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The small-x deep inelastic scattering in the saturation region is governed by the non-linear evo-
lution of Wilson-lines operators. In the leading logarithmic approximation it is given by the BK
equation for the evolution of color dipoles. In the next-to-leaing order the BK equation gets con-
tributions from quark and gluon loops as well as from the tree gluon diagrams with quadratic and
cubic nonlinearities. We calculate the gluon contribution to small-x evolution of Wilson lines (the
quark part was obtained earlier).
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I. INTRODUCTION

A general feature of high-energy scattering is that a fast particle moves along its straight-line classical trajectory
and the only quantum effect is the eikonal phase factor acquired along this propagation path. In QCD, for the fast
quark or gluon scattering off some target, this eikonal phase factor is a Wilson line - the infinite gauge link ordered
along the straight line collinear to particle’s velocity n#:
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Here A, is the gluon field of the target, z, is the transverse position of the particle which remains unchanged
throughout the collision, and the index 7 labels the rapidity of the particle. Repeating the above argument for the
target (moving fast in the spectator’s frame) we see that particles with very different rapidities perceive each other as
Wilson lines and therefore these Wilson-line operators form the convenient effective degrees of freedom in high-energy
QCD (for a review, see ref. [1]).

Let us consider the deep inelastic scattering from a hadron at small z5 = Q?/(2p-q). The virtual photon decomposes
into a pair of fast quarks moving along straight lines separated by some transverse distance. The propagation of this
quark-antiquark pair reduces to the “propagator of the color dipole” U(x,)UT(y,) - two Wilson lines ordered along
the direction collinear to quarks’ velocity. The structure function of a hadron is proportional to a matrix element of
this color dipole operator
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UNwr,yr) =1~ FTY{U"(M)UT”(M)} (2)
switched between the target’s states (N. = 3 for QCD). The gluon parton density is approximately

wpGlap,p® = Q%) ~ (p| U"(x1,0)|p) 3)

z2 =Q2

where n = In LB (As usual, we denote operators by “hat”). The energy dependence of the structure function is
translated then into the dependence of the color dipole on the slope of the Wilson lines determined by the rapidity 7.

Thus, the small-x behavior of the structure functions is governed by the rapidity evolution of color dipoles [2, 3].
At relatively high energies and for sufficiently small dipoles we can use the leading logarithmic approximation (LLA)
where a; < 1, aslnazp ~ 1 and get the non-linear BK evolution equation for the color dipoles [4, 5]:

dif?z}(x,w _ oa;gc/dzz %[ (z,2) + Uy, 2) — Uz, y) — Uz, 2)U(z,7)] (4)
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The first three terms correspond to the linear BFKL evolution [6] and describe the parton emission while the last
term is responsible for the parton annihilation. For sufficiently high zp the parton emission balances the parton
annihilation so the partons reach the state of saturation[7] with the characteristic transverse momentum Qs growing
with energy 1/zp (for a review, see [8])

As usual, to get the region of application of the leading-order evolution equation one needs to find the next-to-
leading order (NLO) corrections. In the case of the small-x evolution equation (4) there is another reason why NLO
corrections are important. Unlike the DGLAP evolution, the argument of the coupling constant in Eq. (4) is left
undetermined in the LLA, and usually it is set by hand to be @Qs. Careful analysis of this argument is very important
from both theoretical and experimental points of view. From the theoretical viewpoint, we need to know whether the
coupling constant is determined by the size of the original dipole |z — y| or of the size of the produced dipoles |z — z|
and/or |z — y| since we may get a very different behavior of the solutions of the equation (4). On the experimental
side, the cross section is proportional to some power of the coupling constant so the argument determines how big (or
how small) is the cross section. The typical argument of a; is the characteristic transverse momenta of the process.
For high enough energies, they are of order of the saturation scale Qs which is ~ 2 + 3 GeV for the LHC collider, so
even the difference between a(Q5) and a(2Qs) can make a substantial impact on the cross section. The precise form
of the argument of a should come from the solution of the BK equation with the running coupling constant, and the
starting point of the analysis of the argument of o in Eq. (4) is the calculation of the NLO evolution.

Let us present our result for the NLO evolution of the color dipole (hereafter we use notations X = z—z, X' = z—2/,
Y=y—z,andY' =y —2')
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Here 4 is the normalization point in the MS scheme and b = £ N, — 2ny is the first coefficient of the 3-function. The
result of this paper is the gluon part of the evolution, the quark part of Eq. (5) proportional to n; was found earlier
[9, 10]. The NLO kernel is a sum of the running-coupling part (proportional to b), the non-conformal double-log

2 2 ’
term ~ In Ei:ng In Ei:ng and three conformal terms which depend on the two four-point conformal ratios §—,22YT§ and

%. Note that the logarithm of the second conformal ratio In % is absent.

It should be emphasized that the NLO result itself does not lead automatically to the argument of coupling constant
as in Eq. 4. In order to get this argument one can use the renormalon-based approach[11]: first get the quark part
of the running coupling constant coming from the bubble chain of quark loops and then make a conjecture that the
gluon part of the G-function will follow that pattern. The Eq. (5) proves this conjecture in the first nontrivial order:
the quark part of the § - function %n ¢ calculated earlier gets promoted to full b. The analysis of the argument of
the coupling constant was performed in Refs. [9, 10] and we briefly review it in Sect. 7 for completeness. Roughly
speaking, the argument of a; is determined by the size of the smallest dipole min(|x — y|, |z — 2|, |y — z]).

The paper is organized as follows. In Sect. II we remind the derivation of the BK equation in the leading order in
as. In Sect. IIT and IV, which are central to the paper, we calculate the gluon contribution to the NLO kernel of the
small-z evolution of color dipoles: in Sect. III we calculate the part of the NLO kernel corresponding to one-to-three
dipoles transition and in Sect. IV the one-to-two dipoles part. In Sect. V we assemble the NLO BK kernel and
in Sect. VI compare the forward NLO BK kernel to the NLO BFKL results[12]. The results of the analysis of the
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FIG. 1: Leading-order diagrams for the small-x evolution of color dipole. Gauge links are denoted by dotted lines.

argument of coupling constant are briefly reviewed in Sect. VII. Appendix A is devoted to the calculation of the
UV-divergent part of the one-to-three dipole kernel and in Appendix B we discuss the dependence of the NLO kernel
on the cutoff in the longitudinal momenta.

II. DERIVATION OF THE BK EQUATION

Before discussing of the small-x evolution of color dipole in the next-to-leading approximation it is instructive to
recall the derivation of the leading-order (BK) evolution equation. As discussed in the Introduction, the dependence
of the structure functions on zp comes from the dependence of Wilson-line operators
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on the slope of the supporting line. The momenta p; and po are the light-like vectors such that ¢ = p; — xp2 and
p=ps+ mTQpl where p is the momentum of the target and m is the mass. Throughout the paper, we use the Sudakov
variables p = api + Op2 + p1 and the notations ze = z,p) and z, = z,ph related to the light-cone coordinates:
Tw = xT\/5/2, e =7 1/5/2.

To find the evolution of the color dipole (2) with respect to the slope of the Wilson lines in the leading log
approximation we consider the matrix element of the color dipole between (arbitrary) target states and integrate
over the gluons with rapidities 71 > 1 > 1o = m1 — An leaving the gluons with n < 72 as a background field (to be
integrated over later). In the frame of gluons with 1 ~ n; the fields with 7 < 7y shrink to a pancake and we obtain
the four diagrams shown in Fig. 1. Technically, to find the kernel in the leading-ordrer approximation we write down
the general form of the operator equation for the evolution of the color dipole

B o o
a—nTr{UIUJ} = KLoTr{U,U}} + ... (7)

(where dots stand for the higher orders of the expansion) and calculate the Lh.s. of Eq. (7) in the shock-wave
background

P o L
(9_77 <Tr{UmUJ }>shockwavc = <KLOTr{Uz UJ }>shockwavc (8)
In what follows we replace (...)shockwave DY (...) for brevity.

With future NLO computation in view, we will perform the leading-order calculation in the lightcone gauge ph A, =
0. The gluon propagator in a shock-wave external field has the form[13, 14]
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FIG. 2: Leading-order diagrams proportional to the original dipole.

where
2 43
dl“/ (k) = gi_v - E(ki_p%/ + kj_p2u) - 5]92;11721/ (10)

Hereafter use Schwinger’s notations (z 1 |[F(p1 )|y.) = [dp e!®*=¥)+ F(p,) (the scalar product of the four-dimensional
vectors in our notations is z - y = %(x*y. + z.ye) — (x,y)1). Note that the interaction with the shock wave does not
change the a-component of the gluon momentum.

We obtain
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Formally, the integral over o diverges at the lower limit, but since we integrate over the rapidities n > 72 we get in
the LLA

/ du/ dv (A%(un + 1) A5 (vn 4+ y1 ))rig1a = — 4o An(:m_| Di U“bgz ly1) (12)
pi
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The contribution of the diagram in Fig. 1b is obtained from Eq. (13) by the replacement t*U, ® thyJf — U t’® UJt“,
x < y and the two remaining diagrams are obtained from Eq. 12 by taking y = = (Fig. 1c) and z = y (Fig. 1d).
Finally, one obtains
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There are also contributions coming from the diagrams shown in Fig. 2 (plus graphs obtained by reflection with
respect to the shock wave). These diagrams are proportional to the original dipole Tr{U, UT} and therefore the
corresponding term can be derived from the contribution of Flg 1 graphs using the requirement that the r.h.s. of
the evolution equation should vanish for = = y since lim,_,, a—nTr{U UJ} = 0). It is easy to see that this requirement
leads to

- s T — )2
M(OOY" = G [ e (UL VD) - NHUU (16)

which is equivalent to the BK equation for the evolution of the color dipole (4).



FIG. 3: “Cut self-energy” diagram.

III. DIAGRAMS WITH TWO GLUON-SHOCKWAVE INTERSECTIONS
A. “Cut self-energy” diagrams

In the next-to-leading order there are three types of diagrams. Diagrams of the first type have two intersections
of the emitted gluons with the shock wave, diagram of the second type have one intersection, and finally there are
diagrams of the third type without intersections. In principle, there could have been contributions coming from the
gluon loop which lies entirely in the shock wave, but we will demonstrate below that such terms are absent (see the
discussion at the end of Sect. VI).

For the NLO calculation we use the lightcone gauge py A, = 0. Also, we find it convenient to change the prescription
for the cutoff in the longitudinal direction. We consider the light-like dipoles (in the p; direction) and impose the
cutoff on the maximal o emitted by any gluon from the Wilson lines so

Ul = Pexp[ig/ dup‘fAZ(upl—Fa:l)}
Ajfa) = [atho(er ~ anl)e 4, (0) (7)

As we will see below, the (almost) conformal result (5) comes from the regularization (17). In Appendix B we will
present the NLO kernel for the cutoff with the slope (6).

We start with the calculation of the Fig. 3a diagram. Multiplying two propagators (9), two 3-gluon vertices and
two bare propagators we obtain (AGREES)
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In this formula ﬁ comes from the integration over v parameter in the Lh.s. and m

the left three-gluon vertex over the half-space z, > 0. Similarly, we get ﬁ from the integration over v parameter

from the integration of

m from the integration of the right three-gluon vertex over the half-space x, < 0. The factor % in the
1 2

r.h.s. is combinatorial. Note that in the light-cone gauge one can always neglect the 3pa¢ components of the momenta
in the three-gluon vertex since they are always multiplied by the some d¢,,.

Taking residues at 3 = ' =0 and 2 = — 1, 35 = — ] we obtain (AGREES)

and
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where we have imposed a cutoff o < ¢ in accordance with Eq. (17).
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we can represent the contribution of diagram in Fig. 3a in the form
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FIG. 4: “Cut vertex” diagram.

B. “Cut vertex” diagrams

Next, consider the “cut vertex” diagram in Fig. 4a. The analog of Eq. (20) has the form: (AGREES)
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Going to variables & = a1 + a9, u = a1/« and taking residues at 31 + 32 =0 and 5 = 9 we get (AGREES)

[e%s) 0 0
93/ dt/ du/ dv(Ag(tpr + :EJ_)AZZ(upl +y1 )AL (vp1 +y1))
0 —00 u

4 o 1 i(q1+az,@) L —i(ki+k2,y) L —i(q1—k1,2) L —i(g2—k2,2") 1
g mna do 2 2 2 2 2_ 12 _rrrmbrrnc€
= Z_f /—/duu/a‘qla‘qga‘kldkg/dzdzUz o — —

272 o 2/, (1 + @)% (qFu + Bu) k3 (K3 u + k3u)

(ki,q1)1

2 (ks i} )
X (lﬁ + pz) (kz + %m) (q1 + g2) DT* (aupt + q11, capr + g21, —ap1 — (q1 + q2) 1) (26)
ous u Qs v

and therefore
(Tr{U.U}})Fig.aa (27)
gt “da (1
= - ,L-2_2fmna Tr{taUztbthJ}/ ;/ du ﬂu/d2k1J2k2d2Q1JQQQ/d22d2Z/U;nbU:/C
™ “Jo 0

(¢f — 43)0i; — 2qui(qr + q2); + 2(q1 + 42)iq2; kyiko; oi(a1-+2.0) L —i(ks+a,y) 1 —i(g1—k1,2) 1 —i(g2—k2,2') 1
(1 + q2)*(qiu + g5u) uk? (kiu + k3u)

where we have used the formula
2 k 3 2 k ) v 7
(kl + Ak a1)s ;u‘ilﬂm) (k2 + 2k2,42)1 ;ﬁanpg) (¢1 + g2) DT* (aupt + g1, cupr + g2, —apr — (g1 + g2) 1)
”w v

2 2
= kiikz; [(Qf —q3)0i5 — Cai(an+g2)j + (g1 + g2)iq2; (28)

U



FIG. 5: “Cut vertex” diagram.

following from Eq. (22).

The contribution of the diagram shown in Fig. 4b differs by the substituion e “F1tk2.v)L _ g=ilkitha.z)1 apd
changing the order of ¢*, t¢ matrices. (Similarly to the case of the Fig. (3)b diagram, this prescription follows from
the replacement [—oop1, 0], by [0, 00p1], but now we consider the second term of the expansion in the gauge field).
We get
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There is another type of “cut vertex” diagram shown in Fig. 5 (AGREES)

/ dt/ du/ dv (A (tpr + ﬂu)x‘il: (up1 + UCL)Af(Upl +y1)) (30)

4 212 _Irrmbyrrne d2k1d2k2 2 2
2¢°s | dond aed frd Bs | d°2d°2'UTUL 2 d*q1d“qe 0(a1)0(az)
1R2

FrmaTH N anpy + g, aopr + g2, — (a1 + a2)pr — (g1 + ¢2) 1) eilana=2) L +ilgz,@ =21 —ilky,o—2), —ilka,y—2').

x (g1 + g2). = 2(51 + Bo)pal by + 28y o, & 2,
(o1 + a2)(B1 + P2 —ie)[(oq + a2)(B1 + B2)s — (q1 + q2)3 + ie] 041615 — g7, +ie agfas —q3) +ie

X

Taking residues at 01 + G2 = 0 and at §; = a4 and going to variables a = a1 + ag and u = a1 /a we get (AGREES)
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etlar w—z) 1 +i(qe,x—2") L —i(k1,o—2) L —i(ka,y—2") L

k2k3(q1 + q2)? (ug? + ug3)

= 2 : fa"m / / du / A qd*qd*kd’ky UMUT
™

2 2
X [(Qu —q3,)6" — E(Ji((h +q) + 5@1 + %)Zf}%}ku/@j



and therefore (AGREES)
(T {U.U}})pig.5 (32)

— 2 2farnn‘/ dOé/ /d2 d2 // q1d2q2 /d2k1d2k52 e—i(lh—kl,Z)L—i(QZ—kz,z/)LU;nm' ;L,n'
m

et(@1+az,x) L —i(ky,@) L —i(kz,y) L

2 2 kiika; a m’n
CETACC Ty (a2 — a3)oy; ~qui(91 + 42); + = (01 + d2)ig2; k2k2JT e{tUst™ " U}
i 2
where again we have used formula (28).

