; they are in Sec. IV. Section VI con-
cludes. Some of the material is technical and appears in appendices: Feynman rules needed for the
matching calculation are in Appendix A; some details of the Compton scattering amplitude used
for matching are in Appendix B; a discussion of improvement of the gauge action on anisotropic
lattices (which one needs only if the heavy quarks are not quenched) is in Appendix C. Some of
these results have been reported earlier [13].

II. EFFECTIVE FIELD THEORY

In this section we discuss how to understand and control discretization effects using effective
field theories. We start with a brief overview, focusing on issues that arise for heavy quarks, those
with massmQ ≫ Λ. For more details, the reader may consult earlier work [7, 11, 12, 14, 15]
or a pedagogical review [16]. Here we catalog all interactions of dimension 6 and also certain
interactions of dimension 7 that, for heavy quarks, are of comparable size whenmQa 6≪ 1.

A. Overview

Cutoff effects in lattice field theories are most elegantly studied with continuum effective field
theories. The idea originated with Symanzik [10] and was extended to gluons and light quarks by
Weisz and collaborators [9, 17–19]. One develops a relationship

Llat
.
= LSym, (2.1)

where
.
= means that the two Lagrangians generate the same on-shell spectrum and matrix elements.

The lattice itself regulates the ultraviolet behavior of the underlying (lattice) theoryLlat. On the
other hand, a continuum scheme, which does not need to be specified in detail, regulates (and
renormalizes) the ultraviolet behavior of the effective theoryLSym.

In lattice QCD (with Wilson fermions), the local effective Lagrangian (LEL) is

LSym =
1

2g2
tr[FµνF

µν ] −
∑

f

q̄f(D/+mf )qf +
∑

i

adimLi−4Ki(g
2, ma; cj;µa)Li, (2.2)

whereg2 andmf are the gauge coupling and quark mass (of flavorf ), renormalized at scale
µ . a−1. The (continuum) QCD Lagrangian appears as the first two terms. The sum consists of
higher dimension operatorsLi, multiplied by short-distance coefficientsKi. These terms describe
cutoff effects. The short-distance coefficients depend on the renormalization point and on the
couplings, including couplingscj of improvement terms inLlat. Equation (2.2) is fairly well-
established to all orders in perturbation theory [20, 21] and believed to hold non-perturbatively
as well. If a is small enough, the termsLi may be treated as operator insertions, leading to a
description of lattice gauge theory as “QCD + small corrections”.

In heavy-quark physicsmQ ≫ Λ, whereΛ is the QCD scale, so one is led to consider what
happens whenmQa 6≪ 1. The short-distance coefficients depend explicitly on the mass. Time
derivatives of heavy quark or heavy antiquark fields in theLi also generate mass dependence of
observables. With field redefinitions—or, equivalently, with the equations of motion—these time
derivatives can be eliminated. Focusing on a single heavy flavor Q, the result of these manipula-
tions is [7, 14, 15]

LSym = · · · − Q̄

(
γ4D4 +m1 +

√
m1

m2
γ · D

)
Q+

∑

i

adim L̄i−4K̄i(g
2, m2a;µa)L̄i, (2.3)
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where the ellipsis denotes the unaltered LEL for gluons and light quarks. By construction theL̄i

do not have any time derivatives acting on quarks or antiquarks.
The advantage of Eq. (2.3) is that all dependence on the heavy-quark mass is in the short-

distance coefficientsm1,
√
m1/m2, andK̄i(m2a). Matrix elements of thēLi generate soft scales.

The heavy-quark symmetry of Wilson quarks (with either the Wilson [8] or Sheikholeslami-
Wohlert [9] actions) guarantees that the coefficientsK̄i(m2a) are bounded for allm2a. This fea-
ture can be preserved by improving the lattice Lagrangian with discretizations of thēLi, thereby
avoiding higher time derivatives [7, 11]. For such improvedactions, Eq. (2.3) neatly isolates the
potentially most serious problem of heavy quarks into the deviation of the coefficient

√
m1/m2

from 1.
Fortunately, the problem can be circumvented in two simple ways. One is a Wilson-like action

with two hopping parameters [7], tuned so thatm1 = m2. Then Eq. (2.3) once again takes the
form “QCD + small corrections”. The new lattice action introduced in Sec. III has two hopping
parameters for this reason.

Another solution is to interpret Wilson fermions in a non-relativistic framework. One can
replace the Symanzik description with one using a non-relativistic effective field theory for the
quarks (and antiquarks) [11]. For the leadingQ̄-Q term in Eq. (2.3)

Q̄

(
γ4D4 +m1 +

√
m1

m2
γ · D

)
Q

.
= h̄(+)

(
D4 +m1 −

D2 + zB(m2a, µa)iΣ · B

2m2

)
h(+) + · · ·

(2.4)
wherezB is a matching coefficient, andh(+) is a heavy-quark field satisfyingh(+) = +γ4h

(+).
Another set of terms appears for the antiquark, with fieldh(−) satisfyingh(−) = −γ4h

(−). The
non-relativistic effective theory conserves heavy quarksand heavy antiquarks separately. As a
consequence, the rest massm1 has no effect on mass splittings and matrix elements.1 For lattice
gauge theory this implies that the bare quark mass (or hopping parameter) should not be adjusted
viam1. Instead, the bare mass should be adjusted to normalize the kinetic energyD2/2m2.

One can develop the non-relativistic effective theory for the lattice artifacts̄Li by using heavy-
quark fields instead of Dirac quark fields [11]. Higher-dimension operators in the heavy-quark
theory receive contributions from the expansions of Eq. (2.4) and of theL̄i. Coalescing the coeffi-
cients of like operators obtains a description of lattice gauge theory with heavy quarks

Llat
.
= · · · − h̄(+)(D4 +m1)h

(+) +
∑

i

Clat
i (g2, m2;m2a, cj;µ/m2)Oi, (2.5)

where the operatorsOi on the right-hand side are those of a (continuum) heavy-quark effective
theory, of dimension 5 and higher, built out of heavy-quark fieldsh(±), gluons, and light quarks.
(The leading ellipsis denotes term for the gluons and light quarks only.) TheCi are short-distance
coefficients, which depend ong2, the heavy quark mass, the ratio of short distancesm2a, and also
all couplingscj in the lattice action. The logic and structure is the same as the non-relativistic
description of QCD,

LQCD
.
= · · · − h̄(+)(D4 +mQ)h(+) +

∑

i

Ccont
i (g2, mQ;µ/mQ)Oi. (2.6)

Thus, improvement of lattice gauge theory is attained by adjusting couplingscj until Clat
i (cj)−Ccont

i

vanishes (identically, or perhaps to some accuracy) for thefirst severalOi.

1 A simple proof can be found in Ref. [11].
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TABLE I: Bilinear interactions that could appear in the Symanzik LEL through dimension 6.

dim w/ axis-interchange symmetry w/o axis-interchange symmetry HQETλs NRQCDυt

3 q̄q Q̄Q

4 q̄D/q Q̄(γ4D4 + m1)Q 1 υ2

Q̄γ · DQ λ υ2

5 q̄D2q ε1 Q̄D2
4Q ε1

Q̄D2Q δ1 λ υ2

− i
2 q̄σµνFµνq Q̄iΣ · BQ λ υ4

Q̄α · EQ λ2 υ4

6 q̄γµD3
µq Q̄γiD

3
i Q λ3 υ4

q̄{D/,D2}q ε2 Q̄γ4D
3
4Q ε2

Q̄{γ4D4,D
2}Q δ2

Q̄{D2
4,γ · D}Q ϑ2

Q̄{γ · D,D2}Q λ3 υ4

− i
2 q̄{D/, σµνFµν}q εF Q̄{γ · D,α · E}Q εF λ2 υ4

Q̄{γ4D4, iΣ · B}Q δB

Q̄{γ · D, iΣ · B}Q λ3 υ6

Q̄[D4,γ · E]Q λ3 υ6

q̄[Dµ, Fµν ]γνq Q̄γ4(D · E − E · D)Q λ2 υ4

Q̄γ · (D × B + B × D)Q λ3 υ6

It does not matter whether one carries out the improvement program by adjustinḡKi(cj) = 0
or Clat

i (cj) = Ccont
i [12]. The results for thecj are the same, provided one identifiesmQ with m2.

The matching assumes thatpa ≪ 1, but at the same timem2a 6≪ 1. One is thus led to
non-relativistic kinematics (p/m2 ≪ 1) in the matching calculation, where both descriptions—
Eqs. (2.3) and (2.5)—are valid. Kinematics are encoded intothe operators̄Li or Oi and are not
transferred to the short-distance coefficients. Hence, kinematics cannot influence matching condi-
tions on thecj. In particular, when indeedm2a≪ 1 (which may be impractical, but is conceivable
theoretically) relativistic kinematics (p ∼ m2) are possible, and it follows from the Symanzik
effective field theory that the solution of̄Ki(cj) = 0 yields the samecj for both relativistic and
non-relativistic kinematics.

B. Quark bilinears in the LE L

In the rest of this section we construct the LEL appropriate to heavy quarks. The two main
steps are first to list all of theLi that can appear, and second to decide which should be considered
redundant. In part it is a generalization of the dimension-6analysis of Ref. [9] to the case without
axis-interchange symmetry. At dimension 6 there are quark bilinears, four-quark interactions, and
interactions that contain only the gauge field. We shall start with the bilinears and turn to the others
further below. In each case, we first consider complete listsof operators, and then consider which
can be chosen to be redundant.

Table I contains a list of all quark bilinears through dimension 6 that can appear in the effective
Lagrangian. The second column contains interactions that respect axis-interchange symmetry; the
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fourth column contains the extension to the case without axis-interchange symmetry. The meaning
of the other columns is explained below. Covariant derivatives act on all fields to the right,

DµFQ = (∂µF + [Aµ, F ])Q+ F DµQ. (2.7)

This notation is convenient for the interactions with commutators and anti-commutators. To arrive
at the lists we exploit identities such as

D/2 = D2 − i
2
σµνFµν , (2.8)

2γ4D4γ · Dγ4D4 = {γ4D4,α · E} − {D2
4,γ · D}, (2.9)

2γ · Dγ4D4γ · D = {γ · D,α · E} − {γ4D4, (γ · D)2}. (2.10)

Some interactions are omitted, because the underlying lattice gauge theory is invariant under cubic
rotations, spatial inversion, time reflection, and charge conjugation.2

The fourth column is arranged so that its entries are part of the corresponding interactions in the
second column. It is easy to show that the list is complete, bywriting out all independent ways to
have three covariant derivatives, expressing theE andB fields as anti-commutators of covariant
derivatives. One finds 11 possibilities, and then one can useidentities to manipulate this list to that
given in the fourth column of Table I.

The LEL contains several redundant directions. The equation of motion of the leading LEL
plays a key role in specifying which operator insertions maybe considered redundant. Let us
assume, for the moment, thatm1 = m2, so that the equation of motion in the Symanzik LEL is the
Dirac equation. Below we shall use the non-relativistic effective field theory to address the case
m1 6= m2.

The quark fields are integration variables in a functional integral, so an equally valid description
is obtained by changing variables

Q 7→ eJQ, (2.11)

Q̄ 7→ Q̄eJ̄ , (2.12)

where

J = aε1(D/+m) + aδ1γ · D + a2ε2(D/+m)2 − a2 1
2
εF iσµνFµν + a2δ2(γ · D)2

+ a2δBiΣ · B + a2ϑ2[γ4D4,γ · D] (2.13)

and similarly forJ̄ with separate parametersε̄i, δ̄i, andϑ̄i. If the δ parameters (andϑ2, ϑ̄2) vanish,
thenJ andJ̄ preserve invariance under interchange of all four axes.

One can propagate the change of variables to the LEL, and trace which coefficients of dimen-
sion 5 and 6 are shifted by amounts proportional to the parameters inJ andJ̄ . To avoid generating
terms that violate charge conjugation one choosesε̄i = +εi, δ̄i = +δi, ϑ̄2 = −ϑ2. We then see that
there are two redundant directions at dimension 5, and five atdimension 6. That means that two
couplings in the dimension-5 lattice action may be set by convenience, and five in the dimension-6
lattice action. The third and fifth columns show the correspondence between parameters in the
change of variables and the interactions that we choose to beredundant. As expected from general

2 Reference [9] included the dimension-6 interactionq̄[D/, D2]q. Reference [7] included the dimension-5 interaction

Q̄[γ4D4, γ · D]Q. Both are odd under charge conjugation and, thus, may be omitted.
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arguments [7, 14, 15], all interactions in whichγ4D4 acts onQ or (after integration by parts)̄Q
are redundant.

There is quite a bit of freedom here. One could chooseεF to eliminateQ̄[D4,γ · E]Q =
Q̄{γ4D4,α · E}Q instead ofQ̄{γ · D,α · E}Q. But the former is suppressed, relative to the
latter, in heavy-quark systems. Moreover, in HQET and NRQCDone has

Q̄α · EQ
.
= h̄(+){γ · D,α · E}h(+)/2m2 + · · · , (2.14)

Q̄{γ · D,α · E}Q
.
= h̄(+){γ · D,α · E}h(+) + · · · , (2.15)

which mean that̄Qα ·EQ andQ̄{γ ·D,α ·E}Q generate nearly the same effects in heavy-quark
systems. Thus, we prefer to takēQ{γ · D,α · E}Q to be redundant.

To understand the general pattern of redundant interactions, let us introduce some notation.
Let B (E) be a combination of gauge fields, derivatives, and Dirac matrices that commutes (anti-
commutes) withγ4. An example ofB (E) is iΣ · B (α · E). Also, let us writeB± (andE±) when
Q̄B±Q (or Q̄E±Q) has charge conjugation±1. Because we wish to eliminate time derivatives
of quark and antiquark fields, we would likēQ{γ4D4,B+}Q andQ̄[γ4D4, E−]Q to be redundant.
That is always possible: simply add toJ in Eq. (2.13) terms of the formδB+

B+ andϑE−E−. As
a consequence, neither̄Q{γ · D,B+}Q nor Q̄[γ · D, E−]Q is redundant. On the other hand, in
Q̄[γ4D4,B−]Q andQ̄{γ4D4, E+}Q the time derivative acts only on gauge fields. Thus, by adding
toJ terms of the formϑB−

B− andδE+
E+ it is possible to choosēQ[γ ·D,B−]Q andQ̄{γ ·D, E+}Q

to be redundant. Instead of̄Q[γ · D,B−]Q or Q̄{γ · D, E+}Q it may be convenient to choose an
operator related through an identity.

