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Project Objective:  Carnegie Mellon University was teamed with the Alcoa Technical Center 

with support from the US Dept. of Energy (Office of Industrial Technology) 
and the Pennsylvania Technology Investment Authority (PTIA) to make 
processing of aluminum less costly and more energy efficient.  
Researchers in the Department of Materials Science and Engineering 
have investigated how annealing processes in the early stages of 
aluminum processing affect the structure and properties of the material.  
Annealing at high temperatures consumes significant amounts of time 
and energy.  By making detailed measurements of the crystallography 
and morphology of internal structural changes they have generated new 
information that will provide a scientific basis for shortening processing 
times and consuming less energy during annealing. 

 
Background: The status of the Domestic Technology for the thermomechanical 

processing of aluminum alloy intended for sheet and plate product is as 
follows.  Hot rolling processes are aimed at breaking down as-cast 
structures in Direct-Chill (DC) ingots.  Critical to the success of this stage 
of the processing is the refinement of the as-cast microstructure in terms 
of both grain morphology and the crystallographic orientations present; 
we will refer to the latter as texture.  Achieving correct texture is 
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particularly important to the application of such materials as 5xxx for can 
closures and 3xxx for beverage can stock.  In particular, it is standard 
practice to anneal partially broken-down slabs for long times in order to 
ensure that recrystallization is completed before continuing the hot rolling 
process.  Simple models exist that describe the rate at which the 
recrystallization process takes place but no information is available on the 
texture development.  This proposal project will remedy that lack by 
measuring texture-dependent recrystallization rates (kinetics). 

 
Status: The project is complete.  Three different commercial purity aluminum 

alloys (AA1050, AA5005 and AA3003) were studied. The main 
applications of these (non-heat treatable) alloys are beverage cans, 
automotive products etc. Recrystallization and texture evolution are two 
very important transformations in the thermo-mechanical processing of 
these alloys. These transformations are of critical importance for 
aluminum industry as they are directly related to energy consumption and 
properties of the finished products. The main aim of this project is to 
further increase our current understanding of recrystallization and texture 
evolution using advanced analytical tools like Electron Backscatter 
Diffraction (EBSD).  

 The project was divided into two main parts - experimental data collection 
and extraction of critical parameters from experimental data forming one 
part and simulation of recrystallization from the experimental data and 
comparison of experimental results with simulation being the other part. 
The experimental data collection and analysis involved annealing of as-
received samples and scanning them in an EBSD system. The main 
approach followed in the experimental analysis was that of identification 
of the most important parameters required for quantification of 
recrystallization and texture evolution.  This analysis required 
development of algorithms for extraction of the parameters from the 
experimental data. All experimental data collection and analysis was 
completed for the three alloys. Similar procedures were applied to the 
three alloys; therefore the differences in their behavior delineated the 
effect of variation of different alloying elements on recrystallization and 
texture evolution in aluminum alloys. To aid in understanding the effect of 
processing conditions (temperature and strain), the as-received hot rolled 
samples were also deformed in a specially designed deformation 
simulator capable of controlling deformation parameters. 

 
 
Accomplishments:    Recrystallization and texture evolution in three commercial purity 

aluminum alloys were studied to understand the effect of composition and 
processing conditions. All the as-received metals were hot rolled to high 
strains. Annealing treatments were carried out on these as received hot 
rolled samples followed by scanning in a Scanning Electron Microscope 
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(SEM) with an EBSD system attached.  Some of the main experimental 
accomplishments of the project are summarized as follows:- 

1. New procedures and parameters were established for quantifying 
the extent of recrystallization from electron back scatter diffraction 
(EBSD) scans based on orientation spread within grains: high 
orientation spread was found to be a reliable indicator of deformed 
grains versus low orientation spread for recrystallized grains. 

2. The software for performing computer simulation of 
recrystallization has been transferred to the industrial partner 
(Alcoa) and is being used to study in-house thermomechanical 
processing. 

3. Controlling mechanisms were determined for recrystallization in 
hot rolled aluminum alloys (migration of high angle grain 
boundaries). 

4. The differences between deformed, recovered and recrystallized 
grains were demonstrated based on easily identifiable parameters 
(GAM and GOS). 

5. The activation enthalpy associated with recrystallization in 
commercial purity Al (AL-1050) was similar to that of diffusion of 
iron in aluminum.  This result is in agreement with previous work 
and suggests that the kinetics of recrystallization are dominated 
by solute drag of the grain boundaries by impurities such as iron. 

6. The results of performing tests in Alcoa’s Deformation Simulator 
showed that low deformation temperatures (200°C) result in 
deformed microstructures similar to those in the material supplied 
by Alcoa.  High temperatures around 400°C, however, resulted in 
nearly recrystallized microstructures. 

7. By observing the nucleation and growth of recrystallized cube-
oriented grains, we were able to quantify the preference for their 
growth in different deformation orientations. 

8. Similar observations on the variations in volume fractions of 
deformation texture components during annealing showed that the 
S component is consumed more rapidly when compared to the 
Brass and Copper components. 

9. Variations in composition affected the recrystallization process.  
Addition of Mg accelerated recrystallization kinetics (most likely 
because solid solution hardening giving rise to larger driving 
forces); addition of Mn leads to precipitation of second phase 
particles.  

10. A set of tools called “Microstructure Builder” (MS Builder) were 
assembled that permit generate 3 dimensional microstructures 
which statistically similar to the experimental input microstructures 
(2 dimensional). 

11. The effectiveness of MS Builder was demonstrated by generating 
3-D microstructure to simulate hot rolled Al1050 samples. The 
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generated microstructures showed reasonable agreement with the 
size distribution in the experimental observations. The 
crystallographic orientations distributions were a good match to 
those observed in the Al1050 samples. 

12. A method for calculating the stored energy using electron 
backscatter data was developed. With this method, we calculated 
the variation in stored energy as a function of crystallographic 
orientation and inserted the values into the simulations of 
recrystallization thereby improving the accuracy of texture 
development. 

13. A method was devised for adding nuclei to the generated 3-D 
microstructure to reflect the experimental observations. The 
analysis of the data provided the following information: 

a. Most nuclei have similar texture to the parent grains. This 
conforms to the subgrain coarsening theory for generation 
of nuclei (from the deformed structure). 

b. Most of the nuclei occurred on, or close to grain 
boundaries in the deformed microstructure. 

c. Grain boundaries adjacent to the S oriented grains had the 
highest probability of nuclei formation. 

14. The recrystallization kinetics were most sensitive to grain 
geometry and nuclei placement. 

15. A method was developed to predict texture evolution during the 
process of recrystallization.  

16. A basic sensitivity analysis on the factors that control or influence 
the process of recrystallization revealed the following ranking of 
the factors in order of decreasing importance: 

a. Oriented nucleation. 
b. Oriented growth. 
c. Stored energy. 

 
 

This summarizes the main findings of the study.  More detailed 
information about the actual experimental details can be found in the 
attached theses by Mohammed Alvi (experimental) and Abhijit Brahme 
(simulation) and the separate report on AA3003. 
 

 
Abstract from thesis submitted by Mohammed Alvi for his PhD. 
 

The kinetics of recrystallization and texture evolution in hot rolled aluminum alloys 1050 
and 5005 have been analyzed. The as-received samples were given isothermal 
annealing treatments at different temperatures and their recrystallization kinetics and 
texture evolution were obtained as a function of annealing temperatures and times. Two 
different methods were used to measure recrystallization kinetics - microhardness 



Final Report  20th December, 2005 
DE-FC07-01ID14194 

 5 

variations and mapping with Electron BackScattered Diffraction (EBSD) also known as 
Orientation Imaging Microscopy (OIM). Microhardness variations represent an average 
behavior against which the methods based on EBSD were compared. Intragranular 
orientation variation (short-range and long-range) was found to be an important 
parameter for partitioning EBSD maps into deformed and recrystallized regions. 
Comparable recrystallization kinetics were obtained from microhardness variations and 
EBSD.  Microstructural Path Modeling (MPM) was used for analyzing recrystallization 
kinetics. Recrystallization in hot rolled aluminum alloys 1050 and 5005 was determined 
to be site-saturated and controlled by migration of high-angle boundaries. 
 
The ability to partition deformed and recrystallized regions based on intragranular 
orientation variations provided an important tool for analyzing and understanding the 
texture evolution in deformed and recrystallized grains independently of each other. 
Rolling orientation components S and Brass exhibited very different effects on 
annealing. While the deformed S orientation was observed to decay very fast, Brass 
deformed grains remained stable to annealing.  Recrystallized grains had Cube as the 
main texture component, which nucleated from the deformed Cube bands. The 
recrystallized Cube grains exhibited both a nucleation and growth advantage when 
compared to the other recrystallized orientations. Although the nucleation advantage of 
Cube recrystallized grains was observed to be present at all annealing temperatures, the 
growth advantage for these grains were present only at low annealing temperatures. 

 
Abstract from PhD thesis submitted by Abhijit Brahme for his PhD: 
 

The main aim of this work was to model microstructural evolution during recrystallization. 
This was achieved by characterizing it in terms of recrystallization kinetics and texture 
development and by identifying factors that exert the greatest effect on the  
recrystallization process. To achieve the above, geometric and crystallographic 
observations from two orthogonal sections through a polycrystal were used. Using these 
as input to the computer simulations, a statistically representative three-dimensional 
model was created.  Assignment of orientations to the grains was done such that 
nearest neighbor relationships match the observed distributions. The microstructures 
thus obtained were allowed to evolve using a Monte-Carlo simulation. A parametric 
study was done to study the effects of various factors on recrystallization kinetics and 
texture development during microstructural evolution. 
 
A set of software tools (Microstructure builder) were developed to generate the 
microstructures. The process involved the use of a ellipsoidal packing method combined 
with a voxel-based tessellation technique to create a 3 dimensional digital microstructure 
having the desired set of grain aspect ratios. Orientation assignment to the grains in the 
microstructure was done using a simulated annealing method that minimized the error 
between the orientation distribution function (ODF) and misorientation distribution 
function (MDF) of the measured and simulated materials. 
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The effect of grain geometry and placement of nuclei on recrystallization kinetics was 
studied. A close match in the recrystallization kinetics as measured in the experiments 
and the simulations was found to be most sensitive to the accuracy with which the 
geometry of the simulated microstructure matched that observed in experiments.  
 
Also the effects of anisotropy, both in energy and in mobility, stored energy and oriented 
nucleation on overall texture development were studied in the light of various established 
competing theories of oriented nucleation (ON), oriented growth (OG) and orientation 
pinning (OP). The results from the simulations suggested that all of oriented nucleation, 
mobility anisotropy, stored energy and energy anisotropy (listed in order of their relative 
importance) influence texture development. 

 
 

 
Patents:  No patents were generated under this project. 
 
Publications/Presentations:  (Cumulative List) 
 
Publications 
 
A. Brahme, D. M. Saylor, J. Fridy, A. D. Rollett, “Statistically Representative Three-Dimensional 
Microstructures for Modeling Microstructural Evolution in Aluminum,” in 1st International 
Symposium on Metallurgical Modeling for Aluminum Alloys, in press, ed. Tiryakioglu, M.  Lalli, 
L.A. (2003) 
 
Alvi, M.H., El-Dasher, B.S., Rollett, A.D. “Analysis of recrystallization kinetics from 
microstructural evolution and micro-hardness determination,” in Hot Deformation of Aluminum 
Alloys III, p.3-12, ed. Jin, Z., Beaudoin, A., Bieler, T., and Radhakrishnan, B. (2003). 
Alvi, M.H., Cheong, S., Weiland, H., Rollett, A.D. “Microstructural evolution during 
recrystallization in hot rolled Aluminum Alloy 1050,” in 1st International Symposium on 
Metallurgical Modeling for Aluminum Alloys, in press, ed. Tiryakioglu, M.  Lalli, L.A. (2003) 
Alvi, M.H., Cheong, S., Weiland, H., Rollett, A.D. “Recrystallization and Texture Development in 
Hot Rolled 1050 Aluminum”, in 2nd International Conference on Recrystallization and Grain 
Growth, Materials Science Forum, 467-470, pp. 357-362 (2004). 

Rollett, A.D., Alvi, M.H., Brahme, A.P., Fridy, J., Weiland, H., Suni, J., and Cheong, S. “Texture 
dependent recrystallization in Aluminum 5005”, in 9th International Conference of Aluminum 
Alloys (ICAA-9), Materials Forum, 28, pp. 1173-1178 (2004). 

“Statistically Representative Three-Dimensional Microstructures Based on Orthogonal 
Observation Sections,” D.M. Saylor, J. Fridy, B.S. El-Dasher, K.-Y. Jung, and A.D. Rollett, 
Metallurgical & Materials Transactions, 35A, 1969-1979 (2004). 
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Presentations 
 
A. D. Rollett, M. H. Alvi, A. Brahme, S. Cheong, H. Weiland, E. A. Holm, M. Miodownik, 
“Recrystallization in Hot Rolled Al 1050; Abnormal Grain Growth in Subgrain Structures,” invited 
seminar at the Materials Department of the Risø National Laboratory, Roskilde, Denmark, 5th 
December, 2003. 
 
A.D. Rollett, M. Miodownik, E.A. Holm, D. Saylor, and J. Fridy, “3D Simulation of Grain Growth 
& Recrystallization,” invited presentation at a workshop organized by the Air Force Office of 
Scientific Research (AFOSR) entitled “Quantification of Microstructure and the Linkage to 
Property Modeling,” Hinterzarten, Germany, 27 – 30 July 2003. 
 
A. D. Rollett, “Some Aspects of Recrystallization,” invited seminar at the Department of 
Materials Physics and Technology, Technical University of Hamburg-Harburg, Germany, 3rd 
December, 2003. 
 
A.D. Rollett, A. Brahme, M. Alvi, C.-C. Yang, M. Demirel, A. Kuprat, D. George, “Realistic 3D 
Microstructures for Computer Simulation of Microstructural Evolution,” invited lecture at the 
Annual Meeting of the American Ceramics Society, Nashville, TN, 28-30th April, 2003. 
 
Mohammed Haroon Alvi, “Recrystallization kinetics in Aluminum Alloy 1050”, General Abstract, 
TMS Fall Conference, October 2002. 
 
Mohammed Haroon Alvi, “Analysis of recrystallization kinetics from microstructural evolution 
and micro-hardness determination,” Hot Deformation of Aluminum Alloys III, TMS Annual 
Conference, March 2003. 
 
Mohammed Haroon Alvi, “Microstructural evolution during recrystallization in hot rolled 
Aluminum Alloy 1050”, 1st International Symposium on Metallurgical Modeling for Aluminum 
Alloys, ASM Materials Solutions Conference, October 2003. 
 
Abhijit Brahme “Statistical Representative Three Dimensional Microstructures for Modeling 
Microstructural evolution in Aluminum” Material Solutions Conference 2003, October 13-15, 
2003, Pittsburgh, PA.  
 
Abhijit Brahme “The 3-D Microstructure Builder” MS&T '04, September 26-29, 2004, New 
Orleans, Louisiana 
 
Abhijit Brahme “Simulation of Texture-Dependent Recrystallization in 1050 Aluminum” 2005 
TMS Annual Meeting & Exhibition, February 13-17, 2005, San Francisco, CA  
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A.D. Rollett, B.S. El-Dasher and B.L. Adams, “Why should one study grain boundaries?  
Electrical Steels, Electro-ceramics and more,” invited Seminar at the Physics Department, 
University of Saarland, Saarbrücken, Germany, 9th December, 2003. 
 
A. D. Rollett, B. S. El-Dasher, B. L. Adams, “Grain boundaries as a barrier to slip”, Workshop on 
Multiscale Modeling Methods, Berkeley, January 2004. 
 
A.D. Rollett, D. Saylor, J. Fridy, A. Brahme, C. Cornwell, R. Noack, “3D Polycrystal 
Microstructures for Simulation based on Measurements”, seminar at CISD/ARL, 10 February, 
2004. 
 
A.D. Rollett, “Edge Matching at Grain Boundaries and the Five Macroscopic Degrees of 
Freedom”, for the Hume-Rothery Symposium: Structure and Diffusional Growth Mechanisms of 
Irrational Interphase Boundaries, TMS Annual Meeting, March 2004, Charlotte, NC. 
 
P. A. Manohar, A. D. Rollett and J. R. Morris: "Development of an Efficient, Parallel Potts Model 
for Computer Simulation of Grain Growth in 2D", invited presentation for the Symposium on 
Computational Thermodynamics and Phase Transformations at the TMS Annual Meeting, 
March 2004, Charlotte, NC. 
 
A.D. Rollett, S. Kalidindi, J. Houskamp, B.L. Adams, “Texture Optimization via Grain Growth 
and Recrystallization”, invited presentation at the Symposium on Microstructural Design, TMS 
Annual Meeting, March 2004, Charlotte, NC. 
 
A.D. Rollett, “Growth of the Cube Component in FCC Deformation Textures: Simulation & 
Theory,” for the Roger Doherty Symposium, TMS Annual Meeting, March 2004, Charlotte, NC. 
 
A.D. Rollett, D. Saylor, J. Fridy, A. Brahme, C. Cornwell, R. Noack, “3D Polycrystal 
Microstructures for Simulation based on Measurements”, seminar at NRL, 6 May 2004. 
 
A.D. Rollett, “Abnormal Grain Growth and the Potts Model”, invited lecture at the Society for 
Industrial and Applied Mathematics (SIAM) Meeting, Los Angeles, May 2004. 
 
A.D. Rollett, G.S. Rohrer, D.J. Srolovitz, M. Taheri, P. Manohar, M. Alvi, A. Brahme, “Grain 
Boundary Properties and Their Impact on Texture Development,” invited lecture at ITAP-2 (2nd 
Intl. Conf. on Textures and Properties), University of Metz, July 4th, 2004. 
 
A.D. Rollett, D. Saylor, J. Fridy, A. Brahme, S.-B. Lee, R. Campman, C. Cornwell, R. Noack, 
“3D Polycrystal Microstructures for Simulation Based on Measurements,” seminar (invited) at 
the Materials Laboratory, Air Force Research Laboratory, Wright-Patterson Air Force Base, 
Dayton, OH, 9th August 2004. 
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“In-Situ Quantification of Solute Effects on Grain Boundary Mobility and Character in Aluminum 
Alloys During Recrystallization,” Mitra L. Taheri, Anthony D. Rollett, and Hasso Weiland,. 2nd 
Intl. Conf. on Recrystallization and Grain Growth, Annécy, France, August 2004 (poster). 
 
 “Recrystallization and Texture Development in Hot Rolled 1050 Aluminum,” M.H. Alvi, S. 
Cheong, H. Weiland, A.D. Rollett, 2nd Intl. Conf. on Recrystallization and Grain Growth, 
Annécy, France, August 2004 (poster). 
 
 “3D Microstructure Builder”, A.D. Rollett, D. Saylor, A. Brahme, J. Fridy, S.-B. Lee, Invited 
Lecture in the Symposium on 3-Dimensional Materials Science, Materials Science & 
Technology 2004, New Orleans, Sept. 2004. 
 
 “3D Microstructure Generation with Grain Shape & Crystallographic Orientation”, A.D. Rollett, 
D. Saylor, J. Fridy, A. Brahme, S.-B. Lee, C. Cornwell, R. Noack, Plasticity-05, Kauai, January 
2005. 
 
“Simulation of Texture-Dependent Recrystallization in 1050 Aluminum”, Abhijit Brahme, Joseph 
Fridy, Anthony D. Rollett, Hasso Weiland, Jaakko Suni, TMS Annual Mtg., San Francisco, Feb. 
14th -17th 2005. 
 
 “Growth of Special Texture Components during Grain Growth: Simulation (& Theory)”, A.D. 
Rollett, A. Brahme, J. Gruber, TMS Annual Mtg., San Francisco, Feb. 14th -17th 2005. 
 
 “Recrystallization and Texture Evolution in Aluminum Alloy 1050”, M.H. Alvi, A.D. Rollett, TMS 
Annual Mtg., San Francisco, Feb. 14th -17th 2005. 
 
 “3D Digital Microstructures and Microstructural Evolution”, A.D. Rollett, D. Saylor, J. Fridy, A. 
Brahme, S.-B. Lee, R. Campman, S. Sintay, 3rd Conference on Microstructology, Birmingham, 
AL, May, 2005. 
 
 “3D Digital Microstructures and Microstructural Evolution”, D. Saylor, J. Fridy, A. Brahme, S.-B. 
Lee, R. Campman, S. Sintay, Seminar at the Texture Laboratory (LETAM), University of Metz, 
June 20th 2005. 
 
“Grain Boundaries: Populations, Energy, Mobility, Application”, G.S. Rohrer, D.M. Saylor, A.D. 
Rollett, T. Bennett, H. Miller, B. El Dasher (LLNL), Y. Pang, M. Taheri, P. Wynblatt, Seminar at 
the Texture Laboratory (LETAM), University of Metz, July 5th 2005. 
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 “3D Digital Microstructures and Microstructure Evolution”, A.D. Rollett, D. Saylor, J. Fridy, A. 
Brahme, S.-B. Lee, R. Campman, S. Sintay, R. Lebensohn, Keynote Lecture at the International 
Conference on Micromechanics & Microstructure Evolution, Madrid, Spain, Sept. 14th, 2005. 
 
 “Bridging Simulations and Experiments in Microstructural Evolution: Example of 
Recrystallization in Aluminum”, A.D. Rollett, J. Gruber, M. Alvi, A. Brahme, D. Saylor, J. Fridy, 
S.-B. Lee, invited seminar at the National Institute of Standards and Technology (NIST), 5th 
October, 2005. 
 
 “Bridging Simulations and Experiments in Microstructural Evolution: Example of 
Recrystallization in Aluminum”, A.D. Rollett, J. Gruber, M. Alvi, A. Brahme, D. Saylor, J. Fridy, 
S.-B. Lee, invited seminar at Drexel University, Dept. of Materials Engineering, 11th November, 
2005. 
 
 
 
Milestone Status Table:  
 
 

Identification 
Number 

 

 
Description 

 

Planned 
Completion 

Date 

Actual 
Completion 

Date 

 
 

Comments 

1/ Month 3 
 

Preliminary optical and scanning 
electron microscopy on 1050, 5005. 

Start+3 
 

15 Jan 02 
 

Completed 
 

2/ Month 6 
 

Complete preliminary hot 
deformation experiments on 1050. 

Start+6 
 

30 Sept. 02 
 

Completed 
 

3/ Month 9 
 

Construct preliminary model of 
recrystallization kinetics. 
 

Start+9 
 

15 Apr 02 
 

Completed.  A series of isothermal 
annealing experiments were 
analyzed in terms of the JMAK 
theory to obtain an activation energy 
and growth exponent for 1050. 

4/ Month 12 
 

Complete recrystallization 
experiments on 1050. 

Start+12 
 

May 04 
 

Completed 
 

5/ Month 15 
 

Characterization of recrystallization 
kinetics on 1050. 
 

Start+15 
 

May-05 
 

Completed 

6/ Month 18 
 

Complete hot deformation 
experiments on 5005. 

Start+18 
 

30 June 02 
 

Completed.   
 

7/ Month 24 
 

Development of analysis of 
recrystallization kinetics with model 
and OIM. 
 

Start+24 
 

June 04 
 

Completed 
 

8/ Month 27 
 

Complete modeling of 1050. 
 

Start+27 
 

August 05 
 

Completed.  Results showed that all 
the factors considered in the 
literature play a role in the 
development of microstructure and 
texture during recrystallization in 
this material. 
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9/ Month 30 
 

Complete recrystallization 
experiments on 5005. 

Start+30 
 

March 04 
 

Completed 
 

10/ Month 36 
 

Analysis of texture, recrystallization 
kinetics data: transfer to modeling 
group at commercial partner. 

Start+36 
 

September 
05 
 

Recrystallization kinetics for the as-
received 1050 transmitted to 
industrial partner (Dr. S. Cheong). 

11/ Month 39 
 

Design of experiment, with 
emphasis on contrasting current, 
conventional process with a single 
new, proposed process.  New 
process will be designed so as to 
provide full recovery of the 
materials (i.e. complete 
recrystallization). 

Start+39 
 

Feb-05 Completed 

12/ Month 42 
 

Conventional material obtained.  
Annealed material from the new 
trial process obtained. 

Start+42 
 

Jan-05 Alcoa supplied samples of 3003 
from 3 different processing histories 

13/ Month 45 
 

Conventional and New Process 
materials analyzed.  Analysis will 
include, at a minimum, grain size 
and shape, texture (orientation 
distribution), fraction recrystallized. 

Start+45 
 

September-
05 

Completed 

14/ Month 48 
 

Delivery of final report including 
evaluation of the degree to which 
the program has succeeded in 
reducing annealing times, in 
addition to more basic information 
on quantification of recrystallization 
behavior and simulation techniques. 

Start+48 December-
05 

 

 
 
Budget Data (as of Dec. ‘05):  
 

 Approved Spending Plan Actual Spent (Dec. ’05) 
Phase / Budget Period DOE 

Amount 
Cost 

Share 
Total DOE 

Amount 
Cost 

Share 
Total 

 From To       
Year 1 8/01 7/02 80,000 70,000* 150,000    
Year 2 8/02 7/03 80,000 70,000* 150,000    
Year 3 8/03 7/04 80,000 70,000* 150,000    
Year 4 8/04 7/05 80,000 70,000* 150,000    

Totals 320,000 280,000* 600,000 331,120 *284,683 616,966 
 
 
No Spending Plan is included because the project is complete. 
*  The cost sharing includes $66,076 of in-kind cost-share by the industrial partner, Alcoa, which 
was expended in the form of materials supplied, and research services provided to the project at 
the Alcoa Technical Center.  Services included assistance with development of characterization 
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and performing tests in the Deformation Simulator (a specialized mechanical testing system that 
emulates real life processing in rolling mills). 



Hot rolling of Aluminum Alloy 3003 

M.H. Alvi, September 2005 

1. Introduction 

Hot rolled samples of Aluminum Alloy 3003 (AA3003) were analyzed for 

microstructural and textural evolution, by using the GOS-GAM approach developed for 

Aluminum Alloys 1050 and 5005.  This report presents the analysis of as received 

samples of AA3003 at two different deformation conditions.  Delayed delivery of the 

material to Carnegie Mellon University meant that only the deformed condition could be 

analyzed and no annealing was attempted. 

 

2. Chemical Composition  

Aluminum Alloy 3003 is a commercial purity alloy used typically for beverage cans and 

other light weight applications. One of the main components for AA3003 is Manganese 

(Mn), which has low solubility in Al and forms large second phase particles in the alloy. 

These particles not only have a strong influence on the mechanical properties of the 

material, but also influence microstructural and textural evolution of the alloy upon 

deformation and annealing of deformed samples. Chemical composition of hot rolled 

AA3003 used in present analysis is given in Table 1. 

Table 1 Chemical composition of AA3003 (wt %) 

Element Al Si Fe Cu Mn Mg Cr Ni Zn Ti 

Wt % 98.103 0.200 0.500 0.100 1.070 0.001 0.002 0.007 0.010 0.007 

  



Compared to AA1050 and AA5005, the concentration of Al in AA3003 is between the 

two alloys, whereas the concentration of Fe and Si is similar in all three alloys.   

 

3. Processing history and experimentation 

The deformation history of hot rolled AA3003 used in present study is given in Table 2. 

Table 2 Deformation history of AA3003 

Pass No. Slab Temperature (°F) Gauge (in.) % Reduction 

0 926 21.4 0 

1 926 20.5 4.2 

2 926 19.3 5.9 

3 926 18.1 6.2 

4 926 16.8 7.2 

5 926 15.4 8.3 

6 926 14 9.1 

7 926 12.6 10.0 

8 926 11.1 11.9 

9 926 9.6 13.5 

10 926 8.1 15.6 

11 926 6.7 17.3 

12 926 5.3 20.9 

13 823 3.9 26.4 

14 823 2.6 33.3 

15 796 1.3 50 

16 734 0.66 49.2 

17 687 0.4 39.4 

18 658 0.25 37.5 

19 527 0.125 50 



The samples for present analysis were obtained from the two 50% reduction passes (pass 

15 and 19), shown in bold in Table 2. Microstructure and texture of these samples were 

analyzed by using EBSD scans (see PhD thesis by M.H. Alvi and other standard 

references for a description of this method). Small samples for EBSD analysis were 

obtained from the as-received slab. These samples were polished with 1µm alumina 

powder followed by electropolishing with a perchloric acid solution. Due to the presence 

of elongated grains in plan view (RD-TD sections), samples were taken on longitudinal 

cross-section (RD-ND section) in order to maximize the number of grains included in 

each scan. As it has been pointed out earlier for the case of AA1050 and AA5005, the 

elongated grains observed in the conventional RD-TD cross-section cannot be scanned 

completely, even with scan dimension of 1mm×1mm. Thus a scan on plan view captures 

only partial grains and therefore provides incomplete texture information. This problem 

was solved by changing the scan section to one with smaller grain dimensions. The 

texture of samples scanned on longitudinal cross section in EBSD compares well with 

that obtained from X-ray diffraction. A step size between 1µm and 2µm was used for 

EBSD scans.  

 

4. Microstructural Evolution 

The EBSD scans for deformed samples were analyzed for microstructural evolution. 

Microstructural features like fraction recrystallized, grain size, Grain Orientation Spread 

(GOS) and Grain Average Misorientation (GAM) were estimated for each grain within 

the scan. On average, three scans were obtained on each sample surface. Microstructures 

of samples deformed at the two temperatures are shown in Figure 1 and 2. These 



microstructures are Inverse Pole Figure (IPF) representations where the color of each 

grain represents a given orientation. The orientation information is given in the standard 

triangle shown in Figure 3.  

        

(a) (b) 

Figure 1.  Microstructures of samples hot deformed at 796°F. The samples were scanned 

in longitudinal cross section (RD-ND section), rolling direction being left to right for 

each microstructure. Second phase particles are clearly visible in these scans. Only a 

small fraction of grains have undergone large-scale deformation. (a) and (b) show 

different regions of the same sample surface.  

    

(a) (b) 

Figure 2. Microstructures of samples hot deformed at 527°F. Two different regions of the 

sample surface were scanned as shown in (a) and (b). The samples were scanned in 



longitudinal cross section (RD-ND section), rolling direction being left to right for each 

microstructure. Long bands of deformed grains can be observed in this section. 

 

 

Figure 3. Standard stereographic triangle showing the relationship between surface 

orientation of a point and color. 

 The as-received hot deformed samples were also analyzed for fraction 

recrystallized. Samples deformed at 796°F were 90±2% recrystallized, while the samples 

deformed at 527°F were 10±3% recrystallized. The microstructures shown in Figure 1 

clearly indicate the extent of deformation for the two treatments. The samples obtained 

from pass 15 have large undeformed grains and only selected regions have undergone 

some deformation. Although second phase particles are present in these grains, no low 

angle boundaries can be observed even at 3o boundary misorientation (uniform solid 

color). For the samples deformed at 527°F (pass 19), the extent of deformation is large. 

Almost all grains have some orientation variations within them, indicated by the changes 

in color within each grain. 

 An important parameter to estimate the extent of deformation in a grain is the 

spread in orientation. This spread in orientation within a grain can be described by two 

alternative methods of Grain Orientation Spread (GOS) and Grain Average 



Misorientation (GAM). GOS represents long range orientation variations within a grain 

and is obtained as the average misorientation between all the pixel pairs in a grain. GAM 

on the other hand represent short range orientation variations within a grain and is 

obtained as the average misorientation between neighboring pixel pairs only. GOS and 

GAM values of a grain can be used to describe its state as deformed, recovered and 

recrystallized. Deformed grains have large GOS (long range orientation variations) and 

GAM values (short range orientation variations). Recrystallized grains have low GOS 

and GAM values. Recovered grains on the other hand have and intermediate state of local 

rearrangement by subgrain formation and growth, given by low GAM and high GOS 

values. Thus a grain by grain comparison of GAM and GOS values can be used to 

completely describe the state of sample as deformed, recovered or recrystallized. Figure 4 

(a) and (b) shows a comparison of GAM and GOS values for microstructures shown in 

Figure 1 (a) and (b) respectively, for samples deformed at high temperature (Pass # 15). 

As seen in Figure 1(a), all the grains are still in recrystallized state (undeformed, 

no internal boundaries), therefore, have GOS and GAM nearly equal to each other.  All 

the points in Figure 4 (a) have GOS and GAM values less than 3° and lie near to the 1:1 

line, indicating that all grains are still recrystallized. The grains in Figure 1 (b) show 

some deformation in the center of microstructure, seen as a long thin band of red grains 

with many boundaries. This result is also evident in Figure 4 (b), where few points have 

high GOS and GAM values (GOS greater than 3°). Another important feature observed 

in Figure 4 (b) is that the GOS is greater than GAM for these high GOS grains. As 

pointed out earlier, this microstructural feature of high GOS and low GAM indicates 



recovery of deformed samples. Since the deformation temperature is high (796F), 

extensive recovery of deformed grains is expected.  
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Figure 4 (a) Comparison of GAM and GOS values of microstructure in Figure 1 (a). All 

the points lie near the 1:1 line, indicating recrystallized grains.  
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Figure 4 (b) Comparison of GAM and GOS values of microstructure in Figure 1 (b). 

Points lying below 1:1 line and have GOS greater than 3° represent deformed grains.  



For the microstructures shown in Figure 2 (a) and (b), the GAM and GOS values are 

shown in Figure 5 (a) and (b), respectively. The elongated deformed grains are shown 

here by points having GOS greater than 3° and GAM greater than 1°. Since the two 

microstructures are similar, the plots in Figure 5 (a) and (b) also show similar variations. 

Since the deformation is high, some concurrent recovery of deformed samples also takes 

place, indicated here by grains having GOS values greater than the corresponding GAM 

values. The points lying below 1:1 line in Figures 5 (a) and (b) represent the grains with 

GOS greater than GAM. 
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Figure 5 (a) GOS and GAM values for microstructure shown Figure 2 (a). Elongated 

deformed grains are shown hereby high GOS values.  
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Figure 5 (b) GOS and GAM values for the microstructure shown Figure 2 (b). High GOS 

and GAM values were observed, indicating deformed microstructure, and GOS values 

higher than the corresponding GAM values were observed for grains, suggesting 

recovery of deformed grains.  

 

5. Texture of hot rolled samples  

Texture analysis of hot rolled samples was performed from EBSD scans for samples 

deformed at the two temperatures. The present study provides an important opportunity 

to analyze the effect of deformation conditions on evolution rolling texture in aluminum 

alloys. The differences in rolling temperatures and total strain in the samples can be used 

to understand the effect of deformation parameters on the volume fraction of different 

texture components. Orientation Distribution Functions (ODF’s) corresponding to the 

microstructures shown in Fig 1 and 2 are shown in Figure 6 and 7.  



     

  (a)       (b) 

Figure 6 ODF’s corresponding to the microstructures shown in Figure 1 (a) and (b) 

respectively, for samples deformed at 796F. Cube texture is the dominant texture 

component. However, due to the large grain size, not much can be said about the average 

texture of the deformed samples. Significant differences were also observed for the two 

scans due to the heterogeneity of samples and large grain sizes.  

     

Figure 7 ODF’s corresponding to the microstructures shown in Figure 2 (a) and (b) 

respectively, for samples deformed at 527 F. Strong rolling texture was observed for 

these samples. Almost similar textures were obtained from the two scans, indicating 

uniformity of microstructures for samples rolled at 527F. 



The deformation textures at the two rolling temperatures clearly indicate the differences 

due to the deformation parameters. The main parameter affecting the overall texture of 

deformed samples is the total strain in the sample. For the samples deformed at 527F 

(Pass # 15), the overall strain was higher as compared to the samples deformed at 796F 

(Pass # 19). Elongated grains were formed at the higher strains, leading to rolling texture 

(Brass, Copper and S components). Another important feature observed in these scans is 

the small amount of cube texture. These cube grains might have been formed due the 

second phase particles. When the overall strain was low, no significant deformation was 

observed in the grains and the grains remain essentially dislocation free. Some Cube 

texture was observed for these grains, but this is not representative of the overall texture 

of the sample as the grain size was quite large and only free grains were captured in the 

EBSD scans. Thus an important point is observed about the effect of rolling conditions 

on the texture evolution. The evolution of rolling texture depends upon the overall strain 

in the material.  

 

6. Conclusions. 

Hot rolled samples of AA3003 were analyzed at two different deformation temperatures. 

Although strain in the pass was same for the two temperatures, the overall strain was 

different. Microstructures for the samples deformed at higher temperature show 

dislocation free grains (low GOS and GAM) and no changes in the texture. Elongated 

deformation bands were observed for the samples deformed at 527F. Grains had high 

GOS and GAM values indicating extensive dislocation accumulation in these grains. 



Strong rolling textures were observed in these samples. Significant contribution from 

recovery is also observed for these samples.  
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Abstract

The kinetics of recrystallization and texture evolution inhot rolled aluminum alloys 1050 and

5005 have been analyzed. The as-received samples were givenisothermal annealing treatments

at different temperatures and their recrystallization kinetics and texture evolution were obtained

as a function of annealing temperatures and times. Two different methods were used to mea-

sure recrystallization kinetics - microhardness variations and mapping with Electron BackScat-

tered Diffraction (EBSD) also known as Orientation Imaging Microscopy(OIM). Microhard-

ness variations represent an average behavior against which the methods based on EBSD were

compared. Intragranular orientation variation (short-range and long-range) was found to be

an important parameter for partitioning EBSD maps into deformed and recrystallized regions.

Comparable recrystallization kinetics were obtained from microhardness variations and EBSD.

Microstructural Path Modeling (MPM) was used for analyzingrecrystallization kinetics. Re-

crystallization in hot rolled aluminum alloys 1050 and 5005was determined to be site-saturated

and controlled by migration of high-angle boundaries.

The ability to partition deformed and recrystallized regions based on intragranular orien-

tation variations provided an important tool for analyzingand understanding the texture evo-

lution in deformed and recrystallized grains independently of each other. Rolling orientation

components S and Brass exhibited very different effects on annealing. While the deformed S

orientation was observed to decay very fast, Brass deformed grains remained stable to anneal-

ing. Recrystallized grains had Cube as the main texture component, which nucleated from the

deformed Cube bands. The recrystallized Cube grains exhibited both a nucleation and growth

advantage when compared to the other recrystallized orientations. Although the nucleation ad-

vantage of Cube recrystallized grains was observed to be present at all annealing temperatures,

the growth advantage for these grains were present only at low annealing temperatures.
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1 Introduction

Hot rolling processes form an integral part of processing ofwrought aluminum alloys. The hot

rolling processes are aimed at breaking down the cast structures in direct chill ingots and at

refinement of the as-cast microstructure in terms of grain morphology and the crystallographic

orientation (texture). The mechanical properties after subsequent cold rolling and other forming

operations are determined primarily by the texture presentafter the hot rolling stages. For

example, a balanced texture is essential for reducing the earing tendency during the beverage

can forming operation. The annealing treatments during thehot rolling processes are therefore

aimed at forming a strain-free microstructure in the metal which can be deformed further with

less stress on the metal, thus avoiding crack formation during subsequent deformation. It is a

standard industrial practice to anneal the partially broken down hot rolled slabs and plates for

time periods long enough to recrystallize the metal completely before continuing with further

hot rolling processes. The aim of the present study is to reduce the annealing times in hot

deformation while improving the control of texture in production of plates and sheets. Two

obvious benefits of reductions in annealing times are increased process and energy efficiency.

Given the high volume of flat rolled aluminum products produced every year, shorter annealing

times mean faster turnaround and less energy used to maintain furnace temperature.

The main aim of the annealing treatment is to obtain a recrystallized microstructure. Re-

crystallization can be defined as the formation of strain-free grains in a previously deformed

matrix. It requires long range motion of grain boundaries torestore the mechanical state of an

undeformed condition. Although recrystallization is wellunderstood as a process, very little

is known quantitatively about the influences of impurities and crystallography on the evolution

of recrystallized grains. The goal of the current study is tomeasure the kinetics of recrystal-

lization as a function of the crystallographic orientations of the grains. In a number of studies

on recrystallization kinetics and texture evolution in different aluminum alloys, the kinetics of

formation of recrystallized grains is found to be strongly dependent on processing conditions

(strain, strain rate and temperature) as well as the microstructure and texture of the deformed
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metal. The deformed grains of certain orientations, e.g. Brass, have been observed to be rel-

atively stable to annealing treatments, have large subgrain sizes and low stored energies and

therefore recrystallize at the final stages of annealing. Similarly deformed grains of other ori-

entations, e.g. S and Copper, are observed to have smaller subgrain sizes and larger stored

energies therefore resulting in more rapid recrystallization of these components. The nucle-

ation and growth of a recrystallized grain is strongly dependent on its spatial location in the

deformed microstructure. The ability to control the deformation texture evolution from the

processing parameters will help to determine the conditions for faster recrystallization of the

hot rolled metal.

An important aspect of the current study is to provide new information on data that can

be used in engineering models for process control. Data on texture evolution, nucleation of

recrystallized grains and variation in stored energies in deformed grains of different orientations

will help significantly in improving the current models of recrystallization.

The aluminum alloys used in the present study are commercialpurity non-heat treatable

alloys 1050 and 5005. These alloys are used primarily for canclosures and beverage can stock.

The kinetics of recrystallization after hot rolling were determined as a function of orientation.

The use of Electron Backscattered Diffraction (EBSD) in a Scanning Electron Microscope

(SEM) has lead to the emergence of Orientation Imaging Microscopy (OIM) which is an im-

portant tool for analyzing microstructural and textural evolution at relatively rapid rates without

tedious sample preparation. OIM was used extensively in this project. A technique for deter-

mining the fraction recrystallized in deformed and annealed samples was developed by using

the concept of Grain Orientation Spread (GOS). GOS represents an average orientation spread

within a grain. A comparison of recrystallization kineticsobtained from the GOS approach and

the microhardness variations revealed good agreement between the two methods. The GOS

approach has also provided the ability to partition OIM mapsinto deformed and recrystallized

grains and to analyze them independently for texture evolution and their growth and decay ki-

netics. The recrystallized grains were also analyzed for their deformed neighbors of different
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orientations. Variations in the neighborhood of recrystallized grains revealed the relative sta-

bility of deformed grains. Samples were also deformed in a specially designed machine at the

Alcoa Technical Center, known as a deformation simulator, tosimulate the industrial rolling

process and also allow the control of process parameters (temperature, strain and strain rate).

An analysis of these samples will help to determine the stability of different orientations relative

to various processing conditions.

The results obtained from this study will help to improve ourcurrent understanding of the

process of recrystallization. Data from the experiments are expected to help in improving the

current mathematical models and provide an accurate prediction of microstructure and texture

variations as a function of processing conditions, leadingto improvements in process control

and optimization.
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2 Literature Review

Deformation and recrystallization processes form an integral part of thermomechanical

processing during the mechanical forming of aluminum alloys. The two processes are closely

related as the microstructural and textural evolution during recrystallization is strongly depen-

dent on the deformation parameters and processing conditions. The heterogeneities formed

during the deformation of metals act as nucleation sites forrecrystallized grains. Disloca-

tion generation and rearrangement during deformation processes form the most important mi-

crostructural features of the deformation microstructure. Annealing of deformed metals gen-

erally results in growth of recrystallized grains, driven by the stored energy of deformation.

Since deformation takes place by slip on selected planes along specific directions, preferred

orientations are developed in the grains during deformation. The stored energy of these grains

is dependent primarily on the magnitude of slip and therefore indirectly on the orientation de-

veloped during deformation. The stored energy provides thedriving force for recrystallization

and formation of new grains with low stored energies and, often, different texture from the

deformation texture.

This chapter reviews the current literature on deformationand recrystallization. The effect

of dislocation slip in polycrystalline metals on the storage of dislocations is examined first, fol-

lowed by the formation of dislocation structures in deformed metals. Deformation microstruc-

tures from cold and hot rolling processes are also compared.The kinetics of recrystallization

are reviewed along with microstructural and textural evolution during recrystallization. The

theories of recrystallization texture evolution are also reviewed briefly.

2.1 Deformed State

The industrial rolling of aluminum alloys is generally conducted in multistage schedules

of 10-15 passes, partly on reversing mills and partly on continuous mills with temperature

declining from 500oC to between 300oC and 250oC [13]. Microstructural evolution during

deformation is determined by the deformation parameters which includes strain, strain rate and

temperature of deformation. An important parameter along with the shape and size of deformed
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grains is their orientation. The orientations of deformed grains play an important role in the

nucleation and growth of recrystallized grains. The energystored during deformation is also

determined by the orientation of grains to some extent. The basic mechanisms and structures

formed during deformation are discussed in this next section.

2.1.1 Microstructural evolution during deformation

Deformation of a metal changes its microstructure in several ways. The grains change their

shape from nearly equiaxed to an elongated shape and there isa significant increase in total

grain boundary area. New grain boundary area is created by incorporation of dislocations,

which are created continuously during deformation process. At the microscopic level, a sub-

structure appears within a grain. This substructure is alsocreated by the dislocations generated

during the deformation process [6].

The main mechanisms of deformation in cubic metals are slip and twinning. The parame-

ter for deciding the actual choice of deformation mechanismis the value of the stacking fault

energy,γS FE. The stacking fault energy of aluminum is 166mJm−2 [6]. This value is rela-

tively high therefore the main mechanism of deformation foraluminum alloys is dislocation

slip. Slip usually takes place on close packed planes and along closed packed directions. The

combination of close packed planes and directions form a slip system and the most common

observed slip system for fcc metals is{111} 〈110〉. As in a single crystal, the slip systems that

are activated in a grain depends on which planes experience the greatest resolved shear stress

and these planes are oriented differently in different grains in a polycrystalline aggregate. The

individual grains in an aggregate are however, not free to change their shape arbitrarily and are

subjected to constraints imposed by all of their neighbors,each of which deforms in a unique

manner. To first order, however, each grain deforms as the aggregate does. The contiguity of

the material must be maintained for the deformation to continue and thus different parts of a

particular grain may have different deformation processes. A deformation band can be defined

as a volume of constant orientation that is significantly different from the orientations present

elsewhere in a grain. A transition band is defined as the region of orientation change between
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various parts of a grain and it can have a finite width. A deformation band with parallel sides

and involving equal and opposite orientation change acrossthe two boundaries is defined as a

kink band [6].

Dislocation structures and arrangements

The microstructure of metals deforming by slip typically comprises a three-dimensional

structure of regions of low dislocation density, bounded bywalls of high dislocation density.

If the boundary is diffuse, consisting of a tangled array of dislocations, it is a cell structure.

If the boundary is sharp and consists of a well ordered dislocation array then it is more prop-

erly described as a subgrain structure. The earliest microstructures evolve with strain from

tangled dislocations, to structures consisting of cells and then subgrains [6]. In high-SFE poly-

crystalline metals, individual grains subdivide into volume elements (Cell Blocks) which can

deform by fewer slip systems than the five specified by the Taylor criterion for strain accom-

modation. The cell blocks in turn are divided into ordinary dislocation cells. The observed

behavior can be understood in terms of general theoretical principles applied to individual dis-

locations and their group behavior, which influences the selection and interaction of locally

different glide system combinations and the reduction of free dislocation energy, via the forma-

tion of low-energy dislocation structures (LEDS). “The increase in dislocation density during

straining is due to the mutual trapping of dislocations. Thedislocation trapping implies mu-

tual stress-screening of the resolved shear stress components to the level of the frictional stress

among near-neighbor dislocations. Among the configurations accessible to the dislocations,

that particular dislocation microstructure forms which minimizes the energy per unit length

of dislocation line at least on a local basis. The relative level of stress screening of the other

stress components besides the resolved shear stress causessome LEDS to form in preference

to others. It is a general principle that in all dislocationsstructures the energy decreases with

increasing number of participating Burgers vectors since itpermits effective stress screening”

[14].

The trapping of dislocations into LEDS often leads to the formation of two-dimensional
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dislocations arrays (i.e. walls). These dislocation arrays are generally favored over a quasi-

uniform three-dimensional distribution since for a given total dislocation density, the disloca-

tion spacing (and thereby the energy per unit length of dislocation line) is smaller in the arrays.

The dislocations cells are thus the very type of structure theoretically expected. Many pla-

nar arrays are geometrically possible but only a small fraction are free of long range stress as

required to be LEDS as indicated below:-

• Dipolar or multipolar walls in which parallel dislocation segments of the same type, but

with Burgers vectors of opposite sign, are equally frequent on a small scale.

• Dislocation rotation boundaries, across which the latticerotation changes abruptly.

Deformation structures have been observed to shrink in scale as the applied stress is increased.

The refinement of a cell structure requires dissociation of dislocation walls or generation of

new dislocation walls within preexisting cells. The lattercan occur via the formation and

subsequent splitting of dipolar and multipolar walls into two similar walls but with opposite

angle of rotations [14].

Effect of polycrystalline slip on Dislocation structures

Polycrystalline slip has been modeled by various researchers involving different constraints

on strain. According to the Taylor model, slip is uniform within each grain of a polycrystal

and strain compatibility is achieved by simultaneous operation of at least five slip systems.

Equivalently, five independent glide systems can accommodate any arbitrary strain. The Taylor

model accounts for texture development in a reasonably successful fashion in polycrystals.

At a microscopic level, however, the number of simultaneously acting glide systems is pre-

sumably the result of two competing effects. The flow stress is lower with fewer glide systems

because the number of intersecting dislocation jogs decreases. Alternatively, stress screening

becomes more effective as the number of different Burgers vectors increases. The number of

Burgers vectors increases with increasing glide systems. However, the individual contribution

to stress screening from an additional Burgers vector diminishes significantly when the total
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number of Burgers vectors increases beyond three or four. Consequently, the number of glide

systems may fall short of the five systems expected on the basis of the Taylor model. The

number of active glide systems may be realistically estimated at three to four, even when the

imposed stress is entirely uniform. Independent of number of slip systems operating, strain

accommodation is required. Thus deformation of polycrystals with a reduced number of slip

systems can take place by volume elements of individual grains each characterized by a specific

selection of glide system. While each cell block will conformas well as possible to the Taylor

criterion, but because less than five systems cannot fulfill it, neighboring cell blocks must fulfill

it collectively [14].

According to Hugheset al. [14, 15] at the start of deformation, different slip system com-

binations are activated in different parts of any one grain through interaction among grains.

Heterogeneity of slip activity is apparent in the variations in slip line patterns. This break-up

of grains into differently oriented regions means that any individual location does not exactly

satisfy the Taylor condition. For grain sizes above a few microns, the regions that deform with

a particular selection of slip systems are initially much larger than the cell size, implying that

each cell block contains several dislocation cells. Since the deformation within a cell block

does not fully conform to Taylor’s criterion, the average orientations of neighboring cell blocks

diverge. As a result, the boundaries between cell blocks areboth longer and associated with

larger average rotation angles than ordinary cell walls. These boundaries are termed “dense

dislocation walls” (DDW). The gradual lattice reorientation will differ among neighboring cell

blocks, and so the cell blocks will begin to interact in the same manner as did the initial grains.

As a result, new cell blocks will be required to accommodate strains that are formed by the

subdivision of initial cell blocks.

The new cell blocks are nucleated by splitting of existing DDW’s into two or more roughly

parallel walls. The result of this splitting is approximately parallel double or multiple DDW’s,

which appear as bands of morphologically distinct dislocation cells in TEM and are called

micro-bands (MB1’s). In the volume opened up between the edges of a split DDW, a different

selection of glide systems operates than on either side. Thezone between the split parts is
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Figure 2.1: Schematic view of various microstructural features observed during deformation of
metals.[2]

therefore a new cell block that is bounded by new DDW’s that arise from the pre-existing

DDW. Another way of nucleating cell blocks is through the intersection of the cell structure

by glide on a previously dormant glide plane. The initiationof glide on an intersecting plane

requires jogging of a large fraction of dislocations threading the planes. The glide initiation on

this intersecting plane requires a slightly higher stress than further glide on a prior plane. These

also appear as bands and are called second generation micro-bands (MB2’s) owing to the fact

that they are formed at a latter stage than the previously formed micro-bands which are also

known as first generation micro-bands.

At large strains, the structure consists of individual subgrains that are formed as the rotation

angles across cell walls increase and cells become subgrains. The increase in strain leads to an

increase in dislocation density and since the rate of rotation increase across a DDW is slower at

large strains, this will cause the rotation across the ordinary dislocation walls to increase. Ulti-

mately cells within each cell block can no longer operate with the same glide system combina-

tion which leads to the formation of high average misorientation across the wall, thus forming

subgrains from the cells. The cell blocks become very flat andsandwiched by lamellar disloca-

tion boundaries that have replaced the small strain DDW and MB structures. In contrast to the

small strain blocks, the cell blocks at large strains are usually one to two cells deep and several
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along their length. The average misorientation between cells and subgrains is generally found

to increase with strain. An important feature, along with the mean subgrain misorientation,

is the presence of long range orientation gradients in deformed metals. Although the nearest

neighbor misorientations are generally low, there are often significant orientation gradients in

each grain which are different in the rolling and normal directions [16].

Formation of high angle boundaries during deformation

Cell boundaries that have low misorientation angles on average are classified as incidental

dislocation boundaries (IDB). DDWs, MBs, LBs and subgrain boundaries are classified as

geometrically necessary boundaries (GNBs) that separate differently deforming regions. Both

GNBs and IDBs increase their average misorientation angle anddecrease their spacing with

increasing strain and stress. However, GNBs increase their misorientation angle and decrease

their spacing at a much higher rate than IDBs do. At medium to large strains, some part of

the population of the GNBs have increased their misorientation angle to the extent that they

are classified as high angle boundaries. Another important source of high angle boundaries

is texture evolution during the deformation process. Largecrystal rotations occur as a part of

preferred crystallographic texture evolution, leading torotation of different parts of a grain to

different end positions due to the grain subdivision by dislocation boundaries that start at the

beginning of deformation. The high angle boundary thus generated serves as an important site

for nucleation during recrystallization as it is able to migrate through deformed microstructure

causing the nucleus to grow. The driving force for the boundary migration is provided by

the stored energy of deformation. The driving force dependson various material parameters

including deformation and annealing parameters and also onthe crystallographic orientation of

the deformed matrix [12].

Microstructural evolution during hot rolling in aluminum alloys

The plastic flow of crystalline metals requires the same motion of dislocations regardless

of temperature, although at high temperature, sliding and diffusion flow at grain boundaries

become significant as strain rate and grain size are reduced.The rolling temperature at different
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stages of processing affects the overall microstructural and textural evolution. Based on the

actual temperature being used during the rolling process, it can be divided into hot (above 0.6

of the melting temperature), warm (between 0.3 and 0.6 of themelting temperature) and cold

(below 0.3 of the melting temperature) rolled regimes [15].A comparison between the hot and

cold worked states is given in Table 1 [13].

Hot Working (T > 0.6Tm,Al > 300oC) Cold Working (T < 0.3Tm,Al < 100oC)

Dislocation climb, cross slip, glides on addi-

tional slip systems.

Dislocation glide, limited cross slip, forms

microbands. Polygonized subgrains Elon-

gated cells

Substructure regenerated continuously Cell divided into blocks by microbands

Misorientation angle between subgrains re-

mains low

Misorientation angle between cell blocks be-

comes high

Static recovery and recrystallization between

stages

Static recovery and recrystallization in an-

nealing

Disorientation boundaries permanent, rather

narrow walls forming grain boundaries

Disorientation bands of many cellular layers

ultimately becomes grain boundary

Table 2.1: Comparison of hot worked and cold worked states

Dynamic recovery is found to be a dominant softening mechanism in hot rolled aluminum

alloys. The formation of deformation bands and developmentof disorientation walls between

different oriented regions are temperature independent. The degree of break-up is less at higher

temperature however, because additional straining mechanisms relax the Taylor constraints.

The constraints are reduced due to grain boundary sliding, migrations and vacancy flows. Con-

sequently, there are only two or three bands per grain per 100µm, much less than in cold work.

Dense dislocation walls, microbands, lamellar boundaries, equiaxed subgrains and cells are

also observed during hot deformation. The relative proportions of these different structures de-

pend on the temperature, strain rate, stacking fault energyand friction stress. Microstructural

evolution during hot rolling of commercial purity aluminum(1050) also produces features ob-

served for cold rolled microstructures with DDW’s and MB’s outlining cell blocks as shown
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in Fig. 2.2. However, regions containing primarily equiaxed cells and subgrains are more

frequently observed at high temperature than following room temperature deformation. An

increase in temperature further increases the proportion of equiaxed cells and subgrains [14].

The temperature of deformation has a significant effect on the microstructural evolution dur-

ing hot deformation. In a series of hot deformation experiments conducted on AA1050, the

microstructures obtained had very different characteristics. A high temperature deformation

(500oC) leads to formation of Grain Boundary Serrations (GBS), whereas for deformation at

lower temperature (350oC) in-grain inclined lines (IIL) were observed. The inclinedlines were

oriented 35o to the RD. The formation of GBS and IIL is shown in Fig. 2.3 [3].

Figure 2.2: DDWs and cell block walls observed in commercial purity aluminum alloy

(AA1050) hot rolled to 50% reduction at 573K [3].

2.1.2 Stored Energy

The work expended in deforming a metal is released mainly as heat and only a very small

amount ( 1%) remains as stored energy [6]. This stored energyprovides the source of all the

property changes that are typical of deformed metals and is mainly derived from dislocations

generated during deformation with only a small contribution from point defects. The mobil-

ity of interstitials and vacancies is very high and except for the special cases of deformation

at very low temperatures, the contribution of point defectsto the stored energy is not signifi-

cant. Deformation at ambient temperatures usually involves energy stored due to accumulation
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Figure 2.3: Microstructural evolution during hot working (a) Low temperature deformation
(350oC) causes IIL formation (b) High temperature deformation (500oC) leads to GBS forma-
tion [3].

of dislocations. The increase in dislocation density is dueto the continued trapping of newly

created mobile dislocations by existing dislocations and their incorporation into the existing

dislocation structure. The new grain boundary area createddue the shape change of grains un-

dergoing deformation also involves incorporation of dislocations generated during deformation.

The energy associated with increase in area represents a significant part of stored energy and is

greater for small grain sizes and large strains. The appearance of internal structure within grains

involves creation of boundaries which are also generated from the newly created dislocations.

The stored energy of deformation is the main driving force for the restoration mechanisms

(recovery and recrystallization) occurring during the annealing of deformed metals. A typi-

cal lightly deformed metal has a stored energy of about 105Jm−3 which is small compared to

other transformation energies such as the heat of fusion andphase transformations. This small

amount of stored energy is the source of all the strengthening that occurs during deformation.

The stored energy of deformation is usually measured directly by calorimetry or indirectly
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from the change in some physical or mechanical property of materials such as X-ray line broad-

ening. The calorimetric observations involve measurementof heat flux emitted by a specimen

during heating with reference to a standard whereas the X-ray line broadening technique in-

volves the measurement of inhomogeneous lattice strain energy.

The stored energy of deformation due to the dislocations canbe obtained from the energy

per unit length of a dislocation multiplied by the density. The energy per unit length of a

dislocation line is approximately given by

Edis =
Gb2 f (v)

4π
ln

R
Ro

(2.1)

Here, R is the upper cut-off radius (usually taken to be the separation of dislocations (ρ−1/2),

Ro is the inner cut-off radius (usually taken as between b and 5b),

f(v) is a function of Poisson’s ratio (v), which, for an average population of edge and screw

dislocations is1−v/2
1−v .

The stored energy for a dislocation density is thus

ED = ρEDis (2.2)

The energies of the dislocations present in real materials are not wholly represented by such

simple considerations as the above expression is appropriate only if the dislocations are

arranged in such ways that stress fields of other dislocations are screened. In most cases it

is appropriate to say that the approximate dislocation energy can be represented as

EDis = cGb2 (2.3)

wherec ≈ 0.5, and the stored energy can be represented as

ED = cρGb2 (2.4)
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The energy stored in the substructure can be estimated from the subgrain diameter (δ) and

specific energy (γ) of the low angle grain boundaries which comprise the subgrain walls. The

area of low angle boundary per unit volume is 3/δ and hence the energy per unit volume (ES)

is given by

ES ≈
3γ
δ

(2.5)

The above expression can also be expressed in form of the boundary misorientation angle (θ),

which can be measured experimentally. The stored energy is therefore

ES =
3γoθ(A− ln θ)

δ
=

Kθ
δ

(2.6)

Here,γo =
Gb

4π(1−v) , A = 1 + ln b
2πro

, ro is radius of the dislocation core usually taken as being

between b and 5b.

The total stored energy can be computed from the individual contributions from dislocation

energy and substructure energy as

ET = ED + ES (2.7)

It has been found experimentally that both cell/subgrain size and the misorientation are depen-

dent on the grain orientation and therefore the stored energy can be expected to vary in different

texture components of the material [6]. The differences in stored energy of deformation have

important effects on the nucleation and growth of recrystallized grains.The rate of nucleation

and growth of recrystallization nuclei will be enhanced in components with the highest stored

energy. Similarly a component with lower energy that is situated adjacent to a component

with higher energy will be likely to create a recrystallization nucleus. The nucleation of cube

recrystallized grains occurs from deformed cube bands thathave a large subgrain size and a

correspondingly lower energy. The nucleation from cube bands has further been found to be

promoted when the bands have an S component as a neighbor, which could be ascribed to
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higher stored energy of S deformed grains [8, 17].

Stored energy analysis of different aluminum alloys has shown higher stored energy for S

deformed grains by an amount of 10-30% relative to the average stored energy and lower stored

energy for Brass grains by up to an amount of 25% relative to theaverage stored energy. The

subgrain sizes and sub-boundary misorientations were obtained using TEM and SEM analysis.

The internal dislocation content was however, obtained from TEM only and the contribution

of the internal dislocations to the total stored energy can be neglected for the hot deformed

samples [8, 18, 19].