The sum of the contributions (24), (29) and (32) can be represented as follows

(Tr{U, UT}>Fig 34+Fig.44Fig5 = (Tr{U, UT}>Fig 6 T+I11+V+VIIHIX (33)
_ Sg _ da/ du au /d22d2 //qulqu2 /dzkld k 671(q1 k1, Z)J_ 'L(qz ko,z )J_ Umm Unn
T

Tr eilaitqz,x) L ) 25 9 9 .

amn te [ _ Fp—— . = i :| i

f { (1 + 2)2(20 + q2u) (1 — 42)03; 2 (1 +q2); + u(ql + q2)iq2;
—i(k1+ke,x) L _ e*i(k1+k27y)¢)

tbfbm’n’ (6
(k1 + ko)2(K2u + k3u)

tn/tm/ —i(/ﬁ-ﬁ-kz,;ﬂ)L —i(kl,I)L—i(kz,y)L , , tm/t”l/ —i(kl +k27y)L
- 4¢k1ik2j< ¢ _ ¢ g < vl

X

X

2 2
{(kf — k3)0;5 — Ekli(kl +ko)j + E(kl + k2)i/€2g}

uk? (k3u + k3u) uukik? uk?(kiu + k3u) v

If we add contribution of the diagrams with the gluon on the right side of the shock wave attached to the Wilson line
at the point y instead of = (which differs by the substitution e*(91+e2)1 — _eila1+e.9)1) we obtain

(Tr{UUJ P Fig.6 14114 +x (34)

= 3 2/ do‘/ du uu/d22d2 /a‘2 1J2q2/d2k1J2k26 (@1 =hr.2) L —ilga—ka.2')o frmm gy’
™

(eflartaz2) L _ gilartaay)1)
(01 +q2)*(¢70 + q3u)
—i(ki+ka,x) L _ e*i(lirkz,y)J_)

(kl + kz)z(k%’ﬁ + k%u)

amn a 2 2
x f Tr{t [((J% —43)6ij — aQu(Ql +q2); + 5(111 + qQ)iQQ;} U,

11\ € 2 2
X ltbfbm v [(k% —k3)d;5 — aku(kfl + ko) + 5(k1 + kz)ik%}

tn,tm,efi(k1+k2,z)J_ ef’i(kl,m)J_fi(kQ,y)J_ . tm,tnlefi(lier,y)J_
— 4ik1ik2j — 5.0~ 5 - — 27.2 e + —1.2(1.25 2 UJ}
uk?(kiu + k3u) aukiks uk?(k?u + kiu) :
The result (34) can be obtained from the self-energy contribution (24) by the replacement of the term corresponding
to the emission of the two gluons via the three-gluon vertex
(emilkitha@) _ pmi(katha,y)L)
(k1 + k2)?(k3u + k3u)

with similar contribution containing the “effective vertex”

Sm,nl (klv k?a xz, y) =

ro ! 2 2
tbfbm n [(k% — kg)éw — Ekli(kl + kg)j + 5(/€1 + kz)ik%}

i (efi(kﬁrkz,z)J_ _ efi(kthg,y)J_) 9 9
tf° (k1 + k2)2 (K20 + K2u) [(k% - k%)&'j - aku(kfl + ko) + E(kl + kg)iij]
tikr ok tn/tm/e_i(klﬁ‘kz,w)L e~ t(k1,z) L —i(ka,y) L tm/tn/ N tm/tn/e—i(kl‘i‘kz,y)L (35)
PRI TaR (K2 + k) wuk?k uk?(k2u + k2u)

It can be demonstrated that the sum of the contributions of the diagrams shown in Fig. 6 I,..., IV, XI,..., XVI can
be obtained from the self-energy contribution (24) by replacing the gluon vertex

(ei(tn +a2,®) 1 _ gilaitaz,y) L

tafamn —
(1 + ¢2)* (g + g3u)

2 2
(Qf - q%)%— — EQIi(Ql +q2); + 5(111 + lh)ﬂ]zj}

(36)



o (i 4 V)

Q () . (viry ‘ (D) - (1X)
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M (XVil) -~ (Xviiy

M (XXI) o (XX M (XX M (XXIV) M Xv)

(XXX1) . (XXXI11) M XXXy M (XXXIV)

FIG. 6: Diagrams with two cuts.

with similar “effective vertex”

o ramm (ei(‘h"l‘(p»w)L — ei(th-l-qmyh) ) 25 2 )
f PSR (a7 — 42)0j — —aqui(qr +g2); + —(a1 + a2)ig2;
myn i(q1+qz,z) L i(q1,®) 1 +i(g2,y) L nym ,i(q1+492,y) L
i t"t"e e nam | LtTe
141i92j

uqi (g7 u + q3u) auqiqs uqi (gt + q3u)

10
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Note that (37) is equal to ST™"(qy, g2;,y). Let us consider now the box diagrams topology shown in fig. 6 XVII-
XXXIV. The calculation of these diagrams is similar to the above calculation of “cut self-energy” and “cut vertex”
diagrams so we present here only the final result

(Tr{U.U]})Fig.6 XVIL+..4XXXIV (38)
2 7 do 1 . ‘ , ) )
= 9—/ —/ du ﬂu/d22d2z’/d2q1d2q2 /a‘2k1d2k2 e~ —kz) ez ke ) iy
271'2 o & Jo z z
tmgneilaitaz,a) L pngmei(qitaz,x) L eilar,@) L +i(az,y) L etlar,y) L +i(g2,2) L
x Tr{[qhqgj e —————— T - ™"
ugi (gt + qgzu)  ugz(qit + qzu) uugiq; uuqigs

tnpmei(aitaz,y) L tmneilataz,y) L
— — + —
ugi(giu+qzu)  ugs(qia+qsu) )| °

- g e
T2 (Fut B T ekt k) Tk TR

g’ o—i(kitkz,y) 1 N g gm’ o—i(kitka2,y) 1 T}

X

tnltmlef’i(lier,m)J_ tmltn,ef’i(lier,z)J_ ef’i(kl,z)J_fi(kmy)J_ ;o e*i(ka)J_*i(quy)J_
|:klzk2g

+

This expression agrees with the sum of “box topology” diagrams in Ref. [14].
Now we observe that each three-gluon vertex diagram is equal to its own cross diagram (the same cannot be said
for box diagrams). Thus we may redefine the ”effective vertex” (35) in the following way

S (ky, ko z,y) =

! (e_i(kfl"l‘k&#ﬂ)L _ e_i(kl"l‘kQ)y)L) 2 2
tbfb (kl " k2)2(k%a ¥ k%u) (k% — k%)éw — Ekll(kl + kz)j + E(kfl + k2)ik2j:|
o g gm’ o —i(ki+ha,x) 1 N gy’ p—ilkitho,e) L g—i(ky,@) L —i(ka,y) 1 o e~ i(k2,z) L —i(k1,y) L g
ERRI TIRZ (2 + k) ukZ (k20 + k2u) auk?kZ auk?k2

tm/t"/ —i(k1+k2,y) 1L tn/tm/ —i(k1+k2,y) 1L
e e (39)

+
uk? (ku + k3u) uk3(kiu + k3u)
which corresponds to writing each contribution of the three-gluon vertex diagrams as a sum of two equal terms.

A similar expression can be written for the ”effective vertex” (37) and therefore the sum of all diagrams with two
gluon-shockwave intersections can be written as

o 7d
<Tr{UzUyT}Fig.6 _ 8 g a/ du uu/d2 2 //d'qud'QQQ /d’2k1cf2k2 e i(q1—k1,2) L —i(q2—ke,2") 1
Y5
x U;”m'UZ"'Tr{[S (qhqu,y)UaJ [s™ (klvk%%y)U?ﬂ} "

Separating the contributions of different color structures one obtains

(Tr{U.U] }rig.c (41)

d
- 3 2/ O‘/ /d2 2z ’/d‘2q1d2q2 /d‘lea‘Qk umm
Y

o pamn (€1 0XF U2 XD — g o ) 1 (g} — gd)audi; — 2uqui (g + g2); + 2u(qr + ¢2)ig2; qmzzg Jhﬂ]z;

x Trqt*f 3 _ + 4
(qiu + ¢3u) (1 +a2) @ %

_ tafamn Q11q2J ( i(q1,X)+i(g2,Y") —r o y) + Z{tm,tn}qlngj (ei(ql,X) _ ei(lh,Y))(ei(qz,X/) _ ei(qg,Y ))}Ux

Q1 Q2 192

y {tbfbm/n, (e i(k1,X)—i(k2,X') _ T y) [(k% — k%)ﬁudw — Qﬁku(kl + kz)j + 2u(k1 + kz)ikzj _ klleJ n ﬂkliij +}

(a1 k2 (k1 + ka)? 2 w2
tbfbm’ ’klleJ (efi(kl,X)fi(kg,Y’) BN y) _ i{tm,,t"l}k“k% (efi(kl,X) N efi(kl,Y))(efi(kg,X’) _ efi(ka’))}Uy

kK3
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This result agrees with Ref. 14.
Performing the Fourier transformation (AGREES)

. , q1i92; L1id2j
d2q1d2q2 eilar,z)+i(g2,72) — s = —
/ @ (@u + g3u) 47223 (ux? + uxl)

2 2 2 2
/dqu(ﬁ% pilar o) +ilaaa) (0~ B) — L@@ +2q_2)j J;a(ql +42)id2;
(@1 + ¢2)*(qiu + g3u)

— (2% — 23)6ij + 2(z1 — 22)i%2, + Z214(31 — 22);
= 2 .2 (42)
Am2(z1 — w2)? (ua] + ux3)
we get
N 0,0 = i [ UM U
dlno vTyl/Fe 6 T gad 0 uu s e Uy
Xij XiXJ,' XiXJ,' / / !
Z— 2 + ) - ax/’ le tb tc XZ }/’L X Y
XTr{tafabc ( )* X 5 X7 J 5 — (v <=y) +i{ - }( ——)( J2— Jz)}U:E
uX?+aX'’ uuX?2Y’ au \X?2 Y2/\Xx/ Y’
X, X; X! X X! ’ ’
! pa’b’c! z—;]/ + u o u 3 XZY/ tb t¢ X; Y; X! Y!
% {tafabc ( )2 X2 > X2 _ J 2—($<—>y) —Z{ _7 }( __)( 32_ JQ)}UT (43)
uX? +uX’ uuX2Y’ uu X2 Y2/\x/ Y’ Y
where we introduced the notations
_ 2 12 2 / / 2 /
Xij = (X - X )&j"‘;('z_z)in""EXi(z_z)j
2 2
Vi = (V2 =Y"5)0 + =(s = 2)iY] + 2Yi(s = &), (44)

C. Subtraction of the (LO)? contribution

It is easy to see that our result for the sum of diagrams in Fig. 6 (43) diverges as u — 0 and © — 1. If we put a
lower cutoff & > ¢’ on the « integrals we would get a contribution ~ In? Z coming from the region ap > a; > o’ (or
a1 > ag > ¢’ ) which corresponds to the the square of the leading-order BK kernel rather than to the NLO kernel. To
get the NLO kernel we need to subtract this (LO)? contribution. Indeed, the operator form of the evolution equation
for the color dipole up to the next-to-leading order looks like

(%Tr{UIUJ} = KLoTr{U, U]} + KnvoTr{U. U} (45)

where n = Ino. Our goal is to find Knpo by considering the L.h.s. of this equation in the external shock-wave
background so

A~ 0 A~ P
<KNLOTI'{U1UJ}>shockwave = 8_n<Tr{UmUJ}>shockwave - <KLOTT{U1UJ}>shockwave (46)

The subtraction (46) leads to the {H prescription for the terms divergent as % (and similarly % — [%} ) for the
+ +

contribution divergent as u — 1). Here we define [H in the usual way
Jr

/Oldu sl = /Oldu (ORFIO /Oldu swa], = /@M (47)

u 0

To illustrate this prescription, consider the divergent terms in Eq. (40) proportional to (X,Y)(Y',z — 2’) or
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(X, Y')Y,z—2)

1
uX?+aX"?