C. Power counting

The small corrections of an effective field theory are small,because the product of the short-
distance coefficients and the operators yield a ratio of a short-distance scale to a long-distance
scale. For light quarks in the Symanzik effective field theory, the essential ratio isa/Λ−1 = Λa,
and dimensional analysis reveals the power ofΛa to which any contribution is suppressed. In
particular,B- andE-type interactions of the same dimension are equally important.

For heavy quarks the physics is different, becausem−1
Q is a short distance. The ratioa/m−1

Q =
mQa should not be taken commensurate withΛa [7]. Instead, interactions should be classified in
a way that brings out the physics. It is natural to turn to HQETand NRQCD. Let us start with
heavy-light hadrons and HQET.E-type interactions of given dimension areΛ/mQ times smaller
thanB-type interactions of the same dimension. BecauseΛ/mQ ≪ 1 andΛa ≪ 1, it makes to
count powers ofλ, whereλ is either of the small parameters [11, 12, 15]

λ ∼ aΛ,Λ/mQ. (2.16)

This power counting pertains whethermQ < a, mQ ∼ a, ormQ > a. Writing the corrections in
the Symanzik fashion (with Dirac quark fieldsQ andQ̄), eachL̄i is suppressed byλs, with

s = dimL − 4 + nΓ. (2.17)

HerenΓ = 0 or 1 for interactions of the form̄QB+Q or Q̄E+Q, respectively. The sixth column
of Table I (labelled HQET) shows the suppression of each interaction, relative to the (leading)
contribution from the light degrees of freedom. In the following we call the power counting for
heavy-light hadrons, based on Eq. (2.17), “HQET power counting.”
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TABLE II: Dimension-(7,0) bilinear interactions that are commensurate, for heavy quarks, with those of
orderλ3 (in HQET) orυ4, υ6 (in NRQCD).

dim w/o axis-interchange symmetry HQETλs NRQCDυt

7 Q̄D4
i Q λ3 υ4

∑
i6=j Q̄iΣiDjBiDjQ δ[

∑
i γiD

3
i ] λ3 υ6

∑
i6=j Q̄{D2

j , iΣiBi}Q λ3 υ6

Q̄(D2)2Q λ3 υ4

Q̄{D2, iΣ · B}Q λ3 υ6

Q̄γ · DiΣ · Bγ · DQ δ[{γ · D, iΣ · B}] λ3 υ6

Q̄DiiΣ · BDiQ λ3 υ6

Q̄D · (B × D)Q δ[γ · (D × B + B × D)] λ3 υ6

Q̄(iΣ · B)2Q δ[{γ · D,D2}] λ3 υ8

Q̄B · BQ λ3 υ8

Q̄(α · E)2Q δ[[D4,γ · E]] λ3 υ6

Q̄E · EQ λ3 υ6

Now let us recall how to classify interactions in quarkoniumaccording to the power of the rel-
ative internal velocity,υ. Because color source and sink are both non-relativistic, chromoelectric
fields carry a power ofυ3, and chromomagnetic fields a power ofυ4 [22]. E-type interactions are
suppressed by a power ofp/mQ = υ, analogously to their suppression in heavy-light hadrons.
Thus, bilinears are suppressed byυt, where now

t = dimL − 3 + nE + 2nB + nΓ, (2.18)

andnE (nB) is the number of chromoelectric (chromomagnetic) fields. The seventh column of
Table I (labelled NRQCD) shows the suppression of each interaction. In the following we call the
power counting for quarkonium, based on Eq. (2.18), “NRQCD power counting.”

Glancing down the sixth and seventh column of Table I, one sees several terms of orderλ3

andυ6, from Eqs. (2.17) and (2.18) one realizes that some dimension-7 interactions are of the
same order. They are listed in Table II. There are two interactions with four derivatives, six with
the chromomagnetic field and two derivatives, and four with two E or two B fields. A third
combination of four derivatives is omitted, using the identity DiD

2Di = (D2)2 +D · (B×D)−
B2. Other dimension-7 operators carry powerλ4 in HQET power counting, orυ8 (or higher) in
NRQCD power counting. Five combinations are redundant (as shown), and we shall see below
how they and the others arise in matching calculations.

The(d, nΓ) = (7, 1) operatorQ̄{D2,α · E}Q and several(d, nΓ) = (8, 0) operators, all have
nE = 1 andnD + nΓ = 3, have NRQCD power-countingυ6. Reference [22] includes spin-
dependent ones, to obtain the next-to-leading correctionsto spin-dependent mass splittings. We
have not included these operators in our analysis, but a straightforward extension of the matching
calculation in Sec. IV B 1 would suffice to determine their couplings.

Although this description of cutoff effects is somewhat cumbersome, it provides a valuable
foundation for our new action, given in Sec. III. To obtain the new action, we simply discretize
the interactions in Tables I and II, except those with highertime derivatives. The discretization of
Q̄γ · DQ is needed to obtain a lattice action that behaves smoothly asmQa→ 0 [7], reproducing
the universal continuum limit of QCD. Similarly, discretizations of theE-type interactions, such
asQ̄α · EQ andQ̄{γ · D,D2}Q, are needed to retain that feature here.
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TABLE III: Bilinear interactions that could appear in the heavy-quark LEL through dimension 7.

dim w/o axis-interchange symmetry HQETλs NRQCDυt

3 h̄(±)h(±)

4 h̄(±)γ4D4h
(±)

5 h̄(±)D2
4h

(±) ε1

h̄(±)D2h(±) λ υ2

h̄(±)iΣ · Bh(±) λ υ4

6 h̄(±)γ4D
3
4h

(±) ε2

h̄(±){γ4D4,D
2}h(±) δ2

h̄(±){γ · D,α · E}h(±) λ2 υ4

h̄(±){γ4D4, iΣ · B}h(±) δB

h̄(±)γ4(D · E − E · D)h(±) λ2 υ4

7 h̄(±)D4
i h

(±) λ3 υ4

∑
i6=j h̄(±){D2

j , iΣiBi}h
(±) λ3 υ6

∑
i6=j h̄(±)iΣiDjBiDjh

(±) λ3 υ6

h̄(±)(D2)2h(±) λ3 υ4

h̄(±){D2, iΣ · B}h(±) λ3 υ6

h̄(±)γ · DiΣ · Bγ · Dh(±) λ3 υ6

h̄(±)DiiΣ · BDih
(±) λ3 υ6

h̄(±)D · (B × D)h(±) λ3 υ6

h̄(±)(iΣ · B)2h(±) λ3 υ8

h̄(±)B · Bh(±) λ3 υ8

h̄(±)(α · E)2h(±) λ3 υ6

h̄(±)E · Eh(±) λ3 υ6

D. Heavy-quark description

For understanding the size of heavy-quark discretization effects, it is simpler to switch to a
non-relativistic description. (Whenm1 6= m2, it is also necessary to see the connection to QCD.)
The list of interactions is much shorter, because the constraint γ4h

(±) = ±h(±) removes theE-
type interactions. It is given in Table III, including the dimension-7 interactions related to those in
Table II. Also, fewer changes of the field variables are possible:

h(±) 7→ eJh, (2.19)

h̄(±) 7→ h̄eJ̄ , (2.20)

where now

J = aε1(γ4D4 +m1) + a2ε2(γ4D4 +m1)
2 + a2δ2D

2 + a2δBiΣ · B, (2.21)

and similarly forJ̄ . To avoidC-odd interactions, one should choose equal parameters inJ andJ̄ .
Thus, there are four redundant directions of interest—all with time derivatives of the (anti-)quark
field. In the end, just as many non-redundant interactions remain as in the Symanzik description.
The heavy-quark description provides a good way to estimatethe size of remaining discretization
effects, as in Sec. V.
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E. Gauge-field and four-quark interactions in the LEL

We now turn to interactions in the gauge sector of the LEL, and also to four-quark interactions.
The two are connected when one considers on-shell improvement, because in quark-quark scatter-
ing short-distance gluon exchange generates the same behavior as four-quark contact interactions.
Here we give a cursory sketch of the gauge action. Then we consider the four-quark interactions,
including details mostly for completeness. In practice (see Sec. V), we find the four-quark correc-
tions to be smaller than those of the bilinear interactions analyzed in the preceding subsection.

The gauge sector of the LEL is the same as for anisotropic lattices, where one adjusts the action
so that the temporal lattice spacingat differs from the spatial lattice spacingas. The short-distance
coefficients are different; here asymmetry between spatialand temporal gauge couplings arise only
from heavy-quark loops. Improved anisotropic actions havebeen discussed in the literature [23],
but full details remain unpublished [24]. We present the details in Appendix C.

We are most concerned here with effects that survive on shell, so we study here the possible
changes of variables for the gauge field. With axis-interchange symmetry one has [9, 19]

Aµ 7→ Aµ + a2εA[Dν , Fµν ] + a2g2
∑

f

εJf t
a (q̄fγµt

aqf), (2.22)

with a color-adjoint vector-current term for each flavorf of quark (heavy or light). The appearance
of g2 multiplying the currents is a convenient normalization convention. When one now considers
giving up axis-interchange symmetry, one has

A4 7→ A4 + a2εA(D · E − E · D) + a2g2
∑

f

εJf t
a (q̄fγ4t

aqf), (2.23)

A 7→ A − a2(εA + δE)[D4,E] + a2(εA + δA)(D × B + B × D)

+ a2g2
∑

f

(εJf + δJf )t
a(q̄fγt

aqf ), (2.24)

which reduce to Eq. (2.22) when theδs vanish.
For a moment, let us setεJf = δJf = 0 in Eqs. (2.23) and (2.24), and focus on the gauge

fields alone. As discussed in Appendix C, there are eight independent gauge-field interactions that
arise at dimension six. There are three independent ways—parametrized byεA, δA, andδE—to
transform the gauge field, yielding three redundant directions. Similarly, there are eight distinct
classes of six-link loops, shown in Fig. 1, that can be used inan improved lattice gauge action. In
Appendix C, we show that three of them—all three classes of “bent rectangles” in the bottom row
of Fig. 1—may be omitted from an on-shell improved gauge action.

The transformations involving the currentsq̄fγµt
aqf are more interesting. They shift the LEL

[cf. Eq. (2.2)] by

LSym 7→ LSym − a2
∑

f

εJf q̄fγ4(D · E − E · D)qf + a2
∑

f

(εJf + δJf )q̄f [D4,γ · E]qf

− a2
∑

f

(εJf + δJf )q̄fγ · (D × B + B × D)qf

− a2g2
∑

fg

εJf(q̄fγµt
aqf )(q̄gγµt

aqg) − a2g2
∑

fg,j

δJf(q̄fγjt
aqf )(q̄gγjt

aqg), (2.25)
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FIG. 1: Six-link loops available for improving the gauge action on anisotropic lattices: rectangles (top row);
parallelograms (middle); bent rectangles (bottom). Nomenclature from Ref. [19].

where the derivatives act only on the gauge fields. The size ofthese shifts—of orderg2 for four-
quark operators and of orderg0 for bilinears—is commensurate with the respective terms that al-
ready appear inLSym. Thus, the2nf parametersεJf andδJf could be used to eliminate bilinears or
four-quark operators. For simulations it is preferable to remove the latter, namelȳqfγ4t

aqf q̄fγ4t
aqf

andq̄fγtaqf · q̄fγtaqf .
We now list the dimension-six four-quark interactions in the LEL. For a single flavor, the

complete list is in Table IV, which also indicates that the current-current interactions are redundant.
Interactions with the color structure(q̄Γq)2 may be omitted, because they can be related to those
listed through Fierz rearrangement of the fields.

When considering several flavors of quark, we must keep trackof flavor indices as well as color
and Dirac indices. The Fierz problem becomes more intricate, and we shall find that color-singlet
and color-octet structures should be maintained. Let us start with Fierz rearrangement of the Dirac
indices. The four-quark terms in the LEL take the form

∑

X

KX q̄fαΓXqgβ q̄hγΓXqiδ = −
∑

X,Y

KXFXY q̄fαΓY qiδ q̄hγΓY qgβ, (2.26)

whereKX denotes short-distance coefficients, the Greek (Latin) indices label color (flavor),F is

11



TABLE IV: Four-quark interactions that could appear in the LEL (for a single flavor).

dim w/ axis interchange w/o axis interchange

6 (q̄taq)2 (Q̄taQ)2

(q̄γ5t
aq)2 (Q̄γ5t

aQ)2

(q̄γµtaq)2 εJ (Q̄γ4t
aQ)2 εJ

(Q̄γit
aQ)2 δJ

(q̄γµγ5t
aq)2 (Q̄γ4γ5t

aQ)2

(Q̄γiγ5t
aQ)2

(q̄iσµνtaq)2 (Q̄iΣit
aQ)2

(Q̄αit
aQ)2

TABLE V: Four-quark interactions that remain when Fierz rearrangement is taken into account. A sum over
Dirac matricesΓX in each of the sets{1}, {γ4}, {γ}, {iΣ}, {α}, {γγ5}, {γ4γ5}, {γ5} is assumed. (With
axis-interchange symmetry, the sets would be{1}, {γµ}, {iσµν}, {γµγ5}, {γ5}.)

quarks color octet color singlet

heavy-heavy Q̄ΓXtaQQ̄ΓXtaQ –

heavy-heavy Q̄1ΓXtaQ1 Q̄2ΓXtaQ2 Q̄1ΓXQ1 Q̄2ΓXQ2

heavy-light Q̄ΓX taQ
∑

f q̄fΓXtaqf Q̄ΓXQ
∑

f q̄fΓXqf

light-light
∑

f q̄fΓXtaqf
∑

g q̄gΓXtaqg
∑

f q̄fΓXqf
∑

g q̄gΓXqg

the Fierz rearrangement matrix (withF 2 = 1), and the minus sign comes from anti-commutation
of the fermion fields. Equation (2.26) leaves the flavor and color indices uncontracted, but to get
terms in the LEL, the color indices must be contracted (one way or another), and the flavor labels
must yield a flavor-neutral interaction. Without loss, we can choose the side of Eq. (2.26) such
that the Dirac matrices contract quark fields of the same flavor. Then one can use Fierz identities
for SU(N) generators (ta† = −ta)

Ntaαβt
a
γδ = −taαδt

a
γβ − (N2 − 1)δαδδγβ/2N, (2.27)

δαβδγδ = δαδδγβ/N − 2taαδt
a
γβ , (2.28)

so that the color indices are contracted across the same fields as the Dirac and flavor indices.
After using Fierz rearrangement to bring quarks of the same flavor next to each other, one

is left with the interactions in Table V. To be concrete, we considernl flavors of light quarks
(with mq . Λ) and two flavors of heavy quarks (charm and bottom). We neglect the dependence
of the coefficients on the light quark masses, because four-quark interactions are already small
corrections (of dimension six). In that case, the four-quark interactions can be arranged so that
only the SU(nl) flavor singlets

∑
f q̄fΓXt

aqf and
∑

f q̄fΓXqf appear.
The parametersεJf andδJf may be used to eliminate color-octet current-current interactions.

