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Preface

This book is intended to be an elementary and practical introduction to
supersymmetry in particle physics. More precisely, I aim to provide an ac-
cessible, self-contained account of the basic theory required for a working
understanding of the ‘Minimal Supersymmetric Standard Model” (MSSM),
including ‘soft’ symmetry breaking. Some simple phenomenological applica-
tions of the model are also developed in the later chapters.

The study of supersymmetry (SUSY) began in the early 1970s, and there
is now a very large, and still growing, research literature on the subject,
as well as many books and review articles. However, in my experience the
existing sources are generally suitable only for professional (or intending)
theorists. Yet searches for SUSY have been pursued in experimental pro-
grammes for some time, and are prominent in experiments planned for the
Large Hadron Collider at CERN. No direct evidence for SUSY has yet been
found. Nevertheless, for the reasons outlined in chapter 1, supersymmetry
at the TeV scale has become the most highly developed framework for guid-
ing and informing the exploration of physics beyond the Standard Model.
This dominant role of supersymmetry, both conceptual and phenomenologi-
cal, suggests a need for an entry-level introduction to supersymmetry, which
is accessible to the wider community of particle physicists.

The first difficulty presented by conventional texts on supersymmetry -
and it deters many students - is one of notation. Right from the start, discus-
sions tend to be couched in terms of a spinor notation that is generally not
familiar from standard courses on the Dirac equation - namely, that of either
‘dotted and undotted 2-component Weyl spinors’, or ‘4-component Majorana
spinors’. This creates something of a conceptual discontinuity between what
most students already know, and what they are trying to learn; it becomes
a pedagogical barrier. By contrast, my approach builds directly on knowl-
edge of Dirac spinors in a conventional representation, using 2-component
(‘half-Dirac’) spinors, without necessarily requiring the more sophisticated
dotted and undotted formalism. The latter is, however, introduced early on
(in section 2.3) - but it can be treated as an optional extra; the essential
elements of SUSY and the MSSM (contained in sections 3.1, 3.2, 4.2, 4.4,
5.1, and chapters 7 and 8) can be understood quite reasonably without it.

Apart from its simple connection to standard Dirac theory, a second ad-
vantage of the 2-component formalism is, I think, that it is simpler to use



than the Majorana one for motivating and establishing the forms of simple
SUSY-invariant Lagrangians. Again, a more powerful route is available via
the superfield formalism, to which I provide access in chapter 6, but the
essentials do not depend on it.

On the other hand, I don’t think it’s wise to eschew the Majorana for-
malism altogether. For one thing, there are some important sources which
adopt it exclusively, and which students might profitably consult. Further-
more, the Majorana formalism appears to be the one generally used in SUSY
calculations, since - with some modifications - it allows the use of short-cuts
familiar from the Dirac case. So I provide an early introduction to Majorana
spinors as well, in section 2.5; and at various places subsequently I point out
the Majorana equivalents for what is going on. I make use of Majorana forms
in section 8.2, where I recover the Standard Model interactions in the MSSM,
and also in the calculations of section 5.2 and of chapter 12. I believe that
the indicated arguments justify the added burden, to the interested reader,
of having to acquire some familiarity with a second language.

Moving on from notation, my approach is generally intuitive and con-
structive, rather than formal and deductive. It is very much a do-it-yourself
treatment. Thus in sections 2.1 and 2.2 I provide a gentle and detailed in-
troduction to the use of Weyl spinors in the ‘half-Dirac’ notation. Care is
taken to introduce a simple (free) SUSY theory very slowly and intuitively
in section 3.1, and this is followed by an appetite-whetting preview of the
MSSM, as a relief from the diet of formalism. The simple SUSY transforma-
tions learned in section 3.1 are used to motivate the SUSY algebra in section
4.2 (rather than just postulating it), and simple consequences for supermul-
tiplet structure are explained in section 4.4. The more technical matter of
the necessity for auxiliary fields (even in such a simple case) is discussed at
the end of chapter 4.

The introduction of interactions in a chiral multiplet follows reasonably
straightforwardly in section 5.1 (the Wess-Zumino model). The more tech-
nical - but theoretically crucial - property of cancellation of quadratic diver-
gences is illustrated for some simple cases in section 5.2.

After the optional detour into chiral superfields, the main thread is taken
up again in chapter 7, where supersymmetric gauge theories are introduced
via vector supermultiplets, which are then combined with chiral supermul-
tiplets. Here the superfield formalism has been avoided in favour of a more
direct try-it-and-see approach similar to that of section 3.1.



At roughly the half-way stage in the book, all the elements necessary
for understanding the construction of the MSSM (or variants thereof) are
now in place. The model is defined in chapter 8, and immediately applied
to exhibit gauge coupling unification. Elementary ideas of SUSY breaking
are introduced in chapter 9, together with the phenomenolgically important
notion of ‘soft’ supersymmetry breaking parameters. The remainder of the
book is devoted to simple applications: Higgs physics (chapter 10), sparticle
masses (chapter 11) and sparticle production processes (chapter 12).

Throughout, emphasis is placed on providing elementary, explicit and de-
tailed derivations of important formal steps wherever possible. Many short
Exercises are included, which are designed to help the reader to engage ac-
tively with the text, and to keep abreast of the formal development through
practice at every stage.

In keeping with the stated aim, the scope of this book is strictly lim-
ited. A list of omitted topics would be long indeed. It includes, for example:
the superfield formalism for vector supermultiplets; Feynman rules in super-
space; wider phenomenological implications of the MSSM; local supersym-
metry (supergravity); more detail on SUSY searches; SUSY and cosmology;
non-perturbative aspects of SUSY; SUSY in dimensions other than 4, and
for values of N other than N = 1. Fortunately, a number of excellent and
comprehensive monographs are now available; readers interested in pursuing
matters beyond where I leave them, or in learning about topics I omit, can
confidently turn to these professional treatments.

I am very conscious that the list of references is neither definitive nor
comprehensive. In a few instances (for example, in reviewing the beginnings
of SUSY and the MSSM) I have tried to identify the relevant original contri-
butions, though I have probably missed some. Usually, I have not attempted
to trace priorities carefully, but have referred to more comprehensive reviews,
or have simply quoted such references as came to hand as I worked my own
way into the subject. I apologize to the many researchers whose work, as a
consequence, has not been referenced here.

The book has grown out of lectures to graduate students at Oxford work-
ing in both experimental and theoretical particle physics. In this, its genesis is
very similar to my book with Tony Hey, Gauge Theories in Particle Physics,
first published in 1982 and now in its third (two-volume) edition. The present
book aims to reach a similar readership: in particular, I have tried to design
the level so that it follows smoothly on from the earlier one. Indeed, as the



title suggests, this book may be seen as ‘volume 3’ in the series.

However, I would expect theorists and experimentalists to use the book
differently. For theorists, it should be a relatively easy read, setting them
up for immediate access to the professional literature and more advanced
monographs. On the other hand, many experimentalists are likely to find
some of the formal parts indigestible, even with the support provided. They
should be able to find a reasonably friendly route to the physics they want
to learn via the ‘essential elements’ mentioned earlier (that is, sections 2.1,
2.2, 3.1, 3.2, 4.2, 4.4, 5.1 and chapters 7 and 8), to be followed by whatever
applications they are most interested in. Much of this material should not be
beyond final year maths or physics undergraduates who have taken courses
in relativistic quantum mechanics, introductory quantum field theory, and
gauge theories. By the same token, the book may also be useful to a wide
range of physicists in other areas, who wish to gain a first-hand appreciation
of the excitement and anticipation which surround the possible discovery of
supersymmetry at the TeV scale.
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Chapter 1

Introduction and motivation

Supersymmetry (SUSY) - a symmetry relating bosonic and fermionic degrees of free-
dom - is a remarkable and exciting idea, but its implementation is technically rather
complicated. It can be discouraging to find that after standard courses on, say, the
Dirac equation and quantum field theory, one has almost to start afresh and master
a new formalism, and moreover one that is not fully standardized. On the other
hand, thirty years have passed since the first explorations of SUSY in the early 1970s,
without any direct evidence of its relevance to physics having been discovered. The
Standard Model (SM) of particle physics (suitably extended to include an adequate
neutrino phenomenology) works extremely well. So the hard-nosed seeker after truth
may well wonder: Why spend the time learning all this intricate SUSY formalism?
Indeed, why speculate at all about how to go ‘beyond’ the SM, unless or until exper-
iment forces us to? If it’s not broken, why try and fix it?

As regards the formalism, most standard sources on SUSY use either the ‘dotted
and undotted’ 2-component (Weyl) spinor notation found in the theory of represen-
tations of the Lorentz group, or 4-component Majorana spinors. Neither of these is
commonly included in introductory courses on the Dirac equation (though perhaps
they should be). But it is perfectly possible to present simple aspects of SUSY using
a notation which joins smoothly on to standard 4-component Dirac equation courses,
and a brute force, ‘try-it-and-see’ approach to constructing SUSY-invariant theories.
That is the approach to be followed in this book, at least to start with. However, as
we go along the more compact Weyl spinor formalism will be introduced, and also
(more briefly) the Majorana formalism. Later, we shall include an introduction to
the powerful superfield formalism. All this formal concentration is partly because the
simple-minded approach becomes too cumbersome after a while, but mainly because
discussions of the phenomenology of the Minimal Supersymmetric Standard Model
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(MSSM) generally make use of one or other of these more sophisticated notations.

What of the need to go beyond the Standard Model? Within the SM itself, there
is a plausible historical answer to that question. The V-A current-current (four-
fermion) theory of weak interactions worked very well for many years, when used at
lowest order in perturbation theory. Yet Heisenberg [1] had noted as early as 1939
that problems arose if one tried to compute higher order effects, perturbation theory
apparently breaking down completely at the then unimaginably high energy of some
300 GeV (the scale of GEI/Q). Later, this became linked to the non-renormalizability
of the four-fermion theory, a purely theoretical problem in the years before exper-
iments attained the precision required for sensitivity to electroweak radiative cor-
rections. This perceived disease was alleviated but not cured in the ‘Intermediate
Vector Boson” model, which envisaged the weak force between two fermions as be-
ing mediated by massive vector bosons. The non-renormalizability of such a theory
was recognized, but not addressed, by Glashow [2] in his 1961 paper proposing the
SU(2)xU(1) structure. Weinberg [3] and Salam [4], in their gauge-theory models,
employed the hypothesis of spontaneous symmetry breaking to generate masses for
the gauge bosons and the fermions, conjecturing that this form of symmetry breaking
would not spoil the renormalizability possessed by the massless (unbroken) theory.
When ’t Hooft [5] demonstrated this in 1971, the Glashow-Salam-Weinberg theory
achieved a theoretical status comparable to that of QED. In due course the precision
electroweak experiments spectacularly confirmed the calculated radiative corrections,
even yielding a remarkably accurate prediction of the top quark mass, based on its ef-
fect as a virtual particle...but note that even this part of the story is not yet over, since
we have still not obtained experimental access to the proposed symmetry-breaking
(Higgs [6]) sector. If and when we do, it will surely be a remarkable vindication of
theoretical pre-occupations dating back to the early 1960s.

It seems fair to conclude that worrying about perceived imperfections of a theory,
even a phenomenologically very successful one, can pay off. In the case of the SM, a
quite serious imperfection (for many theorists) is the ‘SM fine-tuning problem’, which
we shall discuss in a moment. SUSY can suggest a solution to this perceived problem,
provided that supersymmetric partners to known particles have masses no larger than
a few TeV (roughly).

In addition to the ‘fine-tuning’ motivation for SUSY - to which, as we shall see,
there are other possible responses - there are some quantitative results (section 1.2),
and theoretical considerations (section 1.3) , which have inclined many physicists to
take SUSY and the MSSM (or something like it) very seriously. As always, experiment
will decide whether these intuitions were correct or not. A lot of work has been done
on the phenomenology of such theories, which has influenced LHC detector design.
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Once again, it will surely be extraordinary if, in fact, the world turns out to be this
way.

1.1 The SM fine-tuning problem

The electroweak sector of the SM contains within it a parameter with the dimensions
of energy (i.e. a ‘weak scale’), namely

v & 246 GeV, (1.1)

where v/v/2 is the vacuum expectation value (or ‘vev’) of the neutral Higgs field,
(0]¢°|0) = v/+/2. The occurrence of the vev signals the ‘spontaneous’ breaking of
electroweak gauge symmetry (see for example [7] chapter 19), and the associated
parameter v sets the scale, in principle, of all masses in the theory. For example, the
mass of the W* (neglecting radiative corrections) is given by

Mw = gv/2 ~ 80GeV, (1.2)

My = v\/g, (1.3)

where ¢ is the SU(2) gauge coupling constant, and A is the strength of the Higgs
self-interaction in the Higgs potential

and the mass of the Higgs boson is

A
V= s+ T(e6) (1.4)

where A > 0 and p? > 0. Here ¢ is the SU(2) doublet field

. o
o= (%) (19
and all fields are understood to be quantum, no ‘hat’ being used.

Recall now that the negative sign of the ‘mass®’ term —pu? in (1.4) is essential for

the spontaneous symmetry breaking mechanism to work. With the sign as in (1.4),
the minimum of V' interpreted as a classical potential is at the non-zero value

61 = Vau/VA = v/ V2. (1.6)
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where p = v/p2. This classical minimum (equilibrium value) is conventionally inter-
preted as the expectation value of the quantum field in the quantum vacuum (i.e. the
vev), at least at tree level. If ‘—u®” in (1.4) is replaced by the positive quantity ‘u®’,
the classical equilibrium value is at the origin in field space, which would imply v = 0
- in which case all particles would be massless. Hence it is vital to preserve the sign,
and indeed magnitude, of the coefficient of ¢f¢ in (1.4).

The discussion so far has been at tree level (no loops). What happens when we
include loops? The SM is renormalizable, which means that finite results are obtained
for all higher-order (loop) corrections, even if we extend the virtual momenta in the
loop integrals all the way to infinity. But although this certainly implies that the
theory is well-defined and calculable up to infinite energies, in practice no one seriously
believes that the SM is really all there is, however high we go in energy. That is to
say, in loop integrals of the form

A
/ d*k f(k,external momenta) (1.7)

we do not think that the cut-off A should go to infinity, physically, even though the
reormalizability of the theory assures us that no inconsistency will arise if it does.
More reasonably, we regard the SM as part of a larger theory which includes as yet
unknown ‘new physics’ at high energy, A representing the scale at which this new
physics appears, and where the SM must be modified. At the very least, for instance,
there surely must be some kind of new physics at the scale when quantum gravity
becomes important, which is believed to be indicated by the Planck mass

Mp = (Gn)™Y? ~ 1.2 x 10" GeV. (1.8)

If this is indeed the scale of the new physics beyond the SM or, in fact, if there is any
scale of ‘new physics’ even several orders of magnitude different from the scale set by
v, then we shall see that we meet a problem with the SM, once we go beyond tree
level.

The 4-boson self-interaction in (1.4) generates, at one-loop order, a contribution
to the ¢'¢ term, corresponding to the self-energy diagram of figure 1.1, which is
proportional to

/\/Ad‘% ! (1.9)
v .

This integral clearly diverges quadratically (there are four powers of k in the nu-
merator, and two in the denominator), and it turns out to be positive, producing a
correction

~ APt (1.10)
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Figure 1.1: One-loop self-energy graph in ¢* theory.

to the ‘bare’ —u?¢T¢ termin V. (The ‘~’ represents a numerical factor, such as 1 /4w,
which is unimportant for the argument here: we shall include such factors explicitly
in a later calculation, in section 5.2.) The coefficient —pu? of ¢T¢ is then replaced by
the one-loop corrected ‘physical’ value —,uf)hys, where (ignoring the numerical factor)
—,uf)hys = —u? + AA?, or equivalently

[iohes = 12— A2 (1.11)

Re-minimizing V', we obtain (1.6) but with y replaced by fiphys = (/i) Consider
now what is the likely value of fiphys. With v fixed phenomenologically by (1.1),
equation (1.6) - as corrected to involve ppnys - provides a relation between the two
unknown parameters fiphys and A1 pphys & VA 123 GeV. It follows that if we want to be
able to treat the Higgs coupling A perturbatively, pipnys can hardly be much greater
than a few hundred GeV at most. (A value considerably greater than this would
imply that A is very much greater than unity, and the Higgs sector would be ‘strongly
interacting’; while not logically excluded, this possibility is generally not favoured,
because of the practical difficulty of making reliable non-perturbative calculations.)
On the other hand, if A ~ Mp ~ 10'? GeV, the one-loop correction in (1.11) is then
vastly greater than ~ (100 GeV)?, so that to arrive at a value ~ (100 Gev)? after
inclusion of this loop correction would seem to require that we start with an equally
huge value of the Lagrangian parameter 2, relying on a remarkable cancellation - or
fine-tuning - to get us from ~ (10'? GeV)? down to ~ (10? GeV)%.

In the SM, this fine-tuning problem involving the parameter iy affects not only
the mass of the Higgs particle, which is given in terms of gphys (combining (1.3) and
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(1.6)) by
My = \/ﬁﬂphysv (1-12)

but also the mass of the W,
My = gpiphys/ VA, (1.13)

and ultimately all masses in the SM, which derive from v and hence piphys. The serious
problem posed for the SM by this ‘unnatural’ situation, which is caused by quadratic
mass divergences in the scalar sector, was pointed out by K.G.Wilson in a private
communication to L. Susskind [8].!

This fine-tuning problem would, of course, be much less severe if, in fact, ‘new
physics’ appeared at a scale A which was much smaller than Mp. How much tuning is
acceptable is partly a subjective matter, but for many physicists the only completely
‘natural’ situation is that in which the scale of new physics is within an order of
magnitude of the weak scale, as defined by the quantity v of equation (1.1) - i.e. no
higher than a few TeV. The question then is: what might this new physics be?

Within the framework of the discussion so far, the aim of an improved theory
must be somehow to eliminate the quadratic dependence on the (assumed high) cut-
off scale, present in theories with fundamental (or ‘elementary’) scalar fields. In the
SM, such fields were introduced to provide a simple model of spontaneous electroweak
symmetry breaking. Hence one response - the first, historically - to the fine-tuning
problem is to propose [8] (see also [11]) that symmetry breaking occurs ‘dynamically’;
that is, as the result of a new strongly interacting sector with a mass scale in the TeV
region. In such theories, generically called ‘technicolour’, the scalar states are not
elementary, but rather fermion-antifermion bound states. The dynamical picture is
analogous to that in the BCS theory of superconductivity (see, for example, chapters
17, 18 and 19 of [7]). In this case, the Lagrangian for the Higgs sector is only an
effective theory, valid for energies significantly below the scale at which the bound
state structure would be revealed - say 1 - 10 TeV. The integral in (1.9) can then
only properly be extended to this scale, certainly not to a hierarchically different scale
such as Mp, or the GUT scale. This scheme works very nicely as far as generating
masses for the weak bosons is concerned. However, in the SM the fermion masses also
are due to the coupling of fermions to the Higgs field, and hence - if the Higgs field

'From a slightly different perspective, ’t Hooft [9] also drew attention to difficulties posed by
theories with ‘unnaturally’ light scalars. In the context of Grand Unified gauge theories, Weinberg
[10] emphasized the difficulty of finding a natural theory (i.e. one that is not fine-tuned) in which
scalar fields associated with symmetry breaking are elementary, and some symmetries are broken
at the GUT scale ~ 10'® GeV while others are broken at the very much lower weak scale; this is
usually referred to as the ‘gauge hierarchy problem’.
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Figure 1.2: One-loop photon self-energy diagram in QED.

is to be completely banished from the ‘fundamental’ Lagrangian - the proposed new
dynamics must also be capable of generating the fermion mass spectrum. This has
turned out to require increasingly complicated forms of dynamics, to meet the various
experimental constraints. Still, technicolour theories are not conclusively ruled out.
Reviews are provided by Fahri and Susskind [12], and more recently by Lane [13]; see
also the somewhat broader review by Hill and Simmons [14].

If, on the other hand, fundamental scalars are to be included in the theory, how
might the quadratic divergences be controlled? A clue is provided by considering why
such divergences only seem to affect the scalar sector. In QED the photon self-energy
diagram of figure 1.2 is apparently quadratically divergent (there are two fermion
propagators, each of which depends linearly on the integrated 4-momentum). As
in the scalar case, such a quadratic divergence would imply an enormous quantum
correction to the photon mass. But in fact this divergence is absent, provided the
theory is regularized in a gauge-invariant way (see for example [15] section 11.3). In
other words, the symmetry of gauge invariance guarantees that no term of the form

m2AFA, (1.14)

can be radiatively generated in an unbroken gauge theory: the photon is massless.
The diagram of figure 1.2 is divergent, but only logarithmically; the divergence is
absorbed in a field strength renormalization constant, and is ultimately associated
with the running of the fine structure constant (see [7] section 15.2).

We may also consider the electron self-energy in QED, generated by a one-loop
process in which an electron emits and then re-absorbs a photon. This produces a
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correction dm to the fermion mass m in the Lagrangian, which seems to vary linearly

with the cut-off:

A dik
Kk?

(Here we have neglected both the external momentum and the fermion mass, in the

fermion propagator, since we are interested in the large k behaviour.) Though perhaps

not so bad as a quadratic divergence, such a linear one would still lead to unacceptable

~ aA. (1.15)

om ~ «

fine-tuning in order to arrive at the physical electron mass. In fact, however, when
the calculation is done in detail one finds

om ~ amlInA, (1.16)

so that even if A ~ 10'? GeV, we have dm ~ m and no unpleasant fine-tuning is
necessary after all.

Why does it happen in this case that dm ~ m? It is because the Lagrangian for
QED (and the SM for that matter) has a special symmetry as the fermion masses go
to zero, namely chiral symmetry. This is the symmetry under transformations (on
fermion fields) of the form

P — &) (1.17)

in the U(1) case, or
b = SOT /20y (1.18)

in the SU(2) case. This symmetry guarantees that all radiative corrections to m,
computed in perturbation theory, will vanish as m — 0. Hence dm must be propor-
tional to m, and the dependence on A is therefore (from dimensional analysis) only
logarithmic.

In these two examples from QED, we have seen how unbroken gauge and chi-
ral symmetries keep vector mesons and fermions massless, and remove ‘dangerous’
quadratic and linear divergences from the theory. If we could find a symmetry which
grouped scalar particles with either massless fermions or massless vector bosons, then
the scalars would enjoy the same ‘protection’ from dangerous divergences as their
symmetry partners. Supersymmetry is precisely such a symmetry: as we shall see, it
groups scalars together with fermions (and vector bosons with fermions also). The
idea that supersymmetry might provide a solution to the SM fine-tuning problem was
proposed by Witten [16], Veltman [17] and Kaul [18].

We can understand qualitatively how supersymmetry might get rid of the quadratic
divergences in the scalar self-energy by considering a possible fermion loop correction
to the —u2¢'¢ term, as shown in figure 1.3. At zero external momentum, such a
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Figure 1.3: Fermion loop contribution to the Higgs self-energy.

contribution behaves as

e SR

The sign here is crucial, and comes from the closed fermion loop. The term with the
k* in the numerator in (1.19) is quadratically divergent, and of opposite sign to the
quadratic divergence (1.10) due to the Higgs loop. Ignoring numerical factors, these
two contributions together have the form

(A= gi)A?¢l o, (1.20)

The possibility now arises that if for some reason there existed a boson-fermion cou-
pling gr related to the Higgs coupling by

g =) (1.21)

then this quadratic sensitivity to A would not occur.

A relation between coupling constants, such as (1.21), is characteristic of a symme-
try - but in this case it must evidently be a symmetry which relates a purely bosonic
vertex to a boson-fermion (Yukawa) one. Relations of the form (1.21) are indeed just
what occur in a SUSY theory, as we shall see in chapter 5. In addition, the masses
of bosons and fermions belonging to the same SUSY multiplet are equal, if SUSY is
unbroken; in this simplified model, then, we would have m¢ = My. Note, however,
that the cancellation of the quadratic divergence occurs whatever the values of mg
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and My, since these masses do not enter the expression (1.20). We shall show this
explicitly for the Wess-Zumino model [19] in chapter 5. It is a general result in any
SUSY theory, and has the important consequence that SUSY-breaking mass terms
(as are certainly required phenomenologically) can be introduced ‘by hand’ without
spoiling the cancellation of quadratic divergences. As we shall see in chapter 9, other
SUSY-breaking terms which do not compromise this cancellation are also possible:
they are referred to generically as ‘soft SUSY-breaking terms’.