(X, Y)Y,z —2")
(z = 277

d du .
d—n<Tr{UzUUT}> 47T4/ /d2 d2 / Ubb U

x [f“bcTr{t“Uz (M - —{tb t¢ }) U+ 0 Te{ (t“Labc 4 tC}) Uzt“'UT}}
uY2 —+ 1_1,Y/2 Y UY2 + ’l_LY/Q Y2 ’ Yy
1 abcya crab e a'b'c a7t a pabc a’b'c ja’ b T
= - oy T DU U U it Uy
Y[ g e XY = [
47r4 (z — 2)2Y?2 uX? + aX"?
_ ‘o . _ abe .
abc a ufa e ta ¢ b’ T a’'b’c’ a ’U’Y; J/ ¢ b 4c a rrt
x Tr—tUm(i— 't )U + Tr(—ti—i— it )Umt U }
[f { (uY? + @Y’2) y’? { } y} f { uY?2 +qYy’? v2 { } u}
1 1yt ’ ryt ’ / ’
+ Ted(— abcta iy, tb, € U;E a'b'c ta UT _ta achm a'b'c ta 44 tb ,tc UT 48
T T N U U (Do) (18)
Note that the second term is equal to the first one after the replacement u « u ze 2 and b ¢, b < .
It is convenient to return back to the notation oy and as = 0 — g (after T1 the value of « is set equal to o).
d An dag (X WY, z-2)
—(Tr{U,U}}) = d?zd?z U ’ 49
4 (OO = 55 PR (49)
a b'c/ta/ Vo abcta
% o - |:fabcrI\r{tan( alf 5 — —{tb € })UJ}+ fabcrI\r{( alf .
01,1)(2 + OéQX/ O[1Y2 + O[QY/ O[1Y2 + OéQY/
n i{tb,tc})th“/UT}} n 200 U, f e U — o e, U
Y2 Y X2(041Y2+042Y/ ) Y Y
The corresponding term in KLOTY{UIUJ} is (see Eq. (4))
PN doig (x—z,y—2) PN o A
KiLoTe{U,Ul} = — = [d?2 ——2 " Te{t"U " UN Te{t*U U] 50
LO { U} 2 / Z (:E — Z)Q(y_z>2 { u} { z} ( )

The relevant term in the “matrix element” (K10 Tr{U, AJ }) in the external shock-wave background comes from U, U,

taken in the leading order in «; (so that Uw —U,, U, — U,) and UZ ® UJ taken in the first order in o

A it d - /, — 2 / / ’
{U. U} ~ / a2/d2 / (Z—sz))Z (t°U. @ t°US + Ut o Ult)U, (51)

or vice versa: U, — U,, U,» — U, and

d ’ / ’
{UleUl}) ~ / 42 /d2 ' G (3; - >) (Ul @ Ujte + Ulte @ ¢ UNHUSS (52)

Here we have used the leading-order equations for Wilson lines with arbitrary color indices [4, 15]. Substituting egs.
(51) and (52) in Eq. (50) we obtain

(Ko Tr{U,U}}) = 2;«3 da? W27 2) gy e ey, Uf —ifrte U e U Ut Uy (53)
LO Yy - v} XQYQY/Q( ) T y z 2!
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From Eq. (46) we get

A a? [7das b (XYY 2= 20 o
KnpoTe{U U} = = [ — / d?zd?y UMW U ’ 54
< NLO { y}> o4 0 2 z z (Z _ ZI)2Y/2 041X2 + OéQX/2 ( )
a't'c ya . abcra .
abc a alf 3 ¢ b e T a’'b’'c’ alf t ¢ b 4c a rrt
TtUz( — Ly )U T(— L )UztU}
% [f H a1 Y2 + apY7? Y2{ ' y}+f r a1 Y2 + apY"? +Y2{ } y}
2i0 10 01 Y
Tr tcthw a'b’c e UT — achwtb € UT
+ X2(a;Y? +042Y’2) { f y f y}
dOéz 2 —2) Tefi f*V (4T, ¢ UT i faberagr, ¥ ¢ YUY pree
XQYQY’Q( 2)? : v
du / ( Y)YV, z—2) 2u 2
— d2 d2 / Ubb abe pa’b’c’ Tr taU e UT |: _ :|
27T4 (z — 2/)2Y"? 7 { ) (uX? +aX"?)(uY2 4+ ay'?) X2Y?
aoc a (o4 1 1 lll /C/ C G//
e {m - —}f T YO + 7 e — DU 10U
2Z 1 1 C a C a a paobc / C/
ﬁ[m— 3 | Tt 1 U — v po U Uy

which corresponds to the {%} prescription (47) (the same prescription was used in Ref. [14]). Note that the “plus”

prescription (47) is a consequence of the “rigid” cutoff |a| < o (17); with the “smooth” cutoff (6) we would get
different results - see Appendix B.

D. Assembling the result for 1—3 dipoles transition
There are four color structures in the r.h.s. of Eq. (43). Three of them reduce to
fabe f“'b/clUfb' US Te{t Ut Uf} = %Tr{UxU;f YT {U UL T{U. U} — %Tr{UzUZT U UJUULY + (2 < 2')
if Ut US T (U 1Y U = — iT‘r{UIUZT}Tr{UZUJ,}Tr{UZ/UJ} + iTr{UIUZTUZ/UJUZUZT,} — (2 2)
if U U T ({tt, e U7 U ) = iT‘r{UIUJ}Tr{UZUJ,}Tr{UZ/UJ} + iTr{UIUZTUZ/UJUZUJ,} — (2 2) (55)
We will not need the explicit form of the fourth color structure U U Tr({t*, YU, {t* tb,}UJ since it is multiplied

by pure LO? integral [4% = [du 4 [du 4pd does not contribute to the NLO kernel.
Performing integration over u using the prescription (47) after some algebra we get

1d _ 1 XZJ XZX XX X7’¥7/ 2
/0 “ uu{uﬂ Fux’? ((2 e T uxe T axe ) Tuxey? e y)}

1 X2y £ XPPY2 —4A(z — )2 X2Y7?
T A { —4+2 2 2 In —5 }
(z —2") X2Y’° — X'*Y? X'°Y?
(x —y)? 1 1 (x —1y)? 1 1 x2y”?
+ (XQY’Q — X'?y2 [XQY/Q + YQX/Q} (2 — 2')2 [XQY/Q - X’QYQ}) In X2y2 (56)

and

» 1 X, XX, XX} XY/ X, Y\, X, Y]
0 u[uX“rﬁX’z((Z—Z’)z Tuxe T ﬂX’Q) T aaxzy? @ Hy)} (X2 - W)(X/Q B Y’Q)

G nX2Y'2 (x—y)2[ Lo, 1 }DX2Y’2
2X2y2X72y2 T XPy? o 2(z—2)2LlXx2y? 0 X%yl X2y
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so the two-cut contribution (43) reduces to

d a2 4 X272 4 XPY2 —A(x — y)2(z — 2')2
— T {U Ul pigs = —= [d*zd?*2 | — 2
e = iz [ [{ r L Gy o ey
—y)* 1 1 —y)?r 1 1 x%y"”
+ ($2 y)2 [ 7+ 2}""(% y)[ 2 2 Dln 2 }
X2y — x?y2Llx2y? ' y2x/ (z—2)2lx2y?  X7%y? X2y?

x [Te{U, Uy To{U.U} yTe{U. U]} — To{U,UIU. U U.UT Y

4 2

(x —y) (x —y) 1 1 X2y”? t + t
+{ -y + L (52 + 702 } 0 Sy THUL U UL UL YU U

(58)

This result agrees with the 1—3 dipoles kernel calculated in Ref. [14].

E. Subtraction of the UV part

The integral in the r.h.s. of Eq. (58) diverges as z — 2’. It is convenient to separate the divergent term by
subtracting and adding the contribution at z = 2’

T{U U T {U. U VT {U. U]} - Te{U,UTUL U UL UT Y (59)
= [T{U U T {U.U Y T {U U} — T{UL U UL UULUL Y = (2 — 2)] + [Te{U, U} Te{U.U} } — Te{U, U} }]

For the last line in the r.h.s. of Eq. (58) the subtraction is redundant since

2 (z—y)* (z—y?/ 1 1 x2y”?
/d ¢ { X2y 2 X 1Py * (z —2)2 (X2y/2 + y2X/2)}1n x2y2 0 (60)

The easiest way to prove this is to set y = 0 and make an inversion 2 — 1/Z so the integral (60) reduces to

/d22’( (@ _,’)5;”%_5//) In (5_5)2 =0 (61)

We obtain

d % 4 X2V 4 XPY2 Az —y)2(z — 2')2
- T . _ S 2 2
G UV brigs = 16> /d =d z’[(— cErrh {2

(Z _ z’)4[X2Y'2 _ X/2y2]

4 2

(z—y)

+ X2Y/2 _X/2y2

1 1 (z —y) 1 1 | X2y"?
[X2Y/2 + Y2X/2} + (2 — 2')2 [X2Y/2 - Xﬂyz}} n X/2y2)
x [Te{U Uy Te{U. U Y Te{U U} — Te{U,USU UJUULY - (2 — 2)]

+ (x—y)* (I—y)z‘( 1 1 )} X2y

_ - t t
Xv2x2y: Do \xeye T yex In ey TH{ U U2} T U= UL Te{U Uy }

o2 [, 4 X272 + XPY2 — Az — y)2(z — 2)?
5 t o i 2 [ _
+ o5 /d A Te{U, U TH{U. U} Tr{Uwa}]/d 2 ot { T Xy
(x —y)? 1 1 (x —1y)? 1 1 X2y’
T X2y? _ x2y2 [X2Y/2 + Y2X/2} + (2 — 2')2 [X2Y/2 - Xﬂyz} } In X/2y2} (62)

The first term is now finite while the second term contains the UV divergent contribution which reflects the usual UV
divergency of the one-loop diagrams. To find the second term we use the dimensional regularization in the transverse
space and set d; = 2 — e. Because the Fourier transforms (42) are more complicated at d; # 2 it is convenient to
return back to Eq. (40) and calculate the subtracted term in the the momentum representation. The calculation is
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performed in Appendix A and here we only quote the final result (164)

d o % 4 X2V 4 XPY2 — Az —y)2(z — 2')2
—(T{U U Vpies = —— [d?2d%2"|( — 2 63
an Uy ries = 1g7 / e l( (z— =) { (z — )4 X2 - X?Y?] (63)
—y)? 1 1 )20 1 1 X2y’?
+ (562 ) 2 { 7+ 2} i) { 3T 2 Hln 2 )
X2y/? — x?y2lx2y?  y2x/ (z—2)2Llx2y?  Xx7%y2 X2y2

x [Te{U Uy To{U. U} Te{U U} — T{U U U UUUL Y — (2 — 2)]

(z - y)4 (z - 9)2 1 1 X2y + + +
+{ - ey R (5552 + 52 } 0 S DU Uy IR{ULUE Y e{ UL U
2

a?N, (r—y)?711,  X?%Y? 67 T 1
— s g2 —In——2+ — - U UNTH{U U — —Te{U,U!
sms | ¢ T Xy [3 R L 3}[ {UUT{U=Uy } = - Tr{UaU, ]

where p is the normalization scale in the M .S scheme.

IV. DIAGRAMS WITH ONE GLUON-SHOCKWAVE INTERSECTION
A. “Running coupling” diagrams

The relevant diagrams are shown in Fig. 7 (plus permutations). Let us start from the sum of diagrams Fig. 7 a
and b. It has the form: (AGREES)

00 0
/ du/ dv <A‘.l (up1 + xL)AIZ (’Upl + yL)>Fig_7a+b (64)
0

/dQZ U:b ei(q,w—z)L—i(k,y—z)L/w@/da,/dﬁd'ﬁ/
0 @ b — i€

(q + 2(/€7Q)Lp2)>\ dML’ (k . k/) \ d /(k/)
as F,u,l/ A k _ k/ / k/ _ _ I{J (2 k 2 ,
(k2 ¥ i6)2 (k — k,)g e ((a «Q )pl + ( )Lv a’pr + K, —apr L) ]{,‘IQ + ’LE( + 6p2))\

d2QL
2
1

277 S 2 2,0
:ch—/dka‘k
2 + lq

(k + 28p2), (q + 280L p, ) ghvdg (k') — d (k')

s

v —a k—k ! S — ki) — 2
X ((a — " )p1 + ( )1, a'p1+ kK, —apy 1) (k2 + ic)? k2 + e

where the first term in the square brackets comes from Fig. 7a and the second from Fig. 7b. We use the principal-value

prescription for the 1/a’ terms in d,,, (k') in loop integrals.
To regularize the UV divergence we change the dimension of the transverse space to 2-. After some algebra one
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FIG. 7: “Running coupling” diagrams.

obtains (AGREES)

o 0
/ du/ dv (A¢(upy + xL)Alz (vp1 + Y1) Fig.7a+b (65)
0 —00
ei(qu)J.fi(k%Y)J.

(B —i€)(afs — k2 +ie)?q?

_ g2NC‘u25/d—27skd—275k/d~276q/d2752 U;b/ da/dﬂc‘fﬂ’
0 o

s o 1
< s @Bs — k2 +iolla—a)B—5)s — (k=K +id
a—2a/ (a —2a)?

X { — (= 20")Bs + KL — (k= K) (k)L + (2K — k,q) 1] +2 (k. q)LBs

_2 /
@20 ) (@K — k)L + (0= 20)Bs(2K — k)1 + (g, K)o (k — 2K,k — K') 1 + (g, K') L (k. 2K — k),
atalla=2a" 0 kW o' — k), (k / 22 ' '
+a—a’ - (g, k)L (k,k—KE) L+ (q,2K" — k)L (k,k — K )L + (¢, k) L (K", — k%) + (¢, k—K) L (k,2k—K")

+ (a=20a)(q k= K)1Bs + (g, k = K) LK = (k= K)3) = (@, F) L (K k= K)o + (a, k= K) L (k = k’)i]

(q, k)J_(k, k/)J_ + (q, 2k" — k)L(k, kI)J_ — (q, kI)J_(/C, k + kI)J_ + (q, k)J_(k/, 2k — kI)J_

/

o —2a|a—2d
o

+ (Oé - 20/)((]7 kI)J_BS + (qa k/)J_(ka 2k" — k)J_ - (qa k/)J_kli + (q7 k— k/)l_(kla k— k'll)J_‘|

cre L,%‘ [(k, K)1(a, k= k)L + (¢, k) Lk k — k’n] +[(k = k)L + K7 (g, k)1 +

+ S
a—ao o«
2
o a K n (k—k’)i}}

a —
+ 4a(Q7k)L[ o + O[—Oél}ﬁs _404((], k)l_ a—o o
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where we have omitted the contribution

1 1 1
do'dp a’k = / d*K V.p. =0 66
Jaeas (@ Fs K2 1 ic) Wi VP ) (66)

Taking residues at 3 =0 and 3’ = ]Z:j; and changing to variable u = %, we obtain (AGREES)

/ du/ dv (A2 (upy + z1) A (vp1 + Y1) Fig.7atb (67)
_ g ‘Z\gc 28/@2 Ekd2 Ek d2 5 /d2 az Uab/ dOé/ z(q,w;ih—i(k,y—zh
8 kr?[k“u + (k — K')2u]

x { — 262K — K, k) (q, k' — ku) + (1 — 2u)(k, @) (2K’ — K, k) + (¢, k) (k — 2K,k — k') + (¢, k') (k, 2k’ — k)
1

+ [0 2u) (g, Rk e — )+ 20, KK = 200 K) 1 (08
= 220~ 2u)(a, ), K+ 20, K) Ok — K K) = 200, k) (5 — K, )
- O k) gk — ) + G0k = K]+ (g B[k — k)2 4 =y ] }

Using the “plus” - prescription (47) to subtract the (LO)? contribution we get

d

G Tr{00 e s (68)

i(q, X)—i(k,Y)
k2q2
% ((Q7 2k — kl) _ (Q7 k+ k/)) 1 (k — kl)2 —i—/ldu (2 — E)(qu ku — kl)(k7 k— 2k/) + 2((], k)k2
k' (k — k)2 k' 0 k2[k%0 + (k — k')?u]

1
- - 2a§Ncu2€/dz_az[T&“{UIU;f}Tr{UZUJ} - Eﬂ{Ung}]/df?—%d?—%'d?—aq <

Next we calculate diagram shown in Fig. 7c.

