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Conditionally-sampled boundary layer data for an accelerating
transitional boundary layer have been analyzed to calculate the
entropy generation rate in the transition region. By weighing the
nondimensional  dissipation  coefficient  for the laminar-
conditioned-data and turbulent-conditioned-data with the inter-
mittency factor 7y the average entropy generation rate in the tran-
sition region can be determined and hence be compared to the
time averaged data and correlations for steady laminar and tur-
bulent flows. It is demonstrated that this method provides, for the
first time, an accurate and detailed picture of the entropy genera-
tion rate during transition. The data used in this paper have been

taken from detailed boundary layer measurements available in the
literature. This paper provides, using an intermittency weighted
approach, a methodology for predicting entropy generation in a
transitional boundary layer. '
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Introduction

Efficiency is one of the key concerns in the development of
modern turbomachines, as modest improvements result in signifi-
cant gains in cost savings and pollution reduction. The continued
increases in efficiency over the years have come in part from an
elevation of turbine inlet temperatures and increased pressure ra-
tios. However, such strategies are becoming more and more diffi-
cult to implement, as the gas temperature in modern gas turbines
is well in excess of the melting temperature of the blade material.
Thus, other ways to increase efficiency are continually sought. To
elucidate these sources, the designer must understand the charac-
teristics and sources of various loss mechanisms. Entropy genera-
tion minimization (EGM) is a method of thermodynamic optimi-
zation of real systems that owe their thermodynamic imperfection
to heat transfer, fluid flow, and mass transfer irreversibilities [1].
Denton [2] noted that entropy creation is a direct measure of lost
work and is therefore the key to understanding loss mechanisms in
turbomachinery flows. With the help of such knowledge it may be
possible to achieve improvements of component efficiency,
thereby offering advantages to the designer. Such an analysis is
not restricted to turbomachinery and is applicable to all fluid flow
systems.

EGM is especially important when considering the boundary
layer. It is stated throughout the literature that boundary layers are
a key loss generating mechanism in turbomachinery. Bejan [1]
noted that for a flat plate boundary layer the near wall region,
Y+ <30, is where the generation of entropy is concentrated. Much
work has focused on understanding and accurately predicting both
the laminar and turbulent boundary layer loss mechanisms, with
reasonable success. For the laminar boundary layer Truckenbrodt
[3] integrated the Pohlhausen [4] family of velocity profiles and
showed that the nondimensional entropy generation rate per unit
surface is inversely proportional to Re,. For turbulent boundary
layers, Schlichting [5] demonstrated that the nondimensional en-
tropy generation rate is only weakly dependent on the Reynolds
number of the flow. Both of these results have withstood the test
of time with a number of authors showing good agreement be-
tween measurements and predictions.

An important boundary layer phenomenon is the transition pro-
cess from a laminar to a turbulent boundary layer, this topic being
the focus of numerous experimental and theoretical investigations.
The transition region may be small relative to the wetted surface
at low Reynolds numbers, where the flow is predominantly lami-
nar, and high Reynolds numbers where the flow is predominantly
turbulent. However, at Reynolds and Mach numbers found in tur-
bomachinery, through hot film measurements in a linear cascade,



Walsh and Davies [6] demonstrated that the transition process
extends over a relatively large proportion of the suction surface.
The understanding and prediction of this region has plagued re-
searchers for over a century, with an abundance of investigators
addressing the prediction of transition onset and length over a
diverse range of flow conditions [7-12].

The intermittent nature of transitional boundary layers has also
been studied extensively, notably by Emmons [13] and Dhawan
and Narasimha [14]. More recently, work on conditional sampling
and intermittency has focused on the effects of free stream turbu-
lence intensity [15-17] and passing wakes [18] on transition and
the resulting structures of the transitional boundary layers. How-
ever, very limited experimental or theoretical work has been de-
voted to the entropy generation rate within the transition region.
and no work has been presented where the transitional entropy
generation rate has been calculated based on the intermittency
factor y. Stieger [19] showed ensemble-averaged and time-
averaged dissipation coefficient data for a diffusing boundary
layer flow over a flat plate subject to a passing wake. It was
observed that the time averaged data lie between the laminar and
turbulent correlations and a somewhat erratic evolution of dissi-
pation coefficient Cp, during transition from laminar to turbulent
flow was seen.