For each heavy flavor, one finds(Q̄γ4t
aQ)2 and

∑
i(Q̄γit

aQ)2 to be redundant. For light quarks,
we may neglect the differences in the mass, so they have common parameters, and the flavor-
singlet combination(

∑
f q̄fγµt

aqf)
2 is redundant. For the light flavors, our list of operators is a

Fierz rearrangement of the list in Ref. [9].
The leading HQET power counting for heavy-light four-quarkoperators follows from dimen-

sional analysis and Eq. (2.17):λ2+nΓ , just as if the light-quark part were replaced by three deriva-
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tives. Heavy-heavy four-quark operators will be suppressed, once matrix elements are taken, by a
heavy-quark loop, leading tog2λ4+nΓ .

In quarkonium, the size of heavy-light four-quark operators follows similarly from and
Eq. (2.18):υ3+nΓ. The valence heavy-heavy operators are more interesting. They must contain
two contributions, one to improvet-channel gluon exchange, and another to improves-channel
annihilation. The former have NRQCD power countingg2υ3+nΓ ∼ υ4+nΓ (sinceg2 ∼ υ [22]).
The latter areυ2 times smaller, because thes-channel gluon is far off shell, but the Dirac-matrix
suppression is nowυ1−nΓ, leading tog2υ6−nΓ ∼ υ7−nΓ in all. In practice, thes-channel contribu-
tions are suppressed further, when treated as an insertion in a color-singlet quarkonium state. At
the tree level, the only color structure that can arise is thecolor-octet. Its matrix elements vanish in
theQ̄Q-color-singlet Fock state of quarkonium, leaving theυ3-suppressed̄QQA color octet [25].
Color-singlet four-quark operators arise at one loop, withan additional factor ofg2 ∼ υ.

III. NEW LATTICE ACTION

In this section we introduce a new, improved lattice action for heavy quarks, designed to yield
smaller discretization errors than the action in Ref. [7]. Our design is based on several lessons
from the preceding section and Refs. [7, 11, 12]. First, it isimportant to preserve the natural
heavy-quark symmetry of Wilson fermions, so that the coefficientsK̄i stay bounded for allmQa.
(This feature is spoiled in the standard improvement program designed for light quarks, which
introduces several new terms that grow withmQ.) Second, the new lattice action is flexible enough
to match cleanly onto both the Symanzik description and the non-relativistic description.

Let us write the action as follows

S = SD2F 2 + S0 +
∞∑

d=5

1∑

nΓ=0

S(d,nΓ) + Sq̄qq̄q, (3.1)

whereSD2F 2 is the improved gauge action [Eq. (C7)],S0 is the basic Fermilab action, theS(d,nΓ)

consist of the bilinear terms added to improve the quark sector, andSq̄qq̄q denotes four-quark
interactions. S(d,nΓ) consists of (discretizations of) interactions of dimension d, with nΓ as in
the discussion of power counting, Eqs. (2.16)–(2.18). Including the interactions inS(d,1) couples
“upper” and “lower” components, but allows a smooth limita → 0.3 Our aim is to improve the
action to include all interactions of dimension six. Then the power counting requires us to include
S(7,0) as well. Finally,Sq̄qq̄q consists of discretizations of four-quark operators, at dimension six,
those of Table V.

The basic Fermilab action [7] is a generalization of the Wilson action [8]:

S0 = m0a
4
∑

x

ψ̄(x)ψ(x) + a4
∑

x

ψ̄(x)γ4D4latψ(x) − 1
2
a5

∑

x

ψ̄(x)△4latψ(x)

+ ζa4
∑

x

ψ̄(x)γ · Dlatψ(x) − 1
2
rsζa

5
∑

x

ψ̄(x)△(3)
latψ(x). (3.2)

We denote lattice fermions fields withψ to distinguish them from the continuum quark fields
in Sec. II. The dimension-five Wilson terms are included inS0 to remove doubler states. The

3 Lattice NRQCD, which directly discretizes the continuum heavy-quark action, can be thought of as omittingS(d,1)

in favor ofS(d+1,0).
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remaining dimension-five interactions are [7, 9]

S(5,0) = SB = −1
2
cBζa

5
∑

x

ψ̄(x)iΣ · Blatψ(x), (3.3)

S(5,1) = SE = −1
2
cEζa

5
∑

x

ψ̄(x)α · Elatψ(x), (3.4)

where the notationSB andSE is from Ref. [7], and the discretizationsDµlat, △µlat, △
(3)
lat , Blat,

Elat are defined below.
The new interactions in Eq. (3.1) introduced in this paper are

S(6,0) = rEa
6
∑

x

ψ̄(x){γ · Dlat,α · Elat}ψ(x)

+ zEa
6
∑

x

ψ̄(x)γ4 (Dlat · Elat − Elat · Dlat)ψ(x), (3.5)

S(6,1) = c1a
6
∑

x

ψ̄(x)
∑

i

γiDilat△ilatψ(x) + c2a
6
∑

x

ψ̄(x){γ · Dlat,△
(3)
lat}ψ(x)

+ c3a
6
∑

x

ψ̄(x){γ · Dlat, iΣ · Blat}ψ(x)

+ z3a
6
∑

x

ψ̄(x)γ · (Dlat × Blat + Blat × Dlat)ψ(x)

+ cEEa
6
∑

x

ψ̄(x){γ4D4lat,α · Elat}ψ(x), (3.6)

S(7,0) = c4a
7
∑

x

ψ̄(x)
∑

i

△i
2
latψ(x) + c5a

7
∑

x

ψ̄(x)
∑

i

∑

j 6=i

{iΣiBilat,△j lat}ψ(x)

+ r5a
7
∑

x

ψ̄(x)
∑

i

∑

j 6=i

iΣi [DjBiDj ]lat ψ(x)

+ z6a
7
∑

x

ψ̄(x)
(
△(3)

lat

)2

ψ(x) + z7a
7
∑

x

ψ̄(x){△(3)
lat , iΣ · Blat}ψ(x)

+ z′7a
7
∑

x

ψ̄(x)[DiiΣ · BDi]latψ(x)

+ r7a
7
∑

x

ψ̄(x)γ · DlatiΣ · Blatγ · Dlatψ(x)

+ r′7a
7
∑

x

ψ̄(x)[D · (B × D)]latψ(x)

+ rBBa
7
∑

x

ψ̄(x) (iΣ · Blat)
2 ψ(x) + zBBa

7
∑

x

ψ̄(x)Blat · Blatψ(x)

− rEEa
7
∑

x

ψ̄(x) (α · Elat)
2 ψ(x) + zEEa

7
∑

x

ψ̄(x)Elat · Elatψ(x). (3.7)

All couplings in Eqs. (3.2)–(3.7) are real; explicit factors of i are fixed by reflection positivity [26]
of the continuum action. Some of the improvement terms extend over more than one timeslice, so
there are small violations of reflection positivity for the lattice action. We expect that the associated
problems are not severe, as with the improved gauge action [27].
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Equations (3.5)–(3.7) contain 19 new couplings. The convention for couplingsci, ri andzi is
as follows. In matching calculations we find that couplingszi vanish at the tree level, while the
couplingsci do not. Couplingsri are redundant and, for this reason, could be omitted. But the
result of the analysis in Sect. II is thenumberof redundant interactions, rather than the specific
choices of interactions themselves. The possibilities forthe dimension-7 redundant directions are
as follows. One of(c4, c5, r5) is redundant; we chooser5. Furthermore, one of(z6, z7, r7, rBB),
another of(z7, r7, rBB), and another of(z7, r7, r′7, rBB) are redundant; we chooser7, r′7, andrBB .
But because pragmatic considerations could motivate otherchoices, we keep all of them in our
analysis. This strategy also provides a good way for the matching calculations to verify the formal
analysis of the LEL. In future numerical work, we recommend choosingrs, as usual, to solve the
doubling problem (in practicers ≥ 1). The others may be chosen to save computer time, which
presumably means choosing the couplings of computationally demanding interactions to vanish.

The difference operators and fields with the subscript “lat”are taken to be

Dρlat = (Tρ − T−ρ)/2a (3.8)

△ρlat = (Tρ + T−ρ − 2)/a2, △(3)
lat =

3∑

i=1

△ilat, (3.9)

Fρσ lat =
1

8a2

∑

ρ̄=±ρ

∑

σ̄=±σ

sign ρ̄ sign σ̄ [Tρ̄Tσ̄T−ρ̄T−σ̄ − Tσ̄Tρ̄T−σ̄T−ρ̄] , (3.10)

where the covariant translation operatorsT±ρ translate all fields to the right one site in the±ρ
direction, and multiply by the appropriate link matrix [28]. These discretizations are conventional
for S0 + SB + SE. For the new interactions, we have re-used the same ingredients.

For the interactions with couplingsr5 andz′7 one can consider

[DjBiDj ]lat = Dj latBilatDj lat, (3.11)

or

[DjBiDj ]lat =
1

2a2
[(1 − T−j)Bilat(Tj − 1) + (Tj − 1)Bilat(1 − T−j)] . (3.12)

In tree-level matching calculation, both lead to the same dependence onr5 andz′7. Equation (3.11)
has the advantage that is re-uses elements that are already defined (in a computer program, say) for
the dimension-4 and -5 action. Equation (3.11) is more local, however, and may have other advan-
tages. A FermiQCD [29] computer code of the new action indicates that Eq. (3.11) is faster [30].
This code also indicates that it is advantageous to choose the redundant directions so that one may
setr5 = r7 = 0.

The improved gluon actionSD2F 2 is defined in Appendix C. The four-quark actionSq̄qq̄q con-
tains the obvious discretization of the (continuum) operators explained in Sec. II E and listed in
Tables IV and V: simply substitute lattice fermion fields forthe continuum fields, and assign
each a real coupling. When matching to continuum QCD, the couplings inSq̄qq̄q start at orderg2,
making them commensurate with order-g2 matching effects inS(6,1) + S(7,0), such as tree-level
quark-quark scattering.

IV. MATCHING CONDITIONS

In this section we derive improvement conditions on the new couplings at the tree level. We
calculate on-shell observables for smallpa without any assumption onmQa. We look at the
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energy as a function of 3-momentum, which is sensitive toc1, c2, c4, andz6. We then look at
the interaction of a quark with classical background chromoelectric and chromomagnetic fields.
The former is sensitive tocE, rE, andzE; the latter to all butcEE, rEE, zEE, rBB, andzBB. To
ensure that these results are compatible with the improved gauge action, we next compute the
amplitude for quark-quark scattering. This step also matches the four-quark interactions, which
are not written out explicitly in Sec. III. Finally, we compute the amplitude for Compton scattering
to matchcEE, rEE, zEE, rBB, andzBB .

A. Energy

The energy of a heavy quark on the lattice is defined through the exponential fall-off in time of
the propagator. For small momentump the energy can be written

E = m1 +
p2

2m2
− 1

6
w4a

3
∑

i

p4
i −

(p2)
2

8m3
4

+ · · · , (4.1)

where the coefficientsm1,m2,m4 andw4 depend on the couplings in the action. Appendix A con-
tains the Feynman rule for the propagator and recalls the general formula for the energy, Eq. (A4).
By explicit calculation we find

m1a = ln(1 +m0a), (4.2)
1

m2a
=

2ζ2

m0a(2 +m0a)
+

rsζ

1 +m0a
, (4.3)

w4 =
2ζ(ζ + 6c1)

m0a(2 +m0a)
+

rsζ − 24c4
4(1 +m0a)

, (4.4)

1

m3
4a

3
=

8ζ4

[m0a(2 +m0a)]3
+

4ζ4 + 8rsζ
3(1 +m0a)

[m0a(2 +m0a)]2
+

r2
sζ

2

(1 +m0a)2

+
32ζc2

m0a(2 +m0a)
−

8z6
1 +m0a

. (4.5)

The dimension-6 and -7 couplings(c1, c4) and(c2, z6) modifyw4 andm4a, but notm1a orm2a.
To match Eq. (4.1) to the continuum QCD, one requiresm4 = m2 andw4 = 0. Fromm4 = m2

one obtains the tuning condition

16ζc2 =
4ζ4(ζ2 − 1)

[m0a(2 +m0a)]2
−
ζ3[2ζ + 4rs(1 +m0a) − 6rsζ

2/(1 +m0a)]

m0a(2 +m0a)

+
3r2

sζ
4

(1 +m0a)2
+
m0a(2 +m0a)

2(1 +m0a)

[
8z6 +

r3
sζ

3

(1 +m0a)2
−

r2
sζ

2

1 +m0a

]
. (4.6)

which (at fixedm0a) prescribes a line in the(c2, z6) plane. Fromw4 = 0 one obtains the tuning
condition

0 = ζ2 + 6ζc1 + (rsζ − 24c4)
m0a(2 +m0a)

8(1 +m0a)
, (4.7)

which (at fixedm0a) prescribes a line in the(c1, c4) plane. Asm0a → 0, both lines become
vertical: the coefficientsc1 andc2 of dimension-6 operators are fixed, whereas the coefficientsof
c4 andz6 dimension-7 operators are undetermined. At this stage it istempting to choosec4 andz6
to be two of the redundant couplings, but below we shall see that there are better choices.
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B. Background Field

To compute the interaction of a lattice quark with a continuum background field, we have to
compute vertex diagrams with one gluon attached to the quarkline. The Feynman rules are given
in Eqs. (A23) and (A24). Our Feynman rules introduce a gauge potential via

Uµ(x) = exp
[
g0Aµ(x+ 1

2
eµa)

]
, (4.8)

whereeµ is a unit vector in theµ direction, and take the Fourier transform of the gauge field to be

Aµ(x) =

∫
d4k

(2π)4
eik·xAµ(k). (4.9)

A background field would, however, lead to parallel transporters

Uµ(x) = P exp

[
g0

∫ 1

0

Aµ(x+ seµa)ds

]
. (4.10)

Equation (4.8) is a convention. If we use Eq. (4.10) instead,vertices, propagators, and external line
factors for gluons would change, in such a way that Feynman diagrams for on-shell amplitudes
end up being the same.