/ dt / du / dv (AS(tpy + ) AL (up1 + ) AL (vpr + 9))pigre = — 29" fPTr{tUnttU}} (69)
(U (K +28'p2)u

@2 (afBs — k? +ie) o/ f's — k' + ie

(a0 + Z(q, k)uh) (k—k)1L +208"p2),  IHMa/pr+ kK, (a—a)pr+ (k— k)L, —ap — ki)
dla—a)  (a-d)Fs— (WY +ic (B i) T 7 — i) —F — B — i

X /da d.ﬂ d.al d./BI d./BI/ d2_8qd2_€k d—2—€k/ e(iq,m—z)L—i(k,y—z)L

There are 2 regions of integration over a’s: o > || and « < |¢|. Taking relevant residues, we obtain (AGREES)

4 > 1 i(q,X)—i(k,Y) 1 1 1%
_ g : fablMQE/ _Oé/ d?*EkaQfsk/desq/dQZJ_ U;l € 5 / du { — |: (Q7_ ) [k/2 + k2]
27 0 k' q2k? 0 Ea+ (k—k)2ul u

+ 5 (g 28— k) — 20 K- 1) + TR [+ @R - W2k =) b]} ()

where we have introduced the variable u = |o/|/a As usual. After integration over u with help of Eq. (47) this reduces
o (AGREES)

do k 2 (k _ k/)2
abl 25 2—¢ 2—¢ 2—¢ 2— €, cl / 2 r_
27r2f / /a‘ kd?ck'd /d L US {[ S R 0k 21{)} In =
1 ’2 " 1.2 VE k=) elaX)—ikY)
# [l + )+ @] S ) ()
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and therefore (AGREES)

d ‘N,
o (T{00fPris. 7 = = o / =2 {U U Te{ U U} — —Tr{U U
i(q,X)—i(k,Y) / / o _1.1\2
2—¢ 2—e31 42— € (Q7k ) (Q7k )k (Q7k 2k) (k k )
(q7 k) (q7 k) (q7 k— k/)kQ k2 /1 (Qa k)(kla k— k/)
- In— -2/ du 2
{ R (k—k)? " k2 (k- k/)‘z} T K2k a + (k — k') } (72)

Next we calculate the sum of diagrams in Fig. 7 d,e, and f. The contribution of the diagram shown in Fig. 7d is

(T{U.U} N rig. 7a (73)

4% 12€0 k i(q,m—z)L—i(k,y—z)LTr taUmtctbthT
/ daddo'dpdp / N T / @ U —2E (e 1)c > { o}
ad/ (B + [ —ie) (B —ie)(o/B's — k'] +ie)(afs — k3 +i€)g?

i(gz—2) L —i(k,y—2)1
_ / /du/d2 € dL2 akd2 ak/ /d2 € Uab (Q7k)k2( k2+ klg) Tr{taUmtctbthJ}
u u u ’

K

a’s

where we took residues at 8 = Z—J;, g = and introduced the variable u = ﬁ It should be noted that the

cutoff @ < ¢ in the r.h.s. of this equation translates into fo dada’ (0 — a — ') while our cutoff (17) corresponds to
Jy dada’ (o — a)f(oc — o). Fortunately, the difference

©  dadd 1 (Yo, K? 4 k2
/ — O 0o —a)f(o—a)—O(c—a—a)] = —2/ Wy BT (74)
o o (ak'* + o'k?) k<)o v KD+ kv

does not contain In ¢ and hence does not contribute to the NLO kernel. Similarly, one can impose the cutoff a1 +as < o
instead of the cutoff a1, as < ¢ in other diagrams whenever convenient.
Before calculating the diagrams in Fig. 7e and Fig. 7f it is convenient to make a replacement

/_ Ooodu /u Odv / Odt A(u)A(v)A°(t) — % /_ Ooodu /u Odvdt A%(u) A (v) A°(t) (75)

which can be performed since the color indices b and ¢ in ...t%¢¢... are contracted. For the diagram in Fig. 7e we get

(Te{U, Ui N rigre = 29> cpTe{t"U,t"U}} (76)

i(q, X)L —i(k,Y)L B Ic4 O(a)(k,q) L
dadao'dBd //d2_€kd2_8k/d2_€ /d2—a Uab e !
x/ adeapty e afw_ie)?(wﬂ-e)(ﬂw—z‘e+6—6/—z‘e)a(k2+z‘e>qi

— 494 2sCFTr{taUxthJ}/apaapa/d.ﬂd.ﬂ//ap27sk5275k/d275q/d2752 U;zbei(q-,X)J.fi(k,Y)J.

y g () (k. g)1
ac w i)@' F's — KL+ ie)(B+ 0 —ie)(B — 5 —ie) (aBs — k2 +ie)a

2 2
. Taking residues at /' = -0, = Z—J; ata/ >0and 3 =0, 8= % at o/ < 0 we obtain

N
where cp =

<TY{U Ui rig. 7e
i(q, X)L —i(k,Y) L (k
_ _CFM / / /d2 akd2 L / e—/ /d2 €y q) UdbrI\r{th thT} (77)
q

uk?(uk? + k'’
The diagram in Fig. 7f yields
(Te{U, U]} pig. 7t (78)

1
— 4 2e dad d276k‘/d /dL /d275k/
o'u [ 2ats R s S | P s
- e i i kyq)1
20 d2 € d2 e, i(q, X)L —i(k,Y)L ( UabTT taU tctcthT
) (a)/ q/ = alafs — k% +ie)g? { v}

_ da a2-ca2—cr | 42— a A2 i(q,x—2)—i(k,y—z) \"s4)L (k’q)L UabTI‘{taUztctcthT}
271’2 k2/€’2qi z y
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Adding Eqs. (73), (77), (78) and integrating over u using Eq. (47) we get

d ..
%@Y{UIUTHFL@. Tdtett (79)

_ g Ve ‘N, 2 2— 2— 2— 2— (g,k) k? X)) —i(k,Y 1
Tk E/d‘ Sqd*Ckd >k /d 2 ka,QQl ke i@ X) =i )[Tr{UmUj}Tr{UZUJ}—ET‘r{UIUJ}]

Note that the diagram in Fig. 7f does not contribute to the NLO kernel.

The contribution of the last “running coupling” diagram shown in Fig. 7g has the form

(T{T,U{})Fig. 76 (80)
4 oo 0 0
- %Tr{taUztbtcthJ}/o du/_wde (up1 + 21 )Ad(vp1 + yl)>/ dtdw (A’ (tpy + & 1) A°(wpr + 1))

where we have again replaced f_ooodt ffoodwfib (t)A(w) by %f_ooodtdw/ib (t)A¢(w). Using the Eq. (11) we get

(Tr{UUJ ) pig. 76 (81)
g 1

O‘/(B/Q + 62) (I|o¢'ﬁ'8 _pQl + %|x)

“da da’

a o

; 4 ) )
- ﬁTr{taUxtbt%dUg}(x ]?—;Uad;—;w) / do'dp
1 1

1 7 1
_ —Tr{t“U tththT}<x|p Uadp 1) (@] |)
p7 0

which is obviously a (LO)? term which does not contribute to the NLO kernel.
Combining the expressions (68), (72), and (79) we get

d

n —(Te{U,U{})pig. 7 (82)
27 26 | 2—e 1 T 1 t o—ep 12—y qa—c,, €LDX)THRY)
= — 202N | @ 2T {U Uy Tr{U.U}} - E’I‘r{UmUy}] d*cka K d?* g e
k> , k> . (k—E)? Lo —e) (g ku— k) (k k= 2K') 4 2(q, k)k>

x {[F(q, 2= k) = g @k )] +/0 du e

k! k) k2 K — 2k k—k)?
+[ (q )2 gq ) (q . )}m( 2)

(k — k/) k! (k _ k/)2 k! k!

(q7 k) (q7 k) (Qa k — k/)kQ k2 /1 (Qa k)(klv k— k/) 2( k) k?
In— -2 du In —
[ PR T k2 (k — k/)Q} Wz K2k + (k — Kk')2u) T e
eila,X)—i(k,Y) k2
- - 2a§Nc,ﬁ€/d2 2 M{U,UNT{U.U]} — Tr{U UT}]/d‘Q*Ede*Ek’dLQ*Eqi

K22 oz

3(q, Kk* — 4(q, k) (k, k') Vo2 —e)(q, ku— K (k Kk —2k") +2(q, k)K? ! 2(q, k) (K k — k')
B2k — )2 +/0 du k2K + (k — k)2l - /0 du K20+ (k — k)%l }

Using the integral over k' (AGREES)

/d2—ak/ 3(¢, Kk — 4(g, k) (R, ) | K2 /1du (2 —e)(g. ku — k) (k, k — 2k') + 2(q, k)k?
+ k2 (k — k)2 PR E2[k"%a + (k — k')2u)

_/1du 2(q, k) (K, k — ') } _ <q,k>{r<a/2> r2(1-3) [g_gw_%;}
o KPkPa+ (k- k)2 4 )| (k2)s/2 T(2—¢) L3 69

one reduces the r.h.s. of Eq. (82) to

2
a:iN. 25
2T

2 3 2
2—ep.42—e  ,i(q,X)—i(k,Y) (q’ k) 1—‘(8/2) r (1 _ 5) E L l
x/d‘ kd“cqe quQ{(kQ)s/Q I'(2-¢) {3 E6}4—9} (83)




21

Next we subtract the counterterm
22 agN

1 . . k
T d*~ <2 T{U, U}y Tr{U.U]} — Tr{U UT}]/qu g2k ¢i@X)=itey) (1K) (84)

q2k2

corresponding to the poles 1/ in the loop diagrams in Fig. 8 (we use the M S scheme). We obtain

d . . 2N,
—dn<Tr{UzUJ}>Fig_ ;= - 0‘2 P TH{UUN THUU) - Tr{U Uil
© v
2 2
2—ey1. 42—t 42—¢ . i(q,X)—i(k,Y) (¢,k) (11 p g_ m
x/d ka2 K d?5q e —quQ{ o - } (85)

The complete set of running-coupling diagrams is presented in Fig. 8.

The contribution of diagrams in Fig. 8 VI-XII differs from Eq. (85) by the exchange ele:X) s @) and sign.
There is also a symmetric set of diagrams XII-XXIV obtained by reflection of the diagrams in Fig. 8 with respect to
x, axis. Again, the result is obtained by e~ (*X) « ¢=#kY) gubstitution so that the contribution of these diagrams
takes the form

d o 2N, 1
—(Tr{U.U} })Fig. 8 1. 4xx1v = — /d%[Tr{UxU;f}Tr{UZUJ} - & T {U=U}]
dn ! 27 ‘ Ne¢ )
. ; » i (¢ k)11 p? 67 72
% /d-2kd—2k/d—2q [6 (@X) _ ¢ (11-,Y)He (k,X) _ i(ks Y)] k2 { hlﬁ + ? - ?} (86)

The remaining diagrams XXV-XXVIII contribute only to the (LO)%. We have shown this for the diagram XXVII

(Fig. 7g). The diagram in Fig. 8 XXV is obtained from the above equatlon by the replacement x < y, and

the diagrams in Fig. 8 XXVI and XXVIII by the replacements (x 5} U;’l y)(x | |£C) by (x p;’ U5§ x)(y|p%|y) and
L L L £

(y | L UL Ly |y) (x| |a:), respectively. Thus, the diagrams XXV-XXVII do not contrlbute to the NLO kernel.

There 1s another set of diagrams obtained by the reflection of diagrams shown in Fig. (8) with respect to the
shock-wave line. It is obtained from Eq. (86) by the replacement ¢ < k in the logarithm so the final result for the
sum of all “running coupling” diagrams of Fig. 8 type has the form

d 2N, 1
%Tr{UmUJ}Fig, 8 total = S—W/d%m{UmU;}ﬂ{UzU;} - FTr{UwUJ}] (87)

2
27,3270 32 (@, X) _ i@ Y)|[g—i(k, X) _ gilk, Y)( k){ﬂ H 1_34 2i}
x/dkdkdq[e @M ][e ],€2 st T3

2N, [ (x—y)%r11. X2Y2 134 2727 1171 17, X2
_ Sl t o t = e L I D [ L
3 /d 2[Te{U, U} Te{U. U]} Tr{U U }]{ b [3 In = +3 3 ]+ 3 [ 5 2} In 2}

B. Diagrams for 1—2 dipoles transition

There is one more class of diagrams with one gluon-shockwave intersection shown in Fig. 9. These diagrams are
UV-convergent so we do not need to change the dimension of the transverse space to 2 — e. First we calculate the
diagrams shown in Fig. 9a,b. (AGREES)

Tr{U.U} }rig. 9atob (88)
) ) 5deac
= ATr{t°U,t*t°t?U] / d*> / dond frd asd / A2 d 2=k, e—ilkiy)L—ilkz2,y)L 2
{ ) z [ dard prd aad Ba 1 2 € B =i (B + o —ie)
ei(k27m)i.

_|_

5chad ) ) ( k )
(B2 —i€)(B1 + B2 — i€) ar(arfpris — ki, +ie)q? as(azfas — k3, +ie)

g “da [* , o
— STe{t"Ut"tt'U}} / d*=cz / — / du / G2 ka2 e~ ilkw) i —i(K y)1
& 0o @Jo

bdrrac abyrdc
% |: g Uz + g Uz :|/d-Qqei(q,xfz)J_Jri(k,z)J_+i(k’,z)J_ (q7 k)l
k2a(k2a + k2u)  EPu(k2a + k)

4 oo berrad bdrrac 2
—_ g—Q’I‘r{tantththJ}/d2Z/ d—a/dzkdzk/dzq (q’zk) ei(q,X)fi(k,Y)J_+i(k,,m7y)1_ 5 Uz — (; Uz In k_2
4 ‘ o @ g K2k %
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N

o (xiny (X (XIV) (Xv)

.

X

R (XXVI) - (XXVIT) ST v

FIG. 8: The full set of “running coupling” diagrams.

and therefore (AGREES)

d
d_nTr{UmUJ}Fig. 9a-+9b (89)

_ 9N &2 Te{U U TH{U.US L U UMY | a?kd?k'd? (g, k) i(ge—2)—i(ky—2) L +i(k o —y) L | k?
__47T2 Z[r{mz} r{zy}_ﬁcr{my}] QWB HF

The contribution of diagrams shown in Fig. 9¢,d is obtained from Eq. (89) by the replacement x < y in the left part
of the graph and the sign change so that e~ *—2)+i(k'.e—y) _, _ —ik(z—2)=i(k".-z—y) The sum of the diagrams in Fig.



FIG. 9: 1—2 dipoles transition diagrams.