Detailed hot wire measurements for the transition region of an
accelerating boundary layer have been made available by Volino
et al. [17]. This work contains nonconditionally sampled and con-
ditionally sampled data, which consists of laminar and turbulent
conditioned data in an accelerating transitional boundary layer.
This means the flow within the turbulent spots and the calmed
regions of the transitional boundary layer are identified first and
then the data for each are separated and processed. Hence, the
data are sampled based on the state of the boundary layer; laminar
or turbulent. The favorable pressure gradient resulted in an ex-
tended transition region which gave improved measurement reso-
lution in the transition region. Detailed entropy generation calcu-
lations from these data have been carried out and the
conditionally-sampled ~ data  are  compared with  the
nonconditionally-sampled data in the literature, as seen by Stieger
[19]. This is the first time that dissipation has been characterized
in a transitional boundary layer using the conditionally averaged
approach. It should be noted that in such work care must be taken
when using intermittency weighted averages of conditionally
sampled data. This is because deviations of quantities identified as
“laminar-like” and “turbulent-like” from actual laminar and turbu-
lent characteristics can affect the success of the method [20]. The
resultant distribution of entropy generation rate in the transition
region is the first to shed light on the entropy production ratc
within a boundary layer as the flow transitions from a laminar to
turbulent state.

Entropy Generation

The dissipation function [5] can be used to determine the volu-
metric entropy generation rate for steady, two-dimensional, in-
compressible adiabatic flows,
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For laminar flow Reynolds stresses are assumed to be negligible
and the second term of Eq. (1) may be ignored. Tt is convenient
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Denton [2] noted that for turbulent boundary layers the dissipation
coefficient is much less dependent on the state of the boundary
layer than the more widely used skin friction coefficient, Cy with
about 90% of entropy generation occurring within the inner part
of the boundary layer. Denton [2] also details a method by Truck-
enbrodt [3] based on an inverse relationship between dissipation
coefficient and momentum thickness Reynolds number, given in
Eq. (3),

Cowm=F Rej! ‘ (3)

where S has a range of 0.151 < 8=<0.22 for a Pohlhausen pressure
gradient shape factor of —12<A=<12. Schlichting [5] reports a
correlation for turbulent boundary layers with a shape factor H,
between 1.2 and 2, and a Rey between 10° and 10°,

Cppy = 0:0056 Re;' 4

Denton [2] noted reasonable agreement between Eq. (4) and data
for Rey between 500 and 1000 for accelerating, constant pressure,
and diffusing boundary layers.

For the transition region no correlation exists to describe the
distribution of the dissipation coefficient with varying Rey Em-
mons [13] presumed that since the flow in the transition region is
part of the time laminar (y=0) and part of the time turbulent (y
=1), the average flow at any streamwise position is given by

f=0=Yfiam+ ¥frurs (5)

Here f is a boundary layer flow related quantity with fi op and
frurs as its local laminar and fully turbulent values. Such a linear
combination method, although relatively simple, has proven to be
an effective and useful transition model. Dhawan and Narasimha
[14] showed that this equation gives reasonable approximations
for the boundary layer thicknesses and shape factor. Dhawan and
Narasimha [14] also showed that the skin friction coefficient C
may be substituted into Eq. (5) to give good agreement with ex-
perimental data. Dey [21] has shown that the momentum imbal-
ance due to the method is small enough to be negligible. The
dissipation coefficient Cj, is inserted into Eq. (5) in a similar
manner to yield

Cp=(1- Y)CDLAM + YCby g (6)

This equation will be used to determine the intermittency
weighted entropy generation rate in the transition region from the
conditionally sampled data.