To implement this idea in the context of the (MS)SM, it will be necessary to
postulate the existence of new fermionic ‘superpartners’ of the Higgs field - ‘Higgsinos’
- as discussed in chapters 3 and 8. But this will by no means deal with all the quadratic
divergences present in the —pu2¢T¢ term. In principle, every SM fermion can play the
role of ‘f”in (1.19), since they all have a Yukawa coupling to the Higgs field. To cancel
all these quadratic divergences will require the introduction of scalar superpartners
for all the SM fermions - that is, an appropriate set of squarks and sleptons. There
are also quadratic divergences associated with the contribution of gauge boson loops
to the ‘—p?’ term, and these too will have to be cancelled by fermionic superpartners,
‘gauginos’. In this way, the outlines of a supersymmetrized version of the SM are
beginning to emerge.

After cancellation of the A% terms via (1.21), the next most divergent contributions
to the ‘—p?’ term grow logarithmically with A. But even terms logarithmic in the
cut-off can be unacceptably large. Consider a simple ‘one Higgs - one new fermion’
model. The In A contribution to the ‘—u?’ term has the form

~ MaMj —bmi)In A (1.22)

where a and b are numerical factors. Even though the dependence on A is now tamed,
a fine-tuning problem will arise in the case of any fermion (coupling to the Higgs field)
whose mass my is very much larger than the weak scale. And in general, if the Higgs
sector has any coupling, even indirect via loops, to very massive states (as happens
in Grand Unified Theories for example), the masses of these states will dominate
radiative corrections to the ‘—p*’ term, requiring large cancellations once again.
This situation is dramatically improved by SUSY. Roughly speaking, in a super-
symmetric version of our ‘one Higgs - one new fermion’ model, the boson and fermion
masses would be equal (My = mg), and so would the coefficients @ and b in (1.22) -
with the result that the correction (1.22) would vanish! Similarly, other contributions
to the self-energy from SM particles and their superpartners would all cancel out,
if SUSY were exact. More generally, in supersymmetric theories only wavefunction
renormalizations are infinite as A — 0o, as we shall discuss further in the context of
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the Wess-Zumino model in section 5.2; these will induce corresponding logarithmic
divergences in the values of physical (renormalized) masses - see for example section
10.4.2 of [15]. However, no superpartners for the SM particles have yet been discov-
ered, so SUSY - to be realistic in this context - must be a (softly) broken symmetry
(see chapter 9), with the masses of the superpartners presumably lying at too high
values to have been detected yet. In our simple model, this means that M3 # mj.
In this case, the quadratic divergences still cancel, as previously noted, and the re-
maining correction to the physical ‘—pu?’ term will be of order A(M# — mZ)In A. We
conclude that (softly) broken SUSY may solve the SM fine-tuning problem, provided
that the new SUSY superpartners are not too much heavier than the scale of v (or
Mpy), or else we are back to some form of fine-tuning.? Of course, how much fine-
tuning we are prepared to tolerate is a matter of taste, but the argument strongly
suggests that the discovery of SUSY should be within the reach of the LHC - if not, as
it now seems, of either LEP or the Tevatron. Hence the vast amount of work that has
gone into constructing viable theories, and analysing their expected phenomenologies.
In summary, SUSY can stabilize the hierarchy Myw < Mp, in the sense that
radiative corrections will not drag Mpw up to the high scale A; and the argument
implies that, for the desired stabilization to occur, SUSY should be visible at a scale
not much greater than a few TeV. The origin of this latter scale (that of SUSY-
breaking - see chapter 9) is a separate problem. It is worth emphasizing that a theory
of the MSSM type, with superpartner masses no larger than a few TeV, is a consistent
effective field theory which is perturbatively calculable for all energies up to, say, the
Planck, or a Grand Unification, scale without requiring fine-tuning (but see section
10.3 for further discussion of this issue, within the MSSM specifically). Whether such
a post-SUSY ‘desert’ exists or not is, of course, for experiment to decide.
Notwithstanding the foregoing motivation for seeking a supersymmetric version
of the SM (a view that became widely accepted from the early 1980s), the reader
should be aware that, historically, supersymmetry was not invented as a response to
the SM fine-tuning problem. Supersymmetric field theories, and the supersymmetry
algebra (see section 1.3 and chapter 4), had been in existence since the early 1970s: in
two dimensions, in the context of string theory [22] [23] [24]; as a graded Lie algebra
in four dimensions [25] [26]; in a non-linear realization [27]; and as four-dimensional
quantum field theories [19] [28] [29]. Indeed, Fayet [30] [31] [32] [33] had pioneered
SUSY extensions of the SM before the fine-tuning problem came to be regarded as

2The application of the argument to motivate a supersymmetric SU(5) grand unified theory (in
which A is now the unification scale) which is softly broken at the TeV mass scale was made by
Dimopoulos and Georgi [20] and Sakai [21]. Well below the unification scale, the effective field
content of these models is that of the MSSM.
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so central, and before the phenomenological importance of soft SUSY breaking was
appreciated; and Farrar and Fayet had begun to explore the phenomenology of the
superpartners [34] [35] [36].

It may be that, if experiment fails to discover SUSY at the TeV scale, supersym-
metry itself may still turn out to have physical relevance. At all events, this book
is concerned with the SUSY response to the SM fine-tuning problem, in the specific
form of the MSSM. We should however note that, in addition to technicolour, other
possibilities have been proposed more recently, in particular the radical idea that the
gravitational (or string) scale is actually very much lower than (1.8) - perhaps even
as low as a few TeV [37]. The fine-tuning problem then evaporates since the ultravi-
olet cut-off A is not much higher than the weak scale itself. This miracle is worked
by appealing to the notion of ‘large’ hidden extra dimensions, perhaps as large as
sub-millimetre scales. This and other related ideas are discussed by Lykken [38], for
example. Nevertheless, it is fair to say that SUSY, in the form of the MSSM., is at
present the most highly developed framework for guiding and informing explorations
of physics ‘beyond the SM’.

1.2 Three quantitative indications

Here we state briefly three quantitative results of the MSSM, which together have
inclined many physicists to take the model seriously; as indicated, we shall explore
each in more detail in later chapters.

(a) The precision fits to electroweak data show that My is less than about 200
GeV, at the 99% confidence level. The ‘Minimal Supersymmetric Standard Model’
(MSSM) (see chapter 8), which has two Higgs doublets, predicts (see chapter 10) that
the lightest Higgs particle should be no heavier than about 140 GeV. In the SM, by
contrast, we have no constraint on My.?

(b) At one-loop order, the inverse gauge couplings a7 '(Q?%),a5'(Q?%), a3 (Q?) of
the SM run linearly with In Q2. Although aj' decreases with Q2, and a;' and o3
increase, all three tending to meet at high Q? ~ (10" GeV)?, they do not in fact meet
convincingly in the SM. On the other hand, provided the superpartner masses are
in the range 100 GeV - 10 TeV, in the MSSM they do meet, thus encouraging ideas
of unification: see section 8.3, and figure 8.1. It is notable that this estimate of the

3Not in quite the same sense (i.e. of a mathematical bound), at any rate. One can certainly
say, from (1.3), that if A is not much greater than unity, so that perturbation theory has a hope of
being applicable, then My can’t be much greater than a few hundred GeV. For more sophisticated
versions of this sort of argument, see [7] section 22.10.2.
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SUSY scale is essentially the same as that coming from ‘fine-tuning’ considerations.

(c) In any renormalizable theory, the mass parameters in the Lagrangian are also
scale-dependent (they ‘run’), just as the coupling parameters do. In the MSSM, the
evolution of a Higgs (mass)? parameter from a typical positive value of order v? at
a scale of the order of 10'® GeV, takes it to a negative value of the correct order
of magnitude at scales of order 100 GeV, thus providing a possible explanation for
the origin of electroweak symmetry breaking, specifically at those much lower scales.
Actually, however, this happens because the Yukawa coupling of the top quark is large
(being proportional to its mass), and this has a dominant effect on the evolution. You
might ask whether, in that case, the same result would be obtained without SUSY.
The answer is that it would, but the initial conditions for the evolution are more
naturally motivated within a SUSY theory, as discussed in section 9.3 (see figure
9.1). Once again, this result requires that the superpartner masses are no larger
than a few TeV. There is therefore a remarkable consistency between all these quite
different ways of estimating the SUSY scale.

1.3 Theoretical considerations

It can certainly be plausibly argued that a dominant theme in twentieth century
physics was that of symmetry, the pursuit of which was heuristically very successful.
It is natural to ask if our current quantum field theories exploit all the kinds of sym-
metry which could exist, consistent with Lorentz invariance. Consider the symmetry
‘charges’ that we are familiar with in the SM, for example an electromagnetic charge
of the form

Q= e/dSw Wl (1.23)
or an SU(2) charge (isospin operator) of the form
T = g/d?’a: W20 (1.24)

where in (1.24) ¢ is an SU(2) doublet, and in both (1.23) and (1.24) ¢ is a fermionic
field. All such symmetry operators are themselves Lorentz scalars (they carry no
uncontracted Lorentz indices of any kind, for example vector or spinor). This implies
that when they act on a state of definite spin j, they cannot alter that spin:

R@|j) = | same j, possibly different member of symmetry multiplet ). (1.25)

Need this be the case?
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We certainly know of one vector ‘charge’ - namely, the 4-momentum operators
P, which generate space-time displacements, and whose eigenvalues are conserved
4-momenta. There are also the angular momentum operators, which belong inside an
antisymmetric tensor M,,. Could we, perhaps, have a conserved symmetric tensor
charge ),,7 We shall provide a highly simplified version (taken from Ellis [39]) of an
argument due to Coleman and Mandula [40] which shows that we cannot. Consider
letting such a charge act on a single particle state with 4-momentum p:

Quvlp) = (apup, + B9u)Ip), (1.26)

where the RHS has been written down by ‘covariance’ arguments (i.e. the most
general expression with the indicated tensor transformation character, built from the
tensors at our disposal). Now consider a two-particle state [p{"), p(?)), and assume
the @,,’s are additive, conserved, and act on only one particle at a time, like other
known charges. Then

QP ) = (a(p(Mp) + p@p3) + 284,,) [P, p1?). (1.27)

In an elastic scattering process of the form 1 4+ 2 — 3 + 4 we will then need (from
conservation of the eigenvalue)

pp + pPp3 = pP Pl + p{Ipt. (1.28)

But we also have 4-momentum conservation:
p(j) + pff) = pf’) + pff) (1.29)
The only common solution to (1.28) and (1.29) is

p = p® p@ = p) or pl1) = p® H@ = ) (1.30)
which means that only forward or backward scattering can occur - which is obviously
unacceptable.

The general message here is that there seems to be no room for further conserved
operators with non-trivial Lorentz transformation character (i.e. not Lorentz scalars).
The existing such operators P, and M, do allow proper scattering processes to occur,
but imposing any more conservation laws over-restricts the possible configurations.
Such was the conclusion of the Coleman-Mandula theorem [40]. But in fact their
argument turns out not to exclude ‘charges’ which transform under Lorentz transfor-
mations as spinors: that is to say, things transforming like a fermionic field ». We
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may denote such a charge by (J,, the subscript @ indicating the spinor component
(we will see that we’ll be dealing with 2-component spinors, rather than 4-component
ones, for the most part). For such a charge, equation (1.25) will clearly not hold;
rather,

Qalj) =17 £1/2). (1.31)

Such an operator will not contribute to a matrix element for a two-particle — two-
particle elastic scattering process (in which the particle spins remain the same), and
consequently the above kind of ‘no-go” argument can’t get started.

The question then arises: is it possible to include such spinorial operators in a con-
sistent algebraic scheme, along with the known conserved operators P, and M,,7 The
affirmative answer was first given by Gol’fand and Likhtman [25], and the most gen-
eral such ‘supersymmetry algebra’ was obtained by Haag, Lopuszanski and Sohnius
[26]. By ‘algebra’ here we mean (as usual) the set of commutation relations among
the ‘charges’ - which, we recall, are also the generators of the appropriate symmetry
transformations. The SU(2) algebra of the angular momentum operators, which are
generators of rotations, is a familiar example. The essential new feature here, how-
ever, is that the charges which have a spinor character will have anticommutation
relations among themselves, rather than commutation relations. So such algebras
involve some commutation relations and some anticommutation relations.

What will such algebras look like? Since our generic spinorial charge @), is a
symmetry operator, it must commute with the Hamiltonian of the system, whatever
it is:

[Qa, H] =0, (1.32)

and so must the anticommutator of two different components:

[({Qa, @}, H] = 0. (1.33)

As noted above, the spinorial ()’s have two components, so as a and b vary the sym-
metric object {Q,, @r} = Q.Qs + @»Q. has three independent components, and we
suspect that it must transform as a spin-1 object (just like the symmetric combina-
tions of two spin-1/2 wavefunctions). However, as usual in a relativistic theory, this
spin-1 object should be described by a 4-vector, not a 3-vector. Further, this 4-vector
is conserved, from (1.33). There is only one such conserved 4-vector operator (from
the Coleman-Mandula theorem), namely P,. So the Q,’s must satisfy an algebra of
the form, roughly,

{Qa, Qo} ~ P (1.34)
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Clearly (1.34) is sloppy: the indices on each side don’t balance. With more than
a little hindsight, we might think of absorbing the °,” by multiplying by ~*, the ~-
matrix itself conveniently having two matrix indices which might correspond to a,b.
This is in fact more or less right, as we shall see in chapter 4, but the precise details
are finicky.

Accepting that (1.34) captures the essence of the matter, we can now begin to see
what a radical idea supersymmetry really is. Equation (1.34) says, roughly speaking,
that if you do two SUSY transformations generated by the ()’s, one after the other,
you get the energy-momentum operator. Or, to put it even more strikingly (but quite
equivalently), you get the space-time translation operator, i.e. a derivative. Turning
it around, the SUSY spinorial ()’s are like square roots of 4-momentum, or square
roots of derivatives! It is rather like going one better than the Dirac equation, which
can be viewed as providing the square root of the Klein-Gordon equation: how would
we take the square root of the Dirac equation?

It is worth pausing to take this in properly. Four-dimensional derivatives are
firmly locked to our notions of a four-dimensional space-time. In now entertaining
the possibility that we can take square roots of them, we are effectively extending
our concept of space-time itself - just as, when the square root of -1 is introduced,
we enlarge the real axis to the complex (Argand) plane. That is to say, if we take
seriously an algebra involving both P, and the @)’s, we shall have to say that the
space-time co-ordinates are being extended to include further degrees of freedom,
which are acted on by the @’s, and that these degrees of freedom are connected to
the standard ones by means of transformations generated by the @’s. These further
degrees of freedom are, in fact, fermionic. So we may say that SUSY invites us to
contemplate ‘fermionic dimensions’, and enlarge space-time to ‘superspace’. SUSY
is often thought of in terms of (approximately) degenerate multiplets of bosons and
fermions. Of course, that aspect is certainly true, phenomenologically important, and
our main concern in this book; nevertheless, the fermionic enlargement of space-time
is arguably a more striking concept, and we shall provide an introduction to it in
chapter 6.

One final remark on motivations: if you believe in String Theory (and it still seems
to be the most promising framework for a consistent quantum theory of gravity),
then the phenomenologically most attractive versions incorporate supersymmetry,
some trace of which might remain in the theories which effectively describe physics
at presently accessible energies.



Chapter 2

Spinors: Weyl, Dirac and
Majorana

Let’s begin our Long March to the MSSM by recalling in outline how symmetries,
such as SU(2), are described in quantum field theory (see for example chapter 12 of
[7]). The Lagrangian involves a set of fields ¢, - they could be bosons or fermions -
and it is taken to be invariant under an infinitesimal transformation on the fields of
the form

S.by = —i€Ansths, (2.1)

where a summation is understood on the repeated index s, the A, are certain constant
coefficients (for instance, the elements of the Pauli matrices), and € is an infinitesimal
parameter. Supersymmetry transformations will look something like this, but they
will transform bosonic fields into fermionic ones, for example

bep ~ £ (2.2)

where ¢ is a bosonic (say spin-0) field, ¢ is a fermionic (say spin-1/2) one, and £ is
an infinitesimal parameter. The alert reader will immediately figure out that in this
case the parameter ¢ has to be a spinor. In due course we shall spell out the details
of the ‘~” here, but one thing should already be clear at this stage: the number of
(field) degrees of freedom, as between the bosonic ¢ fields and the fermionic 1 fields,
had better be the same in an equation of the form (2.2), just as the number of fields
r=1,2,...N on the LHS of (2.1) is the same as the number s = 1,2... N on the
RHS. We can’t have some fields being ‘left out’. Now the simplest kind of bosonic
field is of course a neutral scalar field, which has only one component, which is real:
é = ¢ (see [15] chapter 5); there is only one degree of freedom. On the other hand,

23
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there is no fermionic field with just one degree of freedom: being a spinor, it has
at least two (‘spin-up’ and ‘spin-down’, in simple terms). So that means that we
must consider, at the very least, a two-degree-of-freedom bosonic field, to go with the
spinor field, and that takes us to a complex (charged) scalar field (see chapter 7 of
15))

But exactly what kind of a fermionic field could we ‘match’ the complex scalar
field with? When we learn the Dirac equation, among the first results we arrive at is
that Dirac wave functions, or fields, have four degrees of freedom, not two: in physical
terms, spin-up and spin-down particle, and spin-up and spin-down antiparticle. Thus
we must somehow halve the number of spinor degrees of freedom. There are two
ways of doing this. One is to employ two-component spinor fields, called Weyl spinors
in contrast to the four-component Dirac ones. The other is to use Majorana fields,
for which particle and antiparticle are identical. Both formulations are used in the
SUSY literature, and it helps to be familiar with both. Nevertheless, it is desirable
to opt for one or the other as the dominant language, and we shall mainly use the
Weyl spinor formulation, which we shall develop in the next three sections. However,
we shall also introduce some Majorana formalism in section 2.5. The reader is en-
couraged, through various exercises, to learn some equivalences between quantities
expressed in the Weyl and in the Majorana language. As we proceed, we shall from
time to time give the equivalent Majorana forms for various results (for example, in
sections 4.2, 4.5 and 5.1). These will eventually be required when we perform some
simple SUSY calculations in section 5.2 and in chapter 12; for these the Majorana
formalism is preferred, because it is close enough to the Dirac formalism to allow
familiar calculational tricks to be used, with some modifications.

We have been somewhat slipshod, so far, not distinguishing clearly between ‘com-
ponents’ and ‘degrees of freedom’. In fact, each component of a two-component
(Weyl) spinor is complex, so there are actually four degrees of freedom present; there
are also four in a Majorana spinor. If the spinor is assumed to be on-shell - i.e.
obeying the appropriate equation of motion - then the number of degrees of freedom
is reduced to two, the same as in a complex scalar field. But generally in quantum
field theory we need to go ‘off-shell’, so that to match the minimal number (four) of
spinor degrees of freedom will require two more bosonic degrees of freedom than just
the two in a complex scalar field. We shall ignore this complication in our first foray
into SUSY in chapter 3, but will return to it in chapter 4.

The familiar Dirac field uses two two-component fields, which is twice too many.
Our first, and absolutely inescapable, task is therefore to ‘deconstruct’ the Dirac field
and understand the nature of the two different two-component Weyl fields which
together constitute it. This difference has to do with the different ways the two
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‘halves’ of the 4-component Dirac field transform under Lorentz transformations.
Understanding how this works, in detail, is vital to being able to write down SUSY
transformations which are consistent with Lorentz invariance. For example, the LHS
of (2.2) refers to a scalar (spin-0) field ¢; admittedly it’s complex, but that just means
that it has a real part and an imaginary part, both of which have spin-0. So it is
an invariant under Lorentz transformations. On the RHS, however, we have the 2-
component spinor (spin-1/2) field ¢, which is certainly not invariant under Lorentz
transformations. But the parameter ¢ is also a 2-component spinor, in fact, and so
we shall have to understand how to put the two-component objects £ and v together
properly so as to form a Lorentz invariant, in order to be consistent with the Lorentz
transformation character of the LHS. While we may be familiar with how to do this
sort of thing for 4-component Dirac spinors, we need to learn the corresponding tricks
for 2-component ones. The next two sections are therefore devoted to this essential
groundwork.

2.1 Spinors and Lorentz transformations
We begin with the Dirac equation in momentum space, which we write as
EV =(a-p+ pm)V¥ (2.3)

where of course we are taking ¢ = h = 1. We shall choose the particular representation

(2 0) (1)

7:(3 _0"), and 75:((1)_01). (2.5)

This is one of the standard representations of the Dirac matrices (see for example
[15] page 91, and [7] pages 31-2, and particularly [7] Appendix M, section M.6). It is
the one which is commonly used in the ‘small mass’ or ‘high energy’ limit, since the
(large) momentum term is then (block) diagonal. As usual, & = (04, 0,,0,) are the
2 x 2 Pauli matrices. Note that

which implies that

{757/8} = {7577} = 0. (26)
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m:(i). (2.7)

(E—o-p)p = mx (2.8)
(E+o-p)x = my. (2.9)

Notice that as m — 0, (2.8) becomes o - pyg = Etpg, and E — |p], so the zero mass
limit of (2.8) is

We write

The Dirac equation is then

(o - p/Ip|)tho = ¢, (2.10)

which means that 1 is an eigenstate of the helicity operator o - p/|p| with eigenvalue
+1 (‘positive helicity’). Similarly, the zero-mass limit of (2.9) shows that y, has
negative helicity.

For m # 0, ¢ and x of (2.8) and (2.9) are plainly not helicity eigenstates: indeed
the mass term (in this representation) ‘mixes’ them. But, as we shall see shortly,
it is these two-component objects, 1 and y, that have well-defined (but different)
Lorentz transformation properties. They are, indeed, examples of precisely the two-
component Weyl spinors we shall be dealing with.

Although not helicity eigenstates, ©» and x are eigenstates of 75, in the sense that

()G (D)2 e

These two vs-eigenstates can be constructed from the original ¥ by using the projec-
tion operators Pr and P, defined by

= ()= (a0 212
&:<2;%:<8?). (2.13)

&m:<ﬁ), &w:(g). (2.14)

It is easy to check that P Pr, = 0, P§ = Pr, P} = P;,. The eigenvalue of ~;5 is called
‘chirality’; ¢» has chirality +1, and y has chirality -1. In an unfortunate terminolgy,

and

Then
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but one now too late to change, ‘4’ chirality is denoted by ‘R’ (i.e right-handed) and
‘-7 chirality by ‘I’ (i.e. left-handed), despite the fact that (as noted above) ¢ and yx
are not helicity eigenstates when m # 0. Anyway, a ‘b’ type 2-component spinor is
often written as ¥r, and a ‘y’ type one as yr,. For the moment, we shall not use these
R and L subscripts, but shall understand that anything called v is an R-type spinor,
and a y is L-type.