9a-d takes the form

d g*Ne [ o 1
d—nTr{UwUJ}Fig, nd = — 5 [d A T{U Uy Te{U.UJ} - ETr{UwaT}]
2
« /d2kd2k1d2q (q’7]€)2 eilam—2) (e—i(kyy—zh—i(k’,m—yh o y> 1nk_2
q2 k2K k'

Next relevant diagram is shown in Fig. 9e

[e’e) 0 0
o[ dudsup+o) [ o Alopto) [ dt A1 +)
0

— 00 — 00

(o + az) foU ki, + 2B1pap) (k3 + 2B2p20)

=2 4/d d B d and Bod?ki-d? k-
g ad frdazd 1 2 araz(B1 —i€) (a1 s — k2| +i€)(B2 — i€)(azf2s — k3| + i€)
gila—kra—2) 1 —ika(y—2) 1 [q 1 2kithaa),

(a1 4az)s 2:|
X dzzU“d/a‘z AR (e kg, —ky — k
/ z T l(0n + a2)(Br + Ba)s — (k1 + k)2 + ie] (1, by =k = o)

23

(90)

(91)

There are three regions of integration over a’s: a1, as >0, a3 > —as > 0 and as > —a; > 0. Going to the variables
a = aj + a2, u = az/a in the first region, & = a1, © = —as/«a in the second and o = ag, u = —ay/a in the third,

we obtain

[eS) 0 0
93/ du A (upy + x)/ dv Ab(vpy + x)/ dt A (tpr +v)
0

— 00 — 00

e8] 1
— L d_a du koLJQkL fbchad d_2q ei(qfkl,zfz)J_fi(kQ,yfz)J_
27T2 0 o 0 1 2 z q2

2(k1 + ko, Q)J_p )F”V’\(aﬂpl + ki, aupy + ky, —apy — ki — k3)
22

x|kt k%,( +
[ A uuki k3| (k1 +k2)

as

(k1 + k2)3

o1 (L
B Ukl“ (k2” +2 aus Lp% aus

ukfj_(kl + kz)i[u(lﬁ + kg)i + ’ﬁk%L]

) (q N 2(k1 + ko, q) L ) T2 (apy + ki, —uapy + ki, —at — kit — ky)
A

- ﬂ(kf‘+2

aus aus uk?, (k1 + ko)? [u(ky + k2)? + uk? ||

(k1 + k)2 N 2(k1 + k2,q) 1 A (—uapy + ki, apy + ki, —at — ki — ky)
— PZ) k2v (q + — ))\
"

(92)
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Using the formula

2A 2B 2C
(kf + ?292)H(k2L + ?pz)u(q + ?p2)/\F”V’\(a1p1 + ki, aop1 + ko, —(a1 +az)pr — (ki + k2) 1) =

—C(ar — az)(k1,k2) 1 — Alon + 202)(q, k2) L + B(2on + a2)(q, k1) 1 — [(q, k1) L (K2, k1 + k2) L — (k1 < k2)]

we get

1N, a2 7d 1 ) )
TI"{UzUJ}Fig. 0o = 987T2 /d.2k1ap2k2q_2q/d2z/(; EO‘/O du el(qfkhmfz)fz(kz,yfz) (93)

(q, k1) (Ko, k1 + ko) — (g, ko) (k1, k1 + k2)
ﬂuk%k%(kl + k2)2
n (L+a) (k1 + k2)?(q, k1) — (1 +u)(q, k1 + ko) (k1. k2) — al(q, k1) (k2, k1 + ka) — (g, k2) (K1, k1 + k2)]
uk%(kl + kQ)Q(kgﬂ + (kl + k2)2u)
L —(L+ @) (k1 + k2)*(g: k2) + (1 + ) (g, k1 + ko) (K1, k2) — (g, k1)(k2, k1 + k2) — (g, k2) (k1 k1 + k)]
uk%(kl + kQ)Q(k%'EL + (kl + k2)2u)

x [Te{UUI}Te{U.U]} — NiTr{UxUJ }]{

Performing the integration over u (with prescription (47)) we obtain

d
d—nTr{UzUyT }rig. 9¢ (94)
4 2 2 2
g"Nc 2 1 1 1 + / d“kid~ke d=q i(q—k1,X)—i(ke,Y)77Cl
= —— [ d°z [I*{U, U} }Ir{U, U} } — —Tr{U,U, ——— "I 22U
87T2 z [ I‘{ z} I‘{ y} Nc I‘{ y}] k%k%(kﬁl +k2)2 q2 €
k1 + k2)? ki + k2)? k3
X {(k:l + k)2 [(q, ko) In % ~ (g, k1) In %} — (g, ky + k) (k2 + k2 In k_é}
1 2 2
94Nc 2 1 1 + 2732 /dQ‘J i(q—k ,o—2)—i(k—k',y—z)77cl
= 33 d°z [Te{U UL }Te{U.U)} = Te{U. U} }] [ @“kd "k Z e ' WTEIUS
{ (Qa k — k/) In k_2 _ (q7 k/) In k? + (Qa k) In (k _ k/)2 + (Qa k) In (k B k/)2 }
Pk —k)2 K KP(k—k)2 (K—K)* k2K k"? k2(k — k') k"?

where we made the change of variables k; — &’ and ko — k — K'.
The sum of the diagrams shown in Fig. 9a-e can be represented as

d 1
d—Tr{UwUJ}Fig, 9a—e = 2a§Nc/d22[Tr{UmUj}Tr{UZUJ} — F’I‘r{UwUJ}]/kodzk’dzq
n ‘ ‘ c ‘

2
i(qo—2) ((—i(ky—2) L —i(K o)L _ (¢.k— k) (¢.k)  (g.k)7, K
x e\ (6 y—z)L y)L xHy)[k/Q(k_k/)2 +k2(k—k’)2 k%ﬂ}ln 2

(95)

Note that the expressions (90) and (94) are IR divergent as k" — 0 but their sum (95) is IR stable. Once again, the
contribution of the diagrams in Fig. 9f-k are obtained by replacement e*(*=%) — —¢i(¥=2) 5o the contribution of the
diagrams of Fig. 9 a-k has the form

d 1
%T‘r{UmUJ}Fig, 9a_k = 2a§NC/d22[Tr{UmUJ}Tr{UZUJ} - FT‘r{UwUJ}]/d%d?k’(ﬁq

2
i(@a—z) _ i(ay—)\ [ omilkiy—2) 1 —i(K so—y)s (¢, k — k') (k)  (¢k)7, Kk
(022 = ) (I 0y ) [ T ) B )

Performing the Fourier transformation with the help of the formula
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—i(k,y)—i(k' ,z—y) AW . 1.2 2
e k—K) ki kik k
/dkdk K2 ((k e R Rk k’)2) o (97)

_ i (ﬂ_&)ln(x—y)an(x—y)z
1672 \g2 42 22 e

j 1 ! 1 1 1 a2 - '
+ —12 ((I’Qy)yi —:1:1-),— / du ne ek S —1nx_2ln = y,y) ix y,y)—i—z'/@
8m2\ y x| Jo “_(Wi# u—(”i# 27y (x—y,y) — ik

+L((I,y)Il—yZ)i /ldu Inu — — Inu , —lln (z—y)° In (I’y)+l:ﬂ
8m2 \ a2 ik | Jo u— Ermy—in L (@aoy)tie 2 x? (x,y) — ik

(z—y)? (z—y)?
(here k = \/22y? — (x,y)?) one obtains
d " B N, [ o t t i@ —y)? X2 Yy?
oy DU i oak = = S50 [ @ {UUDTHUUT) — Tr{U U e e e

Note that the two last terms in the r.h.s. of Eq. (97) do not contribute.

The contribution of the diagram obtained by reflection of Fig. 9 with respect to the shock wave differs from Eq.
(95) by replacement g < k which doubles the result (98). The final expression for the contribution of all “dipole
recombination diagrams” of Fig. 9 type has the form
X2 y?

/d2 [Tr{U,UI}Te{U.U}} — Tr{U Ui (X%fg In T In EEE (99)

aN

d
%Tr{UxUJ}Flg 9 total =

V. ASSEMBLING THE NLO KERNEL

Adding the results (58), (87) and (99) one obtains the contribution of the diagrams with one and two gluon
intersections with the shock wave in the form:

d a?N, (x—y)?r11 67 w2
a t _ 2 2,2 o0 T
dnTr{UmUy}lcut-i-%uts 87T3 d°z { X2Y2 [ 3 IH(JJ y) 1% + 9 3 } (100)

1171 1 X2 (r —y)? X2 y? t t 1 t

= {ﬁ - W} s 2 5me ML e }[Tr{UmUZ}Tr{UZUy} ~ 5 (OO}

2 4 X2yl2 X/2y2 — A —y)2(z — 2')?

2 feaen](- (XYt (9P 2)

167 (z = 2)* (z — 2)4[X2Y"% — X2V
+( (x —y)? { 1 N 1 } (x—y)2{ 11 ”1 XQY’)

XQY/Q _ X/2y2 XQY/Q YQX/Q (Z _ Z’)2 XQY/Q X’2Y2 1 X’2Y2
x [Te{U Uy To{U. U A Te{U U} — T{U,UIUL UJULUL Y — (2 — 2)]
(z —y)* (z —y)? 1 1 x2y”? f i t

+ { - X2y'2Xx2y2 + (Z _ Z’)2 (ng,2 + YQX,Z)}ln X2y 2 Tr{UwUz }Tr{UzUz/}TT{Uz’Uy}

There are also diagrams without gluon-shockwave intersection like the graph shown in Fig. 10. They are proportional
to the parent dipole Tr{UwUJ} and their contribution can be found from Eq. (100) using the requirement that the

r.h.s. of the evolution equation must vanish at * = y (since U,Uj=1). It is easy to see that the replacement
Te{U, U} Te{U.U]} — NicTr{UmUJ} by Tr{U,US}Te{U.U}} — N.Tx{U,U[} fulfills the above requirement so one
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FIG. 10: Typical diagrams without the gluon-shockwave intersection.

obtains the final gluon contribution to the NLO kernel in the form

d PN a?N, (x —y)? 11 67 w2
@ fyy — Qe [ YL, o 22 00T
MO0 = S fd { e [ Tl — g%+ 5 - 5 | (101)
1171 17, X2 (z—y)? X2 y? : : :
Tl - -2 n EEmri s HO{U U (U0} = NTH{U, U} )]
b1 [ (- iy P U )
1674 (z—2/)4 (z — 2)4X2Y"% — X1?Y2]
—y)* 1 1 —y)2r 1 1 X2y”?
+ (e e + vae) * (e xave ~ wova ) )
X2y2 _ xr2y2 L x2y Y2Xx/ (2 —2')2 X2y’2  X/?y2 X2y2
x [Te{UUNYTe{U. U Y Te{U U} — T{UUI U UUUT Y = (2 — 2)]
(z —y)* (z —y)? 1 1 x2y"? T i i
+ { - X2Y12X/2Y2 + (Z _ Z/)Q (X2Y/2 + Y2X12>}1n X/2Y2 ’I‘r{UwUz }’I‘r{UzUz'}’I‘I’{Uley}

Promoting Wilson lines in the r.h.s of this equation to operators and adding the quark contribution from Ref. [9]

d Aoa Qg
%m{ymygpqwk = 23 / d*z [Te{U, U} Tr{U.U]} = N Te{U,U}}]
asnyg (z —y)? 9 9 D asng X2 -Y? X2
<= Tt oy (e =+ 5) + S S n g |
2
1
+ Q—anTr{taUxthyT} / d?zd?2 Te{t*U.t°U], — t°U.t° U]} e
- -
" {1_X’2Y2—|—Y’2X2—(x—y)2(z—z’)2 nX’QYQ} (102)
2(X"?Y2 — Y2 X?2) Y2 X2

we obtain the full NLO kernel cited in Eq. (5).
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VI. COMPARISON TO NLO BFKL
A. Linearized forward kernel

In this section we compare our kernel to the forward NLO BFKL results[12]. The linearized equation (5) has the

form
d asN, (x —y)? o X2-Yvy?2 X? 67 10
ayy - & : {1 —[bl T T Y L S Y (AN Vi
i@ y) oz |V ey U e — e b e s + g - ) 9
X? Y?
— 2N.In EEP In = y)Q} }[L{(:v,z) +U(z,y) —U(z,y)]
N a?N? /d22d2zl 3 4 { X2y + XPY2 — 4z — y)2(z — 2)?
1674 (z — 2')4 (z — z’)4[X2Y’2 _ X’QYQ]
(z —y)* 1 1 (z—y)27 1 1 | X2y”?
+ X2y? — xr?y?2 [XQY’Q + YQX’Q} (z — 2)2 [XQY’Q a X’QYQH Y X2y
4 X/QYQ Y/2X2 _ — )2 _ 2 X/QYQ
_ ﬂ{ _ + (z—y)*(z = %) N } Uz, ) (103)
N3 (2 —2/)4 (z — z’)4(X’2Y2 _ Y/QXQ) Y12 X2

For the case of forward scattering U(x,y) = U(z — y) and the linearized equation (103) reduces to

d asN, x? o (x—2)2-22 (z—2)2 67 =2 10
L) = Lo [ T Iy S e —p 1 2 TN -
dn (=) 272 : (x — 2)222{ + 4 [ nes x? e + 9 3 ) 9"
(x —2)2 22
— 2N.In = lnﬁ}}[U(x—z)—i—L{(z)—U(x)]
N PN I ACEEES SR (B B .
1674 24 2A(x —z—2")22"" — (& — 2/)2(z + 2)?] (x—2—2)22"°" — (x — 2)2(2 + 2')?
x{ 1 n 1 } xz{ 1 1 }}1 (z — 2z —2)22"
(x—z—2)227%  (x—2)2(z+2)2]  22l(z—2—2)227% (x—2)%(z+2)? (x —2")2(z + 2/)?
- ¥ {i Lt D (f )ty e n Ll it } U(z) (104)
N3 Lzt 24 (x— 2 — 2')22° — (z — 2')2(2 + 2/)?) (x —2")2(z+ 2')?
Using the integral Jy3 from hep-ph/9704267 [16] we get
1 4 2 1 e \2,12
—/dQZ/[ 2:10 —i—x—Q} 5 In (@ 222)22
@ (x—2—2)22" —(x—2)2(2+2)2 22127 @x—2-2)2 (z—2)(z+2)
222 (22 — 2?) 2?2 222 (x - 2)t ) 2?2 _ z?
B 7{(:5—2)2(964-2)2{111;111 (22 4 22)4 +2L12(_F) _2L22(_§)}

2

- (1 - %) {/o B /100} (z ilZu)Q In u:vj } (105)
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d asN, z? a (x—2)2-2% (z—2)? 67 =2 10
il = Lotte [ {1 —S[bl 2,2 _p 1 2 LN - =y
dnu(x) 272 : (x — 2)222 + e x? e +( 9 3 ) 9
)2 2
_onm xj) In %] }[L{(a: ) 4 UR) - Ul)]
a?N? z? ng\ 3w, 2)% — 22222 /2 2 z?-2? x?
T T
+ 473 / 22 { + N3 162222 x2 + 22 + 222 )2
(22 +22)2 32t + 324 — 22222 9 o 1 1+t
— I3 (1 —) (1 — , )} dt 1
[ U N3 8222 + 162424 (z,2) 0 X 41222 . 1 —t
(22 — 2?%) [ 2?2222 (x —2)? 22 ) x?
s (IS Tt ok (- 55) —2Lin( - 5 )|
(x — 2)%(x + 2)? > (22 + 22)4 ek "2 22

_(1_(x£xz_j:+z / / (@ - zu) nu;§2}u(2) (106)

B. Comparison of eigenvalues

To compare the eigenvalues of the Eq. (106) with NLO BFKL we expand U(z,0) in eigenfunctions

+zoo d )
Uy, 0 Z / o - e (@) Un, ) (107)

n=-—oo __ZOO

compute the evolution of U(n,~) from Eq. (106) and compare it to the calculation based on the NLO BFKL results
from [12, 18]. (For the quark part of the NLO BK kernel the agreement with NLO BFKL was proved in Ref. [17]).
The relevant integrals have the form

_/d2 (22 /2?)7e™? —1] (z _1172)222 = x(n,7)

L[z e - - B < ) -y - 220

T x—2z) 22 z 2 122
l/CFZ (22/$2)”$726i"¢ i N 3, 7) + X ()X (,7) (108)
v (x — 2)%22 x? x? 2 ’ ’ ’
where x(n,7) = 2¢(1) = (v + 5) = (1 =7+ §), and
1 3(x,2)? — 22222 1 2 2 2?2 x?
= [z ety lemed (14 ) TR (S S ) m G 109
7T/ (/%) + N3 162222 x? + 22 + 2222 )" 22 (109)
ny (22 + 22)2  32* + 324 — 22222 o 1 1+t
_[s (1 )(1— , 2)}/ dt 1
[ U NC3 8x222 + 162424 (z,2) 0o 241222 . [1—t¢