To use the interaction with a background classical field as a matching condition, we must
compute the currentJµ that couples to the background fieldAµ in Eq. (4.10). Current conservation
requires

k · J(k) = 0, (4.11)

wherek is the external gluon’s momentum. The usual convention forAµ(k), from Eqs. (4.8)
and (4.9), yields a current̂Jµ satisfying

k̂ · Ĵ(k) = 0, (4.12)

wherek̂µ = (2/a) sin(kµa/2). One sees, therefore, that a classical gluon line with Lorentz indexµ
must be multiplied by

nµ(k) =
k̂µ

kµ
≈ 1 −

k2
µa

2

24
. (4.13)

One should think ofnµ(k) as a wave-function factor for the external line. Its appearance has been
noted previously by Weisz [17].

In the rest of this section we match the lattice gauge theory with our new action to the expression
for the continuum gauge theory. The incoming quark’s momentum isp, the outgoingp′, and the
gluon’sK = p′ − p. The current is given by (no implied sum onµ)

Jµ = nµ(K)N (p′)ū(ξ′,p′)Λµ(p
′, p)u(ξ,p)N (p), (4.14)

whereΛµ(p
′, p) is the vertex function derived in Appendix A. The external quarks take normal-

ization factorsN as well as spinor factors [7].
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1. Chromoelectric field:µ = 4

For the interaction with the chromoelectric background field, we use the time componentJ4.
ToO(p2/m2) the current in continuum QCD is

J4 = ū(ξ′, 0)

[
1 −

K2 − 2iΣ · (K × P )

8m2

]
u(ξ, 0), (4.15)

whereP = (p′ + p)/2. After a short calculation with the new lattice action we find

J4 = ū(ξ′, 0)

[
1 −

K2 − 2iΣ · (K × P )

8m2
E

+
zEK2a2

1 +m0a

]
u(ξ, 0), (4.16)

where
1

4m2
Ea

2
=

ζ2

[m0a(2 +m0a)]2
+

ζ2cE
m0a(2 +m0a)

+
2rE

1 +m0a
. (4.17)

The correct (tree-level) matching is achieved if one adjusts

zE = 0 (4.18)

and(cE, rE) such thatmE = m2:

ζ2cE + rE
2m0a(2 +m0a)

1 +m0a
=

ζ2(ζ2 − 1)

m0a(2 +m0a)
+

rsζ
3

1 +m0a
+
r2
sζ

2m0a(2 +m0a)

4(1 +m0a)2
. (4.19)

At fixedm0a the latter prescribes a line in the(cE, rE) plane. As before, this line becomes vertical
atm0a = 0, fixing cE = 1 and leavingrE undetermined.

To obtain conditions oncEE, rEE, andzEE, we shall have to turn to Compton scattering in
Sec. IV D.

2. Chromomagnetic field:µ = i

For the interaction with the chromomagnetic background field, we use the spatial compo-
nentsJi. ToO(p3/m3) the current in continuum QCD is

Ji = −iū(ξ′, 0)

{
Pi

(
1

m
−

P 2 + 1
4
K2

2m3

)
−
Ki P · K

8m3

− εijliΣlKj

(
1

2m
−

P 2 + 1
4
K2

4m3

)
+ εijliΣlPj

P · K

4m3

}
u(ξ, 0). (4.20)

After another short calculation we find

Ji = −iū(ξ′, 0)

{
Pi

(
1

m2

−
P 2 + 1

4
K2

2m3
4

)
−
Ki P · K

8m2m
2
E

+
zEa

2Ki P · K

m2(1 +m0a)

+ 1
8
wB1

a3
[
PiK

2 −Ki P · K
]
− 1

16
wB2

a3εijlKjiΣlK
2

− 1
4
wB3

a3εijlKjPliΣ · P + 1
4
wXa

3Xi

− 2
3
w4a

3Pi(P
2
i + 1

4
K2

i ) + 1
12
w′

Ba
3εijliΣlKj(K

2
i +K2

j )

+ 1
12

(w4 + w′
4)a

3εijliΣlKj [(3P
2
i + 1

4
K2

i ) + (3P 2
j + 1

4
K2

j )]

− εijliΣlKj

(
1

2mB
−

P 2 + 1
4
K2

4m3
B′

)
+ εijliΣlPj

P · K

4m2m2
E

}
u(ξ, 0), (4.21)
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wherem2,m3
4, w4, andm2

E have been introduced already, and

1

mBa
=

1

m2a
+

(cB − rs)ζ

1 +m0a
, (4.22)

1

m3
B′a3

=
1

m3
4a

3
−
rs(rs − cB)ζ2

(1 +m0a)2
+

8(z6 − z7) + 4(r7 − z′7)

1 +m0a
, (4.23)

wB3
=

4(rs − cB)ζ3(1 +m0a)

[m0a(2 +m0a)]2
+

16(c2 − c3)ζ

m0a(2 +m0a)
+

8r7
1 +m0a

, (4.24)

wB2
= wB3

+
16z3ζ

m0a(2 +m0a)
−

8z′7
1 +m0a

, (4.25)

wB1
= wB2

−
8(r′7 − z′7)

1 +m0a
, (4.26)

w′
B =

cBζ − 4(c5 − r5)

1 +m0a
, (4.27)

w′
4 = −

rsζ − 24c4 + 16(2c5 + r5)

4(1 +m0a)
. (4.28)

The termwXa
3X is discussed below.

Comparing Eqs. (4.20) and (4.21), one sees that the first fourterms match the continuum if
m2 = m4 = mE = m. The other terms do not match unless one adjustscB = rs [7] andzE = 0
[as in Eq. (4.18)] and, furthermore, demandsw4 = w′

4 = wB1
= wB2

= wB3
= w′

B = 0:

c3 = c2 +
r7
ζ

m0a(2 +m0a)

2(1 +m0a)
, (4.29)

z3 =
r′7
ζ

m0a(2 +m0a)

2(1 +m0a)
, (4.30)

c4 = 1
24
rsζ + 1

3
cBζ + 2r5, (4.31)

c5 = 1
4
cBζ + r5, (4.32)

z7 = z6 + 1
2
(r7 − r′7), (4.33)

z′7 = r′7. (4.34)

Taken with Eqs. (4.6) and (4.7), these tuning conditions puteight constraints on the nine (non-
redundant) couplings for interactions made solely out of spatial derivatives (and, hence, chromo-
magnetic fields). To eliminatez6 from the right-hand side of Eq. (4.33), and to obtain conditions
on rBB andzBB , we shall have to turn to Compton scattering in Sec. IV D.

Equations (4.29)–(4.34) make concrete several abstract features of Sec. II. If one would like to
takec4 to be redundant in Eq. (4.6), then one cannot taker5 to be redundant here, and similarly
for z6 andr7 or r′7. Also, a mistunedc5 − r5 leads tow′

B 6= 0 and a spin-dependent contribution
[1 + 1

6
w′

Bm2a(K
2
i +K2

j )a2]εijliΣlKj/2m2. The mismatch here is suppressed byλ2 in the HQET
counting—as expected from Table II—but bya3 in the usual Symanzik counting.

The only undesired term in Eq. (4.21) not yet discussed is1
4
wXa

3Xi, where

X = (iΣ × K) P 2 − (iΣ × P ) P · K − P [iΣ · (K × P )] + (K × P ) iΣ · P , (4.35)

wX =
4rsζ

3(1 +m0a)

[m0a(2 +m0a)]2
+

16c2ζ

m0a(2 +m0a)
. (4.36)
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One cannot tunewX = 0. Fortunately, however,X = 0. A simple geometric proof is as follows:
if, by chance,P is parallel toK, then settingP ∝ K one sees that the last two terms on the
right-hand side of Eq. (4.35) vanish and the first two cancel.In the general case thatP is not
parallel toK, thenK, P , andK × P are three linearly independent vectors. But one easily sees
that

K · X = P · X = (K × P ) · X = 0; (4.37)

thus,X = 0. Such identities are very useful in simplifying expressions for the Compton scattering
amplitude.

C. Quark-quark scattering

To match the four-quark action,Sq̄qq̄q, one must work out the quark-quark scattering amplitude.
With the currentJµ derived in the previous subsection, this is a relatively simple task. The main
new ingredient is the improved gluon propagator. Fork2a2 ≪ 1, one finds [17]

Dµν(k) = nµ(k)Dcont
µν (k)nν(k)

[
1 + xa2k2

]
+O(a4), (4.38)

wherex is the redundant coupling of the pure-gauge action, cf. Appendix C and Ref. [19]. This
approximation suffices for evaluatingt-channel gluon exchange. Once the bilinear action has been
matched correctly, the lattice amplitude (using, say, Feynman gauge) is clearly merely

Alat(12 → 12) = Acont(12 → 12) + xa2taJ1 · J2t
a, (4.39)

where 1 and 2 label the scattered quark flavors, and bothta have uncontracted color indices. We
find, therefore, that the tree-level couplings ofSq̄qq̄q are, at most, proportional tox. They can be
eliminated, at the tree level, by settingx = 0, with the added benefit of simplifying the gauge
actionSD2F 2.

Note, however, that the approximation in Eq. (4.38) and, thus, Eq. (4.39), breaks down fors-
channel annihilation of heavy quarks. As discussed in Sec. II E, these interactions are suppressed
for other reasons, so the four-quark operators needed to correct them may be neglected.

D. Compton scattering

The matching of Secs. IV A–IV C leaves four non-redundant couplings of the new action un-
determined:z6, cEE, zEE, andzBB . To find four more matching conditions, we turn to Compton
scattering. We shall proceed with the gauge-action redundant couplingx = 0.

The amplitude is

Aab
lat(qg → qg) =

∑

µν

ǭ′ν(k
′)nν(k

′)M̂ab
µνǫµ(k)nµ(k), (4.40)

whereǭν andǫµ are continuum polarization vectors, and̂Mab
µν denotes the sum of Feynman dia-

grams shown in Fig. 2. The factorsnν(k
′) andnµ(k) appear in Eq. (4.40) to account for lattice

gluons. With them one can verify that
∑

pol.

ǫµ(k)nµ(k)nν(k)ǭν(k) = −Dµν(k), (4.41)
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as usual. We find it convenient to associate these factors with the diagrams and introduceMab
µν =

nν(k
′)M̂ab

µνnµ(k). Then

Mab
µν = tbtanν(k

′)N (p′)ū(ξ′,p′)Λν(p
′, q)S(q)Λµ(q, p)u(ξ,p)N (p)nµ(k)

+ tatbnν(k
′)N (p′)ū(ξ′,p′)Λµ(p′, q′)S(q′)Λµ(q′, p)u(ξ,p)N (p)nµ(k)

− 1
2
{ta, tb}nν(k

′)N (p′)ū(ξ′,p′)aXµν(p, k,−k
′)u(ξ,p)N (p)nµ(k) (4.42)

− 1
2
[ta, tb]nν(k

′)N (p′)ū(ξ′,p′)aYµν(p, k,−k
′)u(ξ,p)N (p)nµ(k),

+ tcV abc
µνσ(k,−k′,−K)Dσρ(K)nν(k

′)N (p′)ū(ξ′,p′)Λρ(p
′, p)u(ξ,p)N (p)nµ(k)

whereq = p+ k = p′ + k′, q′ = p− k′ = p′ − k,K = k − k′ = p′ − p. The propagatorS(q) and
vertex factorsΛµ,Xµν andYµν are defined in Appendix A. The gluon propagator, to the accuracy
needed, is given in Eq. (4.38), and to the same accuracy the triple-gluon vertex is (withx = 0)

V abc
µνσ(k,−k′,−K) = ifabc [nµ(k)nν(k

′)nσ(K)]
−1 {

δµν [(k + k′)σ(1 − 1
12
δµσK

2a2) + 1
12
Kσ(k2

µ − k′µ
2
)a2]

− δνσ[(k′ −K)µ(1 − 1
12
δνµk

2a2) + 1
12
kµ(k′ν

2
−K2

ν)a
2]

− δσµ[(K + k)ν(1 − 1
12
δσνk

′2a2) − 1
12
k′ν(K

2
σ − k2

σ)a2]
}
. (4.43)

Note that the factorsnσ(K), etc., arise naturally. Note also thatK · J = k · ǫ = k′ · ǭ′ = k2 =
k′2 = 0, so most of the lattice artifacts in the vertex drop out. The remaining one is necessary to
cancel a similar lattice artifact from the other diagrams, cf. Eqs. (B10) and (B11).

We may choose the polarization vectors such thatǭ′4 = ǫ4 = 0. Then we need only focus on
Mmn. We have verified thatM44 is improved by (a subset of) the improvement conditions needed
for A(qg → qg) calculated with these polarization vectors.