Now, we said above that ¢ and y had well-defined Lorentz transformation charac-
ter. Let’s recall how this goes (see [7] Appendix M, section M.6). There are basically
two kinds of transformation: rotations and ‘boosts’ (i.e. pure velocity transforma-
tions). It is sufficient to consider infinitesimal transformations, which we can specify
by their action on a 4-vector, for example the energy-momentum 4-vector (F,p).
Under an infinitesimal 3-dimensional rotation,

EFE—-E=FE, p—p=p—exp (2.15)
where € = (€1, €2, €3) are three infinitesimal parameters specifying the infinitesimal
rotation; and under a velocity transformation

FE—-F=F-n-p, p—p=p—nk (2.16)

where 1 = (1, 72,73) are three infinitesimal velocities. Under the Lorentz transfor-
mations thus defined, ¢ and x transform as follows (see equations (M.94) and (M.98)
of [7], where however the top two components are called ‘¢’ rather than “)’):

=Y =(1+ie-o/2—n-0/2)¢ (2.17)
and
X=X =(0+ie-o/2+n-0/2). (2.18)

Equations (2.17) and (2.18) are extremely important equations for us. They tell us
how to construct the spinors ¢ and x’ for the rotated and boosted frame, in terms
of the original spinors ¢ and x. That is to say, the ¢" and x’ specified by (2.17) and
(2.18) satisfy the ‘primed’ analogues of (2.8) and (2.9), namely

(B'—o-p) = my (2.19)
(E'+o-p)X = my. (2.20)

Let’s pause to check this statement in a special case, that of a pure boost. Define
Vnp = (1 — n-0o/2). Then since n is infinitesimal, Vﬁl = (1+mn-0/2). Now take
(2.8), multiply from the left by Vﬁl, and insert the unit matrix Vﬁlvn as indicated:

V' (E — o - p)Vy' Vg = mVg'x. (2.21)
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If (2.17) is right, we have )" = V), and if (2.18) is right we have y’ = Vﬁlx, in this
pure boost case. So to establish the complete consistency between (2.17), (2.18) and
(2.19), we need to show that

Vg (B —o-p)Vyp' = (' —a-p), (2.22)
that is
(1+mn-0/2)(E—-0-p)(l+n-0/2)=(E—m p)—0-(p—En) (2.23)
to first order in 1, since the RHS of (2.23) is just £’ — o - p’ from (2.16).

Exercise Verify (2.23).

Returning now to equations (2.17) and (2.18), we note that ¢» and x actually
behave the same under rotations (they have spin-1/2!), but differently under boosts.
The interesting fact is that there are two kinds of two-component spinors, distin-
guished by their different transformation character under boosts. Both are used in
the Dirac 4-component spinor W. In SUSY, however, the approach we shall mainly
follow works with the 2-component Weyl spinors ¢ and x which (as we saw above)
may also be labelled by ‘R’ and ‘L’ respectively. The alternative approach using
4-component Majorana spinors will be introduced in section 2.5.

Before proceeding, we note another important feature of (2.17) and (2.18). Let V/
be the transformation matrix appearing in (2.17):

V=(1+ie-6/2—1n- -0/2). (2.24)
Then

Vi=(1-ie-a/2+n-0/2) (2.25)
since we merely have to reverse the sense of the infinitesimal parameters, while

Vi=(l—-ie-a/2—n a/2) (2.26)

using the Hermiticity of the o’s. So
Vit = v = (1 +ie-0/24 71 0/2), (2.27)
which is the matrix appearing in (2.18). Hence we may write, compactly,
W=V, =V =V (2.28)

In summary, the R-type spinor @ transforms by the matrix V', while the L-type spinor
x transforms by V=11
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2.2 Constructing invariants and 4-vectors out of
2-component (Weyl) spinors

Let’s start by recalling some things which should be familiar from a Dirac equation
course. From the 4-component Dirac spinor ¥ we can form a Lorentz invariant

VAERVAIA (2.29)

and a 4-vector

Uy = WI3(3, Ba)¥ = Ui(1,a)V. (2.30)

In terms of our 2-component objects ¢ and x (2.29) becomes

Lorentz invariant  (¢Tx") ( (1) (1) ) ( f ) = Ty + xTo. (2.31)

Using (2.28) it is easy to verify that the RHS of (2.31) is invariant. Indeed, perhaps
more interestingly, each part of it is:

iy = 'y = Vv = iy, (2.32)

and similarly for xT. Again, (2.30) becomes

v wal(0)5 20)(6)

= W'+ x'x,vloy — xloy)
= ¢loty + xTovx, (2.33)

where we have introduced the important quantities

o= (1,0), & =(l,—0o) (2.34)

= ( JOM 5(; ) : (2.35)

As with the Lorentz invariant, it is actually the case that each of yfo#y) and xTaty

in terms of which

transforms, separately, as a 4-vector.

Exercise Verify that last statement.
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Indeed, since only the transformation character of the ¢’s and y’s matters, quan-
tities such as ®(W1e#p(? and y(Ma#y(?) are also 4-vectors, just as Wy# W2 ig
In this ‘o*, " notation, the Dirac equation (2.8) and (2.9) becomes

olpyp = my (2.36)
olp,x = mi. (2.37)

So we can read off the useful news that ‘c”p,’ converts a ¢-type object to a y-type
one, and ¢#p, converts a y to a ¢ - or, in slightly more proper language, the Lorentz
transformation character of o#p,1 is the same as that of x, and the LT character of
otp,x is the same as that of .

Lastly in this re-play of Dirac formalism, the Dirac Lagrangian can be written in
terms of ¢ and y:

U(iy"9, — m)W = plic d,p + \tio oy — m(phy +xMe). (2.38)

Note how o* belongs with y, and ¢* with .

An interesting point may have occurred to the reader here: it is possible to form
4-vectors using only ’s or only x’s (see the most recent Exercise), but the invariants
introduced so far (¢Ty and x'i) make use of both. So we might ask: can we make
an invariant oul of just x- lype spinors, for instance? This is important precisely
because we want (for reasons outlined in the previous section) to construct theories
involving the number of degrees of freedom present in one two-component Weyl (but
not four-component Dirac) spinor. It is at this point that we part company with what
is usually contained in standard Dirac courses.

Another way of putting our question is this: is it possible to construct a spinor
from the components of, say, x, which has the transformation character of a ¥)? (and
of course vice versa). If it is, then we can use it, with y-type spinors, in place of ¢-type
spinors when making invariants. The answer is that it is possible. Consider how the
complex conjugate of x, denoted by x*, transforms under Lorentz transformations.

We have

X'=(0+ie-e/24+1n- -0/2). (2.39)

Taking the complex conjugate gives
X'=(1—ie-a*/2+1n -"/2)x". (2.40)
Now observe that of = 0y, 05 = —09, 0} = 03, and that o903 = —0303 and 0105 =

—oq90;. 1t follows that

oY = oo(l —i€- (01, —02,03)/2 +n - (01, —02,03)/2)x* (2.41)
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= (1+ie-6/2—m-0/2)02X" (2.42)
= Voux™, (2.43)

referring to (2.24) for the definition of V, which is precisely the matrix by which ¢
transforms.
We have therefore established the important result that

oy transforms like a 1. (2.44)

So let’s at once introduce ‘the 1-like thing constructed from x’ via the definition

y = io2X", (2.45)

where the i has been put in for convenience (remember oy involves i’s). Then we are
guaranteed by (2.32) that the quantity

*T T

X = (ioox M) x® = xWT(—io)x®  (2.46)

¢;(1)X(2) = (iUQX(l)*)
where T denotes transpose, is Lorentz invariant, for any two y-like things y, y(?),
just as ¥y was. (Equally, so is X(Q)T¢X(1).) Equation (2.46) is important, because it
tells us how to form the Lorentz invariant scalar product of two x’s. This is the kind
of product that we will need in SUSY transformations of the form (2.2).
Before proceeding, we note that the quantity xMT(—icy)y?
familar. Let us write

1s in a sense very

(1) X(l) (2) X(Q)
X = /21) ) X = ZQ) ) (2.47)
Xl X1

adopting the ‘spin-up’, ‘spin-down’ notation used in elementary quantum mechanics.

Then since
) 0 —1
—ioy = ( 10 ) , (2.48)

XOT (i) x@ = =+ x. (2.49)

we easily find

The right hand side of (2.49) is recognized as (proportional to) the usual spin-0
combination of two spin-1/2 states. This means that it is invariant under spatial
rotations. What the previous development shows is that it is actually also invariant
under Lorentz transformations (i.e. boosts).



32 CHAPTER 2. SPINORS: WEYL, DIRAC AND MAJORANA

In particular, gblx is Lorentz invariant, where the x’s are the same. This quantity

is
(ie2x™) " x = (i02x)"x = X" (—io2)x. (2.50)

Let’s write it out in detail. We have
. 0 1 [ xa
102—(_1 0), and X-(}@), (2.51)

iogx = ( X2 ) , and (iO'QX)TX = X2X1 — X1Xe2- (2.52)

so that

—X1
The right hand side of (2.52) vanishes if y; and y» are ordinary functions, but not
if they are anticommuting quantities, as appear in (quantized) fermionic fields. So
certainly this is a satisfactory invariant in terms of two-component quantized fields,
or in terms of Grassmann numbers (see Appendix O of [7]). From now on, we shall
assume that spinors are quantum fields. Strictly speaking, then, although the symbol
¢ * 7 is perfectly suitable for the complex conjugates of the wavefunction parts in the
free-field expansions, it should be understood as ¢ T~
jugation of quantum field operators and complex conjugation of wavefunctions. We
shall spell this out in more detail in section 3.1, but - with the indicated understanding

, which includes Hermitian con-

- we shall continue for the moment to use just the simple < * ’.

It is natural to ask: what about ©»*?7 Performing manipulations analogous to those
in (2.40), (2.41)-(2.43), you can verify that

oop*  transforms like . (2.53)

This licenses us to introduce a y-type object constructed from a ¢, which we define
by
Xy = —iogh™. (2.54)
Then for any two ©’s (V43 say, we know that
(—iogp M) Ty® = (—igyp™M) T = W Tigy ) (2.55)
is an invariant. In particular, for the same 1, the quantity

(—ioap) Ty (2.56)

is an invariant.
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2.3 A more streamlined notation for Weyl spinors

It looks as if it’s going to get pretty tedious keeping track of which two-component
spinor is a y-type one and which is -type one, by writing things like y", x®, ...,
»M @) all the time, and (even worse) things like ;b;(l)X(Q). A first step in
the direction of a more powerful notation is to agree that the components of x-type
spinors have lower indices, as in (2.51). That is, anything written with lower indices
is a x-type spinor. So then we are free to name them how we please: x,,&,, ..., even
Ya.

We can also streamline the cumbersome notation ‘@/)x(l)TX(Q)’- The point here is
that this notation was - at this stage - introduced in order to construct invariants
out of just y-type things. But (2.46) tells us how to do this, in terms of the two x’s
involved: you take one of them, say y("). and form iooy"). Then you take the matrix
dot product (in the sense of ‘uTv’) of this quantity and the second y-type spinor. So,
starting from a y with lower indices, x,, let’s define a x with upper indices via (see

equation (2.52))
1
X — X2
( X2 ) 102X ( _—— ) 3 ( )

X'=x:n X'=-x (2.58)

Suppose now that £ is a second y-type spinor, and

g:(g). (2.59)

Then we know that (ioox)T¢ is a Lorentz invariant, and this is just

that is,

(x'x?) ( 2 ) = X'& + x*6 = x4, (2.60)

where @ runs over the values 1 and 2. Equation (2.60) is a compact notation for this
scalar product: it is a ‘spinor dot product’, analogous to the ‘upstairs-downstairs’
dot-products of Special Relativity, like A*B,. We can shorten the notation even
further, indeed, to y - £, or even to x¢ if we know what we are doing. Note that if
the components of y and ¢ commute, then it doesn’t matter whether we write this
invariant as y - £ = x'& + x%& or as &1 ¥ + &x2 But if they are anticommuting
these will differ by a sign, and we need a convention as to which we take to be the
‘positive’ dot product. It is as in (2.60), which is remembered as ‘summed-over x-type
(undotted) indices appear diagonally downwards, top left to bottom right’.
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The 4-D Lorentz-invariant dot product A*B, of Special Relativity can also be
written as g"¥ A, B,, where " is the metric tensor of SR with components (in one
common convention!) ¢% = +1,¢'' = ¢**> = ¢** = —1, all others vanishing (see
Appendix D of [7]). In a similar way we can introduce a metric tensor ¢*® for forming
the Lorentz-invariant spinor dot product of two two-component L-type spinors, by
writing

W = ey 2.61)

(always summing on repeated indices, of course), so that
X*€a = xiba- (2.62)
For (2.61) to be consistent with (2.58), we require
=41, =1, =2 =0. (2.63)

Clearly €, regarded as a 2 x 2 matrix, is nothing but the matrix ioy of (2.51). We
shall, however, continue to use the explicit ‘ioy’ notation for the most part, rather
than the ‘e®® notation.

We can also introduce ¢, via

Xa = €apX, (2.64)
which is consistent with (2.58) if
€19 = —1,€ = +1, €11 = €99 = 0. (2.65)
Finally, you can verify that
€ap€’® = 0°, (2.66)

as one would expect. It is important to note that these ‘¢’ metrics are antisymmetric
under the interchange of the two indices @ and b, whereas the SR metric g"” is
symmetric under y ¢ v.

Exercise (a) What is £ - x in terms of y - ¢ (assuming the components anti-
commute)? (b) What is x,£* in terms of x*6,7 Do these both by brute force via
components, and by using the ¢ dot product.

Given that y transforms by V='T of (2.27), it is interesting to ask: how does the
‘raised-index’ version, ioyY, transform?



2.3. A MORE STREAMLINED NOTATION FOR WEYL SPINORS 35

Exercise Show that ioyy transforms by V*.

We can use the result of this Exercise to verify once more the invariance of
(ioox) P& (i0ax)TE — (io9x)'TE = (o) T(V)TVIE But (V)T = V1, and so
the invariance is established.

We can therefore summarize the state of play so far by saying that a downstairs
x-type spinor transforms by V', while an upstairs x-type spinor transforms by V*.

Clearly we also want an ‘index’ notation for ¢-type spinors. The general conven-
tion is that they are given ‘dotted indices’ i.e. we write things like ¢)%. By convention,
also, we decide that our i-type thing has an upstairs index, just as it was a conven-
tion that our y-type thing had a downstairs index. Equation (2.55) tells us how to
form scalar products out of two 1-like things, (") and ¥, and invites us to define
downstairs-indexed quantities

(@)oo (L) e

vi ==t gy =gl (2.68)
Then if ¢ (‘zeta’) is a second ¢-type spinor, and

=(5) (2.69)

we know that (—ioy))T¢ = ¥Tioy( is a Lorentz invariant, which is

so that

Ci

% ) = i+ s = (2.70)

(¥i1s) (
where a runs over the values 1,2. Notice that with all these conventions, the ‘posi-
tive’ scalar product has been defined so that the summed-over dotted indices appear
diagonally upwards, bottom left to top right.

As in the previous Exercise, we can ask how (in terms of V') the downstairs dotted
spinor —ioq) transforms.

Exercise Show that —ioyt) transforms by V='T, and hence verify once again that
(—iogh)T( is invariant.
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We can introduce a metric tensor notation for the Lorentz-invariant scalar product
of two two-component R-type (dotted) spinors, too. We write

i = ezt (2.71)
where, to be consistent with (2.68), we need
eiy = —1, € = +1, ¢4 = €33 = 0. (2.72)

Then .
Val® = €,;0°C" (2.73)
We can also define - - - N
JRE S Yt 1 L (2.74)
with .
€€ = 05 (2.75)
Again, the €’s with dotted indices are antisymmetric under interchange of their indices.
We could of course think of shortening (2.70) further to ¢ - ¢ or ¥(, but without
the dotted indices to tell us, we wouldn’t in general know whether such expressions

referred to what we have been calling ¥- or x-type spinors. So a ‘’
Y-type spinors is commonly used. That is to say, we define

g
W= (2.76)

Then (2.70) would be just (. It is worth emphasizing at once that this ‘bar’ notation
for dotted spinors has nothing to do with the ‘bar’ used in J-component Dirac theory,

notation for

as in (2.29), nor with the ‘bar’ often used to denote an antiparticle name, or field.

Exercise (a) What is Y- (in terms of ¢ -+ (assuming the components anticom-
mute)? (b) What is ;¢ in terms of ¥%(;? Do these by components and by using ¢
symbols.

Altogether, then, we have arrived at four types of two-component Weyl spinor:
x® and y, transforming by V* and V' respectively, and +* and ), transforming by
V and V=T respectively. The essential point is that invariants are formed by taking
the matrix dot product between one quantity transforming by M say, and another
transforming by M~'T,
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Consider now Y: since x, transforms by V=1, it follows that x* transforms by
the complex conjugate of this matrix, which is V~'T. But this is exactly how a ‘i),
transforms! So it is consistent to define

)?Ez = X; (277)
We can then raise the dotted index with the matrix ios, using the inverse of (2.67) -
remember, once we have dotted indices, or bars, to tell us what kind of spinor we are
dealing with, we no longer care what letter we use. In a similar way, ¥ transforms
by V*, the same as x?, so we may write

UNER (2.78)

and lower the index a by —ios.

It must be admitted that (2.78) creates something of a problem for us, given that
we want to be free to continue to use the ‘old” notation of sections 2.1 and 2.2, as well
as - from time to time - the new streamlined one. In the old notation, ‘@)’ stands for
an R-type dotted spinor with components ', ¥?; but in the new notation, according
to (2.78), the unbarred symbol ‘¢b” should stand for an L-type undotted spinor (the
‘old” ¥ becoming the R-type dotted spinor 1). A similar difficulty does not, of course,
arise in the case of the y spinors, which only get barred when complex conjugated
(see (2.77)). This is fortunate, since we shall be using x- or L-type spinors almost
exclusively. As regards the dotted R-type spinors, our convention will be that when
we write dot products and other bilinears in terms of v and %' (or ¥*) we are using
the ‘old’ notation, but when they are written in terms of ) and i) we are using the
new one.

Definitions (2.77) and (2.78) allow us to write the 4-vectors ¥To#1) and xTa#y in
‘bar’ notation. For example,

* —pab - =pab

x'a'x = xie" e = xa0"* x5 = Yo" X (2.79)

with the convention that the indices of ¢* are an upstairs dotted followed by an
upstairs undotted (note that this adheres to the convention about how to sum over
repeated dotted and undotted indices). Similarly (but rather less obviously)

it = hotip, (2.80)

with the indices of 6 being a downstairs undotted followed by an downstairs dotted.
As an illustration of a somewhat more complicated manipulation, we now show
how to obtain the sometimes useful result

£ty = —xa"¢. (2.81)
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The quantity on the left hand side is £;5"% ;. On the right hand side, however, o*
carries downstairs indices, so clearly we must raise the indices of both ¢ and y. We
write

Foopab. e pabd
0" xy = €l " aqx

= e ey’ (2.82)

At this point it is easier to change to matrix notation, using the fact that both e
and ¢4 are the same as (the matrix elements of) the matrix —ios. The next step is
a useful exercise.

Exercise
Verify that
090ty = ot (2.83)

Equation (2.82) can therefore be written as
- Fo _uT T
{ol'x = £ a” C'dXd = _ngudéf ) (2.84)

where in the last step the minus sign comes from interchanging the order of the
fermionic quantities. The right hand side of (2.84) is precisely —yo"€.
In the new notation, then, the familiar Dirac 4-component spinor (2.7) would be

written as _
o )
U= . 2.85
(¢ ”

The conventions of different authors typically do not agree here. The notation we
use is the same as that of Shifman [41], see his equation (68) on page 335. Many
other authors, for example Bailin and Love [42], use a choice for the Dirac matrices
which is different from (2.4) and (2.5), and which has the effect of interchanging the
position, in U, of the I. (undotted) and R (dotted) parts - which, furthermore, they
call ‘¢»” and ‘y’ respectively, the opposite way round from us - so that for them

T ( Ya ) | (2.86)

Also, BL.’s € symbols, and hence their spinor scalar products, have the opposite sign
from ours.
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2.4 Dirac spinors using x- (or L-) type spinors only

In the ‘Weyl spinor’ approach to SUSY, the simplest SUSY theory (which we shall
meet in the next chapter) involves a complex scalar field and a two-component spinor
field. This is in fact the archetype of SUSY models leading to the MSSM. By con-
vention, one uses y-type spinors, i.e. undotted L-type spinors, no doubt because the
V-A structure of the electroweak sector of the SM distinguishes the L parts of the
fields, and one might as well give them a privileged status. But of course there are
the R parts (dotted t-type spinors) as well. In a SUSY context, it is very convenient
to be able to use only one kind of spinors, which in the MSSM is (for the reason just
outlined) going to be L-type ones - but in that case how are we going to deal with
the R parts of the SM fields?

Consider for example the electron field which we write in the unstreamlined no-

tation as
Pl = ( Ve ) : (2.87)
Xe

Instead of using the R-type electron field in the top 2 components, we can just as
well use the charge conjugate of the L-type positron field, which is in fact of R-type,
as we shall see. For a 4-component Dirac spinor, charge conjugation is defined by

Ve =CUT = CyU~ (2.88)

where!
O = —1")/2ﬁ = ( 132 0 ) 5 OO = —1")/2 = ( 0 1%—2 ) . (289)

Thus if we write generally
V= ( ¥ ) (2.90)

_ 0"
Ve = ( R ) . (2.91)
Note that the upper two components here are precisely ¢, of (2.45), and the lower
two are x of (2.54).

then

'This choice of Cy has the opposite sign from the one in equation (20.63) of [7] page 290; the
present choice is more in conformity with SUSY conventions. We are sticking to the convention that
the indices of the 4- matrices as defined in (2.5) appear upstairs; no significance should be attached
to the position of the indices of the o-matrices - it is common to write them downstairs.
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We can therefore define charge conjugation at the 2-component level by

X =iox”, Y = —io*. (2.92)

Now we recall (and will show explicitly in section 2.5.2) that particle and antiparticle
operators in W are replaced by antiparticle and particle operators, respectively, in
V. In just the same way, xy and x© carry opposite values of conserved charges. Thus
instead of (2.87) we may choose to write

P = ( Xe ) (2.93)
Xe
where
Xe = 102G (2.94)
and ‘e’ stands for the antiparticle of e. Our previous work (cf (2.45)) guarantees, of
course, that the Lorentz transformation character of (2.93) is correct: that is, iogx2
is indeed a ‘¢)%’-type (i.e. R-type) object.

Particle fields are sometimes denoted simply by the particle label so that er, is
used in place of y. (the ‘I character must now be shown), and éf in place of x¢ -
but note that ef is R-type!

In terms of the choice (2.93), a mass term for a Dirac fermion is (omitting now
the ‘I.” subscripts from the x’s)

Jege — @0 1N e e Tt Xe
myOwE = ( Lo ) U = m((ioaxs) x!) ( iy )

= mxe - xe + xlioaxZ]. (2.95)
In the first term on the RHS of (2.95) we have used the quick ‘dot’ notation for two

x-type spinors introduced in section 2.3. The second term can be similarly re-written
in the bar notation:

X2 T102XE = XeaXe = Xe* Xe- (2.96)
So the ‘Dirac’ mass has here been re-written wholly in terms of two L-type spinors,
one associated with the e mode, the other with the e mode.

2.5 Majorana spinors

2.5.1 Definition and simple bilinear equivalents

We stated in (2.54) that y, = —iogtp* transforms like a x-type object. It follows
that it should be perfectly consistent with Dirac theory to assemble ¢ and x, into a
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4-component object:

Uy, = ( —ii@/}* ) : (2.97)

This must behave under Lorentz transformations just like an ‘ordinary’ Dirac 4-
component object ¥ built from a ¥ and a y. But \Ilﬁ of (2.97) has fewer degrees of
freedom than an ordinary Dirac 4-component spinor W, since it is fully determined
by the 2-component object ¢». In a Dirac spinor ¥ involving a ¢ and a x, as in (2.7),
there are two 2-component spinors, each of which is specified by 4 real quantities
(each has two complex components), making 8 in all. In \Ilﬁ, by contrast, there are
only 4 real quantities, contained in the single (dotted) spinor ¢; explicitly,

v
UAE _‘i’bé* : (2.98)
¢i*

What this means physically becomes clearer when we consider the operation of
charge conjugation, defined as in (2.88). For example,

Ve = ( _?02 iSQ ) ( —ii*ﬂb ) = ( _iiw ) = Y. (2.99)

So \Ilﬁ describes a spin-1/2 particle which is even under charge-conjugation - that is,
it is its own antiparticle. Such a particle is called a Majorana fermion, and (2.97) is
a Majorana spinor field.

This charge-self-conjugate property is clearly the physical reason for the difference
in the number of degrees of freedom in \Il% as compared with W of (2.3). There are 4
physically distinguishable modes in a Dirac field, for example e[ , eg, ef, ef;. But in a
Majorana field one there are only two, the antiparticle being the same as the particle;
for example v, vg - supposing, as is possible (see [7] section 20.6), that neutrinos are
Majorana particles.