2.1.3 Texture evolution during deformation

The orientation changes that take place during deformationare not random. They are a

consequence of the fact the deformation occurs on the most favorably oriented slip systems

and deformed metal therefore acquires a preferred orientation (texture). The texture evolu-

tion during deformation affects the nucleation behavior of recrystallizing metal as nucleation

occurs preferentially in association with specific regionsof particular orientation. Texture is

usually characterized by the Orientation Distribution Function (ODF) which describes the ori-

entations in the aggregate. The orientations in an ODF are typically parameterized in terms

of three Euler angles (φ1,Φ, φ2). Several different notations have been used to define these

angles, but that of Bunge is most common and will be used here. For rolled fcc materials the

data are normally shown as a series of slices taken through the three dimensional ODF space at

φ2 = 0,5,10. . . 90o as indicated in the figure below. Texture evolution during deformation and

recrystallization is dramatic in the sense that a strong deformation texture is replaced by an en-

tirely different recrystallization texture. Recrystallization textures are insensitive to annealing

conditions but have a very strong sensitivity to the prior plastic deformation. This indicates that

the entire recrystallization process is latent in the deformed state. An increase in deformation

temperature results in greater homogeneity in microstructure therefore leading to strengthening

and sharpening of texture after hot deformation as comparedto cold deformation. The textures

of rolled fcc metals can be represented by a continuous tube of orientations that runs from{110}
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Figure 2.4: Important fibers found in fcc rolling textures [4]

〈112〉 (Brass) atφ1 = 35o, Φ = 45o andφ2 = 90o through{123} 〈634〉 (S) atφ1 = 59o, Φ = 37o

andφ2 = 63o to {112} 〈111〉 (Copper) atφ1 = 90o,Φ = 35o andφ2 = 45o. The axis of the tube is

called theβ fiber and texture data is often reported only in the form of orientation density along

this fiber. While theβ-fiber represents the characteristic features of the textures at medium and

high degrees, low degrees of rolling are associated with thepresence of theα-fiber which runs

from the Goss orientation{011}〈100〉 to the Brass orientation{011}〈112〉 [4]. Fig. 2.4 shows

the location of different fibers observed for fcc rolling. The relative intensities of different tex-

ture components along the beta fiber are strongly influenced by deformation conditions as well

as the initial texture of the undeformed polycrystalline aggregate.

The textures obtained after rolling also depend strongly onthe starting texture as shown in

Fig. 2.5. Although the same texture components are obtained, their intensities vary consid-

erably with the starting texture. A Plane Strain Compression(PSC) test carried out for com-

mercial purity aluminum alloy revealed that, while deformation of a randomly textured sample

results in a copper texture, the cube texture material evolved into a strong near-Brass texture

[20]. Alloys with solid solution forming elements deform like pure metals and develop similar

textures at low reductions. An increase in deformation causes the Brass and Goss components

to increase. The presence of shearable particles causes an increase in the formation of shear
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Figure 2.5: Effect of different starting textures on deformation texture evolution [4]

bands and leads to a pronounced reduction in the texture sharpness [4]. Non-shearable particles

cause extensive pile-ups of dislocations, leading to the formation of deformation zones around

the particles. A large number of the deformation zones give rise to a general weakening of

the rolling texture. An interesting variation is obtained at intermediate size particles, where a

strong rolling texture similar to a pure metal, is obtained.This is caused by a reduction in the

mean free path of the dislocations leading to homogenization of deformation and enhancement

of texture formation [4].

Adding Mg to Al-alloys is known to affect the development of rolling texture. It strongly

suppresses the development ofβ-fiber texture components. The{111} pole figures shown in

Fig. 2.6 illustrate this effect of Mg addition on rolling texture evolution. A detailed texture

analysis has revealed the following variations. For low Mg content (〈3%),the S component

decreases much more rapidly than other main components of rolling texture with increasing

Mg content. With increasing Mg content (between 3-5%), the Brass component increases at

the expense of the Copper component. High Mg content (〉5%) suppresses the development of

all the main components equally and a weaker rolling textureis obtained [5, 21, 22, 23].
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Figure 2.6:{111} pole figures for different Al-Mg alloys. An increase in Mg-content leads to
reduction in the deformation texture strength [5].

The cube grains that are present in the microstructure priorto deformation play an im-

portant role in the texture evolution of recrystallized metal. They remain metastable during

hot deformation. During deformation the old cube grains areflattened into bands. The bands

are typically 2µm wide and extend for several microns along the rolling direction [24]. The

subgrains within the cube bands have a size advantage compared with the subgrains of other

orientations. This makes cube bands very potent nucleationsites. The strength of cube texture

upon recrystallization is found to be enhanced by a high initial cube fraction (large amount

of cube bands), a low Zener-Hollomon parameter (higher stability of the cube grains during

deformation) and a high strain (large surface area of cube bands) [25].

Microtexture measurements on hot plane strain compressed aluminum crystals clearly in-

dicated that subgrain sizes vary in the various deformationcomponents in the orderBrass>

Copper> S [8]. The cube subgrains are found to have a large size advantage in hot worked

polycrystals. The earlier papers on rolled copper have shown that the first S oriented grains to

disappear are those adjacent to cube bands. Calculations of stored energies from the subgrain

sizes and misorientation angles indicate that the stored energy in deformed cube grains is nearly
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half of that of S grains so that there is significant driving force for cube to grow into S [8].

2.2 Annealing of deformed metals

The mechanical properties and behavior of a metal depend, toa large extent, on the dislo-

cation content and their arrangements. The typical dislocation content in the annealed state is

(1011m−2) which increases significantly during deformation (1016m−2). The increase in dislo-

cation content is the main reason for the high yield strengthand lower ductility of a deformed

metal. However, annealing of a deformed metal at a temperature above aboutTm/3 leads to

a significant dislocation loss and rearrangement, as manifested by a decrease in strength and

increase in ductility. The deformation energy stored in thematerial in the form of dislocations

is released in three main processes of recovery, recrystallization and grain growth. For metal-

lic alloys based on copper, nickel and aluminum, which do notundergo a phase change on

cooling, recrystallization after deformation is the only method for producing a completely new

grain structure with modified grain size, shape and texture.Recrystallization can be defined as

the formation of a new grain structure in a deformed materialby the formation and migration

of high angle boundaries driven by the stored energy of deformation. Recovery usually refers

to all annealing processes occurring in deformed materialsthat occur without the long range

migration of high angle boundaries. Recovery typically involves rearrangement of dislocations

to lower their energy. Grain growth is defined as processes involving the migration of grain

boundaries when the driving force for migration is solely the reduction of the grain boundary

area itself [6].

The structural transformations such as recovery, recrystallization and grain growth can be

classified into two different types, as originally recognized by Gibbs, in a manner similar to

phase transformation. “In first of these, Gibbs I, typicallycalled ’nucleation and growth’, the

transformation is extensive in the magnitude of the structural change but is initially spatially

localized with a sharp interface between the old and new structures. The second type of trans-

formation, Gibbs II, often described as ’continuous’ or ’homogeneous’, the transformation is
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initially small in magnitude of the structural change, but it occurs throughout the parent struc-

ture” [2]. In the range of processes seen on annealing plastically deformed materials, both

dislocation recovery, that takes place before and during recrystallization and also normal grain

growth are clearly Gibbs II transformations which occur uniformly throughout the sample while

recrystallization and abnormal grain growth are Gibbs I transformations. The newly recrystal-

lized grain or the abnormally large grains are seen to be growing into a prior structure with a

sharp interface between transformed and untransformed regions. The usual name of ’nucle-

ation and growth’ for Gibbs I transformation is based on the two apparently distinct steps of

the initial formation of new grains and their growth, as applied to recrystallization [2].

2.2.1 Recovery

The term recovery refers to changes in the properties of a deformed material which occur

prior to recrystallization. These changes are such as to partially restore the properties to their

values before deformation. Recovery is primarily due to changes in the dislocation structure

of the material. The dislocation recovery process involvesa series of micromechanisms whose

rate depend on a number of parameters, including the material, purity, strain, deformation

temperature and annealing temperature. When the recovery ofdislocations occurs during the

deformation, it is termed dynamic recovery. The typical changes associated with dislocation

rearrangement and structures that can be attributed to the recovery process are shown in Fig.

2.7. The driving force for recovery as well as recrystallization is the dislocation energy stored

during deformation and the two processes often compete during the thermomechanical process-

ing of material. The extent of recovery depends on the ease with which recrystallization can

occur, as after the onset of recrystallization when the deformation microstructure is consumed

no further recovery will occur. Conversely if a significant amount of recovery has occurred,

the driving force for recrystallization is reduced and the nature and kinetics of recrystallization

are influenced. In this work, however, we present some evidence that recovery can infact occur

concurrently with recrystallization.

The measurement of the extent of recovery in deformed metalsis usually directly observed
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Figure 2.7: Various stages of recovery of plastically deformed material [6]

by calorimetry. The indirect measurement of recovery involves measurements of properties

such as electrical resistivity and hardness. Since the microstructural changes associated with

recovery are small, the direct as well as indirect measurements of recovery will lead to signif-

icantly lower values of stored energy as compared to recrystallization. A logarithmic decay in

mechanical properties is usually observed for dislocationrecovery. An increase in the strain

of a material is found to increase the fraction of the property change associated with recovery

during annealing at a constant temperature. A similar trendis also obtained with an increase in

deformation temperature, where more recovery is found for high temperature deformation be-

cause of the increased mobility of dislocations. The material’s stacking fault energy is another

important parameter determining the extent of recovery in deformed microstructure. Metals

with low stacking fault energy like copper,α-brass and austenitic stainless steel show little re-

covery of dislocation structures due to reduced climb and cross slip. Metals such as aluminum

andα-iron, which have highγS FE, show a significant amount of recovery. The amount of solute

content in an alloy also determines the extent of dislocation recovery by affecting the stacking

fault energy values or by pinning of dislocations. Additionof magnesium to aluminum for
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example is known to pin dislocations and therefore retard dynamic recovery. This will lead to

an increase in stored energy and rapid recovery occurs during annealing of deformed samples.

The two primary processes of reducing the stored energy during recovery are annihilation

of dislocations and the rearrangement of dislocations intolow energy configurations. These

processes are achieved by glide, climb and cross-slip of dislocations. The annihilation of dis-

locations takes place by movement of dislocations of opposite Burgers vectors and canceling

each other. The rearrangement of dislocations can take place via subgrain formation. The for-

mation of low angle tilt boundaries from alignment of dislocations of similar Burgers vectors

is an example of a polygonization mechanism. The energy per dislocation decreases with in-

creasing the misorientation across a tilt boundary. Therefore there is a driving force to form

highly misoriented boundaries as recovery proceeds. Subgrain formation from tangles of dis-

locations in the cell structure during annealing involves annihilation of redundant dislocations

and rearrangement of others into low angle grain boundaries. Dynamic recovery during hot

deformation has been observed to occur to such an extent thatthe dislocations are already in

the form of a well developed subgrain structure after deformation and post-deformation recov-

ery involves mainly a coarsening of the subgrains. The main factors that tend to promote the

formation of a subgrain structure during deformation are high stacking fault energy, low solute

content, large strain and high temperature of deformation.A further reduction in stored energy

can be obtained by subgrain coarsening. The driving force for subgrain coarsening arises from

the boundary energy and any reduction in subgrain boundary area will lead to a reduction in

stored energy [6].

2.2.2 Recrystallization

Recrystallization involves the formation of strain-free grains in certain parts of the speci-

men, and the subsequent growth of these to consume the deformed and recovered microstruc-

ture. The microstructure at any stage can be partitioned into deformed and recrystallized re-

gions which can be quantified by the fraction recrystallized. Recrystallization of deformed
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microstructures is often called primary recrystallization to distinguish it from processes of ex-

aggerated grain growth which may occur in fully recrystallized materials and which are some-

times called secondary recrystallization or abnormal grain growth. As stated previously, re-

crystallization usually involves nucleation of new grainsand their subsequent growth. A re-

crystallized grain is usually distinguished from a deformed grain by the low internal energy

indicated by the absence of any internal dislocation substructure and is surrounded by a high

angle boundary [2].

Recrystallized grains grow by migration of high angle boundaries. The driving force for mi-

gration is the stored energy of deformation, which can be expressed in terms of the dislocation

density,ρ, as

ED = αρGb2 (2.8)

whereα is a constant of order 0.5. The driving force for primary recrystallization of a typical

metal is of the order of 1MPa. An opposing force also exists onthe boundary at small sizes,

due to boundary specific energyγb, which will reduce the boundary area and thereby lowering

the energy of a grain. The retarding pressure on the boundaryis given by the Gibbs-Thomson

relationship:

EG =
2γb

R
(2.9)

where R is the radius of growing spherical nucleus. For the driving force discussed above, the

curvature driven retarding force is significant for nuclei of size less than 1µm. Below this grain

size there would be a negative net driving force for recrystallization [2].

Factors affecting the rate of recrystallization

Recrystallization of a deformed metal is affected by a number of parameters including the

nature of the deformed structure, grain orientation, concentration of solutes, temperature and

strain rate of deformation and annealing conditions.
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The stored energy of deformation and microstructural heterogeneities are increased by the

amount of strain in a material. Also recrystallization doesnot occur until a minimum amount

of strain has accumulated, indicating that a minimum storedenergy is required. Thus the

deformation mode and strain path have a significant effect on recrystallization behavior of the

material. Texture evolution of a grain during deformation is determined by the active slip

systems and the initial orientation of the grain. Thereforethe stored energy of a deformed

grain is strongly dependent on its orientation. This directly affects the driving force for both

nucleation and growth in recrystallization. Variation in texture obtained after hot rolling and

annealing of aluminum alloys lead to different recrystallization kinetics when the material is

subsequently cold rolled and annealed [6]. The same variability and underlying causes apply

to all materials

Fine grained materials are found to recrystallize more rapidly than the coarse grained ma-

terials. Stored energy increases with reduction in grain size. Also, the number (density) of

nucleation sites available at grain boundaries increases as the grain size decreases because

grain boundary nucleation is important in the nucleation ofrecrystallized grains.

Solute atoms are found to have a significant effect on the recrystallization behavior of met-

als by varying the stored energy via dislocation interaction. The mobility of high angle grain

boundaries is also reduced by solute drag thus decreasing the growth rates of recrystallizing

grains. The stored energy of deformation varies with temperature and strain rate. As the tem-

perature is increased, microstructural heterogeneity decreases therefore reducing the stored

energy. Similarly, increasing strain rate also increases stored energy thereby reducing the re-

crystallization temperature [6].

Kinetics of Recrystallization

The kinetic aspects of the nucleation and growth phenomena during recrystallization are

similar to those observed in typical Gibbs I phase transformations. Although the similarities are

confined to the microstructural level, a similar transformation kinetics treatment can be applied

for recrystallization as for phase transformations. The fraction recrystallized can be measured
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directly from microstructural observations or indirectlyby means of different physical proper-

ties of deformed and recrystallized regions e.g. microhardness and electrical resistivity. The

main models typically used for analysis of recrystallization kinetics are:-

1. Johnson Mehl Avrami Kolmogorov (JMAK) model

According to this model, the fraction of recrystallized material appearing after a given

annealing time is related to annealing time as

XV = 1− exp [−(kt)n] (2.10)

The above expression can be derived by considering the nucleation rate (̇N), the growth

rate of a recrystallized grain growing into the deformed matrix (Ġ) and the volume frac-

tion recrystallized (Xv). The total number of nuclei appearing in time interval is given

by

dṄ = Ṅdt= dN+ ṄXVdt (2.11)

The above expression includes the contribution from newly emerging nucleidN as well

as nuclei assumed to form in the regions already recrystallized . The fraction of material

recrystallized at timet can be obtained from the volume of recrystallized grainsV as

XVEX =

∫

VdṄ (2.12)

The volume of each growing grain (assuming spherical shape)is given by

V =
4π(Ġt)3

3
(2.13)

Therefore

XVEX =
4π
3

Ġ3

∫

Ṅt3dt (2.14)
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Assuming constant nucleation rate (Ṅ):

XVEX =
π

3
ṄĠ3t4 (2.15)

In a time intervaldt the extended volume is increased bydXVEX and is related to the

actual incremental fraction recrystallizeddXV as

dXV = (1− XV)dXVex (2.16)

This on integration leads to

XV = 1− exp (−XVEX) (2.17)

XV = 1− exp(−
π

3
ṄĠ3t4) (2.18)

XV = 1− exp(−kt4) (2.19)

The exponentn in above equation is referred as the Avrami or JMAK exponent and is

closely related to the growth morphology of the recrystallized grains. In the ideal case of

three-dimensional growth and constant nucleation rate theexponent value is 4. However,

in case of site saturation, when all the nuclei are formed at time t= 0, the extended volume

is given byXVEX =
4π
3 N(Ġt)3, where N is total number of nuclei, and the exponent value

is found to be 3 [6].

The important assumptions for the JMAK model include randomdistribution of nucle-

ation sites and uniform growth of recrystallizing grains inthree dimensions. However, if

the grains are constrained by sample geometry or some internal constraints to grow only

in one or two dimensions, then the JMAK exponent is lower than3. An important insight

is obtained from recent results obtained from recrystallization simulations. The variation

in JMAK exponents with annealing temperature is found to be strongly affected by the

distribution of stored energy. A low value of the JMAK exponent can be the result of
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an inhomogeneous distribution of stored energy at low annealing temperatures. JMAK

exponents are found to approach ideal values at high annealing temperatures when the

inhomogeneous distribution in stored energy is minimal [25]. The effect of different

nucleation and growth conditions on differentn values is given in Table 2.2.

Conditions N

Increasing nucleation rate > 4

Constant nucleation rate 4

Decreasing nucleation rate 3-4

Site saturation (Zero nucleation rate) 3

Grain edge nucleation after saturation 2

Grain boundary nucleation after saturation1

Table 2.2: Values ofn in kinetics lawXV = 1− exp [−(kt)n]. [1]

The analysis of recrystallization kinetics by the JMAK method is usually carried out

by plotting ln(ln( 1
1−XV

)) against ln(t). This plot is known as a JMAK plot. The slope

of a linear regression fit of the data points yields the JMAK exponent n, whereas the

intercept can be used to determine the temperature dependent coefficientk. An important

conclusion obtained from recrystallization kinetics analysis of different materials using

the JMAK method is that either the JMAK plot is not linear or the exponent is much

less than 3, or both. It is therefore concluded that JMAK analysis is often too simple

to quantitatively model a complex process like recrystallization. More parameters are

needed to describe the changes in microstructure to derive quantities like nucleation and

growth rates and the behavior of nucleation and growth processes [6]. The activation

energy for recrystallization can be obtained by analyzing the temperature dependency

of the parameterk. Typical values obtained for activation energy of recrystallization in

aluminun are in the range 200-240 kJ/mol [26, 27].

2. Microstructural path methodology

The main difference between this approach and the JMAK model is that a morerealistic
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and more powerful model is obtained by using additional microstructural parameters in

the analysis. In addition to volume fraction recrystallized (XV), the other important quan-

tities used in microstructural path modeling are the interfacial area density separating the

new recrystallized grains from the as-yet deformed matrix (SV) and the mean recrystal-

lized grain chord length〈λ〉 . A quantity similar to extended volume fraction (XVEX) can

be defined for interfacial area (SVEX) as

SVEX =
SV

1− XV
(2.20)

The assumptions of random spatial distribution of nuclei and growth rates being global

rather than local are common to the two approaches and equivalent to an assumption

of homogeneous behavior in the material [6]. The kinetics ofrecrystallization for com-

mercial purity aluminum alloys 1050 as modeled by microstructural path modeling has

indicated recrystallization to be growth controlled for hot as well as cold deformed mi-

crostructures. Recrystallization is found to be site-saturated and the recrystallized grains

sizes are 3-4 time large after hot deformation than after cold deformation to a similar

strain [28, 29].

Nucleation of recrystallization

The nucleation and growth aspects of the recrystallizationprocess are similar to those ob-

served during phase transformations. However, the level ofsimilarity is restricted to the mi-

crostructural level only. The thermal fluctuation model hasbeen used for a long time for kinetic

studies of solidification and solid state phase transformations. A critical sized nucleus in this

model is usually obtained from random thermal fluctuations.The size of this nucleus is ob-

tained from an energy balance between the reduction in energy due to formation of a stable

phase and the amount of energy needed to form the surface of a critical sized nucleus. The ma-

jor problem for the study of recrystallization with the thermal fluctuation model is that, given

the typical low values of stored energy of deformation and high energy for a high angle grain

boundary, the energy barrier for recrystallization is so large that new grains cannot form by this
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mechanism even at high enough temperaturesT > 0.5Tm where grains do indeed nucleate and

grow.

An alternative mechanism of nucleation of recrystallized grains during annealing of de-

formed metals was proposed by Cahn. According to this model, new recrystallized grains are

formed from recovered subgrains and cells that are already present in the deformed microstruc-

ture. An important consequence of this idea is that the orientation of each new grain arises from

the orientations present in the deformed state. In the deformed state, even though there is a very

high defect density, the equilibrium crystal structure is still present everywhere. A typical sub-

grain size in deformed polycrystalline aluminum is 1µm however; the recrystallized grain size

after primary recrystallization can evolve to a grain size as large as 100µm. An increase in

diameter of 100 indicates a volume increase from subgrain embryo to the final recrystallized

grain of about 106. This estimate indicates that only one subgrain in a millionbecomes a suc-

cessful recrystallized nucleus. The main reason for this low probability is the low mobility

that most subgrain boundaries have because of their small misorientation. Only subgrains with

a high misorientation angle to the adjacent deformed material have the necessary mobility to

evolve into new recrystallized grains.

Typical nucleation sites, all of which have high local misorientation, include:-

1. Pre-existing high angle grain boundaries - Grain boundaries give rise to inhomogeneity

of slip such that different combinations of slip systems will operate near a grainboundary,

thereby giving rise to high local misorientations.

2. Transition bands - Transition bands represent regions oflarge orientation gradients, sep-

arating regions of different orientations within a grain. These are therefore an ideal site

for recrystallization. The crystallographic orientations developed in transition bands are

a direct consequence of the slip processes and local strain heterogeneities.

3. Shear bands - Shear bands are thin regions of highly strained material typically oriented at

about 35o to the rolling plane. They are formed due to strain heterogeneity and instability

during rolling. High local misorientations between adjacent regions provide adequate
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boundary mobility for subgrains to grow.

4. In the highly misoriented regions around large particles.

The existence of a high angle boundary is observed to be a necessary but not sufficient criterion

for a subgrain to become a successful nucleus. The subgrain must usually have a larger size than

the average to be able to grow in order and form a successful nucleus. Thus the combination

of high local misorientation requirement and a size advantage makes the nucleation process

rare [2]. A size advantage for a subgrain present in the deformed matrix can occur by the

mechanisms of Strain Induced Boundary Migration (SIBM) and subgrain coalescence. SIBM

involves bulging of part of a pre-existing grain boundary, leaving a dislocation free region

behind the migrating boundary. The characteristic features are that the new grains have a similar

orientation to the old grains from which they have grown. Themechanism is found to be

dominant only at low strains in aluminum.

The coalescence of several subgrains on one side of a grain boundary has been observed

to yield a subgrain large enough to grow rapidly into an adjacent grain. The formation of a

single subgrain takes place through rotation by diffusional boundary processes until adjacent

subgrains are of similar orientation. The driving force forcoalescence is provided by reduction

in total boundary energy [6].

Migration of high angle boundaries

Grain boundaries play a key role in the recrystallization process both in nucleation where

prior grain boundaries and deformation induced boundariescan provide nucleation sites, and

also during growth where grain boundary migration is the essential feature. A viable nucleus

is surrounded, at least partly, by a high angle boundary which is able to migrate through the

deformed microstructure causing the nucleus to grow. The driving force for migration of high

angle grain boundaries is provided by the stored energy of deformation. The velocity of migra-

tion is the product of mobility M and driving force∆ f :

v = M∆ f (2.21)
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The mobility, the driving force and, therefore the velocityof migration depend on deformation

as well as annealing parameters [2]. During the growth of a nucleus in a subdivided deformed

matrix, the boundary will constantly meet new types of deformation microstructures and new

crystallographic orientations. Its growth rate will therefore change continuously. Even nearby

segments of a boundary may experience quite different growth conditions because of small

scale variations in the deformed matrix. The recrystallizing grain will therefore not have a

constant driving force along its perimeter. The mobility ofa grain boundary also depends on

the misorientation between the neighboring regions. Low angle grain boundaries are found

to be much less mobile than high angle grain boundaries as lowangle grain boundary motion

involves a coordinated climb of the dislocation arrays. A grain growing into deformed matrix

during recrystallization encounters regions with varyingmisorientation with respect to its own

orientation. A phenomenon known as orientation pinning is observed when a migrating seg-

ment of a growing recrystallized grain impinges on a deformed volume element of the same or

nearly same orientation and forms a low angle boundary [12].

The analysis of boundary migration rates has been carried out for different texture compo-

nents. The cube component in deformed aluminum has been observed to have a slight growth

advantage compared to other orientations. This growth advantage allows the cube component

to persist throughout recrystallization, starting from a relatively weak initial texture. In a de-

formed material there are a number of different texture components that can be prevalent. An

emerging nucleus of a weak texture component will encounterless orientation pinning than

those emerging from the stronger components. This providesa growth advantage for the cube

recrystallized grains [30]. The solute atoms present in a material have a significant effect on

boundary mobility. The mobility of grain boundaries decreases with increasing solute concen-

tration. The boundary mobility is then controlled by the rate of diffusion of the impurity atoms.

At very low solute concentrations, the boundary mobility islittle affected by solute atoms and

the boundary can break away from the solute atmosphere if thedriving force is high enough

[6].
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Texture evolution during recrystallization

Texture evolution during recrystallization of deformed metals is an important phenomenon.

The texture of the (recrystallized) grains is largely responsible for the directionality of prop-

erties observed in many finished products. The development of recrystallization texture is

dependent on a large number of parameters including the dependence of nucleation rate on

inhomogeneities and orientation environment, and on the nature, energy and mobility of the

boundaries between grains of various orientations. The evolution of a strong recrystallization

texture from a deformation texture, which is often unlike the deformation texture, points to

the fact that recrystallization can be considered to be a nucleation and growth process; new

grains with new orientations grow into the deformed matrix,thereby eliminating the stored

work of plastic deformation. An important observation fromthe vast experimental data on re-

crystallization texture evolution is the absence of sensitivity of texture evolution to annealing

conditions and a strong dependence on prior deformation texture [2]. Texture evolution during

recrystallization in fcc metals often involves a substantial increase in the cube component{001}

〈100〉. The evolution of the cube component during recrystallization is significant for changes

in anisotropic behavior during forming operations. The presence of a cube texture can balance

the deformation texture in cold rolled sheet, thereby decreasing the anisotropy in forming [31].

The main theories of texture evolution during recrystallization are those of oriented nucle-

ation (ON) and oriented growth (OG) [2]. The underlying principles of these theories are that

the strength of the recrystallization texture is determined primarily by either the preferential nu-

cleation of some selectively oriented grains or by preferential growth of these grains [32]. The

ON mechanism of texture evolution has been found for a large number of examples for bcc and

fcc metals. The formation of a deformation band with a particular orientation leads to evolution

of nuclei of nearly the same orientation. The OG mechanism isbased on the rapid migration

rates of certain specific high angle boundaries during the growth of recrystallized grains e.g. the

40o〈111〉 boundary between the cube component in recrystallized regions and the S component

in deformed regions. The high mobility of these boundaries allows cube recrystallized grains to

grow rapidly compared to all other grains and to promote a dominant cube texture. The overall
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recrystallization texture evolution however, is found to have significant contributions from the

range of orientations available and the subsequent growth advantage enjoyed by any grain. It

is now recognized that any recrystallization nucleus in a heavily deformed polycrystal is sur-

rounded by a wide spread of orientations and these surroundings will change during growth

[6].

Texture evolution during annealing of hot deformed samplesis strongly influenced by the

starting texture of the material. Of particular significance is the volume fraction of the cube

component in the prior microstructure. The cube component is metastable during deformation

and the strength of all its variants (e.g. RD and TD rotated cube) decreases with increases in

the level of strain [33, 34]. Analysis of samples deformed inplane strain compression with

different starting cube textures, indicate its importance in the texture evolution after recrystal-

lization. The presence of cube oriented matrix after deformation is highly correlated with high

cube fractions after annealing. The stability of cube grains is found to increase with rotations

away from the exact orientation. The rate of decline is highest for the non-rotated samples as

compared to the rotated ones. The effect of temperature and strain rate on the evolution of

deformed cube grains can be correlated with the variation with Zener-Hollomon (Z) parame-

ter. A lower volume fraction of deformed cube grains is obtained for the high Z values (low

temperature-high strain rate) as compared to low Z values (high temperature-low strain rate).

The sample orientation makes little contribution to the volume fraction of deformed cube grains

[34].

The evolution of the cube component is strengthened by high rolling reductions and high

annealing temperatures. The presence of magnesium in aluminum alloys is found to have a

detrimental effect on cube texture evolution. Addition of magnesium, in theform of solid

solutions is found to increase the strength of the alloy and promotes the formation of shear

bands. Recrystallization at shear bands is known to reduce the strength of the cube component

due to nucleation of components other than cube at the shear bands.

The presence of small amounts of iron and silicon in commercial purity aluminum alloys

results in the formation of second phase particles, called constituent particles. Recrystallization
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texture evolution involves a significant contribution fromthese particles to particle stimulated

nucleation (PSN) [6] especially in cold rolling. The presence of second phase particles is known

to affect recrystallization by the formation of highly misoriented zones near the particles during

deformation especially during cold rolling. These particles act as preferred nucleation sites for

recrystallization and lead to the formation of nuclei of various orientations. The texture strength

due to PSN is inversely related to amount of strain in deformation. Small strains will result in

formation of a fewer orientations during deformation. Since the recrystallized grain orientation

is a direct consequence of the deformation orientation, therecrystallization texture in this case

is quite sharp. In case of medium to large strain deformations, highly misoriented regions

form and the deformation zones have a large number of orientations present. This weakens the

recrystallization texture.

Small second phase particles in a fine dispersion are also known to reduce the mobility

of high angle grain boundaries, thereby affecting recrystallization kinetics, and grain size and

texture evolution. Small particles pin grain boundaries and a recrystallization texture similar to

deformed texture is observed in bcc and fcc metals [6]. The commercial purity aluminum alloys

(AA 1XXX series) contain iron and silicon among other elements, which are know to have an

effect on recrystallization kinetics and texture evolution. Small amounts of iron may change

the annealing texture from almost pure cube to a strong retained rolling texture. In aluminum

alloys with low iron concentrations, the cube component dominates, however, an increase in

iron content can lead to precipitation on the recrystallization front. The consequent solute drag

and precipitation leads to slower growth of the dominant cube grains and allow the rolling

components to develop, thereby reducing the strength of cube texture. An example of the effect

of iron content on the cube recrystallization texture component is shown in Fig. 2.8 for Al-

0.007%Fe. As indicated by the ODFs, while a high fraction of cube grains is obtained at low

and high annealing temperatures, the texture of recrystallized samples annealed at intermediate

temperatures such as 360oC results in a mostly retained rolling texture. The above observations

are explained from the fact that precipitation of an iron rich phase at intermediate annealing

temperatures hindered the boundary migration. At the lowerand high temperatures, however,
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the effect on boundary migration is less drastic and a strong cube texture develops. The presence

of silicon in aluminum alloys leads to formation of a stable Al-Fe-Si phase. This will reduce the

Fe content in solid solution. The texture evolution in this case is found to be more random due

to the PSN effect of coarse constituent particles and reduction in rolling component [6]. PSN

is also found to be a dominant mechanism in the presence of large (> 1µm) Al3Fe precipitates

and leads to a large fraction of randomly oriented grains which therefore reduced the strength

of the recrystallization texture components [31].

The recrystallization textures evolved during annealing of deformed samples also contain

some orientations similar to rolling texture, apart from the cube orientation. The main mech-

anism for the formation of recrystallized grains with rolling orientations is Strain Induced

Boundary Migration (SIBM). A difference in dislocation densities on either side of an existing

grain boundary can lead to migration of the boundary into thegrain with higher stored energy.

In an Al-3%Mn alloy, SIBM is observed to nucleate Brass oriented recrystallized grains by mi-

gration of a high angle boundary into S oriented deformed grain. Texture analysis of consumed

and recrystallized grains revealed formation of recrystallized grains with all rolling orientations

with significant preference to Brass oriented grains as shownin Fig. 2.9 . The Brass oriented

grains are found to have small intra-granular misorientations leading to small stored energies

and high stability [7].
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Figure 2.8: Recrystallization annealing of Al-0.007%Fe at different annealing temperatures

revealing the effect of precipitation of iron particles. (a) Deformed sample(b) annealed at

280oC, (c) 360oC, (d) 520oC [6].

The main source of cube grains during recrystallization is the metastable cube band which

forms as a result of deformation on prior cube grains [35, 36,37, 38]. The deformed cube bands

act as the nucleation sites for cube recrystallization texture. Subgrains formed in these cube
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Figure 2.9: (a) Texture of recrystallized grains with rolling orientations (b) Texture of the
adjacent matrix [7].

bands are found to have a significant size advantage comparedto subgrains of other orientations

as shown in Fig. 2.10, which may be a direct consequence of high recovery rates in these grains.

The fraction of this retained cube decreases with strain, and the rate of decrease increases

with the value of the Zener-Holloman parameter [39]. A recent study of formation of cube

recrystallized grain during cold and warm rolling of aluminum alloys by Samajdaret al. shows

large effects of orientation pinning on warm rolled materials which leads to an absence of

rolling texture in warm rolled materials [40]. Orientationpinning is found to be absent in cold

rolled materials and significant amounts of deformation components were observed in overall

recrystallization textures [15]. Growth rate analysis of cube recrystallized grains in aluminum

and copper alloys has revealed the presence of a lower fraction of low angle grain boundaries

compared to the grains of other texture components, therebyproviding the required growth

advantage for cube grains leading to a dominant cube texture[3].
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Figure 2.10: Variation in subgrain size for (a) Cube and (b) other orientations showing larger
average subgrain size in cube regions [8].
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3 Experimental Methods

The aluminum alloys used in the present study are hot rolled alloys 1050 and 5005 and were

supplied by the Alcoa Technical Center, Pittsburgh. The chemical compositions of the two

alloys are given in Table 3.1. The main compositional difference between the two alloys is the

concentration of Mg. The present study therefore also reflects the effect of Mg concentration on

recrystallization kinetics and texture evolution in hot rolled aluminum alloys. The thicknesses

of the as-received sheets are about 6mm for AA1050 and about 3.5mm for AA5005. The

AA1050 sheet was given a prior deformation treatment of hot rolling at 325oC and allowed to

cool in air. As a result of slow cooling to room temperature, the AA1050 and AA5005 samples

showed a significant amount of recovery in the as-received state.

Element Si Fe Cu Mn Mg Zn Ti Al

AA1050 0.08 0.31 0.003 0.036 0.004 0.009 0.008 99.54

AA5005 0.30 0.70 0.20 0.20 1.10 0.25 0 97.00

Table 3.1: Chemical composition of AA1050 and AA5005 in wt%.

The as-received hot rolled sheet of AA1050 was machined to obtain small samples with

dimensions 20mm× 10mm× 6mmfor annealing treatments at different temperatures for vary-

ing lengths of time. The annealing treatments were carried out in molten salt pots to pro-

vide uniform heating of samples. The annealing temperatures were varied from 200oC to

450oC for AA1050 and 200oC to 500oC for AA5005, to determine the temperatures suit-

able for carrying out isothermal annealing treatments. Isothermal annealing was carried out

at 325oC,350oC,375oC and 400oC for time periods ranging from 30s to 7200s for complete

recrystallization of hot rolled AA1050 samples. AA5005 samples were isothermally annealed

at 350oC,375oC and 400oC for times ranging from 30s to 3600s for complete recrystallization.

The annealing treatment for each time and temperature was performed on two samples, to ob-

tain an average value from the samples and minimize any variation due to local microstructural

inhomogeneity. The experimental analysis of the two alloysinvolved obtaining microhardness

values for indirect recrystallization kinetics evaluation and scanning the polished samples in
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a Scanning Electron Microscope (SEM) for orientation measurement using an Electron Back

Scatter Diffraction (EBSD) system. The EBSD analysis was carried out to evaluate recrys-

tallization kinetics and observe texture evolution directly from microstructural and orientation

information. The as-received and annealed samples were also analyzed by measuring X-ray

diffraction pole figures with different sample orientations (RD-TD section and ND-TD sec-

tion). The X-ray diffraction experiments were carried out for a comparison of texture evolution

obtained from local EBSD scans and large X-ray diffraction scans, since the latter provides an

average texture from a relatively large area.

3.1 Microhardness Analysis

The annealed samples were polished with various grade polishing papers followed by 1µm

alumina powder for microhardness tests. Microhardness indentations were obtained at different

locations on the samples. On average, 8 to 10 microhardness indentations were obtained on

each sample. A schematic view of a microhardness indentation obtained from the diamond

shaped indenter is shown in Fig. 3.1. The microhardness indentations were obtained on the

plan (RD-TD) surface of the sample. The size of the indentation is measured from the diagonals

d1 andd2. A 500gm load was used for indentations. Microhardness values were obtained from

the size of the indentation as

H =
2l sin(θ2)

d2
(3.1)

Here,H is the microhardness of the sample (MPa),

l is the applied load (= 500gm),

θ is the angle at the tip of indenter (θ = 130o),

d is the average size of indenter (d = d1+d2
2 ).

The final microhardness value represents an average value obtained from two samples an-

nealed at the particular time and temperature. An average hardness of 380MPa was obtained

for the as-received (deformed) samples and 200MPa for completely recrystallized samples for

AA1050. The corresponding values for AA5005 were 475MPa and325MPa for deformed and

recrystallized samples, respectively. An average microhardness indentation size of 150µm was
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Figure 3.1: Schematic view of indent obtained from a Vickersmicrohardness machine.

obtained for deformed grains, whereas an average indentation size of 200µm was obtained for

recrystallized grains for AA1050 samples. The average sizes for AA5005 samples were 130µm

and 165µm for deformed and recrystallized grains, respectively. Themicrohardness values of

partially recrystallized samples lie between the above extreme values of deformed and com-

pletely recrystallized samples.

3.2 EBSD Analysis

The annealed samples were ground and electropolished with aperchloric acid solution for

characterization in a Philips FEI XL40 Field Emission Gun scanning electron microscope us-

ing TS LT M EBSD software. Three scans, typically 600µm× 600µm in size, were obtained on

each sample. Step sizes of 0.5µm and 0.75µm were used for as-received samples, which had a

deformed microstructure consisting of cells and subgrains, while larger step sizes between 1µm

and 2µm were used for partially and completely recrystallized samples where large recrystal-

lized grains were present. The varying step sizes were used to optimize the data collection

from OIM. Small step sizes provide better accuracy for cellsand subgrains present in deformed

grains but take much longer times. Large step size on the other hand is faster but the maps are
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Figure 3.2: Schematic representation of the different scanned sections of a sample.

less accurate. A schematic of the different sample surfaces scanned is given in Fig. 3.2.

The as-received samples have large grain sizes of the order of a few millimeters along the

rolling direction. Therefore a representative microstructure for the as-received sample contain-

ing deformed grains of different orientations could not be obtained in a plan view scan (TD-RD

section) even with a scan size of 1000µm× 1000µm. A scan in this section yielded only a

few partial grains as shown in Fig. 3.3(a). The texture from this scan was compared with that

obtained from X-ray diffraction sample orientated in a similar manner (TD-RD section). An

obvious difference was observed in the texture between the two methods ofanalysis, as indi-

cated in Fig. 3.3 (b), (c). The pole figures obtained from X-ray diffraction measured an average

texture over a larger number of grains scan and are typical ofrolled fcc metals. The pole figures

obtained from OIM analysis are indicative of a localized scan having only a few components

of the overall texture. The texture obtained from the EBSD scan in Fig. 3.3(b) showed a large

fraction of Brass oriented{110} 〈112〉 deformed grains, indicated by a maximum at the center

in (101) pole figure. Because of the large grain sizes in hot rolled samples and the inability to

scan very large areas in OIM, the scans obtained on plan section were found to be inadequate

to study textural evolution during annealing of as-received hot rolled samples.

This problem was solved by scanning the samples in a different sample orientation. A

comparison of scans obtained from a deformed sample on a transverse cross section (ND-TD

section) from OIM and X-ray diffraction revealed similar textures from the two methods, shown

in Fig 3.4 (b), (c). Scanning the deformed samples along one of the short directions gave a
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better representation of deformed microstructure and texture due to compression of the original

grains. An accurate representation of deformation texturewas therefore obtained from OIM

in reasonable area scans. The texture of a deformed sample interms of typical deformation

texture components, based on the conventional frame of reference, was obtained by rotating

the data points about transverse direction (TD) by 90o. A rotated view of deformed sample

in Fig. 3.3(a) is shown in Fig. 3.5(a). As indicated in Fig. 3.5(b), the texture of the rotated

sample compares well with the texture obtained for the plan view (TD-RD section) in X-ray

diffraction, Fig. 3.3(c). All the samples for microstructural and textural characterization from

OIM are therefore scanned along the transverse cross section and rotated about the TD axis by

90o to obtain the texture in the standard configuration.
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(a) Microstructure of a deformed sample scanned

along TD-RD section obtained from OIM show-

ing only a few of grains.

(b) Pole figure of sample scanned in (a), in-

dicating corresponding peaks.

(c) Pole figures obtained from X-ray diffraction along the TD-

RD section

Figure 3.3: Deformation microstructure and texture from a plan view OIM scan.
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(a) Microstructure of a deformed sample scanned

along ND-TD section obtained from OIM showing a

large number of compressed grains.

(b) Pole figure of sample scanned in (a), indi-

cating corresponding peaks.

(c) Pole figures obtained from X-ray diffraction along the

ND-TD section

Figure 3.4: Deformation microstructure and texture along the transverse cross section.
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(a) Microstructure of a deformed sample scanned along ND-

TD section after 90o rotation about TD.

(b) Pole figure of sample scanned in (a), show a

typical fcc rolling texture.

Figure 3.5: Deformation microstructure and texture along the transverse cross section after

rotating about TD by 90o.
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3.3 Deformation Simulator

Hot deformation experiments simulating rolling experiments were also carried out on

AA1050 and AA5005 samples. The hot deformation experimentswere carried out at the Alcoa

Center in a specially designed machine with attached furnaces which allowed precise control

of deformation conditions (temperature, strain and strain-rate). The samples were deformed in

plane strain compression at 200oC and 400oC. A thermocouple attached to the sample gave

accurate measurement of the deformation temperature. The deformed samples were quenched

in water within 5 seconds after completion of deformation. Table 3.2 gives the details of hot

deformation conditions for two alloys. All the samples weredeformed to a total strain of 50%,

which was the maximum practicable strain.

The hot deformation experiments were carried out to determine the effect of deformation

parameters on the microstructural and textural evolution in the two aluminum alloys. These

deformation experiments were aimed at determining a windowof operating conditions suitable

for carrying out further hot deformation experiments. A schematic of the deformation simulator

is given in Fig. 3.6. As it turned out, however, the experiments on the as-received material,

allied with these deformation simulator experiments provided ample data for analysis.

Alloy Temperature(oC) Strain rate (s−1)

AA1050 200 0.01

AA1050 200 1.00

AA1050 400 0.01

AA1050 400 1.00

Table 3.2: Hot deformation conditions for the deformation simulator experiments.
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Figure 3.6: Schematic view of the Alcoa deformation simulator used in the current study.
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4 Results

The aluminum alloys analyzed in the present study are 1050 and 5005. The kinetics of recrys-

tallization were determined from the variations in microhardness values and the microstruc-

tural parameters determined from Orientation Imaging Microscopy (OIM). The parameters of

recrystallization kinetics obtained from microhardness values served as the basis against which

the parameters obtained from OIM were compared. Different algorithms were developed for

determining important microstructural features such as fraction recrystallized (XV), interfacial

area per unit volume between deformed and recrystallized grains (SV), and contiguity of re-

crystallized grains (Cr), all from OIM maps. The methods based on intragranular orientation

variations were found to be useful for microstructural characterization.

The major portion of the experimental work was carried out onAA1050. A method of

analysis was developed which was applied to AA5005 and samples obtained after hot deforma-

tion in the deformation simulator. A detailed analysis of recrystallization kinetics was carried

out from the microhardness variations including the estimation of activation energy of recrystal-

lization. The Grain Orientation Spread (GOS) method was found useful for partitioning maps

into deformed and recrystallized regions. Recrystallization kinetics were obtained from OIM

maps by using the Microstructural Path Method (MPM) approach. The results obtained from

microhardness and OIM compared well for recrystallizationkinetics. The partitioned scans

were also analyzed for texture evolution during recrystallization.

4.1 Microhardness Variations

Microhardness values were obtained from the size of indentations and applied load. A typ-

ical indent area of 0.1mm2 was obtained from each microhardness indent. The microhardness

values are directly related to microstructure of the sample. The indentation size is represen-

tative of the ease with which plastic flow can occur in the material. This is directly related

to dislocation content in the material. An annealed sample with low dislocation content will

provide less resistance to plastic flow and yield relativelylarge indentations (low microhard-

ness values) as compared to a deformed sample, where the prior dislocation content will resist
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any further plastic flow and small indentations (high microhardness values) are obtained in this

case. The microhardness indentations were obtained on deformed (as-received) and annealed

samples. Two important variations were obtained from microhardness tests. The variation of

microhardness values with annealing temperatures was usedto determine temperatures suit-

able for isothermal annealing. The microhardness values for isothermally annealed samples

with different annealing times were used to determine kinetics of recrystallization.

4.1.1 Microhardness Variation with Annealing Temperature for AA1050

The as-received samples of hot rolled AA1050 were annealed for 1 minute at different an-

nealing temperatures, ranging from 225oC to 450oC. The microhardness values obtained for

these samples are shown in Fig 4.1. The maximum microhardness value of 378 MPA is ob-

tained for low temperature (< 300oC) annealed samples and the minimum microhardness value

of 195 MPA is obtained for completely recrystallized samples at high annealing temperatures

(> 400oC). The variation in microhardness values is small at low temperatures, followed by a

rapid decline and finally levels off at high annealing temperatures. The microhardness values at

low temperature annealing are similar to those obtained from as-received samples, indicating

no changes in microstructure during low temperature annealing.
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Figure 4.1: Microhardness variations with annealing temperatures for AA1050 samples an-

nealed for 1 minute.
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The error bars obtained from the microhardness values are relatively small. A variation of

2MPa was obtained for as-received and partially recrystallized samples and about 0.5MPa for

completely recrystallized samples. These values are smallcompared to the overall changes in

microhardness over the entire transformation and are therefore neglected in further analysis.

The recrystallized fractions can be obtained from microhardness values by assuming a fraction

recrystallized of zero for high microhardness values and one for low microhardness value.

Mathematically, it can be expressed as

Xi =
Hmax− Hi

Hmax− Hmin
(4.1)

Here,Hmax is maximum hardness corresponding to deformed samples,

Hmin is minimum hardness corresponding to completely recrystallized samples,

Hi is hardness value at particular annealing temperature, and

Xi is fraction recrystallized at particular annealing temperature.

The variation of fraction recrystallized for different annealing temperatures is shown in Fig

4.2. An S-type behavior is obtained from the above variationin microhardness. No change in

recrystallized fraction is observed for samples annealed at temperatures less than 300oC and

higher than 400oC, indicating the deformed and completely recrystallized states respectively.

The flat regions of the curve during initial and latter parts of annealing reflect no change in mi-

crostructure during heating. The middle part of the curve represents a composite microstructure

consisting of deformed and recrystallized regions with thefraction gradually approaching one

from low initial values. The microstructural heterogeneity is prominent during the early stages

of annealing as compared to the latter stages, as shown in Fig. 4.2, indicating a high variation

in deformed microstructure and a stable recrystallized microstructure formation during high

temperature annealing.
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Figure 4.2: Recrystallized fractions for AA1050 samples annealed at different temperatures for

1 minute.

Based on microhardness variations in the samples at different temperatures, four annealing

temperatures were selected, 325oC,350oC,375oC and 400oC, for isothermal annealing and re-

crystallization kinetics analysis. The selected temperatures lie in the middle portion of plot in

Fig 4.2 and were expected to recrystallize in reasonable time lengths during isothermal anneal-

ing.

4.1.2 Recrystallization kinetics from Microhardness Variations

The isothermally annealed samples of hot rolled AA1050 wereanalyzed for recrystalliza-

tion kinetics by using the Johnson Mehl Avrami Kolgomorov (JMAK) model. The recrys-

tallized fractions were obtained by using Eq. 4.1. The microhardness values obtained after

isothermal annealing at different temperatures included contributions from recovery as well

as recrystallization. The determination of recrystallization kinetics would, therefore, involve

removal of recovery contributions from the overall microhardness values. Assuming that the

isothermal recovery kinetics follow a logarithmic decay relationship, the effect of recovery can
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be estimated from the relationship

Hrex = A− B ln t (4.2)

WhereHrex is hardness of an annealed sample if only recovery takes place,

A = H1, the hardness at 1 s annealing time, and

B is the slope of straight line in plot of micro-hardness variation with [41].

Figure 4.3: Variation of microhardness with during annealing of copper samples [9].

The variation of microhardness with time for OHFC Copper obtained by [9] is shown in

Fig. 4.3, indicating that the annealing process can be divided into three stages. During the

early stages of annealing, the microhardness values show a very small variation, followed by

a significant decrease in a very short time. During the final stages a behavior similar to those

obtained at low annealing times is obtained. The three stages observed in Fig. 4.3 are suggestive

of recovery, recrystallization and grain growth processes[9]. Plots similar to Fig 4.3 were

obtained for samples annealed isothermally at 325oC,350oC,375oC and 400oC as shown in Fig

4.4. A linear portion during the early stages, indicative ofactive recovery, was absent for the

annealed AA1050 samples. Thus it was concluded from above analysis that the as-received
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hot rolled samples were in a recovered state and the reduction in microhardness values are

indicative of recrystallization process alone.
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Figure 4.4: Variation of microhardness with time for isothermal annealing at (a) 325oC, (b)

350oC, (c) 375oC and (d) 400oC. The flat portion of the curves at long times corresponds to the

grain growth process.

The kinetics of recrystallization were obtained from the fraction recrystallized data, deter-

mined from microhardness values. The JMAK parameters for recrystallization kinetics were
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obtained from non linear curve fitting of experimental values to the JMAK equation given be-

low using theOrigin c© Software. The variation of fraction transformedXV with annealing time

(t) at a given temperature is given as

XV = 1− exp [−(kt)n] (4.3)

Here,n andk are the JMAK exponent and temperature dependent parameter,respectively.
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Figure 4.5: Variation of fraction recrystallized obtainedfrom microhardness values with time

for isothermal annealing at (a) 325oC, (b) 350oC, (c) 375oC and (d) 400oC.
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The values of JMAK parameters obtained from recrystallization kinetics analysis from the

microhardness data for the four different annealing temperatures are presented in Table 4.1.

Annealing Temperature (oC) n k(s−1)

325 0.89 0.00051

350 0.65 0.00228

375 0.90 0.00672

400 1.77 0.03035

Table 4.1: JMAK parameters for isothermal annealing of AA1050

The JMAK exponents of annealing temperatures 325oC, 350oC and 375oC are near one.

These exponent values, as derived by Cahn [42], represent site saturated grain boundary nucle-

ation. The value of 1.77 at 400oC, is near 2, is somewhat higher than the others and represents

grain edge nucleation. The similarity inn-values is indicative of insensitivity of growth behav-

ior to annealing temperatures. Then values obtained in the present analysis are small compared

to the ideal JMAK value of three for three-dimensional growth of recrystallized grains. The ob-

served values are near one and indicate one-dimensional growth of recrystallized grains [6, 42].

The parameterk in JMAK equation is a temperature dependent parameter and its variation

with annealing temperature is given with an Arrhenius-typerelation

k = ko exp
(

−Q
RT

)

(4.4)

Here,ko is the pre-exponential factor ,

Q is the activation energy of recrystallization (kJ/mol),

R is the universal gas constant (8.314 J/mol-K), and

T is the annealing temperature (K).

The above expression can be rewritten as a linear expressionwith logarithmic terms as

ln k = ln ko −
Q

RT
(4.5)
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Therefore, the slope of a linear fit to a plot between lnk and 1/T can be used to obtain the

activation energy of recrystallization. The activation energy for recrystallization of AA1050

in present analysis was found to be Q= 178 kJ/mol, which similar to an earlier analysis of

Vandermeeret al. (Q=172kJ/mol) on an AA1050 alloy [29].
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Figure 4.6: Plot betweenk and 1/T for AA1050 samples isothermally annealed to complete

recrystallization. The slope of line is used to obtain the activation energy of recrystallization.

4.1.3 Microhardness Variation with Annealing Temperature for AA5005

The effect of addition of Mg in commercial purity aluminum alloys was determined from

the kinetics of recrystallization and texture evolution analysis of AA5005. This analysis was

carried out in the same way as for the AA1050. The as-receivedhot rolled sheet was processed

to obtain small samples with dimensions 15mm× 10mm× 3mm. The temperatures for isother-

mal annealing were determined by annealing the samples at various temperatures in the range

200oC − 450oC. Microhardness indentations were obtained on each sample.The variation of

microhardness values with annealing temperatures is shownin Fig. 4.7. The microhardness

values for AA5005 are higher than those observed for AA1050.The presence of Mg in solid
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solution increases the resistance for plastic flow and therefore, yields higher microhardness val-

ues. Almost no change in microhardness and fraction recrystallized is observed with annealing

up to 325oC unlike AA1050, where no change in microhardness is observedtill 300oC. How-

ever, recrystallization is complete at 400oC, thus the kinetics of recrystallization are faster for

AA5005 as compared to AA1050. The presence of Mg increased the stored energy of defor-

mation by inhibiting dislocation motion and preventing theformation of recovered dislocation

structures. The corresponding variation of fraction recrystallized with annealing temperature

is shown in Fig. 4.8. Samples were isothermally annealed at 350oC, 375oC and 400oC for

recrystallization kinetics analysis.
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Figure 4.7: Microhardness values of AA5005 samples annealed at different temperature for 1

minute.

Microhardness values were obtained for samples annealed isothermally at 350oC for re-

crystallization kinetics analysis. The JMAK parameters were obtained from non-linear least

square curve fitting of fraction recrystallized to the JMAK equation, shown in Fig. 4.9. The

JMAK exponent (n) obtained from microhardness values is 1.14. This value is similar to that

obtained for AA1050 indicating site saturated nucleation on grain boundaries [42].
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Figure 4.8: Fraction recrystallized variation with annealing temperature obtained from micro-
hardness values for AA5005.
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Figure 4.9: Recrystallization kinetics for AA5005 for isothermal annealing at 350oC from

JMAK model.

4.2 Recrystallization kinetics from OIM

The advent of Orientation Imaging Microscopy (OIM) has led to important insights into

the characteristics of deformed and recrystallized microstructures. The advantage of obtaining

microstructural information along with the orientation information provides an important abil-

ity to correlate microstructure with texture and to investigate their effect on each other due to
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the thermomechanical treatment. The analysis of recrystallization kinetics from OIM is based

on the fact that deformed and recrystallized regions have different characteristics in a scan and

these differences can be exploited to partition maps into the deformedand recrystallized re-

gions. The high dislocation content in deformed grains leads to high local misorientation and

consequently lower Confidence Indexes (CI) and Image Quality (IQ). The recrystallized grains

are however, characterized by low local misorientation andhigh values of CI and IQ. Different

approaches have been developed to analyze the kinetics of recrystallization from OIM. These

are mainly based on the intra-granular orientation spread,and the IQ & CI values of the scans.

Recrystallization kinetics for AA1050 were first analyzed bythe IQ & CI approach and then

subsequently with the misorientation approach (GOS and GAM). The details of obtaining frac-

tion recrystallized from IQ & CI values are given in Appendix 1.

The intragranular misorientation variation within deformed and recrystallized grains pro-

vides an ideal parameter for distinguishing between deformed and recrystallized grains. The

deformed grains are characterized by high long-range and short-range misorientation variations

as compared to recrystallized grains, which have low long-range and short-range misorienta-

tion variations. Thus both long-range and short-range misorientation variations can be used for

determining fraction recrystallized in deformed and annealed samples. The long-range varia-

tions are typically represented by Grain Orientation Spread (GOS) whereas for the short-range

orientation variations, Grain Average Misorientation (GAM) is used. GOS values are calcu-

lated as the average misorientation between all pixel pairswithin a grain. GAM values on the

other had are determined by averaging the misorientation between the neighboring pixel pairs

only. Mathematically, GOS and GAM can be represented as

GOS=
1
N

N
∑

i, j=1

(gig
−1
j ) (4.6)

Where i, j are any two pixel pairs within a grain,

gi ,gj are the orientations of any two pixel pairs in a grain,
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N is the number of pixels in a grain.

GAM =
1
N

N
∑

i=1

[
nn
∑

i, j=1

(gig
−1
j )] (4.7)

where i, j are neighboring pixel pairs within a grain,

nn is the number of nearest neighbor of thei th pixel,

gi ,gj are the orientations of nearest neighbor pixels in the grain, and

N is the number of pixels in a grain.

Crystal symmetry is implicitly applied to all orientations to find the minimum magnitude of

misorientation. An OIM map for a typical partially recrystallized sample is shown in Figure

4.10.

(a) An Inverse Pole Figure (IPF) map for a partially

recrystallized sample.

(b) Corresponding Orientation Distribution Function

(ODF) indicating contributions from deformed and re-

crystallized grains.

Figure 4.10: Microstructure and texture of a partially recrystallized sample.

The orientation spread (GOS & GAM) of a grain is a direct indication of the amount of

deformation and dislocation content within the grain. A high value of orientation spread indi-

cates a high geometrically necessary dislocation (GND) content and more deformation in the
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sample whereas recrystallized samples have lower dislocation densities and are characterized

by corresponding lower values of orientation spread as measured by GOS & GAM. Therefore,

a suitable orientation spread value can be used to distinguish between deformed and recrystal-

lized grains in a scan. This value will be same for all the scans of a material and will not be

impacted by scan settings, an advantage over the methods based on IQ and CI. The partitioned

grains can be analyzed for microstructural and textural evolution independently. Fig. 4.11

shows variations in GOS and GAM in a typical partially recrystallized sample. A recrystal-

lized grain is characterized by low GOS and GAM values, indicated by blue color of the grain

whereas deformed grains have high GOS and GAM values, shown by yellow and red grains.

Histograms of variations in GAM and GOS values with area fractions are shown in Figure

4.12. A bimodal distribution in GAM and GOS values is observed for a partially recrystallized

sample. The sharp peaks at the lower values of GAM and GOS represent the contribution from

recrystallized grains while the broad peaks at higher values indicate deformed grains.

(a) GAM (b) GOS

Figure 4.11: Orientation spread variations in a partially recrystallized sample of AA1050.

The variation in GAM and GOS values with area fraction, as shown in Fig. 4.12, indi-

cates a clear difference between deformed and recrystallized grains. A threshold GAM and
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(a) GAM Variation (b) GOS variation

Figure 4.12: GAM and GOS variation with area fraction

GOS, for identifying the state of recrystallization in eachgrain, can be used to estimate frac-

tion recrystallized and separate (partition) the two distinct regions of a scan. This also helps

in analyzing the texture evolution in deformed and recrystallized grains independently. The

estimation of a threshold value suitable for partitioning is difficult or arbitrary from the GAM

and GOS variations shown in Fig. 4.12 because some overlap between the recrystallization

and deformation peaks exists and the exact location of the threshold GAM and GOS is not

self-evident. An alternative approach based on the variation in GOS and GAM with cumulative

fraction of points was used. For this analysis, several completely recrystallized samples were

scanned. The cumulative variation in fraction of points with GAM and GOS is plotted in Fig.

4.13. Fig. 4.13(b) and (d) give a magnified view of Fig. 4.13 (a) and (c) in the range 0.8-1.0.

A threshold GAM was determined from these plots by assuming that any GAM value which

includes 95% of points in a completely recrystallized scan is sufficient for characterizing all

the recrystallized grains in the material. Since the above analysis includes several completely

recrystallized scans (8-10), the threshold GAM determinedin this way includes all the effects

due to grain orientations and locations. Similar plots for AA5005 are presented in Fig. 4.14.
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Figure 4.13: Cumulative GAM and GOS variation for AA1050.
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Figure 4.14: Cumulative GAM and GOS variation for AA5005.
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Based on the above analysis, threshold values of GAM of 1o and GOS of 3o were chosen for

distinguishing deformed and recrystallized grains in AA1050. A similar analysis for AA5005

gave corresponding threshold values of GAM and GOS as 1o and 4.5o, respectively. These

observed threshold values were used to partition a completescan into deformed and recrystal-

lized regions. The microstructure shown in Fig. 4.10 was partitioned by using the GAM and

GOS approaches into deformed and recrystallized grains. The partitioned microstructure and

ODF’s are shown in Fig. 4.15 and 4.16. The microstructure andtexture obtained from the two

approaches are very similar. The deformed regions are foundto haveβ-fiber rolling orienta-

tions as the main texture components, typically observed inrolled fcc alloys. The recrystallized

regions show cube as the dominant texture component. Although some minor differences are

observed in the microstructures obtained from the two methods, the similarity in textures for

deformed and recrystallized justifies the use of the above mentioned thresholds.
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(a) Deformed regions partitioned with a threshold

GAM of 1o.

(b) ODF of partitioned deformed regions based on

GAM variations indicating rolling texture.