Transition Region Experimental Data

All the calculations presented in this paper are based on data
presented by Volino et al. [17] in which detailed information re-
garding the experimental apparatus and method can be found. A
brief summary of the experimental data is given here. The data are
hot wire measurements from ten measurement stations that extend
the length of the transition region of an accelerating boundary
layer subject to a velocity gradient of 13.9 s™!. The streamwise
free-stream turbulence intensity is 8.8% at the test section inlet
and drops to 2% at station 10. Data were taken for 26 s at a
20 kHz sampling rate for each measurement point using a bound-
ary layer type hot wire probe, a boundary layer cross-wire probe,
and a constant temperature hot wire anemometer control system.
Distance from the wall is known to within 25 um. The data were
low-pass filtered at 10 kHz. Uncertainties in mean and rms fluc-
tuating velocities are 3-5%. Uncertainty in the Reynolds shear
stresses —u’v’ is 10%. Uncertainty in skin friction coefficient Cr
is 8%. Uncertainties in the momentum and displacement thick-
nesses are 10%. Uncertainty in the shape factor H,, is 7%. Inter-
mittency was calculated from both u’ and u'v’ with good agree-




Table 1 Boundary layer data [17]
u' v«

x Us U U K Yok 2
Station (m) (m/s) (%) (%) X 10° (%) (mm)
| 0.1182 6.22 6.4 6.4 5.32 4.1 4.04
2 0.1895 7.12 49 5.5 4.04 3.0 3.99
3 0.2677 7.99 39 4.8 3.25 4.7 4.52
4 0.3449 9.13 32 4.2 2.53 8.9 5.16
5 0.4231 10.35 2.7 3.8 1.97 17.0 4.72
6 0.5033 11.38 24 34 1.63 344 5.28
7 0.5805 12.49 2.1 32 1.33 56.0 5.67
8 0.6587 13.63 1.9 29 1.13 71.4 5.80
9 0.7353 14.62 1.7 27 0.97 86.2 6.58
10 0.8165 15.89 1.5 2.5 0.83 93.2 7.92

ment found between the two. The correlation coefficients between
the «’ and —u'v' data were above 0.9 for 95% of the measurement
locations, with 0.8 as the lowest value. Uncertainty in the inter-
mittency is 10%. Volino et al. [17] refer to the laminar conditioned
data as “nonturbulent” due to elevated fluctuations in the laminar
region of transition and to the unconditioned data as “composite.”
A summary of the measurements at each station is given in Tables
1 and 2. Uncertainty in the laminar-conditioned dissipation coef-
ficient data is calculated at 6%. The uncertainties in turbulent-
conditioned and nonconditionally sampled dissipation coefficient
data where the Reynolds shear stresses are included are calculated
at 10%.

Entropy Calculations

Figure 1 shows the mean velocity profiles for stations 1-9 in
wall coordinates. For the turbulent conditioned data there is good
agreement with the Von Karmdan empirical correlation. The Rey-
nolds shear stresses for the turbulent conditioned data for mea-
surement stations 1-9 are also shown in Fig. 1, nondimensional-
ized with the turbulent friction velocity u%,. The —u’v’ fluctuations
for the laminar conditioned data are significantly smaller than the
turbulent conditioned data and have been neglected in the laminar
dissipation coefficient calculations. The Reynolds shear stresses
for the turbulent conditioned data and the nonconditionally
sampled data were fitted with a sixth order polynomial set to zero
at the wall. This was found to sufficiently fit the data. This poly-
nomial equation was used to represent the Reynolds shear stresses
in Eq. (1) for each of the mean velocity profiles. The peaks in the
—u'v' profiles are around Y*= 30, in broad agreement with clas-
sical data available in the literature, Roach and Brierley [22] with
peak —u’'v’ found in Y*=30-40 for fully developed turbulent
boundary layers. Some scatter is observed in the turbulent Rey-
nolds shear stresses at low Reynolds numbers. This is due to the
low intermittency level in this region.