We could also construct

Y = (IJQX ) (2.100)

which satisfies

WY o = U (2.101)
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In this case,
X3
uy=| Y. (2.102)
X1
X2
A formalism using x’s only must be equivalent to one using Wy;’s only, and one
using t’s is equivalent to one using \Il%’s. The invariant ‘U’ constructed from Wy,
for instance, is

= . 0 1 1oyx* . . «
W0 = ((ie2x) X ( L0 ) ( ;,X ) =\ (—io)x + ¥ (io)x" (2.103)

The first term on the RHS of the last equality in (2.103) is just y - x; the second is
similar to the one in (2.96) and is x - x. We have therefore established an equivalence
(the first of several) between bilinears involving Weyl spinors and a Majorana bilinear:

U0 =X X+ XX (2.104)

The expression mWy; Uy, represents a possible mass term in a Lagrangian, for a Ma-
jorana fermion. More generally, when ¢ is a y-type spinor,

WU =€ X+ € X (2.105)

Similarly, the invariant made from \Ilﬁ would be

= . 0 1 (0 . . i
ot = i) (g ) (Ll ) = oiime 4 T
= P+, (2.106)
which can also serve as a mass term, and if i is a ¥-type (dotted) spinor then
DL =10+ 171 (2.107)

Note that all the terms in (2.104) and (2.106) would vanish if the field components
did not anticommute.

The 4-component version of the Lorentz-invariant product of two Majorana spinors
Wiy and Woyp has an interesting form. Consider

Uy Uy = U, 80,0 (2.108)
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Equations (2.88) and (2.99) tell us that

Uiy = —iy? Uy, (2.109)
and hence
Uiy = Ui(—iv?) (2.110)
using 21 = —42. It follows that
U BTam = Uy (—iy’B)Wam = Uiy CWayr. (2.111)

The matrix C' therefore acts as a metric in forming the dot product of the two Wy,’s.
It is easy to check that (2.111) is the same as (2.103) when Wiy = Woy = Uy, and
the same as (2.106) when Uyy = Woy = \Il%

We have seen how the Majorana invariant \Tli/lkllf/[ is expressible in terms of the
2-component spinors ¢ and y as £-y+&-Y. We leave the following further equivalences
as an important Exercise.

Exercise
Verify ) )
WRs Uiy = =€ x + € X (2.112)
W5y 0 = oy — xloté = foy — xo*¢ (2.113)
W5 Uy = Elax + xToe = €ax + xo"E. (2.114)
[Hint: use o,00, = —a', and the fact that a quantity such as £Tx*, being itself

a single-component object, is equal to its transpose, apart from a minus sign from
changing the order of fermionic fields.]
Obtain analogous results for products built from ¥-type Majorana spinors.

From (2.105) and (2.112) - (2.114) we easily find

£y = VPRI (2.115)
£-x = ULPRIY (2.116)
Eoty = WP PO, (2.117)
Yot = —Ut PRy (2.118)

The last relation may be re-written, using (2.81), as

foty = Wiy" PrUY;. (2.119)
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Relation (2.113) allows us to relate kinetic energy terms in the Weyl and Majorana
formalisms. Beginning with the Majorana form (modelled on the Dirac one) we have

[atewiyr a0 = [ ate (o o — (9)a"Y)
— 2/d4:z; X548, x (2.120)

where we have done a partial integration in the last step, throwing away the surface
term. Hence, in a Lagrangian, a Weyl kinetic energy term x'ia#d,x - which is simply
the relevant bit of (2.38) - is equivalent to the Majorana form 1/2W;iv*d, V5.

We have now discussed Lagrangian mass and kinetic terms for Majorana fields.
How are these related to the corresponding terms for Dirac fields? Referring back
to (2.38) we see that in the Dirac case a mass term couples the ¢ (R-type) and x
(L-type) fields, as noted after equation (2.10). It cannot be constructed from either
¥ or x alone. This means that we cannot represent it in terms of just one Majorana
field: we shall need two, one for the x degrees of freedom, and one for the . For
that matter, neither can the kinetic terms in the Dirac Lagrangian (2.38). This must
of course be so physically, because of the (oft-repeated) difference in the numbers of
degrees of freedom involved. To take a particular case, then, if we want to represent
the mass and kinetic terms of a (Dirac) electron field in terms of Majorana fields we
shall need two of the latter:

Ul = ( o jﬂf: e ) (2.121)
as in (2.97), and

Y = ( IUQX;: Xe ) (2.122)

as in (2.100), where ‘°’ is defined in (2.92). Note that the L-part of \Ilﬁe consists of
the charge-conjugate of the R-field 5. Clearly

Ul = PrUle 4 LY. (2.123)

The following Exercise then shows how to write Dirac ‘mass’ and ‘kinetic’ La-
grangian bilinears in terms of the indicated Majorana and Weyl quantities (as usual,
necessary partial integrations are understood).

Exercise
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Verify
(i) '
WU = U+ U (2.124)

T (e™ e 1 T Ve e Tr Xe e
YY) = 5 (W3 s + W] (2.125)

All the bilinear equivalences we have discussed will be useful when we come to
locate the SM interactions inside the MSSM (section 8.2) and when we perform
elementary calculations involving MSSM superparticle interactions (chapter 12).

2.5.2 Quantization

Up to now we have not needed to look more closely into how a Majorana field is
quantized (other than that it is obviously fermionic in nature), but when we come
to consider some SUSY calculations in chapter 12 we shall need to understand (for
instance) the forms of propagators for free Majorana particles. This is the main
purpose of the present section.

Let us first recall how the usual 4-component Dirac field ¥, («, ¢) is quantized (here
a is the spinor index). We shall follow the notational conventions used in section 7.2
of [15]. The following equal time commutation relations are asumed:

{Ua(2,1), Uy, )} = 6(2 — y)dap, (2.126)

and
{Wa(=, 1), Vly, 1)} = {Ul(=,1), Vli(y, 1)} = 0. (2.127)

U may be expanded in terms of creation and annihilation operators via

Pk .
U(x. ! :/ w(k, Ve % 4 df (k)o(k, N)eiF= 9198
(:13, ) (27‘(‘ \/m R c/\ + ( )U( ) )e ] ( )

where X is a spin (or helicity) label, Ey = (m? + k*)'/2, ¢\(k) destroys a particle
of 4-momentum k& and spin A, while d;(k) creates the corresponding antiparticle.
Relations (2.126) and (2.127) are satisfied if the ¢\(k)’s obey the anticommutation
relations

{en (k). el (ka)} = (2m)°8 (K1 — Ke2)dan, (2.129)
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and
{en (k1) en(ke)} = {e], (K1), ¢}, (k2)} = 0 (2.130)
and similarly for the d’s and d'’s. The charge conjugate field (c.f. (2.88)) is

Ve(,t) = —ip, U =

B / (2m)3 \/m)\z
—I—d/\(k‘)(—lfygv*(k,/\))e_ik'f‘]. (2.131)

k)(=iyau*(k, A))e™

It is straightforward to verify the results (see section 20.5 of [7] - the change of sign
in Cy is immaterial)

—iyav*(k, A) = u(k, X), —ivau™(k,A) = v(k, ) (2.132)
which may also be written as
Col =u, Cu'=nv. (2.133)

It follows that

xpc(m,t):/(% N S [da(k

A=1,2

e Ll (Byo(k, V). (2.134)

Clearly (as stated earlier) the field ¢ is the same as W but with particle and an-
tiparticle operators interchanged.

As we have seen, a Majorana field is charge self-conjugate, which means that there
is no distinction between particle and antiparticle - that is, d:r\(k) = ci(k) in (2.128),
giving the equivalent expansion of a Majorana field Wy (x,1):

Wz, i) = / 5 m; [ex(k)u(k, Ne ™ 4 &l (k)o(k, \)e™],  (2.135)

which of course satisfies

Uyc = CUy = Uy (2.136)

We now turn to the propagator question. We remind the reader that in quantum
field theory all propagators are of the form ‘vacuum expectation value of the time-
ordered product of two fields’. Thus for a real scalar field ¢(z) the propagator is
(0|T(d(1)9(22))|0), while for a Dirac field it is (0|T(V,(x1)Ws(x4))[0). As regards
a Majorana field Wy(z), it is in some way like a Dirac field (because of its spinorial
character), but in another like the real scalar field (because in that case too there is
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no distinction between particle and antiparticle). The consequence of this is that for
Majorana fields there are actually three non-vanishing propagator-type expressions:
in addition to the Dirac-like propagator (0T (Wyia(71)Wams(22))[0), there are also
(0] (Wnta(21)WUmp(22))]0) and (0|7 (Vara(z1)Pmps(2z2))]0). Intuitively this must be
the case, simply by virtue of the relation (2.136) between Wy and Wyy. Indeed that
relation can be used to obtain the second two propagators in terms of the first, as we
shall now see.

It is plausible that the expression for the Dirac-like propagator is in fact the same
as 1t would be for a Dirac field, namely

(0T (Wnta (1) Unip(22))]0) = Skap(z1 — 22) (2.137)

where Spag(z1 — 22) is the function whose Fourier transform (in the variable zy — ;)
is
i(f+m)
—_ 2.1
k%2 —m?2+ic (2.138)

for a field of mass m (see for example section 7.2 of [15]). The reader can check this

i(f—m+ ie)_l =

(in a rather lengthy calculation) by inserting the expansion (2.135) in the left hand
side of (2.137), and using the anticommutation relations for the ¢ and ¢! operators,
together with the vacuum conditions c(k)[0) = (0|¢l (k) = 0. Consider now the
quantity (0|Wy, (z1)Wmp(z2)]0). From (2.136) we have

Uyi(z2) = CAUL (22), (2.139)
or in terms of components

Unig(z2) = CpafBrsWhis(a)
= \Illt/lé(g/'?)ﬁé'vo%
= Uy, (72)C 5. (2.140)

~

Hence we obtain

(0|7 (Wnta (1) Prip(2))[0) = (O] (Pata (1) Uay (22)[0)Cg = Sran (1 — 22)C 5.
(2.141)

Exercise
Verify the relations

CT=-C=Cc". (2.142)
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Hence show that (2.136) can also be written as
Uy = U0, (2.143)
and use this result to show that

(017 (Pata (1) Wnip(22))[0) = Co, Seyslar — 22). (2.144)

When reducing matrix elements in covariant perturbation theory using Wick’s
theorem (see [15] chapter 6), one has to remember to include these two non-Dirac-
like contractions.

We are at last ready to take our first steps in SUSY.



Chapter 3

A simple supersymmetric
Lagrangian, and a first glance at

the MSSM

3.1 Simple supersymmetry

In this section we’ll look at one of the simplest supersymmetric theories, one involving
just two free fields: a complex spin-0 field ¢ and an L-type spinor field y, both
massless. The Lagrangian (density) for this system is

£ =8,6'0" + 150, x. (3.1)

The ¢ part is familiar from introductory quantum field theory courses: the y bit,
as noted already, is just the appropriate part of the Dirac Lagrangian (2.38). The
equation of motion for ¢ is of course O¢ = 0, while that for x is ic"d,x = 0 (compare
(2.37)). We are going to try and find, by ‘brute force’, transformations in which the
change in ¢ is proportional to x (as in (2.2)), and the change in y is proportional to
¢, such that £ is invariant - or, more precisely, such that the Action S is invariant,
where

S:/ﬁ&m (3.2)

To ensure the invariance of S, it is sufficient that £ changes by a total derivative, the
integral of which is assumed to vanish at the boundaries of space-time.

As a preliminary, it is useful to get the dimensions of everything straight. The
Action is the integral of the density £ over all 4-dimensional space, and is dimension-
less in units A = ¢ = 1. In this system, there is only one independent dimension left,

49
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which we take to be that of mass (or energy), M (see Appendix B of [15]). Length
has the same dimension as time (because ¢ = 1), and both have the dimension of M~*
(because h = 1). It follows that, for the Action to be dimensionless, £ has dimension
M*. Since the gradients have dimension M, we can then read off the dimensions of ¢

and y (denoted by [¢] and [x]):
[B]=M [x] =M% (3.3)

Now, what are the SUSY transformations linking ¢ and y? Several considerations
can guide us to, if not the answer, then at least a good guess. Consider first the
change in ¢, d¢¢p, which has the form (already stated in (2.2))

d¢p = parameter £ x other field y, (3.4)

where we shall take ¢ to be independent of z.! On the LHS, we have a spin-0 field,
which is invariant under Lorentz transformations. So we must construct a Lorentz
invariant out of x and the parameter £. One simple way to do this is to declare that
€ is also a x- (or L-) type spinor, and use the invariant product (2.46). This gives

8¢ = £ (—ioa)x, (3.5)
or in the notation of section 2.3
dedp = E"Xa =€ X (3.6)

It is worth pausing to note some things about the parameter £. First, we repeat
that it is a spinor. It doesn’t depend on z, but it is not an invariant under Lorentz
transformations: it transforms as a y-type spinor, i.e. by V', It has two compo-
nents, of course, each of which is complex - hence 4 real numbers in all. These specify
the transformation (3.5). Secondly, although ¢ doesn’t depend on z, and isn’t a field
(operator) in that sense, we shall assume that its components anticommute with the
components of spinor fields - that is, we assume they are Grassmann numbers (see [7]
Appendix O). Lastly, since [¢] = M and [x] = M*/2, to make the dimensions balance
on both sides of (3.5) we need to assign the dimension

[€] = M~!/? (3.7)

!That is to say, we shall be considering a global supersymmetry, as opposed to a local one, in which
case ¢ would depend on z. For the significance of the global/local distinction in gauge theories, see
[15] and [7]. In the present case, making supersymmetry local leads to supergravity, which is beyond
our scope.
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to €.
Now let’s think what the corresponding d¢x might be. This has to be something

like
dex ~ product of £ and ¢. (3.8)

Now, on the LHS of (3.8) we have a quantity with dimensions M?3/2 while on the RHS
the algebraic product of ¢ and ¢ has dimensions M=/t = M'/2. Hence we need to
introduce something with dimensions M' on the RHS. In this massless theory, there is
only one possibility - the gradient operator d,, or more conveniently the momentum
operator id,. But now we have a ‘loose’ index p on the RHS! The LHS is a spinor,
and there is a spinor (&) also on the RHS, so we should probably get rid of the u
index altogether, by contracting it. We try

dex = (i0"0,¢) € (3.9)

where o/ is given in (2.34). Note that the 2 x 2 matrices in o# act on the 2-component
column £ to give, correctly, a 2-component column to match the LHS. But although
both sides of (3.9) are 2-component column vectors, the RHS does not transform as
a x-type spinor. If we look back at (2.36) and (2.37), we see that the combination
o*0, acting on a ¢ transforms as a y (and "0, on a x transforms as a ). This
suggests that we should let the 0#0,¢ in (3.9) multiply a ¢-like thing, not the L-type
€, in order to get something transforming as a x. But we know how to manufacture
a p-like thing out of ¢! We just take (see (2.45)) io2€*. We therefore arrive at the
guess

Fexa = Alio"(i02€7)]a0u¢ (3.10)

where A is some constant to be determined from the condition that £ is invariant (up
to a total derivative) under (3.5) and (3.10), and we have indicated the y-type spinor
index on both sides. Note that ‘0,¢’ has no matrix structure and has been moved to
the end.

Exercise
Check that in the bar notation of section 2.3, (3.8) is (omitting the indices)

Sex = Aio”€0,¢. (3.11)

Equations (3.5) and (3.10) give the proposed SUSY transformations for ¢ and x;,
but both are complex fields and we need to be clear what the corresponding trans-
formations are for their Hermitian conjugates ¢! and y. There are some notational
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concerns here which we should pause over. First, remember that ¢ and y are quantum
fields, even though we are not explicitly putting hats on them; on the other hand,
¢ is not a field (it’s z-independent). In the discussion of Lorentz transformations of
spinors in chapter 2, we used the symbol * to denote complex conjugation, it being
tacitly understood that this really meant T when applied to creation and annihilation
operators. Let us now spell this out in more detail. Consider the (quantum) field ¢
with a mode expansion

dSk —ik-z ik-x
gb:/m[a(k)e + bt (k)et ). (3.12)

Here the operator a(k) destroys (say) a particle with 4-momentum &, and b'(k) creates
an anti-particle of 4-momentum k, while exp[+ik - z| are of course ordinary wavefunc-
tions. For (3.12) the simple complex conjugation * is not appropriate, since ‘a*(k)’
is not defined; instead, we want ‘a’(k)’. So instead of ‘¢*” we deal with ¢!, which is

defined in terms of (3.12) by (a) taking the complex conjugate of the wavefunction
parts and (b) taking the dagger of the mode operators. This gives

dSk ik-z —ik-xz
ot = / W[cﬂ(me + b(k)em ], (3.13)

the conventional definition of the Hermitian conjugate of (3.12).

For spinor fields like y, on the other hand, the situation is slightly more compli-
cated, since now in the analogue of (3.12) the scalar (spin-0) wavefunctions exp[+ik-z]
will be replaced by (free-particle) 2-component spinors. Thus, symbolically, the first
(upper) component of the quantum field x will have the form

X1 ~ mode operator x first component of free-particle spinor of x-type  (3.14)

where we are of course using the ‘downstairs, undotted’” notation for the components
of x. In the same way as (3.13) we then define

v~ (mode operator)! x ( first component of free-particle spinor)*. (3.15)

With this in hand, let’s consider the Hermitian conjugate of (3.5), that is ¢!
Written out in terms of components (3.5) is

6¢d = (L1é2) ( (1) _01 ) ( ;&:: ) = —&ix2 + &xa- (3.16)
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We want to take the ‘dagger’ of this - but we are now faced with a decision about
how to take the dagger of products of (anticommuting) spinor components, like &; x».
In the case of two matrices A and B, we know that (AB)! = BYAT. By analogy, we
shall define the dagger to reverse the order of the spinors:

Sedt = —xi&r + X165 (3.17)

“*’ notation is suitable for it. Note that we here do

¢ isn’t a quantum field and the
not include a minus sign from reversing the order of the operators. Now (3.17) can

be written in more compact form:

&0t = xlg —xig

= (xlxg)(_% é)(g)
= o), .

where in the last line the T symbol, as applied to the two-component spinor field ¥,
is understood in a matrix sense as well: that is

;
xh= ( u ) = (xIxd). (3.19)
X2

Equation (3.18) is a satisfactory outcome of these rather fiddly considerations because
(a) we have seen exactly this spinor structure before, in (2.95), and we are assured
its Lorentz transformation character is correct, and (b) it is nicely consistent with
‘naively’ taking the dagger of (3.5), treating it like a matrix product. In particular,
the RHS of the last line of (3.18) can be written in the notation of section 2.3 as y - £
(making use of (2.68)) or equally as £ - Y. Referring to (3.6) we therefore note the
useful result

E =o' =t-x=x¢ (3.20)
Then (3.6) and (3.18) become
Sep=E€-x=x-& dd'=6-x=x-¢ (3.21)
In the same way, therefore, we can take the dagger of (3.10) to obtain
Sext = A9,0'¢Tioyio", (3.22)

where for later convenience we have here moved the d,6' to the front, and we have
taken A to be real (which will be sufficient, as we’ll see).
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Exercise
Check that (3.22) is equivalent to
Sex = Ad,olatE. (3.23)

We are now ready to see if we can choose A so as to make £ invariant under (3.5),
(3.10), (3.18) and (3.22).
We have

5eL.

(681 0"¢ + 0,61 0"(8¢) + (3ex")io"Dux + X160 (dex)
= Ou(X102")0" ¢ + 0,60 (¢" (—i2)x)
+A(9,9'€Tioyio")ia",x + AxTio” 0, (i0"i096*)0, . (3.24)
Inspection of (3.24) shows that there are two types of term, one involving the pa-

rameters £ and the other the parameters ¢T. Consider the term involving A¢*. In it
there appears the combination (pulling d, through the constant £*)

60,0"0, = (0 — - V) (Do +0a-V)=0; —V*=0§,0" (3.25)
We can therefore combine this and the other term in £* from (3.24) to give
§eL|en = 0ux T2 0 p — 1AX10,0" 0,67 . (3.26)

This represents a change in £ under our transformations, so it seems we have not
succeeded in finding an invariance (or symmetry), since we cannot hope to cancel this
change against the term involving ¢¥, which involves quite independent parameters.
However, we must remember (see (3.2)) that the Action is the space-time integral
of £, and this will be invariant if we can arrange for the change in £ to be a total
derivative. Since ¢ does not depend on z, we can indeed write (3.26) as a total

derivative
§eLler = 0,(xTi02670" ) (3.27)
provided that
A=-—1. (3.28)
Similarly, if A = —1 the terms in £T combine to give
0¢Ler = 0, 0" (€T (—io2)X) + 0,0 M ioy0" 57, X (3.29)

The second term in (3.29) we can write as

(¢ ioy0" 570, ) + ¢ (—ida)a" 5,0, x (3.30)
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= 0,(¢'¢M 000570, x) + dTET (—i04)0,0"x. (3.31)

The second term of (3.31) and the first term of (3.29) now combine to give the total
derivative

(€T (—idq)0"Y), (3.32)
so that finally

5eLler = D,(61€T(—i02)0"x) + 0,(1 020750, ), (3.33)

which is also a total derivative. In summary, we have shown that under (3.5), (3.10),

(3.18) and (3.22), with A = —1, £ changes by a total derivative:
5L = 0,(xN02870" b + ¢TET (—ioy)0"x + ¢TI0y 57D, X) (3.34)

and the Action is therefore invariant: we have a SUSY theory, in this sense. As we
shall see in chapter 4, the pair (¢, spin-0) and (x, L-type spin-1/2) constitute a left
chiral supermultiplet in SUSY.

Exercise
Show that (3.34) can also be written as

0eL = QM(XTiagf*a“qb + Voo at x 0,0 + fT(—iag)Xa“qﬁT). (3.35)

The reader may well feel that it’s been pretty heavy going, considering especially
the simplicity, triviality almost, of the Lagrangian (3.1). A more professional notation
would have been more efficient, of course, but there is a lot to be said for doing it the
most explicit and straightforward way, first time through. As we proceed, we shall
speed up the notation. In fact, interactions don’t constitute an order of magnitude
increase in labour, and the manipulations gone through in this simple example are
quite representative.

3.2 A first glance at the MSSM

Before continuing with more formal work, we would like to whet the reader’s appetite
by indicating how the SUSY idea is applied to particle physics in the MSSM. The only
type of SUSY theory we have discussed so far, of course, contains just one massless
complex scalar field and one massless Weyl fermion field (which could be either L or R
- we chose L). Such fields form a SUSY supermultiplet, called a chiral supermultiplet.
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Thus far, interactions have not been included: that will be done in chapter 5. But
other types of supermultiplet are also possible, as we shall learn in the next chapter
(section 4.4). For example, one can have a vector (or gauge) supermultiplet, in which
a massless spin-1 field, which has two on-shell degrees of freedom, is partnered with
a massless Weyl fermion field. The allowed (renormalizable) interactions for massless
spin-1 fields are gauge interactions, and the theory can be made supersymmetric when
Weyl fermion fields are included, as will be explained in chapter 7. In fact, only these
two types of supermultiplet are used in the MSSM. So we now need to consider how
the fields of the SM, which comprise spin-0 Higgs fields, spin—% quark and lepton
fields, and spin-1 gauge fields, might be assigned to chiral and gauge supermultiplets.
(Masses will eventually be generated by Higgs interactions, and by SUSY-breaking
soft masses, as described in section 9.2.)