(c) Recrystallized regions partitioned with a thresh-

old GAM of 1o.

(d) ODF of partitioned recrystallized regions based on

GAM variations indicating cube as the dominant tex-

ture component for recrystallized grains.

Figure 4.15: Partitioning of a complete scan using a threshold GAM of 1o.
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(a) Deformed regions partitioned with a threshold

GOS of 3o.

(b) ODF of partitioned deformed regions based on

GOS variations indicating rolling texture.

(c) Recrystallized regions partitioned with a thresh-

old GOS of 3o.

(d) ODF of partitioned recrystallized regions based on

GOS variations indicating cube as the dominant tex-

ture component for recrystallized grains.

Figure 4.16: Partitioning a complete scan using a thresholdGOS of 3o.

Although GAM and GOS values were the main parameters used to identify deformed and

recrystallized grains, certain other criteria were also used for identification of recrystallized

grains. An important parameter in the study of deformed and recrystallized samples with GOS
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criteria is the step size used in the scan. While a larger step size can be used for fully recrystal-

lized samples, a lower value should be used for deformed and partially recrystallized samples

to include more points in the recrystallized nuclei [43]. A step size between 1− 2µm was used

for partially recrystallized and fully recrystallized samples and between 0.5−1µmwas used for

deformed samples. The parameters that control the partitioning of deformed and recrystallized

regions and eventually for selection of a nucleus among all the subgrains present are:-

1. A minimum grain size of 5µm.

2. The presence of a high angle boundary (15o boundary misorientation) surrounding a

nucleus.

4.2.1 GOS and GAM variation with grain size

Grain Orientation Spread (GOS) and Grain Average Misorientation (GAM) values were

compared for deformed and recrystallized grains in the previous section. These parameters

were also compared with grain sizes of deformed and recrystallized grains. A study of these

parameters aids in understanding the internal dislocationarrangements of deformed and recrys-

tallized grains. Fig. 4.17 and 4.18, show GOS and GAM variations for deformed and recrystal-

lized grains respectively. For deformed regions, only grains with a GOS value greater than 3o

were considered for grain size analysis. For the recrystallized sample in Fig. 4.18, all the grains

are considered. An important feature clearly apparent fromFig. 4.17 (a) is that two different

types of deformed grains can be identified. There are deformed grains lying near the 1:1 line of

GAM-GOS variation. There are also grains which have a high GOS but low GAM. The latter

behavior indicates deformed but recovered grains which have large long-range variations but

small short-range variations. The recovered & deformed grains were previously confirmed by

microhardness variations and are expected in a hot deformedsample.
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(c) Variation of grain size with GAM

Figure 4.17: GAM and GOS variations in a deformed sample.
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Figure 4.18: GAM and GOS variations in a recrystallized sample.
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An analysis of grain size with GOS and GAM values is shown in Fig 4.17 (b) and (c). GOS

values are found to follow a linear relationship with grain size. Large deformed grains have

high GOS values. GAM, on the other hand, follows a different trend. Here deformed grains

form two distinct classes, recovered and unrecovered, as indicated in Fig. 4.17 (c). Recovered

deformed grains, which are more numerous, are located near low GAM values and unrecovered

deformed grains although few in number are at high GAM valueswhich are also large in size.

The variation between GAM and GOS for recrystallized grainsis presented in Fig 4.18 (a).

The majority of the recrystallized grains are found near the1:1 line, indicating similar long-

range and short-range orientation variations and a uniforminternal dislocation arrangement of

recrystallized grains. A few grains with high GOS and low GAMwere also observed. This

behavior is indicative of the presence of defects due to sample preparation. Any recrystallized

grain with a scratch or a pit due to sample preparation will have high GOS value as the bad

points are included in calculation for each pixel. On the other hand, in GAM calculations the

effect due to these bad points is minimized as they are included in only a small number of

neighbor pixels within the grain. An inspection of the GOS and GAM variation with grain size

reveals no discernible trend. The majority of grains (smalland big) are observed to have low

GOS and low GAM values (less than 1o).

4.2.2 Recovery analysis

The as-received hot rolled samples were obtained in a recovered state and no recovery was

indicated by microhardness variation as well as GOS-GAM analysis. The same is not true

however, for concurrent recovery occurring during recrystallization annealing of samples. A

direct way of observing concurrent recovery is through the variation in hardness of deformed

grains. In the estimation of fraction recrystallized from microhardness values, the maximum

and minimum hardness values were assumed to be constant. This assumption, although true for

recrystallized grains (minimum hardness), is not entirelytrue for deformed grains (maximum

hardness). Annealing of deformed samples will not only cause the recrystallized grains to

appear in the the sample but will also cause the simultaneousrecovery of deformed grains.
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These recovery effects can be estimated from the change in microhardness values of deformed

regions. For equation 4.1

Hd =
Hi − Hr XV

(1− XV)
(4.8)

Where,Hi is the hardness at any particular time and temperature (measured from microhard-

ness measurements),

Hd is the hardness of deformed regions,

Hr is the hardness of recrystallized regions (constant, estimated from microhardness measure-

ments), and

XV is the fraction recrystallized (obtained from GOS analysis).

Thus estimatingXV from OIM permits calculation of the variation inHd from the available

values ofHr (constant) andHi. This variation in deformed hardness (Hd), obtained from com-

bining the two methods, is given in Fig. 4.19 (a). An important aspect revealed from this plot

is the variation in deformed grain hardness. A constant value was assumed forHd in recrys-

tallization kinetics analysis from microhardness. However, it is important to note here that this

variation is only analytical and such a large decrease in microhardness values is not expected

from recovery alone. The indentation size in microhardnessis of the order of 150µm for de-

formed samples and might represent an average value over a few layers of deformed grains. It

nonetheless, does show analytically that there might be some variations in deformed grains dur-

ing the annealing. This behavior can be verified by using a nano indentation system providing

controlled indentation sizes and loads, allowing measurements in deformed grains of particular

orientations.

A similar estimation of concurrent recovery is also obtained from the variation in GOS val-

ues of deformed grains with annealing time and temperature.Fig. 4.19 (b) shows the variation

in average GOS value of deformed grains for different annealing temperature with fraction re-

crystallized. The overall behavior of this curve is very similar to the variation obtained from

microhardness values of deformed grains in Fig 4.19 (a).
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Figure 4.19: Estimating concurrent recovery from microhardness and GOS analysis.

4.3 Microstructural Path Modeling (MPM)

The threshold value of 3o in GOS was used to partition maps into deformed and recrystal-

lized grains in AA1050. The partitioned regions were analyzed for recrystallization kinetics

and texture evolution. The kinetics of recrystallization were obtained from Microstructural

Path Modeling (MPM). This approach is considered better than the usual JMAK approach as it

incorporates more microstructural features than the usualJMAK approach, thus giving a better

analysis of microstructural evolution. The parameters used in the MPM approach are fraction

recrystallized (XV), interfacial area per unit volume between deformed and recrystallized grains

(SV) and annealing time (t). The equations used for the MPM approach are

XVEX = ln
1

1− XV
= (kt)n (4.9)

ln XVEX = ln[ln
1

1− XV
] = n ln k+ n ln t (4.10)

SVEX =
SV

(1− XV)
= Ktm (4.11)

ln SVEX = ln
SV

(1− XV)
= ln K +mln t (4.12)

SVEX = C(XVEX)q (4.13)

ln SVEX = ln C + q ln XVEX (4.14)
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The above equations are solved for exponentsn, mandq to obtain information about the nu-

cleation and growth behavior of recrystallized grains. Plots in Fig. 4.20 show the variation

of the various parameters. For the case of random nucleationof recrystallized grains growing

spherically in 3-dimensions and site saturated nucleation(NV = constant), i.e. JMAK type

conditions, the relationship betweenSVex andXVex can be derived as

SVex= 4πNVRVex
2 (4.15)

XVex=
4
3
πNVRVex

3 (4.16)

By eliminatingRVex in above equations, a relationship betweenSVex andXVex can be obtained

as

SVex= 3

(

4πNV

3

)1/3

(XVex)
2/3 (4.17)

Thus for a JMAK type conditionq = 2/3. Substituting the real space expressions forSVex and

XVex in the above expression

XVex= − ln (1− XV) (4.18)

SVex=
SV

(1− XV)
(4.19)

SV = 3

(

4πNV

3

)1/3

(1− XV)(− ln (1− XV))2/3 (4.20)

In a general form, equation 4.20 can be written as:

SV = C(1− XV)(− ln (1− XV))q (4.21)
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Also by eliminatingt in equation 4.9 and 4.11, a simplified form forq can be obtained as

SVex=
K

km/n
(XVex)

m/n (4.22)

q =
m
n

(4.23)

The nucleation and growth parameters can be obtained by assuming a power-law relationship

between nucleation rate (Ṅ) and growth rate(G) with time (t) is given by

Ṅ = N1t
δ−1 (4.24)

G = rPtr−1 (4.25)

whereN1, δ, r andP are constants.

The volume and interfacial area for a nucleus nucleated at time,τ, and growing for time,t-τ,

are given by

V(t − τ) = Kva(t − τ)3 (4.26)

S(t − τ) = KSa(t − τ)2 (4.27)

whereKV andKS are shape factors constants anda(t−τ) is the semi major axis of the spheroid.

The relationship betweena(t − τ) and growth rate(G) is given by

a(t − τ) =
∫ t

τ

Gdt (4.28)

The extended space volume fraction,XVex, and interfacial area per unit volume,SVex, can be

written in terms of the above parameters as

XVex=

∫ t

0
Ṅ(τ)V(t − τ)dτ (4.29)

SVex=

∫ t

0
Ṅ(τ)S(t − τ)dτ (4.30)
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Substituting the expressions forṄ, V(t − τ), S(t − τ) anda(t − τ) in the integrals forXVex and

SVex and by applying Laplace transforms gives

XVex= KVN1P3t(3r+δ)Γ(3r + 1)Γ(δ)
Γ(3r + δ + 1)

(4.31)

SVex= KSN1P2t(2r+δ)Γ(2r + 1)Γ(δ)
Γ(2r + δ + 1)

(4.32)

Comparing the exponents fort in the above equations and equation 4.9 and 4.11 gives

n = 3r + δ (4.33)

m= 2r + δ (4.34)

Eliminatingr in above equations givesδ = 3m− 2n.
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Figure 4.20: Microstructural Path Modeling for AA1050.

A parameter describing nucleation behavior is given byδ, the value which is determined

as δ = 3m − 2n [44]. A value of δ = 1 corresponds to constant nucleation rate andδ ≤

0 corresponds to site saturation. The values obtained from MPM analysis of AA1050 are

shown in Table 4.2. The data presented in Table 4.2 clearly shows site saturation during the

recrystallization of hot rolled AA1050. The exponentk, which also corresponds to JMAK

exponent, is near one, which, according to the rate law derived by Cahn [42], represents grain
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boundary nucleation. Another evidence for grain boundary nucleation is presented by the fact

that the parameterq lies between 0 and 1/2, which, based on the extension of Cahn’s rate laws

to Microstructural Path Methods, represents site saturated grain boundary nucleation [45].

Temperature (oC) n m δ q

325 1.45 0.71 -0.77 0.49

350 1.09 0.55 -0.05 0.51

375 1.08 0.33 -1.17 0.31

400 1.35 0.62 -0.88 0.47

Table 4.2: MPM exponents for AA1050

A similar analysis carried for AA5005 gave the values of exponents and constants as shown

in Table 4.3. The JMAK exponentn increases from 1 to 2.67, indicating grain boundary nu-

cleation at low temperatures to more uniform growth at the higher temperature. The nucleation

process as indicated by the values ofδ andq still appears to be site saturated.

TemperatureoC n m δ q

350 1.09 0.59 -0.41 0.54

375 1.99 0.60 -2.19 0.30

400 2.67 1.73 -1.52 0.64

Table 4.3: MPM exponents for AA5005

4.4 Grain contiguity ratio

The grain contiguity ratio for recrystallized grains is also determined from the recrystallized

grains identified with GOS approach. The grain contiguity ratio (Cr) is defined as the fractional

interfacial area per unit volume (SV) that is shared with the other recrystallized grains [46, 47].

Mathematically it is given by the following alternative equations

Cr =
2SVrr

2SVrr + SVrd
(4.35)

Cr =
arr

arr + ard
(4.36)
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where

Cr is the contiguity between recrystallized grains,

SVrr is the average interfacial area per unit volume between adjacent recrystallized grains,

SVrd is the average interfacial area per unit volume between a recrystallized grain and an

adjacent deformed grain,

arr is the average area of contact between a recrystallized grain and an adjacent recrystallized

grain, and

ard is the average area of contact between a recrystallized grain and an adjacent deformed grain.

The above two definitions of grain contiguity ratio are equivalent and the mathematical

difference can be understood from the differences in the definitions of area of contact per unit

volume and interfacial area per unit volume. The area of contact between two recrystallized

grainsarr is composed of two surfaces of the adjacent grains thusarr = 2SVrr . The contiguity

ratio (Cr) for a random microstructure with no preference for grains of any particular type can

be obtained from the relationships between the interfacialarea (SV) and volume fraction (XV).

SVrd = 2XV(1− XV) (4.37)

SVrr = XV
2 (4.38)

Substituting the above relations in Eq. 4.35 yields the expected value of grain contiguity ratio

asCr = XV. The variation of grain contiguity ratio (Cr) with volume fraction recrystallized

(XV) is shown in Fig. 4.21 for AA1050 and Fig. 4.22 for AA5005. Thestraight line in the

middle of the plot corresponds to the case of random nucleation. Any deviation from the line

depicts clustering between grains of a particular type (deformed or recrystallized).
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Figure 4.21: Variation of grain contiguity ratio of recrystallized grains with fraction recrystal-

lized for different annealing temperatures for AA1050.
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Figure 4.22: Variation of grain contiguity ratio of recrystallized grains with fraction recrystal-

lized for different annealing temperatures for AA5005.
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The grain contiguity ratio plots for AA1050 in the present analysis indicate a positive de-

viation (higher than random contiguity) during the early stages of annealing. This implies a

tendency for recrystallized grains to cluster and nucleatein colonies. A similar behavior has

been observed by others [48]. However no such behavior is observed in case of AA5005. Al-

most all the points lie near the 1:1 line for AA5005 indicating no preference for recrystallized

grains. Also due to faster kinetics most of the points for AA5005 lie near the higher end of the

1:1 line.

4.5 Recrystallized grains growth rates

The growth rates for recrystallized grains were obtained from the Cahn-Hagel approach

[49]. The velocity of a moving interface was derived by Cahn and Hagel as

< V >CH=
1

SV

dXV

dt
(4.39)

This expression can be rewritten by using the JMAK equation for the derivative of the re-

crystallized fraction with respect to time. Vandermeeret al. [50] expressed growth rates of

recrystallized grains as

< V >CH= −
k
t

(1− XV)
SV

ln(1− XV) (4.40)

The main advantage offered by the Cahn-Hagel approach for estimation of growth rates over

the JMAK approach is that, in the JMAK approach, a constant growth rate is assumed whereas

a time-dependent growth rate can be obtained from the Cahn-Hagel approach. Variations in

growth rates for isothermally annealed AA1050 samples are shown in Fig. 4.23 for all an-

nealing temperatures. As shown in Fig. 4.23, decreasing growth rates were obtained for all

temperatures. This decrease in growth rates is indicative of a reduction in driving force and

concurrent recovery of deformed regions as discussed in Fig. 4.19.
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Figure 4.23: Growth rates (Cahn-Hagel) variation with annealing times for isothermally an-

nealed AA1050 samples.

For the comparison of Cahn-Hagel growth rates at different annealing temperatures, the

variation in growth rates is also plotted with respect to fraction recrystallizedXV in Fig. 4.24.

As indicated, a constant growth rate is obtained at the laterstages of annealing at all temper-

atures. This constant growth rate is temperature dependentand can be used to analyze the

activation energy for boundary migration by assuming Arrhenius type behavior of growth rate

with temperature for hot rolled AA1050. The activation energy results for AA1050 are shown

in Fig. 4.25.

G = Go exp
(

−Q
RT

)

(4.41)

The activation energy for boundary migration rate is obtained asQ = 168 kJ/mol and is com-

parable to the activation energy for recrystallization obtained from microhardness analysis of

the JMAK parameterk (Q = 178 kJ/mol). These experimental values also compare well with

a AA1050 analysis carried out by Vandermeeret al. Q= 172 kJ/mol [29]. For AA5005, sim-

ilar plots were also obtained for isothermally annealed samples at 350oC,375oC and 400oC.
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Figure 4.24: Growth rate (Cahn-Hagel) variation with fraction recrystallizedXV for AA1050.
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Figure 4.25: Activation energy for boundary migration in hot rolled AA1050.
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Fig. 4.26 and 4.27 show the variation of growth rates with annealing times and fraction re-

crystallizedXV, respectively. The activation energy for boundary migration was determined

in a similar manner as for AA1050. The activation energy for the migration of high angle

boundaries in 5005 was determined to be 161 kJ/mol as shown in Fig. 4.28, which is slightly

lower than the value for AA1050. The smaller decrease in growth rate during recrystallization

indicate a smaller degree of recovery in Mg containing 5005.

100 1000

0.1

1

 350oC
 375oC
 400oC

G
ro

w
th

 ra
te

 (
m

/s
)

Annealing time (s)

Figure 4.26: Variation of growth rates (Cahn-Hagel) with annealing times for different temper-

atures for isothermally annealed AA5005.
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Figure 4.27: Variation of growth rates (Cahn-Hagel) with fraction recrystallized (XV) for

AA5005.
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Figure 4.28: Activation energy analysis for boundary migration in hot rolled AA5005.
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4.6 Recrystallized Grain Size

The partitioned regions in deformed and annealed samples were also analyzed for grain size

of recrystallized grains. Average grain sizes for recrystallized grains in isothermally annealed

samples were obtained from the number of pixels and the number density. Figure 4.29 and

4.30 shows the variation for different temperatures for annealed AA1050 and AA5005 samples,

respectively. As stated before, a critical nucleus size of 5µm was used in the present analysis;

this is also shown in the figure below as the starting value forall curves. Recrystallized grains

follow the same microstructural path for all annealing temperatures for AA1050. The final

grain size upon completion of recrystallization is the samefor all annealing temperatures. The

recrystallized grains size after completition remains constant even after some time has elapsed.

This indicates pinning of grain boundaries from particles.Error bars in the Figs. 4.29 and 4.30

indicate the standard deviation about the mean value, obtained from different scans at each

annealing condition.
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Figure 4.29: Average grain size variation at different annealing temperatures for AA1050

The average recrystallized grain size for AA5005 was higherat 350oC than at 375oC and

400oC, as indicated in Fig. 4.30. The average recrystallized grain size at 350oC is similar to that
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obtained for AA1050 (approximately 40µm). However, the grain size at higher temperatures is

smaller. The smaller grain size at higher temperature also points to faster recrystallization at

high annealing temperature for AA5005. No grain growth is observed at higher temperatures

for AA5005 as well, indicating pinning of grain boundaries from particles.
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Figure 4.30: Average grain size variation at different annealing temperatures for AA5005

4.7 Texture Evolution

The deformed and recrystallized grains in a scan were partitioned based on their GOS val-

ues. An example of a partitioned scan was given in Figs. 4.15 and 4.16 for a sample of

AA1050 which is approximately 50% recrystallized. The Inverse Pole Figure (IPF) maps of

the partitioned recrystallized regions indicate clustering of recrystallized grains. The behavior

is in accordance with the grain contiguity ratio (Cr) plot shown in Fig. 4.21. The overall tex-

ture, as well as the texture of the partitioned regions as canbe represented with corresponding

Orientation Distribution Function (ODF) maps. The texturecomponents used in the present

analysis are given in Table 4.4. The texture information available from the above ODF’s indi-

cate that cube is the main texture component for recrystallized grains and the deformed grains

are concentrated along theβ-fiber orientations (brass, copper and S).
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The texture evolution in the deformed and recrystallized regions was characterized quanti-

tatively in terms of the volume fractions of the components.

Texture component Euler angles(degrees)

Cube(Normal & Rotated) (0,0,0), (0,10,0), (0,20,0) and (0,30,0)

Brass (35,45,0)

Copper (90,35,45)

S (27,58,18)

Table 4.4: Texture components and their Euler angles used incurrent study

Volume fractions were calculated based on a 15o tolerance angle, the average orientation of

grains and the number of pixels in each grain. The average orientation for a grain is obtained

from an iterative calculation involving the application of24 cubic crystal symmetry operators

to each point and selecting the one with minimum misorientation from the current average

orientation. The application of the symmetry operators brings all the pixels in a grain within

a single fundamental zone in orientation space. The averageorientation is obtained from the

arithmetic mean of the quaternions of all the pixels in the zone. A deformation microstructure

is shown before and after the application of the average orientation algorithm in Fig. 4.31.

No significant changes are observed in the pole figures after the averaging of orientations.

This method is similar to previous applications for obtaining average orientation involving unit

quaternion calculations [51, 52]. The average orientations are used to determine the texture

component of each grain and weighted with the number of pixels of that grain to obtain the

corresponding volume fraction.
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(a) A deformed scan with grains without averaging

orientations

(b) Pole figures for scan (a) without averaging orienta-

tions

(c) Deformed scan with grains after averaging orien-

tations

(d) Pole figures for scan (a) after averaging orientations

Figure 4.31: Averaging grain orientations of texture estimation.

A plot of the texture evolution at different annealing temperatures is given in Fig. 4.32

for AA1050 and Fig. 4.33 for AA5005. Similar plots were observed for the other annealing
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temperatures (375oC,400oC). The evolution of texture in AA1050 and AA5005 is very similar.

A few important features of the above plots can be summarizedas follows:

1. The volume fractions in each of the deformation and recrystallization texture plots sum

to one.

2. The final annealing time on the deformation texture plots corresponds to a time before

complete recrystallization, whereas the final annealing time for the recrystallization tex-

ture plots corresponds to a time after complete recrystallization of the sample.

3. The local variation in the plots is a result of the heterogeneity of the sample and limited

scan areas.

4. During the initial stage of annealing, S is the main texture component for deformed

regions while at the later stages, the Brass component dominates the deformation texture.

5. The recrystallization texture is dominated by the Cube texture at the later stages and a

composite texture during the initial stages.

6. A comparison of volume fraction of the Cube component in deformed and recrystallized

regions shows that even at early stages of recrystallization significantly higher amount

of Cube component is present in recrystallized region than indeformed regions. This

high fraction of Cube recrystallized grains indicates the presence of Oriented Nucleation

(ON).
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(b) Recrystallization texture for AA1050 at 325oC
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(c) Deformation texture for AA1050 at 350oC
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(d) Recrystallization texture for AA1050 at 350oC

Figure 4.32: Texture evolution at 325oC and 350oC for AA1050.
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(a) Deformation texture for AA1050 at 350oC
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(b) Recrystallization texture for AA1050 at 350oC

Figure 4.33: Texture evolution at 350oC for AA5005.
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4.8 Nucleation and Growth of Cube Recrystallized Grains

The main texture component for the recrystallized grains isthe cube component which

grows into a deformed matrix consisting mainly of rolledβ-fiber components, accounting for

approximately 80% of the deformation texture. The evolution of the recrystallized cube com-

ponent was analyzed from the interfacial area shared between the recrystallized cube grains and

the adjacent deformed grains. The GOS approach was used to partition scans in deformed and

recrystallized regions which permited the calculation of interfacial area between neighboring

grains. This in turn permited the measurement of the variation in the interfacial area of re-

crystallized cube grains against different deformation components with the annealing time and

temperature. The interfacial areas were obtained by extending the definition of grain contiguity

ratio to include different texture components.

Ai j =
SVi j

SVT,i
(4.42)

where,

Ai j is the fractional interfacial area shared between thei th recrystallized component and thej th

deformed component

SVi j is the interfacial area shared between thei th recrystallized component and thej th deformed

component

SVT,i is the total interfacial area of theith recrystallized component.

The fractional interfacial areas shared between components do not sum to one because the

contribution from recrystallized grains is not included inthe above calculations. The plots, Fig.

4.34, show the fraction of interfacial area that the cube recrystallized grains share with dif-

ferent deformation components. The cube component was selected because it is the dominant

recrystallization component. The points during the initial stages of recrystallization indicate the

nucleation behavior of cube grains whereas the points at later stages represent their growth be-

havior. The cube recrystallized grains are observed to havea large interfacial contact area with
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the deformed S oriented grains during the initial stages of annealing. This behavior is expected

as the S component constitutes about 40% of the deformed grains. Although the contribution

of deformed cube grains to the overall deformation texture is small, a significant proportion of

recrystallized cube grains are found in the vicinity of deformed cube grains during the initial

stages of annealing. This indicates a preference for nucleation of cube recrystallized grains

inside deformed cube regions. This phenomenon of nucleation from deformed cube bands also

known as “Persistent Cube Band (PCB)” nucleation has been reported previously by various

authors [31]. The deformed cube bands are formed from the cube grains present before the

deformation of material and which have survived the deformation process. The recrystallized

cube grains are formed from the subgrains in these deformed bands that have a size advantage

[8].

As the fraction recrystallized increases, the fraction of interfacial area shared with deformed

grains decreases so that the end point corresponds to completion of recrystallization. While the

fractions of boundary pixels shared with S, cube and copper components are observed to de-

crease, the fraction of boundary pixels neighboring brass oriented deformed grains remains

constant or increases during the later stages of annealing.Thus during the final stages of an-

nealing, almost all recrystallized cube grains are adjacent to deformed brass oriented grains.

The deformed brass grains are therefore, relatively stableduring annealing. All annealing tem-

peratures show a similar behavior.

Another important parameter, along with the actual fractions of boundary pixels shared,

are the expected values of these fractions. The expected values are obtained by assuming no

preference for a recrystallizing grain in the neighborhoodof a deformed grain, i.e. random

placement of recrystallizing grains with respect to the matrix. Therefore the expected fractions

are simply the volume fractions of texture components scaled by the fraction recrystallized.

Mathematically, it can be expressed as

E(Air ) = XVVr (4.43)

E(Aid) = (1− XV)Vd (4.44)
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Where,

E(Air ),E(Aid) are the expected interfacial area shared between ani th recrystallized component

and an adjacentr th recrystallized component ordth deformed component respectively

Vr is the volume fraction ofr th recrystallized component and
∑

r Vr = 1

Vd is the volume fraction ofdth deformed component and
∑

d Vd = 1

XV is the volume fraction recrystallized in the particular sample.

Fig 4.34b and d and Fig. 4.35b show comparisons of the observed interfacial area shared

between cube recrystallized grains and the deformed grainsof different orientations and the

corresponding expected values at different annealing temperatures. The dashed line along the

diagonal on the plot corresponds to a 1:1 ratio between expected and observed fractions. While

any point near the dashed line would mean no preference for that component, a point above

the line indicates strong preference for nucleation and a point below the line represents a lower

probability of nucleation in that component. The different points on the plot indicate the ob-

served and expected values at different annealing times during recrystallization. The points at

higher fractions correspond to the initial stages of recrystallization while the points at lower

fractions correspond to later stages of recrystallization.

The cube grains are well above the dashed line indicating a strong preference for nucleation

from deformed cube grains. S oriented deformed grains are near the dashed line and the brass

and copper oriented grains are almost always below the dashed line. Thus the cube recrystal-

lized grains are found to have deformed cube and S grains as neighbors during the early stages

of recrystallization and deformed copper and brass oriented grains at the later stages of recrys-

tallization. The boundary area of cube recrystallized grains against deformed grains indicate a

high contact area with the S component during the initial stages of recrystallization followed by

a monotonic decrease. However, the fraction of boundary pixels against brass remains nearly

constant or increases during the later stages of annealing.This behavior points to a favor-

able growth environment for the growth of cube recrystallized grains in vicinity of deformed S

grains during the initial stages. Only after a significant reduction of the S component, do the

recrystallized cube grains grow into the deformed brass grains, as revealed by high fraction of
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boundary area shared during the later stages of recrystallization. The nucleation and growth

behavior of cube recrystallized grains in AA5005 is very similar to that observed in AA1050.

This relative stability of brass oriented deformed grains during recrystallization annealing has

been observed previously for other aluminum alloys as well [17].
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(a) Interfacial area variation for recrystallized cube

grains against various deformed components at

325oC.
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(b) Comparison of observed and expected fractions

for recrystallized cube grains against various deformed

components at 325oC.
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(c) Interfacial area variation for recrystallized cube

grains against various deformed components at

350oC.
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(d) Comparison of observed and expected fractions

for recrystallized cube grains against various deformed

components at 350oC.

Figure 4.34: Interfacial area variation for recrystallized cube grains for AA1050. The observed

fractional interfacial area shared with deformed grains decreases as the fraction recrystallized

increases, (a) and (c).
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(a) Interfacial area variation for recrystallized cube

grains against various deformed components at
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for recrystallized cube grains against various de-

formed components at 350oC.

Figure 4.35: Interfacial area variation for recrystallized cube grains for AA5005. The observed

fractional interfacial area shared with deformed grains decreases as the fraction recrystallized

increases.

4.9 Growth Rates of Texture Components

The grain size of the recrystallized grains can be used for estimating growth rates of dif-

ferent texture components. Recrystallized grains of all texture components were analyzed at

different annealing temperatures and times for grain size. The derivative of grain size with

respect to annealing time gives an estimate of growth rate ofa particular component. Two

different grain sizes were analyzed here. The average recrystallized grain size provides infor-

mation about the average growth rates for different texture components. The maximum re-

crystallized grain size helps in estimating the unimpingedgrowth rate of recrystallized grains.

The unimpinged growth rates are important for estimating the maximum possible growth rates.

Figs. 4.36 and 4.38 shows the maximum grain size and Figs. 4.37 and 4.39 show average grain

size variations for recrystallized grains of all texture components with annealing temperature

and times for AA1050 and AA5005, respectively.

At low annealing temperatures in AA1050, cube grains are found to have the largest average

and maximum grain size. This indicates a growth advantage for cube recrystallized grains.
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This growth advantage however appears to diminish with increase in annealing temperature.

At 400oC, all the recrystallized grains have similar grain sizes at all annealing times. This

behavior is also indicative of variation in boundary mobilities with temperature. The above

mentioned behavior is also found to be true for the maximum grain size. Another important

aspect revealed from grain size analysis is that the growth advantage for cube recrystallized

grains is not present during the initial stages of annealing. Only after a considerable fraction

(approx. 20%) of material has recrystallized does the growth advantage for recrystallized cube

grains become evident. The maximum recrystallized grain size is found to be three times the

average recrystallized grain size, which is similar to the ratio found in standard grain size

distributions obtained from simulations and experiments [53, 54].

In the case of AA5005, a small growth advantage for cube recrystallized grains is present

only at 350oC, indicated by their larger size. At 375oC and 400oC, the average grain sizes for

all texture components are nearly the same. The ratio of maximum to average grain size is near

three, similar to that observed in AA1050. Just as in AA1050,any growth advantage for Cube

disappears at higher annealing temperatures.
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(a) Variation in maximum grain size at 325oC.
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(b) Variation in maximum grain size at 350oC.
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(c) Variation in maximum grain size at 375oC.
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(d) Variation in maximum grain size at 400oC.

Figure 4.36: Maximum recrystallized grain size for different texture components in AA1050.
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(a) Variation in average grain size at 325oC.
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(b) Variation in average grain size at 350oC.

10 100 1000
0

10

20

30

40

50

A
ve

ra
ge

 g
ra

in
 si

ze
 (

m
)

Annealing time (s)

 Cube
 Brass
 Copper
 S
 Rest 

(c) Variation in average grain size at 375oC.
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(d) Variation in average grain size at 400oC.

Figure 4.37: Average recrystallized grain size for different texture components in AA1050.

101



10 100 1000
0

30

60

90

120

150

180

 Cube
 Brass
 Copper
 S
 Rest

M
ax

im
um

 g
ra

in
 si

ze
 (

m
)

Annealing time (s)

(a) Variation in maximum grain size at 350oC.
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(b) Variation in maximum grain size at 375oC.
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(c) Variation in maximum grain size at 400oC.

Figure 4.38: Maximum recrystallized grain size for different texture components in AA5005.
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(a) Variation in average grain size at 350oC.
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(b) Variation in average grain size at 375oC.
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(c) Variation in average grain size at 400oC.

Figure 4.39: Average recrystallized grain size for different texture components in AA5005.

4.10 GOS variation in different texture components

As pointed out in section 4.2.2, the variation in GOS showed good agreement with the

variation in microhardness in the deformed regions. The decrease in the microhardness was

attributed to recovery of deformed grains. A similar analysis of the variation in GOS for de-

formed grains of different texture components aids in understanding the processof recovery

in deformation texture components. The partitioned deformed regions were studied for this

analysis. Average GOS values for deformed grains of all texture components were obtained at
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each annealing time and temperature. These average values are plotted against fraction recrys-

tallized (XV) for comparison by texture component, as shown in Fig 4.40 for AA1050 and Fig.

4.41 for AA5005.
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(a) Variation of average deformed GOS with frac-

tion recrystallized (XV) at 325oC.
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(b) Variation of average deformed GOS with frac-

tion recrystallized (XV) at 350oC.

0.0 0.2 0.4 0.6 0.8 1.0
3

4

5

6

7

8

9

10

A
ve

ra
ge

 d
ef

or
m

ed
 g

ra
in

s G
O

S 
(d

eg
re

es
)

Volume fraction recrystallized (XV)

 Cube
 Brass
 Copper
 S
 Rest

(c) Variation of average deformed GOS with frac-

tion recrystallized (XV) at 375oC.
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(d) Variation of average deformed GOS with frac-

tion recrystallized (XV) at 400oC.

Figure 4.40: Average GOS in deformed grains for AA1050.

A marked difference is observed between the two alloys, AA1050 and AA5005. The av-

erage GOS values are found to be lowest for the deformed Cube grains and similar for rolling

components (Brass, Copper and S) in AA1050. Components in the “Rest” of the orientation

space tend to have GOS values between the deformed Cube component and rolling compo-

nents. The minimum GOS values are approximately 3.5o for the Cube grains and about 5o
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for other deformed grains. Therefore, the deformed Cube grains are expected to have higher

recovery than the rolling components in AA1050. This behavior has also been observed in

commercial purity aluminum alloys by Humphreyset al. [10]. A completely different behavior

is observed, however, for AA5005. No difference between any texture components is observed

in this case. Also the average deformed grain GOS values are higher for AA5005 as compared

to AA1050 and exhibit smaller fractional decreases during recrystallization. This indicates less

recovery in AA5005 due to the presence of Mg in solid solution.
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(a) Variation of average deformed GOS with

fraction recrystallized (XV) at 350oC.
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(b) Variation of average deformed GOS with

fraction recrystallized (XV) at 375oC.
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(c) Variation of average deformed GOS with frac-

tion recrystallized (XV) at 400oC.

Figure 4.41: Average deformed grains GOS for AA5005.
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4.11 Deformation Simulator

The deformation simulator provides an easy way to simulate conditions in rolling (plane

strain deformation) on a laboratory scale. Specially machined specimens were deformed under

various test conditions to observe the effects of different deformation parameters (i.e. temper-

ature, strain and strain rate) on microstructure and texture evolution. The deformation experi-

ments carried out in present analysis involve 50% deformation at 200oC and 400oC at the strain

rates of 0.01s−1 and 1s−1. These deformation conditions bracket the commonly used deforma-

tion conditions for hot rolling in industry. All the experiments were carried on AA1050.

The deformed samples were machined, ground and electropolished on transverse cross-

section for OIM analysis. Samples for OIM scans were obtained at the center. The scanned

samples were analyzed for microstructure evolution, by observing the variations in GOS and

GAM with different deformation conditions and fraction recrystallized, and texture evolution.

Microstructures and textures for deformed samples are shown in Figs. 4.42, 4.43, 4.45 and

4.44. The samples deformed at low temperatures clearly showrolling textures and microstruc-

ture similar to those of as-received samples. However, for the samples deformed at 400oC,

microstructures and textures very different from the typical rolling textures and microstructures

were obtained. A mixed texture comprising mainly Cube and Brass was obtained. Microstruc-

tural and textural information for different samples is shown in Table 4.5.

Temperature 200oC 400oC

Strain rates (s−1) 0.01 1 0.01 1

Fraction recrystallized (XV) 0.15 0.10 0.61 0.5

Average deformed grain GOS (degrees)6.81 7.17 6.21 6.65

Cube fraction 0.083 0.044 0.421 0.248

Brass fraction 0.292 0.263 0.078 0.090

Copper fraction 0.097 0.121 0.039 0.050

S fraction 0.225 0.303 0.074 0.068

Rest fraction 0.302 0.268 0.387 0.541

Table 4.5: Microstructural and textural evolution after hot deformation of AA1050 in the de-

formation simulator.
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(a) Microstructure of sample deformed at 200oC
and strain rate of 1s−1.

(b) ODF for sample deformed at 200oC and strain
rate of 1s−1 showing rolling texture.

Figure 4.42: Microstructure and texture for a sample of AA1050 hot deformed at 200oC and a
strain rate of 1s−1.

(a) Microstructure of sample deformed at 200oC and
strain rate of 0.01s−1.

(b) ODF for sample deformed at 200oC and strain
rate of 0.01s−1 showing rolling texture.

Figure 4.43: Microstructure and texture for a sample of AA1050 hot deformed at 200oC and a
strain rate of 0.01s−1.
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(a) Microstructure of sample deformed at
400oC and strain rate of 1s−1.

(b) ODF for sample deformed at 400oC and strain
rate of 1s−1 showing mixed texture.

Figure 4.44: Microstructure and texture for a sample of AA1050 hot deformed at 400oC and a
strain rate of 1s−1.

(a) Microstructure of sample deformed at
400oC and strain rate of 0.01s−1.

(b) ODF for sample deformed at 400oC and strain
rate of 0.01s−1 showing mixed texture.

Figure 4.45: Microstructure and texture for a sample of AA1050 hot deformed at 400oC and a
strain rate of 0.01s−1.
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The lower strain rate of 0.01s−1 at both deformation temperatures resulted in higher frac-

tions recrystallized and lower average GOS values comparedto deformation at 1s−1, indicating

a significant contribution from recovery at low strain rate.Comparison of the texture evolution

from ODF’s in Figs. 4.42, 4.43, 4.45 and 4.44 and Table 4.5 clearly shows that the rolling tex-

ture is dominant at low deformation temperature at both strain rates. The microstructural and

textural evolution at this temperature is very similar to the as-received samples. Texture evolu-

tion at 400oC indicate a different behavior. Whereas Cube is the dominant texture component

at both strain rates, some contribution from Brass is also observed. This indicates a different

deformation behavior at 400oC than that observed at 200oC.

The effect of different deformation temperatures on recovery can be analyzedby comparing

GAM and GOS values on a grain by grain basis. This analysis is shown in Figs. 4.46 and 4.47.

Recovery is characterized by local rearrangement of dislocations. This will lead to lower GAM

and higher GOS for recovered grains. Thus the recovered grains will have GAM values near

recrystallized grains and GOS values near deformed grains.GAM and GOS values for all

grains at 400oC show a significant deviation from the 1:1 line. Also most of the grains are

observed to have GAM values of 2o or less, although GOS extends to 10o. A similar analysis

for deformation at 200oC shows deviations which are not as large as those observed for400oC.

In the latter case, most of the grains here have GAM values greater than 2o, thus indicating

significantly less recovery for material deformed at this temperature.
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(a) Variation in GAM and GOS values for samples

deformed at 400oC and a strain rate of 0.01s−1.
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(b) Variation in GAM and GOS values for samples

deformed at 400oC and a strain rate of 1s−1.

Figure 4.46: GAM and GOS variations at 400oC for samples deformed in the deformation

simulator.
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(a) Variation in GAM and GOS values for samples

deformed at 200oC and a strain rate of 0.01s−1.
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(b) Variation in GAM and GOS values for samples

deformed at 200oC and a strain rate of 1s−1.

Figure 4.47: GAM and GOS variations at 200oC for samples deformed in the deformation

simulator.
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5 Conclusions and Discussions

The kinetics of recrystallization and texture evolution were analyzed for hot rolled Aluminum

Alloys 1050 and 5005. The as-received hot rolled samples were isothermally annealed at dif-

ferent temperatures and analyzed by microhardness indentations and Orientation Imaging Mi-

croscopy (OIM). The results presented in Chapter 4 clearly indicate the advantages offered by

OIM over other methods including microhardness variations. OIM provides the ability to ex-

tract parameters such as interfacial area per unit volume between deformed and recrystallized

grains, contiguity of texture components, long range and short range orientation variations,

etc., whose relevance for the study of recrystallization isclear. The experimental results are

compared to a number of current and previous studies on recrystallization of aluminum al-

loys. This chapter presents some of the comparisons and their relevance to the overall study of

recrystallization in hot rolled aluminum alloys.

5.1 Orientation Imaging Microscopy

One of the main aims for the current project was to develop methods based on OIM to

characterize microstructural evolution during recrystallization. Although OIM has been used

for a long time now, most of the earlier studies were based on one-dimensional line scans

[12, 28]. Two-dimensional area scans were used in the current study. OIM scans were analyzed

based on Image Quality and Confidence Index and intragranularorientation variations. While

most of the previous studies were carried out using orientation variations between neighboring

pixels (GAM) [55], an extensive study of long range (GOS) andshort range (GAM) orientation

variations was carried out in the present study. It was shownthat both GOS and GAM can be

used independently or in conjunction to obtain fraction recrystallized from OIM.

An important aspect revealed in the current study is the applicability of GOS for recovery

analysis. As revealed in section 4.2.2, deformed grain microhardness and average deformed

grain GOS showed a similar variation with fraction recrystallized. The reduction in deformed
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Figure 5.1: Variation between Microhardness and GOS for deformed grains.

grain microhardness was attributed to concurrent recoveryof deformed grains. To further un-

derstand the relationship between hardness and GOS, a positive correlation between micro-

hardness of deformed grains and their GOS was found, Fig. 5.1. Although the linear fits are

not satisfactory at all annealing temperatures, parallel lines representing the linear relationship

between recovery and GOS were obtained. These lines demonstrate the applicability of GOS

for recovery analysis. An earlier analysis by Humphreys also revealed similar behavior for

aluminum alloys, as shown in Fig. 5.2 [10]. The term misorientation spread is equivalent to

GOS and mean misorientation refers to GAM in Fig. 5.2.

5.2 Recrystallization Kinetics

Recrystallization kinetics in hot rolled AA1050 were analyzed by using the JMAK approach

as well as the Microstructural Path Method (MPM). While the conventional JMAK analysis

can be used to obtain the basic information about recrystallization kinetics and nucleation and

growth behavior of recrystallized grains, some very important questions remain unanswered.

For example, clustering of recrystallized grains, growth rate variations with annealing times

and temperatures are of interest. By using more complex models along with JMAK analysis,
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Figure 5.2: Misorientation spread and mean misorientationvariation during recovery in
99.998% pure aluminum cold rolled and subsequently annealed at 300oC. [10]

much more information can be obtained. Table 5.1 gives the JMAK exponents obtained from

microhardness variations and OIM analysis using GOS method. The JMAK exponents from

the two methods are near one and belong to a similar transformation class, i.e. grain boundary

nucleation, as demonstrated by Cahn [42]. Further analytical evidence for grain boundary

nucleation is provided by Vandermeer and Masumura [45], whoextended Cahn’s approach to

include interfacial area per unit volume (SV). The parameterq, directly relates volume fraction

recrystallized (XV) to interfacial area per unit volume (SV), and lies between 0 and 0.5. Values

are shown in Table 5.1 and indicate site saturated grain boundary nucleation. These values

are in good agreement with a recent analysis by Vandermeer and Juul Jensen (q = 0.52) on a

AA1050 type alloy hot deformed under plane strain conditions at 400oC at a strain rate of 2.5s−1

followed by isothermal annealing at 400oC [29]. The microstructure shown in Fig. 5.3 validates

the fact that most of the recrystallized grains are present at grain boundaries. Recrystallized

grains are evident as small, equiaxed grains that are close to or on grain boundaries in the

deformed structure.
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Figure 5.3: Microstructure of an as-received sample showing grain boundary nucleation at prior
boundaries.

TemperatureOC Microhardness OIM q (MPM analysis)

325 0.89 1.45 0.49

350 0.65 1.09 0.51

375 0.90 1.08 0.31

400 1.77 1.35 0.47

Table 5.1: JMAK exponent (n) obtained from microhardness and OIM and the parameterq

obtained from MPM analysis.

Microhardness variations for recrystallization have beenused by Waryoba and Kalu [9]

for wire drawn Oxygen Free High Conductivity (OFHC) copper wires. However, due to the

very high strains (approx. 3.10) imposed, JMAK exponents ofthe order of 3-4 were observed.

This clearly indicates a uniform distribution in stored energy. JMAK exponents near one,

can indicate non-uniform distribution of stored energy. The effect of variable stored energy

in deformation microstructure was analyzed by Rollettet al., using Monte Carlo simulations
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[56]. Inhomogeneous stored energy can lead to JMAK exponents that are much lower than

those experimentally predicted for the given nucleation and growth conditions. It also gives

rise to nucleation densities that vary from one grain to another. Inhomogeneous stored energies

in deformation microstructures of AA1050 and AA5005 were also observed in the present

study. This is shown in Fig. 5.4, for an as-received AA5005 sample with boundaries drawn

at two different misorientation values. Boundary misorientations at 15o represent normal high

angle boundaries in Fig. 5.4 (a) between different bands. When the boundary misorientation is

reduced to 3o, to show the subgrain structure, different subgrain sizes are observed in different

orientations Fig. 5.4 (b). The stored energy of deformationis related to subgrain size (δ) and

misorientation (θ) as given by Read-Shockley equation [6]

ES =
3γoθ(A− ln θ)

δ
(5.1)

Here,γo =
Gb

4π(1−v) , A = 1+ ln b
2πro

, ro is radius of the dislocation core, usually taken as between

b and 5b.

As Fig. 5.4 shows, the subgrain sizes for different texture components follow the order

Cube(red)> Brass(green)> S(pink) which gives the stored energy variations as S>Brass>Cube.

A higher stored energy in S deformed grains has been reportedby Vatneet al. [8] and is also

evidenced from the texture evolution in deformed regions, Fig. 4.32(a), 4.32(c) and 4.33(a),

which showed relative increase in Brass grains at the later stages of annealing therefore imply-

ing stability of this orientation to annealing [57].

The contiguity of recrystallized grains as given in Fig. 4.21 and Fig. 4.22 clearly indicates

that recrystallized grains are clustered during the initial stages of annealing. A similar behavior

was also obtained in austenite to ferrite transformations and for recrystallization in hot rolled

aluminum alloys by Vandermeer [11], Fig. 5.5.
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(a) Boundaries drawn at misorientation 15o

(b) Boundaries drawn at misorientation 3o

Figure 5.4: As-received AA5005 samples showing different subgrain sizes in texture compo-
nents. The cube component (red bands) has the largest subgrains, shown in (b), followed by
Brass (green bands) and S (pink), which has the smallest subgrains.
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Figure 5.5: Contiguity ratios in steel and hot rolled aluminum [11].

The velocity of the interface between deformed and recrystallized grains as a function of

time was obtained from the Cahn-Hagel approach [49]. This represents the average migration

rate for high angle boundaries. The growth rate variations shown in Fig. 4.23 and 4.26 show a

time dependence of the growth rate. The change in growth rateat low annealing temperatures

indicates a more gradual decay in growth rate than at high temperatures, where a rapid decline

in growth rates is observed. This variation in growth rates with annealing temperatures is

related to the decrease in stored energy. The rate of decrease of stored energy is higher at

high annealing temperatures. The growth rate after the initial transient becomes constant and

is dependent on annealing temperature. The constant growthrates at long times can be used to

determine the activation energy for high angle boundary migration. These activation energies

can be compared with the activation energy for recrystallization to determine the dominant

mechanism for recrystallization.

The activation energy for recrystallization is obtained from the temperature dependent pa-

rameterk in the JMAK equation

X = 1− exp [−(kt)n] (5.2)
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A variation ink values, obtained from isothermal annealing at different temperatures, was used

to obtain the activation energy for recrystallization fromthe Arrhenius equation

k = ko exp (−
Q

RT
) (5.3)

The activation energy for recrystallization, obtained from microhardness variations for samples

annealed isothermally at 325oC,350oC,375oC and 400oC is 178 kJ/mol. The activation energy

for boundary migration obtained from Cahn-Hagel interface migration analysis is 168 kJ/mol.

These values are similar to each other and indicate that recrystallization in hot rolled AA1050

is controlled by migration of high angle boundaries as expected. The activation energy for

boundary migration obtained in a similar alloy by Vandermeer et al. Q = 172kJ/mol also

compares well with the above values [28]. The activation energies of different elements in

aluminum are given in Table 5.2.

Element Activation Energy (kJ/mol)

Al[58] 142

Mg[58] 139

Si[28] 129-154

Fe[59] 58-258

Table 5.2: Activation energies of different elements in Aluminum.

The activation energy for the migration of high angle boundaries is significantly larger

than the activation energy for self diffusion in aluminum, indicating that the boundary migra-

tion in aluminum is controlled by solute drag of other elements. This activation energy is,

however, comparable to the activation energy for diffusion of iron in high purity aluminum

Q = 193kJ/mol [60]. The similarity in activation energies of recrystallization, migration of

high angle boundaries and the activation energy for diffusion of iron in aluminum provides

some evidence that recrystallization in hot rolled aluminum is controlled by migration of high

angle boundaries which in turn are controlled by solute by iron in the aluminum matrix.

118



A comparison of activation energies of recrystallization for AA1050 used in present analy-

sis and other similar alloys reported is given in Table 5.3 along with the concentration of Fe

and Si in the alloys.

Alloy %Fe %Si Activation Energy(kJ/mol)

AA1050 (present analysis) 0.31 0.08 168-178

AA1050 (Vandermeer et al.) 0.34 0.15 172

AA1050 (S. P. Chen et al.) 0.185 0.109 225-234

Al-Mg (Sellars et al.) 0.40 0.10 230

Table 5.3: Activation energies of recrystallization obtained in different studies for aluminum

alloys

The lower activation energy values in the present analysis can be attributed to the different

processing conditions used in the different alloys. As-received hot rolled and recovered sam-

ples are used in the present study, whereas tensile specimens were used in the other AA1050

analyses which exhibited JMAK exponentn near 2.2 [26]. The Al-Mg alloy was deformed

by Plane Strain Compression (PSC) [27]. No contribution of recovery processes was observed

in the present analysis, whereas significant recovery contributions were observed in the other

analyses [26, 27].

5.3 Texture Evolution

The texture analysis of as-received and annealed samples revealed that deformation and

recrystallization textures are qualitatively similar butquantitatively different (consisting of the

same components but with different weights) [16]. The main texture components observed in

the present analysis are Cube, Brass, Copper and S; these are typically reported for commercial

purity aluminum alloys [61, 36, 37]. The partitioning of scanned areas between deformed

and recrystallized regions helped in obtaining an independent analysis of texture components

in each region. The texture analysis of the deformed regionsshowed that S and Brass are

the main texture components in the deformed regions. A significant amount of the Copper

component is also observed along with the small amount of deformed Cube. The variation
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of texture components in the deformed regions at different annealing temperatures revealed

similar behavior.

The S component is the main texture component during the initial stages of annealing and

the Brass component is observed to be dominant at the later stages of annealing. The Copper

component is observed to decrease monotonically during theannealing treatment. The increase

in the relative volume fraction of the Brass component at the later stages of recrystallization,

as shown in Fig. 4.32, indicates relative stability of this component to the annealing treatment.

The stability of deformed Brass grains has been observed in other aluminum alloys including

AA5182 and other commercial purity aluminum alloys [17, 57]. This stability of Brass grains

is attributed to its ability to deform on very few slip systems. They are therefore less likely to

nucleate new grains than other deformation orientations during recrystallization of hot rolled

samples. The activation of fewer slip systems is thought to also lead to lower stored energy and

therefore slower kinetics [57].

The recrystallized regions have Cube as the dominant texturecomponent. The recrystallized

grains have similar fractions of Cube and theβ-fiber components during the initial stages of an-

nealing. The fraction of Cube component in recrystallized grains is significantly higher than in

deformed grains, whereas the fraction of rolling orientations in recrystallized grains is similar

to that in deformed grains. Thus Cube recrystallized grains have a nucleation advantage, sug-

gesting the presence of Oriented Nucleation (ON). The texture at latter stages is marked by the

presence of higher Cube fractions and smaller fractions of rolling components. The nucleation

and growth behavior of recrystallized Cube grains was analyzed by observing the variations

in the boundary pixels shared between recrystallized Cube grains and deformed grains of all

orientations. A significant fraction of recrystallized Cubegrains have deformed Cube grains as

their neighbors during the initial stages of annealing, in spite of very low fractions of deformed

Cube grains in the overall deformation texture ( 0.05). The presence of deformed Cube grains

has been reported in previous analysis. These are often termed as “Persistent Cube Bands

(PCBs)” [31]. In a Transmission Electron Microscopy (TEM) investigation of AA1050 type

alloy by Neset al., the deformed Cube grains were observed to be several hundredmicrometers
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long in the rolling direction and were found to contain largesubgrains which can act as nuclei

upon annealing of deformed samples [8]. The presence of a high fraction of deformed Cube

grains in the neighborhood of recrystallized Cube grains supports the observations of Neset al.

The recrystallized Cube grains have S as their main deformed neighbor. This is in ac-

cordance with the volume fraction of S component in deformedregions, as indicated by the

comparison plots in Fig 4.34(b). The points corresponding to S grains are always near the

1:1 line in the plots, indicating similar values for expected and observed fractions. The Brass

component points are observed to lie below the 1:1 line at theinitial stages (higher fractions)

and near the line at final stages (lower fractions). The deformed Cube grains are almost always

found above the line, indicating a high probability of nucleation of recrystallized Cube grains

from the deformed Cube bands.

A variation similar to that observed by Vatneet al. was obtained here. A steep decline in

the fraction of boundary pixels shared between deformed Cubegrains and deformed S grains

was observed during the initial stages whereas the fractions corresponding to Brass components

remained constant or showed a small decrease. These observations indicate the relative stability

of the different deformation texture components upon annealing of as-received samples. The

S grains are found to decline early during upon annealing thus indicating lower stability and

higher stored energies. Brass oriented grains have slower recrystallization kinetics and are

present until the later stages of recrystallization, indicating higher stability and lower stored

energies. The Copper component is found to have intermediatestability and stored energy.

The stored energy calculations based on subgrain size and misorientations reported in various

studies also revealed a trend similar to that indicated above [19, 18].

A simple view offered by the above observations reveals nucleation of recrystallized Cube

grains from the deformed Cube grains, which have relatively large subgrains. The nuclei grow

into the deformed matrix which consists of grains of different orientations. The growth of

recrystallized Cube grains is fastest in S grains and slowestin Brass grains, in the order of the

stored energies of various deformation components.
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Figure 5.6: Evolution of average grain size for different recrystallization texture components
after cold rolling and subsequent annealing of an AA1050(Fe-0.32%, Si-0.15%) type alloy.
[12]

The growth rates for different texture components during recrystallization have been ana-

lyzed by several researchers [12, 62]. For a cold rolled aluminum alloy, Juul Jensen observed

a behavior similar to those presented in Fig. 4.37 , as shown in Fig 5.6. Recrystallized Cube

grains exhibit a strong growth preference at low annealing temperatures. However, as the an-

nealing temperature is increased, the growth advantage forrecrystallized cube grains is di-

minished. Thus the overall cube texture in hot rolled AA1050and AA5005 is in part due to

contributions from oriented nucleation (high volume fraction of cube recrystallized grains) and

oriented growth (growth advantage to recrystallized cube grains). This growth advantage for

cube grains can also be understood in terms of orientation pinning. The overall volume fraction

of cube component in the deformed state is very low< 5%. The cube subgrains after reaching

a critical size are surrounded by grains of rolling orientations (β-fiber orientations). They have

a high angle misorientation with the rolling components andare thus able to grow more than

other components. The recrystallized grains of rolling orientations surrounded by deformed

matrix of similar orientation, therefore they are pinned bylow angle grain boundaries and have

smaller size compared to cube recrystallized grains [62]. Further analysis of these issues has

been carried out by A. Brahme [63].
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A comparison between Oriented Nucleation (ON) and OrientedGrowth (OG) indicates

that, while OG is present mainly at low annealing temperatures and as the temperatures is

increased, the growth advantage for a particular component(Cube) diminishes, ON is present

at all annealing temperatures. This behavior suggests thatof the two mechanisms ON and OG,

ON plays a more important role in the final texture evolution of hot rolled aluminum alloys. An

analysis by Brahme [63], using Monte Carlo simulations, on texture evolution in AA1050 also

revealed ON to play a more important role than OG.

5.4 AA1050 and AA5005

The main difference between the two hot rolled alloys AA1050 and AA5005 isthe higher

concentration of Mg in AA5005. The use of AA5005 was therefore, to study the effect of

Mg addition on recrystallization kinetics and texture evolution in commercial purity aluminum

alloys. Mg is usually present as a solid solution at these concentrations [6]. The presence of

Mg in Al increases the overall strain in the Al matrix which hinders the motion of dislocations.

This difficulty in dislocation motion is shown by higher microhardness values of deformed and

annealed AA5005 samples as compared to AA1050. The microhardness values were typically

higher by a factor of 1.5 in AA5005. Another important effect of presence of Mg in Al is that

it increases the stored energy in AA5005. A comparison of JMAK exponents for AA1050 and

AA5005 is shown in Table 5.4.

Temperature (oC) AA1050 AA5005

325 1.45 -

350 1.09 1.09

375 1.08 1.99

400 1.35 2.67

Table 5.4: JMAK exponents in AA1050 and AA5005 obtained fromOIM.

The JMAK exponents in Table 5.4 show that while recrystallization in AA1050 remains

isokinetic, the mechanism changes from grain boundary nucleation to grain edge nucleation to

grain corner nucleation in AA5005, as derived by Cahn [42]. This variation in mechanism can
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be understood in terms of stored energy in the two alloys. In AA5005, higher stored energy

leads to faster kinetics and the activation of a higher density of nucleation sites. Therefore

recrystallization approaches random nucleation conditions. In AA1050, with relatively low

stored energy, only grain boundary nucleation is the dominant mechanism, thus low Avrami

exponents are obtained. Higher stored energy in AA5005 is also evidenced from the higher

average deformed grain GOS values, shown in Fig. 4.40 and 4.41.

Texture evolution in AA1050 and AA5005 is very similar. Cube recrystallized grains are

observed to nucleate from deformed cube grains. The growth rate advantage of cube recrystal-

lized grains is only present at 350oC in AA5005. This indicates oriented nucleation and oriented

growth to be simultaneously operative. At higher temperatures, all recrystallized grains have

similar growth rates which suggests that ON is more dominantthan OG.
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6 Future Work

The two most important goals of this project were to develop methods based on Orientation

Imaging Microscopy (OIM) for analysis of recrystallization kinetics and texture evolution, and

to provide much needed experimental information for simulations of recrystallization kinetics

in hot rolled Aluminum Alloys. These goals were successfully achieved by the development

Grain Orientation Spread (GOS) and Grain Average Misorientation (GAM) based algorithms.

The ability to distinguish and partition deformed and recrystallized grains enabled independent

analysis of the regions and provided important insight intothe nucleation of Cube oriented

grains during recrystallization. The majority of the work was carried out on AA1050 and some

analysis was performed for AA5005. The GOS based approach was successfully applied to

both alloys to characterize microstructural and textural evolution.

Some of the important results obtained from the current analysis can be summarized as

follows:

1. The deformation microstructure consists of elongated grains and the deformation texture

is the predominantly theβ-fiber.

2. Recrystallization in hot rolled aluminum alloys is controlled by migration of high angle

boundaries.

3. Recrystallized grains nucleate at or near grain boundaries between the elongated grains.

4. The recrystallization texture consists mainly of the Cubetexture components which nu-

cleates from the deformed bands of Cube orientation that havesurvived deformation.

5. Of the various orientations present in the deformed regions, the S and copper orientations

are found to favor growth of Cube grains while the brass orientation is relatively stable

to annealing treatments.

6. No significant differences were observed between AA1050 and AA5005 in terms of tex-

ture evolution and nucleation of recrystallized Cube grains.
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Based on these results, a few suggestions are presented here for future research projects.

Although most of the results for AA1050 and AA5005 were very similar, there were some

differences between the two alloys. The differences were predominantly in recrystallization

kinetics and the grain size evolution. One of the reasons forthese differences might be the

different (thicknesses) strains in the two alloys. Therefore, to understand fully the effect of Mg

addition in commercial purity alloys, samples with very similar processing conditions should

be used. Similarly if the as-received samples at different stages of deformation are studied, they

could provide some valuable information about the effect of different deformation parameters

such as strain, strain rate and temperature on recrystallization kinetics and texture evolution.

It would be most advisable to use samples at the last stages ofhot rolling so that grains have

undergone sufficient deformation to be captured in a single scan.

Another important area where this method can be immediatelyapplied is the analysis of

cold rolled samples. GOS of 3o and GAM of 1o were found sufficient in case of hot rolled

samples. GOS and GAM values for cold rolled samples are also expected to be the same. An

important topic for the analysis of cold rolled samples would be the variation in GOS and GAM

on grain by grain basis. Since recovery in as-received samples will be minimal, actual variation

in GOS and GAM of deformed grains of different orientation could be followed with annealing

time and temperature, thus allowing recovery estimations based on OIM only.

Recovery analysis for hot rolled samples was not very successful in the present analysis.

Although an algorithm was proposed and some similarities were obtained in the variation of

the hardness of deformed grains and their grains GOS values,the results obtained so far lacked

statistical validity. Some experiments could be designed to analyze the variation in recovery

from GOS values by using more strained samples and annealingthem at very low temperatures.