Detailed near wall measurements are needed in order to calcu-
late the dissipation coefficient accurately. The mean boundary

layer velocity profiles were fitted with a linear approximation in
the near-wall region (Y*=U"*) with an overlapping sixth order
polynomial to the remainder of velocity profile. This method is
considered to be more accurate than applying a single high order
polynomial fit as it exploits the law of the wall in the viscous
sublayer where Y*=U*. Tt was found that the overlap between the
linear and nonlinear portions of the velocity profiles was at ap-
proximately Y*=5 (+2), in agreement with the “universal law” of
the wall. This result gives confidence in the validity of the mea-
surements and the methodology proposed to determine the en-
tropy generation rate. The velocity profile curve fits are also set to
zero at the wall. The entropy generation rates calculated for sta-
tion 5 are shown in Fig. 2. A large difference between the laminar
conditioned data and the total turbulent conditioned data is visible.
Using Eq. (1) the total turbulent nondimensional entropy genera-
tion rate can be calculated by summing the viscous and Reynolds
shear stress contributions. The flat regions of both the laminar and
turbulent conditioned viscous data are a result of the linear curve
fits where du/dy is constant. Since the linear curve fit of the ve-
locity profile must pass through the origin in accordance with the
zero slip condition, the linear curve fit may be forecasted back to
the wall when integrating the curves to determine the dissipation
coefficient.

"

The conditionally-sampled and nonconditionally sampled S‘gcn
plots for all the measurement stations given in Tables 1 and 2 are

"

gen
is nondimensionalized by (S'z"m) * =Sg'en0T/pU:1, where the length
scale @ is the nonconditionally-sampled momentum thickness. The
plots are smoothed with a spline interpolation between data
points.

Figure 3 shows (a) laminar data which represents the flow be-
tween the turbulent spots, (b) turbulent data which represent the
flow in the turbulent spots, and (c) intermittently weighted data,
which are intermittency weighted representations of the flow field
at each measurement station calculated by inserting the data from

shown in the form of nondimensional contour plots in Fig. 3. §

Table 2 Conditionally sampled boundary layer data [17]

Rey H Re, H Re, H
Station Composite Nonturbulent Turbulent
1 136 1.96 136 1.97 90 1.97
2 149 1.98 149 1.99 135 1.72
3 169 1.94 168 1.94 186 1.59
4 196 1.87 193 1.89 244 1.51
5 221 1.82 212 1.86 293 1.48
6 263 1.76 239 1.86 366 1.46
7 324 1.66 264 1.86 432 1.46
8 372 1.58 278 1.82 474 1.43
9 457 1.49 297 1.81 580 1.39
10 580 1.43 364 1.69 745 1.35
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Fig. 1 Conditionally-sampled velocity profiles and Reynolds shear stresses for stations 1-9: O, laminar-conditioned data; A,

turbulent-conditioned data; 4, turbulent-conditioned Reynolds shear stresses; ---, law of the wall, Y*=U*; —, Von Karman
empirical correlation U*=2.4In Y*+5; —, sixth order polynomial fit of turbulent-conditioned Reynolds shear stress data
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Fig. 2 Entropy generation rate profiles for station 5: O, Fig. 3 Contours of nondimensional volumetric entropy gen-
laminar-conditioned data; A, viscous turbulent conditioned eration rate for (a) laminar conditionally-sampled, (b) turbulent
data; —, Reynolds shear stress turbulent-conditioned data; [J, conditionally-sampled, (c) intermittency weighted data, and (d)
total turbulent-conditioned data nonconditionally sampled
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Fig. 4 Dissipation coefficient vs Re,: M, laminar-conditioned
data; @, turbulent-conditioned data (note: station 1 data point
for turbulent-conditioned data are located at Re,=90); A, inter-
mittency weighted data; A, unconditionally sampled data

(a) and (b) into Eq. (6). A nonconditionally sampled, time-
averaged picture of the flow field (d) is also shown.