_ —~ 2
= {- [3+(1+%)%}%’l (1+N3) (3—277)7(1+27)52"}(1 —7T2§())Z12m = Fn,7)

Ll (/)(»{% [ S w22 iy~ 2) o - 2)
(- g - [t - et s o
where [18]
B(n,y) = /Ollc_lit f-1+3 {g—%¢’(";1) ~ Lia(t) — Lis(—t)
- (w(n+1)—¢( )+ In(1 +¢) +;;jn)mt—k_l$[1—(—1)k]} (111)
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The convenient way to calculate the integrals over angle ¢ is to represent cosng as T, (cos ¢) and use formulas for
the integration of Chebyshev polynomials from Ref. [18].
Using the integrals (108) - (110) one easily obtains the evolution equation for U(n,~) in the form

d as N bas d 67 w2 10 ny asbrl 4 1, 2vx(n,y)

= - 1- - ~ 5 NC B —— 9 - |5 ) Y ) P

i) H Ar dy ( 9 3 ) 9 N2 x(my) + [2" (n,7) = 5x(77) N }
aSNC b1

+ 2t = (,9) = 2x(m DX (1,7) + 4C(3) + F(n.7) = 28(n.7) — 20(n, 1= )| Jd(n,) (112)

where x'(n,v) = %x(n,w) etc.
Next we calculate the same thing using NLO BFKL results [12, 18]. The impact factor ® 4(q) for the color dipole
U(z,y) is proportional to as(q)(e'?™ — e'¥)(e 9% — e~ "4¥) 80 one obtains the cross section of the scattering of color
dipole in the form
1 dzq d2q/ iom e , a+100 dw s
<u($70)> = m ?qTas(q)(eq —1)(6 g —1)(1)3((] )/ —(@

a—100 2mi

) Gu(q,q) (113)
where Gy,(q, ¢') is the partial wave of the forward reggeized gluon scattering amplitude satisfying the equation
wGulad) =P g~ ) + [ EpK(a.Culp.d) (114)

and ®p(q’) is the target impact factor. The kernel K (g, p) is symmetric with respect to ¢ < p and the eigenvalues
are

2\v=1 Qg asN,
Jen(5) e rtan) = SN [xnn) + 2 bn,)], (115)
7T2 n
() = = 50+ ] + (-~ ) )+ 606)

=X (1,79) + F(n,7) = 28(n, ) - 28(n,1 - 7)}

The corresponding expression for U (n,~y) takes the form

2

1 D(a+3) [dqdq i PN [T dw s e
_ 1 m d*q i () () o X (2N G d 116
W) = g S [ e e () ) [ A () e )

where 6 is the angle between ¢ and z axis. Using Eq. (114) we obtain

L U(n.y) (117)

S
ds
1 mn D(=v+ %) [d*q¢d*q _i0 7\ [T dw s e
S S T ) @ gl (q)(4u2) B(q)/aﬂ_m omi\aq pK(q,p)Gu(p,q')

The integration over q can be performed using

2 —1 2
g\t L, os(p bas asN,.
/d2q as(q)(—g) e K(q,p) = ( )Nc[x(n,v)— ——x'(n,7) + 5(71,7)} (118)
P T 4 4
(recall that K(g,p) = K(p,q) and as(p) = as — bﬁ; In Z—z with our accuracy). The result is
d Qg an D(—y+ %) [d*pd*q _, p? \7
L Un. ) = — ™ _\TY ) [4P W(_) Op(q 119
Sds< (7, 7)) or? “° 73 Frl+~+3%)) p? ¢ ¢ 4u? 5(@) (119)

Aty 15 \¥ . as(p) w, bas , w, asN. w
[ () o) N [xny = 5) = X (= ) + Hedny = 5]
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where the angle ¢ corresponds to p. Since w ~ «a; we can neglect terms ~ w in the argument of § and expand
x(n,v—%) ~x(n,7) — £x'(n,7). Using again Eq. (114) in the leading order we can replace extra w by == N.x(n, )
and obtain

d Qg mm D(—y+ %) [d*pd*q —ing p? \7
sHUm) = et i) 2 g2 e (32)
atioo gy ros \W a2(p bavg asN,
<on@) [ 3 () Gl ) N, () — B ) + B B(0,) — 2, (1,)]] (120
a—ico 2T \Dq T 4 4

2

2
22 1n P2)as(p) we obtain

A7

Finally, expanding o(p) ~ as(p)(as —

d B as N, mn (=7 + %) bas d bas
Sd_s<u(n’7)> T T 93 Cos 7m{)€(%7)(1 - E@) - X'(n,7)
ach , d2p d2ql ing p2 ~ , a+1i00 dw s \w ,
+ SO0 = Xl [ e ) (155) @s(d) | e e
which can be rewritten as an evolution equation
d _asN, bag 2y d asN, ,
s ) = == (0 2 ) - = = ) X 7) + SE ) = 27X ()] U )
asN, bag d 67 w2 10 ny ashrl 4 1, 2y
- 1- - — T 5 NC - = %75 ) T _ 15 ’ Y ) -
. {l ir dy (9 3) 9N3]X(”7)+47r [2" (n,7) = gx(n7) 72_%2"(7)}
Oéch b1

This eigenvalue coincides with Eq. (112) up to the extra term 2¢(3). It would correspond to the additional contribution

to the r.h.s. of eq. (5) in the form of %C(?))'IYUIUJ which contradicts the requirement d%]UwUJ =0atz=y. A
possible reason for the disagreement is the connection between the matrix element of the color dipole with a rigid
cutoff a < o and the cutoff by energy s in Eq. (113). It is worth noting that the coefficient 6{(3) in Eq. (122) agrees
with the j — 1 asymptotics of the three-loop anomalous dimensions of leading-twist gluon operators [19].

It should be emphasized that the coincidence of terms with the nontrivial v dependence proves that there is no
additional O(a;) correction to the vertex of the gluon - shock wave interaction coming from the small loop inside the
shock wave, see Fig. 11 (In other words, all the effects coming from the small loop in the shock wave are absorbed in
the renormalization of coupling constant in the definition of the U operator (6)). In the case of quark loop, we proved
that by the comparison of our results for Tr{UwUJ} in the shock-wave background with explicit light-cone calculation
of the behavior of Tr{U, U]} as x — y [9]. For the gluon loop, we can use the NLO BFKL results as an independent
calculation. Let us repeat the arguments of Ref. [9] for this case. The characteristic transverse scale inside the shock
wave is small (see the discussion in Ref. [9] ) and therefore the contribution of the diagram in Fig. 11 reduces to the
contribution of some operator local in the transverse space. This would bring the additional terms with the nontrivial
z dependence to the kernel which translates into the nontrivial additional «-dependent term in the eigenvalues. Such
terms do not exist and therefore the gluon interaction with the shock wave does not get an extra O(«s) correction.

VII. ARGUMENT OF THE COUPLING CONSTANT IN THE BK EQUATION

In this section we briefly summarize the results of the renormalon-based analysis of the argument of the coupling
constant carried in Refs. [9, 10]

To get an argument of coupling constant we can trace the quark part of the S-function (proportional to ny). In
the leading log approximation oy ln p—z ~ 1, as < 1 the quark part of the S-function comes from the bubble chain
of quark loops in the shock-wave background. We can either have no intersection of quark loop with the shock wave
(see Fig. 12a) or we may have one of the loops in the shock-wave background (see Fig. 12b).

The sum of these diagrams yields

d . _ . _
%Tr{UxUJ} = 2a5Tr{t“UxthJ}/a‘2pa‘Ql [el(p"z)i- — ez(p’y)i-][eﬂ(p*l’gc)L — eﬂ(pfl’y)i-]
1

Qg 2
(p — 1)2(1 + o ln (pli—l)z)

(123)

1 asn 12 u
X (1_ : f1n_2)aiU b(1)
p?(1+ o 1np2) us 12
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X. o° Xy

ye

FIG. 12: Renormalon bubble chain of quark loops.

where we have left only the -function part of the quark loop. Replacing the quark part of the S-function —g=nyIn Z—z

by the total contribution =bln z—i we get
4 7 (U U} = 2Te{t*U, U}
d_n r zUy = r x y

~ /dLQpa‘zq [ei(p,x)L _ ei(p,y)L][e*i(p*l,x)L _ efi(pfl,yn] O‘S(pQ)afl(lz)aanb(q) as((p — 1)2) (124)
P (p—1)?
In principle, one should also include the “renormalon dressing” of the double-log and conformal terms in Eq. (5).
We think, however, that they form a separate contribution which has nothing to do with the argument of the BK
equation.

To go to the coordinate space, we expand the coupling constants in Eq. (124) in powers of as = as(p?), i.e. return
back to Eq. (123) with g=ny — —b7=. Unfortunately, the Fourier transformation to the coordinate space can be
performed explicitly only for a couple of first terms of the expansion ag(p?) ~ as — bf;j Inp?/u? + (% Inp?/u?)%. In
the first order we get the running-coupling part of the NLO BK equation (5)

d

—Tr{U, U]} 125
S0} (125)
2 2 2 2
As [ 12 t t [ —y) Qs 22 e X Y, XT
27T2/d 2 [Te{U, U} Te{U. U } NCTr{Uwa}]{ e (1+b47r In(z — y) u) b In YQ}
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The result of the Fourier transformation up to the second order has the form|9, 10]

d a (@—y)r.  bas 5
4 o @ - . . 2,2, 0
TN = 5 [ @2 [({UUD U]} = NI, }]{ o [1+ = (ln( — )22+ 3) (126)
bas\2, 4 9 9 bag 1 X? b 9 o bog 9 9
+(4w)1n(a’_y)“}+4 T [ e =)+ X
bag 1 X2 bag 5 o bog 9 9
—EY21 Y2[1+4 In(z —y)°p —I—ElnYu]}—l—...

We extrapolate the In +In? terms in the above equation as follows:

%ﬂ{UmUJ} = %;yy)/d?z [Tr{U U Te{U.U} — N Te{U,U}}] (127)
(z—y)?® 1 ras(X?) 1 fa,(Y?)
x [ + XQ(QS(YQ) -1) +W(as(x2) ~1)]+.. (128)

where dots stand for the remaining conformal terms and In? term.
When the sizes of the dipoles are very different the kernel of the above equation reduces to

02 02
el -yl < |z -2l ly — 2|

S(X)?2
0‘2752)22) |z — 2| < |z — gy, |y — 2|
(V)2
() ) ly — 2| < |z —yl, |z — 2] (129)

In the earlier paper[9] the Eq. (127) was interpreted as an indication that the argument of the coupling constant is
the size of the parent dipole z — y. We are grateful to G. Salam for pointing out that the proper interpretation is the
size of the smallest dipole as follows from Eq. (129).

It is instructive to compare our result to the paper [10] where the NLO BK equation is rewritten in terms of three
effective coupling constants. The authors of Ref. [10] extrapolate Eq. (126) in a different way

d
—Tr{U Ul = — [ &%z [T{U .U Te{U.U} — N.Te{U.U}}] (130)
1 2,5/3 1 o 530 20— 2,y — 2) as (X2 ) as (Y2eP/3)
FQS(X / ) =+ WQS(Y e / ) — X2Y2 aS(RQ) :|
2 2, 72,0 12v,2 12 372 2 2 12v,2
ol arr byt d*zd*z arr brrt  arr sbrrt XY 4V X2 (z—y)(z—2)*, XY
O Uy}/m To{tULUS, — 1°U.t UZ}{l - SO Y] In Y/2X2}

where R? is some scale interpolating between X2 and Y? (the explicit form can be found in Ref. [10]). Theoretically,
until the Fourier transformations in all orders in Inp?/u? are performed, both of these interpretations are models
of the high-order behavior of running coupling constant. The convenience of these models can be checked by the
numerical estimates of the size of the neglected term(s) in comparison to terms taken into account by the model, see
the discussion in Refs. [22]

VIII. CONCLUSIONS AND OUTLOOK

We have calculated the NLO kernel for the evolution of the color dipole. It consists of three parts: the running-
coupling part proportional to S-function (see diagrams shown in Fig. 8), the conformal part describing 1 — 3 dipoles
transition (diagrams in Fig. 6) and the non-conformal term coming from the diagrams in Fig. (9). The result agrees
with the forward NLO BFKL kernel [12] up to a term proportional a2((3) times the original dipole. We think that the
difference could be due to different definitions of the cutoff in the longitudinal momenta (see the discussion in previous
Section). It would be instructive to get the 7 — 1 asymptotics of the anomalous dimensions of gluon operators directly
from Eq. (5), without a Fourier transformation of our result to the momentum space and comparing to NLO BFKL
as it is done in Sect. VI. The study is in progress.

There is a recent paper [20] where the dipole form of the non-forward NLO BFKL kernel is calculated using the
non-forward NLO BFKL kernel[21]. The kernel obtained in [20] is different from our result (and not conformally
invariant). We think that at least part of the difference is coming from the fact that the evolution kernel (5) should
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be compared to the non-symmetric “evolution” NLO BFKL kernel K°°!(q,p) rather ‘Ehat to the symmetric kernel
K(q,p) defined by by Eq. (113). The kernel K°"°! corresponds to the Green function G, defined by Eq. (113) with
different lower cutoff for the longitudinal integration

{U(x,0)) =

1 [d?qd?¢ At 1§ \W ~
2 (q/2)

2 e qTas(q)(em —1)(e %" — 1)<I>B(q’)/a — Gu(q,q) (131)

—i00 211

The G.(q,q') satisfies the equation (114) with the kernel K°v°!
wCulad) =g~ )+ [EpK™(0.0)Cp.) (132)

and the relation between K°"°!(q,p) and K (q,p) has the form (cf. Ref. [12])

ov 1 s
K q,p) = K(q,p) — §/d2Q'K(q, q')In qWK(q’,p) (133)

It is easy to see that the structure (131) repeats itself after differentiation with respect to s so it can be rewritten as
an evolution equation for U(z) (whereas the derivative of the original formula (113) does not have the structure of

the evolution equation due to an extra #) In terms of eigenvalues, the modified kernel (133) lead to the shifts of

the type x(n,v) — x(n,7 — %) which we saw in Sect. VIB.