A crucial point here is that SUSY transformations do not change SU(3)., SU(2)y,
or U(1) quantum numbers: that is to say, each SM field and its partner in a SUSY
supermultiplet must have the same SU(3).x SU(2);,x U(1) quantum numbers. Con-
sider then the gluons, for example, which are the SM gauge bosons associated with
local SU(3). symmetry. They belong (necessarily) to the eight-dimensional ‘adjoint’
representation of SU(3) (see [7] chapter 13, for example), and are flavour singlets.
None of the SM fermions have these quantum numbers, so - to create a supersym-
metric version of QCD - we are obliged to introduce a new SU(3) octet of Weyl
fermions, called ‘gluinos’, which are the superpartners of the gluons. Similar consid-
erations lead to the introduction of an SU(2)y, triplet of Weyl fermions, called ‘winos’
(Wi,WO), and a U(1), ‘bino’ (E)

Turning now to the SM fermions, consider first the left-handed lepton fields, for
example the SU(2);, doublet

( Vel ) . (3.36)
€1,

These cannot be partnered by new spin-1 fields, since the latter would (in the in-
teracting case) have to be gauge bosons, belonging to the three-dimensional adjoint
representation of SU(2)r,, not the doublet representation. Instead, in a SUSY theory,
we must partner the doublet (3.36) with a doublet of spin-0 bosons having the same
SM quantum numbers. In the MSSM, this is done by introducing a new doublet of
scalar fields to go with the lepton doublet (3.36), forming chiral supermultiplets:

( Vel. ) partnered by ( Vel ) (3.37)

€1, €1,

where ‘0’ is a scalar partner for the neutrino (‘sneutrino’), and ‘€’ is a scalar partner for
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the electron (‘selectron’). Similarly, we’ll have smuons and staus, and their sneutrinos.
These are all in chiral supermultiplets, and SU(2), doublets, and (though bosons) they
all carry the same lepton numbers as their SM partners.

What about quarks? They are a triplet of the SU(3). colour gauge group, and
no other SM particles are colour triplets. They cannot be partnered by new gauge
fields, which must be in the octet representation of SU(3), not the triplet. So we
will need new spin-0 partners for the quarks too, called squarks, which are colour
triplets with the same baryon number as the quarks, belonging with them in chiral
supermultiplets; they must also have the same electroweak quantum numbers as the
quarks.

The electroweak interactions of both leptons and quarks are ‘chiral’, which means
that the ‘L parts of the fields interact differently from the ‘R’ parts. The L parts
belong to SU(2);, doublets, as above, while the R parts are SU(2)y, singlets. So we
need to arrange for scalar partners for the . and R parts separately: for example

(eﬁaéR)7 (UR,ﬂR), (dR7JR)7 etc; and
Ur, ﬂL
( - ) | ( " ) (3.39)

Finally, the Higgs sector: the scalar Higgs fields will need their own ‘higgsinos’,

and so on.?

i.e. fermionic partners forming chiral supermultiplets. In fact, a crucial consequence
of making the SM supersymmetric, in the MSSM, is that - as we shall see in chapter 8
- two separate Higgs doublets are required. In the SM, Yukawa interactions involving

the field
- ( il ) (3.39)
QD - 950 9 .
give masses to the {3 = —1/2 components of the fermion doublets when ¢° acquires

a vev, while corresponding interactions with the charge-conjugate field
4T ¢°
pc = ime!" = _4 (3.40)

give masses to the {3 = +1/2 components (see for example section 22.6 of [7]). But in
the supersymmetric version, the Yukawa interactions cannot involve both a complex
scalar field ¢ and its Hermitian conjugate ¢! (see section 5.1). Hence use of the

2As noted in section 2.4, the ‘particle R parts’ will actually be represented by the charge conju-
gates of the ‘antiparticle L parts’.
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charge-conjugate ¢¢ is forbidden by SUSY, and we need two independent Higgs chiral

supermultiplets:
ot it
e (5) (%) o

v () (8)

This time, of course, the fields with tildes have spin 1/2. (The apparently ‘wrong’

and

labelling of H,, and Hgq will be explained in section 8.1.)

The chiral and gauge supermultiplets introduced here constitute the field content
of the MSSM. The full theory includes supersymmetric interactions (chapters 5, 7
and 8) and soft SUSY-breaking terms (see section 9.2). It has been around for over
25 years: early reviews are given in [43], [44] and [45]; a more recent and very helpful
‘supersymmetry primer’ was provided by Martin [46], to which we shall make quite
frequent reference in what follows. A comprehensive review may be found in [47].
Finally, there are two substantial monographs, by Drees, Godbole and Roy [48] and
by Baer and Tata [49].

We'll return to the MSSM in chapter 8. For the moment, we should simply note
that (a) none of the ‘superpartners’ has yet been seen experimentally, in particular
they certainly cannot have the same mass as their SM partner states (as would nor-
mally be expected for a symmetry multiplet), so that (b) SUSY - as applied in the
MSSM - must be broken somehow. We'll include a brief discussion of SUSY breaking
in chapter 9, but a more detailed treatment is beyond the scope of this book.



Chapter 4

The supersymmetry algebra and
supermultiplets

A fundamental aspect of any symmetry (other than a U(1) symmetry) is the algebra
associated with the symmetry generators - see for example Appendix M of [7]. For
example, the generators T; of SU(2) satisfy the commutation relations

(73, T;] = i€ijTy (4.1)

where 7,7 and k£ run over the values 1, 2 and 3, and where the repeated index & is
summed over; € is the totally antisymmetric symbol such that €133 = +1, €213 = —1,
etc. The commutation relations summarized in (4.1) constitute the ‘SU(2) algebra’,
and it 1s of course exactly that of the angular momentum operators in quantum me-
chanics, in units 2 = 1. Readers will be familiar with the way in which the whole
theory of angular momentum in quantum mechanics - in particular, the SU(2) multi-
plet structure - can be developed just from these commutation relations. In the same
way, in order to proceed in a reasonably systematic way with SUSY, and especially to
understand what kind of ‘supermultiplets’ occur, we must know what the SUSY alge-
bra is. In section 1.3, we introduced the idea of generators of SUSY transformations,
()., and their associated algebra - which now involves anticommutation relations -
was roughly indicated in (1.34). The main work of this chapter is to find the actual
SUSY algebra, by a ‘brute force’ method once again, making use of what we have
learned in chapter 3.

59
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4.1 One way of obtaining the SU(2) algebra

In chapter 3, we arrived at recipes for SUSY transformations of spin-0 fields ¢ and T,
and spin-1/2 fields y and x'. From these transformations, the algebra of the SUSY
generators can be deduced. To understand the method, it is helpful to see it in action
in a more familiar context, namely that of SU(2), as we now discuss.

Consider an SU(2) doublet of fields

qz(g) (12)

where u and d have equal mass, and identical interactions, so that the Lagrangian is
invariant under (infinitesimal) transformations of the components of ¢, of the form
(see for example equation (12.95) of [7])

qg—q¢ =(1—ie-7/2)g = q+ deq (4.3)
where
deq = —ie-1/2 q. (4.4)

Here, as usual, the three matrices 7 = (71, 73, 73) are the same as the Pauli o matrices,
and € = (€1, €9, €3) are three real infinitesimal parameters specifying the transforma-
tion. For example, for € = (0, €3,0),d.,q1 = —%egqg. The transformed fields ¢’ satisfy
the same anticommutations relations as the original fields ¢, so that ¢’ and ¢ are
related by a unitary transformation

q = UqU". (4.5)
For infinitesimal transformations, U has the general form
Uinﬂ = (1 + 1€ - T) (46)

where

T =(T,T:,Ts) (4.7)

are the generators of infinitesimal SU(2) transformations; the unitarity of U implies
that the T’s are Hermitian. For infinitesimal transformations, therefore, we have

(from (4.5) and (4.6))
g = (1+ie-T)q(l —ie-T)
= q+ie-Tq—ie-qT to first order in €
= q+ie-[T,q| (4.8)
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Hence from (4.3) and (4.4) we deduce (see equation (12.100) of [7])
deq=ie- [T, q| = —ie-1/2 q, (4.9)

It is important to realise that the T’s are themselves quantum field operators, con-
structed from the fields of the Lagrangian; for example in this simple case they would

be
T = /qT(r/z)q & (4.10)

as explained for example in section 12.3 of [7], and re-derived in section 4.3 below,
equation (4.68).

Given an explicit formula for the generators, such as (4.10), we can proceed to
calculate the commutation relations of the T”s, knowing how the ¢’s anticommute.
The answer is that the T's obey the relations (4.1). However, there is another way to
get these commutation relations, just by considering the small changes in the fields,
as given by (4.9). Consider two such transformations

de,q =161[Th,q) = —ier(11/2)q (4.11)

and
0e,q = i€2[T2,q] = —i62(7'2/2)q- (4.12)

We shall calculate the difference (4,0, — 6,9, )q two different ways: first via the
second equality in (4.11) and (4.12), and then via the first equalities. Equating the
two results will lead us to the algebra (4.1).

First, then, we use the second equality of (4.11) and (4.12) to obtain

0e,0e,q = O {—l€2(m2/2}q
= —i62(72/2)561q
= —iey(m/2). —ie(m/2)g
= —(1/4)e1eamamig. (4.13)

Note that in the last line we have changed the order of the € parameters as we are
free to do since they are ordinary numbers, but we cannot alter the order of the 7’s
since they are matrices which don’t commute. Similarly,

562561(] = 562{_i61(7-1/2}q
—ie1(71/2)0e,q
= —(1/4)e1eam72q. (4.14)
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Hence

(06,0, — 00,0, )qg = €1€a[T1/2,72/2]q
= €16i(73/2)q
— iallhg (4.15)
where the second line follows from the fact that the quantities %7‘2', as matrices, satisfy
the algebra (4.1), and the third line results from the ‘3’ analogue of (4.11) and (4.12).

Now we calculate (4., d., — d., 0., )q using the first equality of (4.11) and (4.12). We
have

561552q = 561{i62[T27Q]}
= iede, {[12, 9]}

= iﬁliﬁg[Th [TQ, Q]] (416)
Similarly,
552551q = iﬁliGQ[TQ, [Tl, Q]] (417)
Hence
(551552 - 552551)(] = _6162{[T17 [T27 Q]] - [T27 [Th Q]]} (418)

Now we can rearrange the RHS of this equation by using the identity (which is easily
checked by multiplying it all out)

[A7 [Ba C]] + [Ba [07 A]] + [07 [A7 B]] = 0. (4'19)

We first write
(T2, [T1, q]] = —[T%, [q, T4]] (4.20)

so that the two double commutators in (4.18) become
(T3, [Tz, q]] = [T2, [T1, q]] = [T1, [T2, q]] + [T, (g, Th]] = =g, [T1, T2]] (4.21)
where the last step follows by use of (4.19). Finally, then, (4.18) can be written as
(8e,8cy — 80,00, )q = —er6a[[Th, Ta), 4] (4.22)
which can be compared with (4.15). We deduce
(11, T2] = iT5 (4.23)

exactly as stated in (4.1).
This is the method we shall use to find the SUSY algebra, at least as far as it
concerns the transformations for scalar and spinor fields found in chapter 3.
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4.2 Supersymmetry generators (‘charges’) and their
algebra

In order to apply the preceding method, we need the SUSY analogue of (4.9). Equa-
tions (3.5) and (3.10) (with A = —1) provide us with the analogue of the second
equality in (4.9), for d¢¢ and for d¢x; what about the first? We want to write some-
thing like

e ~ i[Q, 6] = €7 (—im)x. (4.24)
where @ is a SUSY generator. In the first (tentative) equality in (4.24), we must
remember that & is a y-type spinor quantity, and so it is clear that () must be a
spinor quantity also, or else one side of the equality would be bosonic and the other
fermionic. In fact, since ¢ is a Lorentz scalar, we must combine ¢ and () into a Lorentz
invariant. Let us suppose that @) transforms as a y-type spinor also: then we know
that £T(—icy)Q is Lorentz invariant. So we shall write

S = i[€T (—i02)Q, @] = €T (—io)x (4.25)
or in the faster notation of section 2.3
dedp =i[€- Q. 8] =& x. (4.26)

We are going to calculate (6,0 — d¢6,)¢, so (since d¢p ~ x) we shall need (3.10) as
well. This involves £*, so to get the complete analogue of ‘ie - T” we shall need to
extend ‘i€ - Q’ to

i(€1(—i02)Q + M(i02)Q") =i(€- Q + £ Q). (4.27)
We first calculate (6,0 — d¢0,,)¢ using (3.5) and (3.10) (with A = —1):
(6,0 = dedy)¢ = 8,(&" (—ioax) — (1 ¢ €)

1 (—ioy)io* (—ioa)n 9. — (1 < £)
= (ETca“cn* — nTca“cf*)iauqb, (4.28)

where we have introduced the notation

c=—ioy = ( (1) _01 ) : (4.29)

(4.28) can be written more compactly by using (see (2.83))

cotc = —a*T, (4.30)
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Note that £Ta#Ty* is a single quantity (row vector times matrix times column vector)
so it must equal its formal transpose, apart from a minus sign due to interchanging
the order of anticommuting variables.! Hence

(8,0 — 0¢,)p = (nla"€ — €15"7)id, ¢, (4.31)
Just to keep our ‘Majorana’ hand in, we note that (4.31) is simply
(610 — 866,)¢ = Wiy Wiyid,b, (4.32)

using (2.113).

On the other hand, we also have
8 =il6-Q+E-Q, ) (4.33)
and so

(0,06 =0¢0,)0 = —{[n- Q+7-Q,[£-Q+E-Q, ¢l - [£-Q+E-Q, [n-Q+7-Q, ¢]]}. (4.34)
Just as in (4.21), the RHS of (4.34) can be rearranged using (4.19) and we obtain
- Q+7-Q.¢6-Q+£-Ql¢l = (' cotct — € coten)idug
= —(nTca“cf* — cha“cn*)[P#, o] (4.35)

where in the last step we have introduced the 4-momentum operator P,, which is also
the generator of translations, such that

[P d] = —10,¢ (4.36)

(we shall recall the proof of this equation in chapter 6 - see (6.9)).
It is tempting now to conclude that, just as in going from (4.15) and (4.22) to
(4.23), we can infer from (4.35) the result

- Q+n-Q,6-Q+¢-Ql=—(n"corct” — T eoten™) P, (4.37)

However, for (4.37) to be true as an operator relation, it must hold when applied
to all fields in the supermultiplet. But we have, so far, only established the RHS of
(4.35) by considering the difference 4,0 — d¢9, acting on ¢ (see (4.28)). Is it also true
that

(88— 8eBy)x = (€ coten® — T coetid ? (439)

!Check this statement by looking at (nT(—ig9)¢)T, for instance.
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Unfortunately, the answer to this is no, as we shall see in section 4.5, where we shall
also learn how to repair the situation. For the moment, we proceed on the basis of
(4.37).

In order to obtain, finally, the (anti)commutation relations of the @’s from (4.37),
we need to get rid of the parameters n and £ on both sides. First of all, we note that
since the RHS of (4.37) has no terms in n...& or n*...&* we can deduce

[n-Q,¢-Ql=1[7-Q,6-Ql =0. (4.39)
The first commutator is
0=(n"Q1+17"Q2)(£' Q1+ Q1) — (£'Q1 + £2Q2) (' Q1 + 1° Q1)
= —7]151(2621621) - 77152(@1@2 + Q201)
—n*E(Q2Q1 + ©1Q2) — n°E(2Q2Q2), (4.40)

remembering that all quantities anticommute. Since all these combinations of param-
eters are independent, we can deduce

{Qa, @s} =0, (4.41)
and similarly

{Q5. @5 =0. (4.42)
Notice how, when the anticommuting quantities ¢ and n are ‘stripped away’ from the
@ and @, the commutators in (4.39) become anticommutators in (4.41) and (4.42).

Now let’s look at the [-Q, & Q] term in (4.37). Writing everything out long-hand,
we have

£-Q = ¢oQ = Q5 — 6Q; (4.43)
and

n-Q = —mQz+ Q. (4.44)
So

[7-Q.&- Q) = m&(Q20Q5 + Q5Q2) — m&(Q2Q7 + Q1Q1)
=167 (@103 + Q3Q1) + m&(Q1Q7 + Q1) (4.45)
Meanwhile, the RHS of (4.37) is

()1 2)(2)r
= —(n2 —m)o" ( _5? ) b,
= [m&5 ()11 — m&i (0" )12 — m&5 (0" )21 + m& (0%)22] P, (4.46)
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where the subscripts on the matrices o denote the particular element of the matrix,
as usual. Comparing (4.45) and (4.46) we deduce

{Qu, @3} = (6")ap P (4.47)

We have been writing Q* throughout, like £* and n*, but the @)’s are quantum field
operators and so (in accord with the discussion in section 3.1) we should more properly
write (4.47) as

{Qa, Ql} = (6")as Py (4.48)

Once again, the commutator in (4.45) has led to an anticommutator in (4.48).

Equation (4.48) is the main result of this section, and is a most important equa-
tion; it provides the ‘proper’ version of (1.34). Although we have derived it by our
customary brute force methods as applied to a particular (and very simple) case, it
must be emphasized that equation (4.48) is indeed the correct SUSY algebra (up to
normalization conventions?). Equation (4.48) shows (to repeat what was said in sec-
tion 1.3) that the SUSY generators are directly connected to the energy-momentum
operator, which is the generator of translations in space-time. So it is justified to
regard SUSY as some kind of extension of space-time symmetry, the ()’s generating
‘supertranslations’. We shall see further aspects of this in chapter 6.

The foregoing results can easily be written in the more sophisticated notation of
section 2.3. In parallel with equation (2.77) we can define

Q.= QL. (4.49)
Then (4.42) is just -
{Qda Qb} = 07 (450)
while (4.48) becomes )
{Qa, @i} = (0") 1 P (4.51)

Note that the indices of * follow correctly the convention mentioned after equation

(2.80).

ZMany authors normalize the SUSY charges differently, so that they get a ‘2’ on the RHS.
For completeness, we take the opportunity of this footnote to mention that more general SUSY
algebras also exist, in which the single generator @, is replaced by N generators Q4(A =1,2,.....N).
Equation (4.48) is then replaced by {Q4, QbBT} = §4B(0#) 4 P,. The more significant change occurs
in the anticommutator (4.41), which becomes {Q2, QbB} = € 24P where €15 = —1, €97 = +1, €11 =
€95 = 0 and the ‘central charge’ Z4P is antisymmetric under A < B. The reason why only the
N =1 case seems to have any immediate physical relevance will be explained at the end of section
4.4.



4.3. THE SUPERSYMMETRY CURRENT 67

The SUSY algebra can also be written in Majorana form. Just as we can construct
a 4-component Majorana spinor from a x (or of course a 1), so we can make a 4-
component Majorana spinor charge )y from our L-type spinor charge Q, by setting

(c.f. (2.100))
Q!
10, 01T At
QM:( g ): Q?l . (4.52)
Q2

Let’s call the components of this Qng, so that Qv = Q;r, Qvez = —QI, etc. It is
not completely obvious what the anticommutation relations of the Q. ’s ought to be
(given those of the Q,’s and Q]’s), but the answer turns out to be

{Qnar Quis} = (Y (17°7°))ap Py (4.53)

as can be checked with the help of (4.41), (4.42), (4.48) and (4.52). Note that ‘—iy?~?
is the ‘metric’ we met in section 2.5. The anticommutator (4.53) can be re-written
rather more suggestively as

{QmMa, Quis} = (v*)as Py (4.54)

where (compare (2.111))
Qus = (QU(=17"7"))s = (QU")s- (4.55)

We note finally that the commutator of two P’s is zero (translations commute),
and that the commutator of a () and a P also vanishes, since the ()’s are independent
of z:

[Qaa P,U»] = [Qla P;A] = 0. (4.56)

So all the commutation or anticommutation relations between Q’s, Q1’s, and P’s are
now defined, and they involve only these quantities; we say that ‘the supertranslation
algebra is closed’.

4.3 The supersymmetry current

In the case of ordinary symmetries, the invariance of a Lagrangian under a transfor-
mation of the fields (characterized by certain parameters) implies the existence of a
4-vector j* (the ‘symmetry current’), which is conserved: d,5* = 0. The generator of
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the symmetry is the ‘charge’ associated with this current, namely the spatial integral
of 7% An expression for j* is easily found (see for example [7] section 12.3.1). Suppose
the Lagrangian £ is invariant under the transformation

br — br + 06r (4.57)

where ‘¢, stands generically for any field in £, having several components labelled

by r. Then

oL oL
— _ = [ -1 . . .
0=4L= 39, 0p, + a(aﬂ@)a (6¢,) 4+ hermitian conjugate. (4.58)

But the equation of motion for ¢, is

aL oL
— =0, | == 4.59
35 = (o) )
Using (4.59) in (4.58) yields
d,9" =0 (4.60)
where
= ié@ + hermitian conjugate. (4.61)
9(0,u¢r)
For example, consider the Lagrangian
L=q(igd—m)q (4.62)
where

q:(Z). (4.63)

This is invariant under the SU(2) transformation (4.4), which is characterized by
three independent infinitesimal parameters, so there are three independent symme-
tries, three currents, and three generators (or charges). Consider for instance a trans-
formation involving €; alone. Then

dqg = —ier(m1/2)q, (4.64)

while from (4.62) we have

7iv". (4.65)
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Hence from (4.61) and (4.64) we obtain the corresponding current as

e1qy"(11/2)q. (4.66)

Clearly the constant factor €; is irrelevant and can be dropped. Repeating the same
steps for transformations associated with ¢; and €3 we deduce the existence of the
150s8pin currents

3" =" (t/2)q (4.67)
and charges (generators)

T = /qT(r/Q)q e (4.68)

just as stated in (4.10).

We can apply the same procedure to find the supersymmetry curent associated
with the supersymmetry exhibited by the simple model considered in section 3.1.
However, there is an important difference between this example and the SU(2) model
just considered: in the latter, the Lagrangian is indeed invariant under the transfor-
mation (4.3), but in the SUSY case we were only able to ensure that the Action was
invariant, the Lagrangian changing by a total derivative, as given in (3.34) or (3.35).
In this case, the ‘0’ on the LHS of (4.58) must be replaced by d,K* say, where K* is
the expression in brackets in (3.34) or (3.35).

Furthermore, since the SUSY charges are spinors (),, we anticipate that the as-
sociated currents carry a spinor index too, so we write them as J, where a is a
spinor index. These will be associated with transformations characterized by the
usual spinor parameters . Similarly, there will be the Hermitian conjugate currents
associated with the parameters £*.

Altogether, then, we can write (forming Lorentz invariants in the now familiar

way )

T, - : . oc L dC oL .
N (—iay) " + oy ™ = M&D + &DT@(@@T) + a(aﬂx)&( - K*
= 9P (—iga)x + xTio26* 0" p + xTia" (—i0")io26* 0, ¢
—(xTi02670"p + €Ti020" 5" x D, 9" + €T (—ioa)x 96T
= X'6"0%i056% 0,0 + € (—iga)0"a" 0, ", (4.69)

whence we read oflf the SUSY current as

JH = ovatx 0, (4.70)
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As expected, this current has two spinorial components, and it contains an unpaired
fermionic operator y.