The dissipation coefficient, Eq. (2), results obtained for each
measurement station given in Tables 1 and 2 are shown in Fig. 4.
This figure is obtained by integrating the contours of Fig. 3 across
the boundary layer thickness at each measurement station. The
data are presented in a similar manner to Fig. 3. with the laminar-
conditioned data and turbulent-conditioned data representing the
flow conditions due to intermittent turbulent spot passage and the
intermittency weighted and nonconditionally sampled data show-
ing the difference between the intermittency weighted and time
averaged interpretations of the flow field. The data are plotted
against Re, for the respective data set. Re, for the intermittently
averaged data were calculated by applying Eq. (5) to the Rey
values for laminar and turbulent conditionally sampled data. The
existing laminar and turbulent correlations, Egs. (3) and (4), are
included as references in Fig. 4.

Discussion

High levels of entropy generation rates per unit volume in the
near wall region are a common feature found in the literature
[1,2,20] and are present in the current data as seen in Fig. 3. This
trend is found in both the laminar and turbulent profiles through-
out the transition region. From the entropy generation profiles in
the turbulent region of Fig. 2 and Fig. 3(b), we find a consistent
peak entropy generation rate per unit volume away from the wall
in the region 2 < Y*<3; this peak is a result of the linear velocity
profile up to the Y*=35 region combined with increasing Reynolds
stresses in this region. This visibility of the peak in Fig. 3(b) is
enhanced with the addition of a 3D light source. The peak asso-
ciated with station 5 occurs at Y*=4 as a result of a shallower
entropy generation rate profile. This shallower profile is found to
be a result of the higher Reynolds shear stress contribution to the
entropy generation rate for station 5. Unfortunately conditionally
sampled data are rare in the literature preventing a comparison of
this behavior with other such data.

For the laminar-conditionally sampled data of Fig. 4, we find a
trend of decreasing dissipation coefficient with increasing Rey-
nolds number based upon the momentum thickness, which is in
qualitative agreement with the long standing correlation of Truck-
enbrodt [3], Eq. (3), also shown in Fig. 4. In terms of magnitude,
with a value of 8=0.22, which is the maximum using the limits
imposed on the pressure gradient parameter by Schlichting [5], the
curve falls consistently 25% below the measured data. The reason
for this may be that the acceleration parameter in the current data
is greater than the maximum allowed by the Pohlhausen family of
velocity profiles from which the 8 value is obtained. It is likely

that it is also partly due to the laminar region directly behind a
turbulent spot where the dissipation coefficient levels are high
before relaxing to the laminar level; readjusting after the turbulent
spot has passed the measurement location. Either way calculating
B using the Pohlhausen pressure gradient shape factor A for the
current data, as described by Denton [2], gives 8=0.27 giving
excellent agreement with the current data, with an average differ-
ence from measurements of less than 5%.

In the conditionally sampled turbulent data very high levels of
dissipation coefficient are deduced in the region of low intermit-
tency. These high dissipation levels may be due to the high veloc-
ity gradients found in a relatively thin turbulent boundary layer. At
low momentum thickness Reynolds numbers the magnitude of the
values are approximately twice those correlated by Schlichting
[5], Eq. (4). However as the intermittency increases we find good
agreement with the correlation of Schlichting [5] at Rey> 500 in
agreement with the observations of Denton [2].

There is a large amount of scatter observed in the turbulent
conditioned Reynolds shear stresses at stations 1 and 2 where the
intermittency is between 3% and 4%. As a result very little turbu-
lent data are recorded during the 26 s sampling time. Perhaps
better results may be obtained if the sampling time is selected
based on the intermittency factor to ensure adequate sampling of
such short scale temporal events. Such measurements are further
hampered by the relatively bulky cross wire probes used to mea-
sure the Reynolds shear stresses in a thin accelerating unsteady
boundary layer.

The intermittency weighted data are a combination of the con-
ditionally sampled laminar and turbulent flow, Eq. (6), and are the
first such representation of the dissipation coefficient in the tran-
sition region. It is found that the dissipation coefficient follows a
similar trend to that of the widely employed skin friction coeffi-
cient in the transition region and thus presents a number of estab-
lished techniques to allow its prediction. The difficulty lies in
predicting the laminar and turbulent dissipation coefficient distri-
butions initially. This task is made more difficult by the limited
amount of these types of measurements available in the literature.