It should be emphasized that the conformally invariant NLO kernel describes the evolution of the light-like Wilson
lines with the “rigid” cutoff in the longitudinal momenta (17). On the contrary, for dipoles with the non-light-like
slope the sum of the diagrams in Fig. 6 is not conformally invariant (see Appendix). The reason is that a general
Wilson line is a non-local operator which is not conformally invariant to begin with - for example, the non-light-like
Wilson line turns into a circle under the inversion a# — x#/x?. With the light-like Wilson lines, the situation is
different. Formally, a Wilson line

[cop1 + @1, —oop1 +x1] = Pexp ig/ da™ Ay (a7, 20) (134)

is invariant under the inversion a# — x# /22 (with respect to the point with zero (-) component). Indeed, (z*,z,)? =
—2% so after the inversion x; — z, /2% and 4 — 2% /2% and therefore

B R zt
[oopy + ), —ocop1 + 1| — Pexp zg/ dx_2 A+(x—2,:1cj_) = [oop1 + @1, —00op1 + 2] (135)
—0o0 1 1

Thus, it is not surprising that the bulk of our NLO kernel for the light-like dipoles is conformally invariant in the
transverse space. The part proportional to the S-function is not conformally invariant and should not be, but there is

2 2
another term ~ In Ei:g? In %z:Z;Q which is not invariant. The reason for that is probably the cutoff |a| < ¢ which can

be expressed as a cutoff in longitudinal coordinate zT, and therefore under the inversion = — z /22 the cutoff can
pick up some logs of transverse separations. It is worth noting that conformal and non-conformal terms come from
graphs with different topology: the conformal terms come from 1—3 dipoles diagrams in Fig. (6) which describe the
dipole creation while the non-conformal double-log term comes from thel—2 dipole transitions (see Fig. 9) which can
be regarded as a combination of dipole creation and dipole recombination. It is possible that in the effective action
language, symmetric with respect to the projectile and the target [23], the evolution kernel is conformally invariant.
We hope to study this problem in a separate publication.
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IX. APPENDIX A: UV PART OF THE ONE-TO-THREE DIPOLES KERNEL

As we mentioned above, it is convenient to separate the UV-divrgent and UV-finite parts of the Eq. (43) by writing
down U uny = (Uumm'ymm — g gmm'y 4 g Unm™ - The contribution of the first part leads to Eq. (58)
while the second UV-divergent term have the same color structure as the leading-order BK equation. After replacing
Uzmm/UZ","/ by U;’””/ U;m/, integrating over u with the prescription (47) and changing variables to ko = ¢2 = ¥/,
p=q +q,1l=q1— ki (sothat gy =p—k', ks =p—1—k and k1 + k2 = p — 1) the Eq. (43) turns into

7d
Tre{UsUJ Y ocut 21—z = W O‘/d2 S T{U, Uy Tr{U.U}} - Tr{U Uit

% {/52751)&;275 F1(p,l) + /ded'Ql Fz(p,l)} (ei(p,X) _ ei(p,Y))(efi(pfl,X) _ efi(pfl,Y))
+ (e—i(p—l,X) . e—i(p—l,Y))(ei(p—k/,X)-H(k',Y) _ ei(p—k',Y)-l—i(k',X))

(Kp—K)p—K) =20k, p—1—K)K,p—1—FK) In (p—1—K)?

X
(p—1)%(p— k)K" (p— 1 — k) k'
+ /d2pd2ld2k/{(ei(p,X) . ei(p,Y))(e—i(p—l—k',X)—i(k',Y) . e—i(p—l—k',Y)—i(k',X))
K=l = k) = 2p =K p— = K)(K.p =) (p— k) (136)
p*(p— K2k (p — 1 — k')? k2
where
_ & _k/2 _k/_ZQ _k/2 k/2 _k/2 _k/2
/dz e (172 ), =K+ )y, (P —K) n +(p )21n(p 2)
—1>2 =K = —F =17 K= (k2K ¥
LoD k’2 pe=k =021 2ep D) ( (p—K.p—kK-1) i) o P= K-k —1)?
(p k! — 1)2 k’2 k’2 pz(p _ 1)2 (p _ k’)Q(p —k — 1)2 k’2 k’4
_((p— Kiop—k 1) (p—k,p—K -1 +2)1n(p— K2/ (0 — k' —1)? 3 (pp—l=Fk) | P
(p— k)2 (p— Kk —1)2 (p—k)2—(p—Kk —1)2 P2 (p—1— k’)2k’2 k! 12
_ Lt AV
(p _ l)2 (p _ k/)2k/ k‘/

and
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_ 2, (p—FK)i\ In(p—K)*/(p—1-FK)

Falpl) = o [4% ( l g )
(p— 1) — 1=K l/kr’2 (p—F)?

+ (G~ =) GoFF = =PI 1“<p—z—k'>2]

L2 2bp—K —DWK)/K> -k p—Fp— KK G-k
P lo—K-Dp-k2—(p-k -0 (—F-D> K p-k)2p-k-1)2

. (1, k) /K e S e e 8. WO e 0 G e .0 VL N VS et )
(p—K)2 ==k =02 (p—1-k)? 28%p—1-k)2 k' (p—1—Kk)2—k? k>

N 2 W P—K)?  2W(p-l-K)P/K?  (pp-l-K) | (p-K)
(p—=K)P2—(@—k-=02" (p-1-K)? (p-1-K)2-k> (p—1-k)2k" p?

L2 —20p—K)p—LE)/K® | (p—K) K-l K) LK) (K 1)
=0 (p—K)Plp—K)2={p@-FK -0 (p—FK—1)> K (p— k)2 (p— K —1)? k'

_ (k)K" =R KR K (- KK) | (-l K)?
p—K)2—p—k -0 (p—1-K)?2  (p—k)2—k? k' 2k"* (p — k')2 k'
2 (p—Hk)?*  2m(p—K)*/K* (p—Lp—F) (p—1-k)>
N e e P e ) R Py i Py T P D e

We need to perform the integration over k’. Let us start with the UV-divergent term ~ Fj. Using the integrals

gy (=K)i p*  TOLE-1HrEe—-9)r, p? 2 d d
4ﬂ/dkmlnﬁ_lz e LY R s B R C R CIREIU)
g (KK =0 (p—K)? 1 p* (p—1)
4w/dkk/2(z_k')2ln W T g Eh g
47T/d.dk/ p—F.p=k-0)  P-K)?p-F-0*_ | ) -1’
(

p— k')z(p — k- 1)2 n k/4 12 12
4ﬂ/ddk/M In ﬁ

(p— 1 — k/)zk/2 k2
rrE-1)re-9 P> 2 d d
= —)—2" 2 2211 2— — d—1)—y(=)—y(1 14
0p =D g 2 T [ e g TR ) =)~ e(g) — ()] (140)
one obtains
LJ20pp-0T%(1-5) LLlo5y 2ep-b 1l
F 2 —In—
1P 1) 47r{ 2p—12 T(2—¢) (/)( 3—5)+p2(p—l)2(3 n/ﬂ
2 2 2 2 2 /72 2 /72
pr. (p—1) 2 (=07 w Inp*/I*  In(p—1)°/
— In=1 —1 — ) - — 141
TR n p? 3 ) 3(p—1)2 3p? +0(e) (141)
Let us at first consider the UV-divergent contribution
d 1 al o oe Ve 1 1 1 1 2— 2—
d—Tr{Uny}UV = 2u* | d Ez(7Tr{UzUZ FTe{UU)} — —Tr{UzUy}) a“ " pa<°cl
o T
2 a 2
i0X) _ i Y))(mitp-1X) _ g-itp-ty)y (P2 =1 (T = 5) Lz 1 l_
x (e e )(e e )pz(p—l)Q[I‘(Q 5 (/2)( 3 )—i— 31 + O(¢)

(142)
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To this contribution we should add the counterterm corresponding to quark and gluon loops lying inside the shock
wave. The rigorous calculation of the counterterm was performed in Ref. [9] and the result is

iTr{U Uller = —ba—gz/d2_52 (&Tr{U uhym{u.Uly - lTr{U Ui
do zUySCT  — . iR 9 U, zUy D) Yy
_ _ : . =1)
% dep ddl el(p,X) _ ez(p,Y) e*l(pfl,X) _ e*l(pfl,Y) (pvp 143
/ ( ! =17 (143)

where we need the gluon part of b (= ?1 N.). After subtraction of the counterterm (143) the UV-divergent contribution
(142) reduces to

d

=T {U, Ultuv-cr = —/d2 —“Te{U, U} Tr{U.U]} — —TT{U Uit)

2 227 [ i(pX AP Y)\( —i(p—1,X Citpty)yy (p—=1) (111?67
X/dpdl(e(p ) — i@ Y))(emilp=L.X) _ o=ilp ))m[_mﬁ_§}
(144)

so one obtains the regularized F; in the form

1 {2(p,p—=1) /11 1> 67 p? . (p—1)? o (p—1? =2 Inp?/1?  In(p—1)?/1?
reg — N E T = _ o _ _ _ _
Fi*®(p,l) = i lpz(p e ( 3 1 In=1In In + ) 30 —1)° 302 (145)

YET Y 12 2 P2 3

It is convenient to calculate first the Fourier transform with ¢®X)=i=LY)  Using the integrals
- » —1) 2 1 (X Y), X?Y?
d2n d2l i(p,A)+i(1,Y) (p7p n— = — - 2
/ p € P2p—1)? n H2 a2 x2y2 MTaz M
- - 0. p?> (p—1)>2 1 (X,Y), X2 Y2
a2p d2l i(p,A)+i(l,Y) (pvp In In - ) In In—
/ pate TP ) Pl P P 172 X2y2 AT TA?
2 2 A)+i(l,Y (I% Z) 2(1)—1)2 o 1 (XaY) 2X2
/dpdle(p A >2( T O R (146)
we get
i i re 11 (X)Y)/, X°v? 67
/d p d?L POV E(p1) = — s ( nGH ﬁ) (147)
1 (X,Y) 2.X 2Y 2.X2 27T2 1 1 Y2 1 X2
- In In 2 —} [ =1 —}
1673 X2y2 [ PR VR TR BTl 5 E R TR ALY
Hereafter we use the notation A= X —Y =z —y.
Next we calculate the F, contribution. We need the following Fourier integrals:
/d2pd2l ei(P7A)+i(l,Y) /d2]€1 2. ( _pi + (p - k/)i) In (p - kl)2/(p —l— kl)2
1N =R R (- k) = (o — K = 1))
+ ((P i (p—1- k’)i) 1/k"” mP=F (XY [1112 X (148)
D> - K- p-FP (k-1 " (p-1-k)?2|  16mx¥Z" Y2 3
/d2p A2 i) +i(LY) i /a‘k’ (Lp—1—K)(p,K) In (p—K)°
p? KA =k = D2((p—K)2 = (p—K =12 =k =1)?

4 /d-k/ (l?p_k/)(p_lak/) 1 (p_k/)2
- n
(p—0)? K2 — K2 ((p = K)2 = (p— K =1)2)  (p— K —1)?
1 2 (X +Y)? 2 [t Inu 2 [t Inu
= 3y "3 T xeyz T 3o/ v =T %2 [ du V2
167T 3 X Y Y 0 u — X2_v?2 X 0 U + < —v2

' ! 2y72 .

K Inu Inu X2y (X,Y) +ix

T xove < / du[u T XA T A C'C'} tihn——In (X,Y) = m)} (149)
A2 A2
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where k = \/X?Y?2 — (X,Y)?, and

Lk oy —] — k! ! _ .2
/dzpdzl i (P A)HI(LY) /d2k/ 3 2(1)2 Kop—1-K)p.K) | (@ f) (150)
p2k/ (p _ k/)Q(p _ k/ _ 1)2 k/

2p—Kp—l=K)p LK) | <p—k'—l>21
— n

(p— 12K (p— K')2(p — k' — 1)? k"
1 b 0 X2, L, Y2 X2 Y2
T 3273x2y2 {X ™ R YT S 2 V) In 5 AQ}
. 1 2v2 1
ik Inw Inw 1, XY (X,Y)+ik
— = |4 : e — =1 1
+167T3X2Y2/0 “[U_WE#JFH% Ty TAT n(X,Y)—m}
/d2pd21 ei(p,A)+i(l,Y)/dzk/( z(lvkl)p_Q In (p - k')Q + (p -1, k/)p_2
P (p—k)2—(p—k -4 (—1=k)? K[(p-k—1)2—k?
o PR 2(LK)(p—1)? P 2(p, K p—D7* | (p— k’)2)
k" P ((p—k)2—(p—k =012 (p—1-K)? K>[(p—Kk)2—k?] k'
1 ( 1. X2 1 | Y2)1 X2+ 1 | =2 N 72 1 /1 dulnu 1 /1 dulnu (151)
= —-———In— — —1n— _— _ | —— _ - — [
16m3\Y2 A2 X2 A2 83 |6X2 1 6Y? X2 )y ut i V2o u— viam
; i, (p—FK LK) (p— k) (p—K,K) (p—1—K)
/d—dezl € ot (ZVY)/ko/ 212 7\2 In 12 o 21.12 2 In 2
PR (p—1—-F) k (p—1D2K"(p—¥) k
1 X2r1 . X2 1. Y?
= o yElyan AT v a) (152)
; : 4/p? (p—K)? Aln(p — 1 — k)K"
d—2 d—zl i(p,A)+i(1,Y) /ko/ 1 _ 153
/ pate p—K2—(p—K—02  (p—1—k) p2l(p—1— k)%~ k"7 (153)
4 (p— k)2 Aln(p — k)2 /K 1 X2 1 Y2

M e e e R e P P B e e R T s

/dzpdzl (P A)+i(Y) /dzk/ 2p,p—1-k) (P K')? 20—Lp—k) | -1~ K')? (154)
e N P | R Rk
: 1 2v2 : 2
ik Inu Inu XY? . (X,Y) +ik (X,Y) s X
= ————5 du[ — + — — c.c.| —1In In —  + In® —
167T3X2Y2{ / u— )i T R i AT XY - m} 16m3X2Y2 Y2
Adding the integrals (148) - (152) we obtain
/ d?p a2l A+ By ] (155)
171 Yy? 1 X? X+Y X% y? X, Y X?
- —{—1 Tt XY XYL XY
473 A A2 3273 X2Y2 A2 A? 0 8m3X?Y? Y?
N iK /1d [ Inu n Inu } 11 X2Y21 (X,Y)+ ik
—_— u . — —cc.l—=1In n _
16m3x2Y2 | Jy 1y~ B T AT 2 TAY VX,Y) — ik

and therefore
/ a’p a*l ' PRITEYIES(p 1) 4 Fy(p,1)]

- _L(XJ/){MI X2y? , 67 7T_2} 1 A? I X_21 Yy? 11 {il Y2+i1 XQ}
T8 XY At "

T A Mty T Ty AT PAr T e lxe A Ty M AT

. 1 2v2 ;

ik Inu Inu 1. X°Y (X,Y) + ik

+ 167T3X2Y2{/0 d“[u_ ExrE T BT - T g TR Ry —m} (156)
A2 A2
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Note that the r.h.s. of this equation is finite as X — Y (taken separately, the contributions of F; and F; are singular
in this limit):
67 w2

[—1 X2t 4o = T (157)

re 1 1
[ a1 SO+ Bap.) = - g
Using Egs. (156) and (157) we obtain

/C—ﬁp d2] eieA)+i(Y) [FI8(p, 1) + Fa(p,1)] (ei(pyX) _ ei(p-,Y))(efi(pflﬂX) _ efi(pflﬂY))

1A {Eln)@y? 2+g_w_2} V- SEP G
seex2yzls AT M T 9 T3 T 16md x2y2 T AZ A2
. 1 2 2 .
ik Inu Inu 1. XY (X, Y)+ik
- — d [ - — —c.c.| — =1 | ’ 158
87T3X2Y2{/0 uu_@’i#*—u_i_% CelT Al n(X,Y)—m} (158)