Nano Indentation is expected to provide significantly better results in this regard. The ability

to control the load and the size of indentation in nano indentation can be used obtain hardness

of a particular orientation in deformed grains. Performinga series of such tests at different an-

nealing times and temperature will provide much more information about recovery than could

be obtained from microhardness. This method could also be used for cold rolled materials.
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Appendix A Orientation Imaging Microscopy

Orientation Imaging Microscopy (OIM) is an advanced microstructural analysis technique

which uses the Electron Backscattered Diffraction (EBSD) patterns obtained in a Scanning

Electron Microscope (SEM) to obtain crystallographic orientation information from a material.

The use of OIM in microstructural characterization and texture analysis of metals and ceramics

has increased strongly in the last few decades. This is mainly attributed to the advances in hard-

ware and software development. The speed of data acquisition has increased from 1000-2000

pointshr−1 in the early EBSD systems to approximately 80000 pointshr−1 in most modern

systems [64]. The use of the Field Emission Gun SEM (FEGSEM) for obtaining EBSD pat-

terns has considerably improved the spatial resolution [65]. The simple sample preparation,

ease of use and the possibility to cover large sample areas inshorter times have contributed to

the increasing popularity of OIM.

The microstructural and microtextural characterization of metals and alloys has been one of

the major application areas of OIM. The changes in microstructures and textures as a result of

different transformations (phase transformation and recrystallization) and processing (rolling

and extrusion) routes have been successfully analyzed by the use of OIM [66, 67]. A large

number of single phase fcc alloys including Aluminum, Copper, Nickel etc. have been studied

for microstructural and textural evolution during deformation and recrystallization of the met-

als. Of the particular interest is the application of OIM in characterizing the deformed state of

rolled metals consisting of a cell and subgrain structure and the ability to identify the nucleation

and growth mechanisms from the orientations of deformed andrecrystallized grains [68].

A.1 Components and working of an EBSD system

A typical EBSD system consists of three major components:-

• A SEM unit for image analysis of sample and for generating theelectron backscattered

diffraction patterns.

• A Charge Coupled Device (CCD) camera for capturing the diffraction patterns from sam-

ple surface.
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Figure A.1: Schematic view of the major components in an EBSD system

• A work station for analyzing and storing the information generated at each sampling

point of the sample surface. A schematic view of the major components of an EBSD

system is shown in Fig. A.1 [69].

The working principle of an EBSD system can be described in thefollowing way; as the

electron beam strikes the sample surface of a tilted sample (60−70o), diffraction patterns (sim-

ilar to Kikuchi patterns in TEM) are generated due to the elastic scattering of electrons from

the lattice planes. These patterns are intensified as the scattered electrons undergo further scat-

tering at the other lattice planes, giving a distinct arrangement of parallel lines (bands) for each

set of lattice planes. The width and intersection of bands provide all the information needed

regarding the crystallographic orientation of the sample volume being analyzed [43]. An EBSD

system can be operated in two modes: manual and automatic. The manual method involves the
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selection of sampling location on the sample by the operatorwhere as in the automatic mode,

sampling locations are pre-programmed and are located by beam or stage control in the micro-

scope. An orientation map of the sample surface can be generated by plotting the orientation

of each sampling point obtained from the automated EBSD analysis on a grid of points whose

spacing is much finer than the grain size.

A.2 Data analysis

The orientation of each point obtained from the Kikuchi patterns is stored in the form of the

Bunge Euler angles (φ1,Φ, φ2) along with the spatial coordinates of the point, the pattern quality

and confidence indexes. The Bunge Euler angles represent the rotation necessary for making

crystal coordinates coincident with the sample coordinates. The orientation of each point along

with its spatial coordinates can be used for further analysis including grain orientation and grain

boundary analysis.

Grains in OIM maps are defined as the sets of connected and similarly oriented points. The

neighbors of each point in a grain as checked to see if they arewithin the grain tolerance angle

of the given point. If a point is found to be within the tolerance angles, its neighbors are than

checked. The procedure is repeated over and over again untilall the points in the scan are

assigned to different grains. This is known as a “Burn” algorithm. The definition of a grain in

an OIM map can be varied by the user by varying the values of thegrain tolerance angle and

the minimum number of points (pixels) in a grain [69].

A grain boundary in OIM is defined as the line segment separating two measurements points

in a scan [69]. Five independent parameters are needed to completely describe a boundary.

These are the three parameters for describing the boundary misorientation and two parameters

for describing the boundary plane normal. The difference between the orientation of a point

and the misorientation between points is that, while an external sample coordinate system is

used in describing the orientation of a point, the crystal coordinates of another point are used

for describing the misorientation between points. Misorientation calculations are conveniently

performed by considering the orientations of the points in matrix form. The matrix form for
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orientation or misorientation can be obtained from the Euler angles as:































cosφ1 cosφ2 − sinφ1 sinφ2 cosΦ sinφ1 cosφ2 + cosφ1 sinφ2 cosΦ sinφ2 sinΦ

− cosφ1 sinφ2 − sinφ1 cosφ2 cosΦ − sinφ1 sinφ2 + cosφ1 cosφ2 cosΦ cosφ2 sinΦ

sinφ2 sinΦ cosφ2 sinΦ cosΦ































The misorientation between two points A and B having orientationsgA andgB can be ob-

tained as:

∆g = gBg−1
A = gBgT

A (A.1)

The symmetry of the crystal lattice will lead to formation ofsymmetrically equivalent mis-

orientations which can be represented mathematically as :

∆g = gBgT
A = CB

i gB(CA
j gA)T = CB

i gBgT
ACA

j
T

(A.2)

For the case of cubic crystal symmetry having 24 symmetry operators, 1152 symmetrically

equivalent misorientations are obtained. A misorientation corresponding to the minimum mis-

orientation angle between the points A and B of the 1152 symmetrically equivalent orientations

is chosen as the physically meaningful value. In some cases,the misorientation axis is chosen

as the one lying in a particular unit triangle (SST).

136



Appendix B Recrystallization kinetics from IQ and CI method

This section describes a previous partitioning method, superceded by the GOS approach. The

annealed and polished samples were scanned after the micro-hardness test to obtain the orienta-

tion information of samples. The orientation information of samples annealed for different time

intervals (t) was used to calculate fraction recrystallized (X). In this technique, a focused elec-

tron beam is used to scan a sample surface on a regular grid of points. An Electron Backscatter

Diffraction Pattern (EBSP) is captured for each point, and this pattern is subsequently indexed

to determine the orientation of the crystal at that grid position. The Image Quality (IQ) and

Confidence Index (CI), which represent the contrast in the pattern and confidence of the OIM

software of indexing the pattern correctly, are also obtained during the scanning of sample sur-

face. The fraction recrystallized of an annealed sample is calculated from criteria based upon

CI and IQ values for the scanned sample. The IQ and CI values for determining the candidacy

of a particular point for recrystallized or deformed regionare selected independently for each

scan [70]. The values of fraction recrystallized are significantly affected by the microstructural

heterogeneity of scanned regions.

The critical CI value used to get a pattern with sufficient confidence was set at 0.1. This

value is obtained from past experience of the transition between well-indexed and poorly-

indexed points occuring at 0.1. A second criterion was basedon the IQ value for the scanned

surfaces. The threshold IQ value was chosen to be the averageIQ of all the points with a CI

value less than 0.1. The final criterion, based on a neighbor correlation, was applied in order

to ensure that the final microstructure was physically reasonable. This allowed a point to be

considered recrystallized if it has at least four recrystallized nearest neighbors, or three of its

neighbors are within 3o of the same orientation. This can be expressed as:

∀p ∈ S, p ∈ U i f f {IQp < IQthres,CIp < 0.1,np < 4} (B.1)

where p is any data point in the set S of all OIM data points, U isthe set of all unrecrystallized

points,IQp is the image quality value of point p,IQthres is the average IQ of all points with a
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Figure B.1: Variation of fraction recrystallized obtained from critical CI & IQ values for sam-
ples annealed isothermally at 350oC.

CI < 0.1, CIp is the confidence index of point p,np is the number of neighbors of p whose IQ

and CI are greater than 0.1 andIQthres respectively [70].

Based on the above criteria, an estimate of the recrystallized fraction was obtained for each

scan during the analysis as shown in Fig. 3.10 at 350oC.

The JMAK exponents obtained for recrystallization kinetics are similar to those obtained

from microhardness variations, which suggests that the method based on IQ and CI values of

a scan is successful. The small differences can be attributed to the limited scan size of each

sample. The micro-hardness data represents an average behavior for recrystallization kinetics,

whereas the data obtained from OIM are from limited areas [71]. Although this method yields

results that are close to those obtained from other methods,it requires a significant input from

the operator as the cut-off value of IQ is different for each scan and is also dependent on the

sample preparation technique. These limitations make the application of this approach difficult

for an analysis consisting large number of scans and when a number of scans are obtained

from each sample. A new method based on intragranular orientation spread overcomes these

limitations as described in the body of the thesis.
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Appendix C Computer Program

program grainsp3

c changes made in the program - date 08/25/2004

c combined copper and dillamore orientations

c the maximum,minimum and average GOS values obtained

c for each component

c deformed neighbors of cube bands looked at

c changed the rotated cube components

c .exe file grainsp7

c changed the ang file to identify the cube rex. grains

c and its deformed neighbors only

c date - 10/29/04

c changes made in the program

c calculated the interfacial area per unit volume -sv

c calculated the grain size of recrystallized grains -gs

c calculated the boundary pixels shared in terms of the

c grain contiguity ratios for recrystallized grains and grains of each texture component

c grain size is calculated by multiplying the number of pixels

c with step size square and a factor for sqrt(3/2) for hex grid.

c the equivalent diameter is calculated.

c (11/15/04) also calculated the max,ave,min rex. grain size

c and the grainsizes for rex. grain sizes for different texture components

c 02/09/2005 changed the definition of contiguity ratio and included the

c calculations of the grain size

implicit none

character(50) filein, fileout, top

integer count,grain,id(350000),p,cpix,u,index,n

integer tindex,graintex(12000),tempid,vs(350000)

integer gcur,rg,c,gpix(12000)

real goscut,odf(350000,7),step,sgs,np,phi(3,350000)

real q(4,350000),qq(4,2),thetamin,theta,gg(10000),thetasprd(12000)

real thetasp,phib1,phib,phib2,phic1(12000),phic(12000),rxpix,pix

real phic2(12000),dftex(5),rxtex(5),d(5,5),r(5,5),disormax,dfpix

real disormin,disorav,disor(12000),frarex,texcom(5),aodf(350000,7)

integer bp(12000),ng(12000,12000),rbp(5),ph(350000),rb,inde

integer pdcom(5),prcom(5),i,j,g,td,tr,tex1,gn,texrg,texrg2,texdf

real dgos(5),rgos(5),maxgos(5),mingos(5),x,y,t,infarea(5)

real sv,gs(12000),rv,area,rgc,grpix,pi,gamcut

real maxpix,minpix,avgpix,maxpixtc(5),minpixtc(5),avgpixtc(5)

integer texnrg(5)

real rinfarea(5),dinfarea(5),exinfarea(5),fxa(5,5),fxb(5,5)

real exd(5,5),exr(5,5),dx,dy,dis,ang,th,cgam(12000),bgam,am(10000)
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write(*,*) ’Input Grain ID file to be analyzed’

read(*,*) filein

c write(*,*) ’Name for the output files’

c read(*,*) fileout

inde=20

do 15, i=20,1,-1

c write(*,*) ’i,fname2(i:i) ’,i,fname2(i:i)

if(filein(i:i).eq.’ ’) inde=i

15 continue

inde=inde-1

pi=3.1416

goscut=3.0

gamcut=1.0

count=0

open(unit=1,file=filein(1:inde)//’.txt’,status=’old’)

101 continue

read(1,*) top

if (top.eq.’#’) then

count=count+1

goto 101

end if

close(1)

102 continue

open(unit=1,file=filein(1:inde)//’.txt’,status=’old’)

do i=1,count

read(1,*) top

end do

pix=1

grain=1

103 read(1,*,end=104) odf(pix,1),odf(pix,2),odf(pix,3),odf(pix,4),

&odf(pix,5),odf(pix,6),odf(pix,7),id(pix)

p=id(pix)

if(p.gt.grain) grain=p

pix=pix+1

goto 103

104 continue

close(1)
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step=odf(2,4)-odf(1,4)

pix=pix-1

write(*,*) ’total pixels in scan’, pix

write(*,*) ’total grains in scan’, grain

write(*,*) ’step size used in scan’, step

sgs=2.5

np=3.63*((sgs*sgs)/(step*step))

cpix=int(np)+1

area=(odf(pix,4)-odf(1,4))*(odf(pix,5)-odf(1,5))

write(*,*) ’number of pixels per grains’, cpix

do i=1,grain

gpix(i)=0

end do

do i=1,pix

u=id(i)

if (u.gt.0) then

gpix(u)=gpix(u)+1

end if

end do

do g=1,grain

if(gpix(g).gt.1) then

c write(*,*) ’Grain being analyzed’, g

c write(*,*)’number of pixels’,gpix(g)

p=1

do i=1,pix

if(id(i).eq.g) then

phi(1,p)=odf(i,1)

phi(2,p)=odf(i,2)

phi(3,p)=odf(i,3)

q(1,p)=sin(phi(2,p)/2)*cos((phi(1,p)-phi(3,p))/2)

q(2,p)=sin(phi(2,p)/2)*sin((phi(1,p)-phi(3,p))/2)

q(3,p)=cos(phi(2,p)/2)*sin((phi(1,p)+phi(3,p))/2)

q(4,p)=cos(phi(2,p)/2)*cos((phi(1,p)+phi(3,p))/2)

if (p.eq.gpix(g)) goto 105

p=p+1

end if

end do
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105 continue

do i=1,gpix(g)-1

theta=0

do j=i+1,gpix(g)

qq(1,1)=q(1,i)

qq(2,1)=q(2,i)

qq(3,1)=q(3,i)

qq(4,1)=q(4,i)

qq(1,2)=q(1,j)

qq(2,2)=q(2,j)

qq(3,2)=q(3,j)

qq(4,2)=q(4,j)

call misquat(qq,thetamin)

theta=theta+thetamin

end do

theta=theta/(gpix(g)-i)

gg(i)= theta

end do

t=0

do i=1,gpix(g)-1

t=gg(i)+t

end do

disor(g)=t/(gpix(g)-1)

c write(*,*)’gos’,disor(g)

c gam calculation

do i=1,p

th=0

n=0

do j=1,p

if(i.ne.j) then

dx=(odf(i,4)-odf(j,4))

dy=(odf(i,5)-odf(j,5))

dis=sqrt(dx*dx+dy*dy)

c write(*,*) dis

if(abs(dis-step).lt.(0.1*step))then

qq(1,1)=q(1,i)

qq(2,1)=q(2,i)

qq(3,1)=q(3,i)

142



qq(4,1)=q(4,i)

qq(1,2)=q(1,j)

qq(2,2)=q(2,j)

qq(3,2)=q(3,j)

qq(4,2)=q(4,j)

n=n+1

call misquat(qq,ang)

th=th+ang

end if

end if

end do

am(i)=th/n

end do

do i=1,p

bgam=bgam+am(i)

end do

bgam=bgam/p

cgam(g)=bgam

write(*,*)g,gpix(g),bgam,disor(g)

c average orientation calculation

call averageorientation(q,p,index,thetasp,phib1,phib,phib2)

thetasprd(g)=thetasp

phic1(g)=phib1

phic(g)=phib

phic2(g)=phib2

do

if(phic1(g).le.2*pi) exit

phic1(g)=phic1(g)-2*pi

end do

do

if(phic(g).le.2*pi) exit

phic(g)=phic(g)-2*pi

end do

do

if(phic1(g).le.2*pi) exit

phic2(g)=phic2(g)-2*pi

end do

c texture determination

call quattex(phib1,phib,phib2,tindex)
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if(tindex.eq.1.or.tindex.eq.2.or.tindex.eq.3.or.tindex.eq.4)then

graintex(g)=1

end if

if(tindex.eq.5) graintex(g)=2

if(tindex.eq.6) graintex(g)=3

if(tindex.eq.7) graintex(g)=4

if(tindex.eq.8) graintex(g)=5

end if

c main program ends here

end do

c write(*,*)’texture of grain’,graintex(i)

do i=1,5

texcom(i)=0

end do

do i=1,grain

do j=1,5

if(graintex(i).eq.j) then

texcom(j)=texcom(j)+gpix(i)

end if

end do

end do

c average,max,min,gos determination

do i=1,5

dgos(i)=0

rgos(i)=0

pdcom(i)=0

prcom(i)=0

maxgos(i)=0

mingos(i)=30

end do

do i=1,grain

if (cgam(i).gt.gamcut)then

do j=1,5

tex1=graintex(i)

if (disor(i).gt.maxgos(tex1)) maxgos(tex1)=disor(i)

if (disor(i).lt.mingos(tex1)) mingos(tex1)=disor(i)

if (graintex(i).eq.j)then

dgos(j)=dgos(j)+(disor(i)*gpix(i))

pdcom(j)=pdcom(j)+gpix(i)

end if
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end do

elseif (cgam(i).le.gamcut.and.cgam(i).gt.0.and.

&gpix(i).ge.cpix)then

do j=1,5

if (graintex(i).eq.j)then

rgos(j)=rgos(j)+(disor(i)*gpix(i))

prcom(j)=prcom(j)+gpix(i)

end if

end do

end if

end do

do i=1,5

dgos(i)=dgos(i)/pdcom(i)

rgos(i)=rgos(i)/prcom(i)

end do

do i=1,grain

do j=1,grain

ng(i,j)=0

end do

end do

do i=1,grain

tempid=0

do j=1,pix

gcur=id(j)

if(gcur.eq.i)then

if(tempid.ne.0.and.tempid.ne.i.and.(odf(j,4)-

&odf(j-1,4)).eq.step)then

ng(i,tempid)=ng(i,tempid)+1

end if

elseif(gcur.ne.i)then

if(tempid.eq.i.and.(odf(j,4)-odf(j-1,4)).eq.step)then

ng(i,gcur)=ng(i,gcur)+1

end if

end if

tempid=gcur

end do

end do

do i=1,grain

bp(i)=0

end do
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do i=1,grain

do j=1,grain

bp(i)=bp(i)+ng(i,j)

end do

end do

do i=1,5

dftex(i)=0

rxtex(i)=0

end do

do i=1,grain

if(cgam(i).le.gamcut.and.cgam(i).gt.0.and.

&gpix(i).ge.cpix)then

tr=graintex(i)

rxtex(tr)=rxtex(tr)+gpix(i)

else

if(gpix(i).gt.1) then

td=graintex(i)

dftex(td)=dftex(td)+gpix(i)

end if

end if

end do

do i=1,5

do j=1,5

d(i,j)=0

r(i,j)=0

end do

infarea(i)=0

end do

c determining the interfacial area/vol for recrystallized grains

c sv-interfacial area in contact with deformed grains

c rv-interfacial area in contact with rex grains

c rbp-total boundary pixels for that rex component

sv=0

rv=0

do i=1,grain

if (cgam(i).le.gamcut.and.cgam(i).gt.0.and.gpix(i).ge.cpix)then

texrg=graintex(i)

do j=1,grain

if (ng(i,j).ne.0) then

if (gpix(j).gt.1) then

if (cgam(j).gt.0.and.cgam(j).le.gamcut.and.gpix(j).ge.cpix)then
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rv=rv+ng(i,j)

texrg2=graintex(j)

r(texrg,texrg2)=r(texrg,texrg2)+ng(i,j)

else

sv=sv+ng(i,j)

texdf=graintex(j)

d(texrg,texdf)=d(texrg,texdf)+ng(i,j)

end if

end if

end if

end do

rbp(texrg)=rbp(texrg)+bp(i)

end if

end do

do i=1,5

do j=1,5

infarea(i)=infarea(i)+r(i,j)+d(i,j)

end do

end do

do i=1,5

do j=1,5

r(i,j)=r(i,j)/infarea(i)

d(i,j)=d(i,j)/infarea(i)

end do

end do

c obtain max and min gos values

disormax=0.0

do i=1,grain

if (disor(i).gt.disormax)then

disormax=disor(i)

end if

end do

disormin=180.0

do i=1,grain

if(disor(i).lt.disormin)then

disormin=disor(i)

end if

end do

disorav=0.0

do i=1,grain
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if (disor(i).ge.0) then

disorav=disorav+(disor(i)*gpix(i))

end if

end do

disorav=disorav/pix

rg=0

maxpix=0

minpix=100000

rxpix=0

dfpix=0

do i=1,grain

if (cgam(i).le.gamcut.and.cgam(i).gt.0.and.gpix(i).ge.cpix)then

rg=rg+1

if(gpix(i).gt.maxpix) maxpix=gpix(i)

if(gpix(i).lt.minpix) minpix=gpix(i)

rxpix=rxpix+gpix(i)

else

dfpix=dfpix+gpix(i)

end if

end do

frarex=rxpix/pix

write(*,*) "fraction recrystallized", frarex

avgpix=rxpix/rg

maxpix=1.05*step*sqrt(maxpix)

minpix=1.05*step*sqrt(minpix)

avgpix=1.05*step*sqrt(avgpix)

sv=(sv*step)/area

rv=(rv*step)/area

rgc=(rv)/(rv+sv)

c rex. grain size

do i=1,5

texnrg(i)=0

maxpixtc(i)=0

minpixtc(i)=100000

avgpixtc(i)=0

end do

do i=1,grain

if(cgam(i).gt.0.and.cgam(i).le.gamcut.and.gpix(i).ge.cpix)then

texrg=graintex(i)

texnrg(texrg)=texnrg(texrg)+1
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avgpixtc(texrg)=avgpixtc(texrg)+gpix(i)

if(gpix(i).gt.maxpixtc(i)) maxpixtc(i)=gpix(i)

if(gpix(i).lt.minpixtc(i)) minpixtc(i)=gpix(i)

end if

end do

do i=1,6

avgpixtc(i)=avgpixtc(i)/texnrg(i)

end do

do i=1,5

maxpixtc(i)=1.05*step*sqrt(maxpixtc(i))

minpixtc(i)=1.05*step*sqrt(minpixtc(i))

avgpixtc(i)=1.05*step*sqrt(avgpixtc(i))

end do

do i=1,5

dftex(i)=dftex(i)/dfpix

rxtex(i)=rxtex(i)/rxpix

end do

c expected values of grain contiguity ratios for the components

do i=1,5

do j=1,5

exr(i,j)=0

exd(i,j)=0

end do

end do

do i=1,5

do j=1,5

exd(i,j)=(1-frarex)*dftex(j)

exr(i,j)=rxtex(j)*frarex

end do

end do

c do i=1,pix

c gn=id(i)

c aodf(i,1)=odf(i,1)

c aodf(i,2)=odf(i,2)

c aodf(i,3)=odf(i,3)

c aodf(i,4)=odf(i,4)

c aodf(i,5)=odf(i,5)

c aodf(i,6)=odf(i,6)

c aodf(i,7)=odf(i,7)
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c ph(i)=0

c if(disor(gn).gt.0.and.disor(gn).le.goscut.and.gpix(gn).ge.cpix)then

c if(graintex(gn).eq.1)then

c vs(i)=3001

c else

c vs(i)=3000

c end if

c else

c vs(i)=1000

c do j=1,grain

c if(ng(gn,j).ne.0)then

c if(disor(j).gt.0.and.disor(j).le.goscut.and.gpix(j).ge.cpix)then

c if(graintex(j).eq.1)then

c vs(i)=1001

c end if

c end if

c end if

c end do

c

c end if

c end do

open(unit=2,file=filein(1:inde)//’.gra’,status=’new’)

open(unit=3,file=filein(1:inde)//’.tex’,status=’new’)

c open(unit=4,file=filein(1:inde)//’.ang’,status=’new’)

c do i=1,pix

c write(4,4) aodf(i,1),aodf(i,2),aodf(i,3),aodf(i,4),

c &aodf(i,5),aodf(i,6),aodf(i,7),ph(i),vs(i)

c end do

write(3,*)’scan analyzed;’,filein

write(3,*)’fraction recrystallized;’,frarex

write(3,*)’interfacial def;’,sv

write(3,*)’interfacial rex;’,rv

write(3,*)’nucleation density;’,rg/area

write(3,*)’rgrain contig;’,rgc

write(3,*)’max grsize;’,maxpix

write(3,*)’avg grsize;’,avgpix

write(3,*)’min grsize;’,minpix

write(3,*)

write(3,*)’total texture’

write(3,*)’cube tex;’,texcom(1)/pix

write(3,*)’brass tex;’,texcom(2)/pix

write(3,*)’copper tex;’,texcom(3)/pix
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write(3,*)’S tex;’,texcom(4)/pix

write(3,*)’rest tex;’,texcom(5)/pix

write(3,*)

write(3,*)’deformation texture’

write(3,*)’cube tex;’,dftex(1)

write(3,*)’brass tex;’,dftex(2)

write(3,*)’copper tex;’,dftex(3)

write(3,*)’S tex;’,dftex(4)

write(3,*)’rest tex;’,dftex(5)

write(3,*)

write(3,*)’recrystallization texture’

write(3,*)’cube tex;’,rxtex(1)

write(3,*)’brass tex;’,rxtex(2)

write(3,*)’copper tex;’,rxtex(3)

write(3,*)’S tex;’,rxtex(4)

write(3,*)’rest tex;’,rxtex(5)

write(3,*)

write(3,*)’deformed grains GOS’

write(3,*)’maximum; average; minimum’

write(3,*)’Cube;’,maxgos(1),dgos(1),mingos(1)

write(3,*)’Brass;’,maxgos(2),dgos(2),mingos(2)

write(3,*)’Copper;’,maxgos(3),dgos(3),mingos(3)

write(3,*)’S;’,maxgos(4),dgos(4),mingos(4)

write(3,*)’Rest;’,maxgos(5),dgos(5),mingos(5)

write(3,*)

write(3,*)’obs cont ratio between rex. grains deformed grains’

do i=1,5

write(3,3)d(i,1),d(i,2),d(i,3),d(i,4),d(i,5)

end do

write(3,*)

write(3,*)’obs cont ratio between rex. other rex. grains’

do i=1,5

write(3,3)r(i,1),r(i,2),r(i,3),r(i,4),r(i,5)

end do

write(3,*)

write(3,*)’exp cont ratio between rex. and deformed grains’

do i=1,5

write(3,3)exd(i,1),exd(i,2),exd(i,3),exd(i,4),exd(i,5)

end do

write(3,*)

write(3,*)’expt cont ratio between rex. and rex. grains’

do i=1,5

write(3,3)exr(i,1),exr(i,2),exr(i,3),exr(i,4),exr(i,5)

end do
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write(2,*)’scan analyzed’,filein

write(2,*)’recrystallized fraction’,frarex

write(2,*)’total number of grains’, grain

write(2,*)’total number of pixels’,pix

c write(2,*)’area scanned’,area

c write(2,*)’nucleation density’,rg/area

c write(2,*)’maximum gos’,disormax

c write(2,*)’minimum gos’,disormin

c write(2,*)’average gos’,disorav

c c=0

do i=1,grain

c if (gpix(i).gt.cpix)then

grpix=gpix(i)

c c=c+1

write(2,2) i,cgam(i),disor(i),gpix(i),step*1.1026*sqrt(grpix)

c end if

end do

2 format (i5,f10.3,f10.3,i5,f10.3)

3 format (7f7.4)

4 format (f8.3,2f9.3,2f10.3,f7.1,f7.3,i3,i8)

c5 format (a9,3f7.4)

end

c ----------------------------------------------------------

subroutine quattex(phi1,phic,phi2,texindex)

real eulphi(7,3),qt(4),qtex(4,7),qav(4),phi1,phic,phi2,qunit(4)

real qend(4),quatsymm(4,24),quatsamp(4,4),dismin(7),d1,d2,d3

real thetamin,t,qmis(4,2),qresult(4),qresult1(4),qq(4)

integer numsymm,numsamp,texindex

common/a1/ quatsymm,numsymm,quatsamp,numsamp

logical result

eulphi(1,1)=0.0

eulphi(1,2)=0.0

eulphi(1,3)=0.0

eulphi(2,1)=0.0

eulphi(2,2)=10.0

eulphi(2,3)=0.0
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eulphi(3,1)=0.0

eulphi(3,2)=20.0

eulphi(3,3)=0.0

eulphi(4,1)=0.0

eulphi(4,2)=30.0

eulphi(4,3)=0.0

eulphi(5,1)=35.0

eulphi(5,2)=45.0

eulphi(5,3)=0.0

eulphi(6,1)=40.0

eulphi(6,2)=65.0

eulphi(6,3)=26.0

eulphi(7,1)=64.934

eulphi(7,2)=74.499

eulphi(7,3)=33.69

degrad=57.29578

pi=3.14159265

twopi=2*pi

do i=1,7

call quatB(eulphi(i,1)/degrad,eulphi(i,2)/degrad,

& eulphi(i,3)/degrad,qt)

do j=1,4

qtex(j,i)=qt(j)

end do

end do

call quatB(phi1,phic,phi2,qq)

open(unit=4,file=’quat.symm.cubic’,status=’old’)

read(4,*)

read(4,*) numsymm

c write(*,*)numsymm

do i=1,numsymm

read(4,*) (quatsymm(j,i),j=1,4)

end do

close(4)

open(unit=5,file=’quat.symm.ort’,status=’old’)

read(5,*)
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read(5,*) numsamp

do i=1,numsamp

read(5,*) (quatsamp(j,i),j=1,4)

end do

close(5)

disorientmin=15.

do j=1,7

dismin(j)=999999.

enddo

c write(*,*)’hi’

do i=1,numsymm

c call postsymm(qav,i,quint)

qresult(1)=quatsymm(4,i)*qq(1)+quatsymm(1,i)*qq(4)

& +quatsymm(3,i)*qq(2)-quatsymm(2,i)*qq(3)

qresult(2)=quatsymm(4,i)*qq(2)+quatsymm(2,i)*qq(4)

& +quatsymm(1,i)*qq(3)-quatsymm(3,i)*qq(1)

qresult(3)=quatsymm(4,i)*qq(3)+quatsymm(3,i)*qq(4)

& +quatsymm(2,i)*qq(1)-quatsymm(1,i)*qq(2)

qresult(4)=quatsymm(4,i)*qq(4)-quatsymm(1,i)*qq(1)

& -quatsymm(2,i)*qq(2)-quatsymm(3,i)*qq(3)

do j=1,numsamp

c call presamp(qunit,j,qend)

qresult1(1)=qresult(1)*quatsamp(4,j)+qresult(4)*quatsamp(1,j)

& -qresult(2)*quatsamp(3,j)+qresult(3)*quatsamp(2,j)

qresult1(2)=qresult(2)*quatsamp(4,j)+qresult(4)*quatsamp(2,j)

& -qresult(3)*quatsamp(1,j)+qresult(1)*quatsamp(3,j)

qresult1(3)=qresult(3)*quatsamp(4,j)+qresult(4)*quatsamp(3,j)

& -qresult(1)*quatsamp(2,j)+qresult(2)*quatsamp(1,j)

qresult1(4)=qresult(4)*quatsamp(4,j)-qresult(1)*quatsamp(1,j)

& -qresult(2)*quatsamp(2,j)-qresult(3)*quatsamp(3,j)

call q2eulB(d1,d2,d3,qresult1)

if(d1.lt.0.0) d1=d1+twopi

if(d2.lt.0.0) d2=d2+twopi

if(d3.lt.0.0) d3=d3+twopi

d1=d1*degrad

d2=d2*degrad

d3=d3*degrad

call testangs(d1,d2,d3,result)

if(result) then
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do ijk=1,9

do jk=1,4

qmis(jk,1)=qresult1(jk) ! gets the current orient

qmis(jk,2)=qtex(jk,ijk) ! gets the component

enddo !

call misquat(qmis,thetamin)

c write (*,*) thetamin

if(thetamin.lt.dismin(ijk)) then

dismin(ijk)=thetamin

endif

enddo ! ijk loop on components

endif

end do

end do

t=360.0

do i=1,7

if(dismin(i).lt.t) then

t=dismin(i)

texindex=i

end if

end do

if (t.gt.15.0) texindex=8

c write(*,*) (dismin(j),j=1,9)

end

c

c _____________________________

c

c

subroutine postsymm(qq,lindex,qresult)

real qq(4),qresult(4)

integer lindex

c

c include ’common.f’

common/a1/ quatsymm(4,24),numsymm,quatsamp(4,4),numsamp

c PI=3.14159265

c

c algorithm for forming resultant quaternion/rotation

c from applying a symmetry operator, QUATSYMM(n,lindex)

c to the first quaternion/rotation, QQ

c
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c If the symm oper == O, and the input quaternion, QQ, is an active

c rotation, then Qresult = (QQ x O)

c the "POST" in the name refers to writing the operator after the

c rotation/orientation in vector/tensor notation: Q’ = Q x O

c or in conventional quaternion notation, Qresult = Qsymm ? QQ

c

c Thus, for active rotations (standard definition of orientation in

c mechanics) this is suitable for applying CRYSTAL symmetry

c

if(lindex.gt.numsymm) stop ’error in presymm, lindex>numsymm’

if(lindex.lt.1) stop ’error in presymm, lindex<1’

qresult(1)=quatsymm(4,lindex)*qq(1)+quatsymm(1,lindex)*qq(4)

& +quatsymm(3,lindex)*qq(2)-quatsymm(2,lindex)*qq(3)

qresult(2)=quatsymm(4,lindex)*qq(2)+quatsymm(2,lindex)*qq(4)

& +quatsymm(1,lindex)*qq(3)-quatsymm(3,lindex)*qq(1)

qresult(3)=quatsymm(4,lindex)*qq(3)+quatsymm(3,lindex)*qq(4)

& +quatsymm(2,lindex)*qq(1)-quatsymm(1,lindex)*qq(2)

qresult(4)=quatsymm(4,lindex)*qq(4)-quatsymm(1,lindex)*qq(1)

& -quatsymm(2,lindex)*qq(2)-quatsymm(3,lindex)*qq(3)

c

c write(*,*) ’qresult ’,qresult

c

return

end

c

c

c _____________________________

c

c

subroutine presamp(qq,lindex,qresult)

real qq(4),qresult(4)

integer lindex

c

common/a1/ quatsymm(4,24),numsymm,quatsamp(4,4),numsamp

c PI=3.14159265

c

c algorithm for forming resultant quaternion

c from applying a symmetry operator, QUATSYMM(n,lindex)

c to the first quaternion/rotation

c

c If the symm oper == O, and the input quaternion, QQ, is an active

c rotation, then Qresult = (O x QQ)

c the "PRE" in the name refers to writing the operator before the

c rotation/orientation in vector/tensor notation: Q’ = O x Q

c or in conventional quaternion notation, Qresult = QQ ? Qsymm
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c

c Thus, for active rotations (standard definition of orientation in

c mechanics) this is suitable for applying SAMPLE symmetry

c

if(lindex.gt.numsamp) stop ’error in PRESAMP, lindex>numsamp’

if(lindex.lt.1) stop ’error in presamp, lindex<1’

qresult(1)=qq(1)*quatsamp(4,lindex)+qq(4)*quatsamp(1,lindex)

& -qq(2)*quatsamp(3,lindex)+qq(3)*quatsamp(2,lindex)

qresult(2)=qq(2)*quatsamp(4,lindex)+qq(4)*quatsamp(2,lindex)

& -qq(3)*quatsamp(1,lindex)+qq(1)*quatsamp(3,lindex)

qresult(3)=qq(3)*quatsamp(4,lindex)+qq(4)*quatsamp(3,lindex)

& -qq(1)*quatsamp(2,lindex)+qq(2)*quatsamp(1,lindex)

qresult(4)=qq(4)*quatsamp(4,lindex)-qq(1)*quatsamp(1,lindex)

& -qq(2)*quatsamp(2,lindex)-qq(3)*quatsamp(3,lindex)

c

c write(*,*) ’qresult ’,qresult

c

return

end

c

c

c ------------------

c

subroutine testangs(phi1, capphi, phi2,result)

c tests to see if the angles fall within the specified range

c which for now is just 0<angle<=90

c

c LOCAL VARIABLES

integer i

real phi1,capphi,phi2

logical result

c

result=.true.

if(phi1.le.0.0) result=.false.

if(phi1.gt.90.0) result=.false.

if(capphi.le.0.0) result=.false.

if(capphi.gt.90.0) result=.false.

if(phi2.le.0.0) result=.false.

if(phi2.gt.90.0) result=.false.

return

end

c

c
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c ________________________________________

c

subroutine quatB(p1,p,p2,q)

c convert Bunge Euler angles (radians) to quaternion;

c direct conversion from angles, see Altmann’s book

c the rotation is a vector transformation (active rotation)

c

real p1,p,p2,q(4)

double precision c1,c,c2,s1,s,s2,d(3,3),tmp(4),sin2,cos2,rtmp,rnorm

c

c

PI=3.14159265

c form cosine, sine of Phi, and sum & diff of phi1, phi2

S=DSIN(0.5d0*P)

C=DCOS(0.5d0*P)

S1=DSIN(0.5d0*(P1-P2))

C1=DCOS(0.5d0*(P1-P2))

S2=DSIN(0.5d0*(P1+P2))

C2=Dcos(0.5d0*(P1+P2))

c write(*,*) ’s1,c1,s,c,s2,c2’

c write(*,*) s1,c1

c write(*,*) s,c

c write(*,*) s2,c2

q(1)=s*c1

q(2)=s*s1

q(3)=c*s2

q(4)=c*c2

return

end

c

c ________________________________________

c

subroutine averageorientation(q,n,ind,thetas,phia1,phia,phia2)

real qc(4,24),qmf(4),qm(220000,4,24),qav(4,24),Qa(4,2),theta(24)

real thetsmin,ang,phia1,phia,phia2,qnorml,qnorm(4),q(4,300000)

real qn(4),qnr(4),qnrml, symm(300000)

real thetaav,thetas,Qb(4,2)

integer ind,nsym

open (unit=3,file=’quat.symm.cubic’,status=’old’)

read (3,*)

read (3,*) nsym
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do i=1,nsym

read(3,*) (qc(j,i),j=1,4)

end do

symm(1)=1

do i=1,4

qmf(i)=q(i,1)

end do

qm(1,1,1)=qc(1,1)*q(4,1)+qc(4,1)*q(1,1)-qc(2,1)*q(3,1)

&+qc(3,1)*q(2,1)

qm(1,2,1)=qc(2,1)*q(4,1)+qc(4,1)*q(2,1)-qc(3,1)*q(1,1)

&+qc(1,1)*q(3,1)

qm(1,3,1)=qc(3,1)*q(4,1)+qc(4,1)*q(3,1)-qc(1,1)*q(2,1)

&+qc(2,1)*q(1,1)

qm(1,4,1)=qc(4,1)*q(4,1)-qc(1,1)*q(1,1)-qc(2,1)*q(2,1)

&-qc(3,1)*q(3,1)

do k=2,n

do j=1,24

qm(k,1,j)=qc(1,j)*q(4,k)+qc(4,j)*q(1,k)-qc(2,j)*q(3,k)

&+qc(3,j)*q(2,k)

qm(k,2,j)=qc(2,j)*q(4,k)+qc(4,j)*q(2,k)-qc(3,j)*q(1,k)

&+qc(1,j)*q(3,k)

qm(k,3,j)=qc(3,j)*q(4,k)+qc(4,j)*q(3,k)-qc(1,j)*q(2,k)

&+qc(2,j)*q(1,k)

qm(k,4,j)=qc(4,j)*q(4,k)-qc(1,j)*q(1,k)-qc(2,j)*q(2,k)

&-qc(3,j)*q(3,k)

end do

do j=1,24

qav(1,j)=qm(k,1,j)+qmf(1)

qav(2,j)=qm(k,2,j)+qmf(2)

qav(3,j)=qm(k,3,j)+qmf(3)

qav(4,j)=qm(k,4,j)+qmf(4)

end do

do j=1,24

qnorml=0

do i=1,4

159



qnorml=qnorml+qav(i,j)*qav(i,j)

end do

qnorml=sqrt(qnorml)

do i=1,4

qav(i,j)=qav(i,j)/qnorml

end do

Qa(1,1)=qmf(1)

Qa(2,1)=qmf(2)

Qa(3,1)=qmf(3)

Qa(4,1)=qmf(4)

Qa(1,2)=qav(1,j)

Qa(2,2)=qav(2,j)

Qa(3,2)=qav(3,j)

Qa(4,2)=qav(4,j)

call misquat(Qa,thetsmin)

theta(j)=thetsmin

c write(*,*)thetsmin

c pause

end do

ind=0

ang=360

do m=1,24

if (ang.gt.theta(m))then

ang=theta(m)

ind=m

end if

end do

symm(k)=ind

do i=1,4

qmf(i)=qav(i,ind)

end do

call norm(qmf,qnrml)

do i=1,4

qmf(i)=qmf(i)/qnrml

end do

end do

close(3)

c pause
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thetas=0

do k=1,n

i=symm(k)

Qb(1,2)=qmf(1)

Qb(2,2)=qmf(2)

Qb(3,2)=qmf(3)

Qb(4,2)=qmf(4)

Qb(1,1)=qm(k,1,i)

Qb(2,1)=qm(k,2,i)

Qb(3,1)=qm(k,3,i)

Qb(4,1)=qm(k,4,i)

call misquat(Qb,thetaav)

thetas=thetas+thetaav

c write(*,*) thetaav

end do

thetas=thetas/n

c write(*,*) (qc(i,ind),i=1,4)

c pause

call q2eulB(phia1,phia,phia2,qmf)

if (phia1.lt.0) phia1=2*3.14159+phia1

if (phia.lt.0) phia=2*3.14159+phia

if (phia2.lt.0) phia2=2*3.14159+phia2

c write(*,*)’average orientation’,phia1,phia,phia2

end

c ________________________________________

c

c

c _____________________________

c

c

subroutine misquat(qq,thetamin)

real qq(4,2),thetamin,qresult(4),tmp(2),rquat(4)

real disor,pi

real qmax,q1max,q2max

c

PI=3.14159265

c

c algorithm for forming resultant quaternion

c and determining minimum angle taken from Sutton & Baluffi

c

c note that the resultant quaternion is not returned
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c because it is not in the fundamental zone

c

c note change of signs to get inverse of second orientation

c

qresult(1)=qq(1,1)*qq(4,2)-qq(4,1)*qq(1,2)

& +qq(2,1)*qq(3,2)-qq(3,1)*qq(2,2)

qresult(2)=qq(2,1)*qq(4,2)-qq(4,1)*qq(2,2)

& +qq(3,1)*qq(1,2)-qq(1,1)*qq(3,2)

qresult(3)=qq(3,1)*qq(4,2)-qq(4,1)*qq(3,2)

& +qq(1,1)*qq(2,2)-qq(2,1)*qq(1,2)

qresult(4)=qq(4,1)*qq(4,2)+qq(1,1)*qq(1,2)

& +qq(2,1)*qq(2,2)+qq(3,1)*qq(3,2)

c

c write(*,*) ’qresult ’,qresult

qmax=0.

iqindex=0

do 10, i=1,4

qresult(i)=abs(qresult(i))

if(qresult(i).gt.qmax) then

qmax=qresult(i)

iqindex=i

endif

10 continue

c

q1max=0.

iq1index=0

c find the next highest q component

do 20, i=1,4

if(i.eq.iqindex) goto 20

if(qresult(i).gt.q1max) then

q1max=qresult(i)

iq1index=i

endif

20 continue

c

disor=amax1(qmax,(qmax+q1max)/sqrt(2.),

& (qresult(1)+qresult(2)+qresult(3)+qresult(4))/2.)

if(disor.gt.1.0) disor=1.0

if(disor.lt.-1.0) disor=-1.0

thetamin=acos(disor)*360./pi

c write(*,*) ’thetamin ’,thetamin

c

q2max=0.

iq2index=0

c find the next highest q component
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do 30, i=1,4

if(i.eq.iqindex.or.i.eq.iq1index) goto 30

if(qresult(i).gt.q2max) then

q2max=qresult(i)

iq2index=i

endif

30 continue

c

rquat(4)=qmax

rquat(3)=q1max

rquat(2)=q2max

do 40, i=1,4

if(i.ne.iqindex.and.

& i.ne.iq1index.and.

& i.ne.iq2index) rquat(1)=qresult(i)

40 continue

c supply the sorted quaternion

c CAUTION: note that q1<q2<q3<q4

c whereas typical Rodrigues sorting is R1>R2>R3

c

return

end

c

c _____________________________

c

subroutine norm(q ,qnorm)

real :: q(4),qnorm

qnorm=0

do i=1,4

qnorm=qnorm+q(i)*q(i)

end do

qnorm=sqrt(qnorm)

end

c

c ______________________

c

subroutine q2eulB(p1,p,p2,qq)

c
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c converts quaternion to Bunge Euler angles

c based on Altmann’s solution for Euler->quat

c

real qq(4),p1,p,p2

real sum,diff

c

PI=3.14159265

c

diff=atan2(qq(2),qq(1))

sum=atan2(qq(3),qq(4))

p1=(diff+sum)

p2=(sum-diff)

tmp=sqrt(qq(3)**2+qq(4)**2)

if(tmp.gt.1.0) tmp=1.0

p=2.*acos(tmp)

c write(*,*) ’ quaternion input= ’,qq

c write(*,*) ’Bunge angles output= ’,p1,p,p2

c write(*,*) ’ angles [degrees]= ’,180.*p1/pi,180.*p/pi,180.*p2/pi

return

end

c

c ______________________

c
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�=�¡  �n�¢�n���¥£d ���£x�������x�?�������d�¨ªk¦��§��ª»���������p�H���¢£d�³�������, �£x¯&�8 �����²&�¢�x�4�³�4^���Z�4�n�o!p W�üÕü(8�ù
&ð÷q"R�+& ù�÷�)%��ýr��ÿM,X���~ü���ÿ ÷�W�ü�)%�?�2�
�ø÷�ù ý
÷ì÷ ü-8l÷�6#� üN&-���?�2��ý�üný
÷�,q)R,q1�ü(�s)R&ð÷ üP1r)0ý�ùg�#t��ünýs1#)S8'uv7wPW�ú5"yxz)%,G÷�W�ü�&(�X$9,D÷�ù
"{1#)%� ü-&ð÷�)R��ý=�Mùg��ù
"%"0ü-"P÷��~÷�W�üq, ùg�?�s"0ü[|�ùg85)R,�ù ý#1~}�69�53���)R,g÷�W�ü�&(�X$9,D÷�ù
"1#)%� ü-&ð÷�)R��ý'�Mùg��ù
"%"0ü-"�÷��?, ù
�?�s"0ü�� ùg85)R,-



4;Ï�½_Ð¥8;: �òñ�Ò ¾�½�4;ó �~� 5 � 7�Ô �

� ù+�. T���TÿV�
�V÷*$5�s)R&þù
"��Z�.�L����"%"R)/ýs0�÷ ü(8�÷�69� ü�� �
	

��� �?�
�#��ù�ýs1������=�Z�
"0ü=�s0�69� üP,6ÿ��
�6÷*$+�k)%& ùg"T�l�.������"%"R)0ý#0÷ ü-8�÷�69� ü�� ��	
Ú �¨©¢£x�n� !  ! ¡ Ú Ä�Äg�n�¢�������x©=����±Z�¥£Z���



4;Ï�½_Ð¥8;: �òñ�Ò ¾�½�4;ó �~� 5 � 7�Ô "4ÿ
�¤�4¦��p¯&�§�X�!�=���³ª� ����xá¤�¡  �¥���x©®��±Z²&�§�������4�³�«���³���4��£d�¨������£x²x²&���������x©¶�d�¨·&�§���4�³�t���x�§���¥�¨�4�
���¤�H�p�n��ª=�n����±Z²¤�¡���������x�:�����¨©¢�������x��©��n�?���������" �£x¯&�¶  �¢��²Æ�¢�x�4�³�X����Z�:�º�p�!�=�����
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�������� ��¡�����¥�¨�´ªu���³ªu¯Æ�¢£d�d�¤�?��ª������������¤��� ".-�×=���=�W�d�¨©¢�C�H�x©¢�¨��©��«������¯&�¢£x�d�¤�H�nª

Ú �¨©¢£x�n� !  ×Z¡�%®�«�H���I&��¢£d�d�¤�?��ª



4;Ï�½_Ð¥8;: �òñ�Ò ¾�½�4;ó �~� 5 � 7�Ô " !
���¶��±Z²¤�¡�����Z�X�W¯&�4�¨�?������x�� ��¡�������¨òÆ §�H�¥�¨�¢�s���p©��¥�����W¯&�¢£d�d�d�H�¥�¨�4�����³����õ�À¥%á&ç���d�
÷µÀ¥%á&u�µ�����Z¯&���d���¥ �£d�����4�����!�¥�x���´�¢���¨�?�����x©-�n�X ����¨�¢�d�4F���x���� ��¡�������¨òÆ §�H�¥�¨�¢���x�4�¨²¤�O£d�
�n��©��§�p���¸���d���¨©¢�³�����¸�=�H�Z���x©��n�¢���µ�X�n�������H�¥�¨���d�)���{�¥�x�:���x������������²Jª����=�¥�x�®�nªZ�n�n�X�
¯Æ�H���4���¢�=ø\£d�n�,�¥�Z���d���n�����¨�X�¢�«�H���¨�¢��Õ%®�«�����8¯&�¢£d�x�¤�H�¥�¨�4�® 4�H�s�H������¯Æ���d�¨¦Z���Z�X�����³�n�
�����¨�,���d�8�º�µ���n��¯Æ�¢£d�d�¤�?�¥�¨�4�4 a��WK��]�ì�F��	��G�Z��WHPE �?�������x�¢�n��¯Æ�¢£d�d�¤�?�¥�¨�4���´�����µ�x�¡ +�
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£N¤�¥¦¤j£ À l-¬pj°ª�«=¬fm-Á¬�enª�lP«Â¯�`z±³«=²=ª)exr

À ©��4�x�§�«�H���d�¨©¢���H�x©¢�¨�¸©��«�H���»¯Æ�¢£d�d�¤�?��ª» 4�H�u¯&�¸�����X�H�n�4��������©��4�x�§�¥�¡ =���³���§�n�T��  �
�����¤  ���¨�����n���¥£d ���£x���¸���d�^²d����²&�§���¥�¨�4���?���=�X���n�4�³�¥�¡�H���¨ªs���x�x�§²&�4�d�x�4�³�������d���n�����¨�4�³�«�?°
���¨�¢������x�§�����H���¢¹d�x�?�f�§¦��§�X¹d ��§�n�«�����\¢\��²Æ�G ��¡���)£��d�¨©������Z©¢�¨�¶¯&�¢£d�d�d�H�¥�¨�4�����d�¡ «���H�n�
�������³�n�§���4�n�,�����¤  �����x�§ª8��±x�x�¨¯¤�¨�o¢n�n²&�X ��¡���)£�²d�n��²&�§�����¨�4�X Ã �¢�n�µ�¥�����4���¥�x�4�n��¯&�¢£d�x�Z°
�H���¨�4�t�����n�®�¤�4¦��9¢n�n²&�X ��¡���)£µ©��4�����§���¥�¡ O ����xòd©¢£x�¥�H�¥�¨���d�t�����n�x ��¡�H���4���µ�¨�������x�4���:F���x�
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  �¢�¤  �§²d��������  �¢���¤ ����x�4�¤  �,���¨�n�®�¡�H�n�¥�¡  ��È � q � ÕF���������³���n�Z�d£¤  �4��òx�¥�n�f¯JªT^:�n�¢�³¯&�§��©
���x��ù������n�¢� � ×M�@����"l�M$��dt���Z�4�n�:�¤�4¦��,¯&�§�4�����H�³ª���±Z�n�X�x�¥�¨¦��®����£d�d�¨�4�f���¸�¥�x�¶Ä�óZõ
�n�X�¡�?�¥�¨�¢�d���d�¨²������¤  �-���x�4�� Ú �¨©¢£x�n� ! *$�È6�¥�H���4���´���¢�$÷,£d��²d�x���§ªMÃ ��¯&�J����� $��´Õp���x�?���
�º�p�-���³���§��²Æ�X�Z�4�n�«�H�����x©-������²¤�¨�� §£Z¯¤�¡ ��¡�?���¥�¡  �4�4¹� ��������4�n²&�¢�x�d���x©:�������¤�H�x�4�=���d����²&�4�
 ��¨�« ��¨�4�4����x�¸²&�����³�¥�����x�§���¸���x�¸�º�p���¡�H�����¡ ��4��  �¢���d §���Z�³¹"���x�G�µ�k¯Jª^�n�¢�����u ��¨�« ��¨�4�4¹
�´����� �¥�Z��  �¢���¤ ����x�4�¤  �8���¨���8�¡�H�n�¥�¡  �¢C���x� ¶ ¦H����£x�¢¹p §���¡ �£d�¡�?���4�Â�����¥�Z���¥�H�¥�¨�^���
¦�����£d�������t���x��£d�x�¨�¶Ä�óZõ�  �X���'�����¥�x��¦�����£d�������t�¥�x���n�«�H�d�¤�H����£x�d�¨�:  �4���M¹d�´���µ�¥�x�

Ú �¨©¢£x�n� ! *$�¡xÀÛ  �¢���¤ ����x�4�¤  �¶���¨�����¡�H�n�¥�¡  �:�´���¥���4��¯Jª��Ç�f��������²d�¨�� §£Z¯¤�¡ -�¡�H�����¡ ��4�m� $��
������£d�n�n�«�H�n�X���´�����¥�x�� §���n�¶���>�6-! 4�H���
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Ä�óZõ����x�G�µ�����=òd©Æ ! ?$���� ¶ ] tÀ������n�O��� ¶ ¦H����£x�4�f�H�d�����x�:�H�¥�n�x ��¡�H�n�4���?±x���\°º���x©��¨�
¦H����£x�4���H�n����£d�=���H���¨¬§�X�������¥�H¯¤�¨� !  ! È´�´���¢� Ã ªJ�J£x�«�u"���2�ÿ��3-.�6Õ+ ï �����=�H�¥��£d�!�X�
¯Jªk�����¢ªk�n�X�n�X�H�¥ +�Z�4�����¥�¤�H�4¹��¨�µ��¯&�¢£d�x�¤�H��ªu  �¢�¢�«�����d�����d�¨©����x�4�d���¨�ºªk����²&�¢���³���
���ü�uÄ�óZõK���x�4�ü�¨�=���������¤�X¦����¨�?�$�4�x�§��©�ª¢¼÷®�����n�¢�ü���d� %®��£Z± �?���,���x�G�p�4�Â�¥�x�
  ���n���4�¡�H�¥�¨����¯Æ�4�º�p�§�4�¸ §���¡ �£d�¡�H���4���H�d���§±J²&�§�¥�����4�³�¥�����¨ª����X����£x���4�=¦H����£x�4�O�´����©��¥�����
¯&��£d�d�¤�H�nªk�4�x�§�n©�ª^���u�nªZ�=���§�����¡ §����c�"4ÿ�ÿÄdý���x�Åc�"�"4ÿÄd �¥���¨��¯&��£d�d�¤�H���¨�4�����
À,��£d�=���J£d�8�ó³�¢�������t�¥�Z�X�n���n²&�X ��¡����¯Æ�¢£d�d�¤�?�¥�¨�4�,���x�G�Á£x²����® �£d�n²¤�,�������x��©��¥�����
¯&��£d�d�¤�H�nª��4�x�§��©�ª��H©³�����d�n���d���n�����¨�X�¢�«�H���¨�¢�� §£Z��¦��¢FÀg  �¢��²¤�¨�§�n�X�¨ª¶��²x²&�¢���¨����²¤�¡  �¥£x�n�
�������§�4���´����©��¥������¯&�¢£d�d�d�H��ª�����¯¤�����¨�ºª¢Oó¢�¢���¶���F���x��Ä�óZõ^¯&�¢£x�d�¤�H���¨�X���¤�4¦��¶¯&�§�4�
���x�?���s�n�8¯Æ���x�¨©¢�d�¨ª��!��¯¤���¨�¢����¤�?�¶���-�¥�Z�4ª����x�?�ç£x²»�H�-²&�X�H�Z�-���s�¥�x������¯¤�����¨�ºª
�H©¢�����d�n���d���n�����¨�X�¢�«�H���¨�¢�� �£x�n¦��¢)���x�-²d���4�n�4�¤  �¶���"²&�X�H�Z�������¥�Z������¯d�����¨�Çª=�6£d�¤  �¥�¨�¢�
�x�³�X�p�x�����¤�4¦��¶���¢�x�:�����¢�x�¶ ��������4�n²&�¢�x�x�4�¤  �:�µ�¨�������x�-²x���4�n�X�d ��®���F §£x��²d�����¸�¥�x�
�4�x�§��©�ª8�6£x�¤  �¥�¨�¢�� Ú ���®��±d���!²¤�¨�¢¹Æ�¥�x� ¶ p�¯&�¢£x�d�¤�H�nª��¤�H�:�d�¨©¢���!��¯¤�����¨�Çª8�H�d�s�¨�G�
�4�x�§��©�ª^�����H©³�����d�n�-�¥�x� ¶ A ¯&��£d�d�¤�H�nªW���d�¡ «�k�¤�H���¢�x�¨ªW�¨�?�ç�4�x�§��©�ª¢ ï �^©��X�Z�4�¥���
���x������¯¤�����¨�Çª����d���n���n����²Jª��d���,¯&�§�X���¥�Z�?�µ�������¤�4¦����d�¨©��x�§�:���x������������²Jª����¤�����¥�x�
©��¥�����»¯&�¢£d�d�d�H��ªk�X�Z�4�n©�ª¢^���Z���n²&�X ��¨òÆ �¦��H��£x�4�����µ����¯¤�����¨�Çª^£d�n�4���´�������d�����f�����
�������{¯Æ���d���¥ �£d�����4�����8�n�X  �¥�¨�¢�'-x ×x ×d

ÚoÛPÆ ÝßÞáà6â>ãIägåçæ�è.è.élêÕæëåìélíÖî Ç �ÓÞ��,å��@âìÞ Þ'ÈÖíÖè5�IåìélíÖî
���x�¶����±Z�¥£Z���¶���F���x�¶���X  ��ªZ�n�«�H�����¨¬4�4�����H�n�4���¡���{�x�§²&�4�d�d�µ�=�����d�¨ª¸���V¡
"� Ø �¥�¨�4�³�¥�H�¥�¨�¢�����F���x���J£¤ ��¨�4�'�����Z�4�a©��«�H���d�
! ����Z��©����?���¥���«�H�n�¶���"�¥�Z���Z�4�a©��«�H���d�
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�F�H¯¤�¨� !  ! ¡¤Äf�¢���¤ ����x�4�³�����¨���¶�¡�H�����¡ ��4�
ó³�¨©¢��� ñ����«�H���¨�¢� Àµ±x���
��× ��ÿd ÿ�ÿ c "�"�"³d
�6- ×��d32�� c "4ÿ�ÿ~d
�Õ� ×�2d ! " c "�"�"³d
�~� ×�2d3�M$ c "�"4ÿ~d
�¥"�" -�ÿd*$�2 c "�"4ÿ~d
�_"4×�� !�! 3� ! c "4ÿ�ÿ~d
�_"4×H¯ ! �Z32�ÿ c "�"�"³d
�¥".- $�2d#"�� c ! "4ÿ~d
�_"��H� ! 2d ÿ�� c "4ÿ�ÿ~d
�_"��G¯ �Z"�3��× c !�! "³d
�_"���� ! �d/-�× c "�"4ÿ~d
�_"��H¯ $��d32�× c "�"�"³d
� ! "4� ! "�0�M� c "�"�"³d
� ! "�¯ $�$Æ*$³ÿ c ! "�"³d
� ! × $³ÿd*$P- c¼×Z"�"³d
� ! -�� "��d ! - c "4ÿ�ÿ~d
� ! -?¯ -�"�3��2 c¼×�×Z"³d
� ! �H� ×Z"�/-�2 c "�"4ÿ~d
� ! �G¯ ×Y-x*$ ! c ! "4ÿ~d
� ! ��� $³×d3�Z" c "4ÿ�ÿ~d
� ! �H¯ $��d ×�� c !�! "³d

Ú ���=��±d����²d�¨�³¹f������£d���8�¥�¤�H���x�§� ©��«�����x���¤�4¦����W�¥���d�x��������±Z��£x�������d�C�6£x�n�¥�x�§�
���¤�H���¥�x�§�n�������x��²¤�H�����¡ §£x�¡�H�µ  �¢��²&�¢�Z�X�¢�µ�T�4¦������4�����=©��n�?������x�4�8�¢�x�� §���8�¥�H�´�4�¨ª
��±Z²&�X  ���¥�¤�H�)���x��òd�¤���x����±Z�¥£Z���¢¹¢�H�´���§���n�X ��nªZ�n�«�������¨¬X�H���¨�¢�����O  �¢��²¤�¨�§���¢¹H�������x�¤�4¦����¥�x�
�¥�������d���n���¥�¨¯d£x�¥�¨�¢�8���µ���¤�H�µ�������x���J£¤ ��¨�4��ÈT�x�§�¾©��«�����x� Õ+Où��x�§�n�G�H�,�¨�����³ª�²Æ�H�n�¥�¡ +°
£d�¡�?�: �����²&�¢�x�4�³�®�d���-���d�¨©¢�x�§�,©����?���¥���«�?�������x�4�s�¨�,��������¯&�X  �¢�����¥�Z�!�Z�¢�=���¤���¢�
  �¢��²Æ�¢�x�4�³�X ï �=©��4�x�§�«���¤�¨�����O���x�:  �¢��¯¤���¤�H���¨�¢�!���{���x�4�����Ç�p���§·@�X  �¥�)���¤�H��©��G¦��§�¥�d�
���x�����X  ��ªJ���¥�������¨¬X�H�¥�¨�����n�§±J�¥£x�n�³F���x���x��±Z�����X  �¥�¨�����x�X�����������x�§�«�����³�µ�¨�������x���T��  �n���¥�
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���xád£x�4�¤ ����x©�����±Z�¥£Z�����H�d�8���x�¶¦H�H�¥�¨�¢£x���¥�x�§�����¨�X�4