The present the results, let us introduce some notation. Write the momenta as

P = (p′ + p)/2, (4.44)

R = (k + k′)/2, (4.45)

K = p′ − p = k − k′, (4.46)

so q = P + R andq′ = P − R. Note thatP0 = −iP4 = 2m1 + · · · is larger than the other
momenta, andK0 = −iK4 = (p′2 −p2)/2m2 is smaller. Next separate the diagrams according to
a color decomposition,

Mab
µν = 1

2
{ta, tb}Mµν + 1

2
[ta, tb]Nµν , (4.47)

k′, b, ν

k, a, µ

p

p′ k′, b, νk′, b, ν

k′, b, ν

p′

p′ p′p pp

k, a, µ k, a, µk, a, µ

FIG. 2: Feynman diagrams for Compton scattering in lattice gauge theory.
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where the second term would be absent in an Abelian gauge theory. Finally, write

Mµν =

3∑

n=0

n∑

s=0

Rn−1−2s
0 M(n,n−1−2s)

µν , (4.48)

and similarly forNµν , where the superscript(n, r) denotes the power in1/m andR0.
Most of these terms are well-matched with Eqs. (4.18), (4.19), (4.29)–(4.34). New matching

conditions come fromM(3,2)
mn , N (3,2)

mn , M(3,0)
mn , andN (3,0)

mn . The(n, r) = (3, 2) amplitudes are

M(3,2)
mn =

δmn

4m3
EE

+
2a3zEEδmn

1 +m0a
, (4.49)

N (3,2)
mn =

εmniiΣi

4m3
EE

, (4.50)

where

1

m3
EEa

3
=

8[ζ + 1
2
cEζm0a(2 +m0a)]

2

[m0a(2 +m0a)]3
+

4ζ2

[m0a(2 +m0a)]2

+
16cEEζ

m0a(2 +m0a)(1 +m0a)
+

8(cEEζ + rEE)

1 +m0a
. (4.51)

To match to continuum QCD one requires

zEE = 0 (4.52)

and the adjustment of(cEE, rEE) so thatmEE = m2. As with, say,(cE, rE), at fixedm0a the latter
prescribes a line in the(cEE, rEE) plane, which becomes vertical atm0a = 0, fixing cEE = −1

8
and leavingrEE undetermined.

The(n, r) = (3, 0) amplitudes are

M(3,0)
mn = M(3,0)

mn

∣∣
matched

−
2a3

em1a
(zBB + z6 + r7 − rBB − z′7)Mmn, (4.53)

Mmn = δmn(R2 − 1
4
K2) − (Rm − 1

2
Km)(Rn + 1

2
Kn), (4.54)

N (3,0)
mn = N (3,0)

mn

∣∣
matched

−
2a3

em1a
(z6 + r7 − rBB − z′7)Nmn, (4.55)

Nmn = εmnr(RriΣ · R − 1
4
KriΣ · K) − 1

2
(iΣnεmrs + iΣmεnrs)RrKs, (4.56)

where “matched” denotes terms (spelled out in Appendix B) that already match, if the conditions
derived so far are applied. Equations (4.53) and (4.55) yield the new conditions

zBB + z6 − z′7 = rBB − r7, (4.57)

z6 − z′7 = rBB − r7. (4.58)

Solving these, and notingz′7 = r′7 [Eq. (4.34)], we find

zBB = 0, (4.59)

z6 = rBB + r′7 − r7, (4.60)

which completes the set of conditions needed to match the newlattice action.
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E. Matching Summary

Equations (4.6), (4.7), (4.31)–(4.34), (4.59), and (4.60)can now be combined to yield

6ζc1 = −ζ2 + (cBζ + 6r5)
m0a(2 +m0a)

1 +m0a
, (4.61)

16ζc2 =
4ζ4(ζ2 − 1)

[m0a(2 +m0a)]2
−
ζ3[2ζ + 4rs(1 +m0a) − 6rsζ

2/(1 +m0a)]

m0a(2 +m0a)
(4.62)

+
3r2

sζ
4

(1 +m0a)2
+
m0a(2 +m0a)

2(1 +m0a)

[
8(rBB + r′7 − r7) +

r3
sζ

3

(1 +m0a)2
−

r2
sζ

2

1 +m0a

]
,

c3 = c2 +
r7
ζ

m0a(2 +m0a)

2(1 +m0a)
+

(rs − cB)ζ2(1 +m0a)

4m0a(2 +m0a)
, (4.63)

c4 = 1
24
rsζ + 1

3
cBζ + 2r5, (4.64)

c5 = 1
4
cBζ + r5, (4.65)

z3 =
r′7
ζ

m0a(2 +m0a)

2(1 +m0a)
, (4.66)

z6 = rBB + r′7 − r7, (4.67)

z7 = rBB − 1
2
(r7 − r′7), (4.68)

z′7 = r′7, (4.69)

zBB = 0, (4.70)

To run a numerical simulation, we would like to have as few newcouplings as possible. The
matching calculations verified the presence of several redundant directions. We may, therefore,
take

r5 = r7 = r′7 = rBB = 0 (4.71)

to all orders in perturbation theory. Hence

cB = rs, (4.72)

c1 = −1
6
ζ + cB

m0a(2 +m0a)

6(1 +m0a)
, (4.73)

c2 = c3 =
ζ3(ζ2 − 1)

[2m0a(2 +m0a)]2
−
ζ2[ζ + 2rs(1 +m0a) − 3rsζ

2/(1 +m0a)]

8m0a(2 +m0a)

+
3r2

sζ
3

16(1 +m0a)2
+
m0a(2 +m0a)r

2
sζ

32(1 +m0a)2

[
rsζ

1 +m0a
− 1

]
, (4.74)

c4 = 1
24
rsζ + 1

3
cBζ, (4.75)

c5 = 1
4
cBζ, (4.76)

and
z3 = z6 = z7 = z′7 = zBB = 0. (4.77)

From the chromoelectric interactions we requiremE = m2 andmEE = m2, whence

cE =
ζ2 − 1

m0a(2 +m0a)
+

rsζ

1 +m0a
+
r2
sm0a(2 +m0a)

4(1 +m0a)2
−
rE

ζ2

2m0a(2 +m0a)

1 +m0a
, (4.78)
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cEE[2 +m0a(2 +m0a)] =
ζ(ζ2 − 1)(1 +m0a)

[m0a(2 +m0a)]2
+
cEζ(ζ

2 − 1)(1 +m0a)

m0a(2 +m0a)

+
ζ(rsζ − 1 −m0a)

2m0a(2 +m0a)
+ 1

2
rscEζ

2 + 2rEζ −
1
4
c2Eζ(1 +m0a)

+
rsrEm0a(2 +m0a)

1 +m0a
−
rEE

ζ
m0a(2 +m0a), (4.79)

and we also find
zE = zEE = 0. (4.80)

Without loss one may set the redundantrE = rEE = 0 to simplify the action and Eqs. (4.78)
and (4.79).

In summary, of the nineteen new couplings in Eqs. (3.5)–(3.7), we find onlysix that are non-
zero at tree-level matching. Moreover, once the bilinear action has been matched, and the redun-
dant gauge couplingx = 0, the only non-zero four-quark interaction would correspond to (highly
suppressed)QQ̄ annihilation. In the next section we shall examine the size of the remaining un-
certainties, to justify that this level of matching suffices.

V. ERRORS FROM TRUNCATION

In this section we give a semi-quantitative analysis of heavy-quark discretization effects with
the new action. Our aim is to study the accuracy needed in matching lattice gauge theory to
continuum QCD. Several elements are needed. First, we need estimates of the mismatch at short
distances. This is straightforward, because the calculations of Sec. IV can be applied to work out
how large the mismatch is for the unimproved action. Second,we need estimates of the long-
distance effects, which is possible parametrically, by counting powers ofΛ andυ. Finally, the size
of discretization effects depends on the lattice spacing (obviously) so we must note the range that
is tractable today and in the near future.

The error analysis is convenient using the non-relativistic description. Heavy-quark effects of
operators that are related as in Eqs. (2.14) and (2.15) are lumped into one short-distance coeffi-
cientClat

i . In Sec. IV the short-distance coefficients are1/2m2, 1/2mB, 1/4m2
E, 1/8m3

4, w4, wB,
etc. In the corresponding continuum short-distance coefficientsCcont

i , these masses are replaced
with a single massmQ. To eliminate discretization effects from the kinetic energy, one should
identifymQ with m2.

Comparison of Eqs. (2.5) and (2.6) then says that heavy-quark discretization effects take the
form

errori =
(
Clat

i − Ccont
i

)
〈Oi〉. (5.1)

See Refs. [11, 12] for further details, and Ref. [31] for the application of this technique for com-
paring several heavy-quark formalisms. We estimate the matrix elements〈Oi〉 using the power
counting of HQET and NRQCD for heavy-light hadrons and quarkonium, respectively. The power
of λ or υ is listed in Table III. The coefficient mismatch is calculated in Sec. IV, where explicit
expressions show how the mismatch depends on the new couplings. In particular, when the new
couplings vanish, we have the mismatch for the Wilson and clover actions.

Explicit calculations of the mismatch at higher orders of perturbation theory are not yet avail-
able. (They would be tantamount to higher-loop matching.) Nevertheless, the asymptotic behavior
remains constrained, by the Symanzik LEL whenmQa ≪ 1, and by heavy-quark symmetry even
whenmQa 6≪ 1. It turns out that the most pessimistic asymptotic behaviorfor 1/2mB, 1/4m2

E,
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etc., is the same at higher orders as in the tree level formulas in Sec. IV. It seems reasonable,
therefore, to multiply the tree-level mismatch withαl

s to estimate thel-loop mismatch. We do so
with αs = 0.25, which is generously larger than the Brodsky-Lepage-Mackenzie coupling [32]
calculated for similar quantities. For example, for improved currents one findsαV (q∗) ≈ 0.16 at
6.0 < β < 6.2 in the quenched approximation [33].

The resulting estimates for the mismatch of rotationally symmetric operators are shown in
Fig. 3, as a function of the lattice spacinga. We show the relative error in mass splittings. The
left set of plots uses HQET power counting, for heavy-light hadrons, while the right set of plots
uses NRQCD power counting, for quarkonia. The red (blue) curves show the estimate for hadrons
containingc (b) quarks. The dotted curves show the error when the corresponding correction term
is omitted completely, i.e., the errors in the Wilson action. The dashed (solid) curves show the
estimate of the error for tree-level (one-loop) matching. The vertical lines highlighta = 0.125 fm,
0.09 fm, 0.06 fm and0.045 fm, corresponding to the ensembles of gauge fields withnf = 2 + 1
flavors from the MILC collaboration [34].
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FIG. 3: Relative truncation errors for the new action. Red curves forc quarks; blue forb. Dotted curves show
the error when the contribution is unimproved. Dashed and solid curves show the error for tree-level and
one-loop matching, respectively, of the needed operators.Λ = 1 GeV,mc = 1250 MeV, mb = 4000 MeV;
v2
c̄c = 0.3, v2

b̄b
= 0.1. Vertical lines show lattice spacings available with the MILC ensembles [34].
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To drive the each contribution to heavy-quark discretization effects below 1%, we find that one-
loop matching is necessary forcB, the coupling of the chromomagnetic clover term. Tree-level
matching is sufficient for the chromoelectric clover couplingcE, though one-loop matching would
be desirable for charmonium and charmed hadrons. The lowestplots, labeled “from1/8m3

4” are
for the relativistic correction terms, with couplingsc2 andz6. They also apply to1/8m3

B′ and the
related chromomagnetic couplingsc3 andz7. The one-loop mismatches of four-quark interactions
are suppressed not only by a loop factor, but also byλ2 or υ2, so they should fall below 1% too.

Similar results for operators that break rotational symmetry are shown in Fig. 4. To drive these
contributions to heavy-quark discretization effects below 1%, we again find it sufficient to tune the
couplings of the new action at the tree level.

In tree level improvement, one should avoid choices where itis known that one-loop corrections
from tadpole diagrams will be large [35]. Therefore, we envision following some sort of tadpole
improvement. In the action, write each link matrix asu0[Uµ/u0] and absorb all but one pre-factor
of u0 into a tadpole-improved coupling̃ci andr̃i. Then apply the conditions of Sec. IV tõci andr̃i

instead ofci andri, and take theu0 factors in the denominator from the Monte Carlo simulation.
There are some other noteworthy features of Figs. 3 and 4. FormQa ≪ 1, the discretization
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FIG. 4: Relative truncation errors for the new action, from discretization effects that break rotational sym-
metry. The curves have the same meaning as in Fig. 3.
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effects vanish as a power ofa, as one would deduce from the Symanzik effective field theory.
Because we identifym2 with the mass in theCcont

i , the powers ofa are balanced byΛ, notmQ.
Had we identifiedm1 with the continuum mass, errors of order(mQa)

n would have appeared. For
mQa ∼ 1, the curves flatten out. The error cannot grow without bound,because of the heavy-quark
symmetries of the Wilson action and our improvements to it. Indeed, the curves for theb quark are
usually lower than those for thec quark, because the curve flattens at smallera. (Corrections from
1/8m3

4 and Fig. 4 are larger in bottomonium than charmonium.) This bodes well for calculations
relevant to the CKM matrix.

VI. CONCLUSIONS

In this paper we have presented the formalism and explicit calculations needed to define a new
lattice action for heavy quarks. Our aim was to obtain an action whose discretization errors would
be . 1% at currently available lattice spacings. Combining our matching calculations, power
counting, and the heavy-quark theory of discretization effects, we have argued that the proposed
action should meet its target. Setting to zero the redundantcouplings and those that vanish when
matched at the tree level, our action can be writtenS = S0 + SB + SE + Snew, where

Snew = c1a
6
∑

x

ψ̄(x)
∑

i

γiDilat△ilatψ(x) + c2a
6
∑

x

ψ̄(x){γ · Dlat,△
(3)
lat}ψ(x)

+ c3a
6
∑

x

ψ̄(x){γ · Dlat, iΣ · Blat}ψ(x) + cEEa
6
∑

x

ψ̄(x){γ4D4lat,α · Elat}ψ(x)

+ c4a
7
∑

x

ψ̄(x)
∑

i

△i
2
latψ(x) + c5a

7
∑

x

ψ̄(x)
∑

i

∑

j 6=i

{iΣiBilat,△j lat}ψ(x). (6.1)

The new action has six additional nonzero couplings, which depend on the couplings inS0 +SB +
SE according to Eqs. (4.73)–(4.76) and (4.79). To achieve 1% accuracy,SB must be, andSE could
well be, matched at the one-loop level [36].