For the nonconditionally sampled data of Fig. 4 there is up to a
20% higher dissipation coefficient calculated at low Reynolds
numbers when compared to the intermittency weighted condition-
ally sampled data. Two distinct peaks are seen in the distribution
of the dissipation coefficient. Similar peaks were also found in the
time averaged data of Stieger [19] and O’Donnell [23]. As shown
above, these peaks are in fact not representative of the dissipation
coefficient in a transitional boundary layer and are misleading in
determining the sources of thermodynamic loss. The peaks are
caused by the time averaging technique employed in the data pro-
cessing, where large Reynolds stresses are inferred from measure-
ments. These large fluctuations are not the result of local Reynolds
stresses, but due to the intermittent nature of the boundary layer.
Hence these fluctuations do not contribute to the entropy genera-
tion rate because they are short term temporal events and cannot
simply be time averaged. Furthermore as the conditioned and non-
conditioned data imply the time averaging approach is particularly
inappropriate in regions of low intermittency. This is unfortunate
as most of the existing data are of the time averaged, and not
conditionally sampled type.

In summary, this paper presents the first look at the entropy
generation rate in a conditionally sampled transitional boundary
layer. This is important, because it is the first step towards devel-
oping a predictive technique for the entropy generation rate in the
transition region to accompany the long-standing laminar and tur-
bulent correlations. Such correlations are necessary for the ad-
vancement of boundary layer codes.

Conclusions

In this paper entropy generation measurements in a transitional
boundary layer weighted on intermittency have been calculated
successfully for the first time. There is a significant difference



between the time averaged data with the intermittency weighted
data in both magnitude and distribution with up to a 20% devia-
tion between the two. A more gradual transition from the laminar
to the turbulent state is seen in the conditionally sampled data
rather than the somewhat erratic time averaged data, which exhib-
ited a double peak caused by the passing of turbulent spots over
the sensor. Agreement with the trend of the laminar correlation of
Truckenbrodt [3] is reasonable for all Reynolds numbers consid-
ered but the experimental data is consistently 25% higher than the
prediction. Calculating the Pohlhausen pressure gradient shape
factor for the current data gives a value of 8=0.27, and gives
excellent agreement with the experimental data, although this 8
value is outside the recommended range of the Truckenbrodt cor-
relation. The turbulent correlation also agrees well with the data in
the turbulent region. In summary, using this technique with con-
ditionally sampled data, a more accuratc representation of the
thermodynamic losses is made possible and is the first step in
code development for predicting the thermodynamic loss in the
transition region.
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Nomenclature
Cp = dissipation coefficient
C; = skin friction coefficient
H;, = boundary layer shape factor (5°/0)

K = acceleration parameter
Re, = momentum thickness Reynolds number
Re, = streamwise coordinate Reynolds number
$” = entropy generation rate per unit volume,

Wm™ K
T = absolute temperature, K

u = x direction velocity, m s™!

U, = boundary layer edge velocity (0.99U.,), ms™!
U., = free-stream velocity, m s™!
u' = instantaneous streamwise fluctuating velocity,
ms™!
U* = local mean streamwise velocity in wall
coordinates
u, = friction velocity, m s~
v’ = instantaneous cross-stream fluctuating velocity,
ms™!
x = streamwise coordinate, distance from the lead-
ing edge, m
y = cross-stream coordinate, distance from the
wall, m

Y* = distance from the wall in wall coordinates

Greek Symbols

6 = boundary layer thickness, m

s = displacement thickness, m

u = dynamic viscosity, N s m™2

A = Pohlhausen pressure gradient shape factor
y = intermittency

# = momentum thickness, m
= density, kgm™
v = kinematic viscosity, m

©
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Subscripts
LAM = laminar condition

TURB = turbulent condition
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