ÚoÛ
É Ê'æ9à�å>í�â<ä é�î�ËÌ�@Þ_î�àfé�î�Í å>Þ��,å��@âìÞ Þ'ÈÖíÖè5�IåìélíÖî
���x�8��������²&��²d£d�¡�H���¥�x�§�����¨�X�����¤�H�!�¤�X¦����4���§�n©��4�Ü�����¥�x��²Æ���n���´�4�$�Z�G §���Z�X���T�G°
¦����:���x�!���:�¥�x�������x�§�:���O���x���Ç�p��¦Z�¨�§�µ�®���4�³�¥�¨�¢�Z�X��²d�n�4¦J�¨�¢£d���¨ª¢-���x� ����WHP	 ��HP�
	����YKWH��Z�.�W�F	 �¥�x�§���nªW ��¡�������:���¤�H�-�¥�Z�=���¥�¨©¢���������¥�Z�����X  ��ªJ���¥�������¨¬§�4���n�§±J�¥£x�n�=���¶���
���x�!²x���§�´�§�����4���J£¤ ��¨�X�H�¥�¨�������O²d�n�4�´�§�n���4�s�J£¤ ��¨�4�M-���x� ����WHP	 ��HP� ����Qy��.ô ���x�§����ª¢¹
�x�G�p�§¦��§�X¹' ��¡�������®�¥�¤�?�-�¥�x�!���¥�¨©¢���������¥�x�!ò¤�¤���t����±Z��£x�������¨�4�-����²d���§�´�§���n�X�s©��n�?�����
���"²Æ�H�n�¥�¡ �£d�¡�H���J£¤ ��¨�4�'�´�n�¢� ���!�����-�����¨�4�¥���«���x�x�¢�$���d�¨�¥�¡�H�'�x�����n�¥�¨¯¤£Z�¥�¨�¢��ÏÎ
£N¤jÐ�¤P§ Ñ eÆl-T«�cZT²°ÒÓ±-b�m-4ª�c¤l\`z«
���x�s���¢�n������²&�����«�H�³�¸�f�����Â�´���¸���x�s�¥£Z²d²&���n�����-�¥�d�����H��©¢£x���4�³�¸�������x�¢�Z��¯Jª
Ù �����¡�������n�,���d��^¶�H�n�¢� � "
$��M ï �����f�x�?�g�µ���Z�X�¨ª=�� §  �4²x���4���¥�¤�H�f���x�:�x�§��©��¥�����d�p�H�n�
©��4�x�§�¥�H���4�k�´���¢� ���x�������¨©¢���¤���O�x�§�´�������4�u�=�H�����¿±k¯³ªk��£x¯d©��¥������  �³�H�����4�d���Z©Æ����x�
���H���^  �¢�³�n�X�¢�¥�¨�¢�����O�¥�x�!���¥�¨�4�³�n�X�s�J£¤ ��¨�X�H�¥�¨�����¥�x�§���nª����-���¤�H�¶�x���������F���§©¢�¨�¢�d�-���
���x�����H�n�¥�¿±C�H�n���x�§�´���¥���4�O¢\�4ÖJ£¤�����¨ªQ£d�ó³�¢�������®�¥�x�����§©¢�¨�¢�d���H�n���´�¢£d�d�C���»¯&�
�x�§�´�������4�ü�����������¤���ü���¥�x�§���XK���x�4�n�����§©¢�¨���d���H�n�������������¨���4�¨ªÜ�n� ¢n�n�§�4�Z£k�¥�x�
�x�§�¼©��«�H���d�4 Ù �����¡�H�������µ���d�o^¶�H������ §���¡ �£d�¡�H�n�X���¥�Z�,�����¥�H�¥�¨�¢�=²¤�H�¥�d�����'���d�d�¨¦Z���x£¤���
©��¥�����d�f�d£Z�¥���x©��¥�x�-  �¢��²x���4���¥�¨��������²&���¨ªx  ��ªZ�n�«�H�������x�µ¯{ § ®�¨�n�¢������x�§ª����x�?�p�4�¸���¤�H�
¯Æ�H�d�d�¸�µ�¨�¥�ü²Æ�H�n�¥�¡ �£d�¡�H�����¥�¨�4�³�¥�H�¥�¨���d���¤�X¦��s�u�d�¨©��x�§���n�4�d�x�4�¤  ªC�����´����� �J£¤ ��¨�4�
���d�¡ «�s���H�-�¥£Z²d²&���n���4�W¯Jª��¥�Z����±Z²&�§�¥���!�X�¢�«���"��¯¤�n�§��¦H�H�¥�¨���������¥�Z�¢�n�������¨�X�¢�«�H���¨�¢�d�Ô p W�ü�1#)R,X&-6#,X,X)R��ý=)R,.��ý#"%$¥ùg�#�s"R)R&þù � "0üç÷��?�Z�.�J�~üð÷�ù
"%,
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¯&�4���x©Ü�x�¢�=���d���³���H�´�n�§�����X  ��ªZ�n�¥�������¨¬X�H�¥�¨�¢�'ÛóJ���=���¡�H�¸��±Z²&�§�¥���!�X�¢�¥������  ��²d²&�§��¯Jª
ñ����d�¤�k���d�¼÷,£x�¥ «�d���d�n�¢� � "�-��,���x�?� �¥�x���4���§��©��X�d ��8���¶ �£x¯Æ���n��±Z�¥£x�n���´�n�¢�ä�¥�x�
²d�n�X §���n�4�¨ª�²d�n�X�x�¡ ��n�4�����§©¢�¨�¢�x�X

N��H���x���§�����M����s�¥�x�4�¨�-�n�G  �4�³�:�p���n�Ó� "����O�d�X¦������x�?���W���¤�H�-���¤�H�� �£x¯&�=�J£¤ ��¨�4�
�´�n�¢�ç�Z�4�´���¥���4�� �£x¯&��¯Æ���d�d�4����x�§ª!�H�n©¢£x�4���¥�d�H�)���x�µ �£x¯&��©��«�����x�O�H�n���!�4�¥���n�«�H¯d�¨�
�d£Z�¥���x©8�¥�x��²d���x  �4���-�����x�����Z�4�´���¥���H���¨�¢�^�H�d�k�n�4�n¦������¶�J£¤ ��¨�X�H�¥�¨���^���¨�n�X�-�´���-�¥�x�
�x�§�g©��«�����x�Xt���x�§ª¸�����n�� ����¤ ���£d�x�4�¸�¥�d�H�p���x�4���,���X  ��ªZ�n�¥�������¨¬4���x©�©��¥�����d�p�d�X¦��-���¥�¨¬§�
���Z¦��H�³�«�H©��=�G¦��§�¶�¥�Z�������x�§�¶���¥�¨�4�³�¥�H�¥�¨�¢�x�X ï �¤�H©³�H�J���4�����M=���»���n�X ��4�³�-²Æ�H²&�§��� "��.�
�¤�4¦��,���§²&���n���4�¸���¤�H�p�´���p�d�¨©¢�¸²¤£Z�¥�¨�Çª=À,��£d�=���J£d� �n�¢���¨�4�������d�¨©��¸���4�d£¤  ���¨�¢�sÈø��2���Õ
���x���´�������H���¨�¢���������x�� §£Z¯&�=�J£¤ ��¨�4�t�����-�Z���¶�n�X�n�n�¥�¡  ���4���������x�� §£Z¯&��¯Æ���d�d�4 Ø �
���x�� ����³���¥�H��ª��¥�x�§ª��x § �£x�n���4�������������¡�H���4���4ÖJ£x�¡�?±Z�4��©��«�����x�X

£N¤jÐ�¤j£ Ñ eÆl-T«�cZT²ÖÕae¤`T©Âc¤j

���x�����¨���§���¤�H���:�³ª³²&���¥�Z�X��������� Ø �¥�¨�4�³�n�4��©����?���¥�WÈ Ø %�ÕO�����p²d�n��²&�¢�n�4��¯Jªo&��H�n���§���
��� "��M$³ÿv� "�2��MW���x���¥�x�§���nªk�������¥�¨�4�³���4�»©����?���¥�u���!  �4�³�n�4�n�4�Ü�H�n�¢£d�d�»�¥�Z����±Z²&�§���¿°
���4�³�¥���O��¯¤�n�§��¦H�H�¥�¨���d�������n²&�X §�¨ò¤ ������¥�H�¥�¨���¤���O�n�X�¡�?�¥�¨�¢�d���d�¨²d�X�û��?�¥�¨ª^��±Z²&�§�������4�³�¥�
¯Jª�&f�X «��� "��x¹ ! ÿ����¢���H�n�¥�¨òÆ ��¡�����¨ª¸�J£d §�¨�X�H�n�4�8�Z�4�´���¥���4�8�����x©¢�¨��  ��ªZ�n�«�H�������x�?�f�X���4¦¢°
���x�4�¤  �����)���¥�¨�4�³�n�4��©����?���¥���������x���´����� ���)�«�H²d����©����G���¥�����O�x�§�Á©��¥�����d�®�¤�X¦J���x©
�Ö$³ÿ�×,�=���n���¥�¨�4�³�¥�H�¥�¨�¢�8�H¯&�¢£x�×c "�"�"rd¾�µ�¨�¥���x�§�´�������4��©��«�����x�X����x�§���!�����n�¸�¤�X¦��
¯&�§�4�ü�n�§¦��§�«�H����±Z²&�§�¥���!�X�¢�¥���¢�Â²&�¢�¨ªx  �nªZ�n�«���������d�¡ «�Â�T�X¦����!�¥�x�����¥�¨�4�³���4�Â©��n�?�����
���x�§����ª¢p���x�§�������,  �¢�d�����x�§�«�?¯¤�¨�¶�4¦J���x�4�¤  ���¥�¤�?�®  �4�n�«������©��«������¯&�¢£x�d�¤�H���¨�X�µ�¤�X¦J���x©
�n²&�X ��¨òÆ 8���¥�¨�4�³�«�?�¥�¨�¢�Â�n�X�¡�?�¥�¨�¢�d���d�¨²d���¤�4¦����d�¨©��¼�!��¯¤�����¨�¥�¨�4�4����x���¥�H¯¤�¨� !  ×k�����n�¥�
���´�4�K�����¥�Z�X�n��¢n�n²&�X ��¡���)£����¥�¨�4�³�«�?�¥�¨�¢�d���´���,À®��£x�=���J£d������x�����¢�n�,���!²&�����¥���³�µ���
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�F�H¯¤�¨� !  ×�¡ Ø �¥�¨�4�³�«�?�¥�¨�¢�d�p�µ�¨���8�d�¨©¢�Z�4���!��¯¤�����¨�Çª¸���d��°G���µ�¨�G�p�§���4�x�§��©�ª
ó³�¨©¢��� ñ����«�H���¨�¢� Àµ±Z���
�\©�× ��ÿ c "�"�"³d
�\©¼� ×�2d ! c "�"�"³d
�\© "§×H¯ ! �Z32 c "�"�"³d
�\© "l�H¯ $��d32 c "�"�"³d
�\©�×��H  "�� c "4ÿ�ÿ~d

���x�4�������t���x���6�µ¯&��£d�d�¤�H�nª��µ�d�¡ «���d���t¯&�§�4�����-���x�?�µ�����®¯&�����x���������t����¯¤���¨�¢G&fª
  �¢�³�n�«���n�µ�¥�x�Ö�p×�¯Æ�¢£d�d�¤�?��ª¢¹&���d�¡ «�����®�¸�¨�?�¾�4�x�§��©�ª�  �¢�xòd©�£x�«�H���¨�¢��¹Æ���µ���4�¡�H���¨¦��4�¨ª
���=�!��¯¤���¨�¢

���Z��$³ÿ × c "�"�"¾d¾¯&�¢£d�d�d�H��ª��d���®�H���n�«��  �n�X����£¤ «���H�n���4�³�¥�¨���������¤  ���¥�x�����4�¡�?°
���¨�¢��¯&�§�Ç�f�4�4�����x��ó�  �¢��²Æ�¢�x�4�³�q` ! ×�"kb�c¼" ! $�du�µ�x�¡ +�����F�,�Z�¢�=���¤���¢�t  �¢�!²&�¢�x�4�³�
��� Ú Ä�Äs�����������x©�����±Z��£x�����������4�¡�H�n�X�-¯Jª®�¥�d���������¥�x�p �£x¯Æ�p  �¢��²&�¢�Z�X�¢��`?ÿ�ÿZ"sb�c¼"4ÿ�ÿ~d
���d�¡ «�8�����¥�x���x���=���¤���³�����X  ��ªJ���¥�������¨¬§�4��  �¢��²Æ�¢�x�4�³�X

£N¤jÐ�¤�¥ Ñ c¤j�"e�Ø»j�"`feÆl-"o
&f���¥���¥�Z�=�H¯Æ�?¦��!���4�³���¨�¢�x�4�����x�§���¥�¨�4�®�¤�X¦����x���«�?¯¤�¨����±d  �§²d�¥�¨�¢�x�-�H�d�s���x�§ª����¨�¢�x�
 §���s�x���:�§±J²¤�¡�����s���x�!�µ���Z�!�«���x©��!������±Z²&�§�¥���!�X�¢�«���"���4��£d�¨�¥�4 Ã �¢�n�-�x���«�H¯¤�¨ª�ô�£d£d�
ô��4�d�n�4�x� ! "
�)�¥�Z�?�p�4�s�¥�¤�?�¶�¥�Z�=©����G���¥�s�¥�H���!�´���-�¥�x�� §£Z¯&��©��«�����x�-���H���?¯&�¢£x�Ö"�0-
�������4�f�d�¨©��x�§�f���¤�����¥�x�,�n�4���4¹J�Z�?�p�§¦��§�X¹����x�§���®�����O�µ���x�,�¥���x©��,���{²&�¢�����¨¯¤�¨�®�=���n���¥�¿°
�4�³�¥�H�¥�¨�¢��¯&�§�Ç�f�§�X���¥�x�����X  ��ªZ�n�¥�������¨¬§�X��©��¥�����d�O���x�����x���x�§�´�������4�����H�n�¥�¿±' ï �=�H©¢���x�
���J£¤ ��¨�4£d�:©����?�����x©8���^���Z�4�´���¥���4�W���H�n�¥�¿±'�À,�¶�¥�x���¶�J£¤ ��¨�4£d�:©����?���4¹��H�¶���x���§±³°
²&�4�d�n�����µ��£x�n���¢£d�x�d���x©W���H�n�§�¥�¡���M¹t�¨���!�Z�X�¨©��³¯&�����x�J�Z�Ü +�d���x©��4�!  �¢�d�n�¥���³�¥�¨ª¢sÀ®���
�n�X��£d�¨�:�¨�-�¥���!²¤�¨�4�:�����³ª��x�¨·@�§���4�³�®�����¨�4�³�«�H���¨�¢�d�®�d£x�����x©��¨�¥�®©��n�?�����W���d�s���x�§���!���
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 §���!�x����¯&�µ�:�n²&�X ��¡���J���¥�¨�4�³�¥�H�¥�¨�����n�4�¡�H�¥�¨�¢�x�¥�x�¨²�¯&�§�Ç�f�4�4���¥�x��©����?�����x©¶ �£x¯&��©��¥�����d�
���x���¥�x�����?���¥�¿±¸©��«�H���d�4

Ø �x�����µ���x���n�X ��4�³���¥�x�§�����¨�X���¢�u�¥�x�����4�¨�X  �¥�¨�¢�»���, �£x¯&������±Z�¥£Z���8���������HøÇ���
�n�G  �nªZ�n�«�������¨¬X�H���¨�¢�^�n��±Z�¥£x�n��  �¢��²&���x�4�³����� ¢\�����¨�X�¢�«�H���¨�¢�k²¤���x�d���x©Y£¤sð�����²&�����4�»¯Jª
ô�£d£x�Æô��X�x���4�1� ! "
�¤�¨�O�¤���)¯&�§�4�=�¥£Z¯¤�n�«���³���¡�H���4�!¯Jª Ù �¢�x�§�n�Çª��§�����M6� ! ×��M����Z�µ���x�§����ª
�n�X���¨�4���¢��²d���4�n�4�¤  �����Oõ�À¥%á&��������¨�?�¾�¥�Z��©����?���¥���¥�H�����������x���x�¢�Z°º �£x¯&��©��«�����x�X
À,�¥��£d�����x©!���¤�H�����x�� �£x¯&�¶�J£d §�¨�4�&���¥�¨©¢���d�H���,�´���¢�  �£x¯&�-¯Æ���x�d�����d���¥�¤�H�p�¥�x�� �£x¯&�
¯Æ�H�d�d���H���^�f�4���-���§²Æ�?�«�H�n�X�g�´���¢� �X�� «�������x�§���¢�x�» 4�H�a�x�4�d£d ��^�¥�d�H�8�¥�Z�u �£x¯&�
�J£d §�¨�4�¤�µ�����Æ����²d���x©��,�¢�������x�§�p�¨�X�����´�n�XÖ³£x�4�³�¥�¨ª¢;&fª¸  �¢�³�n�«���n�4¹³�x�§��©��¥�����d���´�����=���x©
�����¥�x���x�¢�=���¤�H�³�)�n��±Z�¥£x�n�µ  �¢��²&�¢�Z�X�¢�)�������d���!²¤���x©����¢�����¨�������¥�¨�4�³�n�X��©��«�����d�)�!�����
�´�n�XÖ³£x�4�³�¥�¨ª8���d���x�4�¤  ���µ������¯&�����¨�?�f�X���x�?�������®¯¤�¨�x ¥���4������d���µ�¥�x�§���nª� §�����¥�J£d�
��±Z²¤�¡�H�������x��²d���4�n�4�¤  �����@�n���n�¢�x©��§�O �£x¯Æ������±Z�¥£Z�����¨�Æ�¥�x���n�X ��nªZ�n�«�������¨¬§�4��©��¥�������¥�¨¬§�����
  �¢��²¤�H�«�H¯d�¨�¶���µ�����n���¥�d���8�¥�x��¯Æ���x���n²Æ�� ����x©����8���x���x�§�´���¥���4�8�=�¡  ���¢�n�n�¥£¤  �¥£Z���¢
ûO�Z©¢�¨�§��� !�! �P¹¢�¥�Z�¢£x©¢��¹¢�¥�Z�?�p�4���¥�¤�H��¢\���¥�¨�4�³�¥�H�¥�¨����²d���d�d���x©Y£����¨�¢�Z�,���f���x�¥£Q�¸ ��¨�X�¢�O���
��±Z²¤�¡�H���¸�¥�x�-©����?���¥�¸���F §£Z¯&��  �¢��²&�¢�Z�X�¢�X����d����  �¢�¤ ���£d���¨�¢�����p���4���x�´���¥  �X��¯Jª¸���d���
�f�����{

Ø �x�� 4�H�W�����n���x���:�G¦��§�¥�¨�J�������x�!�§·&�X ��®��� E��.���HP�¼HP	GH���vU ¹@�M �����x���4·&�X  �:���
�x�§�n�4�n��©��4�x�4�¨�Çª¸�¢�8���x��ò¤�¤���'����±Z�¥£Z�������t���x�����¡ ��n�¢�n����£¤  �¥£x�n�³�%®�Z�Z�´���§ª��§�®�H�Má� ! $��
���x�?�f�4�k�¥�d�H�����x�¸���X  ��ªZ�n�«�H�����¨¬G�?�¥�¨�¢�s²d�n�x  �4�4�d����£¤ «�k�T���n���§�X¹ ! �����x�§�¥���������?©¢�d�¿°
��£d�x�¢¹t���u�����§©¢�¨���k�µ�¨���»�d�¨©¢�x�§���n�����n�4�»�4�x�§�n©�ª¢�÷��X�d ����¨�� �£x¯&���J£¤ ��¨�4�O�x § �£x�����
���x�����§©¢�¨�¢�s¯&�§�Ç�f�§�X�^ §£Z¯&�¸���d�uó�¯Æ���d�d�¶�¥�Z�X�W�p�� §���W��±Z²Æ�G  �-���8��¯d���§�n¦����«�H²¤���
©��n�?�����s�����¥�Z�X�n���J£¤ ��¨�4�������¤  �¸ó�¯Æ���d�x���d�X¦���¯Æ�4�4�^���x�G�µ�s���8�¤�X¦��=�����n���n�����n�X�
�4�x�§��©�ª�� "����M
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À,�����¥�x���n�§�´�4�n�4�¤  �X���n�,���x� Ã �¢�³����Ä��H���¨�µ�n�X +�x�d��ÖJ£x�f���¶�¥�x�����p���n�¶�H�n�p��  �¥£¤�H���¨ª:���¤�H�
�n�«�?�¥���n�¥�¡ ��¡���d�����¨���-�n���n�4�´�§�����¸��� Ã Ä Ã ÄÛÈ Ã �H�����G¦� «�¤�H��� Ã �¢�³�n��Ä��H���¨�ZÕf���Z�x�4���4
���x� Ã �¢�³�n�»Äp�H�¥�¨�����§�¥�Z�Z�¼�4�¤  �¢��²Æ�����n�4�����³ªC�n�X +�x�d��ÖJ£x���¥�¤�?�����³¦��¢�¨¦��X�¸£d�����x©
�¥���d�x�¢�ý�J£d��¯&�§���n�4ÖJ£x�4�¤  �4�p���=�?²d²d���X±x�����H�n�-�n�¢��£Z�¥�¨�¢�d�f�n�!²d����¯d�¨�X���X����Z�¶�¤�H���
Ã �¢�³�n�=Ä��?�¥�¨�¸�����®  �¢���x�4��¯Jª�½µ�¡��� ���d� Ã �§�n����²&�������9� ! ���M¹@���d�n²¤�¨�n�4��¯Jª8���x�� §�H�¥�
©³�H���4��½µ�¡���ú�4�HøÇ�?ª��X�¸²¤�¡�XªJ���x©Æ Ã �¢�³�n��Äp�H�¥�¨�����§�¥�x�Z�x���¤�4¦��:¯&�§�4��£d�n�4�����!�n�¢�¨¦��
�-¦H�H���¨�§�Çª����@²d�n��¯¤�¨�4�=�O��£¤ «�������J£x���§�¥�¡ §���d���³�n�§©��«�H���¨�¢�������¥����£d�¡�H�¥���Z©��¶�nªZ�n���4�î���
���³�n�§�«��  �¥���Z©¶²Æ�H�n�¥�¡ ��¨�4�)��£¤ «�¸���)�´�4�n���¢�=�H©¢�x�§�¥�¡ ��=�H���§�¥�¡�H���X"���Z�,²Æ�?���¥�¡ �£d�¡�?�O���§���x�Z�
���F���¢�n�����³�n�§���4�n���������d���µ  �¢�¢����±Z���������x��ðF���n�¥�����Z�Z�X�M

£N¤�Ü¦¤P§ i�`)cZc¤o¼Ýú`¦²�Fm
���x��ðF�����¥�����Z�x�4�_� ! 2��f�������u�d�H�¥£x�¥���O��±Z�n�X�x�¥�¨���»�������x�¸���x� ï �¥���Z© Ã �Z�x�4�M8���x�
ï �����x©»���Z�x�4�J� ! ���,�����nªZ�n�n�X�����:��²d���d���¢�¼�k�¡�H�n�¥�¡  �����x�§�����X�� «�ü�n²¤���¼ 4�H�ü�¥�H���
�4�¨�¥�Z�4�p���"�¥�Z�-�Ç�p�!²Æ�¢���¥�¨¯d�¨�-¦��H��£x�4��+J":����°�"=ÈT£Z²��H�d���x�?�µ�ÆÕ )���Z�¶�4�x�§��©�ª������¥�x�
���J�x�4�"���®�x�§���¨¦��4���´�n�¢� �¥�x�����³�n�§�«��  �¥�¨���8¯&�§�º�p�§�4���¥�x���n²¤���d�4®���x����ªJ���n�4� �´���¥�=�
�¸ §���x�¢�x�¡ 4�H���4�d�n�4��¯¤�¨���H�d���x�4�¤  ���¨�)���x�! §�����x�§���§���=���x�����x��²¤�H�����¨�¥�¨�¢�8�6£d�¤  �¥�¨�¢�
È�Þ:Õµ���x�4�^�����F�¥�x�!���¥�x�§�:²d����²&�§���¥�¨�4�-��£¤ «�^���-�´�n�§�!�X�Z�4�n©�ª��§�¥ �� §����¯&���§±J²d���4���n�X�
���^�n�4���=�¶�����¥�Z��²Æ�H�����¨�¥�¨�¢�W�6£d�¤  ���¨�¢������x��ð Ù:Ú ������ §���Z�¢�d�¡ §���O�x�����n�¥�¨¯¤£Z�¥�¨�¢�^���
©¢�¨¦��X��¯Jª��4ÖJ£¤�?�¥�¨�¢� ! /- ß

© "Þ]à�á#âãPä È ! /-¢Õ
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���x�§���rÞK�����¥�Z��²¤�H�����¨�¥�¨�¢���6£d�¤  �¥�¨�¢��©¢�¨¦��X��¯Jª

Þ�©æå ç�è9é à5ê2ë È-¹¦ì�í�È(`sîïb�ÕnÕ È ! 3�³Õ

ì������¥�x�b&f�¢�¨��¬4���H�d�¶�T��  �����"���d��`sîïbp�������x�p  �¢��¯d���¤�H�¥�¨���-���d�������¥�Z�p�n²¤���d�fÈ6²&�¢�����¨¯¤�¨�
  �¢�xòx©¢£x�«�?�¥�¨�¢�d�+Õ����u�¥�x���nªZ�n���4��»���x��²Æ�H�n�¥�¨�¥�¨���u�6£d�d ����¨�¢�Ü�=�Xª»���!���Xª»�x���!¯&�
�n�¢�¨¦H�H¯¤�¨�®�����H�¤���¨ªJ���¡ µ�´�����ý�x�4�¤  �:�¢�x�:�x�§�X�x�p���!£d�n��� Ã �¢�³����Äp�H�¥�¨���n�X +�x�d��ÖJ£x�®���
�H²x²d���G±Z�����H���:�¥�Z���n�¢��£Z�¥�¨�¢��

ï �!���x��ðF�������t���Z�x�4�g� ! 2��x�¥�x����²d���d�O�?���������¨�G�p�4�����Æ¹�£x�d���¨���������¥�x� ï �����x©-���Z�x�4�M¹
�¥�H���¸�����n�¸���¤���»�Ç�p���d���¥  ���§�n��¦��H��£x�4�X ï �Ü��Ö^�n�«�H�n��ðF���n�¥�����Z�x�4�M¹"�¥�x���n²¤����î/ð
 §���Ü�¥�H����¦��H��£x�4���¥���x©¢���Z©^�´�n�¢� "�§§�Ö& Ú ���]ñt© ! �¥�x�8�nªZ�n���4� �n�X�x£¤  �X�!�n�»���
ï �����x©��!�Z�x�4�Mt���x�µ�4�x�§��©�ª����{�¥�Z�,�nªZ�n���4�Å�����¥�x�®ðF���n�¥�O���Z�x�4�¤���� §���¡ �£d�¡�H�n�X��£d�����x©
�4ÖJ£¤�?�¥�¨�¢� !  �J íC©óò ! å ð åmô Èþ"N¹öõgð ô Õ È ! 0��Õ

���x�§��� ò �����¥�x�����¢���§�«��  ���¨�¢���4�x�§��©�ª�¯Æ�4�º�p�§�4�8�Ç�f�¸£d�d���¨�����n²¤���x�X����x���T��  �����µ��� !
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�VÝ?Þ ßÌà;� áãâ�ëH5tà�äæå çèäæå�éãà
5tà�äæå�3

ò-ê W
ëHìzí~ë�uæîðï
ñzò¸ózì?ñ�ô�ï
ìzô~ñzëHî�ó>x¸ë ê ë�ñyõ�ì?ëkö �)| î²ìzíÌìzí~ë÷ì?ëfÏ�ì�ô~ñ?ë�õ�ózózî-x ê uøë ê ì � õ ê ö ê ô�ù
ïfú²ëkî � x¸ñyõ�î ê Ê òûô ê ö�õ�ñ výü ñzò ü ëkñ?ì�î²ëkóEõ ê öÆìzí~ëdó?ì?ò¸ñzëkö�ë ê ëkñ�x v í�õ;w¸ë Ê ë�ë ê ó ü ëiï�î²þ~ëiö �
ô ò ê ì?ë�Î8õ�ñzú²òÉózî&uEô�úðõ�ìzî²ò ê óVï�õ ê Ê ëãñzô ê ÿ �wí~î�óaózìzô�ö v ú²ò[ò � ëkö õ�ìaìzí~ëãë�ÿëiï
ìaò��
ò¸ñzî²ë ê ìzëkö ê ô�ï�ú²ëiõ�ìzî²ò ê � ë ê ë�ñ"x v õ ê ö�u^ò Ê î�ú�î²ì v õ ê î�ózò�ìzñzò ü�v õ ê ö ó?ìzò�ñzëköÉë ê ë�ñ"x v ò ê
ì?ë�Ï[ì�ô~ñ?ë·ë�w¸òûú�ô~ìzî²ò ê ÿ ©*î ê ï
ë·ì�í�ëHò Ê Èrëiï
ì�î-w¸ë!ò��Pì�í~ëHó?ì�ô~ö v î�ówì?òæî�ö~ë ê ì�î�� v ì�í~ë·ñzëkúðõ�ìzî-w¸ë
î&u ü ò¸ñzì�õ ê ï
ëdò��|ì�í~ë4õ Ê ò2w¸ë�uøë ê ìzî²ò ê ëkö���õ¸ï
ì?ò¸ñ�ó � ì�í~ë4ózî&uEô~úðõ�ì�î²ò ê óEë�Ï~õ3uæî ê ëkö ì�í~ë
ë�ÿ%ë�ï
ìwò��°ìzô~ñ ê î ê x(ëiõ¸ïyídò��Yì�í~ë���õ¸ï
ìzò¸ñzóJò ê ò¸ñJò'ÿ ÿ �wí�ëHìyõ Ê ú²ë:£ ÿ ¤øózô$u?u(õ�ñzî-y�ëió8ì�í~ë
ö�î-ÿ%ë�ñzë ê ì�ï
ò ê ö~î²ì�î²ò ê ó��nò¸ñ | í�îðïyídìzí~ë÷ózî&uEô�úðõ&ì�î²ò ê ó | ë�ñ?ë÷ö�ò ê ë ÿ � ê
	 î ê õæï
òûú�ô$u ê�?  Ñ¼Ñû{YãtÑ¼ÛkÐ�ÓzÜ¢Ð·ÑèãhÕ¢Òv{aÐjÕ¢×\Õ¢ÏkÐ�Ý·Û;ä<ÐsÝ·×YÞ\ß'×YàkÐ�àaÕ�·ÎzÏkÐg{tãtÑÔÛkÐ·Ózß2Ûkä2Ñ¼ÒÔÓáÏkÐ�â�ÒÔà/Õ¢Ï2Ðjß*ãhß'Ð·Ü{ÛkÓáÐ�â���� � ãtÓ{ÓÖÕ¢×hÜ¢Ð�âfÐ·à2ÐÚÜ�¡�m/Ð·ÓÖÕ¢ÒÔÞ8ãhÕ¢×tÜ Ò¼àkÓÖÕ¢Ð"ãtâf×YØ6Õ¢ÏkÐ� Ð�ãtâ��.Ïk×.Ý�x;Ñ¼ÐQm�Ü¢Ð·Ñèã+Õ¢ÒÔ×YàkÓáÏkÒ¼ß
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î&u ü ú�î²ëióGõ���õ¸ï
ìzò¸ñ Ê ëkî ê xHì�ô~ñ ê ëkö ò �j� ¯ î²ìzóGë.ÿ%ëiï
ì ê ò¸ì¢î ê ï�ú�ô~ö~ëkö0° ÿ ��� î ê õHï
òûú�ô$u ê
î&u ü ú�î²ëiówõ���õ¸ï
ìzò¸ñ Ê ëiî ê xæìzô~ñ ê ëiö ò���ÿ�Yõ Ê ú²ëG£ ÿ ¤ ± ©*î&uEô�úðõ�ìzî²ò ê Î�ò ê ö�î²ì�î²ò ê ó
ò ñzî²ë ê ìzëkö� ô�ïfú²ëiõ�ì�î²ò ê ô ò Ê î�ú�î²ì v

� ê î�ózò�ìzñzò ü�v
¦ ê ë�ñ"x v� ê î�ó?ò¸ì?ñzò ü�v
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¦ ê ëkñ�x v
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�VÝt� � î/3°á â
5t3
�8í~ë^ñ?ëkó�ô~ú²ì�ó/õ�ñ?ë ü ñ?ëió?ë ê ì?ëiöãõ�ó ü ú²ò�ì�ó!ö~ë ü îðï
ìzî ê xaì?ëfÏ�ì�ô~ñ?ëEë�w¸òûú�ô~ìzî²ò ê ò��Gì | òaò��Gì�í~ë
ï
ò<u ü ò ê ë ê ì�ó ¯ ÎCô Ê ë�õ ê ö=©$° ÿ �wí�ëió?ë | ë�ñzëJïyí~òûó?ë ê ózî ê ï
ë8ì�í~ë/©�î�ó°ì�í�ëJö~ò'uæî ê õ ê ìgö~ëfù�nò¸ñ"u(õ�ìzî²ò ê ìzëfÏ�ìzô~ñzëHïfò'u ü ò ê ë ê ì�õ ê ö�ÎCô Ê ë÷î�ówìzí~ëHö~ò<uæî ê õ ê ì8ìzëfÏ�ì�ô�ñzë÷ï
ò<u ü ò ê ë ê ì
õ��nì?ë�ñHìzí~ë(ñzëiï
ñ v ózì�õ�ú�ú�î-yiõ�ì�î²ò ê î�ó�ï
ò<u ü ú²ëkì?ë ÿ ¦¢õ¸ïyí ò��Cìzí~ë ü ú²ò¸ì�óHózí~ò | ó÷õ4ï
ò<u ü õ&ñ�î´ù
ó?ò ê Ê ëkì | ë�ë ê ì�í�ëHëfÏ ü ëkñzî&uøë ê ìyõ�ú õ ê öÌìzí~ë÷ózî&uEô�úðõ&ì�î²ò ê ñzëkózô�ú²ì�ó ÿ �wí~ëHë�ñ?ñzò¸ñ Ê õ&ñ�ówò ê
ìzí~ë�ëfÏ ü ë�ñzî&uøë ê ìyõ�ú ñ?ëiózô�ú²ìzó-õ�ñzë Ê õ�ó?ëiö4ò ê ïfò'u ü î�ú�î ê xæì�í~ëEö�õ&ìyõ��nñzò<uw�õ�ñ�î²òûô~ó|óyï�õ ê
õ�ñ?ëiõ�ó ¯ ô�ózî ê x4ì�í�ë4u(õ&Ï � uæî ê w�õ�ú�ô~ëkóY° �{| í�î�ú²ëøì�í~ë(ëkñ?ñzò¸ñ Ê õ�ñ�ó��nò�ñ÷ìzí~ë2ózî&uEô�úðõ�ìzî²ò ê ó
õ�ñ?ë��nñzò<uÁö~î-ÿë�ñzë ê ìEñ�ô ê ó ¯ ì v[ü îðï�õ�ú�ú v ¤&ù�Ü ñ�ô ê ó ü ë�ñæó?ë�ì^ò��-ï
ò ê ö�î²ìzî²ò ê óøõ ê ö ô�ózî ê x
ó?ìyõ ê ö�õ�ñzö(ö~ë�w�îðõ&ì�î²ò ê ót° ÿ �wí�ë-î ê î²ìzîðõ�ú)w¸òûú�ô$uøë �nñyõ¸ï
ìzî²ò ê óGò���ìzí~ë�©øïfò'u ü ò ê ë ê ì¢ózí~ò | ó
õ!ö�î�ó�ï
ñzë ü õ ê ï v÷Ê ë�ì | ë�ë ê ì�í�ëwë�Ï ü ë�ñ�î&uøë ê ì�õ�ú~õ ê ö^ì�í�ëJó�î&u�ô�úðõ�ìzëköGw�õ�ú�ô�ëió ÿ �wí~ë�ñzë�ï�õ ê
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Ê ëJì | ò ü òûózó�î Ê ú²ëwë�Ï ü úðõ ê õ�ìzî²ò ê ó!�nò¸ñGì�í~î�ó ÿ �Yî²ñ�ó?ì � õ�óGó?ìyõ�ì?ëiö^ëiõ�ñzú�î²ëkñ � ò ê ë ê ë�ëkö�ó¢õ��në |
ìzí~òûô�ó�õ ê ö4x�ñyõ�î ê ó�ì?òæïfò'u ü ú²ë�ìzëkú v ö�ëió�ï
ñ�î Ê ë/ìzí~ë!ò¸ñzî²ë ê ìyõ�ìzî²ò ê � uæî�ó?ò¸ñzî²ë ê ìyõ�ìzî²ò ê ó ü õ¸ï
ë
| í~ë�ñzëiõ�ótì�í~ë-ózî&uEô�úðõ&ìzëkö(ó?ì?ñ�ô�ï
ì�ô�ñzë-í�õ�óCõ ü�ü ñzòiÏ~î&u(õ�ì?ëiú v Ç Ñ¸Ñ x¸ñ�õ�î ê ó ÿ ©*ëiïfò ê ö � ë.w�ë ê
ìzí~òûô)xûí÷ìzí~ë\w¸òûú�ô$uøë"�nñyõ�ïfìzî²ò ê õ ê öEí~ë ê ï
ëCìzí~ë ò ª���uæî-xûí*ì ê ò¸ì Ê ëwõ ê ë�Ï~õ¸ï
ìju(õ&ìyïyí �
ìzí�î�ó/uøî�ó+uæõ�ìyïyí4ïkõ ê Ê ëEïfò'u ü ë ê ó�õ�ìzëkö Ê�v õ Ê ë�ìzìzë�ñ/u(õ�ì�ï�í4î ê ì�í~ë ô ª�� � ì�í~ë�ñzë Ê�v
ñ?ëiö~ô�ïfî ê xøì�í~ë·ò2w¸ë�ñ�õ�ú�úë�ñzñ?ò¸ñJî ê ìzí~ëHó v ózì?ë.u î ê ìzí~ë·þ�ìzìzî ê x ü ñ?ò~ï
ëiózó ÿ
�Yî-xûô~ñ?ë�£ ÿ Ü÷ózí~ò | óGì�í~ëJñzëkózô�ú²ìtò���ö�ñyõ | î ê x·ì�í~ë ê ô�ïfú²ëiî#�nñzò'u õ/ñyõ ê ö~ò<u ö~î�ózì?ñ�î Ê ô[ù

ìzî²ò ê ÿ �wí�ë ê ô�ïfú²ëiî ü úðõ¸ï
ë.uøë ê ì·õ ê ö ìzí~ë ê ô�ïfú²ëkî°ìzëfÏ�ìzô~ñzë(õ�ózózî-x ê u^ë ê ì | ëkñ?ë(ï�õ�ñ?ñ�î²ëkö
òûô�ìCñyõ ê ö~ò<uæú v ÿ ©ûìzò¸ñ?ëiö2ë ê ë�ñ"x v õ ê öaõ ê î�ó?ò¸ìzñ?ò ü�v ë�ÿëiï
ì�ó | ë�ñzë!î ê ïfú�ô�ö�ëiö ÿ �8í~ë/ózî&u^ù
ô�úðõ&ìzëköaìzëfÏ�ì�ô�ñzëHö�ë.w�ëiú²ò ü uøë ê ìwî�óJózí�õ�ñ ü ú v ö�î-ÿë�ñ?ë ê ì �nñzò<u ì�í�ëHëfÏ ü ëkñzî&uøë ê ìyõ�ú�ò ê ë ÿ
�Yî-xûô~ñ?ë[£ ÿ £ ózí~ò | ó^ì�í�ëÌñ?ëkó�ô~ú²ìøò���ì�ô~ñ ê î ê x ìzí~ëdò¸ñ�î²ë ê ì?ëkö ê ô�ïfú²ëiõ�ìzî²ò ê õ ê ö ì�í~ë

ó?ìzò�ñzëköVë ê ë�ñ"x v ò���ÿ �Yî-xûô~ñzë�£ ÿ Ð ózí~ò | óCì�í�ë/ñ?ëiózô�ú²ìCò��6ì�ô~ñ ê î ê x^ì�í�ë/ò¸ñzî²ë ê ìzëkö ê ô�ïfú²ëfù
õ�ìzî²ò ê õ ê öÌìzí~ë·ë ê ë�ñ"x v õ ê î�ó?ò¸ì?ñzò ü�v ò���ÿ
�Yî-xûô~ñ?ë[£ ÿ Ç ózí~ò | ó^ì�í�ëÌñ?ëkó�ô~ú²ìøò���ì�ô~ñ ê î ê x ìzí~ëdò¸ñ�î²ë ê ì?ëkö ê ô�ïfú²ëiõ�ìzî²ò ê õ ê ö ì�í~ë
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£ ÿ ¡3¡ ózí~ò | ó÷ì�í~ë
ñ?ëiózô�ú²ìwò��Yìzô~ñ ê î ê x ò�� õ�ú�úì�í�ë���õ�ïfì?ò¸ñ�ó ÿ
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�Yî-xûô~ñ?ë²£ ÿ ¡ � ó�í�ò | óaõ�ú�ú�ìzí~ë�ìzëfÏ�ìzô~ñzë×ë.w�òûú�ô~ì�î²ò ê ò��Hõ�ú�ú�ìzí~ë�ñ?ëiú²ë�w�õ ê ì(ì?ëfÏ�ì�ô~ñ?ë
ï
ò<u ü ò ê ë ê ì�ó%�nò¸ñ÷ì�í~ëaïkõ�ózë | í�îðïyíÆî ê ïfú�ô�ö�ëió÷ìzí~ëVë�ÿëiï
ì�ò���õ�ú�útì�í~ë���õ¸ï
ìzò¸ñzó ÿ ô òûó?ì
ò���ì�í�ë4ï
ò<u ü ò ê ë ê ì�ó^ó�í�ò | õ ó?ìzëiõ�ö v ö~ëiï
ñzëiõ�ó?ëdî ê ìzí~ë
w¸òûú�ô$u^ë��nñyõ¸ï
ì�î²ò ê õ�óEì�î&uøë
î ê ï
ñ?ë�õ�ózëkó ÿoò!ê ú v é?ï�ô Ê ë.ê �\| í�îðïyí î�óæì�í~ë�ö~ò'uæî ê õ ê ìVï
ò<u ü ò ê ë ê ìVõ�ì(ìzí~ë�ë ê ö ò��
ñ?ë�ï
ñ v ó?ìyõ�ú�ú�î-yiõ�ìzî²ò ê � õ ê öoéhó-òûózó"êdózí~ò | õ ê î ê ï
ñ?ë�õ�ózë�w¸òûú�ô$u^ë&�nñyõ�ïfìzî²ò ê õ�ó/ì�í~ëøì�î&uøë
î ê ï
ñ?ë�õ�ózë ÿ�ò w¸ë�ñyõ�ú�ú � ìzí~ëÌìzëfÏ�ì�ô�ñzëÌë�w¸òûú�ô�ì�î²ò ê ò��-ì�í�ë�w�õ�ñ�î²òûô~ó(ï
ò<u ü ò ê ë ê ì�óæî ê ì�í~ë
ózî&uEô�úðõ&ì�î²ò ê ó'�nòûú�ú²ò | ìzí~ë·ë�Ï ü ë�ñ�î&uøë ê ì�õ�ú�ú v u^ë�õ�ó�ô�ñzëköaìzñzë ê ö~ó ÿ
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�Yî-xûô~ñzë�£ ÿ ¡ � ± Î¢ò<u ü õ�ñzî ê xøì?ëfÏ�ì�ô~ñ?ë·ë�w¸òûú�ô�ì�î²ò ê ò��gõ�ú�ú�ì�í~ë·ñ?ëiú²ë�w�õ ê ìJï
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�8í~ëaò¸ô~ì ü ô�ì^ò��Jì�í~ë
uæîðï
ñ?òûó?ìzñ�ô�ïfìzô~ñzë Ê ô~î�ú�ö~ë�ñ^î�ó^ózí~ò | ê î ê þ)xûô~ñzë�¤ ÿ Í ÿ � w�î�ózô�õ�ú
ï
ò<u ü õ�ñ�î�ó?ò ê | î²ì�í÷ì�í~ëwózî&uEô~úðõ�ìzëköGuøîðïfñ?òûó?ìzñzô�ï
ì�ô~ñ?ëCî ê ì�í~ëCþ$xûô~ñ?ë,¤ ÿ Ð ózí~ò | óYìzí�õ�ì | ë
í�õ.w¸ë Ê ëkë ê ó�ô�ïkï
ëkózóG�+ô�ú�î ê x¸ë ê ë�ñyõ&ì�î ê x�õHñ?ë ü ñzëkó?ë ê ìyõ�ìzî-w¸ë�uæîðï
ñzòûó?ìzñzô�ï
ì�ô~ñ?ë�x¸ë�ò<uøë�ì?ñ v ÿ�8í~ë÷õ�î&u î�ó ê ò¸ìwì?ò?x�ë ê ëkñ�õ�ìzë·õ ê ëfÏ�õ¸ï
ìwñzë ü ñ?ò�ö�ô�ï
ìzî²ò ê ò��Pì�í�ëHó ü ëiïfî²þ�ï�uæîðï
ñ?òûó?ìzñ�ô�ï
ù
ìzô~ñzë Ê ô~ìøì?ò}x¸ë ê ë�ñ�õ�ìzëaò ê ë | í~îðï�í î�óøó?ìyõ&ì�î�ó?ì�îðï�õ�ú�ú v ózî&uæî�úðõ�ñ�ìzòãìzí~ëdëfÏ ü ë�ñzî&uøë ê ìyõ�ú
î ê ü ô~ì ÿ �wí~ëVï
ë ê ìzñ�õ�útî�ö�ë�õÌî�óHì?ò ï�õ ü ìzô~ñzë(ìzí~ë(ò2w¸ë�ñ�õ�ú�ú�uæîðï
ñzòûó?ì?ñ�ô�ï
ì�ô�ñyõ�újx¸ë�ò<uøë�ìzñ v
ò��wì�í~ëdó�õ3u ü ú²ëVñyõ&ì�í~ë�ñEìzí�õ ê ìzí~ëdö~ë�ìyõ�î�ú�ó ÿ �wí~ë
uøîðïfñ?òûó?ìzñzô�ï
ì�ô~ñ?ë4x�ë ê ëkñ�õ�ìzëkö ô�ó?ëkö
ëkú�ú�î ü ó?òûî�ö�ówï
ë ê ìzë�ñzëkö4õ&ñzòûô ê ö ¯ ¡ £ � Ü �-¡ °Cõ�ówì�í~ëHó?ë.uæî´ùõ&Ï�ëkó8ñyõ&ì�î²òæó?ëkì ÿ �wí~î�ó,w�õ�ú�ô�ë��nò¸ñ
ìzí~ëEñyõ&ì�î²ò | õ�ó!ïyí~òûó?ë ê ë.u ü î²ñzîðï�õ�ú�ú v�| í�î�ú²ë�ìzñ v î ê xVì?òaó?ìyõ v õ�ó/ïfú²òûó?ë^õ�ó ü òûózózî Ê ú²ë�ìzò
ìzí~ë-ë�Ï ü ë�ñ�î&uøë ê ì�õ�ú�ú v ò Ê ó?ëkñ�w¸ëkö=x¸ë�ò<uøë�ìzñ v ÿ �8í~ë Ê î-x'x¸ëkó?ì8ï
ò ê ózì?ñyõ�î ê ì�ò ê x¸ë ê ë�ñyõ&ì�î ê x
õ ê ëkú²ò ê x*õ�ì?ëkö�x¸ë�ò<uøë�ìzñ v�� ú�î � ëHìzí~ë�ò ê ë�ózë�ë ê î ê ìzí~ë�ëfÏ ü ë�ñzî&uøë ê ìyõ�ú�ò Ê ó?ëkñ�w�õ�ì�î²ò ê ò��

Ç¸Ç
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ìzí~ë � ú´ù ¡�Ñ £ Ñ$� î�óJì�í�ë ê ô)u Ê ë�ñJò��jx¸ñ�õ�î ê óJî ê ì�í�ëHþ ê õ�ú�uæîðï
ñzòûó?ì?ñ�ô�ï
ì�ô�ñzë ÿ8ò-ê ë | òûô�ú�ö
î�ö~ëiõ�ú�ú v ú�î � ëÌìzòÆí�õ;w�ë Ê ¡kÑ�Ñ¸Ñ x¸ñ�õ�î ê ó(î ê ì�í�ë[x¸ë ê ë�ñyõ&ìzëkö�uæîðï
ñ?òûó?ìzñ�ô�ïfìzô~ñzëÌìzòVx¸ë�ì
x¸ò*ò�öVó?ìyõ�ìzî�ó?ì�îðïfó ÿ �8í~ë/ú�î&uæî²ì�õ�ì�î²ò ê ótò ê ì�í~ë/ïfò'u ü ô~ì?ëkñ\uøë.uøò¸ñ væü ñzë�w¸ë ê ìzëköVô~ó��nñ?ò<u
x¸ë ê ë�ñ�õ�ì�î ê xaõ2úðõ�ñ"x�ëEó v ó?ìzë.u | î²ì�íPu(õ ê v x¸ñyõ�î ê ó ÿ �8í~ë�uæîðï
ñzò¸ózì?ñ�ô�ï
ìzô~ñzëGx¸ë ê ë�ñyõ&ìzëkö
í~ë�ñ?ë/í�õ�ó Ê Ç Ñ¸Ñ x¸ñ�õ�î ê ó ÿ � ú²ìzí~òûô)x¸íVìzí�î�ó8î�ó ê ò¸ìwõ�ó8uæõ ê v x¸ñyõ�î ê ó8õ�óCò ê ë | ò¸ô�ú�öaú�î � ë
ì?ò×í�õ;w¸ë � î²ì÷î�ó·ì�í~ëVïfú²òûó?ëió?ì�u(õ�ì�ïyíýî ê x¸ë�ò<uøë�ì?ñ v ì�í�õ�ì�ï
òûô�ú�ö Ê ë=x¸ë ê ë�ñyõ�ì?ëkö | í�î�ú²ë
ó?ì�î�ú�úsu(õ&Ï�î&uæî-ykî ê xdìzí~ë ê ô$u Ê ë�ñHò��ix¸ñyõ�î ê ó ÿ � ú�úGìzí~ë?x¸ñyõ�î ê ó÷õ&ñzë2õ�ózó�ô)uøëkö ì?ò×í�õ;w¸ë
ìzí~ëkî²ñJózë.uæî´ùõ�Ï�ëkó ü õ&ñyõ�ú�ú²ëkúìzòøì�í�ë÷ó�õ3u ü ú²ë÷õ&Ï[ëió ÿ
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Simulations

�Yî-xûô�ñzë Ð ÿ ¡'± ó-ñ�õ�î ê ©[î-y�ëEÎ�ò'u ü õ�ñzî�ózò ê

�wí�ë ü ú²ò¸ì2î ê þ$x¸ô~ñzë Ð ÿ ¡ ózí~ò | ó?x¸ñyõ�î ê ózî-y�ë×ö�î�ó?ìzñ�î Ê ô~ì�î²ò ê ó��nñ?ò<u ëfÏ ü ë�ñzî&uøë ê ì�ó
õ ê ö8�nñ?ò<uÖózî&uEô�úðõ�ìzî²ò ê ó ÿ �wí~ë=x¸ñyõ�î ê ózî-ykë(ö�î�ó?ìzñzî Ê ô~ìzî²ò ê �nò¸ñHì�í~ë(ë�Ï ü ë�ñ�î&uøë ê ìzó | õ�ó
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ò Ê ìyõ�î ê ëköP�nñzò'ueuEô�ú²ìzî ü ú²ë2ó?ë�ï
ìzî²ò ê ó%�nñ?ò<u õ ü úðõ ê ë ü ëkñ ü ë ê ö�îðïfô�úðõ�ñ�ì?ò�ì�í~ë�®Jòûú�ú�î ê x
ª-î²ñzëiï
ì�î²ò ê�ÿ ��ò¸ñ·ì�í�ë(ózî&uEô~úðõ�ì�î²ò ê ó!ì�í~ë=uøîðïfñ?òûó?ìzñzô�ï
ì�ô~ñ?ë | õ�ó·ózú�îðï
ëiö ü ë�ñ ü ë ê ö�îðïfô�úðõ�ñ
ì?òýò ê ë4ò��-ìzí~ë×ó�õ3u ü ú²ë×õ&Ï~î�ó ÿ �wí~ë�õ&Ï�î�ó(ïyí~òûó?ë ê | õ�óøìzí~ëÌò ê ë×õ�ú²ò ê x | í�îðïyí ì�í~ë
ëkú�ú�î ü ó?òûî�ö�óHí�õ�ö�ì�í�ëaú²ò ê x¸ëkó?ì�ó?ë.uæî´ùõ&Ï~î�ó � | í�îðïyí ï�õ ê Ê ëVì�í�òûô)xûí*ì�ò��Jõ�ó Ê ëiî ê x�ì�í~ë
®wòûú�ú�î ê x}ª-î²ñzëiï
ì�î²ò ê î ê ì�í�ëÌózî&uEô�úðõ�ì?ëköKuæîðï
ñ?òûó?ìzñ�ô�ïfìzô~ñzë ÿ �6ò ïkõ�úðï�ô~úðõ�ìzë4x�ñyõ�î ê ó�î-y�ë
ìzí~ë=x�ñyõ�î ê ó | ëkñ?ëæþ�ñzózìHþ�ì?ìzëkö | î²ìzí ëiú�ú�î ü ózëkó·õ ê öýìzí~ë(ózë.uæî´ùõ�Ï�ëkó | ë�ñzë2ï�õ�úðïfô�úðõ�ì?ëkö ÿ
ò-ê ï
ë | ë�í�õ;w¸ë÷ì�í~ë^ó?ë.uæî´ùõ&Ï[ëió�ìzí~ëEó ü í~ë�ñzëEë ³ ô~î-w�õ�ú²ë ê ì|ñ�õ�ö�î�ô�ó | õ�ó!ï�õ�úðïfô�úðõ�ì?ëiö ÿ Ø �
õ ü õ&ñzì�îðïfô�úðõ&ñ5x¸ñ�õ�î ê î�ó�õ ü�ü ñzòiÏ~î&u(õ�ì?ëiö Ê�v õ ê ëkú�ú�î ü ó?ë | î²ì�í8Q õ ê ö � õ�ó÷ózë.uæî´ùõ�Ï�ëkó
ú²ë ê x¸ìzíaì�í~ë ê ìzí~ë5x¸ñyõ�î ê ózî-y�ë ��c î�ó>xûî-w¸ë ê Ê�vb±

c�R � Q ]:S � ]

�8í~ë4ó�ï�õ�ú�î ê x î ê ì�í�ë4ózî&uEô�úðõ�ìzî²ò ê ó | õ�óæö�ò ê ë Ê�v ó?ë�ìzì�î ê x ì�í~ë4õ;w¸ë�ñyõ*x�ë�x¸ñyõ�î ê ó�î-y�ë
î ê ìzí~ëdózî&uEô~úðõ�ì�î²ò ê ó÷ë ³ ô�õ�ú¢ìzò ìzí~ëÌõ;w¸ë�ñyõ2x¸ëx¸ñ�õ�î ê ó�î-y�ëaî ê ì�í~ëVëfÏ ü ë�ñ�î&u^ë ê ì�ó ÿ � ê
õ�ö~ö�î²ì�î²ò ê õ�úYî�ózózô~ë^î ê ì�í�ëæï
ò<u ü õ�ñ�î�ó?ò ê ò��Gì�í~ë^ö�î�ó?ìzñzî Ê ô~ì�î²ò ê ó | õ�ó-ìzí�õ�ì-ì�í�ë^ëfÏ ü ë�ñzî´ù
uøë ê ì�õ�ú°ö�õ�ì�õ��nò¸ñ/ì�í�ë(ö~î�ózì?ñ�î Ê ô�ì�î²ò ê | õ�ó Ê î ê�ê ëkö | î²ì�íTw�õ�ñzîðõ Ê ú²ë Ê î ê ó � î ÿ ë ÿ^ê ò¸ìHõ�ú�ú
ìzí~ë Ê î ê ó | ë�ñzë(ò��wì�í�ëaó�õ3u^ë | î�ö�ì�í � õ ê öÆìzí~ë2ìzò¸ì�õ�ú ê ô)u Ê ë�ñ�ò�� Ê î ê ó | õ�ó÷ö�î-ÿë�ñQù
ë ê ì|î ê ìzí~ë�ózî&uEô�úðõ�ìzî²ò ê ó�õ ê ö4ì�í�ë÷ë�Ï ü ë�ñ�î&uøë ê ì�õ�ú6ö�õ&ìyõ�ó?ë�ì ÿ �Jë ê ïfë÷ìzòVï
ò<u ü õ�ñzëHì�í~ë
ö�î�ó?ì?ñ�î Ê ô~ìzî²ò ê �{| ë ê ò¸ñ+u(õ�ú�î-ykëkö Ê ò�ì�í�ì�í~ëVö�î�ó?ìzñzî Ê ô~ìzî²ò ê ó Ê�v ìzí~ë2ìzò¸ì�õ�ú�õ�ñ?ëiõ×ô ê ö~ë�ñ
ìzí~ë÷ï�ô�ñ"w¸ë ÿ ¦�w¸ë ê | î²ì�ídò ê ú v_Ê Ç Ñ¸Ñ x¸ñyõ�î ê óJî ê ìzí~ë÷ózî&uEô�úðõ�ì?ëkö
uæîðï
ñzò¸ózì?ñ�ô�ï
ìzô~ñzë � ì�í~ë
ö�î�ó?ì?ñ�î Ê ô~ìzî²ò ê óJõ�ñzë5w¸ë�ñ v ïfú²òûó?ë ÿ"� ò¸ìzëHí~ò | ì�í~ë � õ�ì�ö�î�ó?ìzñzî Ê ô~ì�î²ò ê ô�ó?ëköÌì?ò=x¸ë ê ë�ñ�õ�ìzë
ìzí~ë!î ê î²ìzîðõ�ú�ëkú�ú�î ü ó?òûî�öæózë�ìCí�õ�ó Ê ë�ë ê ï
ò ê w¸ë�ñ?ìzëkö(î ê ìzòEõHñzëiõ�ú�î�ó?ì�îðïwö�î�ó?ìzñzî Ê ô~ìzî²ò ê Ê�v ì�í~ë
ü õ�ï � î ê x(õ ê öÌó?ëiú²ëiï
ì�î²ò ê ü ñ?ò~ï
ëiózówózëiï
ì�î²ò ê ¯ ¤ ÿ Ü ÿ �'° ÿ
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�Yî-xûô~ñ?ë Ð ÿ � ± ò ª���ö�î-ÿ%ë�ñzë ê ï
ë Ê ë�ì | ë�ë ê ìzí~ë8ë�Ï ü ë�ñ�î&uøë ê ì�õ�ú�ú v ò Ê ó?ë�ñ"w¸ëkö^ö�î�ó?ìzñzî Ê ô~ìzî²ò ê
õ ê ödì�í~ë·ò ê ëHò Ê ìyõ�î ê ëiö��nñ?ò<u ì?ë�Ï[ì�ô~ñ?ëHþ~ìzì�î ê x