Now we turn our attention to the two last terms in Eq. (136). Using Fourier transformation

. ‘ ko; k3
a2k a3k —Z(klxwl)—l(kzvm)#l -1 1
Jemath e Rl -

_ L(x._wx ,)L /1du{1n—u_cc}
gr2 \" 1 3, %) ik 0 u — Eumz) i h

x3
1 ln 1 ($2,$12) + K12 1T12; In L LL‘% In LL‘%
2 225 (12,712) — k12 167222, 22, x%
where 715 = 1 — z2 and k12 = /2323 — (71, 72)?) one easily obtains
h d 123 2 ily obtai
2
/apraleaka/(efi(pfl,X) _ efi(pfl,Y))(ei(pfk’,X)Jri(k',Y) _ ei(p—k’,y)ﬂ'(k’,x)) (k/vp - k/) In (p -1 - k;’)
(p—12k2(p—1 - K)? k'
B iK /1du( Inu Inu e ) 11 X_21 (A, X) +i6][(A,Y) + ik]
16m3X2Y2 u— (Xi’(# U — (Xii# (A, X) —ik][(A,Y) —ix]
i ! Inu Inu 1, X?Y? (X,Y)+ir (X,Y) 5 X2
= 3y2ye2 | du[ (A X)Fin (Ay)im—cc.}——ln —In —| ~ vy e
16m3X2Y 0 Ly &%) ut &Y o " TAT M(X,Y)—in| 32mx2y2 Y
(160)
Similarly,
i s k1, ka)ks k2
a2k d2k i(k1,21)—i(k2,z2) ( 1, h2 L M 161
fenat o+ i " 12 ey
j 1| [t 1 1 j
_ i i (Ili 3 (261,2$12)x12i)'_ / du[ : nu - c.c} 1,5 1 (w2, z12) + it
167 g ix | Jo y — {ZLtip) ik 27 22, (29, 112) — ik
1
' 1 ! 1 1 ; 219 2,2 2
- 2 (5021' - (IQ,QIIQ)IIM) — / du [% — c.c.} ln 1 (21, 712) + Z.K zx;z 5 1 x14x2 | x—é
167 x1q ik | Jo u—+ %ﬁ’;‘m 27 22, (z1,212) — ik 32n2xy, xfy, a3
. 1 1 1 1 2 ; y i 2
+ % (,’:C12i — Mmll) -— / du [L_ — C.C.:| — =In I_21 In (Il, IQ) + ZK/ - Zx; :Cl In :C22
167 x? i | Jo u — Eeia)—in 2 22, (m,22) —ik | 32w22? x2 x3y

Tig
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and therefore
/a‘zpa‘Qla‘Qk’(e*i(p’l’X) _ efi(pfl,Y))(ei(pfk’,X)Jri(k’,Y) _ ei(pfk’,Y)Jri(k’,X))

20—k ,p—1—-KYK ,p—1-FK) I (p—1—k)?
(0= 12— KK (p— 1~ K)? K

L /ldu(— Inu B Inu _CC)+ 1mX2Y2 In (X,Y) +ir
163X w— GXpin = A AT T(XY) —in
(X,Y) . X2A?2 X2 (X,)Y) . Y2A? Y? 1 ,1 1\ X? Y?
- 1 In*. — 1———(— —)1—1— 162
32mxey? L yi MAT  mmxey? o xi MAT 3asl\xE T ye 1A? (162)
Adding the equations (160) and (162) we obtain
/d-2pd-21d-2k/(efi(p7l,X) _ e*i(pfl,Y))(ei(pfk’.,X)Jri(k,-,Y) _ ez‘(pfk’-,Y)Jri(k’-,X)) (163)
K= K)o — k)2 = 20— K. p— L= K)(K,p— =) (p—1— k)’
n
(p—1)2(p—K)2K?(p— 1 — k') k®
iK ! Inu Inu 1, X?v?2  (X,Y)+iw A? X2 y?
= — du( - . —cc.)——ln In - In—In—
1673 X2Y2 w— BXgin T AY) ik 27 AY U (X,Y)—ir|  32mX2Y2 0 A2 A2
A2 A2

It is easy to see that the contribution of the last term in Eq. (136) is equal to (163) so we get

A 7 da
(Tr{U U] VFig.6 smw = 8W2 / d*z Tr{U UNT{U.U} - —Tr{U Ui
« [/JQPJQZ [Flreg(p,l) -‘ng(p,l)] (ei(p,X) _ ei(p,Y))(efi(pfl,X) _ efi(pfl,Y))

n 2/@2pd-21d~2k/(efi(p7l,X) L e ipLY)) (iR X+ Y) _ ilp=k Y)ilK X))

(K\p = K)o~ )~ 20— K.p 1 - K)(K'.p— 1K) @—Z—HF]
n

X 2 2
(p—l)z(p—k’)%’ (p—1—K)? k'

_ N [ (T {U U THUUS - < TY{U Uil AT i, XV 2+g—”—2} (164)
I =z +Fy x2vzlg VTAT M T 9 Ty

Note that the dilogarithms and products of logarithms have canceled. The simplicity of the final result indicates that
there should be a less tedious derivation but we were not able to find it.

X. APPENDIX B: CUTOFF DEPENDENCE OF THE NLO KERNEL.

We will repeat the procedure from Sect. (III C), this time using the cutoff by the slope.

o 9 . o
<KNLOTT{U1UJ}>shockwave = 6_77<’I‘I‘{UmUJ}>shockwave - <KLOFI‘I‘{U$UJ}>ShOCkW3.Ve (165)
Instead of Eq. (18) we get
00 0
94/ du/ dv(A%(un + 2, )AL (on + 1)) (166)

2

40&1(0& _ al)U;Ln Uil//e—z(ln ki,2)1 —i(qg2— ko,2’ )J.d.)\(apl + ﬂpz + qi1 + le)d)\/o(apl + 6}72 + goL + kQL)
(B— 1 — Bo+ie)(B — B — By +ie)(B+ Ea —ie)(f + o’ —ie)[afs — (g1 + q2)% +ie][afB's — (k1 + k2)% + i€]
dpe(0npy + Bipa + q11) @5 (@1p1 + B2 + k11) dy (0 — 0n)py + Bapa + q21) d” (o — on)py + Bopa + ko)

a131s — qu_—l—ze alﬂls—ku_—l—ze (a—al)ﬁgs—qgj_—i-ie (a—al)ﬁés—kgj_—i-ie

T apy + qus, (@ — a1)p1 + gt —aps — qui — gor) TFY N (apy + kry, (o — an)py + kay, —apy — ki — ko)

1
_ 25 fanlfbnl /dadaldﬁdﬁ dﬁldﬁldﬁ2d52/d2 d2 //d2q1d2q2d2k1d2k2 ez(ql-l-qg,w)L i(k1+k2,y) L
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where £ = e~2". In this formula m comes from the integration over u parameter in the L.h.s. and m

from the integration over v parameter.
Taking residues at § = —€a and ' = —&o’ and B2 = — (1, B, = — ] we obtain

00 0 R R
/ du/ dv(A?(un + x, ) A5 (vn +y1)) (167)
0 —0oo

1 2 7 . .
_ 5g2szfanlfbnl /dadala‘ﬂldﬂi/d2zd22'/d2q162q2d2k152k2 eZ(Q1+Q27m)L_Z(k1+k27y)L

ag(a—aq)
2

(11 +q21 ) (k1L + ko )n
(1 + Q2)i +&a? (k1 + kz)ﬁ_ +&a?

d,f(aapr+q11) dep(aapy +kiy) d((a—a)pr+q21)  dywr (@ — ar)ps + ko)
a1fis — g} +iear1fis — k¥ +ie—(a—a1)bis—q5, +ie —(a—on)Bs— k3| +ie

T (anpy + o, (o — 01)p1 + qais —apy — qii — ga1 ) TPV N (anpy + kv, (0 — an)py + ko, —apy — kvy — ko)

4 Unn'Ull,'e—i(ql—kl)z—i(qg—kg)z/
z z

which leads to (cf. Eq. (23)

d 2aa g4 a an n'l’ nn’ !

%m{UmUJ}mg.ga = =0t Ut U} ot ot / d?zd*2' UM UL (168)
d [*da [* i1, X) L +i(a2, X)L —i(k1,Y) L —i(k2,Y') L

x &— | — | duvau | @*qd3qd?kd?k

gdg/o a/o “““/ DEREEI G T 02)2 + €a?][(ky + k)2 + €a2)(q + 3u) (R3a + Kfu)

2 2 2 2
X [(Qf —q3)0i5 — Cai(an+g2)j + (g1 + %)i%} [(kf — k3)6ij — Eku(lﬁ +ka)j + = (k1 + k2)ika

U

4
= f_thanth;} fomt ot / d*zd*2 U Ul
v
d/oo /a / (a_a/)a/ei(ql,zfz)J_Jri(qmmfz')J_7i(k1,y7z)J_fi(k2,y—z’)J_
x e | da | do' | @2qd2qyd2k,d 2k
3 BEREIE G T @) + €a?[(ky + k2)? + €a?](f(a — o) + o) (ki (a — o) + k3al)

84 2 dij 2
X [gj(qz - qS) - JQU(Ql +q2); + (1 + q2)iq2j:| [Ej(k% - k%) — Jkli(kl + ko) + (k1 + k2)iko;

a— o a— o

(recall that d%} = -2 d%). The contribution which is sensitive to the subtraction of (LO)? is

d o 94 a an. n'l’ nn’ !
d—ﬁ(Tr{UIUJDFig_ga = pTr{t Ut} ot fomt / dzd?ZUn Ul
d [ o eilar, X) 1 +i(q2, X" ) L —i(k1,Y) L —i(k2,Y") L
x t— [ d d’/d2 d2qod?k,d2k
%5/0 ‘“‘/o @) BB G T ) ¥ €[k + k)2 1 €] (qF (o — o) + o) (K2 (e — o) + k3
@]
X [J(Chakl)“" (Q2,k2)} (¢1 + g2, k1 + k2) (169)

a—o
The “+”-prescription (47) leads to the subtraction
4 oot
an (Tr{U,U, })Fig.3a
d ¢4 " ’ ; [°°d
I Te(t U U} fort o / &2 U Ul / -

T cdew? —
eilar, X)L +iaz, X)L =ik, Y) L —ilka,Y") 1 {/O‘da’ a®(q1, k1) (q1,k1)

/JQQ1d2qu2kld2k2 (@1 + g2, k1 + k2)

[(q1 + g2)? + Ea?][(k1 + k2)? + £a?] o [(q%(a — o) +ggd][kf(a — o) + k3] gk} }

¢ dd a?(qa, k2) (g2, k2)
b _ 9 1
* / e[ s o e ey R (170)

The details of the upper cutoff in @ do not matter since they correspond to changes in the impact factor which do
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not affect the evolution. For example,

_Qgi/ood_o‘ 1 /ad_al{ o?(q1, k1) _ (th,/ﬁ)}
d€Jo o [(q1+a2)? +&a?][(k1 + k2)? + a2 Jy o L(gf(a— o) + Ga][kf(a— o) + k3] ¢7kT

_ 1 /%l_u{ (q1, k1) _ (Ch,kl)}

(@ +k)? )y u H@Ga+ gullkia+ku] gtk

_ d [7da 1 /ad;‘/[ o?(q1, k1) (g1, k1) (171)
doJo o (g +@)*(k+k)? Jo o Lgi(e—o)+go/|[kf(e— o) + k'] qiki

where the last line is exactly our “rigid cutoff” with “4” subtraction (47).
On the contrary, the details of the upper cutoff in o’ are essential for the evolution equation (165). The contribution
to (KpoTr{U,U]}) corresponding to the “slope” cutoff (6) has the form

O slope
<KLOTr{UIUJ}>Figp.3a

4
_ g arr byt eanl ebn’l | 2 2 rpran/ 7l [ 32 22 225 22 (91 + g2, k1 + ko)
= — =——Tr{t*U,t"U, dzd*Z’UM U, | d“qrd“qed*ki1d "k
272 i T / et Z/ @ RE e (@1 + q2)* (k1 + k2)?
s i@ X) il X)L —ilkyY) L —i(ka,Y') L /Ood_o/ [ (q1, k1) (g2, k2) }
o o gt +Ea?) (I +Ea?) (a3 +Ea?) (k3 + €a'?)

and therefore the difference between the subtractions in “rigid cutoff” (170) and “slope cutoft” (171) prescriptions
can be written as

<KLoTr{ﬁxﬁJ}rigid — KLoTI‘{UzUJ}SIOp%Fig,ga

4
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It is instructive to rewrite this result in Schwinger’s notations
(Ko Tr{U, U} 8 — K10 Tr{U, U} }¥P*)pig.3a
4 oo !
_ 9 arr bty panl gon’l! [ 52 da Pi

D nn’ D Pj uw Pj
— (x|=|2)U z|—=|y)(z U
( |p2 ) z ( |p2 |y)( |p2 + §Q/2 p2 + 5@,2 |y)

/ Di Dj 1 Py
UM (2| ———=ly) (2| 5U" =
Uz ( Ip 2 WEEEUT )

We see now that the difference between the two regularizations of the longitudinal divergence is given by the difference
of (LO)? contributions with cutoffs in o determined by the momenta on the first and on the second step of (LO)?
evolution.
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It is easy to see that for the sum of all diagrams this yields (see eq. (55))
<KLoTr{UzUJ}rigid _ KLOTr{ﬁxﬁJ}510pe>

> dt
= a2 / d*zd?z’ [Te{U, U} Te{U. UV Te{U. U} — To{U UL UL USUUL Y + (2 = 2')] /0 -

pi TPy — 2o = Tl Ptz — (o P /
A1) - 6l )] 51 - 2|z>} (@l 751) = o] m} (Gl ) — Wl 1)
S — Di N 2 P n_Pi _ Pi 2
+ @12 = Wl 1] (110 = Gl 1)) = |l gl) — g e (&)~ )] )
Using the integral
> dt i i (X,Y) /1 D(e)[(2 — €)(dau) ¢
= - d
/0 < e g Pl 2) 12 Jo N T X2+ Y2y
(XY 1 X2InY? - v2In X2 -
= W(———lnﬁl—l— XQ—YQ —lnXY)-l-O(e)
(KLoTr{U,U}"8 — K1oTr{U, U} }¥°P°) (172)
oz 2,72 1 f T
= 16 4/d zd°z ! m[TI'{UzUZT}Tr{UZUZ/}Tr{UZ/UJ} —Tr{UzUZTUZ/UJUZUZ/} + 2z Z/]

Y2 X2+Y2 X2
X <Y/2{(X Y)[ STy +2 +(A,Y)1nX2—(A,X)1nY2}

A2
y?

N2 2 N2
{(z—z Y)[EZ ZI§2+§;2 In (Zyj) +2 —(Y,Y’)ln(z—z/)2+(Kz—z’)1nY’2}+:v<—>y)
z—2')2 -

The NLO kernel for the evolution of color dipoles with respect to the slope is the sum of Eq. (5) and the correction
(172). Note that the correction term (172) is not conformally invariant (cf. Ref. [24]). This is hardly surprising since
the non-light-like Wilson line turns into a circle under the inversion z,, — z,, /2%
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