Another lattice action achieves similar accuracy for charmed quarks, namely the highly-
improved staggered quark (HISQ) action [37]. Our approach is computationally more demanding
than HISQ. Its advantage, however, is the intriguing resultthat our discretization errors for bottom
quarks aresmaller than for charmed quarks. That means that experience with charmed hadrons
and charmonium can inform analogous calculation of properties ofb-flavored hadrons.

Finally, we note that there is tension between the most accurate calculation of theDs meson
decay constant,fDs

[38], which uses HISQ, and experimental measurements [39].Our action is a
candidate for the charmed quark in a cross-check of the HISQfDs

, because its discretization errors
can be expected to be small enough to strengthen or dissipatethe disagreement, while possessing
different systematic errors.
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APPENDIX A: FEYNMAN RULES

In this Appendix we present Feynman rules for the new action needed to carry out the matching
calculations of Sec. IV. These are the quark and gluon propagators and three- and four-point
vertices. The corresponding Feynman diagrams are shown in Fig. 5.

The quark propagator [Fig. 5(a)] is modified only throughc2, c1, z6, andc4. It reads

aS−1(p) = iγ4 sin(p4a) + iγ · K(p) + µ(p) − cos(p4a) (A1)

where

Ki(p) = sin(pia)
[
ζ − 2c2p̂

2a2 − c1p̂
2
i a

2
]

(A2)

µ(p) = 1 +m0a+ p̂2a2
[

1
2
rsζ + z6p̂

2a2
]
+ c4

∑

i

(p̂ia)
4 (A3)

The tree-level mass shell isp4 = iE, where the energy satisfies

coshEa =
1 + µ2 + K2

2µ(p)
. (A4)

Incoming external fermion lines receive factorsu(ξ,p)N (p) or v(ξ,p)N (p), where

N (p) =

(
L

µ(p) sinhE

)1/2

, (A5)

u(ξ,p) =
L+ sinhE − iγ · K√

2L(L+ sinhE)
u(ξ, 0), (A6)

v(ξ,p) =
L+ sinhE + iγ · K√

2L(L+ sinhE)
v(ξ, 0), (A7)

L = µ(p) − coshE; γ4u(ξ, 0) = u(ξ, 0), γ4v(ξ, 0) = −v(ξ, 0). Outgoing external fermion lines
receive factorsN (p)ū(ξ,p) orN (p)v(ξ,p), whereū(ξ,p) = u†(ξ,p)γ4, v̄(ξ,p) = v†(ξ,p)γ4.

The gluon propagator [Fig. 5(b)] is not easy to express in closed form. We refer the reader to
two papers of Weisz for details [17] and a correction [18] forthe propagator on isotropic lattices.
The improved vertex is in Ref. [18].

Now let us turn to vertices with one [Fig. 5(c)–(d)] or two [Fig. 5(e)–(g)] gluons attached to a
quark line. The new terms in the bilinear part of the action are all built from difference and clover
operators that already appear inS0 +SB +SE. Consequently, the new terms in the Feynman rules
for these vertices can be obtained using the chain rule.

The difference operators are given in Eqs. (3.8)–(3.10). Tosimplify notation, let us drop the
subscript “lat” in this Appendix. One-gluon vertices need

Dρ
a
,µ(P, k) =

∂Dρ

∂Aa
µ(k)

= g0t
aδρµ cos[(P + 1

2
k)µa], (A8)

△ρ
a
,µ(P, k) =

∂△ρ

∂Aa
µ(k)

= g0t
aδρµ(2i/a) sin[(P + 1

2
k)µa], (A9)

Fρσ
a
,µ(k) =

∂Fρσ

∂Aa
µ(k)

= g0t
a cos 1

2
kµa [δµσiSρ(k) − δµρiSσ(k)] . (A10)
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It is convenient to write out the chromomagnetic and chromoelectric cases of Eq. (A10):

Bi
a
,m(k) =

∂Bi

∂Aa
m(k)

= −g0t
a cos(1

2
kma)εmriiSr(k), (A11)

Ei
a
,m(k) =

∂Ei

∂Aa
m(k)

= g0t
a cos(1

2
kma)δmiiS4(k), (A12)

(g)

p

j i
p′

m, a

k

n, b

l

(f)

p

j i
p′

4, a

k

m, b

l

(e)

p

j i
p′

4, a

k

4, b

l

(a)

p

j i

(b)

k

a b

(c)

p

j i
p′

4, a

k

(d)

p

j i
p′

m, a

k

FIG. 5: Feynman rules for the actionS given by Eqs. (3.1)–(3.7).
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Ei
a
,4(k) =

∂Ei

∂Aa
4(k)

= −g0t
a cos(1

2
k4a)iSi(k), (A13)

sinceBi = 1
2
εijkFjk andEi = F4i appear in Eq. (3.1). Two-gluon vertices need

Dρ
ab
,µν(P, k, l) =

∂2Dρ

∂Aa
µ(k)∂Ab

ν(l)
= g2

0
1
2
{ta, tb}δµνδρµai sin[(P + 1

2
K)µa], (A14)

△ρ
ab
,µν(P, k, l) =

∂2△ρ

∂Aa
µ(k)∂Ab

ν(l)
= g2

0
1
2
{ta, tb}δµνδρµ2 cos[(P + 1

2
K)µa], (A15)

whereK = k + l. For the clover operator it is convenient to introduce

Cµν(k, l) = 2 cos 1
2
(k + l)µa cos 1

2
lµa cos 1

2
(k + l)νa cos 1

2
kνa− cos 1

2
kµa cos 1

2
lνa. (A16)

Then one has (K = k + l)

Fρσ
ab
,µν(k, l) =

∂2Fρσ

∂Aa
µ(k)∂Ab

ν(l)
= g2

0[t
a, tb]

{
(δµρδνσ − δµσδνρ)Cµν(k, l) (A17)

− 1
4
δµνa

2K̂µ [δµρ (Sσ(k) − Sσ(l)) − δµσ (Sρ(k) − Sρ(l))]
}
,

Bi
ab
,mn(k, l) =

∂2Bi

∂Aa
m(k)∂Ab

n(l)
= g2

0[t
a, tb]

{
εmniCmn(k, l) − 1

4
δmnεmria

2K̂m [Sr(k) − Sr(l)]
}
,

(A18)

Ei
ab
,mn(k, l) =

∂2Ei

∂Aa
m(k)∂Ab

n(l)
= g2

0[t
a, tb]1

4
δmnδmia

2K̂m [S4(k) − S4(l)] , (A19)

Ei
ab
,4n(k, l) =

∂2Ei

∂Aa
4(k)∂A

b
n(l)

= g2
0[t

a, tb]δniC4n(k, l), (A20)

Ei
ab
,44(k, l) =

∂2Ei

∂Aa
4(k)∂A

b
4(l)

= −g2
0[t

a, tb]1
4
a2K̂4 [Si(k) − Si(l)] . (A21)

The Feynman rules for one gluon are then

Fig. 5(c, d) = −g0t
a
ijΛµ(p′, p), (A22)

with

Λ4(p
′, p) = γ4 cos[1

2
(p′ + p)4a] − i sin[1

2
(p′ + p)4a] + i

2
cEζaα · S(k) cos(1

2
k4a)

+ irEa
2γ4Σ · {S(k) × [S(p′) + S(p)]} cos(1

2
k4a)

− (rE − zE)a2γ4S(k) · [S(p′) − S(p)] cos(1
2
k4a)

+ cEEa
2γ · S(k) [S4(p

′) − S4(p)] cos(1
2
k4a), (A23)

Λm(p′, p) = ζγm cos[1
2
(p′ + p)ma] − irsζ sin[1

2
(p′ + p)ma]

− 1
2
cBζaεmriΣiSr(k) cos(1

2
kma) −

i
2
cEζaαmS4(k) cos(1

2
kma)

− irEa
2εmriΣiγ4S4(k) [Sr(p

′) + Sr(p)] cos(1
2
kma)

+ (rE − zE)a2γ4S4(k) [Sm(p′) − Sm(p)] cos(1
2
kma)
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− c2a
2
{
γm cos[1

2
(p′ + p)ma]

(
p̂′

2
+ p̂2

)
+ γ · [S(p′) + S(p)] ̂(p′ + p)m

}

− 1
2
c1a

2γm

{
cos[1

2
(p′ + p)ma]

(
p̂′m

2
+ p̂2

m

)
+ [Sm(p′) + Sm(p)] ̂(p′ + p)m

}

− c3a
2εmriγ4γ5Sr(k) [Si(p

′) + Si(p)] cos(1
2
kma)

+ (c3 − z3)a
2γ · S(k) [Sm(p′) − Sm(p)] cos(1

2
kma)

− (c3 − z3)a
2γmS(k) · [S(p′) − S(p)] cos(1

2
kma)

− cEEa
2γmS4(k) [S4(p

′) − S4(p)] cos(1
2
kma)

− iz6a
3 ̂(p′ + p)m

(
p̂′

2
+ p̂2

)

− ic4a
3 ̂(p′ + p)m

(
p̂′m

2
+ p̂2

m

)

− (z7 + c5)a
3εmriΣiSr(k)

(
p̂′

2
+ p̂2

)
cos(1

2
kma)

+ c5a
3εmriΣiSr(k)

(
p̂′

2

i + p̂2
i

)
cos(1

2
kma)

+ r5a
3εmriΣiSr(k) [Si(p

′)Si(p)] cos(1
2
kma)

+ (r7 − z′7 − r5)a
3εmriΣiSr(k) [S(p′) · S(p)] cos(1

2
kma)

− r7a
3εmri [Si(p

′)Σ · S(p) + Si(p)Σ · S(p)]Sr(k) cos(1
2
kma)

+ i(r7 − r′7)a
3 [Sm(p′)S(p) · S(k) − Sm(p)S(p′) · S(k)] cos(1

2
kma). (A24)

In ther5 andz′7 terms, Eq. (3.11) has been assumed. If instead one prefers Eq. (3.12) then replace

[Sj(p
′)Sj(p)] →

[
cos(1

2
kja)p̂

′
j p̂j

]
.

Both choices have the same effect on Eq. (4.21).
The two-gluon rules are

Fig. 5(e, f, g) = −1
2
g2
0{t

a, tb}ijaXµν(p, k, l) −
1
2
g2
0[t

a, tb]ijaYµν(p, k, l), (A25)

with

Xmn(p, k, l) = iζδmnγm sin(1
2
sma) − rsζδmn cos(1

2
sma)

− 2rEaεmniγ4Σi

[
cos(1

2
sna) cos(1

2
kna) cos(1

2
kma)S4(k)

− cos(1
2
sma) cos(1

2
lma) cos(1

2
lna)S4(l)

]

+ i(rE − zE)a2γ4δmn sin(1
2
sma) [Sm(k)S4(k) + Sm(l)S4(l)]

+ 4ic2γm

[
cos(1

2
sma) cos(1

2
lma) sin(1

2
sna) cos(1

2
kna)

+ sin(1
2
sma) sin(1

2
lma) cos(1

2
sna) sin(1

2
kna)

]

+ 4ic2γn

[
sin(1

2
sma) cos(1

2
lma) cos(1

2
sna) cos(1

2
kna)

+ cos(1
2
sma) sin(1

2
lma) sin(1

2
sna) sin(1

2
kna)

]

+ 2ic2aδmn cos(1
2
sma) γ · [S(p′) + S(p)]

− ic2a
2δmnγm sin(1

2
sma)

(
p̂′

2
+ p̂2

)

+ ic1aδmnγmŝm

[
4 cos(1

2
sma) cos(1

2
kma) cos(1

2
lma) − 1

]

+ 2ic3εmnrγ4γ5

[
sin(lra) cos(1

2
sma) cos(1

2
lma) cos(1

2
lna)
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− sin(kra) cos(1
2
sna) cos(1

2
kna) cos(1

2
kma)

]

+ 2i(c3 − z3)a
{
[δmnγ · S(l) − γnSm(l)] sin(1

2
sma) sin(1

2
lma) cos(1

2
lna)

+ [δmnγ · S(k) − γmSn(k)] sin(1
2
sna) sin(1

2
kna) cos(1

2
kma)

}

− 8z6
[
sin(1

2
sma) cos(1

2
lma) sin(1

2
sna) cos(1

2
kna)

− cos(1
2
sma) sin(1

2
lma) cos(1

2
sna) sin(1

2
kna)

]

− 2z6a
2δmn cos(1

2
sma)

(
p̂′

2
+ p̂2

)

− 2c4a
2δmn

{
cos(1

2
sma)

(
p̂′

2

m + p̂2
m

)
+ cos[1

2
(k − l)ma]ŝ

2
m − k̂ml̂m

}

+ 2i(z7 + c5)a
2Σi

[
ŝnεmriSr(k) cos(1

2
kma) cos(1

2
kna)

+ ŝmεnriSr(l) cos(1
2
lna) cos(1

2
lma)

]

+ 2ic5a
2εmnr

[
ŝnΣnSr(k) cos(1

2
kma) cos(1

2
kna)

− ŝmΣmSr(l) cos(1
2
lna) cos(1

2
lma)

]

+ ir5a
2εmnr {ΣnSn(s)Sr(k) − ΣmSm(s)Sr(l)} cos(1

2
kma) cos(1

2
lna)

+ ir7a
2ΣnεmriSr(k)

{
[Si(p

′) + Si(p)] cos(1
2
sna) cos(1

2
kna)

+ [Si(p
′) − Si(p)] sin(1

2
sna) sin(1

2
kna)

}
cos(1

2
kma)

+ ir7a
2ΣmεnriSr(l)

{
[Si(p

′) + Si(p)] cos(1
2
sma) cos(1

2
lma)

+ [Si(p
′) − Si(p)] sin(1

2
sma) sin(1

2
lma)

}
cos(1

2
lna)

− ir7a
2εmnrSr(k)Σ ·

{
[S(p′) + S(p)] cos(1

2
sna) cos(1

2
kna)