�Yî-xûô~ñ?ë Ð ÿ �æózí~ò | ó�ì�í~ë�ö�î-ÿ%ëkñ?ë ê ï
ë÷ò¸ñzî²ë ê ìyõ�ìzî²ò ê ö�î�ó?ìzñ�î Ê ô~ì�î²ò ê �+ô ê ï
ì�î²ò ê ¯ ò ª���° ÿ�8í~ë ò ª�� î�ó^ï�õ�úðïfô�úðõ�ìzëkö Ê�v ö�î-w�î�ö�î ê x�ì�í~ë Í¸Ñ 	 Í¸Ñ 	 Í�Ñ ëkô�ú²ë�ñ^ó ü õ�ïfëVî ê ì?ò Ê î ê ó
| î²ì�íaõ | î�ö~ìzíVò��j£3¥wõ�ú²ò ê xEëiõ¸ïyí
¦Gô�ú²ë�ñJõ ê xûú²ë ¯UT µf}WV!} T ] ° ÿ �wí~ë/ö�î-ÿ%ëkñ?ë ê ï
ë ò ª���î�ó
ï�õ�úðïfô�úðõ�ì?ëkö Ê�v ìyõ � î ê x�ìzí~ë�õ Ê ó?òûú�ô~ì?ëtö�î-ÿ%ëkñ?ë ê ï
ë Ê ë�ì | ë�ë ê ì�í~ëtëfÏ ü ë�ñzî&uøë ê ìyõ�ú¸õ ê ö·ì�í~ë
ózî&uEô�úðõ&ìzëkö î ê ìzë ê ózî²ì�î²ëkó!î ê ëiõ¸ïyí ò��tì�í~ë Ê î ê ó ÿ � í~î-xûí~ë�ñ�w�õ�ú�ô�ëæî ê õ ê v ò��¢ì�í�ë Ê î ê ó
î&u ü ú�î²ëióEõãúðõ�ñ"x�ëkñEö�î-ÿë�ñ?ë ê ïfë Ê ëkì | ë�ë ê ì�í~ëaþ�ìzì?ëiöÉõ ê ö ëfÏ ü ë�ñzî&uøë ê ìyõ�ú�ú v ò Ê ó?ë�ñ"w�ëiö
ì?ë�Ï[ì�ô~ñ?ë ÿ Ø ê þ$x ÿ Ð ÿ � � ï
ò ê ìzò¸ô~ñ�óEõ�ñ?ëaö�ñyõ | ê õ�ì Ñ ÿ £ �8¡ ÿ Ñ$� � ÿ Ñ)� Ü ÿ Ñ$� Ç ÿ Ñ õ ê ö ¡�Ð ÿ Ñ
ìzî&uøëkó�õ;w�ëkñ�õ*x¸ëæî ê ì?ë ê ó�î²ì v ÿ �wí~ë2ö�î-ÿ%ë�ñzë ê ï
ë ò ª�� ózô)x3x¸ëkózìzóHì�í�õ&ì%�nò¸ñ�uøòûó?ìHò��8ì�í~ë
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Ê î ê óPì�í~ë�þ�ìzìzî ê x ü ñ?ò~ï
ëkö�ô~ñzëCö~ò[ëkó°õ�x¸ò[ò�ö,Èrò Ê î ê õ�ózózî-x ê î ê x|ò¸ñzî²ë ê ìyõ�ìzî²ò ê ÿ �8í~ë�ñzëCó?ì�î�ú�ú
õ�ñ?ë^õX�në | ú²ò~ï�õ�ì�î²ò ê ó | í�îðïyí×ózí~ò | ö~î-ÿë�ñzë ê ï
ëkó ÿ �wí�î�ó!ï�õ ê Ê ë^ö�ô~ëEì?òVì | ò���õ¸ï
ìzò¸ñzó ÿ
�Yî²ñ�ó?ì·î�ó/ì�í�ë(ú�î&uæî²ìzëkö ê ô$u Ê ë�ñ/ò��ix¸ñyõ�î ê ó·î ê ìzí~ë(ó v ó?ìzë.u ÿ Ø �Cìzí~ë ò ª�� î�ó·ö�î-w�î�ö�ëiö
ìzí~ë | õ v uøë ê ìzî²ò ê ëköÆõ Ê ò2w¸ë(ì�í~ë ê ì�í~ë�ñ?ëdõÌìzò¸ì�õ�útò�� ¡kÍ � Ê î ê ó | í~ë�ñzëiõ�óHì�í~ë�ñzëaõ�ñ?ë
ò ê ú v Ç Ñ�Ñ x¸ñ�õ�î ê ó!î ê ìzí~ëøó v ó?ìzë.u õ ê öãó?òaò ê ú v õVú�î&uæî²ìzëkö ê ô)u Ê ë�ñ!ò��tò¸ñzî²ë ê ìyõ�ìzî²ò ê ó
ü ò¸ó�ózî Ê ú²ë ÿ �wí~ë/ò�ì�í~ë�ñ���õ¸ï
ì?ò¸ñwî�óCì�í�õ�ì8ì�í�ë/þ�ìzìzî ê x ü ñzò�ïfëkö�ô�ñzë��nò�ñyï
ëkó Ê ò¸ìzídìzí~ë ò ª��
õ ê ö×ì�í~ë:uæî�ó?ò¸ñzî²ë ê ìyõ�ìzî²ò ê ö�î�ó?ìzñ�î Ê ô~ì�î²ò ê �+ô ê ï
ì�î²ò ê ¯ ô ª���°wì?ò�u(õ�ì�ï�í ÿ �wí~ë�ë�ñzñ?ò¸ñ-î�ó
ï�õ�úðïfô�úðõ�ì?ëköÉô�ózî ê xýë ³ ê ÿ ¤ ÿ Ð õ ê öºò ê ú v uøò2w¸ëkóøìzí�õ�ìæñzëkö�ô�ï
ë4ì�í�ë4ìzò¸ì�õ�úwë�ñzñ?ò¸ñ2õ�ñ?ë
ü ë�ñ"uæî²ìzì?ëiö ÿ � ê v ê ë | õ�ózózî-x ê uøë ê ìJò��Gò�ñ�î²ë ê ìyõ&ì�î²ò ê ó�ï�í�õ ê x¸ëkó Ê ò¸ìzí�ìzí~ë ò ª�� õ ê ö
ô ª�� õ ê ö í~ë ê ï
ëdì�í�ëdë�ñzñ?ò¸ñøõ�ózó?ò~ïfîðõ�ìzëkö | î²ì�í ëiõ¸ïyí ö�î�ó?ìzñ�î Ê ô~ì�î²ò ê�ÿ � ü õ�ñzìzîðïfô�úðõ�ñ
ò¸ñzî²ë ê ìyõ�ìzî²ò ê õ�ózózî-x ê uøë ê ì�uæî-xûíûì | ò¸ñzó?ë ê ìzí~ë÷ë�ñzñ?ò¸ñ|î ê ìzí~ë ò ª�� Ê ô~ì-î&u ü ñ?ò2w¸ë·ì�í~ë
ì?ò¸ìyõ�úGë�ñzñ?ò¸ñ ÿ ��ë ê ï
ë2ì�í�ëVþ ê õ�útò¸ñ�î²ë ê ì�õ�ì�î²ò ê õ�ózózî-x ê uøë ê ì�uæî-xûíûì ê ò�ì Ê ëVì�í�ë4uøòûó?ì
î�ö~ëiõ�úþ�ìB�nò¸ñwìzí~ë ò ª�� Ê ô~ìJìzí~ë·ìzò¸ì�õ�ú�ë�ñzñ?ò¸ñ | î�ú�ú Ê ëHìzí~ëHú²ëiõ�ó?ì ÿ
=dÝZY ß25Gä[A�î!é � åPîFA1ïE1 ç ë^â.ì�á â�ëH5¢à�äæå

�8í~ë�ñzëHí�õ;w¸ë Ê ë�ë ê w�õ�ñzî²òûô�ó,uøë�ì�í~ò[ö�óJî ê ì�í~ëHú�î²ìzë�ñyõ�ìzô~ñzë ü ñ?ò ü òûó?ëköÌì?òæëkó?ì�î&u(õ�ì?ë/ì�í~ë
ó?ìzò�ñzëköÆë ê ë�ñ�x v ÿ �wí~ëaó?ìzò¸ñ?ëiö�ë ê ë�ñ"x v ï�õ ê Ê ëdïyí�õ�ñyõ�ïfì?ë�ñ�î-y�ëkö Ê�v ö�î²ñzëiï
ì:uøëiõ�ózô~ñ?ëfù
uøë ê ìGu^ëkìzí~ò�ö�ó�ú�î � ëVï�õ�ú²ò¸ñ�î&u^ëkì?ñ v ò¸ñ�î ê ö�î²ñ?ë�ï
ìGuøë�ìzí~ò�ö�ó�ú�î � ë2í�õ�ñ�ö ê ëkó�óGuøëiõ�ózô~ñ?ëfù
uøë ê ì ÿ �÷� U üOö2÷�XVø<ú.ö ¹ î ê w¸òûú-w¸ëkówìzí~ë�uøëiõ�ózô~ñ?ë.uøë ê ìJò��Yë ê ë�ñ"x v ïyí�õ ê x¸ë÷ö�ô�ñ�î ê x2õ ê ù
ê ëiõ�ú�î ê x2õ ê ö4î ê ïfú�ô�ö~ëkó Ê ò�ì�í4ìzí~ë�x¸ë�ò<u^ëkì?ñ�îðï�õ�ú�ú v ê ëiï
ëkózóyõ&ñ v õ ê ö\�nñzë�ë÷ö�î�ózú²ò~ï�õ�ìzî²ò ê ó ÿ
ò ì�í�ëkñ8uøë�ì�í~ò�ö~ó8ò��Yïkõ�úðï�ô~úðõ�ì�î ê x�ì�í~ë·ó?ìzò�ñzëköVë ê ë�ñ"x v õ�ñ?ë�]X^W_(� ¹ ú�î ê ë Ê ñzò*õ�ö�ë ê î ê x �
ózô Ê x�ñyõ�î ê õ ê õ�ú v ózî�ó�î ê Ê ò¸ìzí��,¦ ô õ ê ö4¦�¨,©6ª õ ê ö2ì�í~ë/õ��nò�ñzë.uøë ê ì�î²ò ê ëkö(í�õ�ñ�ö ê ëkó�ó
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uøëiõ�ózô~ñ?ë.uøë ê ì�ó ¯ ¿ îðï � ë�ña` ó ô îðï
ñ?òûí�õ�ñzö ê ëkózóGõ ê ö � õ ê ò�ù.î ê ö~ë ê ìyõ&ì�î²ò ê ° ÿ Ø ìtî�ó ê ò¸ì ü òûóQù
ózî Ê ú²ëæì?ò[x¸ë�ìHìzí~ë2ó?ìzò¸ñ?ëkö ë ê ëkñ�x v î ê î ê ö�î-w�î�ö�ô�õ�ú¢ï
ò<u ü ò ê ë ê ì�ó÷ô�ózî ê xãÎCõ�ú²ò¸ñzî&uøë�ìzñ v ÿ
F�ó�î ê xÌìzí~ëæí�õ�ñzö ê ëkózó�u^ë�õ�ó�ô�ñzë.uøë ê ì�ó � ï�õ�ñzëb�+ô�ú°ëfÏ ü ëkñzî&uøë ê ìyõ�úgó?ë�ì�ô ü ò�� | í~ë�ñzë^ì�í~ë
î ê ö�ë ê ì�ó|õ�ñ?ë�u(õ�ö~ë � õ ê öÌì�í~ë ê uøëiõ�ózô~ñzî ê xæìzí~ëHì�í�ë ê ëkî-xûí Ê ò¸ñ�í�ò[ò�ödò��°ìzí~ë�î ê ö~ë ê ì�ó �
ò ê ë-ï�õ ê ò Ê ì�õ�î ê ìzí~ë|ó?ìzò�ñzëköæë ê ë�ñ"x v ò���ö~î-ÿë�ñzë ê ì¢ï
ò<u ü ò ê ë ê ì�ó ÿ ¨�ò¸ñ Ê cëkú v ë�ìCõ�ú ÿ I £3¤&K
ñ?ë�ï
ë ê ìzú v ñzë ü ò¸ñ?ìzëkö õdó?ì?ò¸ñzëkö ë ê ë�ñ�x v ïkõ�úðï�ô~úðõ�ì�î²ò ê ò��Cö~î-ÿë�ñzë ê ì/ïfò'u ü ò ê ë ê ìzó·ô�ózî ê x
õ êXd ù�®|õ v^Ê ñzòûõ�ö~ë ê î ê x�ìzëiïyí ê î ³ ô~ë ÿ ¿ õ�ì ê ë-ë�ì8õ�ú ÿ I ¡kÐ Kñ?ë ü ò¸ñzì?ëköVô~ózë|ò��6õ�ózô Ê x¸ñyõ�î ê
õ ê õ�ú v ózî�ó7uøë�ìzí~ò�ö | î²ìzí�¦1¨,©6ªÉuøëiõ�ózô~ñzë.uøë ê ìzó^ì?òÆõ�ñzñzî-w¸ë4õ�ìøì�í~ë4ó?ìzò¸ñ?ëiö ë ê ë�ñ"x v�nò¸ñ!î ê ö~î-w�î�ö�ô�õ�ú°ï
ò<u ü ò ê ë ê ìzó ÿ �wí~ë^ózô Ê x¸ñ�õ�î ê õ ê õ�ú v ózî�ófuøë�ì�í�ò�ö î ê ¦�¨,©6ª | î�ú�ú Ê ë
ö�î�ó�ïfô�ózó?ëkö�î ê uøò¸ñ?ëCö�ëkì�õ�î�ú*î ê ì�í~ë ê ëfÏ�ìYó�ô Ê ó?ë�ï
ìzî²ò ê õ�ú²ò ê x | î²ì�íHìzí~ëCñ?ëiú²ë�w�õ ê ì6ìzí~ë�ò¸ñ v ÿ

eJÒ.MJÒGf Ôhg-�|�ji @�O¢=?Rlk R-O"m�-B�=?B
�8í~ë/ózô Ê x¸ñ�õ�î ê õ ê õ�ú v ózî�ó¢ñzëkú�î²ëkó�ò ê î�ö~ë ê ìzî�� v î ê x�ìzí~ë/ózô Ê x�ñyõ�î ê ó?ì?ñ�ô�ï
ì�ô�ñzë/î ê ìzí~ë�u(õ�ù
ì?ëkñzîðõ�ú ÿ ��ë ê ï
ë×î²ìVïkõ ê Ê ë�ô�ó?ëkö | î²ìzí õ ê v ì?ëiï�í ê î ³ ô~ë�ïkõ ü õ Ê ú²ëÌò��!ñzëkó?òûú-w�î ê x ì�í~ë
uæîðï
ñ?òûó?ìzñ�ô�ïfìzô~ñzëaì?òãì�í�õ�ìøú²ë�w¸ëkún�nò¸ñøëfÏ�õ*u ü ú²ë\�,¦ ô uøëiõ�ózô~ñ?ë.uøë ê ì�óEìzí�õ�ìæî ê ï�ú�ô~ö~ë
ò¸ñzî²ë ê ìyõ�ìzî²ò ê uøëiõ�ózô~ñ?ë;u^ë ê ì ÿ D�ëHózí�õ�ú�ú � í�ò | ë�w¸ë�ñ � ñ?ëió?ì?ñ�îðï
ìwì�í�î�óJö�î�ó�ïfô�ózózî²ò ê ì?òæò ê ú v
¦�¨>©6ª uøëiõ�ózô~ñ?ë;u^ë ê ì�ó ÿ �wí�ë Ê õ�ózîðï�ñzë ³ ô�î²ñ?ë;u^ë ê ì��nò¸ñ/ì�í~î�ó/ì v*ü ëøò��iuøëiõ�ózô~ñ?ë;u^ë ê ì
î�óGìzò÷ï�ú²ëiõ�ñzú v�ü õ&ñzì�î²ìzî²ò ê ì�í~ë�ózô Ê x�ñyõ�î ê ó ÿ �8í�î�ó¢õ�w¸ë�ñ v î&u ü ò¸ñ?ìyõ ê ì ü òûî ê ì�õ ê ö | ë | î�ú�ú
ñ?ë.w[î�ó�î²ìwì�í�î�ó�õ*x*õ�î ê ÿ � ���P� W ö��X÷ÖùÆî�ó�ö~ë�þ ê ëkö�õ�ó|õ^ñzë�xûî²ò ê | í�îðïyí4í�õ�ó|ú²ò | ö�î�ózú²ò~ï�õ&ù
ìzî²ò ê ö~ë ê ózî²ì v õ ê ö4î�ó�ózô~ñ?ñzòûô ê ö~ëkö Ê�v õ | õ�ú�ú�ówò��°í�î-xûíÌö�î�ózú²ò~ï�õ�ìzî²ò ê ö~ë ê ózî²ì v ÿ �wí~ëkó?ë
é | õ�ú�ú�ó"ê/ò���í�î-xûí(ö�î�ózú²ò~ï�õ�ìzî²ò ê ö~ë ê ózî²ì�î²ëkó¢ï�õ ê Ê ë�ñzë�x*õ�ñzö~ëkö2õ�ó¢ú²ò | õ ê xûú²ë Ê òûô ê ö�õ�ñzî²ëió
¯ í�õ;w�î ê x ú²ò | x¸ñ�õ�î ê Ê òûô ê ö�õ�ñ v ö�î�ó?ò¸ñzî²ë ê ìyõ�ìzî²ò ê ° ÿ �wí[ô~ó(õ ê v u^ëkìzí~ò�öºï�õ ü õ Ê ú²ëdò��
ózí~ò | î ê xãìzí~ëkó?ëÌú²ò | õ ê xûú²ë Ê òûô ê ö�õ�ñzî²ëióæï�õ ê Ê ëdë.u ü ú²ò v ëiöÆì?ò ô�ó?ëdì�í~î�óæõ ê õ�ú v ózî�ó ÿ
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F�ó�î ê xæì�í~ë�¦�¨>©6ªcuøëiõ�ózô~ñzë.uøë ê ìzówò ê ë�ï�õ ê õ¸ïyí�î²ë�w¸ë/ìzí�î�ówò Ê Èrëiï
ì�î-w�ë ÿ �wí~ë�uøë�ìzí~ò�ö
ì?òøï�õ�úðïfô�úðõ&ìzë�ì�í~ë!ó?ìzò¸ñ?ëkö2ë ê ë�ñ�x v î�ó Ê õ�ó?ëiö(ò ê ì�í�ë!ëkó?ì�î&uæõ�ì�î²ò ê ò�� ìzí~ë/õ�ñzëiõHò��Põ�ú²ò |
õ ê xûú²ë\x¸ñyõ�î ê Ê òûô ê ö�õ�ñ v õ ê öEì�í�ëJó ü ëiïfî²þ�ï�ë ê ë�ñ"x v ò���ì�í~ëwú²ò | õ ê xûú²ë\x¸ñ�õ�î ê Ê òûô ê ö�õ�ñ v
¯ ½po ° ÿ ½qo ï�õ ê Ê ë÷ëkó?ì�î&u(õ�ì?ëkö Ê�v ô�ózî ê x(ö�î�ózú²ò~ï�õ�ì�î²ò ê ìzí~ë�ò¸ñ v õ�ó�ö~ë�w¸ëkú²ò ü ëkö Ê�v ®Jëiõ�ö
õ ê ö
©[í~ò�ï � ú²ë v I ¡ Kõ ê ö2ózô$u?u(õ�ñzî-y�ëiö Ê�v ë ³ ô�õ&ì�î²ò ê � ÿ Ü ÿ �wí�ë!õ�ñzëiõ·ò���ì�í�ë-ú²ò | õ ê xûú²ë
x¸ñ�õ�î ê Ê òûô ê ö�õ�ñ v ï�õ ê Ê ëaëkózìzî&u(õ�ì?ëiö õ�ó Ê ¤ � ª ¯ ª î�óEì�í�ëdó�ô Ê x¸ñyõ�î ê ö�îðõ3u^ëkì?ë�ñY° ÿ�8í[ô�ówì�í~ëHó?ìzò�ñzëköaë ê ëkñ�x v2ü ë�ñ�ô ê î²ì,w�òûú�ô$uøë ¯ ¦sr1°Cî�ó>x¸î-w¸ë ê Ê�v ë ³ ô�õ�ìzî²ò ê Ð ÿ ¡ ÿ

¦st R ¤ ½qoª ¯ Ð ÿ ¡ °

©[ô Ê ózìzî²ì�ô~ìzî ê xæë ³ ô�õ&ì�î²ò ê � ÿ Ü | ë5x�ëkì ±

¦st R ¤ ½ º ÀÀvu�w ¡J¿ ú êsx ÀÀvu�y{zª ¯ Ð ÿ �<°

¨�ò¸ìzí4»^õ ê ö�ª � ì�í~ë·ózô Ê x¸ñ�õ�î ê ö�îðõ3uøë�ìzë�ñ � ï�õ ê Ê ëHö~ë�ì?ëkñ"uæî ê ëköaëfÏ ü ëkñzî&uøë ê ìyõ�ú�ú v
õ ê ö×ìzí[ô�ó�ìzí~ëEó?ìzò�ñzëkö4ë ê ë�ñ"x v ï�õ ê Ê ëEö~ë�ìzë�ñ"uæî ê ëkö×ô�ózî ê x2ózô Ê x¸ñ�õ�î ê õ ê õ�ú v ózî�ó ÿ � ö�ù
ö�î²ìzî²ò ê õ�ú�ú v ò ê ë×ï�õ ê ö~ë�ì?ëkñ"uæî ê ëaì�í~ë×õ.w¸ë�ñyõ*x¸ëaò�ñ�î²ë ê ìyõ&ì�î²ò ê ò��|ì�í~ëÌó�ô Ê x¸ñyõ�î ê óæõ ê ö
ìzí[ô�ówïfúðõ�ózózî�� v ì�í~ë�x�ñyõ�î ê ó Ê�v ì�í�ëHï
ò<u ü ò ê ë ê ì8î²ì8î�ó8ïfú²òûó?ëkózì�ìzò ÿ F|ózî ê xEì�í~î�óCò ê ë·ï�õ ê
ö~ë�ì?ëkñ"uæî ê ë-ì�í�ë/ó?ìzò¸ñ?ëiö2ë ê ë�ñ"x væÊ õ�ó?ëköVò ê ì�í~ë·ï
ò<u ü ò ê ë ê ì ÿ ¿ õ�ì ê ë!ë�ìJõ�ú ÿ I ¡kÐ K�ô�ó?ëkö
ìzí�î�ó�õ ü~ü ñzò*õ�ï�íaì?ò2ï�õ�úðïfô�úðõ&ìzë/ózì?ò¸ñzëködë ê ë�ñ�x v2Ê õ�ó?ëködò ê ìzí~ë·ìzëfÏ�ì�ô�ñzë÷ï
ò<u ü ò ê ë ê ì ÿ�wí~î�ójuøë�ì�í�ò�ö÷ò ê ú v ï
òûô ê ì�óPì�í~ëCö�î�ózú²ò~ï�õ�ì�î²ò ê ó | í�îðïyí%�nò¸ñ"u ì�í�ë8ózô Ê x¸ñ�õ�î ê Ê òûô ê ö�ù
õ�ñ v õ ê ö×î-x ê ò�ñzëkó-õ�ú�ú ò¸ìzí~ë�ñ!ï
ò ê ì?ñ�î Ê ô�ì�î²ò ê ówìzò2ìzí~ëEó?ì?ò¸ñzëköÌë ê ë�ñ"x v ózô�ïyí�õ�ó4é?ó?ì�õ�ì�î�óQù
ìzîðïkõ�ú�ú v ó?ìzò¸ñ?ëkö$ê ö~î�ó�ú²ò�ïkõ&ì�î²ò ê ó ÿ � ú�ó?ò î²ì2ñzë ³ ô~î²ñzëkó2ì�í�õ�ì2ì�í~ë ö�î�ózú²ò~ï�õ�ì�î²ò ê óX�nò¸ñ"u õ
ï
ò ê ìzî ê ô~òûô~ó ü î²ëiï
ë4ò�� Ê òûô ê ö�õ&ñ v ì?ò Ê ë�î ê ïfú�ô�ö~ëkö î ê ì�í~ë�ï
òûô ê ìzî ê x ÿ �8í~ë×þ)xûô~ñzë
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Ð ÿ ¤ î�ó(õýïkõ&ñzìzò*ò ê | í�îðïyíºî�ú�ú�ô�ó?ì?ñyõ�ì?ëióEì�í�î�ó ü òûî ê ì ÿ �wí~ë4ò¸ñzî-xûî ê õ�ú8x�ñyõ�î ê í�õ�ó Ê ë�ë ê
ö�î-w[î�ö~ëkö Ê�v ì�í~ëøó�ô Ê x¸ñyõ�î ê Ê òûô ê ö�õ�ñ v ö~ë ê ò¸ì?ëiö Ê�v �n|4î ê ìzòdózô Ê x¸ñ�õ�î ê ó T õ ê ö � ÿ�8í~ë Ê òûô ê ö�õ�ñ v �n|aî�ó!õ ê î ê ì?ëkñ"uøëkö�îðõ�ì?ë�ö�î�ó?ò¸ñzî²ë ê ìyõ�ìzî²ò ê Ê òûô ê ö�õ�ñ v ÿ �wí~ëGx¸ñ�õ�î ê �
ózí~ò | ó8õ ü î²ë�ï
ë-ò���é?í�õ ê xûî ê x<ê Ê òûô ê ö�õ�ñ v ï
ò ê ì�õ�î ê ëkö | î²ìzí�î ê î²ì ÿ �wí~ë Ê òûô ê ö�õ&ñ v �C}
ó?ìyõ&ñzì�ó!ò'ÿ õ�óHõañzëkúðõ�ìzî-w¸ëkú v ú²ò | õ ê xûú²ë Ê òûô ê ö�õ&ñ v õ��nì?ëkñ | í�îðïyíãî²ì�u(õ v ó ü ú�î²ì·ô ü î ê
ì | ò÷ò¸ñ\uøò�ñzë|ë�w¸ë ê ú²ò | ë�ñCõ ê xûú²ë Ê òûô ê ö�õ�ñ�î²ëkó | í�îðïyí=x�ò^ô ê ö~ë�ìzëiï
ìzëkö2ózî ê ï
ë-ì�í�ë v õ�ñ?ë
Ê ëkú²ò | ìzí~ë2ö~ë�ìzëiï
ì�î²ò ê ì�í�ñzëkózí~òûú�ö ÿ �8í~ë(ó�ô Ê x¸ñyõ�î ê õ ê õ�ú v ózî�óHö�ò[ëkó ê ò�ì�î ê ïfú�ô�ö�ëæì�í~ë
ö�î�ózú²ò~ï�õ�ìzî²ò ê ó:�nò¸ñ"uæî ê x Ê òûô ê ö�õ�ñ v �n| Ê ëiïkõ�ô�ó?ëJî²ìtö~ò*ëió ê ò¸ìgë ê ïfú²òûó?ë�õ ê v�ü õ�ñ?ìGò���ì�í~ë
x¸ñ�õ�î ê ÿ � ó÷õVñzëkózô�ú²ì/ì�í~ëæó?ìzò�ñzëköãë ê ë�ñ"x v ïkõ�úðï�ô~úðõ�ìzëkö ô�ózî ê xÌìzí~ëæózô Ê x¸ñ�õ�î ê õ ê õ�ú v ózî�ó
uøë�ìzí~ò�ö | î�ú�ú ê ò¸ìJñ?ë � ë�ï
ì�õ�ú�úì�í~ëHö�î�ózú²ò~ï�õ�ìzî²ò ê ó ÿ�ò �gï
òûô�ñ�ó?ëHî ê ü ñzî ê ïfî ü ú²ë � ¦�¨,©6ª õ�ì
õ^þ ê ë÷ë ê òûô6xûíÌñzëkó?òûú�ô~ìzî²ò ê ó�í�òûô�ú�ö Ê ëEõ Ê ú²ëHìzò2ï�õ ü ì�ô�ñzë�õ�ú�ú�ì�í~ë�ó � ª ï
ò ê ì?ë ê ì Ê ô~ì
ìzí�î�óJî�ówî&u ü ñyõ�ïfìzîðï�õ Ê ú²ë/î ê ìzí~ë:©6¦ ô ÿ

�Yî-xûô~ñ?ë Ð ÿ ¤ ± é��-õ ê x¸î ê x<êøózô Ê ù Ê òûô ê ö�õ�ñ v



�j�/���f�j���IH<�KJ��MLz���NLOL��Y�w7 Í¸ÐeJÒ.MJÒ.M ~ A'g/R!Õ!OG@~�ÁÔB�P�'���PR���k R!Osm�!B�=?B
� ü%�9ù9ûP�Xö ¹ � ø W XVø�ùbú T ùP� U#¹ �.÷���ô�ó?ëkó/õ2ózî&uæî�úðõ�ñ|î�ö~ëiõVõ�ó-ö�î�ó�ïfô�ózó?ëiö ü ñ?ë.w[î²òûô�ózú v
õ Ê òûô~ì·ï
òûô ê ì�î ê xaózô Ê x¸ñ�õ�î ê ó ÿ Ø ê ó?ìzëiõ�ö � í~ò | ë.w�ëkñ � ò��tþ ê ö�î ê x4õaï
ò ê ì�î ê ô~ò¸ô�ó!ú�î ê ëEò��
ö�î�ózú²ò~ï�õ�ìzî²ò ê ó��nò�ñ+uæî ê x�õwó�ô Ê x¸ñyõ�î ê Ê òûô ê ö�õ&ñ v<� ìzí�î�ó{u^ëkìzí~ò�ö·ú²ò[ò � óPõ�ìPõ�ú�ú'~ � ó�¨ãó?ë.x�ù
uøë ê ìzó | í�îðïyí4u(õ v ò¸ñ8u(õ v ê ò¸ì Ê ë·õ ü õ�ñzìCò��Põ�ózô Ê x¸ñ�õ�î ê Ê òûô ê ö�õ&ñ v ÿ �wí�î�ó8~ � ó�¨
ó?ë�x<uøë ê ì^ózí�õ�ú�ú Ê ëdñzëb�në�ñzñ?ëiöÆìzòýõ�óøõ Ê òûô ê ö�õ&ñ v ózë�x<u^ë ê ì ÿ ��ò¸ñ^ë�w¸ë�ñ v�Ê òûô ê ö�õ�ñ v
ó?ë�x<uøë ê ì � ì�í~ë/ö�î�ó?ò¸ñ�î²ë ê ì�õ�ì�î²ò ê õ�ózó?ò~ïfîðõ�ìzëkö | î²ìzíaî²ì8î�ówï�õ�úðïfô�úðõ�ìzëkö ÿ�ò-ê ï
ë!ìzí~ë·ö~î�ózò�ñ�î´ù
ë ê ì�õ�ì�î²ò ê î�ó-ï�õ�úðïfô�úðõ�ìzëkö | ë�ô�ó?ëEë ³ ô�õ�ì�î²ò ê Ð ÿ �æì?ò2ëió?ìzî&u(õ�ìzëHì�í�ëEó?ìzò¸ñ?ëkö×ë ê ë�ñ�x v õ�óQù
ó?ò~ïfîðõ�ì?ëiö | î²ìzíaî²ì ÿ ©[î ê ï
ë | ë·õ�ñzë ê ò¸ìJú²ò*ò � î ê xøõ&ìJõ^ózô Ê x�ñyõ�î ê ì�í~ë�ñ?ë·î�ó ê òæózô Ê x¸ñyõ�î ê
ö�îðõ*uøë�ìzë�ñ �"� ÿ ¦ ³ ô�õ�ì�î²ò ê Ð ÿ ��ì�í�ëkñ?ëb�nò¸ñzë ê ëkëkö�óøìzò Ê ë_uøò�ö�î²þ~ëiö ÿ �wí�ë ü ñ?ò ü òûó?ëkö
ë ³ ô�õ&ì�î²ò ê î�ó>xûî-w¸ë ê Ê�v

��� R ½ º » e» º
� ¡J¿ ú ê w » e» º z�� ���� � �n� Ü � ¯ Ð ÿ ¤�°

� í~ë�ñzë � e î�ó÷ì�í�ëVë ê ë�ñ�����õ�ó�ó?ò~ïfîðõ�ì?ëkö � î²ìzíÆìzí~ë � �ð� Ê òûô ê ö�õ�ñG��ózëb���^ë ê ìa�°» e î�ó÷ì�í~ë
ö�î�ó?ò¸ñzî²ë ê ìyõ�ìzî²ò ê � T î�óVì�í~ë õ�ñzëiõ õ ê ö � î�óVì�í�ë ó?ìzë ü ózî��kë ÿ �wí~ë���õ¸ï
ìzò¸ñ��� �ûî��¸ëkó
ìzí~ë�ú�î ê ë×ú²ë ê �¸ì�í ü ë�ñ2ô ê î²ìVõ�ñ?ë�õ�õ ê ö õ�ú�ó?ò�ìzí~ë×ñ�î��ûí*ì(ö�î��øë ê ózî²ò ê�ÿ�� Ù I £'£�K-î�óæì�í~ë
ó?ìzë�ñzî²òûú²ò��ûîðï�õ�ú���õ¸ï
ìzò¸ñ/ìzò×ïfò ê �¸ë�ñzì��nñzò�� ú�î ê ë(ú²ë ê �¸ìzí ü ëkñHô ê î²ì�õ�ñ?ëiõdì?ò×ózô~ñG��õ¸ï
ë ü ë�ñ
ô ê î²ì"�¸òûú�ôO�^ë ÿ Ø ì"�nòûú�ú²ò � óC�nñzò�� ë ³ ô�õ�ì�î²ò ê Ð ÿ ¤·ì�í�õ�ì8õ�ú�ú Ê òûô ê ö�õ�ñG�(ó?ëb���øë ê ìzó¢í�õa�[î ê �
ó�õ��øë8ö�î�ó?ò¸ñzî²ë ê ìyõ�ìzî²ò ê ��õ�ú�ô~ë � î�ú�ú[í�õa��ë8ì�í~ë8óyõ��øë8ózì?ò¸ñzëkö�ë ê ë�ñ���� ÿ �wí*ô�ógì?ò·ï�õ�úðïfô�úðõ�ì?ë
ìzí~ëHìzò�ìyõ�ú�ó?ìzò¸ñ?ëiöaë ê ëkñG�����~ì�í~ë·ë ê ì�î²ñzë·ò Ê ózë�ñG��õ&ì�î²ò ê õ�ú õ�ñzëiõ^î�ó Ê î ê~ê ëkö Ê � Ê òûô ê ö�õ�ñG�
ó?ëb���øë ê ìzó2í�õa�[î ê � ó�õ��^ë ö~î�ózò�ñ�î²ë ê ìyõ&ì�î²ò ê õ ê ö ì�í�ë ê ìzí~ë ê ô#� Ê ë�ñaî ê ë�õ�ï�í Ê î ê î�ó
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ï
ò ê ��òûú�ô~ìzëkö � î²ì�ídìzí~ëHózì?ò¸ñzëköaë ê ë�ñ����aõ�ózózò�ï�îðõ&ìzëkö � î²ìzídì�í~ë÷ï
ë ê ìzë�ñwò��Pëiõ¸ïyí Ê î ê ÿ
¦N  R ¡

� x ½ � � � y
R ¡

�
½ �q¢ ½ º » �» º
� ¡w¿ ú ê w » �» º z � � �£ � � � Ü ��¤ ¯ Ð ÿ Ü6°

¦ ³ ô�õ�ì�î²ò ê Ð ÿ Ü(î�óJì�í�ëHþ ê õ�ú�ë ³ ô�õ�ìzî²ò ê ìzò(ïkõ�úðï�ô~úðõ�ìzë/ì�í~ëHì?ò¸ìyõ�ú ó?ìzò�ñzëköÌë ê ë�ñG��� Ê õ�ó?ëkö
ò ê Ê ò¸ô ê ö�õ�ñG�2ó?ëb���øë ê ìzó ÿ » � î�ó¢ì�í�ë·ï
ë ê ì?ëkñ�ò���ì�í~ë � �ð� Ê î ê õ ê ö ½ � î�ó¢ì�í~ëF�nñzë ³ ô�ë ê ï¥�
õ�ózó?ò~ïfîðõ�ì?ëiö � î²ìzí÷ìzí~ë � �ð� Ê î ê�ÿ �6ò!ï�õ�úðïfô�úðõ�ì?ë¢ì�í~ëCó?ì?ò¸ñzëkö÷ë ê ë�ñG���Hî ê ë�õ�ï�í�ï
ò�� ü ò ê ë ê ì
ìzí~ë��nòûú�ú²ò � î ê �Eë ³ ô�õ�ìzî²ò ê ïkõ ê Ê ëHô�ó?ëkö

¦C¦  R ¡ � ½ ¶� ¢ ½ º » ¶�» º � ¡J¿ ú ê w » ¶�» º z � ���£ � �n� Ü �7¤ ¯ Ð ÿ £<°

� í~ë�ñzë�¦ ¦  ��» ¶� õ ê ö ½ ¶� õ�ñ?ë!ì�í�ë/ó?ìzò¸ñ?ëiö2ë ê ë�ñ������[ö�î�ó?ò¸ñzî²ë ê ìyõ�ìzî²ò ê ò�� ì�í~ë·ï
ë ê ì?ëkñ�ò�� � ���
Ê î ê õ ê ö/�nñzë ³ ô�ë ê ï¥� � ��� Ê î ê õ�ózózò�ï�îðõ&ìzëkö � î²ì�í ïfò�� ü ò ê ë ê ì Ë ñ?ëkó ü ë�ï
ìzî��¸ëkú�� ÿ �Yõ Ê ú²ë
£ ÿ¨§ ózôO�æówì�í~ë·ñ?ëiózô�ú²ìwò��°ô�ózî ê �øì�í~ë÷õ Ê ò{�¸ëHõ ê õ�ú��[ó�î�ó8ò ê ì�í~ë £ ú´ù ¡kÑ £ Ñ óyõ�� ü ú²ë ÿ
=dÝ 0 � î�ì AG14365sëøâiâiàb©,ë÷5tà�äæå ª àkåPî�5tà.ì�3

« î��ûô~ñ?ëkó·Ü ÿ¨§ ìzò4Ü ÿ Ð ózí~ò ��¬ ô £F ü ú²ò�ì�ó��nò¸ñHì�í�ëX��õ�ñzî²òûô�óHó�î���ô�úðõ�ì�î²ò ê ï
ò ê ö�î²ì�î²ò ê ó ÿ£ ó ê ò¸ì?ëkö×ëiõ�ñ�ú�î²ë�ñ�ìzí~ë ü ú²ò�ì�ó!ï
ò ê ìyõ�î ê Ê ò¸ì�í4ì�í~ë�ëfÏ ü ë�ñ�î��^ë ê ìyõ�ú6õ ê ö×ìzí~ëEó�î���ô�úðõ�ìzëkö
ñ?ëiózô�ú²ìzó ÿ �8í~ë|ëfÏ ü ë�ñ�î��^ë ê ìyõ�ú�ñ?ëiózô�ú²ìzó ¯ î ê ö�îðï�õ�ìzëkö Ê � Ê úðõ�ïW®^ó ³ ô�õ�ñ?ëkóY° � ë�ñzë�ò Ê ìyõ�î ê ëiö�nñ?ò�� ì�í~ë £ ú´ù ¡kÑ £ Ñ óG��ó?ì?ëa� ÿ �wí~ë ¬ ô £F ë�Ï ü ò ê ë ê ì^ò Ê ìyõ�î ê ëkö¯�nñ?ò��Áìzí~ëaëfÏ ü ë�ñ?ù
î��øë ê ì�õ�ú8ñzëkózô�ú²ìzó(î�ó Ê�¡ ÿ ¤ Ç ÿ �wí~î�ó���õ�ú�ô~ë�� � í�îðïyí î�ó&��õ�ñ��nñzò�� ìzí~ëD��õ�ú�ô~ëÌò���é�¤3ê
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ëfÏ ü ëiï
ìzëköK�nò¸ñøì�í~ë4ìzí~ë�ò¸ñzë�ì�îðï�õ�úJï�õ�ó?ëÌò��-ñyõ ê ö~ò��æú�� ü úðõ¸ï
ëköºózî²ìzë4óyõ&ì�ô~ñ�õ�ìzëkö ê ô�ïfú²ëkî
õ ê öaî�ózò�ìzñzò ü îðïf¤'ª·�¸ñzò � ì�í���î ê ö�îðï�õ�ì?ëkóCìzí�õ�ì8ìzí~ë/ó��[ózì?ë?� ö~ò[ëkó ê ò¸ì8ëfÏ~í�î Ê î²ìCñ�õ ê ö~ò��
ê ô�ï�ú²ëiõ�ìzî²ò ê ÿ £ ïfú²òûó?ë/î ê ó ü ë�ï
ìzî²ò ê ò��6ì�í~ë�¦�¨>©6ª ó�ï�õ ê óJî ê ö�îðï�õ�ìzëkóCìzí�õ�ìB�øòûó?ì8ò��Pì�í~ë
ê ô�ï�ú²ëkî¢ò~ï�ïfô~ñøõ�ú²ò ê ��ì�í�ë��¸ñ�õ�î ê Ê òûô ê ö�õ�ñzî²ëió^õ ê ö î ê ïfú�ô�ó?ìzë�ñzó ÿ « î��ûô~ñ?ë Ð ÿ Üãózí~ò � ó
ê ô�ï�ú²ëkîGò~ï�ïfô~ñzñzî ê ��õ�ì%�¸ñ�õ�î ê Ê òûô ê ö�õ�ñzî²ëió ÿ �wí�ë?�ýõ ü~ü ëiõ�ñ�î ê ï�ú�ô~ózì?ë�ñ�ó÷õ ê öÆõ�ñzë ê ò¸ì
ó ü ñ?ë�õ�öÉô ê î��nò¸ñ¸�øú�� õ�ú²ò ê �ãì�í�ë×õ�ú�úCì�í~ë Ê òûô ê ö�õ�ñ�î²ëkó ÿ �wí�ëÌñ?ëb�ûî²ò ê �æõ�ñ�®¸ëkö î ê ñzëkö
ózí~ò � ó�ì�í~ë ü ñzëkó?ë ê ï
ë÷ò�� ê ô�ï�ú²ëkî ò ê �¸ñ�õ�î ê Ê ò¸ô ê ö�õ�ñG��� � í~ë�ñzëiõ�ó|ìzí~ë÷ñzëb�ûî²ò ê �(õ�ñG®¸ëkö
î ê Ê ú�ô~ë ózí~ò � ó/õ ü î²ëiï
ë�ò��C��ñyõ�î ê Ê òûô ê ö�õ&ñ�� � î²ìzí~òûô~ì!õ ê � ê ô�ïfú²ëiî6ò ê î²ì ÿ �8í~ë^ö�îðõ�ù

« î��¸ô~ñzë Ð ÿ Ü ± � ô�ïfú²ëiîò ê �¸ñ�õ�î ê Ê òûô ê ö�õ�ñ�î²ëkó
�øò ê ö�ó·î ê ë�õ�ï�í ü ú²ò¸ì·ózí~ò � ìzí~ëæö�õ�ì�õ ü òûî ê ì�ó��nò¸ñ/ì�í�ë(ózî��Eô~úðõ�ì�î²ò ê ó ÿ ©[î ê ï
ë � ë(õ�ñ?ë
î ê ì?ë�ñzëkó?ìzëködò ê ú��dî ê ìzí~ë�ózú²ò ü ëkóJò��°ìzí~ë ¬ ô £F ïfô~ñG�¸ëkó?� ê ò2ì�î��^ë÷ó�ïkõ�ú�î ê � � õ�ó�ö~ò ê ë
Ê ô�ì�î²ìwî�ó�õ�ózózôO�øëköaì�í�õ&ìwì�í~ëHó�ï�õ�ú�î ê � � ò¸ô�ú�ö Ê ëHú�î ê ëiõ�ñ ÿ �8í~ë·ëfÏ ü ëkñzî��øë ê ìyõ�ú ïfô~ñG�¸ëkó� ëkñ?ë·ózí�î��nìzëköÌó?òøì�í�õ&ìJì�í�ëHì � ò ü ú²ò¸ì�ówú�î²ë·î ê ì�í�ë÷ó�õ��^ë·ñzëb�ûî²ò ê ÿ

Ø ê ì�í~ëæïkõ�ózë^ò��¢ñyõ ê ö�ò��æú�� ü úðõ¸ï
ëiö ê ô�ï�ú²ëkî � ëøñ?ë�ï
ò¹��ëkñ-ì�í~ëæózú²ò ü ë^ò���ìzí~ëæózî��Eô�ù
úðõ�ìzî²ò ê ¬ ô £� ü ú²ò¸ì�ïfú²òûó?ë·ì?òøì�í~ë·ì�í�ëkò�ñzë�ì�îðï�õ�ú�ú��æëfÏ ü ëiï
ìzëköº��õ�ú�ô~ë/ò���é�¤3ê ÿ Î�ò ê ìzñ�õ�ó?ì
ìzí�î�ó�ì?òEìzí~ë/ï�õ�ó?ë-ò�� ü úðõ¸ïfî ê �÷ì�í~ë ê ô�ïfú²ëkîõ�ì'�¸ñyõ�î ê Ê òûô ê ö�õ&ñ�î²ëkó?� � í~ë�ñzë|ò ê ë-ñzëiï
ò¹�¸ë�ñzó
õ2ózú²ò ü ë�ò�� Ê §~ÿ £ ó � ëEî ê ï
ñzëiõ�ó?ë÷ì�í~ë�ìzò�ìyõ�ú ê ôO� Ê ëkñ|ò�� ê ô�ïfú²ëkîPî ê ì�í~ëEóG��ó?ìzë?� � ë
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ï�õ ê ózë�ëEõ&�¸ñyõ�ö~ô�õ�úPïyí�õ ê �¸ë�î ê ì�í~ë�ózú²ò ü ë÷ò��°ì�í�ë ¬ ô £� ïfô~ñG�¸ë%�nñzò�� ì�í~ë%��õ�ú�ô~ë÷ò��
Ê § ��õ�ì5¤<Ë»�¸ò¸ú�ôO�øë��nñyõ¸ï
ìzî²ò ê ò�� ê ô�ïfú²ëkî¼�%ì?ò Ê§¡ ÿ ¤3¤O��õ�ì ¡kÑ Ë,�¸òûú�ôO�øë��nñ�õ¸ï
ì�î²ò ê ò��
ê ô�ï�ú²ëkî ÿ �wí~ë2þO�¸ô~ñzëkó÷Ü ÿ £×õ ê ö�Ü ÿ Ð ïfò�� ü õ�ñ?ë2ì�í�ëVë�ÿ%ëiïfì÷ò���ïyí�õ ê �ûî ê �×ìzí~ë��¸ë�ò��øëfù
ì?ñ��½�nñ?ò�� ózú�î��ûí*ìzú��2ë ³ ô�îðõ&Ï[ëiö��¸ñyõ�î ê óJì?ò2õ^ñzòûú�ú²ëködó?ìzñ�ô�ïfìzô~ñzë � î²ì�ídëiú²ò ê �*õ�ì?ëiö��¸ñ�õ�î ê ó� í�î�ú²ë�®¸ë�ë ü î ê �Vì�í�ëøó�õ��øë��¸ò¸ú�ôO�øë��nñyõ¸ï
ìzî²ò ê ¯ Ð Ë?°wò�� ê ô�ïfú²ëkî ÿ �6ò2ë�Ï ü úðõ�î ê ì�í�î�ó?�ú²ë�ì
ô�ó·ñzëb��î�ózî²ì�Î8õ�í ê `vó�õ ê õ�ú���ózî�ó ÿ Î8õ�í ê î ê í~î�óX`Ô£ Ðdü õ ü ë�ñ ü ñ?ò ü òûó?ëköÆõº�(õ�ó?ì?ëkñ÷ïfô~ñG�¸ë�¸ò{�¸ë�ñ ê î ê �dõVì?ñyõ ê ó��nò�ñ¸�(õ�ìzî²ò ê � í�îðïyí ê ô�ïfú²ë�õ&ìzëkó·õ&ì��¸ñ�õ�î ê Ê òûô ê ö�õ&ñ�î²ëkó?��ëiöp�¸ëkó·õ ê ö
ï
ò¸ñ ê ë�ñ�ó ÿ £ ú�útò��8ì�í~ëkó?ëaï�ô�ñ��¸ëkó�í�õ�ö õ ¬ ô £� ózú²ò ü ë2ò��8Üãõ�ì÷ìzí~ë Ê ëb�ûî ê�ê î ê � õ ê ö
ö~ë ü ë ê ö~î ê �4ò ê ì�í~ëøì¾� ü ëøò�� ê ô�ïfú²ë�õ&ì�î²ò ê ��ìzí~ë(ózú²ò ü ë(ïyí�õ ê �¸ëkóHõ�ì·úðõ�ìzë�ñ/ì�î��^ëió ÿ « ò¸ñ
ìzí~ë·ï�õ�ó?ë!ò�� ì�í~ë��¸ñyõ�î ê Ê òûô ê ö�õ�ñ��2ózô~ñ���õ¸ï
ë ê ô�ïfú²ë�õ&ì�î²ò ê ì�í�ë·ózú²ò ü ë!ö~ëiïfñ?ëiõ�ó?ëió'�nñ?ò�� õ��õ�ú�ô~ëCò���Ü!ìzò/õF��õ�ú�ô~ëCò�� ¡ ÿ �|î�ógõ ê õ�ú���ózî�ó � õ�ó:�nò¸ñYì�í~ëJï�õ�ó?ëCò��%ïfò ê ó?ìyõ ê ì ê ô�ïfú²ëiõ�ì�î²ò ê ÿ« ò¸ñ-ózî²ì?ë�óyõ&ì�ô~ñ�õ�ìzëkö ê ô�ïfú²ë�õ&ì�î²ò ê ìzí~ëEózú²ò ü ëEïyí�õ ê �¸ëkó¿�nñzò�� õ ê î ê î²ì�îðõ�ú���õ�ú�ô~ë÷ò��1¤æìzò
õ×þ ê õ�ú'��õ�ú�ô~ëVò�� ¡ ÿ �8í~ëdï�í�õ ê �¸ëaî ê ózú²ò ü ëaò~ï�ïfô~ñzó � í~ë ê ì�í�ë éM�¸ñzò � î ê �D�¸ñ�õ�î ê ó"ê
Ê ëb�ûî ê ì?ò4î�� ü î ê ��ë^ò ê ëiõ¸ïyí ò¸ì�í~ë�ñ ÿ ��ë(õ�ú�ó?ò4õ�ózó�ô#�øëköãìzí�õ�ì/ì�í~ë ê ô�ïfú²ëiõ�ìzî²ò ê ózî²ìzëkó
õ�ñ?ë!ö�î�ó?ìzñ�î Ê ô~ìzëkö2ñyõ ê ö�ò��æú��2õ�ú²ò ê �Eìzí~ë Ê òûô ê ö�õ�ñ��2ózô~ñG��õ¸ï
ëj�*ñzëkózô�ú²ì�î ê �^î ê õ�ú��øòûó?ì8õ�ú�ú
ìzí~ëº�¸ñyõ�î ê ó^î�� ü î ê �ûî ê �ýõ�ìæõ Ê òûô~ìøìzí~ëÌó�õ��øëdìzî��øë��tí~ë ê ï
ëº�ûî���î ê � õ � ëkú�ú´ùv�(õ�ñG®¸ëkö
ì?ñyõ ê ózî²ìzî²ò ê î ê ì�í�ë��(õ�ó?ìzë�ñCïfô~ñ��¸ë ÿ �wí�î�ó ü ò¸î ê ì�ò���ìzñyõ ê ózî²ì�î²ò ê î ê ì�í~ë/ïfô~ñG�¸ë!ö~ë ü ë ê ö�ó
ò ê ì�í~ë·ìzò�ìyõ�ú ê ôO� Ê ë�ñJò�� ê ô�ï�ú²ëkî ü ñzëkó?ë ê ì ÿ

Ø ê õ�ú�úûì�í~ëCó�î���ô�úðõ�ì�î²ò ê óPö�î�ó�ïfô�ózó?ëiö÷ëiõ�ñzú�î²ëkñ?��ìzí~ë ê ô�ïfú²ëiî � ë�ñzë ü úðõ�ïfëköHò ê ì�í~ën�¸ñ�õ�î ê
Ê ò¸ô ê ö�õ�ñzî²ëkóHò ê ú��j��ì�í[ô�ó·ò ê ë � ò¸ô�ú�ö ëfÏ ü ë�ï
ìHìzí�õ�ìHìzí~ëb� � òûô�ú�ö7�nòûú�ú²ò � ì�í�ë��(õ�ózì?ë�ñ
ïfô~ñG�¸ë%�nò�ñ¿�¸ñyõ�î ê Ê òûô ê ö�õ�ñ�� ê ô�ïfú²ëiõ�ìzî²ò ê ÿ �wí~ë ü ú²ò¸ì�ó ¯ Ê ò�ì�í4ì�í~ë÷ëfÏ ü ëkñzî��øë ê ìyõ�ú6õ ê ö
ózî��Eô�úðõ&ìzëkö0°Hó�í�ò � ìzí�õ�ìøìzí~ë�ñzë4î�ó ê ò ìzñyõ ê ózî²ì�î²ò ê ü òûî ê ìæî ê ìzí~ë×ïfô~ñ���ëió � í~ë�ñzëdì�í~ë
ózú²ò ü ëEïyí�õ ê �¸ëkó¿�nñzò��§¤æìzò ¡ ÿ �wí�ëEñ?ëiõ�ó?ò ê �nò¸ñ|ì�í~ëEö~ëb��îðõ&ì�î²ò ê �nñzò�� ì�í~î�ó|ëfÏ ü ëiï
ìzëkö
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Ê ëkí�õ?��î²ò¸ñwï�õ ê Ê ë/ëfÏ ü úðõ�î ê ëkö Ê �æìyõ�®[î ê �^î ê ì?òøõ¸ï�ï
òûô ê ì�ì�í~ë���õ�ïfìCìzí�õ�ìa�*ëb�¸ë ê ì�í~ò¸ô#�ûí
ìzí~ë ê ô�ïfú²ëiõ�ìzî²ò ê ó�î²ì?ëkó4õ&ñzëýõ�ìº�¸ñyõ�î ê Ê òûô ê ö�õ�ñ�î²ëkó?�|ìzí~ëb� õ�ñ?ë ê ò ê ù.ô ê î��nò¸ñ¸�æú�� ö�î�óQù
ì?ñ�î Ê ô~ì?ëkö ÿ �Jë ê ïfë��ò ê ï
ë^ì�í�ëió?ëgé ê ë � ê½�¸ñ�õ�î ê ó!ó?ìyõ�ñ?ì��¸ñ?ò � î ê �À��î�� ü î ê �¸ë?�øë ê ì!ö~ò*ëió
ê ò�ì(ò~ï�ïfô~ñVõ�ì(ìzí~ë�ó�õ��^ë4ì�î��øë\�nò¸ñ2õ�ú�úwì�í~ë$�¸ñyõ�î ê ó ÿ £ óVõ ñ?ëkó�ô~ú²ì(ìzí~ë×ì?ñyõ ê ózî²ìzî²ò ê
ü ò¸î ê ìJî�ówó��øëiõ�ñ?ëköaòûô~ìJõ ê öaì�í~ë·ózú²ò ü ë·î�ówí�î��ûí~ë�ñ8ì�í�õ ê ìzí~ë·ëfÏ ü ë�ï
ì?ëiö½��õ�ú�ô~ë/ò���é ¡ ê ÿ£ ì�õ ê �½�ûî���ë ê ì�î��øë/ì�í~ë·óG��ó?ìzë?� í�õ�ówó?ò��øë���ñyõ�î ê ó � í�îðïyídí�õa��ë÷õ�ú²ñ?ë�õ�ö#�Vî�� ü î ê �¸ëkö
ò ê ò�ì�í~ë�ñ¿�¸ñ�õ�î ê ó � í~î�ú²ëHò¸ì�í�ëkñzó-õ&ñzë��¸ñ?ò � î ê � � î²ìzí~òûô~ì|í�õa��î ê ���¸ë�ì�î�� ü î ê �¸ëkö ÿ �wí~ë
þ ê õ�ú°ó�ú²ò ü ë^ò��¢ìzí~ë ¬ ô £� ü ú²ò¸ì/î�ó!í~ë ê ï
ëæõ��+ô ê ï
ì�î²ò ê ò��tì�í~ë ê ô#� Ê ë�ñ!ò�� ¯ ��òûú�ôO�øë�nñ�õ¸ï
ì�î²ò ê ° ê ô�ïfú²ëkîtî ê ìzí~ë2óG��ó?ìzë?� ÿ Ø �Cì�í�ë2ó��[ózì?ë?�Sïfò ê ìyõ�î ê ó÷õÌó��(õ�ú�ú²ë�ñHî ê î²ìzîðõ�ú!�¸òûú´ù
ôO�^ë��nñ�õ¸ï
ì�î²ò ê ò��Pñ?ëiïfñG��ó?ìyõ�ú�ú�î��kî ê �%�¸ñyõ�î ê óCì�í�ë ê ì�í~ë�ñ?ë � î�ú�ú Ê ë��øò�ñzë��¸ñ�õ�î ê ón�¸ñzò � î ê �� î²ì�í~òûô�ì·î�� ü î ê �¸ë?�øë ê ì � í�îðïyí � î�ú�úgî ê ïfñ?ëiõ�ó?ë^ì�í~ë(ózú²ò ü ëøìzò4õdí~î��ûí~ë�ñ���õ�ú�ô~ë ÿ �8í�î�ó
î�ó�ó?ë�ë ê î ê ìzí~ë÷ó�î���ô�úðõ�ì�î²ò ê ó � í~ë ê � ë���õ�ñG�aì�í~ë��¸òûú�ôO�^ë��nñ�õ¸ï
ì�î²ò ê ò��°ìzí~ë ê ô�ïfú²ëiî î ê
ìzí~ë(óG��ó?ìzë?�Á�nñ?ò�� ¤�Ë ì?ò ¡�Ñ Ë õ ê ö ìzí~ë(ózú²ò ü ë(ïyí�õ ê �¸ëkó��nñ?ò�� ¡ ÿ Í¸Ð ì?ò ¡ ÿ ¤'¤ ÿ �wí~ë
î�� ü î ê �¸ë?�øë ê ì�õ�ú�ózò�ö�ë ü ë ê ö�ó�ò ê ìzí~ë-ë�ÿ%ë�ï
ìzî��¸ëB�¸òûú�ôO�øë-õa��õ�î�úðõ Ê ú²ëB�nò¸ñ¢ì�í~ë ê ô�ïfú²ëiî ÿ Ø �
ìzí~ë!ë�ÿëiï
ì�î���ëh�¸òûú�ôO�øë/õa��õ�î�úðõ Ê ú²ë-î�óCó¸�æõ�ú�ú²ë�ñ�ìzí~ë ê �øò¸ñzë ê ô�ï�ú²ëkî � î�ú�ú�ëfÏ ü ë�ñ�î²ë ê ï
ë-ì�í~ë
î�� ü î ê �¸ë?�øë ê ì ÿ �8í�î�óCï�õ ê Ê ë!ó?ë�ë ê Ê ����õ�ñG��î ê �Hì�í~ëh�¸ñyõ�î ê �¸ë�ò��^ëkì?ñ�� ÿ Ø ê ìzí~ë ê ëiõ�ñzú��
ë ³ ô�îðõ�Ï�ëkö��¸ñ�õ�î ê ówìzí~ë·ìzò¸ì�õ�ú��¸ò¸ú�ôO�øë·õa��õ�î�úðõ Ê ú²ë��nò�ñ ê ô�ïfú²ëiõ�ì�î²ò ê î�ó Ê § 9 Ë � í�ëkñ?ë÷õ�ó
î ê ì�í�ë�ï�õ�ó?ë/ò��Yìzí~ë·ëkú²ò ê �*õ�ì?ëkö��¸ñ�õ�î ê óJî²ìJî�ó Ê ¡ 9 Ë ÿ µ
Í ÎzÏkÐOÕ¢×hÕÌãtÑaÓ�m.ÓÖÕ¢Ð�ÞPÓáÒ¨Â�ÐOÒÔÓ�à2×hÕ6Õ¢ÏkÐOÓ¢ãtÞ8Ð0ÒÔàsÕ¢Ï2Ð·ÓáÐOÕnsb×{Ý�ãtÓáÐ�Ó·æ$ÎzÏkÐ0Ó�m.ÓÖÕ¢Ð�Þ4s{Ò¼Õ¢ÏsÕ¢ÏkÐ0Ð·ÑÔ×tà&¡YãhÕ¢Ð�â