Exercise
The supersymmetry charges (generators) are given by the spatial integral of the
p = 0 component of the supersymmetry current (4.70), so that

Q= [ (" x()). 0,6/ (5)d"y. (4.71)

Verify that these charges do indeed generate the required transformations of the fields,
namely

(a) i[¢-Q,0(x)] =& x(x) (4.72)

(you will need to use the bosonic equal-time commutation relations

(B2 1),0'(y, 1)] = i6°(@ — y)), (4.73)

and
(b) i[6-Q+&-Q,x(2)] = —i0"(1026) () (4.74)

(you will need the fermionic anti-commutation relations

{Xa(@, 1), X} (4, 1)} = 86%(x — y).) (4.75)

4.4 Supermultiplets

We proceed to extract the physical consequences of (4.41), (4.42), (4.48) and (4.56).
First, note from (4.56) that the operator P? commutes with all the generators Q,,
so that states in a supermultiplet - which are connected to each other by the action
of the generators - must all have the same mass (and, more generally, the same 4-
momentum). However, since the Q,’s are spinor operators, the action of a Q, or Q!
on one state of spin 7 will produce a state with a spin differing from j by % In fact, we
know that under rotations (compare equation (4.9) for the case of isospin rotations,
and equations (6.8) and (6.10) below for spatial translations)

0Q = —(ie-0/2)Q =ie- [J,Q], (4.76)
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where the .J’s are the generators of rotations (i.e. angular momentum operators). For
example, for a rotation about the 3-axis,

—5o9@ = Q] (477)

which implies that

s @il = —5Q1 [ Qi = 5Q» (4.78)

It follows that if |jm) is a spin-j state with J3 = m, then

(JsQi — Quls)lim) = ~LQiljm). (4.79)

whence

TAQuljm)) = (m — )@ jm). (4.80)

showing that Qi]jm) has J3 = m — - that is, Q; lowers the m-value by £ (like an
annihilation operator for a ‘u’-state). Similarly, @ raises it by % (like an annihilation
operator for a ‘d’-state). Likewise, since

45,0l = 501, (4.81)

we find that QI raises the m-value by %; and by the same token QE lowers it by %

We now want to find the nature of the states which are ‘connected’ to each other
by the application of the operators @, and QI - that is, the analogue of the (25 + 1)-
fold multiplet structure familiar in angular momentum theory. Our states will be
labelled as |p, A), where we take the 4-momentum eigenvalue to be p = (F,0,0, )
since the fields are massless, and where X is a helicity label, equivalent here to the
eigenvalue of J3. Let |p, —j) be a normalized eigenstate of .J3 with eigenvalue A = —j,
the minimum possible value of A for given j. Then we must have

Qp,—j) = 0= Qilp, —j). (4.82)

This leaves only two states connected to |p,—j) by the SUSY generators, namely
Q“p, —7) and Q3|p, —7). The first of these must vanish. This follows by considering
the SUSY algebra (4.48) with ¢ = b = 1:

QIQI + QIQI = (6")11 P,. (4.83)
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The only components of o which have a non-vanishing ‘11’ entry are (¢%);; = 1 and
(63)11 = 1, so we have

QIQ1+QiQl =P+ Py =P — P, (4.84)
Hence, taking the expectation value in the state |p, —7), we find
(. —i|Q1Q1 + Q1Qilp, —5) = 0 (4.85)

since the eigenvalue of P° — P? vanishes in this state. But from (4.82) we have
(p, —j|QJ1r = 0, and hence we deduce that

(p, —51@:Q}|p, —j) = 0. (4.86)

It follows that either the state Q“p, —j) has zero norm (which is not an acceptable
state), or that

Qilp. =) =0, (4.87)
as claimed.
This leaves just one state connected to our starting state, namely

Q2|p, —J)- (4.88)

We know that @) raises A by 1/2, and hence

Qulp. —3) o< Ip,~i + 3). (4.5

Consider now the action of the generators on this new state |p, —j + %), which is

proportional to @a|p, —j). Obviously, the application of Q2 to it gives zero, since
(Q2Q2 = 0 from (4.41). Next, note that

Q1Qz2|p — J) = —Q2Q1|p, —j) = 0, (4.90)
using (4.41) and (4.82). Now consider
Q1Qalp, —j)- (4.91)

Given the chosen momentum eigenvalue, the a = 1,b = 2 element of (4.48) gives

Q1Q;r = —QEQl, and hence

Q1Qalp, —j) = —Q2Q1|p, —j) = 0, (4.92)
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using (4.87). We are left with only Q! to apply to |p, —j + ). This in fact just takes
us back to the state we started from:

Qlp, — + 3) o Q1Qalp, ~3) o (28 ~ QaQDlp, ~3) x I ) (4.93)

where we have used (4.48) with @ = b = 2. So there are just two states in a su-
permultiplet of massless particles, one with helicity —j and the other with helicity
-7+ % However, any local Lorentz invariant quantum field theory must be invariant
under the combined operation of TCP: this implies that for every supermultiplet of
massless particle states with helicities —j and —j + % there must be a corresponding
supermultiplet of massless antiparticle states with helicities 7 and 7 — %.3

Consider the case j = % Then we have one supermultiplet consisting of the two
states |p, A = —1) and |p,A = 0). The second of these states cannot be associated
with spin 1, since there is no A = 0 state for a massless spin-1 particle. Hence it must
be a spin-0 state. This is, in fact, the left chiral supermultiplet, containing a massless
left-handed spin—% state and a massless scalar state. The corresponding fields are an
L-type Weyl fermion y and a complex scalar ¢, as in the simple model of section 3.1.

As already indicated in section 3.2, we may assign the fermions of the SM to
chiral supermultiplets, partnered by suitable squarks and sleptons. Consider, for
example, the electron and neutrino states. The left-handed components form an
SU(2)1, doublet, which is partnered by a corresponding doublet of scalars (denoted

by the same symbol as the SM states, but with a tilde), in left chiral supermultiplets:

( ’f:LL ) and ( %LL ) . (4.94)

TCP-invariance of the Lagrangian guarantees the inclusion of the antiparticle states

( - ) and ( iRR ) . (4.95)

Note that the ‘R’ or ‘L’ label on the sleptons doesn’t refer to their chirality (they are
spinless) but rather to that of their superpartners. The right-handed component eg is
an SU(2)y, singlet, however, and so cannot be partnered by the doublet selectron state
ér, introduced above. Instead, it is partnered by a new selectron state eg, forming a
right chiral supermultiplet:

ep and ég. (4.96)

3We could equally well have started with the state of maximum helicity for given j, namely
|p, A = ), ending up with the supermultiplet |p, A = j), |p,A=j — %), and their TCP-conjugates.
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The corresponding antiparticle states
éL and éL (497)

form a left chiral supermultiplet. Similar assignments are made for the other SM
fermions.

In constructing the MSSM Lagrangian (see section 8.1) it is conventional to de-
scribe all the SM fermions by L-type Weyl spinor fields. Thus for the electron we shall
use fields e (which destroys er, and creates eg) and xs (which destroys e, and creates
er). As we saw in section 2.4, the R-type field ¢ which destroys eg and creates ey,
is given in terms of ys by . = io3xi. For the accompanying selectron fields, we
use ér, (which destroys &1, and creates eg) and er, (which destroys e, and creates ég).
Bearing in mind that ey, is the super-partner of the antiparticle of eg, the field &, can
equally well be denoted by é; (which creates ég and destroys the superpartner of the
antiparticle of eg). The other slepton and squark fields are treated similarly.

In the case j = 1, the supermultiplet consists of two states |p,A = —1) and
Ip, A = —%>, which pairs a massless spin-1 state with a massless left-handed spin—%
state. This is the vector, or gauge supermultiplet. In terms of fields, the supermultiplet
contains a massless gauge field and a massless Weyl spinor. The gauge bosons of the
SM are assigned to gauge supermultiplets. In this case, TCP-invariance guarantees
the appearance of both helicities, while the antiparticle states are contained in the
same (adjoint) representation of the gauge group as the particle states (for example,
the antiparticle of the W is the W™). In the MSSM, the SM gauge bosons are
partnered by massless Weyl spinor states, also in the adjoint representation of the
gauge group. When interactions are included, we arrive at supersymmetrized versions
of the SM gauge theories (see chapter 7).

This is an appropriate point to explain why only N =1 SUSY (see the preceding
footnote) has been considered. The reason is that in N =2 SUSY the corresponding
chiral multiplet contains four states: A = —I—%,/\ = —% and two states with A = 0.
The phenomenological problem with this is that the R (A = ) and L (A = —1) states
must transform in the same way under any gauge symmetry (similar remarks hold for
all N > 1 supermultiplets). But we know that the SU(2);, gauge symmetry of the SM
treats the I. and R components of quark and lepton fields differently. So if we want
to make a SUSY extension of the SM, it can only be the simple N =1 SUSY, where
we are free to treat the left chiral supermultiplet (A = —%, A = 0) differently from the
right chiral supermultiplet (A = 0, A = —I—%) Further details of the representations for
N > 1 are given in [42] section 1.6, for example.

One other case of possible physical interest is the gravity supermultiplet, containing



4.5. A SNAG, AND THE NEED FOR A SIGNIFICANT COMPLICATION 75

a spin-2 graviton state with A = —2 and a spin-2 gravitino state with A = —3. The
interacting theory here is supergravity, which however lies beyond our scope.
We must now take up an issue raised after (4.36).

4.5 A snag, and the need for a significant compli-
cation

In section 4.2 we arrived at the SUSY algebra by calculating the difference 6,0 — d¢9,,
two different ways. We explicitly evaluated this difference as applied to ¢, but in
deducing the operator relation (4.37), it is crucial that a consistent result be obtained
when 6,0 — ¢, is applied to y. In fact, as noted after (4.38), this is not the
case, as we now show. This will necessitate a significant modification of the SUSY
transformations given so far, in order to bring about this desired consistency.
Consider first d,0¢ x4, where we are indicating the spinor component explicitly:

0p0eXa = Oy(—io"(i02€"))a0,ud
= (i0"(—102£7)),0,0,¢
(io"(=102€"))a(n" (=102),X)- (4.98)

There is an important identity involving products of three spinors, which we can use
to simplify (4.98). The identity reads, for any three spinors A, ( and p,

(¢ (=i2)p) + Calp' (=io2)A) + pa(AT (=ie2)¢) = 0, (4.99)

or in the faster notation

M(C-p) 4 Galp M) 4 palh-0) = 0. (4.100)

Exercise Check the identity (4.99).
We take, in (4.99),
Ao = (0"(=102)€ )0, G =1Tas  pPa = FuXa- (4.101)
The RHS of (4.98) is then equal to

—i{na0,x" (—i02)0"(=i02)&" + Duxa(0”(—102€"))  (—ioa)n.} (4.102)
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But we know from (4.30) that the first term in (4.102) can be written as
i, (0,xTo"TE) = —ina (€160, x), (4.103)

where to reach the second equality in (4.103) we have taken the formal transpose of
the quantity in brackets, remembering the sign change from re-ordering the spinors.
As regards the second term in (4.102), we again take the transpose of the quantity
multiplying d,x., so that it becomes

—i0,Xa(—n 090" (—i0g)E* = —inTcot € D, X (4.104)
After these manipulations, then, we have arrived at
§,0eXa = —ina(E1640,x) — inTca”c€ 0, X, (4.105)
and so

(8,8¢ — 8¢6,)Xa = (€T caten™ — nTcotc€*)id,Xa
+i&a(n'0"0.x) — ina(£'6"0,x). (4.106)

We now see the difficulty: the first term on the RHS of (4.106) is indeed exactly
the same as (4.28) with ¢ replaced by x, as hoped for in (4.38), but there are in
addition two unwanted terms.

The two unwanted terms vanish when the equation of motion 6#9,x = 0 is satisfied
(for a massless field) - i.e. ‘on-shell’. But this is not good enough - we want a symmetry
that applies for the internal (off-shell) lines in Feynman graphs, as well as for the on-
shell external lines. Actually, we should not be too surprised that our naive SUSY
of section 4.2 has failed off-shell, for a reason that has already been touched upon:
the numbers of degrees of freedom in ¢ and x don’t match up properly, the former
having two (one complex field) and the latter four (two complex components). This
suggests that we need to introduce another two degrees of freedom to supplement the
two in ¢ - say a second complex scalar field F'. We do this in the ‘cheapest’ possible
way (provided it works), which is simply to add a term FTF to the Lagrangian (3.1),
so that F' has no kinetic term:

Lr=0,00"+ x"ie"d,x + FTF. (4.107)

The strategy now is to invent a SUSY transformation for the auziliary field F', and the
existing fields ¢ and x, such that (a) Lr is invariant, at least up to a total derivative,
and (b) the unwanted terms in (4,0 — d¢d,)x are removed.
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We note that F' has dimension M?, suggesting that d; F' should probably be of the
form
deF' ~ £0,x, (4.108)
which is consistent dimensionally. But as usual we need to ensure Lorentz covariance,
and in this case that means that the RHS of (4.108) must be a Lorentz invariant.
We know that %0, x transforms as a ‘¢b’-type spinor (see (2.37)), and we know that
an object of the form ‘(¢ is Lorentz invariant (see (2.31)). So we try (with a little
hindsight)
§¢F = —itTe"d,x (4.109)
and correspondingly

§eFT =19, x1a €. (4.110)

The fact that these changes vanish if the equation of motion for x is imposed (the
on-shell condition) suggests that they might be capable of cancelling the unwanted
terms in (4.106). Note also that, since ¢ is independent of z, the changes in F' and
FT are total derivatives: this will be important later (see the end of section 6.3).

We must first ensure that the enlarged Lagrangian (4.107) - or at least the corre-
sponding Action - remains SUSY-invariant. Under the changes (4.109) and (4.110),
the F'TF term in (4.107) changes by

(S FYVF + F1(8:F) = (i0,xTe" O F — F1(i€'6%0,x). (4.111)

These terms have a structure very similar to the change in the y term in (4.107),
which is

3¢(x"16"8,x) = (8ex")io"Ox + x 115" 0, (8¢ x). (4.112)
We see that if we choose

Sex' = previous change in x4+ FT¢t (4.113)

then the F'T part of the first term in (4.112) cancels the second term in (4.111). As
regards the second term in (4.112), we write it as

x116#0,(6¢x) = x'ie"8,(previous change in y + £F), (4.114)
where we have used the dagger of (4.113), namely
d¢x = previous change in y + £F. (4.115)
The new term on the right hand side of (4.114) can be written as
xi6#9,6F = 9,(x1ie"EF) — (9,x")io"¢F. (4.116)
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The first term of (4.116) is a total derivative, leaving the Action invariant, while the
second cancels the first term in (4.111). The net result is that the total change in
the last two terms of (4.107) amount to a harmless total derivative, together with the
change in xTi5#d,x due to the previous changes in x and xT. Since the transformation
of ¢ has not been altered, the work of section 3.1 then ensures the invariance (up to
a total derivative) of the full Lagrangian (4.107).

Let us now re-calculate (6,0 — d¢6,)x, including the new terms involving the
auxiliary field F'. Since the transformation of ¢ is unaltered, 6,0¢x will be the same
as before, in (4.105), together with an extra term

8y(&aF) = —i&u(n'a"d,x). (4.117)
So (8,0¢ — d¢d,)x will be as before, in (4.106), together with the extra terms
i12(£16",x) — ia(n'6"9,X). (4.118)

These extra terms precisely cancel the unwanted terms in (4.106), as required. Similar
results hold for the action of (4,0 — d¢d,,) on ¢ and on F', and so with this enlarged
structure including F' we can indeed claim that (4.37) holds as an operator relation,
being true when acting on any field of the theory.

For convenience we collect together the SUSY transformations for ¢, x and F
which we have finally arrived at:

Sedp=6-x, e =E-x (4.119)
S F = —itta"d,x, 6 Ft=10,x'5"¢; (4.120)
Jex = =i (i02€")0up + EF,  Sex' = 10,0'¢ (—ioy)o” + FE. (4.121)

Exercise
Show that the changes in x and x' may be written as

bex = —i0 €0, + EF, Sex = —i0,8157¢ + FIE. (4.122)

Exercise
Verify that the supercurrent for the Lagrangian of (4.107) is still (4.70).

We end this chapter by translating the Lagrangian Lr, and the SUSY transfor-
mations (4.119)-(4.122) under which the Action is invariant, into Majorana language,
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using the results of section 2.5. Let us write
1
¢ = NG

where A and B are real scalar fields, and similarly

(A - 1B)7

F— F—iG.

The Lagrangian (4.107) then becomes
1 I3 1 Iz 1 O X o X 2 2
Ly = 58#%1@ A+ 50#38 B+ §\IIM17 0,y + F* + G,

with the conventional normalization for the scalar fields, while clearly

i

1 _
Se A= —05, 0%, 553:—\/5

V2

qj§475q;§/[7
and ) 1
- _
ol = —§‘I’§4’Y“9nq’fm 0eG = §\I/§4757“0ﬂ’f\<4-

As regards the transformations of y and x, we first rewrite them as

SUX. = Se(ioax™) \ [ F+iG  —ict9,¢ ioy&*
¢¥M = Sex ~\ —ic"d,6 F—iG £ )

The rest follows as an Exercise.

Exercise
Verify that the transformation of Wy is

. 1 1

(4.123)

(4.124)

(4.125)

(4.126)

(4.127)

(4.128)

(4.129)

The reader is warned that while these transformations have the same general

structure as those given in other sources, definitions and conventions differ at many

points.
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Chapter 5

The Wess-Zumino model

5.1 Interactions and the superpotential

The Lagrangian (4.107) describes a free (left) chiral supermultiplet, with a massless
complex spin-0 field ¢, a massless L-type spinor field y, and a non-propagating com-
plex field F'. As we saw in section 3.2, the MSSM places the quarks, leptons and
Higgs bosons of the SM, labelled by gauge and flavour degrees of freedom, into chiral
supermultiplets, partnered by the appropriate ‘sparticles’. So our first step towards

the MSSM is to generalize (4.107) to
Livee wz = 0,610": + xlie"0,x: + FIF, (5.1)

where the summed-over index ¢ runs over internal degrees of freedom (e.g. flavour,
and eventually gauge - see chapter 7), and is not to be confused (in the case of x;)
with the spinor component index. The corresponding Action is invariant under the
SUSY transformations

Sebi = € Xiy Oexi = —i0Mi02E" Dy + EFy, 8y = —iE16",xi, (5.2)

together with their hermitian conjugates.

The obvious next step is to introduce interactions in such a way as to preserve
SUSY - that is, invariance of the Lagrangian (or the Action) under the transformations
(5.2). This was first done (for this type of theory, in four dimensions) by Wess and
Zumino [19] in the model named after them, to which this chapter is devoted; it is a
fundamental component of the MSSM. We shall largely follow the account given by
[46], section 3.2.

81
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We shall impose the important condition that the interactions should be renor-
malizable. This means that the mass dimension of all interaction terms must not be
greater than 4 - or, equivalently, that the coupling constants in the interaction terms
should be dimensionless, or have positive dimension (see [15] section 11.8). The most
general possible set of renormalizable interactions among the fields ¢, x and F' is, in
fact, rather simple:

o 1 , i .
Line = Wi, oN) F; — 51/1@-(99, #')xi - x; + hermitian conjugate (5.3)

where there is a sum on ¢ and on j. Here W; and W, are - for the moment - arbitrary
functions of the bosonic fields; we shall see that they are actually related, and have
a simple form. There is no term in the ¢;’s alone, because under the transformation
(5.2) this would become some function of the ¢;’s multiplied by d¢¢p; = £ - x; or
5&¢2T = £ x; but these terms do not include any derivatives d,, or F; or F;r fields, and
it is clear by inspection of (5.2) that they couldn’t be cancelled by the transformation
of any other term.

As regards W; and W;;, we first note that since F; has dimension 2, W; cannot
depend on y;, which has dimension 3/2, nor on any power of F; other than the first,
which is already included in (5.1). Indeed, W; can involve no higher powers of ¢; and
¢,:r than the second. Similarly, since x; - x; has dimension 3, W;; can only depend on
¢; and qb:r, and contain no powers higher than the first. Also, since x; - x; = x; ' X
(see the first Exercise after equation (2.66)), W;; must be symmetric in the indices ¢
and j.

Since we know that the Action for the ‘free’ part (5.1) is invariant under (5.2), we
consider now only the change in Ly under (5.2), namely d¢Line. First, consider the
part involving four spinors, which is

_ LW,
2 0¢x

1 OW;;
2 0¢}

(€-xu)xi x5) — (5 X&)(Xi - x;j) + hermitian conjugate. (5.4)

Neither of these terms can be cancelled by the variation of any other term. However,
the first term will vanish provided that
oW,
Db
The reason is that the identity (4.99) (with A — x%,( — xi,p — x;) implies

(€ xm)(xa x5) + (€ xa) OG- xx) + (6 x) (xrk- xi) = 0, (5.6)

is symmetric in 7, j and k. (5.5)
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from which it follows that if (5.5) is true, then the first term in (5.4) will vanish
identically. However, there is no corresponding identity for the 4-spinor product in
the second term of (5.4). The only way to get rid of this second term, and thus
preserve SUSY for such interactions, is to say that W;; cannot depend on QDL, only on
¢r.! Thus we now know that W;; must have the form

Wi = Mi; + yijndx (5.7)

where the matrix M;; (which has the dimensions - and significance - of a mass) is
symmetric in ¢ and j, and where the “Yukawa couplings’ y;;; are symmetric in ¢, j
and k. It is convenient to write (5.7) as

*wW

W, = 2"
D00,

(5.8)

which is automatically symmetric in i and j, and where? (bearing in mind the sym-
metry properties of W;;)

1 o 1 L
W = 5 Mijid; + cYiindidir. (5.9)
Exercise Justify (5.9).

Next, consider those parts of d¢Lin which contain one derivative d,. These are
(recall ¢ = —ioy)

) 1 ) . ‘ 1 .
Wil=ig o 0,x:) — Wil eio”c€ Y0, + 5 Wist o™ Buiex; +he. (5.10)

Consider the expression in curly brackets, {x ...£*}. Since this is a single quantity
(after evaluating the matrix products), it is equal to its transpose, which is

—Eleio"Tex; = Eliat yi (5.11)

1This is a point of great importance for the MSSM: as mentioned at the end of section 3.2, the
SM uses both the Higgs field ¢ and its charge conjugate, which is related to ¢! by (3.40), but in the
MSSM we shall need to have two separate ¢’s.

2A linear term of the form A;¢; could be added to (5.9), consistently with (5.8) and (5.7). This
is relevant to one model of SUSY breaking - see section 9.1.
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where the first minus sign comes from interchanging two fermionic quantities, and
the second equality uses the result co#Te = —a# (c.f. (4.30)). So the second term in

(5.10) is
1 ot
_§m11§TJ#X’ia#¢j7 (5.12)
and the third term is

1 ) , 1 ot
§T/Vijch10“Tch@#¢¢ = —§T/VZ-J-1§TJ“X]0#¢2-. (5.13)

These two terms add to give

ow

~Wiie'o" xidu¢; = —i€'o" xid, ((%') : (5.14)

where in the second equality we have used

ow *W
d = 0,0, = Wi;0,0;. 5.15
M(a¢2) a¢la¢] Mgb] J #¢] ( )

Altogether, then, (5.10) has become
ow

—iWitTa" 0, xs —i€ta"xi0, (8@#) . (5.16)

This variation cannot be cancelled by anything else, and our only chance of saving
SUSY is to have it equal a total derivative (giving an invariant Action, as usual). The
condition for (5.16) to be a total derivative is that W; should have the form

ow
W= ——, 5.17
96, (5.17)
in which case (5.16) becomes
ow . .
0.4 9%; (—i€ta"yi) ). (5.18)
Referring to (5.9), we see that the condition (5.17) implies
1 ,
Wi = Mijéi + Syiinéidn (5.19)

together with a possible constant term A; (see the preceding footnote).
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Exercise
Verify that the remaining terms in §:£ do cancel.

In summary, we have found conditions on W; and W;; (namely equations (5.17)
and (5.8) with W given by (5.9)) such that the interactions (5.3) give an Action which
is invariant under the SUSY transformations (5.2). The quantity W, from which both
W; and W;; are derived, encodes all the allowed interactions, and is clearly a central
part of the model; for reasons that will become clearer in the following chapter, it is
called the ‘superpotential’.

Exercise
Verify that the supersymmetry current for the Lagrangian of (5.1) together with
(5.3) is
JH = J”&“Xiayqé;r — iFiJ“iJQX;rT. (5.20)

Consider now the part of the complete Lagrangian (including (5.1)) containing
F; and Fl, which is just F;F] + W;F; + WF!. Since this contains no gradients, the
Euler-Lagrange equations for F; and F,;r are simply
oL
oF;

=0, or F + W; =0, (5.21)

', and similarly F;r = —W,. These relations, coming from the E-L
equations, involve (again) no derivatives, and hence the canonical commutation rela-
tions will not be affected, and it is permissible to replace F; and FZ»T in the Lagrangian
by these values determined from the E-I. equations. This results in the complete
(Wess-Zumino [19]) Lagrangian now having the form

Hence F; = —wi

1
Lwz = Liveewz — |Wi]* — §{VVU)W -x;j + h.c.} (5.22)

where ‘h.c.” means hermitian conjugate.