+ [S(p′) − S(p)] sin(1
2
sna) sin(1

2
kna)

}
cos(1

2
kma)

+ ir7a
2εmnrSr(l)Σ ·

{
[S(p′) + S(p)] cos(1

2
sma) cos(1

2
lma)

+ [S(p′) − S(p)] sin(1
2
sma) sin(1

2
lma)

}
cos(1

2
lna)

+ i(z′7 + r5 − r7)a
2εmriSn(s)ΣiSr(k) cos(1

2
kma) cos(1

2
lna)

+ i(z′7 + r5 − r7)a
2εnriSm(s)ΣiSr(l) cos(1

2
kma) cos(1

2
lna)

− (r′7 − r7)a
2Sn(k) [Sm(p′) − Sm(p)] cos(1

2
sna) cos(1

2
kna) cos(1

2
kma)

− (r′7 − r7)a
2Sm(l) [Sn(p′) − Sn(p)] cos(1

2
sma) cos(1

2
lma) cos(1

2
lna)

− (r′7 − r7)a
2Sn(k) [Sm(p′) + Sm(p)] sin(1

2
sna) sin(1

2
kna) cos(1

2
kma)

− (r′7 − r7)a
2Sm(l) [Sn(p′) + Sn(p)] sin(1

2
sma) sin(1

2
lma) cos(1

2
lna)

+ (r′7 − r7)a
2δmnS(k) · [S(p′) − S(p)] cos(1

2
sma) cos2(1

2
kma)

+ (r′7 − r7)a
2δmnS(l) · [S(p′) − S(p)] cos(1

2
sma) cos2(1

2
lma)

+ 1
4
(r′7 − r7)a

4δmnŝm {Sm(k)S(k) + Sm(l)S(l)} · [S(p′) + S(p)]

+ 2(rBB − zBB)a2 [δmnS(k) · S(l) − Sm(l)Sn(k)] cos(1
2
kma) cos(1

2
lna)

− 2(rEE + zEE)a2δmnS4(k)S4(l) cos(1
2
kma) cos(1

2
lna), (A26)

where nowp′ = p+ k + l, ands = p′ + p = 2p+ k + l;

X44(p, k, l) = iγ4 sin[1
2
(p′ + p)4a] − cos[1

2
(p′ + p)4a]

+ icEEa
2 [γ · S(k)S4(k) + γ · S(l)S4(l)] sin[1

2
(p′ + p)4a]

− 2(rEE + zEE)a2S(k) · S(l) cos(1
2
k4a) cos(1

2
l4a), (A27)
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X4m(p, k, l) = −2rEaεmriγ4ΣiSr(k) cos(1
2
sma) cos(1

2
k4a) cos(1

2
kma)

− i(rE − zE)a2γ4k̂
2
m sin(1

2
sma) cos(1

2
k4a) cos(1

2
kma)

− icEEa
2γml̂

2
4 sin[1

2
(p′ + p)4a] cos(1

2
l4a) cos(1

2
lma)

+ 2(rEE + zEE)a2Sm(k)S4(l) cos(1
2
k4a) cos(1

2
lma), (A28)

Ymn(p, k, l) = −icBζΣiC̄mni(k, l) −
1
4
cEζa

2δmnαmK̂m [S4(k) − S4(l)]

− 1
2
rEa

3εmniγ4Σi

[
ŝnk̂nS4(k) cos(1

2
kma) + ŝml̂mS4(l) cos(1

2
lna)

]

− 1
2
rEa

3δmnεmriγ4ΣiK̂m[Sr(p
′) + Sr(p)][S4(k) − S4(l)]

+ 2i(rE − zE)aδmnγ4

[
S4(k) cos2(1

2
kma) − S4(l) cos2(1

2
lma)

]
cos(1

2
sma)

− i
2
(rE − zE)a3γ4δmnK̂m[Sm(p′) − Sm(p)][S4(k) − S4(l)]

− 4ic2γm

[
cos(1

2
sma) cos(1

2
lma) cos(1

2
sna) sin(1

2
kna)

+ sin(1
2
sma) sin(1

2
lma) sin(1

2
sna) cos(1

2
kna)

]

+ 4ic2γn

[
cos(1

2
sna) cos(1

2
kna) cos(1

2
sma) sin(1

2
lma)

+ sin(1
2
sna) sin(1

2
kna) sin(1

2
sma) cos(1

2
lma)

]

− 2c1δmniγm cos[(p′ + p)ma] sin[1
2
(k − l)ma]

− 2ic3aγ4γ5C̄mni(k, l)[Si(p
′) + Si(p)]

− i
4
c3a

3γ4γ5εmnr

[
k̂rk̂nŝn cos(1

2
kma) + l̂r l̂mŝm cos(1

2
lna)

]

− 2i(c3 − z3)a
(
Cmn(k, l) {γm[Sn(p′) − Sn(p)] − γn[Sm(p′) − Sm(p)]}

+ 1
4
δmna

2K̂m[Sm(p′) − Sm(p)]γ · [S(k) − S(l)]

− 1
4
δmnγma

2K̂m[S(p′) − S(p)] · [S(k) − S(l)]

+ [δmnγ · S(l) − γnSm(l)] cos(1
2
sma) cos(1

2
lma) cos(1

2
lna)

− [δmnγ · S(k) − γmSn(k)] cos(1
2
sna) cos(1

2
kna) cos(1

2
kma)

)

+ i
2
cEEa

3γmδmnK̂m [S4(p
′) − S4(p)] [S4(k) − S4(l)]

− 2z6a
2
[
cos(1

2
sma)l̂mŝn cos(1

2
kna) − cos(1

2
sna)k̂nŝm cos(1

2
lma)

]

+ 4c4δmn sin[(p′ + p)ma] sin[1
2
(k − l)ma]

− 2i(z7 + c5)a
2Σi

[
εmriSr(k)k̂n cos(1

2
sna) cos(1

2
kma)

− εnriSr(l)l̂m cos(1
2
sma) cos(1

2
lna) + C̄mni(k, l)

(
p̂′

2
+ p̂2

)]

− 2ic5a
2εmnr

[
ΣnSr(k)k̂n cos(1

2
sna) cos(1

2
kma)

+ ΣmSr(l)l̂m cos(1
2
sma) cos(1

2
lna)

]

+ 2ic5a
2Σi

(
p̂′

2

i + p̂2
i

)
C̄mni(k, l)

+ ir5a
2εmnrΣn

[
K̂n cos(1

2
lna) − l̂n sin2(1

2
sna)

}
Sr(k) cos(1

2
kma)

+ ir5a
2εmnrΣm

[
K̂m cos(1

2
kma) − k̂m sin2(1

2
sma)

}
Sr(l) cos(1

2
lna)
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+ 2ir5a
2ΣiSi(p

′)Si(p)C̄mni(k, l)

+ ir7a
2ΣnεmriSr(k)

{
[Si(p

′) − Si(p)] cos(1
2
sna) cos(1

2
kna)

+ [Si(p
′) + Si(p)] sin(1

2
sna) sin(1

2
kna)

}
cos(1

2
kma)

− ir7a
2ΣmεnriSr(l)

{
[Si(p

′) − Si(p)] cos(1
2
sma) cos(1

2
lma)

+ [Si(p
′) + Si(p)] sin(1

2
sma) sin(1

2
lma)

}
cos(1

2
lna)

− ir7a
2εmnrSr(k)

{
Σ · [S(p′) − S(p)] cos(1

2
sma) cos(1

2
kma)

+ Σ · [S(p′) + S(p)] sin(1
2
sma) sin(1

2
kma)

}
cos(1

2
kma)

− ir7a
2εmnrSr(l)

{
Σ · [S(p′) − S(p)] cos(1

2
sna) cos(1

2
lna)

+ Σ · [S(p′) + S(p)] sin(1
2
sna) sin(1

2
lna)

}
cos(1

2
lna)

− 2ir7a
2
Σ · [S(p′)Si(p) + S(p)Si(p

′)] C̄mni(k, l)

+ i(z′7 + r5 − r7)a
2εmriSr(k)Σi

{
K̂n cos(1

2
lna) − l̂n sin2(1

2
sna)

}
cos(1

2
kma)

− i(z′7 + r5 − r7)a
2εnriSr(l)Σi

{
K̂m cos(1

2
kma) − k̂m sin2(1

2
sma)

}
cos(1

2
lna)

− 2i(z′7 + r5 − r7)a
2ΣiS(p′) · S(p)C̄mni(k, l)

− (r′7 − r7)a
2 [Sm(p′) + Sm(p)]Sn(k) cos(1

2
sna) cos(1

2
kna) cos(1

2
kma)

+ (r′7 − r7)a
2 [Sn(p′) + Sn(p)]Sm(l) cos(1

2
sma) cos(1

2
lma) cos(1

2
lna)

− (r′7 − r7)a
2 [Sm(p′) − Sm(p)]Sn(k) sin(1

2
sna) sin(1

2
kna) cos(1

2
kma)

+ (r′7 − r7)a
2 [Sn(p′) − Sn(p)]Sm(l) sin(1

2
sma) sin(1

2
lma) cos(1

2
lna)

+ (r′7 − r7)a
2δmnS(k) · [S(p′) + S(p)] cos(1

2
sna) cos2(1

2
kna)

− (r′7 − r7)a
2δmnS(l) · [S(p′) + S(p)] cos(1

2
sma) cos2(1

2
lma)

+ 1
4
(r′7 − r7)a

4δmnŝm {Sm(k)S(k) − Sm(l)S(l)} · [S(p′) − S(p)]

+ 2(r′7 − r7)a
2 [Sm(p′)Sn(p) − Sm(p)Sn(p′)]Cmn(k, l)

− 1
2
(r′7 − r7)a

4δmnK̂m [Sm(p′)S(p) − Sm(p)S(p′)] · [S(k) − S(l)]

+ irBBa
2εmnr [Sr(k)Σ · S(l) + Sr(l)Σ · S(k)] cos(1

2
kma) cos(1

2
lna)

+ irBBa
2 (Σmεnri + Σnεmri)Sr(k)Si(l) cos(1

2
kma) cos(1

2
lna)

− 2irEEa
2εmniΣiS4(k)S4(l) cos(1

2
kma) cos(1

2
lna), (A29)

whereC̄mni(k, l) = εmniCmn(k, l) − 1
4
δmnεmria

2K̂m[Sr(k) − Sr(l)];

Y44(p, k, l) = 1
2
cEζaα · [S(k) − S(l)] sin[1

2
(k + l)4a]

− rEa
2γ4Σ · {[S(p′) + S(p)] × [S(k) − S(l)]} sin[1

2
(k + l)4a]

+ i(rE − zE)a2γ4[S(p′) − S(p)] · [S(k) − S(l)] sin[1
2
(k + l)4a]

+ 2icEEa
[
γ · S(k) cos2(1

2
k4a) − γ · S(l) cos2(1

2
l4a)

]
cos[1

2
(p′ + p)4a]

− 2icEEaγ · [S(k) − S(l)] sin2[1
2
(k + l)4a] cos[1

2
(p′ + p)4a]

− 2irEEa
2
Σ · [S(k) × S(l)] cos(1

2
k4a) cos(1

2
l4a), (A30)

Y4m(p, k, l) = −cEζαmC4m(k, l)

− 2rEaεmriγ4Σi[Sr(p
′) + Sr(p)]C4m(k, l)

− rEa
2εmriγ4Σi sin(1

2
sma)k̂mSr(k) cos(1

2
k4a)

− 2i(rE − zE)aγ4[Sm(p′) − Sm(p)]C4m(k, l)
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− 2i(rE − zE)aγ4Sm(k) cos(1
2
sma) cos(1

2
k4a) cos(1

2
kma)

+ 2icEEaγm[S4(p
′) − S4(p)]C4m(k, l)

+ 2icEEaγmS4(l) cos[1
2
(p′ + p)4a] cos(1

2
l4a) cos(1

2
lma)

− 2irEEa
2εmriΣiSr(k)S4(l) cos(1

2
k4a) cos(1

2
lma). (A31)

APPENDIX B: DETAILS OF COMPTON AMPLITUDES

The parts of the Compton scattering amplitude not exhibitedin Sec. IV D are shown here. First
the color-symmetric contributions:

M(1,0)
mn =

δmn

m2

, (B1)

M(2,−1)
mn =

Pm(R + 1
2
K)n + Pn(R − 1

2
K)m

m2
2

+
[(R− 1

2
K)mεnri(R− 1

2
K)r − (R + 1

2
K)nεmri(R + 1

2
K)r]iΣi

2m2mB

+
2(iΣmεnrs + iΣnεmrs)RrKs − 4εmnrRriΣ · R + εmnrKriΣ · K

8m2
B

, (B2)

M(2,1)
mn =

εmniiΣi

2m2
E

, (B3)

M(3,−2)
mn =

[
4PmPn + (R − 1

2
K)m(R + 1

2
K)n

] 4R2 − K2

16m3
2

+ [Pm(R + 1
2
K)n + Pn(R− 1

2
K)m]

P · R

m3
2

−
[
Pnεmri(Rr + 1

2
Kr) − Pmεnri(Rr −

1
2
Kr)

]
iΣi

4R2 − K2

8m2
2mB

−
[
εmri(R + 1

2
K)r(R + 1

2
K)n − εnri(R− 1

2
K)r(R− 1

2
K)m

]
iΣi

P · R

2m2
2mB

−
[
(R− 1

2
K)m(R + 1

2
K)n + 1

2
(iΣnεmrs − iΣmεnrs)RrKs

] 4R2 − K2

16m2m2
B

+ δmn
(4R2 − K2)2

64m2m2
B

+ (iΣnεmrs + iΣmεnrs)RrKs
P · R

4m2m2
B

+ (εmnrKriΣ · R − εmnrRriΣ · K)
4R2 − K2

32m2m2
B

− (4εmnrRriΣ · R − εmnrKriΣ · K)
P · R

8m2m2
B

, (B4)

M(3,0)
mn

∣∣
match

= −
δmnP 2 + 2PmPn

2m3
4

−

(
1

m3
4

+
1

mBm2
E

)
δmn

4R2 + K2

16

−

[
1

4m2m2
E

−
1

4mBm2
E

−
2zEa

2

em1am2

] (
RmRn + 1

4
KmKn

)