¡tÜÌãhÒÔàkÓ>Ï2ãtÓ�çMÃ�Õ¢Ò¼Þ8Ð·Ó8Õ¢ÏkÐfÓáÒÄÂ·ÐYæ   ÑÔÓá×�Õ¢ÏkÐfÓÖÕáÜ¢Ð·Õ¢ÝÌÏkÒÔà�¡:âk×.Ð·Ó>àk×tÕ>Ý·×YàkÓáÐÚÜ�{aÐfÕ¢ÏkÐ-{a×YÑ¼ÛkÞ8Ð�×YØ Õ¢ÏkÐ
¡tÜÌãhÒÔàkÓMÅOÒ¼ØbÒ¼ÕtsbÐÚÜ¢Ð8Õ¢×�Ý�×YàkÓáÐÚÜ�{aÐ>Õ¢ÏkÐ8{a×tÑÔÛkÞ8Ðws{ÏkÒ¼ÑÔÐ,Ð·ÑÔ×tà&¡YãhÕ¢ÒÔà�¡fÕ¢Ï2Ðw¡hÜÌãtÒÔàkÓ1Õ¢ÏkÐ8ä'×YÛkàkâ*ã+Ü�m:ãhÜ¢Ð�ã
sb×YÛkÑ¼â�ÒÔàkÝÚÜ¢Ð"ãtÓáÐtæ
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�8í~ë�ò Ê Èrë�ï
ìzî��¸ë�ò���ì�í~ëCó?ì�ô�ö#�Hî�óPì?ò!ö~ë�ìzë�ñ��æî ê ë�ì�í�ë ü õ�ñ�õ��øë�ìzë�ñzó°ï
ò ê ì?ñzòûú�ú�î ê ��ì�í~ë ü ñzò�ù
ï
ëkózó�ò��Gñ?ëiïfñG��ó?ìyõ�ú�ú�î��iõ�ìzî²ò ê ÿ �Yõ Ê ú²ë�£ ÿ ¤(ú�î�ó?ì�óJì�í~ë�ózî��Eô�úðõ�ìzî²ò ê ï
ò ê ö�î²ì�î²ò ê ó¿�nò¸ñ-ó?ìzô�ö#�*ù
î ê ��ì�í~ë!ë�ÿ%ëiïfìzó�ò ê ì?ëfÏ�ì�ô~ñ?ë!ëb�¸òûú�ô~ìzî²ò ê ÿ �wí�ë!ñzëkózô�ú²ì�ó8õ�ñzë ü ñ?ëió?ë ê ì?ëiöVî ê ì�í~ë!ì?ëfÏ�ì�ô~ñ?ë
ëb�¸òûú�ô�ì�î²ò ê ü ú²ò¸ì�ó2î ê þO�¸ô~ñzëkó
£ ÿ ÜÆì?ò £ ÿ ¡'¡ ÿ �wí�ë�ñyõ�ìzî²ò ê õ�ú²ë Ê ëií~î ê ö ózí~ò � î ê �_ÈQô�ó?ì
ì � òøï
ò�� ü ò ê ë ê ì�óCí�õ�ó Ê ë�ë ê õ�ú²ñzëiõ�ö#�æëfÏ ü úðõ�î ê ëkö2ëiõ�ñzú�î²ë�ñ ÿ �wí~ë Ê ú�ô~ë ú�î ê ëkóCózí~ò � ì�í~ë
Î�ô Ê ë2ïfò�� ü ò ê ë ê ì÷õ ê ö ì�í~ë ñ?ëkö ú�î ê ëkóHózí~ò � ì�í�ë(ëb�¸òûú�ô�ì�î²ò ê ò���ì�í~ë�©ãï
ò�� ü ò ê ë ê ì
ö�ô�ñ�î ê �dñzëiï
ñ��[ózì�õ�ú�ú�î��iõ�ì�î²ò ê ÿ �wí�ëæñ?ëkó�ô~ú²ì�ó·õ�ñ?ë ü ñ?ëió?ë ê ì?ëiö õ�ó!ì�í~ë^ì�î��øë^ëb�¸ò¸ú�ô~ì�î²ò ê ò��
ìzí~ë��¸òûú�ôO�øë��nñ�õ¸ï
ì�î²ò ê ò��gï
ò�� ü ò ê ë ê ì�óJõ ê ö ê ò¸ìJìzí~ë·ë�ñzñzò�ñ Ê ë�ì � ë�ë ê ìzí~ëHó�î���ô�úðõ�ìzëkö
õ ê ö^ëfÏ ü ë�ñ�î��^ë ê ìyõ�úq��õ�ú�ô~ëkó Ê ëiïkõ�ô�ó?ë � ëwò ê ú���í�õa�¸ëJózî´Ï�ëfÏ ü ë�ñ�î��øë ê ì�õ�ú�ò Ê ó?ëkñG��õ�ì�î²ò ê ó ÿ�8í~ëkózë!ò Ê ó?ë�ñ���õ�ìzî²ò ê ówõ&ñzë/ó�ôpÆ2ïfî²ë ê ì8ì?ò[�ûî��¸ë/ô~óJõ ³ ô�õ�ú�î²ì�õ�ì�î��¸ë-î�ö~ëiõ�ò��Pì?ëfÏ�ì�ô~ñ?ë/ëb�¸ò�ù
ú�ô~ìzî²ò ê Ê ô~ì!ò ê ë � òûô�ú�ö í�õa�¸ëEìzòdî ê ì?ëkñ ü òûúðõ�ì?ë Ê ë�ì � ë�ë ê ò Ê ó?ë�ñ���õ�ìzî²ò ê ó|ìzòaëfÏ�ìzñ�õ¸ï
ì·õ
³ ô�õ ê ì�î²ì�õ�ì�î���ë Ê ëkí�õa��î²ò¸ñ ÿXÇ ë�ìHô�ó·þ�ñ�ó?ì ü ñzëkó?ë ê ì·ì�í~ë���õ¸ï
ìzò�ñ�ó·î ê ì�í�ë(ò¸ñzö~ë�ñ·ò���ì�í~ëkî²ñ
î�� ü ò¸ñzì�õ ê ï
ëHõ ê ödìzí~ë ê � ë � î�ú�ú�ú²ò*ò�®aõ�ìJìzí~ë·ñyõ�ìzî²ò ê õ�ú²ë Ê ëií~î ê öÌìzí�î�óJózôO���(õ�ñG� ÿ
¡ ÿ/ò ñ�î²ë ê ì?ëiö ê ô�ï�ú²ëiõ�ìzî²ò ê

§�ÿ ô ò Ê î�ú�î²ì¾� £ ê î�ó?ò¸ìzñ?ò ü �
¤ ÿ ©*ì?ò¸ñzëkö_¦ ê ëkñG���
Ü ÿ ¦ ê ë�ñG��� £ ê î�ózò�ìzñzò ü �

D í~ë ê ì�í~ë ê ô�ïfú²ëkî%ò¸ñ�î²ë ê ì�õ�ì�î²ò ê õ�ñzë!ózëkú²ëiï
ìzëkö2ñ�õ ê ö~ò��øú��j�*ëb�¸ë ê ìzí~òûô#�ûí4ÎCô Ê ë·î�óCì�í~ë
ö~ò��æî ê õ ê ìgï
ò�� ü ò ê ë ê ìgõ�ì°ì�í~ë8ë ê ö�ò���ñzëiï
ñ���ó?ìyõ�ú�ú�î���õ&ì�î²ò ê �kìzí~ë8þ ê õ�úp�¸òûú�ô#�øën�nñ�õ¸ï
ì�î²ò ê
î�ó2ó?ì�î�ú�úB��õ�ñaõ � õa���nñzò�� ì�í~ë×ë�Ï ü ë�ñ�î��øë ê ì�õ�ú�ú�� ò Ê ó?ë�ñ��¸ëköÈ��õ�ú�ô~ë Ê ë�ì � ëkë ê Ü Ñ ùÚ£ Ñ Ë ÿ
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D í~ë ê ì�í~ëHñzëkózô�ú²ì�ó?��ózí~ò � ê î ê þO�ûô~ñ?ë�£ ÿ ÜÀ��õ�ñzë÷ïfò�� ü õ�ñ?ëiö � î²ìzíÌìzí~ëHñzëkózô�ú²ì�ó�ózí~ò � ê
î ê þO�ûô�ñzë}£ ÿ ¡'¡ � � í�ëkñ?ë õ�ú�úJì�í�ë�ò�ì�í~ë�ñVï
ò ê ö�î²ìzî²ò ê ó2õ�ñ?ë�î�ö~ë ê ì�îðï�õ�ú�õ ê öºì�í~ë ê ô�ïfú²ëkî
ò¸ñzî²ë ê ìyõ�ìzî²ò ê ó÷õ&ñzë2ó?ëkú²ë�ï
ì?ëiö�õ¸ï�ï
ò¸ñ�ö�î ê �4ìzò×ì�í~ë2ëiõ�ñzú�î²ëkñ��øë ê ìzî²ò ê ëkö�ó�ïyí~ë?�øë��Yî²ìEï�õ ê
Ê ë!ï
ò ê ïfú�ô�ö~ëkö(ìzí�õ�ì¢ò¸ñ�î²ë ê ì?ëkö ê ô�ïfú²ëiõ�ì�î²ò ê ü úðõa�[óCõ��¸ë�ñ��æî�� ü ò¸ñzì�õ ê ì¢ñ?òûú²ë ÿ �Yõ Ê ú²ë Ð ÿ ¡
ózí~ò � ówì�í~ë÷î ê î²ì�îðõ�úÌ�¸òûú�ô#�øë��nñ�õ¸ï
ì�î²ò ê ó8ò��Yì�í�ë÷ö�î-ÿ%ëkñ?ë ê ì�ï
ò�� ü ò ê ë ê ì�óJî ê ì�í�ë�ï�õ�ó?ëHò��
ñ�õ ê ö~ò�� ê ô�ïfú²ëiõ�ì�î²ò ê õ ê ö ìzí~ëæëfÏ ü ë�ñ�î��^ë ê ìyõ�ú�ú��4ò Ê ó?ë�ñ��¸ëkö ö�î�ó?ì?ñ�î Ê ô~ìzî²ò ê ÿò ñzî²ë ê ìzëkö�Yõ Ê ú²ë Ð ÿ ¡3± Î�ò�� ü õ�ñ�î�ó?ò ê ò�� î ê î²ì�îðõ�ú�ìzëfÏ�ìzô~ñzë ¯ õ�ú�ú ê ôO� Ê ë�ñ�ó�ñ?ë ü ò¸ñzì?ëiöVõ�ó ü ë�ñ�ïfë ê ì�õ��¸ë
ò��Pì�í�ëHì?ò¸ìyõ�ú��¸òûú�ôO�^ë*°

Î�ò�� ü ò ê ë ê ì ¦°Ï ü ë�ñ�î��øë ê ì�õ�ú ®�õ ê ö~ò�� � ô�ïfú²ëiõ�ì�î²ò ê
ÎCô Ê ë § Ü ¡ ¤
¨�ñyõ�ózó §~ÿ Ü ¤ ÿ Ü
Î�ò ü�ü ë�ñ £ ÿ ¤ £ ÿ¨§
© § Ü Ð ÿ Ñ

ê ô�ï�ú²ëiõ�ìzî²ò ê î�óæì�í�ë��^òûó?ì2î�� ü ò¸ñzì�õ ê ì���õ¸ï
ìzò¸ñ Ê ô~ì Ê � ê ò¯�øëiõ ê óæì�í~ë4ò ê ú�����õ¸ï
ìzò�ñ
ñ?ë ³ ô�î²ñzëköÍ�õ�ó!î�ó|ëb��î�ö~ë ê ì Ê �Ìë�Ï~õ��æî ê î ê �2ìzí~ëEëb�¸òûú�ô~ìzî²ò ê �nò¸ñ-ìzí~ëEò¸ì�í~ë�ñ/ï�õ�ó?ëkó ÿ Ø ì/î�ó��õ�î²ñzú��Eïfú²ë�õ&ñGìzí�õ�ì�õ·ïfò�� Ê î ê õ�ìzî²ò ê ò��%ò¸ì�í�ëkñC��õ¸ï
ìzò¸ñzóGî�ó ê ëiï
ëkózóyõ&ñ��Eî�� ê ò¸ì�õ�ú�ú ÿ « î��ûô�ñzëkó
£ ÿ Ð �1£ ÿ £�õ ê ö £ ÿ Ç ózí~ò � ì�í�õ&ìøî ê ïfú�ô�ö~î ê � ë ê ë�ñ����Æõ ê î�ózò�ìzñzò ü ���gó?ìzò�ñzëkö ë ê ë�ñ����Æõ ê ö�øò Ê î�ú�î²ì¾�æõ ê î�ózò�ìzñzò ü �æózë ü õ&ñyõ�ì?ëiú�� � î²ì�í2ò¸ñzî²ë ê ìzëkö ê ô�ï�ú²ëiõ�ìzî²ò ê �[ï�õ êVê ò¸ì ü ñ?ò¹��î�ö~ë|ì�í~ë
ö~ëkózî²ñzëköÌñzëkózô�ú²ì ÿ Ø ê õ�ú�ú ì�í~ë�ì�í�ñzë�ë^ï�õ�ó?ëkó?��ì�í~ëEïfô Ê ë^ï
ò�� ü ò ê ë ê ì-ó�í�ò � ó�ñ?ë�õ�ózò ê õ Ê ú²ë�¸ñ?ò � ìzí Ê ô�ìtëkî²ì�í~ë�ñGî²ìtî�ó ê ò¸ìGì�í~ëJö~ò��æî ê õ ê ì¢ï
ò�� ü ò ê ë ê ì¢õ ê ö � ò¸ñGìzí~ë�©^ï
ò�� ü ò ê ë ê ì
ö~ò*ëió ê ò�ì��nòûú�ú²ò � ìzí~ë×ë�Ï ü ë�ñ�î��øë ê ì�õ�ú ü õ�ìzì?ë�ñ ê ÿ « ò¸ñ(ì�í~ë ï�õ�ó?ë×ò��/î ê ïfú�ô�ö�î ê ��ò ê ú��
ìzí~ëdó?ì?ò¸ñzëkö�ë ê ëkñG�����°ìzí~ë4ÎCô Ê ëÌï
ò�� ü ò ê ë ê ìEî�óEö~ò��æî ê õ ê ì Ê ô�ìøõ�ì^úðõ�ì?ë2ì�î��øëkó÷ì�í~ë
© ï
ò�� ü ò ê ë ê ì4î ê ïfñ?ëiõ�ó?ëiódõ��*õ�î ê�ÿ « ò¸ñaì�í~ëýïkõ�ózëãò���î ê ïfú�ô�ö�î ê � ò ê ú�� ìzí~ë ë ê ë�ñ����
õ ê î�ózò�ìzñzò ü ���{© ê ëb�¸ë�ñ·ö~ëiïfñ?ëiõ�ó?ëió ÿ Ø ê ïfú�ô�ö�î ê �dò ê ú��×ìzí~ë��øò Ê î�ú�î²ì¾�×õ ê î�ó?ò¸ìzñ?ò ü �$�ûî��¸ëkó
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ìzí~ë�ïfú²òûó?ëkó?ì ñ?ëiózô�ú²ì Ê ô~ì6ìzí~ë8©/ï
ò�� ü ò ê ë ê ì6ö~ò*ëió ê ò¸ìÍ��õ�ú�ú���õ�ó?ì ë ê òûô#�ûí ÿ �wí*ô�ó ò ê ëCï�õ ê
ï
ò ê ïfú�ô�ö�ë�ì�í�õ�ìYìzí~ë ê ë�Ï[ì!�øòûó?ì°î�� ü ò¸ñzì�õ ê ì���õ�ïfì?ò¸ñ��¸ò¹�¸ë�ñ ê î ê �|ìzí~ëCì?ëfÏ�ì�ô~ñ?ëCëb�¸òûú�ô�ì�î²ò ê
î�óEìzí~ë\�øò Ê î�ú�î²ì¾��õ ê î�ó?ò¸ì?ñzò ü � ÿ Î�ò�� ü õ�ñ�î ê � þ#�ûô~ñzëkó=£ ÿ £ õ ê ö�£ ÿ 9 î²ìæõ ü�ü ë�õ&ñ�ó^ìzí�õ�ì
î ê ïfú�ô�ö~î ê �^ì�í~ë/ë ê ë�ñ����aõ ê î�ó?ò¸ì?ñzò ü �2í~ëkú ü ó8ì�í~ë��¸ñ?ò � ìzíaò��s©aï
ò�� ü ò ê ë ê ì ÿ ©[î��æî�úðõ�ñzú��
Ê ��ï
ò�� ü õ&ñ�î ê �×ì�í�ëaþO�¸ô~ñzëkó7£ ÿ Ç õ ê öL£ ÿ ¡kÑ �Yò ê ëdï�õ ê ö~ñ�õ � õ�ózî��æî�úðõ�ñ�ï
ò ê ïfú�ô�ózî²ò ê ÿ
Ø ��ó?ìzò¸ñ?ëköÆë ê ë�ñ����Æõ ê öÆì�í~ëdõ ê î�ó?ò¸ì?ñzò ü � ö�ô~ëaìzò��øò Ê î�ú�î²ì¾�ýõ�ñzëVî ê ïfú�ô�ö~ëköÆìzí~ë ê ì�í~ë
ì?ë�Ï[ì�ô~ñ?ë|ò���ìzí~ë|þ ê õ�úÎ�æîðï
ñ?òûó?ìzñ�ô�ïfìzô~ñzë�í�õ�ó¢ì�í~ë Ê ëkó?ì'�(õ�ìyïyí � î²ìzíæì�í~ë|ëfÏ ü ë�ñzî��øë ê ìyõ�ú
ñ?ëiózô�ú²ìzó ÿ�wí*ô�óøì�í�ë\��õ�ïfì?ò¸ñ�ó^î ê ì�í�ëÌò¸ñ�ö�ëkñ^ò��|ì�í~ëkî²ñøñ?ëkúðõ�ì�î��¸ëaî�� ü ò�ñzìyõ ê ï
ëÌõ�ñzëdò¸ñzî²ë ê ìzëkö
ê ô�ï�ú²ëiõ�ìzî²ò ê �"�øò Ê î�ú�î²ì¾� õ ê î�ó?ò¸ìzñ?ò ü ����ó?ìzò�ñzëköºë ê ë�ñ����Éõ ê öÏ�¸ñyõ�î ê Ê òûô ê ö�õ�ñ�� ë ê ë�ñ����
õ ê î�ózò�ìzñzò ü � ÿ �wí�ëEî ê î²ìzîðõ�ú ñzî�ózë÷ò���ÎCô Ê ëøõ ê ö×ì�í�ë���õ�ú�ú ò��gì�í~ë7©Ìïfò�� ü ò ê ë ê ì!ï�õ ê Ê ë
õ�ì?ìzñzî Ê ô~ìzëkö2ì?ò^ì�í~ë-ë.ÿ%ëiï
ì8ò��Pó?ìzò¸ñ?ëköVë ê ë�ñ���� � í�îðïyídï�õ ê Ê ë/î ê �në�ñzñzëkö Ê �2ïfò�� ü õ�ñzî ê �
þO�¸ô~ñzëkó1£ ÿ Ç õ ê ö=£ ÿ Í ÿ �wí�ëJö�î-ÿ%ë�ñzë ê ï
ë Ê ë�ì � ë�ë ê ì�í�ëió?ë8ì � ò/þO�¸ô~ñzëkóGî�ó°ì�í�õ�ì°þO�ûô~ñ?ë/£ ÿ Í
õ�ú�ó?ò/î ê ïfú�ô�ö~ëkó°ì�í~ëwë�ÿ%ë�ï
ì°ò��ó?ì?ò¸ñzëköEë ê ë�ñ�����î ê õ�ö�ö�î²ìzî²ò ê ìzò·ìzí~ëwò¸ñzî²ë ê ìzëkö ê ô�ïfú²ë�õ&ì�î²ò ê
õ ê ö��øò Ê î�ú�î²ì¾�Éõ ê î�ózò�ìzñzò ü � ÿ �wí~ë ó?ì?ò¸ñzëkö ë ê ë�ñ����Éò��Hõ�ú�ú�ìzí~ë ê ô�ïfú²ëkî|î�ó(ìzí~ë�óyõ��øë
éM��ë�ñzò'ê � í~îðï�íøî�ó¢î ê õ¸ï�ïfò�ñ�ö�õ ê ïfë � î²ìzíøì�í~ëB��õ¸ï
ìGì�í�õ�ìGì�í~ë ê ë � ��ñyõ�î ê ótõ�ñzëwñzëkúðõ�ìzî��¸ëkú��
ö�î�ózú²ò~ï�õ�ìzî²ò ê �nñzë�ëaõ ê öÆí~ë ê ï
ëVí�õa�¸ë2ú²ò � ë�ñ÷ó?ìzò¸ñ?ëiöýë ê ëkñG��� ÿ �wí~ëVó?ìzò¸ñ?ëkö�ë ê ë�ñ���� ò��
ìzí~ëæö~ëb�nò¸ñ��øëkö��¸ñyõ�î ê ó/î�ó·ö~ë�ìzë�ñ��æî ê ëkö Ê �×ì�í~ë^ò¸ñ�î²ë ê ì�õ�ì�î²ò ê ò���ìzí~ë&�¸ñ�õ�î ê ó·õ ê öãì�í~ë��õ�ú�ô~ëkówó�í�ò � ê î ê ìyõ Ê ú²ëG£ ÿ¨§~ÿCÐ ë ê ï
ë÷ó?ìzò¸ñ?ëködë ê ë�ñ���� � î�ú�ú�ö~ò��æî ê õ&ìzë·ìzí~ëHëiõ�ñzú�� ü õ�ñzì
ò��÷ì�í~ëãìzëfÏ�ì�ô�ñzë ë?��òûú�ô~ì�î²ò ê ózî ê ï
ë�õ�ú�ú!ìzí~ë ê ô�ïfú²ëiî·õ&ñzëýózô~ñ?ñzòûô ê ö~ëkö Ê � ö~ëb�nò¸ñ¸�^ëiö�¸ñ�õ�î ê ó ÿ ò-ê ï
ë ìzí~ë ê ô�ïfú²ëiî!î�� ü î ê �¸ëãò ê ëiõ¸ïyí ò¸ì�í�ëkñ?�-í~ò � ëb�¸ë�ña��ìzí~ë�õ ê î�ózò�ìzñzò ü �
ó?ìyõ&ñzì�ó ü úðõa��î ê �Võ ê î�� ü ò¸ñzì�õ ê ì�ñzòûú²ë ÿ £ ó ê ò¸ìzëkö4ëiõ�ñ�ú�î²ë�ñ|î²ì-õ ü�ü ë�õ&ñ�ó|ìzí�õ�ì-î ê ïfú�ô�ö~î ê �
ìzí~ë·ë ê ë�ñ����dõ ê î�ó?ò¸ìzñ?ò ü �Vó?ë�ë?�æówì?òæí~ëkú ü ìzí~ë��¸ñzò � ì�íVò��Pì�í~ë:©aï
ò�� ü ò ê ë ê ì�õ�ìJúðõ�ì?ë�ñ
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ìzî��øëkó ÿ « î��ûô~ñzë�£ ÿ¨§ ózí~ò � ótì�í~ë�ë ê ë�ñ����øõ ê î�ó?ò¸ì?ñzò ü �øõ�ó�õ��+ô ê ï
ì�î²ò ê ò���ö�î�ó?ò¸ñ�î²ë ê ì�õ�ì�î²ò ê
õ ê �ûú²ë ÿ £ �¸ë ê ë�ñyõ�ú~í�î��ûíøõ ê �ûú²ë Ê òûô ê ö�õ�ñG�^í�õ�óGí�î��ûí&�^ò Ê î�ú�î²ì¾��õ ê öæõ�ú�ó?ò·í�î��¸í^ë ê ë�ñ����
ò¸ìzí~ë�ñøìzí�õ ê ì�í~ë4ó ü ëiïfîðõ�ú�Î,© Ç Ê òûô ê ö�õ�ñ�î²ëkó ÿ �wí�ëÌë ê ë�ñ���� õ ê î�ó?ò¸ìzñ?ò ü �Æí�õ�ó(ïfô�ó ü ó�nò¸ñ2ì�í~ëãó ü ëiïfîðõ�ú Ê òûô ê ö�õ�ñ�î²ëkó � í�î�ú²ë ìzí~ë/�^ò Ê î�ú�î²ì¾�ºõ ê î�ó?ò¸ìzñ?ò ü �ºí�õ�ó ü ëiõ�®[ó ÿ �wí~ë
ïfô Ê ë�ï
ò�� ü ò ê ë ê ì�î�óJñzëkúðõ�ì?ëiöaìzò�© Ê �dí�õa��î ê �2õ��øî�ózò�ñ�î²ë ê ìyõ&ì�î²ò ê ò��YÜ Ñ ¥�õ Ê òûô�ì�ì�í~ë
Ã ¡'¡3¡ Å õ&Ï~î�ó?� � í�îðïyíãí�õ ü�ü ë ê ó!ìzò Ê ëæïfú²òûó?ëEì?òaì�í~ë2Ä 9 ì¾� ü ë^ò�� Ê òûô ê ö�õ&ñ�� ÿ �wí~ë�øò Ê î�ú�î²ì¾�aïfô~ñ���ë�í�õ�ó-õ ü ëiõ�®Ìõ�ì�ìzí~ëøÄ 9 ü ò¸ó�î²ìzî²ò ê ¯ þO�ûô�ñzë�£ ÿ ¤�°Cî�� ü ú���î ê �(ìzí�õ�ì�ìzí�î�ó
Ê ò¸ô ê ö�õ�ñG� î�óøí�î��ûí�ú��¯�øò Ê î�ú²ë ÿ �8í[ô�óøìzí~ë×õ ê î�ó?ò¸ì?ñzò ü � î ê �øò Ê î�ú�î²ìÑ� ï�õ ê í~ëkú ü ì�í~ë�¸ñ?ò � ìzí�ò��tì�í~ëæïfô Ê ë(ï
ò�� ü ò ê ë ê ì � í~ë ê ì�í~ëæïfô Ê ëæõ ê ö�ì�í~ë© ê ô�ïfú²ëiîYî�� ü î ê ��ëEò ê
ëiõ¸ïyí�ò¸ìzí~ë�ñ ÿ}ò-ê ì�í~ëVò¸ìzí~ë�ñEí�õ ê öÆì�í~ë4Ä 9 ü òûózî²ì�î²ò ê î ê ì�í~ëVë ê ë�ñG����ïfô~ñ���ëaí�õ�ó^õ
ïfô�ó ü î�� ü ú���î ê � ì�í�õ�ìøìzí~ë Ê òûô ê ö�õ�ñ�� í�õ�óøú²ò � ëkñ�ë ê ëkñG��� ÿÒÐ ë ê ï
ëÌî���ì�í�ëÌë�ÿ%ëiïfì^ò��
ë ê ë�ñ����2õ ê î�ó?ò¸ì?ñzò ü �æî�óCî ê ïfú�ô�ö~ëköaõ ê öaî�� ìzí~ë·ïfô Ê ë·õ ê ö�© ê ô�ïfú²ëkî%î�� ü î ê �¸ë��ûì�í~ë ê ì�í~ë
Ê ò¸ô ê ö�õ�ñG��î�ó!�¸òûî ê �!ì?ò Ê ë�õ-ó?ìyõ Ê ú²ë Ê ò¸ô ê ö�õ�ñG�^õ ê öøï�ô Ê ë�ï
ò�� ü ò ê ë ê ìgïkõ ê^ê ò¸ì!�¸ñzò �
õ�ìwìzí~ë·ëfÏ ü ë ê ó?ëHò���© ÿÓÐ ë ê ï
ëHî²ì�õ ü�ü ë�õ&ñ�ówì�í�õ&ìJò¹�¸ë�ñ�õ�ú�úÌ�¸ñ?ò � ìzíaò��1©aï
ò�� ü ò ê ë ê ìJî�ó
õ�î�ö�ëiö Ê �2ì�í~ë·ë ê ë�ñ����aõ ê î�ózò�ìzñzò ü � ÿ
=dÝZÔ ß
ì,ë^âiàkåPï

�8í~ë!î ê î²ìzîðõ�ú�ú²ë ê �¸ìzí2ó�ï�õ�ú²ëh�nò¸ñ¢ì�í~ë-ó�î���ô�úðõ�ìzëkö��æîðï
ñzòûó?ì?ñ�ô�ï
ì�ô�ñzë � õ�ó�ó?ë�ì Ê �øë ³ ô�õ�ìzî ê �
ìzí~ëF�¸ñ�õ�î ê ózî���ë|ìzò�ìzí~ë-ëfÏ ü ë�ñzî��øë ê ìyõ�ú�ú��Eò Ê ó?ë�ñ���ëiö(ö~ëb�nò¸ñ¸�^ëiöX�¸ñ�õ�î ê ózî���ë ÿ �wí~ëF�¸ñ�õ�î ê
ózî���ë � õ�ó/ò Ê ìyõ�î ê ëiö ô�ózî ê �dì�í~ëøú�î ê ëøî ê ì?ëkñ�ï
ë ü ì��øë�ì�í~ò[ö ÿ Dýëøò ê ú�� ï
ò ê ózî�ö~ë�ñ?ëiö�ì�í~ë�¸ñ�õ�î ê ózî��kë ¯ ì�í�îðï¸® ê ëkózót°Põ�ú²ò ê �!ì�í�ë ê ò¸ñ��(õ�ú[ö�î²ñzëiï
ì�î²ò ê�ÿ �8í~ëJózî���ëCò���ì�í�ë,¦�¨,©6ª ó�ïkõ ê ó� õ�ó ê ò�ì÷ó�õ��^ë&�nò¸ñ/ì�í~ëæî ê î²ìzîðõ�úgõ ê öãì�í~ëæþ ê õ�úgì�î��^ë ü òûî ê ì�ó ÿ £ ú�ó?òdì�í~ë ê ôO� Ê ë�ñ·ò��
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ñ?ë�ï
ñG��ó?ìyõ�ú�ú�î��kî ê � ê ô�ïfú²ëkî � õ�ó ê ò¸ì!ìzí~ëøó�õ��^ë^î ê ózî��Eô~úðõ�ì�î²ò ê ó!õ ê ö�ìzí~ëEë�Ï ü ë�ñ�î��øë ê ìzóa�
í~ë ê ï
ë÷ìzòaï
ò�� ü õ�ñ?ë÷ìzí~ë�þ ê õ�úÍ�¸ñyõ�î ê ózî��kë���ìzí~ë^õa�¸ë�ñyõ¹�¸ë÷î ê ï
ñzëiõ�ó?ë�î ê ì�í�ë��¸òûú�ô#�øë÷ò��
ëiõ¸ïyí$�¸ñyõ�î ê � õ�ó-ô�ó?ëkö ÿ �8í~ëøõa��ëkñ�õ��¸ë�î ê î²ìzîðõ�úÕ�¸ñ�õ�î ê ózî��kë�î ê ìzí~ëEñ?ë�õ�ú:�(õ&ìzë�ñ�îðõ�ú � õ�ó
Ê £ ÿ £'£�Ö��$� � í�î�ú²ë/ì�í~ë÷õa�¸ë�ñ�õ��¸ë!þ ê õ�ú��¸ñ�õ�î ê ózî���ë���ò Ê ì�õ�î ê ëkö Ê �aó ü í~ë�ñ?ëHë ³ ô�î���õ�ú²ë ê ì
ñ�õ�ö�î�ô�ó?� � õ�ó Ê § Í ÿ ¡ £½Ö�� ÿ �wí�õ�ìHî�ó?��ìzí~ë(õa�¸ë�ñyõ¹�¸ëøî ê ï
ñzëiõ�ó?ëæî ê �¸ñyõ�î ê ózî���ë � õ�ó Ê
¤ ÿ Ç ÿ �8í~ë^õa�¸ë�ñyõ¹�¸ë÷î ê î²ìzîðõ�úÍ�¸ñ�õ�î ê ózî���ë�î ê ózî��Eô�úðõ�ìzî²ò ê ó � õ�ó Ê Ñ ÿ Ç Í �¸ò�Ï�ëkú�ó|õ ê ö4ì�í~ë
þ ê õ�úC�¸ñyõ�î ê ózî���ë Ê ¤ ÿÄ§ ��ò�Ï�ëkú�ó��ûî���î ê �×õº��õ�ú�ô~ëæò��n��õ¸ï
ì?ò¸ñ�¤ ÿ Ð �nò�ñHìzí~ë2î ê ï
ñzëiõ�ó?ë(î ê�¸ñ�õ�î ê ózî���ë�� � í~îðï�ídî�ó��¸ë�ñ��Vózî��æî�úðõ�ñ8ì?òæì�í~ë·ëfÏ ü ë�ñzî��øë ê ìyõ�úÌ��õ�ú�ô~ë ÿ

« î��ûô�ñzë Ð ÿ £ ±~Ø b « �(õ ü ò��!�øîðïfñ?òûó?ìzñzô�ï
ì�ô~ñ?ëHõ��nì?ë�ñwñzëiï
ñ���ó?ìyõ�ú�ú�î���õ&ì�î²ò ê
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« î��ûô~ñ?ë Ð ÿ Ð)±Xô îðï
ñzòûó?ìzñzô�ï
ì�ô~ñ?ë4õ��nìzë�ñøñ?ëiïfñG��ó?ìyõ�ú�ú�î��iõ�ìzî²ò ê î ê ó�î���ô�úðõ�ì�î²ò ê ó ¯ ï
òûú²ò¸ñzóæõ�óQù
ózî�� ê ëköañyõ ê ö~ò��æú��$°

« î��ûô~ñ?ëió Ð ÿ £Võ ê ö Ð ÿ Ð ózí~ò � ó!ì¾� ü îðï�õ�ú!�æîðï
ñzòûó?ìzñzô�ï
ì�ô~ñ?ëkó/õ��nìzë�ñ!ñzëiï
ñ���ó?ì�õ�ú�ú�î��iõ�ì�î²ò ê
î ê ëfÏ ü ë�ñ�î��^ë ê ì�õ ê öÌózî��Eô�úðõ&ì�î²ò ê ñzëkó ü ëiï
ì�î��¸ëkú�� ÿ

Ø ì � õ�ó÷õ�ózózôO�øëköãì�í�õ�ì·ìzí~ë(ìzî��øëæî ê ìzí~ë(ó�î���ô�úðõ�ì�î²ò ê ó�ï�õ�ú²ëkóHú�î ê ë�õ&ñ�ú�� � î²ì�íãì�í~ë
ñ?ë�õ�ú�ì�î��øë ÿ �wí~ë÷î ê î²ì�îðõ�ú6õ ê öÌì�í~ëHþ ê õ�ú�ì�î��øë��~ìzí~ë÷ìzî��øë÷õ�ì � í�îðïyídñzëiï
ñ���ó?ì�õ�ú�ú�î��iõ�ì�î²ò ê
î�óGï
ò�� ü ú²ë�ìzë���î ê ì�í�ëJó�î���ô�úðõ�ì�î²ò ê ó°î�ógó?ëkìgë ³ ô�õ�ú[ìzò/ì�í~ëJï
ò¸ñzñ?ëió ü ò ê ö�î ê �/ëfÏ ü ë�ñzî��øë ê ìyõ�ú
ìzî��øëkó ÿ « ò¸ñ�ì�í~ëaö~î-ÿë�ñzë ê ì�ózî��Eô~úðõ�ì�î²ò ê ï
ò ê ö�î²ìzî²ò ê ó÷ìzí~ëVþ ê õ�ú�ìzî��øë � õ�óEö�î-ÿ%ë�ñzë ê ì ÿ
Ø ê ó?ì?ë�õ�öVò�� ë ³ ô�õ�ìzî ê ��ì�í~ë/î ê î²ì�îðõ�ú�ì�î��øë ¯ ì R/Ñ °Gò ê ë/ïfò¸ô�ú�ödõ�ó � ëkú�ú%ö~ò^ìzí~ë/ó�ï�õ�ú�î ê �^õ�ì



�!°h±�²F³!´"µIH�¶KJ�ÉML���ÊNLOLqÉ�Ëw7 ¡�Ñ 9

ì R�× ìa� � í~îðï�í7�ûî��¸ëkóHõÌó?ìzñ�õ�î��ûí*ìHú�î ê ë&�nò¸ñHìzí~ë ¬ ô £F ü ú²ò¸ì ÿ �wí�î�ó���õ�ú�ô~ëæò�� × ì � õ�ó�nòûô ê öæì?ò Ê ë-õ Ê òûô�ì ¡�Ñ¸Ñ ì�î��øëkótó��(õ�ú�ú²ë�ñGìzí�õ ê ì�í~ëJþ ê õ�ú�ìzî��øë|õ ê ö(í~ë ê ï
ë � òûô~ú�ö ê ò¸ì
ïyí�õ ê �¸ë/ì�í~ëHó�ï�õ�ú�î ê �[��õ¸ï
ìzò¸ñ Ê ���Eô�ï�í ÿ



( ) *,+ -/.10 Ø
ÙÛÚ Ü Ü *Ý08Þ * ; ß à Ú -8Ú 0Ò. á 9 0Òâ
Dýë�ózôO�&�(õ�ñ�î���ëHìzí~ë��(õ�î ê ò ÊOã ëiï
ì�î��¸ëkówò��°ì�í~î�ó � ò¸ñ�®Ìõ ê ö×ìzí~ë ê ó?ë�ë�í�ò ��� ëkú�ú�ì�í~ëb�
í�õ?�¸ë Ê ë�ë ê õ¸ïyí�î²ëb�¸ëkö ÿ
ñKä ô�î�ú�ö�õ|ï
ò�� ü ô~ìzë�ñ��øò�ö�ëiú � í�îðïyíHózî��Eô�úðõ�ì?ëió ìzí~ë ü ñzò~ï
ëkózóPò���ñzëiï
ñ���ó?ì�õ�ú�ú�î��iõ�ì�î²ò ê
ñ Ø ö~ë ê ìzî��å�aî�� ü ò¸ñzì�õ ê ì ü õ&ñyõ��øë�ì?ëkñzó��¸ò¹�¸ë�ñ ê î ê �^ñzëiï
ñ��[ózì�õ�ú�ú�î��iõ�ì�î²ò ê

Dýë!í�õa�¸ë!õ�ó?ëkì�ò���ìzò[òûú�ó ê ò � õ�ózózë?� Ê ú²ëiöæìzò���ë ê ëkñ�õ�ìzë-ó?ìyõ�ìzî�ózìzîðï�õ�ú�ú��Eñzë ü ñ?ëkózë ê ì�õ�ì�î���ëæ ùÑçl�æîðï
ñ?òûó?ìzñ�ô�ïfìzô~ñzëkóVô~ó�î ê � § ùÑçSî ê ü ô~ì�óaî ê ìzí~ë7�nò¸ñ�� ò���è ä é çê�(õ ü ó ÿ èC��ë ê� î²ì�í õÆó��(õ�ú�ú ê ôO� Ê ë�ñaò�����ñyõ�î ê ó7ëvì Ç Ñ¸Ñjí � ëãí�õa�¸ë ózí~ò � ê ìzí�õ�ìVì�í~ë ñzëkózô�ú²ìyõ ê ì�æîðï
ñ?òûó?ìzñ�ô�ïfìzô~ñzë!î�óJõ^ï�ú²ò¸ózë��(õ�ì�ïyíVìzòøìzí~ë·ëfÏ ü ëkñzî��øë ê ìyõ�ú�ú��æò Ê ó?ëkñG�¸ëköaò ê ë·î ê ìzë�ñ��æó
ò����¸ë�ò��^ëkì?ñ��øõ�ó � ëkú�ú�õ�óCï
ñ���ó?ìyõ�ú�ú²ò��¸ñyõ ü í�îðïCò¸ñzî²ë ê ìyõ�ìzî²ò ê ÿ �8í~ë ê ëfÏ�ì�ó?ìzë ü î�ó¢ì?ò Ê ô�î�ú�ö
Ê î����¸ë�ñ�ó?ì?ñ�ô�ï
ì�ô�ñzëkóCï�õ ü õ Ê ú²ëJò���í�õa��î ê �&ì&î Ñ¸Ñ¸Ñ ùWî Ñ�Ñ¸Ñ¸Ñ �¸ñyõ�î ê ó�î ê î²ì ÿ Dýë!õ�ñzë|ú�î��æî²ìzëkö
î ê ìzí�î�ó¢ë ê ö�ë�õ?�¸ò¸ñ Ê �^ì�í~ë!õ?��õ�î�úðõ Ê ú²ë|ï
ò�� ü ô~ì�î ê � ü ò � ë�ñ ÿ �8í~ë ê õ�ìzô~ñyõ�ú�ëfÏ�ìzë ê ózî²ò ê ò��
ìzí�î�ó � òûô�ú�ö Ê ë^ìzòdí�õ?�¸ë ô é Ê ô�î�ú�ö~ë�ñ/ñzô ê ò ê õ ü õ�ñyõ�ú�ú²ëkú ü úðõ&ì��nò¸ñ��$� � í�îðïyí � ò¸ô�ú�öÍ�

î Ñ Ç
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í~ò � ëb�¸ë�ña�¸ñzë?÷[ô~î²ñzë!ózî�� ê î²þ�ï�õ ê ìCõ�ö�ö�î²ìzî²ò ê õ�ú ü ñ?ò��¸ñyõ����æî ê ���(õ�î ê ú��[�nò¸ñ�ì�í�ë/ó?ëkú²ëiï
ì�î²ò ê
ò��Pì�í�ëHò ü ì�î��(õ�ú�ú�� ü õ�ïW®�ëiödó?ë�ìJò��Pëkú�ú�î ü ó?òûî�ö�ó ÿ�wí�ëãózî��Eô�úðõ&ìzëköºñzëiï
ñ���ó?ìyõ�ú�ú�î���õ&ì�î²ò ê ®[î ê ë�ì�îðïfóX�nòûú�ú²ò � ì�í~ë�ëfÏ ü ëkñzî��øë ê ìyõ�ú�ò Ê ózë�ñQù��õ�ìzî²ò ê ó&�¸ë�ñG� � ëkú�ú � í~ë ê ì�í�ë ê ô�ïfú²ëkî ü úðõ¸ï
ë?�øë ê ì(õ ê öÉì�í~ë$��ëkò��øë�ìzñ�� î�ó(ïfò�ñzñzëiï
ì ÿ�8í~ë^ï
ò�� Ê î ê ëkö4ë�ÿëiï
ì�ò��Gò�ñ�î²ë ê ìzëkö ê ô�ï�ú²ëiõ�ìzî²ò ê ��ó?ì?ò¸ñzëkö4ë ê ë�ñG���4õ ê ö õ ê î�ózò�ìzñzò ü �dî�ó
ñ?ëa÷*ô�î²ñzëkö ìzòP�¸ë�ìøì�í~ë Ê ëkó?ì ü òûózó�î Ê ú²ë×õ��¸ñ?ëkë?�øë ê ì � î²ì�íÉìzí~ë4ëfÏ ü ëkñzî��øë ê ìyõ�ú8ñ?ëiózô�ú²ìzó�nò¸ñCì?ë�Ï[ì�ô~ñ?ë/ë?��òûú�ô~ì�î²ò ê ÿCø ñzî²ë ê ìyõ�ìzî²ò ê ö~ë ü ë ê ö�ë ê ìJó?ìzò�ñzëköaë ê ë�ñ����X�ûî��¸ëkó�ì�í~ëHï
ò¸ñ?ñzëiï
ì
Ê ëkí�õ?��î²ò¸ñ�ò��Jì�í~ëaì?ëfÏ�ì�ô~ñ?ëaëb�¸òûú�ô~ìzî²ò ê �nò¸ñEìzí~ëdî ê î²ìzîðõ�ú¢ìzî��øëkó � í~ë ê ìzí~ë ê ô�ïfú²ëkî8õ�ñ?ë�¸ñ?ò � î ê �$�nñzë�ëkú�� � î²ìzí~òûô~ì�î�� ü î ê �ûî ê �4ò ê ëiõ¸ïyíýò¸ìzí~ë�ñ ÿ �wí~ëaõ ê î�ó?ò¸ì?ñzò ü �7�ûî��¸ëkó·ì�í~ë
ï
ò¸ñ?ñzëiï
ì Ê ëkí�õa�[î²ò¸ñs�nò¸ñ¢ìzëfÏ�ìzô~ñzë�ëb�¸òûú�ô~ìzî²ò ê õ�ì¢úðõ�ìzë�ñtìzî��øëkó � í�ë ê ì�í~ë ê ô�ïfú²ëiî�î�� ü î ê �¸ë
ò ê ëiõ¸ïyí×ò¸ìzí~ë�ñ ÿ �8í[ô�ó-ìzí~ë��nòûú�ú²ò � î ê � ü õ�ñ�õ��øë�ìzë�ñzó!õ�ú�úYõ*ÿ%ë�ï
ì|ì�í~ë[�øîðïfñ?òûó?ìzñzô�ï
ì�ô~ñ�õ�ú
ëb�¸òûú�ô�ì�î²ò ê ì?ò���õ�ñG��î ê �æö~ëb�¸ñ?ëkëkó ÿ

ù ó-ë�ò��øë�ì?ñ��
ùK� ô�ï�ú²ëkî ü úðõ¸ï
ë?�øë ê ì
ùÈø ñ�î²ë ê ì?ëiö ê ô�ï�ú²ëiõ�ìzî²ò ê
ù ô ò Ê î�ú�î²ì¾�Võ ê î�ó?ò¸ìzñ?ò ü �
ùÈé ì?ò¸ñzëködë ê ë�ñ����
ù è ê ë�ñG���dõ ê î�ó?ò¸ì?ñzò ü ��wí*ô�ó � ëHí�õ?�¸ë÷õ�ö~ö~ñzëkózó?ëiöaì�í~ë·ò Ê#ã ëiïfìzî��¸ëkó8ì�í�õ&ì � ëHó?ë�ìJòûô�ì � î²ìzíÍ� � í�î�ú²ë��*õ�ì�í[ù

ë�ñ�î ê �%��õ�ú�ô�õ Ê ú²ë|î ê ózî��ûí*ìtò ê ìzí~ë|ë�ÿëiï
ìtò���ëiõ¸ïyí ü õ�ñyõ��øë�ìzë�ñtò ê ì�í~ë|ò{�¸ë�ñyõ�ú�ú Ê ëkí�õa��î²ò�ñ
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ò���ìzí~ë-óG��ó?ìzë?� ÿ �8í~ë � ò¸ñG®øí�õ�óCõ�ú�ó?ò÷í~ëkú ü ëkö(ì?ò��ûî��¸ë�ózò��øë-ö~î²ñzëiï
ì�î²ò ê ìzò÷ìzí~ë|ëfÏ ü ë�ñ?ù
î��øë ê ìzó Ê �æñ?ëa÷*ô�î²ñ�î ê �÷ì�í~ë!ö~ë�ì?ëkñ��æî ê õ�ìzî²ò ê ò���ì�í~ë ê ëkî��ûí Ê ò¸ñ�í�ò[ò�ö2ò���ì�í�ë ê ô�ïfú²ëiî%õ ê ö
ìzí~ëHózì?ò¸ñzëköaë ê ë�ñ����Vî ê ëiõ¸ïyíÌï
ò�� ü ò ê ë ê ì ÿ
ú Ý?> û4á45GáñAsü ý àbAsü�þC5¢à�äæå
�8í~ë÷ó?ì�ô�öp�dí�õ�óJë�Ï~õ��æî ê ëkö4ï
ë�ñzì�õ�î ê õ�ó ü ëiï
ì�ó|õ ê ö ü ñzò ü ë�ñzì�î²ëkó � í�îðïyí � ë�ñ?ëHì�í~ò¸ô#�ûí*ì
ò��Gõ�ó Ê ëkî ê �Vî�� ü ò¸ñ?ìyõ ê ì�ìzò(ì�í~ë�ô ê ö~ë�ñ�ó?ì�õ ê ö�î ê �2ò��°ñzëiï
ñ���ó?ìyõ�ú�ú�î���õ&ì�î²ò ê ®�î ê ë�ì�îðïfó|õ ê ö
ì?ë�Ï[ì�ô~ñ?ë�ëb�¸ò¸ú�ô~ì�î²ò ê�ÿ èC�¸ë ê ì�í~ò¸ô#�ûí � ë�í�õa�¸ë õ ê ó � ë�ñzëkö ó?ò��øë×ò��/ìzí~ë�÷[ô~ëkó?ì�î²ò ê ó� ë�ó?ì�î�ú�úPõ�ñ?ë%��õ&ñ!õ � õa���nñzò�� õ2ï
ò�� ü ú²ë�ì?ë÷ô ê ö~ë�ñzózì�õ ê ö�î ê �Vò��gì�í~ë�óG��ó?ìzë?� ÿ £ �^ò¸ñzë
ö~ë�ì�õ�î�ú²ëkö÷î ê ��ëió?ìzî��*õ�ì�î²ò ê í�õ�óPì?ò Ê ëwï�õ�ñzñzî²ëköHòûô~ì Ê ëb�nò¸ñ?ë�ì�í~ëCúðõ�ó?ì � ò¸ñzö�î ê ì�í~î�ó:�(õ�ìzì?ë�ñ
î�ó÷óyõ�î�ö ÿ$Ð ë�ñzë � ë � ò¸ô�ú�öÆú�î�®¸ëæìzò î�ö�ë ê ì�î��å� ó?ò��^ë2ò��8ì�í~ë½÷[ô~ëkó?ì�î²ò ê ó � í�îðïyí8�æî��ûíûì
õ�ö~ö~ñzëkózó?ëiö ÿ« î²ñ�ó?ìa�Cõ ê öºì�í~ëD�øòûó?ì(ó?ìzñ�õ�î��ûí*ìG�nò¸ñ � õ�ñ�ö î�ö~ëiõ ìzòP�nòûú�ú²ò � ô ü �Cî�óæìzòÆó?ìzô�ö#� ì�í~ë
ë�ÿ%ë�ï
ìæò�� ê ô�ïfú²ëkô�ó(ózî���ë4ò ê Ê ò�ì�íºì�í~ë$®�î ê ë�ì�îðïfóøò��!ñ?ë�ï
ñG��ó?ìyõ�ú�ú�î��iõ�ìzî²ò ê õ ê ö ì?ëfÏ�ì�ô~ñ?ë
ëb�¸òûú�ô�ì�î²ò ê ÿ Dýë Ê ëkú�î²ëb�¸ë2ìzí�õ�ì�ìzëfÏ�ìzô~ñzë2ëb�¸òûú�ô�ì�î²ò ê � ò¸ô�ú�ö Ê ëaî ê ö~ë ü ë ê ö~ë ê ì�ò��wì�í~ë
ê ô�ï�ú²ëkîózî���ë-ì�í~òûôp�ûíVì�í~ë!ì�î��^ë/ó�ï�õ�ú�î ê � � òûô�ú�öVí�õa�¸ë!ì?ò Ê ë��øò[ö�î²þ�ëködõ ü�ü ñ?ò ü ñzîðõ�ìzëkú�� ÿ�8í~ëwñzëiõ�ó?ò ê �nò¸ñ°ì�í�î�ótïfúðõ�î�� î�ógìzí�õ�ìgì�í~ëJózî���ë8ò���ì�í~ëwñ?ë�ï
ñG��ó?ìyõ�ú�ú�î��kî ê �h�¸ñyõ�î ê óGö~ò*ëió ê ò¸ì
õ ü~ü ëiõ�ñ-ë�Ï ü ú�îðïfî²ì�ú�����õ�ó!ú²ò ê �aõ�óh�¸òûú�ôO�øë��nñ�õ¸ï
ì�î²ò ê ò�� ê ô�ï�ú²ëkîPî�ó!ïfò ê ó?ìyõ ê ì?�î ê õ ê �Ìò��
ìzí~ë���õ¸ï
ìzò¸ñzó��¸ò¹�¸ë�ñ ê î ê �øì?ë�Ï[ì�ô~ñ?ë ÿ �8í~ë�®�î ê ë�ì�îðïfó8ò��Yñ?ëiïfñG��ó?ìyõ�ú�ú�î��iõ�ìzî²ò ê �ûò ê ìzí~ë·ò¸ì�í~ë�ñ
í�õ ê öÍ�Ó�(õa�dïyí�õ ê �¸ë ÿ Î�ò ê ózî�ö~ë�ñJì � ò ê ô�ïfú²ëiî ó?ë ü õ�ñ�õ�ìzëkö Ê �Ìõøö�î�ó?ìyõ ê ï
ë � ÿ £ ózózôO�øë
ìzí�õ�ì�ì�í~ë ê ô�ïfú²ëkî¸õ�ñzëtó ü ñ?ëiõ�ö·ô ê î��nò¸ñ��æú��|ì�í~ñ?òûô#�ûí�òûô~ì ì�í�ëtë ê ì�î²ñ?ëtózî��Eô�úðõ�ìzî²ò ê ö~ò��æõ�î ê ÿ



�!°h±�²F³!´"µ»ï?¶ÈL!Ê:ðñðñ±FµhòK±!7hJôó�Ê ³FÊ:µ¿´ôõ�Ë�µhö î�î�î« ô~ñzìzí~ë�ñ|õ�ózózôO�øë/ì�í�õ�ìwëiõ¸ïyí ê ô�ïfú²ëiô~ó �¸ñ?ò � óJõ�ì�õøïfò ê ó?ìyõ ê ìwñ�õ�ìzë��ûî��¸ë ê Ê �$ÿ ÿ
Ë R ö �

ö��
� ë�� íêR Ë�� � S ���

Ç ë�ì ��� Ê ë/ì�í~ë-ì�î��øë � í~ë ê ì�í~ëkó?ë!ì � ò ê ô�ïfú²ëkîî�� ü î ê �¸ë ÿ £ ìCì�í�î�óCìzî��øë-ñ{ënì � í�R ç � §~ÿÐ ë ê ïfë��
	 § R Ë � � S ���


 � � R 	�� § ¿ ���
Ë

ä ô�ì
	�R x ënÜ � æ í � � �� y���

� í~ë�ñzëFë+Ü � æ í � � �� î�ó ì�í~ë�î ê î²ì�îðõ�ú��¸òûú�ô#�øëtò���ëiõ¸ïyí ê ô�ïfú²ëkô�óPõ ê ö � î�ó ì�í�ë�î ê î²ì�îðõ�ú���òûú�ôO�øë�nñ�õ¸ï
ì�î²ò ê ò�� ê ô�ïfú²ëiî ÿ �wí~î�óJú²ëiõ�ö�ówô�ówìzòÀ�
� � R � ��� ¿ ���

Ë

� R ë+Ü � � æ í ��

� ò � £ Å î ÿCÐ ë ê ïfë��
� ��� ���
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F�ó�î ê �^ì�í�î�ó8ózî�� ü ú�î�ó?ì�îðï|õ ü�ü ñ?ò*õ¸ïyí � ë·ï�õ ê õ�ñ��¸ô~ë/ìzí�õ�ìwî��6ìzí~ë·î ê î²ì�îðõ�ú ê ô�ï�ú²ëkô�ó8ózî���ë/î�ó
úðõ�ñG�¸ë�ña��ì�í~ë ê î�� ü î ê �¸ë?�øë ê ì � î�ú�ú�ìyõ¹®¸ë ü úðõ¸ï
ë÷úðõ�ì?ëkñJî ê ìzî��øë ÿ £ ó ê ò¸ìzëköÌëiõ�ñ�ú�î²ë�ñwìzí�î�ó� î�ú�ú�î ê ì�ô~ñ ê õ*ÿ%ë�ï
ìwìzí~ëHó�ú²ò ü ë·ò��Pì�í�ë ¬�� £� ïfô~ñG�¸ë ÿ�wí�ë(ë�ÿ%ë�ï
ì·ò��8óG��ó?ìzë?� ó�î���ëDë�ózî��Eô~úðõ�ì�î²ò ê ö~ò��(õ�î ê í õ�ú�ó?ò ê ë�ëkö�ó·ìzò Ê ë(ó?ì�ô�ö~î²ëiö ÿ�8í~ëdózî��Eô~úðõ�ì�î²ò ê Ê òiÏ î�ó^õ�ózó�ô#�øëköÆìzò Ê ëaìzí~ë��+ô ê ö�õ��øë ê ìyõ�ú Ê ô�î�ú�ö�î ê � Ê ú²ò�ïW®ýò��-õ
ñ?ë ü ñzëkó?ë ê ìyõ�ìzî��¸ë �¸òûú�ôO�^ë�ëkú²ë?�øë ê ì ÿ �wí~î�ó�î�� ü ú�î²ëiógì�í�õ&ì � ë|í�õa�¸ë-õ Ê õ�úðõ ê ïfëköæó�õ�� ü ú²ë
ò��Põ�ú�ú%ì�í�ëHïfò ê ó?ì�î²ì�ô�ë ê ì�ó�ì�í�õ&ì ü úðõa�2õ ê î�� ü ò¸ñzì�õ ê ì�ñzòûú²ë�� ü ñzëkó?ë ê ìwî ê ìzí�î�ó Ê ò�Ï ÿ �8í�î�ó
õ�ózózôO� ü ì�î²ò ê ï�õ ê Ê ëwì?ëkózì?ëkö ÿ £ ó � ëwí�õa�¸ë8ö~ëkó�ïfñzî Ê ëköøõ�ú�ú[ìzí~ë ü ñ?ò ü ë�ñzìzî²ëió°î ê ìzë�ñ¸�øó°ò��
ëkî²ì�í�ëkñB�¸ñ�õ�î ê �¸òûú�ôO�øë � õ&ñzëiõ�ówò�ñh�¸ñ�õ�î ê Ê òûô ê ö�õ�ñ�î²ëkó|î²ì�î�ó�ìzí~ë��øòûó?ì ê õ�ì�ô~ñ�õ�ú � õa�aìzò
ü ñ?ò Ê ë!ìzí~ë!ë�ÿ%ë�ï
ì�ò��6ìzí~ë·õ Ê ò{�¸ë/õ�ózó�ô#� ü ì�î²ò ê ÿ Dýë/í�õa�¸ë/õ�ú²ñ?ëiõ�ö#�(ó?ë�ë ê ìzí~ë!ë�ÿëiï
ìCò��
õa��õ�î�úðõ Ê ú²ën�¸ñyõ�î ê Ê òûô ê ö�õ�ñ��øõ�ñ?ë�õF�nò¸ñ ê ô�ïfú²ëiõ�ìzî²ò ê ò ê ñ?ë�ï
ñG��ó?ìyõ�ú�ú�î��iõ�ìzî²ò ê ®�î ê ë�ì�îðïfó ÿ:ä �
î ê ï
ñ?ë�õ�ó�î ê ��ìzí~ë�ó��[ózì?ë?� ózî���ë � ëCï�õ ê î ê ïfú�ô�ö�ë'�øò¸ñ?ë"��ñyõ�î ê ó6î ê ìzí~ëCóG��ó?ì?ëa� õ ê ö÷í�ë ê ïfë
í�õ?�¸ë¿�øò�ñzë�ó�õ�� ü ú²ëkóC�nò¸ñs��õ�ñzî²òûô�ó ü ñzò ü ëkñ?ì�î²ëkó ÿ £ ó ê ò¸ìzëköøëiõ�ñ�ú�î²ë�ñgì�í~ë-ïfô~ñ?ñzë ê ìs�(õ ã ò�ñ
ú�î��æî²ì�õ�ì�î²ò ê î�óJì�í~ëEõa��õ�î�úðõ Ê î�ú�î²ì¾�æò��Gï
ò�� ü ô~ìzî ê � ü ò � ë�ñ ÿBé î ê ïfë � ë�õ�ñ?ë�î ê ì?ë�ñzëkó?ìzëkö4î ê
ñ?ë�ï
ñG��ó?ìyõ�ú�ú�î��iõ�ìzî²ò ê õ ê ö�ì�í~ë ê ë � �¸ñyõ�î ê ógõ�ñ?ëCò ê ú����¸òûî ê �|ìzò/ó�õ�� ü ú²ëCìzí~ëkî²ñgî����øëkö�îðõ&ìzë
ê ëkî��ûí Ê ò¸ñ�í�ò[ò�öÍ�~î ê ïfú�ô�ö�î ê �&�øò¸ñ?ë��¸ñ�õ�î ê ó �(õa� ê ò�ì Ê ë÷õæï
ñ�î²ìzîðï�õ�úÌ��õ¸ï
ì?ò¸ñ ÿ�wí�ë/ë.ÿ%ëiï
ì8ò�����õ�ñzî²òûô�ó ü õ&ñyõ��øë�ì?ëkñzó � õ�ówózìzô�ö�î²ëkö Ê �2ëkî²ì�í~ë�ñwî ê ï�ú�ô~ö�î ê �Eì�í~ë?� î ê
ìzí~ë��^ò�ö~ëkúGò¸ñ Ê � ëfÏ�ïfú�ô�ö�î ê �4ìzí~ë?�l�nñzò�� ìzí~ë��øò�ö~ëkú ÿ�ø-ê ëVï
òûô�ú�öýö~ò�õÌö�ëkì�õ�î�ú²ëkö
ó?ì�ô~ö#�dò��gó?ë ê ózî²ì�î���î²ìÑ�2ò��°ë�õ�ï�íÌò��gìzí~ëkó?ë ü õ&ñyõ��øë�ì?ëkñzó|õ ê ö×õ�ñzñzî��¸ë÷õ�ì-õ�÷[ô�õ ê ìzî²ìyõ�ìzî��¸ë
ëkó?ì�î��(õ&ìzë!ò��Yìzí~ëHö~ë ü ë ê ö~ë ê ïfî²ëkó ÿ« î��ûô~ñ?ë�� ÿ æ ózí~ò � óEìzí~ëº�øò Ê î�ú�î²ì¾� ü ñ?ò¸þ�ú²ëdô�ó?ëkö î ê ìzí�î�ó � ò¸ñG® ÿ �wí~î�ó��+ô ê ï
ì�î²ò ê� õ�ó Ê ô�î�ú²ì��nñzò�� ö�î�ó ü õ�ñyõ&ìzë�ö�õ�ì�õ�ò Ê ìyõ�î ê ëköÈ�nñzò�� ��õ&ñ�î²òûô�ó2ó?òûô~ñ�ï
ëió ÿ �8í~ë�ñzë î�óaõ
úðõ¸ï¸®Vò��Gï
ò ê ó?ì�î²ìzô~ì�î��¸ë·ñ?ëiúðõ&ì�î²ò ê ózí�î ü ò��N�øò Ê î�ú�î²ì¾�dõ�ó|õ��+ô ê ï
ì�î²ò ê ò��!�¸ñyõ�î ê Ê òûô ê ö�õ�ñG�
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ïyí�õ�ñ�õ¸ï
ìzë�ñ ÿ �wí~ë ü ñzëkó?ë ê ì°ó?ìzô�ö#�Hózí~ò � ëköHì�í�õ�ì:�øò Ê î�ú�î²ì¾�/î�óPò ê ëCò���ìzí~ën�(õ ã ò¸ñ���õ¸ï
ì?ò¸ñ�ó
ìzí�õ�ì î ê � ô~ë ê ï
ëkó�ìzëfÏ�ìzô~ñzëtö~ëb�¸ëkú²ò ü �øë ê ì ÿÕÐ ë ê ï
ëGìzí~ë�ñzë¢î�ó õ ê ë�ëkö/ìzò�ö~òB�øò¸ñ?ëC�nò~ïfô�ó?ëiö
ëfÏ ü ë�ñzî��øë ê ì�ó�ìzò�ò Ê ìyõ�î ê ìzí~ë¢ëfÏ�õ¸ï
ì ê õ�ì�ô�ñzëtò��~ìzí~ë¢ö~ë ü ë ê ö~ë ê ï
ë¢ò��#�øò Ê î�ú�î²ìÑ�-ò ê �¸ñ�õ�î ê
Ê ò¸ô ê ö�õ�ñG� ü ñ?ò ü ë�ñzìzî²ëkó ÿ è¢õ�ï�íæò���ì�í�ë ü ëiõ�®�ó¢î ê ì�í~ëF�øò Ê î�ú�î²ì¾�^ïfô~ñ���ë!ï
ò¸ñ?ñzëkó ü ò ê ö�ótìzò
õ2Î épÇ ìÑ� ü ë ÿBø-ê ë�ï
òûô�ú�öÌózë�ëHì�í~ëHë�ÿëiï
ìJò��°ëiõ¸ïyí Î épÇ Ê �Ìïyí�õ ê �¸î ê �æì�í�ë��øò Ê î�ú�î²ìÑ��+ô ê ïfìzî²ò ê õ ü�ü ñ?ò ü ñ�îðõ&ìzëkú�� ÿ DýëCõ�ñzë ü ñzëkó?ë ê ì�ú��·õ�ózó�ô#�æî ê ��ì�í�õ�ì6ò ê ë8ï�õ ê ö~ëkó�ï
ñ�î Ê ëtë�õ�ï�í
ü ëiõ�® Ê �æõ��/õ�ô�ózózîðõ ê �+ô ê ï
ì�î²ò ê ï
ë ê ìzë�ñzëkö(õ�ñzòûô ê ö ü õ�ñ?ì�îðïfô�úðõ�ñs�æî�ó?ò¸ñzî²ë ê ìyõ�ìzî²ò ê ÿ!ø-ê ë
ï
òûô�ú�ö^î ê ü ñzî ê ïfî ü ú²ëJõ�ú�ó?ò���õ&ñ���ì�í~ëJí�ëiî��¸í*ì¢õ ê ö^ì�í~ëJózì�õ ê ö�õ&ñ�öøö~ëb��îðõ�ìzî²ò ê ë�ó ü ñ?ë�õ�ö í ò��
ëiõ¸ïyí��/õ�ô~ó�ózîðõ ê õ ê ö×ózìzô�ö#�Ìî²ì�óJë��ëiï
ì�ó�ò ê ì�í�ë�ó��[ózì?ë?� ëb�¸òûú�ô~ìzî²ò ê ÿ Ø ê ïfñ?ëiõ�ózî ê �(ì�í~ë
í~ëkî��ûíûì/ò��të�õ�ï�í ü ëiõ�® ï�õ ê Ê ëøì�í~òûôp�ûí*ì/ò��Cõ�ó/ì�í�ëæú²ëb�¸ëkúYò��Cõ ê î�ó?ò¸ì?ñzò ü ��õ�ózózò�ï�îðõ&ìzëkö� î²ì�íýìzí�õ�ìøÎ épÇ Ê ò¸ô ê ö�õ�ñG� � í~î�ú²ë2î ê ï
ñ?ë�õ�ó�î ê �4ìzí~ëVó ü ñ?ë�õ�ö ï�õ ê Ê ë(ì�í~ò¸ô#�ûí*ì÷ò��wõ�ó
î ê ï
ñ?ë�õ�ó�î ê �(ì�í~ëEñ�õ ê �¸ë÷ò��s�æî�ó?ò¸ñzî²ë ê ìyõ�ìzî²ò ê óJò¹��ëkñ � í~îðï�í4ì�í~ëEî ê ï
ñzëiõ�ó?ëköD�øò Ê î�ú�î²ìÑ�dî�ó
õ¸ï
ìzî��¸ë ÿø-ê ë�ï
òûô�ú�ö���î ê õ^ó�î��øî�úðõ�ñ �(õ ê~ê ë�ña��ó?ì�ô�öp�aìzí~ë·ë��%ëiï
ì�ówò��gïyí�õ ê �¸î ê �øì�í~ë·ë ê ë�ñ�����+ô ê ïfìzî²ò ê ÿ �wí�î�ó � î�ú�ú¸ë ê õ Ê ú²ë�ô�óPì?ò-î�ö~ë ê ì�î��å�!ìzí~ë�ñzëkúðõ�ìzî��¸ë¢î�� ü ò¸ñzì�õ ê ï
ë¢ò���ì�í~ë'��õ�ñzî²òûô�ó
Ê ò¸ô ê ö�õ�ñG� ìÑ� ü ëkódõ ê ö ì�í~ë ñ?òûú²ë�ì�í�ë?�È�æõa� ü úðõa�ºî ê ï
ò ê ìzñ?òûú�ú�î ê ��ì�í�ë ü ñzò~ï
ëkózóVò��
ñ?ë�ï
ñG��ó?ìyõ�ú�ú�î��iõ�ìzî²ò ê ÿBÇ õ�ó?ìzú��4õ2ózî��æî�úðõ�ñ�ózìzô�ö#�×ï�õ ê Ê ëøï�õ�ñ?ñ�î²ëkö4ò¸ô~ì-ò ê õ2ï
ò�� ü ú²ë�ìzëkú��
ö�î��%ë�ñzë ê ì��(õ�ì?ë�ñ�îðõ�ú¢óG��ó?ìzë?� ò¸ñøõ�ózî��æî�úðõ�ñ�óG��ó?ìzë?� � î²ìzí ö�î��ë�ñ?ë ê ì ü ñzò ü ë�ñ?ì�î²ëkó^ú�î�®�ë
ö~ëb�nò¸ñ��(õ�ìzî²ò ê ë�ìyï ÿ ��ì�í~ë�ñ?ë Ê ��ìzëkó?ì�î ê �aì�í~ëøñ?ò Ê ô�ó?ì ê ëiózóHõ ê ö ü ñ?ëiö~îðïfìzî��¸ë Ê ëkí�õa��î²ò¸ñ/ò��
ìzí~ë��øò�ö~ëkú ÿ
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¹ Y�Z{aº[��DëMî�=V=V> íS]
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Y�\ � [?ZG�Vd�ab_bWÍ� £ é � v æ = æ ëGî�= �9� í8]
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Ï¾µ�©�±�Ô�¯¾¹À·tÓ¾µÀÒkÕMÊ�¯¾¹�·�Ê]×-Ï�²�¬°·¾µ�¸ÇÏÅØ�È
±�µ°¯tÃ�®²ÖÙ�µ�ºjÆjÓ�¹�ÉjÚ�ÕXÊ�¯¾¹�·k×Û©�«t·ÜË
Î�×IÊ�¯¾¹�·<Ë%Î]×IÊÀ¯¾¹�·<Ë
Î�ØÝÈ
Ï¾µ�©�±ÇÞ¾µÀ·�¹�·¾²�ÕXÊÀ¯¾¹�·!×gÊ�¯�¹�·!×UÊ�¯�¹�·ÅØÝÈ
Ï¾µ�©�±´ß�µ�¸�º�¹��©°à�²tÔ�ÕUÊÀ¯¾¹�·ÅØÝÈ
©�«t·Çº�¹�©�«!Õ*ØÀá