It is worth spending a little time looking in more detail at the model of (5.22).
For simplicity we shall discuss just one supermultiplet, dropping the indices ¢ and j.
In that case, (5.9) becomes

1 1
W = §M¢2 + gyﬁbga (5.23)
and hence P |
Wi=—-—=M —yd? 5.24
9 ¢+ yo (5.24)
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and ,
oW
Wi, === =M+ yo. 5.25
9?2 yo (5.25)
First, consider the terms which are quadratic in the fields ¢ and y, which corre-
spond to kinetic and mass terms (rather than interactions proper). This will give us
an opportunity to learn about mass terms for two-component spinors. The quadratic

terms for a single supermultiplet are

. . . 1 ) | R
LW7, quad = @#nga“qﬁ—l—XTla“aﬂx—MM ¢T¢—§MXT(—102)X—§M XT(IO'Q)XTT (5.26)

where we have reverted to the explicit forms of the spinor products. In (5.26), xT is
as given in (3.19), while evidently

YT = ( Xi ) (5.27)

X3

where ‘17 and ‘2, of course, label the spinor components. The E-L equation for ¢! is

oL oL
_ — 2
o (aragm) =" 5:2%)
which leads immediately to
0,0"¢ + |M[*¢ =0, (5.29)

which is just the standard free Klein-Gordon equation for a spinless field of mass |M|.

In considering the analogous E-1. equation for (say) xf, we need to take care in
evaluating (functional) derivatives of £ with respect to fields such as y or xT which
anticommute. Consider the term —(1/2)My - x in (5.26), which is

1 0 —1 ’ 1
—§M(X1X2) ( L0 ) ( X ) = —§M(—X1X2 + X2X1) = —Mxax1 = +Mxixa.

X2
(5.30)
We define p
a—Xl(XlXQ) = X2, (5.31)
and then necessarily
0
Z—(axe) = —x1. (5.32)

6X2
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Hence p |
T Mvy-vl= My 5.33
I, L MX Xt = Moo, (5.33)
and
S VA S (5.34)
an 2 )& )& - )&1' .
Equations (5.33) and (5.34) can be combined as
O {5 Mx-x} = M(ioz) (5.35)
o, M X} = M(ioax)a. .

Exercise Show similarly that

0
8)(2

(N .
{=gM xTioax™} = M*(—ioox™).. (5.36)

We are now ready to consider the E-L equation for yf, which is

oL oL
9 ( ) _oL 5.37
! 8(8#)(1) ot ( )

Using just the quadratic parts (5.26) this yields

i6"0,x = M*ioyx'T. (5.38)

As a notational check, we know from section 2.3 that y transforms by V=T, and
hence x!T transforms by V~'T, which is the same as a ‘lower dotted’ spinor of type
ts. The lower dotted index is raised by the matrix ioy. Hence the RHS of (5.38)
transforms like a ¥% spinor, and this is consistent with the LHS, by (2.37).

Exercise Similarly, show that

ictd,(io2x™T) = My. (5.39)

It follows from (5.38) and (5.39) that

i049,(i60,x) = io"d,(M*ioyx!T)
= |M]*x. (5.40)
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So, using (3.25) on the LHS we have simply
0,0"x + |M|*x =0, (5.41)

which shows that the x field also has mass |[M|]. So we have verified that the quadratic
parts (5.26) describe a free spin-0 and spin-1/2 field which are degenerate, both
having mass |M|. It is perhaps worth pointing out that, although we started (for
simplicity) with massless fields, we now see that it is perfectly possible to have massive
supersymmetric theories, the bosonic and fermionic superpartners having (of course)
the same mass.

Next, let’s consider briefly the interaction terms in (5.22), again just for the case
of one chiral superfield. These terms are

1 1 ,
—|M¢+ §y¢2l2 = 5 {(M+yd)x-x +hc}. (5.42)

In addition to the quadratic parts |[M|?¢'¢ and —(1/2)My - x + h.c. which we have
just discussed, (5.42) contains three true interactions, namely
(i) a ‘cubic’ interaction among the ¢ fields,

1 * * g
—5(My 66" + M7y*s"); (5.43)
(ii) a ‘quartic’ interaction among the ¢ fields,
L9940
gt (540
i11) a Yukawa-type coupling between the ¢ and v fields
yp pling X )

L.
—§{y¢x - x + h.c.}. (5.45)

It is noteworthy that the same coupling parameter y enters into the cubic and quar-
tic bosonic interactions (5.43) and (5.44), as well as the Yukawa-like fermion-boson
interaction (5.45). In particular, the quartic coupling constant appearing in (5.44) is
equal to the square of the Yukawa coupling in (5.45). This is exactly the relationship
noted in (1.21), as being required for the cancellation (between bosonic and fermionic
contributions) of quadratic divergences in a bosonic self-energy.

We shall demonstrate such a cancellation explicitly in the next section, for the
W-7 model. For this purpose, it is convenient to express the Lagrangian in Majorana
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form, with ¢ given by (4.123). We take the parameters M and y to be real. The
quadratic parts (5.26) are then (cf (4.125))

1. 1 1 1 1
5 Va7 0 — M)Wy + 50" AD,A = SMPA® + 50" BO,B — SMPBY, (5.46)

showing that the fermion and the two real scalars have the same mass M, while the
interactions (5.43) and (5.44) become

L.=—-MgA(A* + B?) (5.47)
and |

Ly= —592@42 + B*)?, (5.48)
where we have defined g = y/2v/2. We leave the third interaction as an Exercise.

Exercise
Verify that the interaction (5.45) becomes

Ly, = —g[AVTY + 1By 0. (5.49)

We note that the vs5 coupling in the second term of (5.49) shows that B is a
pseudoscalar field (see for example section 20.3 of [7]); A is a scalar field.

5.2 Cancellation of quadratic divergences in the
W-Z model

We shall consider the one-loop (O(g?)) contributions to the perturbative expansion of
A-particle propagator, defined as (Q|T(A(z)A(y))|Q), where |Q) is the ground state
(vacuum) of the interacting theory, and T' is the time-ordering operator. The general
expression for the propagator is (see for example [50] section 4.4)

(OIT{A(x) A(y)expli [ d*2L'(2)]}]0)

(QUT(A(z)A(y))|Q) = (0T {expli [ d*2L'(2)]}]0)

(5.50)

where L' is the interaction Lagrangian density, and it is understood that all fields
on the right hand side of (5.50) are in the interaction picture. In the present case,
L' is just the sum of the three terms (5.47), (5.48) and (5.49). Perturbation theory
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proceeds by expanding the exponentials in (5.50) in powers of the coupling constant
g, and by reducing the resulting time-ordered products by Wick’s theorem. We recall
that the role of the denominator in (5.50) is to remove contributions to the numerator
from all vacuum to vacuum processes which are disconnected from the points x and
y; we therefore need only consider the connected contributions to the numerator.

To lowest order (¢°) the right hand side of (5.50) is just the free A propagator
Da(z — y), which has the Fourier (momentum-space) expansion

Da(z —y) = L ML (5.51)
AETI= ] oyt k2 — M2’ ‘

where the addition of the infinitesimal quantity ie in the denominator is understood.
The terms of order g from (5.47) and (5.49) both vanish. At order ¢?, contributions
arise from expanding the exponential of (5.48) to first order (it already contains a
factor of g*), and from expanding the exponential of the sum of of (5.47) and (5.49)
to second order. The contribution from (5.48) is

2

—i%(O|T(A(:1:)A(y) / d42[A%(2) + 24%(2) B(2) + B*(2)]|0). (5.52)

In the Wick reduction of the B* term in (5.52), one B(z) can only be paired with
another, which leads to a disconnected contribution. In the A?B? term, we may
contract A(z) with the first A(z) and A(y) with the second, or the other way around;
these contributions are identical. The two B’s must be contracted together. The
A%*B? term in (5.52) therefore becomes

—2i92/d4z Da(x — 2)Da(y — 2)Dg(z — 2) (5.53)

where Dpg is the B propagator, also given by (5.51). Substituting the Fourier expan-
sions of Dy and Dg into (5.53) we obtain

d4 v a—ip(z—2) d4 s —lg(y—=2) d4k v —ik(z—2)
—2i92/d4z/ b 1e / g.1° / Le . (5.54)
(2m)* p? — M? (2m)* ¢? — M? (2m)* k2 — M?

The integration over z yields (27)*6*(p + ¢q), allowing the g-integration to be done.
(5.54) then becomes

d4, . . .
/ Sl ety L (inP) (5.55)
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Figure 5.1: B-loop contribution to the A self-energy.

where 4
(B) 2 1
i) = 29 /(%)4 0 (5.56)

is the B-loop contribution to the A self-energy (see for example [15] section 10.1).

This corresponds to the diagram of figure 5.1, which is of the same type as figure
1.1; as expected, the integral in (5.56) is essentially the same as in (1.9). Simple
power-counting (four powers of & in the numerator, two in the denominator) suggests
that the integral is quadratically divergent, but before proceeding with the remaining
O(g?*) contributions to the A propagator it will be useful to evaluate the integral in
(5.56) explicitly.

The integral to be evaluated is

d3k 1
—— [ dk° ) 5.57
/ (2m)* / (k)2 — k% — M? +ie ( )

One way of proceeding, explained in section 10.3 of [15], is to perform the £° inte-
gral by contour integration. Borrowing the result given in equation (10.48) of that
reference, we find that (5.57) is equal to

[ Ak ! 5.58

Changing to polar coordinates in k-space, we may write this as

—i (A u?du
w2 o G o
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where u = |k|, and we have now included the integration limits, with a cut-off A at
the upper end. The integral in (5.59) may be evaluated by elementary means, leading
to the result

(5.60)

8 M

1 A+ AL+ M?2/A?)Y?
P = 29> — A2(1—|—M2/A2)1/2—M21n< TAQY M/ )]
For large values of A (> M) the square roots may be expanded in powers of M/A;

(5.60) then reduces to
1
P =24? —
A g Q2
We have confirmed that the leading divergence is quadratic (in powers of the cut-off),

and that its coefficient is independent of the mass M appearing in the denomina-
tor of (5.56). This mass does however enter into the next-to-leading (logarithmic)

[A> — M?In(A/M) + finite terms as A — o). (5.61)

divergence.
We return to the remaining term in (5.52), which is
2

—i%<O|T{A(:1:)A(y) / A(2)A(2)A(2) A(2) d*2}H0). (5.62)

The connected contributions arise through contracting A(z) with any one of the four
A(z)’s and A(y) with any one of the remaining three A(z)’s, leaving one A(z)A(z)
contraction. These 12 contributions are identical, and (5.62) becomes

—6ig? / Da(x —2)Da(y — 2)Da(z — 2). (5.63)
Following the same steps as in (5.53)-(5.56), we find that (5.63) has the same form
as (5.55) but with —ngB) replaced by —ngA) where

4
(A .o [ Ak 1
—illy"’ = 6g /(27r)4k2— = (5.64)

which corresponds to the self-energy diagram of figure 5.2. The contribution of the
boson loops to the quadratically divergent part of the A self-energy is therefore

1
H(b,quad) 3 2 L
A 8m?

We now consider the O(g?) terms arising from the second-order term in the ex-

A2, (5.65)

pansion of the exponential of the sum of (5.47) and (5.49), that is from

5 [ @A T A AW) (Le(e) + L)L) + LDIO) (5.66)



5.2. CANCELLATION OF QUADRATIC DIVERGENCES IN THE W-Z MODEL93

Figure 5.2: A-loop contribution to the A self-energy.

Since there are two terms in each of L. and Ly, there are 16 products of the form
‘A(2)A(y)f(2)g(#") in (5.66), each with a large number of terms in their Wick ex-
pansion. It is helpful to think first in terms of (connected) diagrams, which can then
be associated with terms in (5.66) to be evaluated. First of all, there are three ‘tad-
pole’ diagrams shown in figures 5.3, 5.4 and 5.5. The first of these has the structure
Da(x—2)Da(y —2z)Da(z — 2")Da(2" — 2), which arises in the Wick expansion of the
term !

—§M292 / d*zd*2" (0|T{A(z)A(y) A*(2) A%(2") }|0). (5.67)
This structure is obtained by contracting A(z) with any one of the three A(z)’s, and
A(y) with either of the two remaining A(z)’s; then the last A(z) can be contracted
with any of the three A(z')’s, leaving one A(z')A(z’) pair. This gives 18 identical
contributions, and there are a further 18 in which z and 2’ (which are integration

variables) are interchanged. Thus figure 5.3 corresponds to the amplitude

—18M?4* / d*2d*2" Da(x — 2)Da(y — 2)Da(z — 2")Da (2" — 2'). (5.68)
Exercise
By inserting the Fourier expansions for the D,’s and performing the integrals over

z and 2’ show that (5.68) can be written in the form (5.55) with —ngB) replaced by

k1
A — g8 2/ . 5.69
1 A g (27'[')4 k2 _ M2 ( )




94

CHAPTER 5. THE WESS-ZUMINO MODEL

Figure 5.3: A-loop tadpole contribution to the A propagator.

Figure 5.4: B-loop tadpole contribution to the A propagator.
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Figure 5.5: x-loop tadpole contribution to the A propagator.

We note that (5.69) contains a quadratic divergence.
The second tadpole contribution is from figure 5.4 which has the structure D (z—

2)Da(y — 2)Da(z — 2")Dg(z' — 2') (it is clear that all three tadpoles share the first
three factors). This arises from the Wick expansion of the term

M2 [t 4t T (A AW A B0, (570)

We can contract A(z) with any of the three A(z)’s, and then A(y) with either of the
two remaining ones; this leaves just one way for the last A(z) to be contracted with

A(Z"), and B(z') with B(z’). Hence (5.70) contributes
—6M292/d4z d*2 Da(z — 2)Da(y — 2)Da(z — 2)Dg(2' — '), (5.71)

which leads to the self-energy contribution

&k 1
(t,B)
—iTI¢® = —6g /%%2 . (5.72)

also containing a quadratic divergence.
The third tadpole arises from the reduction of the term

- %QMQQ / d*zd*2 (0|T{A(z)A(y) A%(2) A(2") U5 (2) U (2") }0). (5.73)
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Figure 5.6: A-loop contribution to the A propagator.

Once again, there are 6 ways of getting the structure of figure 5.5, and the associated
self-energy contribution is

1 odk 1
S = Mgt [T
A g 2r)t F-M

ek 1
2
= /(%)4 K2 — M2’ (5.74)

the minus sign relative to (5.69) and (5.72) being characteristic of a fermionic loop,
and arising from the re-ordering of the fermionic fields for the contraction (2.137).

This contribution of the fermion-loop tadpole therefore exactly cancels the com-
bined contributions (5.69) and (5.72) of the boson-loop tadpoles - in particular, their
quadratic divergences are cancelled.

There remain the non-tadpole connected graphs from (5.66). There are two purely
bosonic ones, shown in figures 5.6 and 5.7. The corresponding self-energies are both
proportional to (see for example section 10.1.1 of [15])

/ d*k 1 1 (5.75)
(2m)* (k2 = M?) ((k = p)* = M?) '
This integral is only logarithmically divergent (four powers of & in the numerator and

in the denominator), and we do not need to consider these contributions any further.
We are left with figure 5.8, which arises from the term

5 [ At 0 O LAG) AQ) (g A=) T (2) W (=) (-ig A=) W ()W () }0),
(5.76)
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Figure 5.7: B-loop contribution to the A propagator.

Figure 5.8: x-loop contribution to the A propagator.
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since the term ‘B*(WW)?% gives a disconnected piece, while the term ‘AUYBUY’
contains an odd number of A or B fields and vanishes. In (5.76), A(x) may be
contracted with A(z) and A(y) with A(z’), or vice versa. These contributions are the
same, so that (5.76) becomes

—g* [ [ 412t Da(e—2) Daly— )OI (R, ()31, (2) By Bgs ())10), (5.77)

where we have indicated the spinor indices explicitly. We must now recall the discus-
sion of section 2.5.2 concerning propagators (contractions) for Majorana fields. The
T-product in (5.77) yields two distinct contractions:

(01T (W (2) Wta(2) WRas (=) WR15())10)

= —(07 (Wra (2) W35 (N0 O T (Wi (=) W3ia (2))10)

HOIT (Vo (2) Wi (2) [0) (O] T (Wi (=) Uit (2))10), (5.78)
where the signs of the terms on the right hand side are determined by the number of

corresponding interchanges of fermionic fields. The first term on the right hand side

of (5.78) is, from (2.137),
—SFag(z — 2')Srpalz’ — 2) = =Tr(Sp(z — 2')Sp(z' — 2)) (5.79)

where ‘Tr’ means the sum over the diagonal elements of the matrix product SgSk.

The second term in (5.78) is, from (2.141) and (2.144),
C’;F,YSFW(Z — 2")Spps(2' — 2:)6?cY = Tr(CTSF(z — 2)Sp(2' — z)CT)
= Tr(CTCTSF(Z —2)Sp(2' —2)) = —Tr(Se(z —2')Sr(z' — 2)) (5.80)
using (2.142). The two terms in (5.78) are therefore the same, and the contribution
of (5.77) is
+24* / d*zd*2 Dy(x — 2)Da(y — 2)Tr(Sp(z — 2/)Sp(2' — 2)). (5.81)

The next step is left as an Exercise.

Exercise
By inserting the Fourier expansions for D and Sg (see (2.138)), show that (5.81)

can be written in the form (5.55) with —ngB) replaced by —iHEXX) where

d*k 1 1
@2m)* (f = M) (f—p— M)

i = —292Tr/ (5.82)
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is the x-loop contribution to the A self-energy.

It is clear that (5.82) contains a quadratic divergence (four powers of k in the
numerator, two in the denominator). Following Appendix D of [45], we may isolate
it as follows. We have

TR <w ﬂM+MM b+ M)

B A e e V2 T e T
d4k —kep+ M2

-3¢ | G >«k—m EyTE)

2 d4k [(k* — M?) 4+ ((k — p)* — M?) — p* + 4M”]
=i’ [ o7 (2 — MP)((k — p)? — M)

d4k 1 d*E! 1 )
= —4qg / Ve —4g / 27 W + remainder  (5.83)
where we have changed variable to & = k — p in the second term, and where the
‘remainder’ is at most logarithmically divergent. The quadratically divergent part of
the x-loop contribution to the A self-energy is therefore

Yy (5.84)

(x,quad) 2
I =% 8m?

Quite remarkably, we see from (5.65) and (5.84) that the contribution from the
fermion (x) loop exactly cancels that from the boson loops. The dedicated reader may
like to check that the quadratic divergences also cancel in the one-loop corrections to
the B self-energy. Another example is provided by the following Exercise.

Exercise Show that in the W-7Z model the bosonic and fermionic contributions
to the zero point energy exactly cancel each other. [This is a particular case of the
general result that the vacuum energy of a SUSY-invariant theory vanishes - see
section 9.1.]

In their original paper, Wess and Zumino [19] remarked (with an acknowledgement
to B. W. Lee) on the fact that their model turned out to have fewer divergences than a
conventional renormalizable theory: the interactions were of standard renormalizable
types, but there were special relations between the masses and coupling constants.
They noted the cancellation of quadratic divergences in the A and B self-energies,
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and also pointed out that the logarithmic divergence of the vertex correction to the
spinor-scalar and spinor-pseudoscalar interactions in (5.49) was also cancelled, leaving
a finite vertex correction. They verified these statements in one-loop approximation,
using the theory with the auxiliary fields eliminated - the procedure we have followed
in reproducing one of their results.

However, Wess and Zumino [19] then went on to explore (at one-loop level) the
divergence structure of their model before the auxiliary fields (i.e. F' and G of (4.125))
are eliminated. It then transpired that there were even more cancellations in this case,
and that the only renormalization constant needed was a logarithmically divergent
wavefunction renormalization, the same for all fields in the theory. For example, no
mass corrections for the A or B particles were generated: the quadratic divergences in
the self-energies cancelled as before, but also the remaining logarithmically divergent
contribution was proportional to p?, and hence associated with a wavefunction (or
field-strength) renormalization (see for example section 10.1.3 of [15]).

These one-loop results of Wess and Zumino [19] were extended to two loops by Il-
iopoulos and Zumino [51], who also gave a general proof, to all orders in perturbation
theory, to show that the single, logarithmically divergent, wavefunction renormaliza-
tion constant was sufficient to renormalize the theory, when analyzed without elimi-
nating the auxiliary fields. What this means is that only the kinetic energy terms are
renormalized, there being no renormalization of the other terms at all - that is to say,
there is no renormalization of the superpotential W. This is one form of the ‘SUSY
non-renormalization theorem’, which is now understood to hold generally (in pertur-
bation theory) for any SUSY-invariant theory. This theorem was first established by
‘supergraph’ methods [52], which allow Feynman graphs involving all the fields in one
supermultiplet, including auxiliary fields, to be calculated simultaneously. The first
step towards this formalism is the introduction of ‘superfields’, which group together
these supermultiplet components into one object. This will be the subject of the
following chapter. However, the supergraph proof of the SUSY non-renormalization
theorem is beyond our scope; we refer interested readers to chapter 6 of [48].



Chapter 6

Superfields

Thus far we have adopted (pretty much) a ‘brute force’, or ‘do-it-yourself’ approach,
retreating quite often to explicit matrix expressions, and arriving at SUSY-invariant
Lagrangians by direct construction. We might well wonder whether there is not a
more general procedure which would somehow automatically generate SUSY-invariant
interactions. Such a procedure is indeed available within the superfield approach, to
which we now turn. This formalism has other advantages too. First, it gives us more
insight into SUSY transformations, and their linkage with space-time translations.
Secondly, the appearance of the auxiliary field F'is better motivated. And finally, and
in practice rather importantly, the superfield notation is widely used in discussions

of the MSSM.

6.1 SUSY transformations on fields

By way of a warm-up exercise, let’s recall some things about space-time translations.
A translation of coordinates takes the form

' =" + o (6.1)

where a" is a constant 4-vector. In the unprimed coordinate frame, observers use
states |a),|3),..., and deal with amplitudes of the form (3|&(z)|a), where ¢(z) is
scalar field. In the primed frame, observers evaluate ¢ at z’, and use states |a) =
Ula), ..., where U is unitary, in such a way that their matrix elements (and hence
transition probabilities) are equal to those calculated in the unprimed frame:

(BIU p(2")Ula) = (Blg(z)]e). (6.2)

101
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Since this has to be true for all pairs of states, we can deduce

U () = d(2) (63)
or
Ud(z)U™" = ¢(2') = ¢(z + a). (6.4)
For an infinitesimal translation, z'# = z* + ¢, we may write

U =1+ie, P (6.5)

where the four operators P* are the generators of this transformation (c.f. (4.6));
(6.4) then becomes

(1 +ie,P")p(x)(1 —ie, P*) = oz + €")
99

= G+l (6.6)
that is,
dz)+ do(x) = o) + €'0,h(x), (6.7)
where (c.f. (4.9))
dd(z) =i, [P", d(z)] = €,0" (). (6.8)
We therefore obtain the fundamental relation
i[P*, é(z)] = 0"p(x). (6.9)

In (6.9) the P* are constructed from field operators - for example P° is the Hamilto-
nian, which is the spatial integral of the appropriate Hamiltonian density - and the
canonical commutation relations of the fields must be consistent with (6.9). We used
(6.9) in section 4.2 - see (4.36).

But we can also look at (6.8) another way: we can say
5¢ = €,0"p = —ie, P, (6.10)

where P# is a differential operator acting on the argument of ¢. Clearly Pr = 19" as
usual.