+ a3

(
(r2

s − c2B)ζ2

16e2m1a
+ a3 1

16
wB2

)
δmn(4R2 − K2)
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− a3

(
(r2

s − c2B)ζ2

16e2m1a
+ a3 1

16
wB2

)
(4RmRn −KmKn)

+ a3 1
8
wB1

(δmnK2 −KmKn) − a3w4δmn

(
2P 2

m + 1
3
R2

m + 1
12
K2

m

)

+

[
1

2m3
B′

+
1

2m2m
2
E

+ a3 1
2
(w4 + w′

4)

]
εmniiΣiP · R

−

(
1

4m2m2
E

−
1

4mBm2
E

+ 1
4
a3wB3

)
εmnrPriΣ · R

−

[
1

2m3
B′

+
1

4m2m2
E

−
1

4mBm2
E

+ a3 1
2
(w4 + w′

4) − a3 3
4
wB3

]
εmnrRriΣ · P

+ a3 1
2
(w4 + w′

4)εmnrRr(PmiΣm + PniΣn)

− a3

[
(r2

s − c2B)ζ2

8e2m1a
+ a3 1

8
(wB2

− wB1
)

]
(RmKn − RnKm)

+
1

8m2m2
E

(Knεmri +Kmεnri)PriΣi

−

(
1

8mBm2
E

− a3 1
8
wB3

)
(iΣnεmrs + iΣmεnrs)PrKs

+

[
1

4m3
B′

−
1

8m2m2
E

+ 1
4
a3(w4 + w′

4)

]
(Pnεmri + Pmεnri)KriΣi

− a3 1
4
(w4 + w′

4)εmnrKr(PmiΣm − PniΣn). (B5)

The color-antisymmetric contributions from Fig. 2(a)-(c):

N (1,0)
mn =

εmniiΣi

mB
, (B6)

N (2,−1)
mn = −

4PmPn + (R− 1
2
K)m(R + 1

2
K)n

2m2
2

−
[Pmεnri(R − 1

2
K)r − Pnεmri(R + 1

2
K)r]iΣi

m2mB

−
(iΣmεnrs − iΣnεmrs)RrKs + εmnrKriΣ · R − εmnrRriΣ · K

4m2
B

−
δmn(R2 − 1

4
K2) − (R− 1

2
K)m(R + 1

2
K)n

2m2
B

, (B7)

N (2,1)
mn =

δmn

2m2
E

−
4a2zEδmn

1 +m0a
, (B8)

N (3,−2)
mn = −

[
4PmPn + (R− 1

2
K)m(R + 1

2
K)n

] P · R

2m3
2

− [Pm(R + 1
2
K)n + Pn(R − 1

2
K)m]

4R2 − K2

8m3
2

+
[
Pnεmri(Rr + 1

2
Kr) − Pmεnri(Rr −

1
2
Kr)

]
iΣi

P · R

m2
2mB

+
[
εmri(R + 1

2
K)r(R + 1

2
K)n − εnri(R− 1

2
K)r(R− 1

2
K)m

]
iΣi

4R2 − K2

16m2
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+
[
(R− 1

2
K)m(R + 1

2
K)n + 1

2
(iΣnεmrs − iΣmεnrs)RrKs

] P · R

2m2m2
B

− δmn(4R2 − K2)
P · R

8m2m2
B

− (iΣnεmrs + iΣmεnrs)RrKs
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32m2m2
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mn

∣∣
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+
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1
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2
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−
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+
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+
1
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mBem1a

+ a3 1
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+
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TABLE VI: Dimension-6 gauge-field interactions that could appear in the LEL.

w/ axis-interchange w/o axis-interchange∑
µ tr[(DµFµν)(DµFµν)] tr[(D4E) · (D4E)]∑

i tr[(DiEi)(DiEi)]∑
j 6=k tr[(DjBk)(DjBk)]

tr[FµνFνρFρµ] tr[B · (E × E)]

tr[B · (B × B)]

tr[(DµFµν)(DρFρν)] εA tr[(D · E)(D · E)] εA

tr[(D × B) · (D × B)] δA

tr[(D4E) · (D × B)] δE

− 1
2

[
1

4m3
B′

+
1

8m2m
2
E

−
1

8mBm
2
E

+
a2zE

mBem1a

− a3 3
8
wB2

]
(Knεmri +Kmεnri)RriΣi

+ 1
2

[
1

4m3
4

− a3 1
4
(wB2

+ wB3
) −

a3(r2
s − c2B)ζ2

4e2m1a

]
(iΣnεmrs + iΣmεnrs)RrKs

+ a3 1
12

(w4 + w′
4 + 4w′

B)εmnrKr(iΣmRm − iΣnRn)

+

[
1

4m3
4

−
1

8m2m
2
E

−
1

8mBm
2
E

+
a2zE

m2em1a
− a3 3

8
wB1

]
(PmKn − PnKm)

− a2 1
3
δmn

(
PmRm

m2

−
RmεmriKriΣi

2mB

)
. (B10)

The terms on the last line do not match, but we still must add toEqs. (B6)–(B10) the contribution
of the diagram with the three-gluon vertex [Fig. 2(d)], which is

N 2(d)
µν = −2iK−2 [2δµνR · J − (k′ −K)µJν − (k +K)νJµ] + ia2 1

3
δµνRµJµ

+ i
6
a2K−2

[
kµkν(k

′ −K)νJν + k′νk
′
µ(K + k)µJµ

]
(B11)

and noMµν contribution. HereJµ is the current of Sec. IV B. The first lattice artifact cancelsthe
last line of Eq. (B10). The second lattice artifact vanishesupon contraction with the external-gluon
polarization vectors.

APPENDIX C: IMPROVED GAUGE ACTION

In this Appendix we outline how to improve the gauge action, when axis-interchange symmetry
is given up. The improvement program is the same as for anisotropic lattices, which has been
worked out [24] and summarized [23]. Since it has not been published, we give the main details
here.

Table VI lists the interactions in the Symanzik LEL, with and without axis-interchange symme-
try. Without axis-interchange symmetry there are eight operators. Other operators can be written
as linear combinations of the operators in the table and total derivatives. For example, previous
work [17–19] usedtr[(DµFρν)(DµFρν)], but we find it easier to usetr[FµνFνρFρµ]. With the
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Bianchi identityDµFρν +DρFνµ +DνFµρ = 0, one can show that

1
2
tr[(DµFρν)(DµFρν)] = tr[(DµFµν)(DρFρν)] − 2 tr[FµνFνρFρµ] + ∂, (C1)

where∂ denotes the omission of total derivatives that make no contribution to the action. Thus,
only two of these three operators are needed.

Table VI is laid out in a suggestive way: operators in the right column clearly descend from
those in the left. It is a little harder to show that there are no more [24]. When parity and charge
conjugation are taken into account there are10 operators with twoDs and twoEs and another10
where the twoEs are replaced with twoBs. Of these2 × 6 may be eliminated in favor of total
derivatives and others, leaving2 × 4 = 8 of this type. Three of these may be eliminated with the
Bianchi identities

D · B = 0, (C2)

D × E = D4B. (C3)

One application of the second Bianchi identity is less than obvious:

tr[(D4B) · (D4B)] = 2 tr[B · (E × E)] − tr[(D4E) · (D × B)] + ∂. (C4)

To find Eq. (C4) one uses Eq. (C3) for one factor ofD4B, and then integrates by parts. In the end,
there are 5 independent operators with twoDs and twoEs or twoBs.

In addition, there are6 operators with one each ofD4, D, E, andB; 4 may be eliminated in
favor of total derivatives, and another may be eliminated with a Bianchi identity, leaving 1. Finally,
there are the two operatorstr[B · (E ×E)] andtr[B · (B ×B)]. Thus, the total is 8, and the list
in Table VI is complete.

There are three redundant interactions, corresponding to the transformations in Eqs. (2.22)–
(2.24) that only involve gauge fields. They change the LEL by

LSym 7→ LSym + a2 2

g2
{εA tr[(D · E)(D · E)] + (εA + δA) tr[(D × B) · (D × B)]

− (2εA + δA + δE) tr[(D4E) · (D × B)] + (εA + δE) tr[(D4E) · (D4E)]} . (C5)

By appropriate choice of the parametersεA, δA, andδE, one can removetr[(D · E)(D · E)]
and two of the other three induced interactions from the LEL. Below we shall see that it is most
convenient to choose the redundant directions as shown in the last three lines of Table VI.

To construct an improved gauge action, it is enough to consider the eight classes of six-link
loops shown in Fig. 1, as well as plaquettes. Generalizing from Ref. [19], we label sets of unori-
ented loops as in Table VII. Then let

Si =
∑

C∈Si

2 Re tr[1 − U(C)], (C6)

whereU(C) is the product of link matrices around the curveC. The gauge action is

SD2F 2 =
1

g2
0

∑

i

ciSi, (C7)

where theci are chosen so thatSD2F 2 ≥ 0 and so that classical continuum limit is correct.
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TABLE VII: Unoriented loops on the lattice, up to length 6.

seti type of loop

0t temporal plaquettes

0s spatial plaquettes

1t rectangles with temporal long side

1t′ rectangles with temporal short side

1s spatial rectangles

2t “parallelograms” with two temporal sides

2s spatial “parallelograms”

3t bent rectangles with temporal bend edge

3t′ bent rectangles with temporal sides, but spatial bend edge

3s spatial bent rectangles

The classical continuum limit is needed not only to determine the normalization of theci, but
also to deduce which terms in the lattice action correspond to the redundant operators of the LEL.
The classical continuum limit of theSi is easy to find with the procedure given in Ref. [19]. For
the plaquette terms we find

S0t = −
at

as

∫

x

tr[E · E] +
a3

t

12as

∫

x

tr[(D4E) · (D4E)] +
atas

12

∫

x

∑

i

tr[(DiEi)(DiEi)], (C8)

S0s = −
as

at

∫

x

tr[B · B] +
a3

s

12at

∫

x

∑

j 6=k

tr[(DjBk)(DjBk)], (C9)

whereat andas are temporal and spatial lattice spacings, respectively. Here
∫

x

= ata
3
s

∑

x

.
=

∫
d4x. (C10)

It is convenient to express the six-link loops throughS0t andS0s, plus further terms of ordera2.
The rectangles yield

S1t = 4S0t +
a3

t

as

∫

x

tr[(D4E) · (D4E)], (C11)

S1t′ = 4S0t + atas

∫

x

∑

i

tr[(DiEi)(DiEi)], (C12)

S1s = 8S0s +
a3

s

at

∫

x

∑

j 6=k

tr[(DjBk)(DjBk)]; (C13)

the “parallelograms”

S2t = 8S0t + 4S0s − 4atas

∫

x

tr[B · (E × E)] − 2atas

∫

x

tr[(D4E) · (D × B)]

+ atas

∫

x

tr[(D · E)(D · E)] − atas

∫

x

∑

i

tr[(DiEi)(DiEi)], (C14)
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S2s = 4S0s −
4a3

s

3at

∫

x

tr[B · (B × B)] +
a3

s

at

∫

x

tr[(D × B) · (D × B)]

−
a3

s

at

∫

x

∑

j 6=k

tr[(DjBk)(DjBk)]; (C15)

and the bent rectangles

S3t = 8S0t + atas

∫

x

tr[(D · E)(D · E)] − atas

∫

x

∑

i

tr[(DiEi)(DiEi)], (C16)

S3t′ = 8S0t + 8S0s − 2atas

∫

x

∑

i

tr[(D4E) · (D × B)], (C17)

S3s = 8S0s +
a3

s

at

∫

x

tr[(D × B) · (D × B)] −
a3

s

at

∫

x

∑

j 6=k

tr[(DjBk)(DjBk)]. (C18)

We see immediately that the bent rectangles are the only place that the redundant interactions
appear, so one may setc3t, c3t′ , andc3s at will, without sacrificing on-shell improvement. Indeed,
the bent rectangles may be completely omitted from the improved action.

To normalize the lattice gauge action to the classical continuum limit, one must choose

c0t + 4(c1t + c1t′) + 8c2t + 8(c3t + c3t′) = ξ0, (C19)

c0s + 8c1s + 4(c2t + c2s) + 8(c3s + c3t′) = ξ−1
0 , (C20)

whereξ0 is the bare anisotropy. At the tree levelξ0 = as/at. The essence of Eqs. (C19) and (C20)
is to tradec0t andc0s for the bare couplingg2

0 and the bare anisotropyξ0.
To derive on-shell improvement conditions (at the tree level), one must allow for the transfor-

mations in Eqs. (2.23) and (2.24). We find on-shell improvement, at the tree level, when

ξ−1
0 c0t = 5

3
− 12xt′ − 4xs − 4(1 + ξ−2

0 )xt, (C21)

ξ0c0s = 5
3
− 4xt − 4(4 + ξ2

0)xs, (C22)

ξ−1
0 c1t = − 1

12
+ xt, (C23)

ξ−1
0 c1t′ = − 1

12
+ xt′ , (C24)

ξ0c1s = − 1
12

+ xs, (C25)

c2t = c2s = 0, (C26)

ξ−1
0 c3t = xt′ , (C27)

ξ−1
0 c3t′ = 1

2
(xs + ξ−2

0 xt), (C28)

ξ0c3s = xs, (C29)

wherext, xt′ , andxs are free parameters.
In the main text of the paper, we consider isotropic lattices, but allow for the possibility that

heavy-quark vacuum polarization requires some asymmetry in the couplings, starting at the one-
loop level. Thus, we considerξ0 = 1 andxt = xt′ = xs = x and recover [19]

c0t = c0s = 5
3
− 24x, (C30)

c1t = c1t′ = c1s = − 1
12

+ x, (C31)

c2t = c2s = 0, (C32)

c3t = c3t′ = c3s = x. (C33)
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Positivity of the action requiresx < 5/72 and is guaranteed if|x| < 1/16 [19]. Beyond the tree
level asymmetry in these couplings may indeed arise. But thefull freedom of the three redundant
directions remains, so one may still choosec3t = xt = 0, c3t′ = xt′ = 0, andc3s = xs = 0.
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