â � �
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ætæ ³ÀÏ�¹½¸�©�¹ÀÃ�®²�¶�»
¬�Á�¹½¸1©�«t«�¹°º�²TËsç®è®Î]È
Ï¾²j¬°·¾µ�¸ÇÏ�é�×�Ï�ê�È
Ê�¯�¹�·�Ê�é�È
©�«t·�Á�j©�«ª²�¶�È
¬�Á�¹½¸C±�¯½º®º�ÉÌËsÑtè®è®Î]È
¼�½µ®¹�·´ëj·k×I±�¯�ºtºp×g·�¹ÀÉ�¼]È
©�«t·ì¬½µ�º�Æ`Ësí®Î�È
©�«t·'µ�Æt·®«ªµmÈ
Ê�¯�¹�·1¶½µ�Æ¾²�¸�¹�·¾µÀ¸ª¶kËsê½ÍtÎ]È
Ê�¯�¹�·1¶�¹ÀÆ¾²�¸�¹�·¾µÀ¸ª¶kË%ÍjÎ�È
ætæ ³ æ Ï�¹½¸ª©À¹ÀÃ�®²j¶½»
ætæ ¸�²®¹®±Ö·®Áª²�¶°É�º®º�²À·j¸®Éîµ�Æ¾²�¸�¹�·¾µÀ¸ª¶ætæ ³�¬�¸®É�¶�·�¹�´¶°É�º®º�²À·j¸®É�»
©�¼�¶°·j¸�²®¹�ºx¶°É�º®º�µ�Æj·kÕ°ïEÊ�¯¾¹�·iÂX¶°É�ºtºÌÂX¬�¯tÃ�©®¬ªï�×U©�µ�¶�ðtðX©�«�ØÝÈ
©�¼mÕ�ña¶°É�º®º�µ�Æj·ÅØ�á
¬½µ°¯j·¾³t³Åï�Ù�µ�¯��±_«¾µÀ·'µ°Æª²�«î¼ª©�®²´ÊÀ¯¾¹�·pÂX¶�É�ºtº`ÂX¬�¯tÃÅ©®¬�ÂEï�³t³t²�«�±�
³t³�ïoÓ®ÁÅ©®¶�Æ�¸�µ�¿t¸�¹°ºC«ª²®²½±¾¶Ö¹�¼ª©�®²Ðë�©�·®Á¥¹�tC¶°É�ºtº�²�·j¸®Éîµ�Æª²�¸j¹�·¾µ�¸ª¶mÂ*ï
³t³®²�«�±��È
²�òª©�·kÕ�é®Ø�Èó

¶°ÉÀºtº�µ�Æj·iÂs¿�²À·ªj©�«ª²�ÕX±À¯½ºtº�É!×Eé°è®èªØ�È
¶°ÉÀºtº�µ�Æj·�»t»tµ�Æj·½«ªµmÈ
¬½µ°¯j·¾³t³Åï*µ�Æj·®«ªµ1ï*³t³tµ�Æj·½«ªµt³t³t²°«�±��È
©�«t·x©Ðô�è�È
ëtÁ�©½®²�Õ�¶�É�ºtº�µ�Æt·¾»t»�¶½µ°Æª²�¸j¹�·�µ�¸¾¶kËa©�ÎpË
è®Îj»t»j¶½µ°Æª²À¸�¹À·¾µÀ¸ª¶kËa©�ÎiË�é�Î�»®»

¶½µ°Æª²�¸�¹�·�µ�¸ª¶kËM©°ÎpËsê®Î�»®»�¶½µ°Æª²À¸�¹À·¾µÀ¸ª¶]ËM©�ÎiËsÑ½Î�Ø�á
©�õ®õ]Èó

ætæ ³ æ ¬�¸®Éª¶°·�¹�´¶°ÉÀºtº�²À·j¸½É¾»
ætæ ³�¶�¹°º�Æª�¶°É�º®º�²À·j¸®É�»
©�¼�¶°·j¸�²®¹�ºx¶�¹°º�µ�Æj·kÕ�ï�Ê�¯¾¹�·pÂM¶°É�ºtº`Â�µ�¸®·�ïª×I©Àµ�¶�ðtð�©*«�ØÝÈ
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©�¼mÕ�ña¶�¹°º�µ�Æj·ÅØÀá
¬½µ°¯j·¾³t³Åï�Ù�µ�¯��±_«¾µÀ·'µ°Æª²�«î¼ª©�®²´ÊÀ¯¾¹�·pÂX¶�É�ºtº`ÂaµÀ¸®·pÂ*ï�³®³t²�«�±�
³t³�ïoÓ®ÁÅ©®¶�Æ�¸�µ�¿t¸�¹°ºC«ª²®²½±¾¶Ö¹�¼ª©�®²Ðë�©�·®Á¥¹�tC¶°É�ºtº�²�·j¸®Éîµ�Æª²�¸j¹�·¾µ�¸ª¶mÂ*ï
³t³®²�«�±��È
²�òª©�·kÕ�é®Ø�Èó

¶�¹�º�µ�Æj·pÂ
¿�²À·ª�©*«ª²�ÕX±�¯�ºtº�Ék×*é�ètè¾ØÝÈ
¶�¹�º�µ�Æj·¾»®»tµ�Æj·®«¾µmÈ
¬½µ°¯j·¾³t³Åï*µ�Æj·®«ªµ1ï*³t³tµ�Æj·½«ªµt³t³t²°«�±��È
©�«t·Cöîô�è�È
ëtÁ�©½®²�Õ�¶À¹°º�µ�Æj·�»t»�¶�¹ÀÆ¾²�¸�¹À·¾µÀ¸ª¶]ËÄöjÎpËsè½Î�»®»�¶À¹ÀÆ¾²�¸j¹�·�µ�¸¾¶kËÄöjÎpËXé�Îj»t»

¶�¹�Æª²�¸�¹�·�µ�¸ª¶kËÄöjÎpËsê®Î�»®»�¶�¹�Æª²À¸�¹À·¾µÀ¸ª¶]ËÄö�ÎiËsÑ½Î�Ø�á
ö�õ®õ]Èó

ætæ ³ æ ¶�¹°ºjÆ�®²�¶°É�º®º�²À·j¸®É�»
ætæ®÷t÷t÷t÷t÷®÷t÷t÷t÷t÷®÷t÷t÷
ætæ µ�¯j·®Æt¯t·C¼ª©½½²
Ú�ø�ùtú¥û®µ�¯t·�¼]È
µ�¯t·�¼�ôC¼�µ�Æ¾²�«!Õ�ï�¸�²�òª¶°·¾µÀ¸�²½±TÂ%ët·�¶�ï�×�ïOë�ïÀØ�È
ætæ ·®Áª²´¹½¸®¸�¹�É1¬½µ�º�Æx¶�·¾µ�¸�²�¶ü·®Á¾²ÖÏ�¹½¸�©�µ°¯�¶´¬½µ�º�Æªµ°«ª²�«j·¥¬½µ�¯t«j·ª¶
¼�µÀ¸]Õý©�«j·ì©ÐôîèmÈý©Ç³�í�Èý©°õtõ�ØÀá
¬½µ�º�Æ`ËM©�Î´ô�è�Èó

ætæ ³tµ�Æª²�«�·®Á¾²¥©�«®Æt¯j·�¼ª©�®²�¹�«�±'¶�ö�©�Æ'µÀÏ¾²�¸´·½Áª²ÐÁ¾²®¹®±�²�¸�»
¬½µ°¯j·¾³t³Åï�ëtÁ¾¹�·'©®¶_·½Áª²¥©*«tÆt¯j·�¼¾©½®²_«¾¹°º�²jþ½ÿ�«�ï�È
¬j©*«ª»t»�©�«®«¾¹°º�²mÈ
©�¼�¶°·j¸�²®¹�º ©�«�¼mÕ ©�«®«¾¹°º�²m× ©�µj¶�ðtð�©�«ÅØÝÈ
©�¼mÕ�ñM©�«�¼ªØÀá
¬½²À¸t¸�³t³Åï�¬½µ�¯��±_«¾µÀ·'µ°Æª²�«î¼ª©�®² ï*³t³�©�«t«�¹°º�²t³t³®²�«�±��È
²�òª©�·kÕ�é®Ø�È
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ó
¬½µ°¯j·¾³t³Åï�Áªµ�ëÐº�¹À«tÉ�Áª²½¹®±�²�¸¥j©�«ª²�¶®þ�ï�³t³t²�«�±��È
¬j©*«ª»t»�Á�j©�«ª²�¶�È
¼�µÀ¸]Õý©�«j·ì©ÐôîèmÈý©Ç³ÐÁ�j©�«ª²�¶�È ©�õtõ�ØÀá
©�«�¼TÂs¿�²À·¾�©�«ª²�ÕM±�¯½ºtº�Ék×Xêtç®èªØ�È
¼�Æj¸�©�«j·�¼mÕOµ�¯j·�¼�×�ï � ¶½ÿ�«�ï�×a±�¯½ºtº�É�ØÝÈó

ætæ ³ æ µ�Æª²°«�·®Áª²¥©*«tÆt¯j·�¼¾©½®²´¹À«�±'¶°ö�©�Æ'µ�Ï¾²�¸´·®Áª²_Áª²®¹®±�²À¸�»
ætæ ¸�²®¹®±´±j¹�·�¹
ëtÁ�©½®²�ÕE©*«�¼�»t»ÀÏÅémËsè®Î�»®»ÀÏ�é�Ë�é�Î�»®»ÀÏÅémËsê½Î�»®»�ët·¾»®»½±À¯½º®º�Ø�áætæ ëtÁÅ©½®²�ÕE©�«�¼�»®»ÀÏ�émËsè½Î�»t»�Ï�é�Ë�é�Î�»®»ÀÏ�é�Ësê½Î�»®»�ët·ÅØ�á
Ï�ê�ô´Ï�éÅÈ
Ò¾²j¬°·tÓ¾µtÔ�ÕaÏ�ê�×gÊ�é½ØÝÈ
·�¹ÀÉ�¼�ôCÙ�µ�ºjÆjÓ�¹�ÉjÚ�ÕXÊ�é�×o¬�µ�º�ÆT×I¶�µ�Æª²�¸�¹À·¾µ�¸ª¶�× ¶À¹ÀÆª²�¸�¹À·¾µ�¸ª¶�Ø�È
¼�Æj¸�©�«j·�¼mÕOµ�¯j·�¼�×�ï � é�Â�Ñ®¼ � é�Â�Ñ®¼ � é�Â�Ñ®¼ � Ñ!Â�Ñ®¼ � Ñ!Â�Ñ½¼�ÿ�«�ï�×

Ï�é�Ësè®Î]×�Ï�émËXé�Î]×gÏ�é�Ësê®Î]×�ët·!×-·�¹�É�¼�ØÝÈ
ó
¼¾¶�·j¸�²®¹°ºx¬À¼¾©½®²�Õ�ï�¬½µ�º�Æ�¶mÂ
·jò®·�ïª× ©Àµ�¶�ðtðaµ°¯j·ÅØÝÈ
¬À¼¾©½®²t³t³�ï°¬�¯tÃª²Çÿ�·�¶´ÿ�·�¬½µ�ÆtÆ¾²�¸�ÿÀ·½Ã�¸�¹�¶t¶ÖÿÀ·j¿�µ�¶®¶Çÿ�·j¸�²�¶°·�ï�³t³t²�«�±��È
¼�µÀ¸]Õý©�«j·ì©ÐôîèmÈý©Ç³���Èý©°õtõ�ØÀá
¼�½µ®¹�·�·¾²�º�Æ¥ô§ÕM¼�®µ®¹�·�ØÇ¬�µ�º�Æ`ËM©°Î æ ¬½µ�ºjÆ`Ë��®Î]È
¬À¼¾©½®²t³t³j¶½²À·®ë!ÕXÑªØÀ³t³�¶�²À·®Æj¸�²j¬j©½¶j©�µ°«!ÕXÑªØ�³t³�·¾²�º�Æ¾³t³�ï�ÿÀ·�ï�Èó

¬½²À¸t¸�³t³�¬�µ�º�Æ`Ë��½Î�³t³t²�«�±��È
¬À¼¾©½®²t³t³®²�«�±��È
©�«�¼TÂX¬®®µj¶½²�Õ*ØÝÈ
¼¾¬½®µ�¶½²�Õ�µ�¯j·�¼�Ø�È
¸�²�·®¯�¸½«îè�Èó

ætæ®÷t÷t÷t÷t÷®÷t÷t÷t÷t÷®÷t÷t÷t÷t÷®÷t÷t÷®÷t÷®÷t÷®÷t÷®÷t÷®÷t÷t÷®÷t÷®÷t÷®÷t÷®÷
ætæ ¼�¯t«�¬°·�©�µ�«C±�²�¬½®²�¸�¹�·�©�µ�«�¶
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Ï¾µ�©�±ÇÒ¾²�¬�·tÓ¾µtÔ�Õ�Ï¾²�¬°·¾µÀ¸ÖÏ!×IÊÀ¯¾¹�·�Ê�Ø�á
±�µ°¯tÃ�®² ÆÅ©Ðô�Í¾û�¹�·�¹À«!Õ*é®ØÝÈ
¼�µÀ¸]Õý©�«j·ì©ÐôîèmÈý©Ç³�Ñ�Èý©°õtõ�ØÀá
ÏÌËa©�Îîû�ô�Õ�ÆÅ© æ é��®èªØÝÈ
ÏÌËa©�Î�ôC¼�º�µ�±�ÕaÏÌËM©°Î�õ�êjû°ÆÅ©�×Iêjû°ÆÅ©jØÝÈó

ÊpË
è®Î�ô'¶j©�«kÕaÏÌË�é�Î æ êªØ�ûj¬�µ�¶�ÕtÕaÏVËsè®Î ÷ ÏVËsê®Î�Ø æ êªØÝÈ
ÊpËXé�Î�ô'¶j©�«kÕaÏÌË�é�Î æ êªØ�ûj¶t©�«!ÕtÕaÏVËsè®Î ÷ ÏVËsê®Î�Ø æ êªØÝÈ
ÊpË
ê®Î�ô'¬½µ�¶ÝÕaÏÌË�é�Î æ êªØ�ûj¶t©�«!ÕtÕaÏVËsè®ÎÐõ´ÏVËsê®Î�Ø æ êªØÝÈ
ÊpË
Ñ®Î�ô'¬½µ�¶ÝÕaÏÌË�é�Î æ êªØ�ûj¬�µ�¶�ÕtÕaÏVËsè®ÎÐõ´ÏVËsê®Î�Ø æ êªØÝÈ
ß�µÀ¸Àº�¹��©�à�²tÔ�ÕXÊªØÝÈó

Ï¾µ�©�±�Ô�¯¾¹À·tÓ¾µÀÒkÕMÊ�¯¾¹�·�Ê]×-Ï�²�¬°·¾µ�¸ÇÏÅØ�á
±�µ°¯tÃ�®²C¶�¯½ºiÈ
±�µ°¯tÃ�®²Ö±ª©�¼®¼]È
±�µ°¯tÃ�®²_·�º�Æîô1¶�Ê®¸®·kÕXÊiËsê®Î�û�ÊiËsê®ÎÖõCÊpËsÑ®Î�ûÀÊpËsÑ®Î�Ø�È
©�¼mÕa·�º�Æ¥»1é®ØÀáj¬½²�¸t¸�³®³Åïo·�º�Æî»1é¥ï*³t³À·�º�Æ¾³t³t²�«�±��È ó
ÏÌËXé�Î�ô�ê�û½¹�¬½µ�¶�Õa·Àº�Æ�ØÝÈ
©�¼mÕXÊpËsÑ®Î9ñ
ôCèªØÀáj¶�¯½º'ô�¹�·�¹À«¾êmÕXÊiËsê®Î]×MÊiËsÑ®Î�ØÝÈ ó
²jt¶½²tá�¶�¯�º1ô�ê�û�¹�·�¹À«!Õ*é®ØÝÈ ó
©�¼mÕXÊpËsè®Î9ñ
ôCèªØÀá�±ª©�¼t¼�ô�¹À·�¹À«¾êmÕMÊpË�é�Î]×aÊpËsè®Î�Ø�È ó
²jt¶½²táÇ±ª©°¼t¼�ôîêjû½¹�·�¹À«kÕ�é®ØÝÈ ó
ÏÌË
è®Î�ô'¶�¯½º'õ�±¾©�¼t¼]È
ÏÌË
ê®Î�ô'¶�¯½º ÷ ±¾©�¼t¼]Èó

Ï¾µ�©�±ÇÞ¾µÀ·�¹�·¾²�ÕUÊ�¯¾¹À·îÊ®¸�µÀ·!×UÊ�¯�¹�·îÊ¾©�«T×UÊ�¯¾¹�·�Êjµ�¯j·ÅØÀá
ætæ Ê�¯¾¹�·CÊ½·�ºjÆTÈ
ß�µÀ¸Àº�¹��©�à�²tÔ�ÕXÊ¾©�«�ØÝÈ
ß�µÀ¸Àº�¹��©�à�²tÔ�ÕXÊ½¸�µÀ·ÅØÝÈ
Ê�µ°¯j·ÌËsè®Î´ô§ÕXÊ½¸�µÀ·ÌËsè½Î�û�Êª©�«ÌËsÑ®ÎÖõCÊ®¸�µÀ·ÌË
Ñ®Î�û�Êª©*«`Ësè®Î ÷

Ê®¸�µÀ·ÌË�é�Î�û�Êª©�«`Ë
ê®ÎÇõCÊ½¸�µÀ·ÌËsê½Î�û�Êª©�«ÌË�é�Î�ØÝÈ
Ê�µ°¯j·ÌË�é�Î´ô§ÕXÊ½¸�µÀ·ÌË�é�Î�û�Êª©�«ÌËsÑ®ÎÖõCÊ®¸�µÀ·ÌË
Ñ®Î�û�Êª©*«`Ë�é�Î ÷
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Ê®¸�µÀ·ÌËsê®Î�û�Êª©�«`Ë
è®ÎÇõCÊ½¸�µÀ·ÌËsè½Î�û�Êª©�«ÌËsê®Î�ØÝÈ
Ê�µ°¯j·ÌËsê®Î´ô§ÕXÊ½¸�µÀ·ÌËsê½Î�û�Êª©�«ÌËsÑ®ÎÖõCÊ®¸�µÀ·ÌË
Ñ®Î�û�Êª©*«`Ësê®Î ÷

Ê®¸�µÀ·ÌËsè®Î�û�Êª©�«`ËXé�ÎÇõCÊ½¸�µÀ·ÌË�é�Î�û�Êª©�«ÌËsè®Î�ØÝÈ
Ê�µ°¯j·ÌËsÑ®Î´ô§ÕXÊ½¸�µÀ·ÌËsÑ½Î�û�Êª©�«ÌËsÑ®Î ÷ Ê®¸�µÀ·ÌË
è®Î�û�Êª©*«`Ësè®Î ÷

Ê®¸�µÀ·ÌË�é�Î�û�Êª©�«`ËXé�Î ÷ Ê½¸�µÀ·ÌËsê½Î�û�Êª©�«ÌËsê®Î�ØÝÈ
ß�µÀ¸Àº�¹��©�à�²tÔ�ÕXÊjµ�¯j·ÅØÝÈ

ó

Ï¾µ�©�±'©�«jÏ�Ô�¯¾¹�·kÕM±�µ�¯tÃ�½²Ö¹iË%Î]×I±jµ�¯tÃ�®²Ç¹¾©�«jÏÌË%Î�ØÀá
¼�µÀ¸]ÕE©�«j·1©Ðô�è�Èý©Ç³�ÑmÈý©�õ®õ�ØÀá
¹¾©*«jÏÌËM©�Î´ô�¹iËa©�Î]Èó

¹¾©*«jÏÌËsÑ®Î´ô§Õ ÷ é®Ø�û½¹iË
Ñ®Î]Èó
Ï¾µ�©�±ÖÆÅ©®¬�ö
	jò�©®¶�	®«�¿¾®²�ÕX±�µ�¯tÃª®²_¹iË%Î]×I±jµ�¯tÃ�®² Ã`Ë
Î�ØÀá
¶½µÀ¸®·kÕ�¹�×U¹�õ�Í�Ø�È
±�µ°¯tÃ�®²_·¾²�ºjÆÝé ô�¹TËsÑ®Î]È
±�µ°¯tÃ�®²_·¾²�ºjÆ¾ê�ô§ÕX¹iËsê®Î�õ�¹TËsÑ®Î�Ø æ ¶ÀÊ®¸®·kÕXê!Â�èªØÝÈ
±�µ°¯tÃ�®²_·¾²�ºjÆ¾Ñ�ô§ÕX¹iËsè®Î�õ�¹TË�é�Î�õ�¹iËsê®Î�õ�¹TËsÑ®Î�Ø æ ê�È
©�¼mÕU·¾²�º�ÆÝé_»½ô´·�²�º�Æ¾ê���C·¾²�º�ÆÝé_»½ô´·�²�º�Æ¾ÑªØ�á
¼�µÀ¸]Õý©�«j·ì©Öô�èmÈý©Ç³ÇÍkÈý©°õtõ�ØÀá
Ã`Ëa©�Î�ô�¹iËM©°Î]Èó

ó
²jt¶½²î©�¼�Õ�·¾²�º�Æ¾ê�»Ö·¾²�º�Æ¾ÑªØÀá
Ã`Ë
è®Î�ô§Õ�¹iË
è®Î ÷ ¹TË�é�Î�Ø æ ¶ÀÊ®¸®·kÕXê!Â�èªØÝÈ
Ã`ËXé�Î�ô§Õ�¹iË
è®ÎCõ�¹TË�é�Î�Ø æ ¶ÀÊ®¸®·kÕXê!Â�èªØÝÈ
Ã`Ë
ê®Î�ô§Õ�¹iË
ê®Î ÷ ¹TËsÑ®Î�Ø æ ¶ÀÊ®¸®·kÕXê!Â�èªØÝÈ
Ã`Ë
Ñ®Î�ô§Õ�¹iË
ê®ÎCõ�¹TËsÑ®Î�Ø æ ¶ÀÊ®¸®·kÕXê!Â�èªØÝÈó

²jt¶½²tá
Ã`Ë
è®Î�ô§Õ�¹iË
è®Î ÷ ¹iË�é�Î�õ�¹TËsê®Î ÷ ¹iËsÑ®ÎªØ æ ê�È
Ã`ËXé�Î�ô§Õ�¹iË
è®ÎCõ�¹TË�é�Î ÷ ¹TËsê®Î ÷ ¹iËsÑ®ÎªØ æ ê�È
Ã`Ë
ê®Î�ô§Õ ÷ ¹TËsè®Î�õ�¹iËXé�ÎCõ�¹TËsê®Î ÷ ¹iËsÑ®ÎªØ æ ê�È



&Lb!b!c! #"ed%$äãV(5ãÌnp"ec'lVnxã�& ª ãer ª &Llmc´hÝlpnpf#c!"'c! Lc!f¬«�å â�� �
Ã`Ë
Ñ®Î�ô§Õ�¹iË
è®ÎCõt¹iË�é�Î�õ�¹TËsê®Î�õ�¹iËsÑ®Î�Ø æ ê�Èó

ó
Ï¾µ�©°±'¬½µ�º�ÃÅ©�«ª²®Ô�¯¾¹�·kÕM±�µ�¯tÃ�½²Ð¹TË
Î]×U±�µ�¯tÃ�½²_ÃÌË
Î]×U±�µ�¯tÃ�½²�¬kË
Î�Ø�á
¬kËsè½ÎCô§Õ�¹TËsè®Î�û°ÃÌËsÑ®Î´õ�¹TËsÑ®Î�û°ÃÌËsè®Î ÷ ¹TË�é�Î�û°ÃÌËsê®Î´õ�¹iËsê®Î�û°Ã`Ë�é�ÎªØÝÈ
¬kË�é�ÎCô§Õ�¹TË�é�Î�û°ÃÌËsÑ®Î´õ�¹TËsÑ®Î�û°ÃÌË�é�Î ÷ ¹TËsê®Î�û°ÃÌËsè®Î´õ�¹iËsè®Î�û°Ã`Ësê®ÎªØÝÈ
¬kËsê½ÎCô§Õ�¹TËsê®Î�û°ÃÌËsÑ®Î´õ�¹TËsÑ®Î�û°ÃÌËsê®Î ÷ ¹TËsè®Î�û°ÃÌË�é�Î´õ�¹iË�é�Î�û°Ã`Ësè®ÎªØÝÈ
¬kËsÑ½ÎCô§Õ�¹TËsÑ®Î�û°ÃÌËsÑ®Î ÷ ¹TËsè®Î�û°ÃÌËsè®Î ÷ ¹TË�é�Î�û°ÃÌË�é�Î ÷ ¹iËsê®Î�û°Ã`Ësê®ÎªØÝÈó

Ï¾µ�©�±�±�²j°·�¹jÔ�ÕU±�µ�¯®Ã�®²ÇÊ�é�Ë
Î]×U±�µ°¯tÃ�®²ÇÊtêiË
Î]×U±jµ�¯tÃ�®²Ö±tÊpË
Î�Ø�á
ß�µÀ¸Àº�¹��©�à�²tÔ�ÕXÊ�é®ØÝÈ
ß�µÀ¸Àº�¹��©�à�²tÔ�ÕXÊtêªØÝÈ
±�µ°¯tÃ�®²ÖÊjê¾©*«jÏÌË%ÍjÎ�È
±�µ°¯tÃ�®²_·¾²�ºjÆ�ÊpË%ÍjÎ�È
©�«tÏ¾Ô�¯¾¹�·]ÕUÊjê§×IÊjê�©�«jÏÅØÝÈ
¬½µ�º�ÃÅ©�«ª²®Ô�¯¾¹�·kÕ-Ê�é�×IÊtê¾©�«jÏ!×�·¾²�º�Æ�Ê�ØÝÈætæ Þ¾µÀ·�¹�·�²�ÕXÊ�é�×gÊtê¾©�«jÏ!×�·¾²�º�Æ�Ê�ØÝÈ
¼�µÀ¸]Õý©�«j·ì©ÐôîèmÈý©Ç³ÇÍkÈý©°õtõ�ØÀá
·¾²�º�Æ�ÊpËM©°Î´ô�¼t¹ÀÃ�¶�Õa·�²�º�Æ�ÊpËa©�Î�ØÝÈó

ÆÅ©½¬°ö
	jò�©½¶�	®«�¿¾½²�Õa·¾²�ºjÆ�Ê]× ±®Ê�ØÝÈó

©�«t·ì¬®½µ�¶½²ÀÓ¾µ�ÕXÊ�¯¾¹�·�Ê�é�×IÊÀ¯¾¹�·1¶½µ°Æ`Ë
Î]×UÊÀ¯¾¹�·1¶�¹ÀÆ`Ë
ÎªØÀá
±�µ°¯tÃ�®² ÆÅ©Ðô�Í¾û�¹�·�¹À«!Õ*é®ØÝÈ
Ê�¯�¹�·�·�¶ÀÊÀ¯¾¹�·!×}º¾Ê�¯¾¹�·!È
¼�½µ®¹�·�·¾²�º�ÆîôîÑ��tè�È
©�«t·�¸®Ï�¹�°¯ª²Öô é�ç�È
¼�½µ®¹�·�±ª©½¶½µ�¸®·�ô�Ñ��tè�Èætæ ¼�®µ®¹�·CÊ�º'ôîèmÈ
Ê�¯�¹�·�Ê®¸ÅéÅÈ
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©�«t·ì¬½µ�º�Æt«ªµÖô��mÈ
Ï¾²j¬°·¾µ�¸ÇÏ�¬½µ�º�Æ`Ëa¬½µ�º�Æt«ªµ½Î�È
Ê�¯�¹�·�Ê¾¬½µ�º�Æ`Ëa¬½µ�º�Æt«ªµ½Î�È

ætæ ³�¬½µ�º�Æ¾µ�«ª²�«j·ª¶½»ætæ ¬�¯tÃª²
Ï�¬�µ�º�Æ`Ësè½ÎpËsè®ÎÇô�è�È
Ï�¬�µ�º�Æ`Ësè½ÎpË�é�ÎÇô�è�È
Ï�¬�µ�º�Æ`Ësè½ÎpËsê®ÎÇô�è�È
ætæ Þ
��¬�¯tÃ¾²ªé°è
Ï�¬�µ�º�Æ`Ë�é�ÎpËsè®ÎÇô�è�È
Ï�¬�µ�º�Æ`Ë�é�ÎpË�é�ÎÇôxé°èmÈ
Ï�¬�µ�º�Æ`Ë�é�ÎpËsê®ÎÇô�è�È
ætæ Þ
��¬�¯tÃ¾²®êtè
Ï�¬�µ�º�Æ`Ësê½ÎpËsè®ÎÇô�è�È
Ï�¬�µ�º�Æ`Ësê½ÎpË�é�ÎÇô�êtèmÈ
Ï�¬�µ�º�Æ`Ësê½ÎpËsê®ÎÇô�è�È
ætæ Þ
��¬�¯tÃ¾²®Ñtè
Ï�¬�µ�º�Æ`ËsÑ½ÎpËsè®ÎÇô�è�È
Ï�¬�µ�º�Æ`ËsÑ½ÎpË�é�ÎÇô�ÑtèmÈ
Ï�¬�µ�º�Æ`ËsÑ½ÎpËsê®ÎÇô�è�È
ætæ��
Ï�¬�µ�º�Æ`Ë%ÍtÎpËsè®ÎÇô��½ÍTÂ��tÑtÑ
���
��é�È
Ï�¬�µ�º�Æ`Ë%ÍtÎpË�é�ÎÇô�í½ÍTÂsÍ��
�tè®ètètç�È
Ï�¬�µ�º�Æ`Ë%ÍtÎpËsê®ÎÇô�ÑtÑkÂ��
�
�
���
�
��È
ætæ ¬½µ�ÆtÆª²À¸
Ï�¬�µ�º�Æ`Ësç½ÎpËsè®ÎÇô�Í�èmÈ
Ï�¬�µ�º�Æ`Ësç½ÎpË�é�ÎÇô��tçmÈ
Ï�¬�µ�º�Æ`Ësç½ÎpËsê®ÎÇô�ê
�mÈ
ætæ Ã�¸�¹�¶t¶
Ï�¬�µ�º�Æ`Ë��½ÎpËsè®ÎÇô�ÑtçmÈ
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Ï�¬�µ�º�Æ`Ë��½ÎpË�é�ÎÇô�Í�çmÈ
Ï�¬�µ�º�Æ`Ë��½ÎpËsê®ÎÇô�è�È
ætæ ¿�µ�¶t¶
Ï�¬�µ�º�Æ`Ësí½ÎpËsè®ÎÇô�è�È
Ï�¬�µ�º�Æ`Ësí½ÎpË�é�ÎÇô�Í�çmÈ
Ï�¬�µ�º�Æ`Ësí½ÎpËsê®ÎÇô�è�È
¼�µÀ¸]Õý©�«j·ì©ÐôîèmÈý©Ç³î¬½µ�º�Æt«ªµmÈ ©�õtõ�ØÀá
Ò¾²j¬°·tÓ¾µtÔ�ÕaÏ�¬½µ�ºjÆ`ËM©�Î]× Ê¾¬�µ�º�Æ`ËM©°Î�ØÝÈó

ætæ ³ æ ¬½µ�ºjÆªµ�«ª²�«t·�¶½»
ætæ ³�«ª²�ëª»
¼�µÀ¸]Õý©�«j·ì©ÐôîèmÈý©Ç³ÇÍkÈý©°õtõ�ØÀá
Þ¾µ�·�¹�·¾²�ÕMÊ�é�×Û¶À¹ÀÆ`ËM©�Î�×g·ª¶ÀÊ�¯¾¹�·�ØÝÈ
¼�µÀ¸]ÕE©�«j·���ô�è�È���³�ê�ÍkÈ��½õtõ�ØÀá
Þ¾µ�·�¹�·¾²�Õ ¶½µ°Æ`Ë��®Î]×�·�¶�Ê�¯¾¹�·!×-Ê®¸Åé®ØÝÈ

¼�µÀ¸]Õý©�«j·�ö¥ô�èmÈ-ö'³î¬½µ�º�Æt«ªµmÈ�ö�õtõ�ØÀá
±�²t�·�¹jÔ�ÕMÊ®¸Åé�×gÊ¾¬�µ�º�Æ`ËÄöjÎ]×SºªÊÀ¯¾¹�·ÅØÝÈ

±ª©½¶½µ�¸®·Cô�¹�¬½µj¶�ÕX¼j¹ÀÃ�¶�ÕsºªÊ�¯�¹�·ÌËsÑ®ÎªØtØ�û½Ñ��tè æ Æ�©�È
©�¼mÕX±ª©®¶½µÀ¸®·î³Ö·¾²�º�Æ�ØÀá
·¾²�º�ÆîôC±ª©®¶�µ�¸®·!È
¸®Ï�¹�°¯ª²Öô´ö!Èó

ó
ó

ó
©�¼mÕa·¾²�º�Æ¥»1é°ç¾ØÀá
¸®Ï�¹�°¯ª² ôxé°çmÈó

ætæ ³ æ «ª²�ë¾»
¸�²�·®¯�¸½«C¸®Ï�¹j°¯ª²mÈó
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ætæ®÷t÷t÷t÷t÷®÷t÷t÷t÷t÷®÷t÷t÷t÷

±�µ°¯tÃ�®²ÖÙ�µ�ºjÆjÓ�¹�ÉjÚ�ÕXÊ�¯¾¹�·�Ê�×ý©�«t·ì¬½µ�º�Æ`Ë
Î]×-Ê�¯¾¹�·1¶�µ�Æ`Ë
Î]×-Ê�¯¾¹�·1¶�¹ÀÆ`Ë%Î�ØÀá
±�µ°¯tÃ�®²_·�¹�Éj¼Cô�è�È
©�«t·ì¬°·®É®Æª²mÈ
¬°·®É®Æª²Çô'¬®½µ�¶½²ÀÓ¾µ�ÕXÊ]×Û¶�µ�ÆT× ¶�¹�Æ�ØÝÈ
©�¼mÕ�¬°·tÉ®Æ¾²Öôtô�è��
�-¬�·tÉ®Æª²Çô®ôxé��
�-¬�·tÉ®Æª²Çô®ô�ê��
�-¬°·tÉ®Æ¾²ÇôtôCÑªØÀá
·�¹ÀÉ�¼�ôxé�Â�èmÈ
¬½µ�º�Æ`Ësè®Î®õtõ]È
¬½µ�º�Æ`Ë��®Î®õtõ]Èó

²jt¶½²î©�¼�Õo¬°·tÉ®Æª²Öôtô�Í�ØÀá
·�¹ÀÉ�¼�ôxé�Â�ê®í�È
¬½µ�º�Æ`Ë�é�Î®õtõ]È
¬½µ�º�Æ`Ë��®Î®õtõ]Èó

²jt¶½²î©�¼�Õo¬°·tÉ®Æª²Öôtô�ç¾ØÀá
·�¹ÀÉ�¼�ôxé�Â�ê�ÍkÈ
¬½µ�º�Æ`Ësê®Î®õtõ]È
¬½µ�º�Æ`Ë��®Î®õtõ]Èó

²jt¶½²î©�¼�Õo¬°·tÉ®Æª²Öôtô��¾ØÀá
·�¹ÀÉ�¼�ôxé�Â�ê®Ñ�È
¬½µ�º�Æ`ËsÑ®Î®õtõ]È
¬½µ�º�Æ`Ë��®Î®õtõ]Èó

²jt¶½²î©�¼�Õo¬°·tÉ®Æª²Öôtô�í¾ØÀá
·�¹ÀÉ�¼�ôxé�Â�èmÈ
¬½µ�º�Æ`Ë%ÍjÎ®õtõ]È
¬½µ�º�Æ`Ë��®Î®õtõ]Èó

²jt¶½²tá
·�¹ÀÉ�¼�ôxé�Â�èmÈ
¬½µ�º�Æ`Ësç®Î®õtõ]È
¬½µ�º�Æ`Ë��®Î®õtõ]È
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ó
¸�²�·®¯�¸½«�·�¹�Éj¼]Èó

Ï¾µ�©�±´ß�µ�¸�º�¹��©°à�²tÔ�ÕXÊ�¯�¹�·�Ê�·¾µ�«ªµ�¸�º�ØÀá
±�µ°¯tÃ�®²�º�¹½¿CôîèmÈ
¼�µÀ¸]Õý©�«j·ì©ÐôîèmÈý©Ç³ÇÍkÈý©°õtõ�ØÀá
º�¹�¿�õtô�Ê½·¾µ°«ªµ�¸ÀºLËa©�Î�û�Ê½·�µ�«ªµ�¸Àº#ËM©�Î]Èó

º�¹�¿�ô'¶ÀÊ½¸®·kÕsº�¹�¿�ØÝÈ
¼�µÀ¸]Õý©�«j·ì©ÐôîèmÈý©Ç³ÇÍkÈý©°õtõ�ØÀá
Ê½·�µ�«ªµ�¸Àº#ËM©�Î æ ôÐº�¹�¿kÈó

ó
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¬½µ�º�Æªµ�«ª²°«j·C¨C±�²�¼ æ ¸�²�ò¥¬½µ�º�Æ
è¥¬�¯®Ãª²
é Ã�¸j¹�¶t¶
ê¥¬½µ°ÆtÆª²�¸
Ñ �
ÍC¸�²j¶°·
û æ
¨ª©*«�¬®°¯�±j²´³�©�µj¶°·j¸�²®¹�º�»
¨ª©*«�¬®°¯�±j²´³½¼¾¶�·j¸�²®¹°º�»
¨ª©*«�¬®°¯�±j²´³�¶°·t¸�©�«�¿�»
¨ª©*«�¬®°¯�±j²´³�º�¹À·®ÁVÂ%Áª»
¨ª©*«�¬®°¯�±j²´³�¶°·j±ª©�µkÂ%Á¾»
¨ª©*«�¬®°¯�±j²´³�¶°·j±��©�ÃVÂÄÁª»
¨ª©*«�¬®°¯�±j²´³®¹��¿�µ�¸�©�·½Á½º�»
¨ª©*«�¬®°¯�±j²´³�©�µ�º�¹À«Å©�ÆpÂ%Áª»
¨ª©*«�¬®°¯�±j²´³ÀÏ¾²j¬°·¾µ�¸iÂÄÁª»
¯�¶t©�«�¿Ç«¾¹�º�²�¶�Æ¾¹�¬½²C¶°·j±]È
·tÉ½Æª²½±�²½¼´±�µ°¯tÃ�®²ÇÊÀ¯¾¹�·ÌË%ÍtÎ]È
·tÉ½Æª²½±�²½¼´±�µ°¯tÃ�®²ÐÏ�²�¬°·ÌËsÑ½Î]Èætæ ·tÉ®Æª²½±j²½¼¥©�«t·1û�¶j©�·¾²mÈ
·tÉ½Æª²½±�²½¼î¶°·t¸½¯�¬°·¾á
©�«t·ì¬½µ®µ�¸j±pËsÑ½Î]Èó ¶j©�·¾²mÈ

Ï¾µ�©�±ÇÒ¾²�¬�·tÓ¾µtÔ�Õ�Ï¾²�¬°·ÇÏ!×IÊÀ¯¾¹�·�Ê�Ø�È
Ï¾µ�©�±�Ô�¯¾¹À·tÓ¾µÀÒkÕMÊ�¯¾¹�·�Ê]×-Ï�²�¬°·�ÏÅØ�È
Ï¾µ�©�±ÇÞ¾µÀ·�¹�·¾²�ÕXÊÀ¯¾¹�·!×gÊ�¯�¹�·!×UÊ�¯�¹�·ÅØÝÈ
Ï¾µ�©�±´ß�µ�¸�º�¹��©°à�²tÔ�ÕUÊÀ¯¾¹�·ÅØÝÈ
©�«t·1ûtû®ûÖ¸�²½¹®±���¹�·�¹mÕE©�«j·îû®ûtû�ºp×5©*«j·&�k×ý©�«j·��!×ý©*«j·&�ÅØÝÈ
Ï¾µ�©�±Öë�¸�©�·¾²'��¹�·�¹mÕE©�«j·îû®ûtû�ºp×5©*«j·!×5©�«j·!×5©*«j·!×U¼¾¶°·j¸�²½¹°º��ÅØÝÈ
Ï¾µ�©�±´¿�²À·�!¾µ�¯t«�±t¹½¸®ÉkÕE©*«j·îû®ûtû�×5©�«t·!×ý©*«j· ×ý©*«j·!×gÏ¾²�¬°·¾µÀ¸�³�¶j©�·�²t»(�ÅØÝÈ
Ï¾µ�©�±Ö«ª²�©�¿½Á�¶�ÕE©*«j· ×ý©�«t· ×ý©�«t· ×ý©�«j· ×ý©�«j·<Ë
Î]×5©�«j·ÌË
ÎªØÝÈ
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Ï¾µ�©�±´¸�²®¹½±tÙ � É�º®ºiÕXÊ�¯¾¹À·3Ë
ÎªØÝÈ
Ï¾µ�©�±´¸�²®¹½± �
� É�º®ºiÕXÊ�¯¾¹À·3Ë
ÎªØÝÈ
Ï¾µ�©�±´¸�²®¹½±½Ó¾²�ò]ÕMÊ�¯¾¹�·3Ë
ÎªØÝÈ
Ï¾µ�©�±´¸�²®¹½±�)t¸�µ�ÃkÕE©�«j·3Ësç½ÎpËsç®Î]× ®µ°«�¿ì©*«j·&��ØÝÈ
©�«t·ì¬®½µ�¶½²ÀÓ¾µ�ÕXÊ�¯¾¹�·�Ê�é�×IÊÀ¯¾¹�·1¶½µ°Æ`Ë
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ætæ ¬½µ�¯j·¾³®³À·¾²�º�Æ¾³t³t²�«�±��Èó
ó

ó
ætæ µ�¯t·
�pÂX¬®½µ�¶½²�Õ*Ø�Èó

ætæ®÷t÷t÷t÷t÷®÷t÷t÷t÷
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©�¼mÕ�ñM©�«�¼ � ØÀá
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Ò¾²j¬°·tÓ¾µtÔ�ÕaÏ!×�	ÌË�¬½µ�¯t«j·�µ�¸®·ª¶ÀÎªØÝÈ
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²jt¶½²tá
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ó
ætæ®÷t÷t÷t÷t÷®÷t÷
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±�µ°¯tÃ�®²_·¾²�ºjÆÝé ô�¹TËsÑ®Î]È
±�µ°¯tÃ�®²_·¾²�ºjÆ¾ê�ô§ÕX¹iËsê®Î�õ�¹TËsÑ®Î�Ø æ ¶ÀÊ®¸®·kÕXê!Â�èªØÝÈ
±�µ°¯tÃ�®²_·¾²�ºjÆ¾Ñ�ô§ÕX¹iËsè®Î�õ�¹TË�é�Î�õ�¹iËsê®Î�õ�¹TËsÑ®Î�Ø æ ê�È
©�¼mÕU·¾²�º�ÆÝé_»½ô´·�²�º�Æ¾ê���C·¾²�º�ÆÝé_»½ô´·�²�º�Æ¾ÑªØ�á
¼�µÀ¸]Õý©�«j·ì©Öô�èmÈý©Ç³ÇÍkÈý©°õtõ�ØÀá
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Ã`Ëa©�Î�ô�¹iËM©°Î]Èó

ó
²jt¶½²î©�¼�Õ�·¾²�º�Æ¾ê�»Ö·¾²�º�Æ¾ÑªØÀá
Ã`Ë
è®Î�ô§Õ�¹iË
è®Î ÷ ¹TË�é�Î�Ø æ ¶ÀÊ®¸®·kÕXê!Â�èªØÝÈ
Ã`ËXé�Î�ô§Õ�¹iË
è®ÎCõ�¹TË�é�Î�Ø æ ¶ÀÊ®¸®·kÕXê!Â�èªØÝÈ
Ã`Ë
ê®Î�ô§Õ�¹iË
ê®Î ÷ ¹TËsÑ®Î�Ø æ ¶ÀÊ®¸®·kÕXê!Â�èªØÝÈ
Ã`Ë
Ñ®Î�ô§Õ�¹iË
ê®ÎCõ�¹TËsÑ®Î�Ø æ ¶ÀÊ®¸®·kÕXê!Â�èªØÝÈó

²jt¶½²tá
Ã`Ë
è®Î�ô§Õ�¹iË
è®Î ÷ ¹iË�é�Î�õ�¹TËsê®Î ÷ ¹iËsÑ®ÎªØ æ ê�È
Ã`ËXé�Î�ô§Õ�¹iË
è®ÎCõ�¹TË�é�Î ÷ ¹TËsê®Î ÷ ¹iËsÑ®ÎªØ æ ê�È
Ã`Ë
ê®Î�ô§Õ ÷ ¹TËsè®Î�õ�¹iËXé�ÎCõ�¹TËsê®Î ÷ ¹iËsÑ®ÎªØ æ ê�È
Ã`Ë
Ñ®Î�ô§Õ�¹iË
è®ÎCõt¹iË�é�Î�õ�¹TËsê®Î�õ�¹iËsÑ®Î�Ø æ ê�Èó

ó
Ï¾µ�©°±'¬½µ�º�ÃÅ©�«ª²®Ô�¯¾¹�·kÕM±�µ�¯tÃ�½²Ð¹TË
Î]×U±�µ�¯tÃ�½²_ÃÌË
Î]×U±�µ�¯tÃ�½²�¬kË
Î�Ø�á
¬kËsè½ÎCô§Õ�¹TËsè®Î�û°ÃÌËsÑ®Î´õ�¹TËsÑ®Î�û°ÃÌËsè®Î ÷ ¹TË�é�Î�û°ÃÌËsê®Î´õ�¹iËsê®Î�û°Ã`Ë�é�ÎªØÝÈ
¬kË�é�ÎCô§Õ�¹TË�é�Î�û°ÃÌËsÑ®Î´õ�¹TËsÑ®Î�û°ÃÌË�é�Î ÷ ¹TËsê®Î�û°ÃÌËsè®Î´õ�¹iËsè®Î�û°Ã`Ësê®ÎªØÝÈ
¬kËsê½ÎCô§Õ�¹TËsê®Î�û°ÃÌËsÑ®Î´õ�¹TËsÑ®Î�û°ÃÌËsê®Î ÷ ¹TËsè®Î�û°ÃÌË�é�Î´õ�¹iË�é�Î�û°Ã`Ësè®ÎªØÝÈ
¬kËsÑ½ÎCô§Õ�¹TËsÑ®Î�û°ÃÌËsÑ®Î ÷ ¹TËsè®Î�û°ÃÌËsè®Î ÷ ¹TË�é�Î�û°ÃÌË�é�Î ÷ ¹iËsê®Î�û°Ã`Ësê®ÎªØÝÈó

Ï¾µ�©�±�±�²j°·�¹jÔ�ÕU±�µ�¯®Ã�®²ÇÊ�é�Ë
Î]×U±�µ°¯tÃ�®²ÇÊtêiË
Î]×U±jµ�¯tÃ�®²Ö±tÊpË
Î�Ø�á
ß�µÀ¸Àº�¹��©�à�²tÔ�ÕXÊ�é®ØÝÈ
ß�µÀ¸Àº�¹��©�à�²tÔ�ÕXÊtêªØÝÈ
±�µ°¯tÃ�®²ÖÊjê¾©*«jÏÌË%ÍjÎ�È
±�µ°¯tÃ�®²_·¾²�ºjÆ�ÊpË%ÍjÎ�È
©�«tÏ¾Ô�¯¾¹�·]ÕUÊjê§×IÊjê�©�«jÏÅØÝÈ
¬½µ�º�ÃÅ©�«ª²®Ô�¯¾¹�·kÕ-Ê�é�×IÊtê¾©�«jÏ!×�·¾²�º�Æ�Ê�ØÝÈ
¼�µÀ¸]Õý©�«j·ì©ÐôîèmÈý©Ç³ÇÍkÈý©°õtõ�ØÀá
·¾²�º�Æ�ÊpËM©°Î´ô�¼t¹ÀÃ�¶�Õa·�²�º�Æ�ÊpËa©�Î�ØÝÈó

ÆÅ©½¬°ö
	jò�©½¶�	®«�¿¾½²�Õa·¾²�ºjÆ�Ê]× ±®Ê�ØÝÈ
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ó

©�«t·ì¬®½µ�¶½²ÀÓ¾µ�ÕXÊ�¯¾¹�·�Ê�é�×IÊÀ¯¾¹�·1¶½µ°Æ`Ë
Î]×UÊÀ¯¾¹�·1¶�¹ÀÆ`Ë
Î�×U¼�®µ®¹À·î¹À«�¿¾½²¾ØÀá
±�µ°¯tÃ�®² ÆÅ©Ðô�Í¾û�¹�·�¹À«!Õ*é®ØÝÈ
Ê�¯�¹�·�·�¶ÀÊÀ¯¾¹�·!×}º¾Ê�¯¾¹�·!È
¼�½µ®¹�·�·¾²�º�ÆîôîÑ��tè�È
©�«t·�¸®Ï�¹�°¯ª²Öô é�ç�È
¼�½µ®¹�·�±ª©½¶½µ�¸®·�ô�Ñ��tè�È
Ê�¯�¹�·�Ê®¸ÅéÅÈ
©�«t·ì¬½µ�º�Æt«ªµÖô��mÈ
Ï¾²j¬°·�Ï�¬½µ�º�Æ`Ëa¬½µ�º�Æt«ªµ½Î�È
Ê�¯�¹�·�Ê¾¬½µ�º�Æ`Ëa¬½µ�º�Æt«ªµ½Î�È

ætæ ³�¬½µ�º�Æ¾µ�«ª²�«j·ª¶½»ætæ ¬�¯tÃª²
Ï�¬�µ�º�Æ`Ësè½ÎpËsè®ÎÇô�è�È
Ï�¬�µ�º�Æ`Ësè½ÎpË�é�ÎÇô�è�È
Ï�¬�µ�º�Æ`Ësè½ÎpËsê®ÎÇô�è�È
ætæ Þ
��¬�¯tÃ¾²ªé°è
Ï�¬�µ�º�Æ`Ë�é�ÎpËsè®ÎÇô�è�È
Ï�¬�µ�º�Æ`Ë�é�ÎpË�é�ÎÇôxé°èmÈ
Ï�¬�µ�º�Æ`Ë�é�ÎpËsê®ÎÇô�è�È
ætæ Þ
��¬�¯tÃ¾²®êtè
Ï�¬�µ�º�Æ`Ësê½ÎpËsè®ÎÇô�è�È
Ï�¬�µ�º�Æ`Ësê½ÎpË�é�ÎÇô�êtèmÈ
Ï�¬�µ�º�Æ`Ësê½ÎpËsê®ÎÇô�è�È
ætæ Þ
��¬�¯tÃ¾²®Ñtè
Ï�¬�µ�º�Æ`ËsÑ½ÎpËsè®ÎÇô�è�È
Ï�¬�µ�º�Æ`ËsÑ½ÎpË�é�ÎÇô�ÑtèmÈ
Ï�¬�µ�º�Æ`ËsÑ½ÎpËsê®ÎÇô�è�È
ætæ ¬½µ�ÆtÆª²À¸
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Ï�¬�µ�º�Æ`Ë%ÍtÎpËsè®ÎÇô�Í�èmÈ
Ï�¬�µ�º�Æ`Ë%ÍtÎpË�é�ÎÇô��tçmÈ
Ï�¬�µ�º�Æ`Ë%ÍtÎpËsê®ÎÇô�ê
�mÈ
ætæ Ã�¸�¹�¶t¶
Ï�¬�µ�º�Æ`Ësç½ÎpËsè®ÎÇô�ÑtçmÈ
Ï�¬�µ�º�Æ`Ësç½ÎpË�é�ÎÇô�Í�çmÈ
Ï�¬�µ�º�Æ`Ësç½ÎpËsê®ÎÇô�è�È
ætæ��
Ï�¬�µ�º�Æ`Ë��½ÎpËsè®ÎÇô��½ÍTÂ��tÑtÑ
���
��é�È
Ï�¬�µ�º�Æ`Ë��½ÎpË�é�ÎÇô�í½ÍTÂsÍ��
�tè®ètètç�È
Ï�¬�µ�º�Æ`Ë��½ÎpËsê®ÎÇô�ÑtÑkÂ��
�
�
���
�
��È
¼�µÀ¸]Õý©�«j·ì©ÐôîèmÈý©Ç³î¬½µ�º�Æt«ªµmÈ ©�õtõ�ØÀá
Ò¾²j¬°·tÓ¾µtÔ�ÕaÏ�¬½µ�ºjÆ`ËM©�Î]× Ê¾¬�µ�º�Æ`ËM©°Î�ØÝÈó

ætæ ³ æ ¬½µ�ºjÆªµ�«ª²�«t·�¶½»
ætæ ³�«ª²�ëª»
¼�µÀ¸]Õý©�«j·ì©ÐôîèmÈý©Ç³ÇÍkÈý©°õtõ�ØÀá
Þ¾µ�·�¹�·¾²�ÕMÊ�é�×Û¶À¹ÀÆ`ËM©�Î�×g·ª¶ÀÊ�¯¾¹�·�ØÝÈ
¼�µÀ¸]ÕE©�«j·���ô�è�È���³�ê�ÍkÈ��½õtõ�ØÀá
Þ¾µ�·�¹�·¾²�Õ ¶½µ°Æ`Ë��®Î]×�·�¶�Ê�¯¾¹�·!×-Ê®¸Åé®ØÝÈ

¼�µÀ¸]Õý©�«j·�ö¥ô�èmÈ-ö'³î¬½µ�º�Æt«ªµmÈ�ö�õtõ�ØÀá
±�²t�·�¹jÔ�ÕMÊ®¸Åé�×gÊ¾¬�µ�º�Æ`ËÄöjÎ]×SºªÊÀ¯¾¹�·ÅØÝÈ

±ª©½¶½µ�¸®·Cô�¹�¬½µj¶�ÕX¼j¹ÀÃ�¶�ÕsºªÊ�¯�¹�·ÌËsÑ®ÎªØtØ�û½Ñ��tè æ Æ�©�È
©�¼mÕX±ª©®¶½µÀ¸®·î³Ö·¾²�º�Æ�ØÀá
·¾²�º�ÆîôC±ª©®¶�µ�¸®·!È
¸®Ï�¹�°¯ª²Öô´ö!Èó

ó
ó

ó
©�¼mÕa·¾²�º�Æ¥»�¹À«j¿¾®²¾ØÀá
¸®Ï�¹�°¯ª² ô�í�È
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ætæ ³ æ «ª²�ë¾»
¸�²�·®¯�¸½«C¸®Ï�¹j°¯ª²mÈó

Ï¾µ�©�±´ß�µ�¸�º�¹��©°à�²tÔ�ÕXÊ�¯�¹�·�Ê�·¾µ�«ªµ�¸�º�ØÀá
±�µ°¯tÃ�®²�º�¹½¿CôîèmÈ
¼�µÀ¸]Õý©�«j·ì©ÐôîèmÈý©Ç³ÇÍkÈý©°õtõ�ØÀá
º�¹�¿�õtô�Ê½·¾µ°«ªµ�¸ÀºLËa©�Î�û�Ê½·�µ�«ªµ�¸Àº#ËM©�Î]Èó

º�¹�¿�ô'¶ÀÊ½¸®·kÕsº�¹�¿�ØÝÈ
¼�µÀ¸]Õý©�«j·ì©ÐôîèmÈý©Ç³ÇÍkÈý©°õtõ�ØÀá
Ê½·�µ�«ªµ�¸Àº#ËM©�Î æ ôÐº�¹�¿kÈó

ó

ætæ®÷t÷t÷t÷t÷®÷t÷t÷t÷t÷®÷t÷t÷t÷