We are now going to carry out analogous steps using SUSY transformations. This
will entail enlarging the space of coordinates z* on which the fields can depend to
include also fermionic degrees of freedom - specifically, spinor degrees of freedom 6
and 6*. Fields which depend on these spinorial degrees of freedom as well as on =
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are called superfields, and the extended space of z*,0 and 6* is called superspace.
Just as the operators P* generate (via the unitary operator U of (6.4)) a shift in the
space-time argument of ¢, so we expect to be able to construct analogous unitary
operators from @) and QT which should similarly effect shifts in the spinorial argu-
ments of the field. Actually, we shall see that the matter is rather more interesting
than that, because a shift will also be induced in the space-time argument z; this
is to be expected, given the link between the SUSY generators and the space-time
translation generators P* embodied in the SUSY algebra (4.48). Having constructed
these operators and seen what shifts they induce, we shall then look at the analogue
of (6.10), and arrive at a differential operator representation of the SUSY generators,
say C? and QT, the differentials in this case being with respect to the spinor degrees
of freedom of superspace (i.e. # and 6*). We can close the circle by checking that the
generators Q and Q' defined this way do indeed satisfy the SUSY algebra (4.48) (this
step being analogous to checking that the angular momentum operators L=—ixxV
obey the SU(2) algebra).
The basic idea is simple. We may write (6.4) as

iz-P

e Pp(0)e P = ¢(z). (6.11)
In analogy to this, let’s consider a ‘U’ for a SUSY transformation which has the form
Uz, 0,0) = e Peil QilQ (6.12)

Here @ and Q* (or QTT) are the (spinorial) SUSY generators met in section 4.2, and 4
and #* are spinor degrees of freedom associated with these SUSY ‘translations’. Note
that, as usual,

0-Q=0"(—ioy)Q, (6.13)

and

0-Q=0(io) Q™. (6.14)
When the field ¢(0) is transformed via ‘U(z,0,0%)$(0)U~"(z,0,0%)’, we expect to

obtain a ¢ which is a function of x, but also now of the ‘fermionic coordinates’ # and
0*, so we shall write it as ®, a superfield:

U(z,0,00(0)U " (z,0,0%) = ®(x,0,0%). (6.15)
Now consider the product of two ordinary spatial translation operators:

eix~Peia~P — ei(m‘+a)~P7 (616)
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since all the components of P commute. We say that this product of translation
operators ‘induces the transformation * — = 4 a in parameter (coordinate) space’.
We are going to generalize this by multiplying two U’s of the form (6.12) together,
and asking: what transformations are induced in the space-time coordinates, and in
the spinorial degrees of freedom?

Such a product is

U(a, £ F)U(m, 0, 9*) _ eia.PeiéQeiéQeiz~Peie.Qeie’.Q_ (6.17)

Unlike in (6.16), it is not possible simply to combine all the exponents here, because
the operators ) and Q' do not commute - rather, they satisfy the algebra (4.48).
However, as noted in section 4.2, the components of P do commute with those of ()
and QT, so we can freely move the operator expliz - P] through the operators to the
left of it, and combine it with explia - P] to yield exp[i(z 4 a) - P], as in (6.16). The
non-trivial part is

€@t @il QifQ (6.18)

To simplify this, we use the Baker-Campbell-Hausdorff identity:

AB _ eA+B+%[A,B]+

ete sllABLBI+.. (6.19)

Let’s apply (6.19) to the first two products in (6.18), taking A = i¢-Q and B = i¢- Q.
We get o o _
GHEQUIER _ (iEQHEQ-LEQEQ . (6.20)

Writing out the commutator in detail, we have

[€-Q,6-Q] = [£'Q1 + €2Qs, Q) — £Q1]
= [£'Qi+ Qs —€7 QL — Q1]
= [€°Q., —€"Q]]
= —£Q."QN + Q¢ Q.
= Q.01 + QlQ.)
= (") P, (6.21)

using (4.48). This means that life is not so bad after all: since P commutes with
@ and QT, there are no more terms in the B-C-H identity to calculate, and we have

established the result B o
Ql€Qui€Q _ eiA~Pei(§-Q+§"Q)7 (6.22)
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where

A* = %iga(a“)abf”*. (6.23)

Note that we have moved the exp[i4 - P] expression to the front, using the fact that
P commutes with Q and Q7.

We pause in the development to comment immediately on (6.22): under this kind
of transformation, the spacetime coordinate acquires an additional shift, namely A*,
which is built out of the spinor parameters ¢ and £*.

Exercise Explain why £%(0#),,£" is a 4-vector. [Hint: We know from section 2.2
that the quantity £76#¢ is a 4-vector, but the combination £%(c#),;£% isn’t quite the
same, apparently. Actually it turns out to be the same, apart from a minus sign.
First note that £%(o#),% = —£€(0*),;6%. Now lower both the indices on the ¢’s

using the € symbols. You reach the expression &céé(aﬂ);}ae“dfd. Now use the relation
between ¢ and ioy (i.e. the matrix —c of section 4.2), together with (4.30) to show
that the expression is equal to —£a#€, or equivalently —£Ta#¢ ]

Continuing on with the reduction of (6.18), we consider

ei&Qeif-Qeié’Qei@Q — eiA~Pei(£~Q—}-f~Q)eié’Qei@iQ7 (624)

and apply B-C-H to the second and third terms in the product on the RHS:

GEQHER)J0Q  _ i(EQ+EQ+H0-Q) - L[EQ+EQ.0-Q1+..

ei(i-Q+f-Q+0-Q)+%0‘1(0“)@{1’*&7 (6.25)
using (6.21) and (4.39). The expression (6.18) is now

e 30 abt” Pt 509 (0) 01" P i (6 Q+EQ+0-Q) i0-Q (6.26)

We now apply B-C-H ‘backwards’ to the penultimate factor:

EQEQH-Q) _ Li(6+0)QiE-Q (E+0)-Q.£Q] (6.27)

el
Evaluating the commutator as before leads to the final result

eif-Qeif~Qei6~Qei§-Q — ei[—i@“(a“)abfb*PM]ei({—}—é)Qei(f—{—?)Q (628)

where in the final product we have again used (4.39) to add the exponents.
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Exercise Check (6.28).

Inspecting (6.28), we infer that the product U(a, £, £*)U(z, 0, 0*) induces the trans-
formations

0 - 6—-60+¢
0 — =0 +¢&
0 —- z¢¥ =z +a" — i@a(a“)abfb*. (6.29)

That is to say,

Ula, &)U (,0,0%)9(0)U (2,0,0°) U (a, ¢, &)
= U(a,&,6)0(x,0,0) U™ (a,€,£)
= O(z" 4 a —10°(a") €™, 0 + €, 0" + 7). (6.30)

We now proceed with the second part of our SUSY extension of ordinary transla-
tions, namely the analogue of equation (6.10).

6.2 A differential operator representation of the
SUSY generators

Equation (6.10) provided us with a differential operator representation of the gener-
ators of translations, by considering an infinitesimal displacement (the reader might
care to recall similar steps for infinitesimal rotations, which lead to the usual repre-
sentation of the angular momentum operators as L = —iz x V). Analogous steps
applied to (6.30) will lead to an explicit representation of the SUSY generators as
certain differential operators. We will then check that they satisfy the anticommu-
tation relations (4.48), just as the angular momentum operators satisfy the familiar
SU(2) algebra.

We regard (6.30) as the result of applying the transformation parametrized by
a,€, & to the field ®(x,0,60%). For an infinitesimal such transformation, the change
in ® associated with ¢ and &* is

ol e ol
agr a0

5§ = —if"(0") 70, P + £° (6.31)

Before proceeding, we check the notational consistency of (6.31). In section 2.3 we
stated the convention for summing over undotted labels, which was ‘diagonally from
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top left to bottom right, as in £*y,’. For (6.31) to be consistent with this convention,
it should be the case that the derivative 9/00" behaves as a ‘x,’-type object. A quick
way of seeing that this is likely to be correct is simply to calculate

0
aga(abeb). (6.32)
Consider ¢ = 1. Now 6°6, = —26'6% and so
0
w(ebeb) = —20% = 20,. (6.33)
Similarly,
d
w(abgb) = 20,, (6.34)
or generally
0
w(& . 0) - 29&7 (635)

which at least checks the claim in this simple case. Similarly we stated the convention
for products of dotted indices as ;(?, and we related dotted-index quantities to
complex conjugated quantities, via x, = x%. Consider the last term in (6.31): since
& =&, it should be the case that 9/96” behaves as a ‘(*’-type (or equivalently as a
‘(™) object.

Exercise Check this by considering 9/96%(0 - 9).
In analogy with (6.10), we want to write (6.31) as
0 = (—i¢ - Q — i€ Q)@ = (-i'Qu —i€;Q™)2. (6.36)
Comparing (6.31) with (6.36), it is easy to identify Q. as
A 0

Qa :laea- (637)
There is a similar term in QT"“, namely
A d
fa _ s
QM= 189;’ (6.38)

and in addition another contribution given by

—ieQMd = —i0%(0") 70, P. (6.39)
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Our present objective is to verify that these Q operators satisfy the SUSY anticom-
mutation relations (4.48). To do this, we need to deal with the lower-index operators
Q! rather than Q.

Exercise Check that (6.38) can be converted to

A 0
.
Qa_ laea*'

(6.40)

As regards (6.39), we use f;QTa = —E‘L*Ql (see Exercise (b) after equation (2.76)),
and 076> = —£>02, followed by an interchange of the indices a and b to give finally

A 0
QI = _iaea* + 0°(0")3,0,. (6.41)

It is now a useful Exercise to check that the explicit representations (6.37) and (6.41)
do indeed result in the required relations

[Qu, Ql] = i(0")asyy = (6")ar P, (6.42)

as well as [Qa, Qb] = [QI, Qz] = 0. We have therefore produced a representation of
the SUSY generators in terms of fermionic parameters, and derivatives with respect

to them, which satisfies the SUSY algebra (4.48).

6.3 Chiral superfields, and their (chiral) compo-
nent fields

Suppose now that a superfield ®(z,6,0*) does not in fact depend on 6%, only on x
and 6: ®(x,0)'. Consider the expansion of such a ® in powers of §. Because of the
fermionic nature of the variables #, which implies that (61)* = (62)* = 0, there will
only be three terms in the expansion, namely a term independent of , a term linear
in § and a term involving %0 -0 = —0,0,:

O(x,0) =d(x)+0- x(x) + %0 -OF (z). (6.43)

!Such a superfield is usually called a ‘left-chiral superfield’, because (see (6.43)) it contains only
the L-type spinor x, and not the R-type spinor 1 (or x1).
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This is the most general form of such a superfield (which depends only on x and 6), and
it depends on three component fields, ¢, xy and F'. We have of course deliberately given
these component fields the same names as those in our previous chiral supermultiplet.
We shall now verify that the transformation law (6.36) for the superfield ®, with Q
given by (6.37) and Qf by (6.41), implies precisely the previous transformations (5.2)
for the component fields ¢, x and F', thus justifying this identification.

We have

§O = (—i€"Q. —iEQM)® = (—i€" Q. + i Q1)

a a ax a spaxnby _p c 1
3 50+ +¢ 90~ +1€70°(0")pa0,)[d() + X + 59 OF]
1
= 5§¢ —+ 9“5@(& —+ 50 . 05§F (644)

We evaluate the derivatives in the second line as follows. First, we have

a . . 1
aaa [QLXC + 59 ) 9] = Xa —I_ 9[17 (645)

using (6.35), so that the £70/00" term yields
E%%q + 0, F. (6.46)

Next, the term in 9/06"* vanishes since ® doesn’t depend on #*. The remaining term
is

10 (0")pa 0o + 1E70° (0" )1a0°0,, X o5 (6.47)

note that the fermionic nature of # precludes any cubic term in #. The first term in
(6.47) can alternatively be written as

—i0° ("), 670, . (6.48)
Referring to (6.44) we can therefore identify the part independent of 8 as
e = £"Xas (6.49)
and the part linear in 0 as
08¢ xa = 0" (EF = i(0")apt" D). (6.50)

Since (6.50) has to be true for all # we can remove the §* throughout, and then (6.49)
and (6.50) indeed reproduce (5.2) for the fields ¢ and x (recall that (ioo£*), = £>).
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We are left with the second term of (6.47), which is bilinear in §, and which ought
to yield 6¢F'. We manipulate this term as follows. First, we write the general product
020° in terms of the scalar product -0 by using the result of the following Exercise.

Exercise Show that 026> = —%6“60 -0, where ¢'? =1, ¢ = —1, ¢!l = €22 = 0; also
that 6**6> = —I—%e"“bﬁ - 0.
The second term in (6.47) is then
s ax T be 1
—iE" (0" )upe 8@(650 - 0. (6.51)
Comparing this with (6.44) we deduce
S = =it (o"1) sy DX (6.52)

Exercise Verify that this is in fact the same as the ¢ F' given in (5.2) (remember
that ‘€ means (£7, ), not (£, €%)).

So the chiral superfield ®(z,8) of (6.43) contains the component fields ¢, x and F
transforming correctly under SUSY transformations; we say that the chiral superfield
provides a linear representation of the SUSY algebra. Note that three component
fields (¢, x and F') are required for this result: here is a more ‘deductive’ justification
for the introduction of the field F'.

We close this rather formal section with a most important observation: the change
in the F field, (6.52), is actually a total derivative, since the parameters £ are inde-
pendent of x; it follows that, in general, the ‘F'-component’ of a chiral superfield, in
the sense of the expansion (6.43), will always transform by a total derivative - and
will therefore automatically correspond to a SUSY-invariant Action.

We now consider products of chiral superfields, and show how to exploit the
italicized remark so as to obtain SUSY-invariant interactions - in particular, those of
the W-Z model introduced in chapter 5.

6.4 Products of chiral superfields

Let ®; be a left-chiral superfield where, as in chapter 5, the suffix 1 labels the gauge
and flavour degrees of freedom of the component fields. ®; has an expansion of the
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form (6.43):
Bi(2,0) = di(x) + 0 xi(z) + %e OFy(). (6.53)

Consider now the product of two such superfields:
1 1

On the RHS there are the following terms:

independent of 0: ¢;¢;; (6.55)
linear in 6: 0 - (x:0; + x;0:); (6.56)
1
bilinear in #: 50 (G F; + i F)+6-x: 0 x5 (6.57)

In the second term of (6.57) we use the result given in the Exercise above equation
(6.51) to write it as

0-x:0-x; = 0"xibxi = —0"0"X:iaXb
. |
= 5€ "0 - Oxiaxp = 59 -O(xi1Xj2 — Xi2Xj1)
1
= —5(9 . (QXZ' * X (658)

Hence the term in the product (6.54) which is bilinear in 8 is

1 .
50 O(dils + ¢ — Xi - X;5)- (6.59)

Exercise Show that the terms in the product (6.54) which are cubic and quartic
in 6 vanish.

Altogether, then, we have shown that if the product (6.54) is itself expanded in
component fields via

1
(I)Z'(I)]‘ = ¢ij + 0 - Xij + 5(9 . (9FZ']‘, (660)

then
i = Gty Xij = Xi®j + QX Fiy = 6iF; + & F — xi - X5 (6.61)
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Suppose now that we introduce a quantity Wyuaq defined by

1
Wanad = §Mijq)iq)j : (6.62)
F

where ‘¢’ means ‘the F-component of’ (i.e. the coefficient of 20 - 0 in the product).
Here M;; is taken to be symmetric in 7 and j. Then

1
Waaa = §Mz’j(¢z’Fj + & F — xi - X5)

1
= Mok — §Mini "X (6.63)

Referring back to the italicized comment at the end of the previous subsection, the
fact that (6.63) is the F-component of a chiral superfield (which is the product of
two other such superfields, in this case), guarantees that the terms in (6.63) provide
a SUSY-invariant Action. And in fact they are precisely the terms involving M;; in
the W-Z model of chapter 5: see (5.3) with W; given by the first term in (5.19), and
W, given by the first term in (5.7). Note also that our Wyuaqa has exactly the same
form, as a function of ®; and ®;, as the M;; part of W in (5.9) had, as a function of

¢; and ;.

Thus encouraged, let’s go on to consider the product of three chiral superfields:
. 1 , , 1
P00, = [¢i¢j+9'(Xi¢j‘|‘Xj¢i)+59'9(¢iFj‘|‘¢jFi_Xi'Xj)][(Pk‘|‘0'Xk+§9'0Fk]- (6.64)

Because our interest is confined to obtaining candidates for SUSY-invariant Actions,
we shall only be interested in the F' component. Inspection of (6.64) yields the obvious
terms

G190 Fr + ¢jon s + drbi b5 — Xi - X - (6.65)
In addition, the term 6 - (x;¢; + x;¢i)0 - xx can be re-written as in (6.58) to give
1 ‘
_59 S0(Xid; + Xi%i) - Xk (6.66)
So altogether

D0, 0| = b i + i Fi + dphiFy — Xi - X0k — X5 - XePi — Xi - Xx®j.  (6.67)

Let’s now consider the cubic analogue of (6.62), namely

1
”cubic - _yukq)zq)]q)k ) (668)
6 F
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where the coefficients y;;x are totally symmetric in 7, j and k. Then from (6.67) we
immediately obtain

Weubic = %yijk¢i¢ij - %yiiji * XjPk- (6.69)
Sure enough, the first term here is precisely the first term in (5.3) with W; given by
the second (y;jx) term in (5.19), while the second term in (6.69) is the second term
in (5.3) with W;; given by the y;j; term in (5.7). Note, again, that our Weypi has
exactly the same form, as a function of the ®’s, as the y;;, part of the W in (5.9), as
a function of the ¢’s.

Thus we have shown that all the interactions found in chapter 5 can be expressed
as F-components of products of superfields, a result which guarantees the SUSY-
invariance of the associated Action. Of course, we must also include the Hermitian
conjugates of the terms considered here. Because all the interactions are generated
from the superfield products in Wyyaq and Weypic, such W’s are called superpotentials.
The full superpotential for the W-Z model is thus

1 1
W = §M2](I)Z(I)] + gyijkq)iq)jq)ky (670)
it being understood that the F-component is to be taken in the Lagrangian.

That understanding is often made explicit by integrating over #; and 6,. Integrals
over such anticommuting variables are defined by the following rules:

/d611 — 0;/d61 0, = 1;/d01/d02 0,0, = 1 (6.71)
(see Appendix O of [7] for example). These rules imply that
/del/de2 %9 9= /d@l/dGQ 0,0, = 1. (6.72)
On the other hand, we can write
d6, dd; = —dd, d6, = —%d@ L0 = d%0. (6.73)

It then follows that

/d29 W = coefficient of 20 - 0 in W (i.e. the F' component). (6.74)

Such integrals are commonly used to project out the desired parts of superfield ex-
pressions.
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As already noted, the functional form of (6.70) is the same as that of (5.9), which is
why they are both called W. Note, however, that the W of (6.70) includes, of course,
all the interactions of the W-Z model, not only those involving the ¢ fields alone. In
the MSSM, superpotentials of the form (6.70) describe the non-gauge interactions of
the fields - that is, in fact, interactions involving the Higgs supermultiplets; in this
case the quadratic and cubic products of the ®’s must be constructed so as to be
singlets (invariant) under the gauge groups.

The reader might suspect that, just as the interactions of the W-7 model can be
compactly expressed in terms of superfields, so can the terms of the free Lagrangian
(5.1). This can certainly be done, but it requires the formalism of the next section.

6.5 A technical annexe: other forms of chiral su-

perfield

The thoughtful reader may be troubled by the following thought. Our development
has been based on the form (6.12) for the unitary operator associated with finite
SUSY transformations. But we could have started, instead, from

Ureal(xy 0’ 9*) — eiz.Pei[€~Q-I-€7.Q]7 (675)

and since @ and QT don’t commute, (6.75) is not the same as (6.12). Indeed, (6.75)
might be regarded as more natural - and certainly more in line with the angular
momentum case, which also involves non-commuting generators, and where the cor-
responding unitary operator is exp[ia - J]. In this case, we shall write the superfield

as ®peqi(z,0,60%), where (c.f. (6.11) and (6.15))
q)real(a;’ 97 0*) = ei[€~Q+§~Q]q)($’ O, O)G_i[e.Q+§.Q]. (676)

Now note that if ®'(z,0,0) = ®(z,0,0), then CI)Ieal(;v,O,H*) = ®eai(z,0,6%). For this
reason a superfield generated in this way is called ‘real type’ superfield. It is easy
to check that an analogous statement is not true for the superfield ® generated via
(6.15): the latter is called a ‘type-I” superfield, denoted (if necessary) by ®1(z, 6, 6%).
Similarly, the U of (6.12) may be denoted by Ui(z, 8, 6%).

In the case of (6.75), the induced transformation corresponding to (6.29) is

0 — 0—-0+¢
0 — =0 +¢&
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1 1
0 — ¥ —=azt+d"+ §if“(0“)a59b* — 519“(0“),1;)5“

1 1
=z’ +a" + 515*5#9 — 510*5“5 (6.77)

where the last line follows via the Exercise above equation (6.24).? Note that the

quantity i(£76"0 — 0167¢) is real - again in contrast to the analogous shift (6.29) for

a type-I superfield. We can again find differential operators representing the SUSY

generators by expanding the change in the field up to first order in ¢ and £*, as in

(6.31), and this will lead to different expressions from those given in (6.37) and (6.41).

However, the new operators will be found to satisy the same SUSY algebra (4.48).
We could also imagine using

Un(z,0,0%) = " Fel?@eifQ, (6.78)
which is not the same either, and for which the induced transformation is

0 — 6—-0+¢
0 — =0 +&
0 — z¢ =zt +a"+ if“(a“)abﬁb*. (6.79)

The corresponding superfield is of ‘type-1I’, denoted by ®r(z,8,60%). Yet a third set
of (differential operator) generators will be found, but again they’ll satisfy the same

SUSY algebra (4.48).
The three types of superfield are related to each other in a simple way. We have

O pet(z,0,07°) = OHFAP (5, 0, 0)e(E2H0R)
= e—iB.Pei(§’~Qei§~Q(I)(l,7 0’ O)G—ié-Qe_ie.QeiB,P (680)

where we have used (6.22) and (6.23) with £ — 0 so that
1- a bx
B* = 519 (o). (6.81)
But the second line of (6.80) can be written as

. : 1
e PP O(2,0,0%)e! 7T = Or(2” — §iea(0“)ab96*a 0,07). (6.82)

2The 2* transformation is essentially the one introduced by Volkov and Akulov [27].
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Similar steps can be followed for ®11, and we obtain
1 1
Orear(z,0,0%) = Or(a* — §i0”‘(a“)a50b*,9,0*) = Ppp(2” + §i9a(a“)a59b*,9,0*). (6.83)

Any of the three superfields ®reai(x, 0, 6%), ®1(z, 0, 0*), Pr1(x, 0, 6%) can be expanded
as a power series in § and 6%, just as we did for ®(z,0). But such an expansion will
contain a lot more terms than (6.43), and will involve more component fields than
¢, x and F. These general superfields (depending on both 6 and 6*) will provide a
representation of the SUSY algebra, but it will be a reducible one, in the sense that
we’d find that we could pick out sets of components that only transformed among
themselves - such as those in a chiral supermultiplet, for example. These irreducible
sets of fields can be selected out from the beginning by applying a suitable constraint.
For example, we got straight to the irreducible left chiral supermultiplet by starting
with what we now call ®1(z,6,60*) and requiring it not to depend on #*. That is to
say, we required

9,

—&4(2,0,07) = 0. 6.84

90~ i(z,0,6%) ( )
The reason that this works is that the operator d/06* commutes with the SUSY
transformation (6.31): that is,

0 0

Hence if ®1 does not depend on §*, neither does @1, which means that the surviving
components form a representation by themselves.

We know that the components of ®1(x,8) are precisely those of the L-chiral mul-
tiplet. A natural question to ask is: how is an L-chiral multiplet described by a real
superfield @peai(x,,6%)7 The answer is provided by (6.83), namely

q)L

real

(2,0,0%) = By(a" — %iea(aﬂ)abeb*, 0) (6.86)

where
Bi(,0) = G(x) + 0 x(2) + 50 0F(x). (6.87)

Hence

q)L

real

(0.0, = Bl — L0 ()00") + 0 x(* — Li07(0),00)

1 1
+50-0F (z" — 519“(0“)@95*). (6.88)
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The fields on the right hand side of (6.88) may be expanded as a Taylor series about
the point x, and we obtain

1 1
Phoa(2,0,07) = 6(2) +0-X(2) + 50 0F(2) — 5i6°(")s0" 0,6

1 1
—§i9 - 0ux 9“(0“)%9“ — gea(J“)abeb*ec(a”)Cd(?d*(?#&,qb, (6.89)

since terms of higher degree than the second in  or 6* vanish. Using equation (6.58),
the penultimate term can be written as

1
70 00, x" (") 0" (6.90)
The last term can be simplified as follows:
ea(ag)abgb*ac(au)cdgd* — _aaaceb*ad*(au)ab(au)cd

= (O (5 0) (0 (o)

1 _
= —30-00- 0 (0")ape"! (0" )ca

_ _ig 98- 0(—5"T)(6").y using (4.30)

_ ia 00 0Tr(5"0") = %9 0004 (6.91)
Finally therefore
O (2,0,07) = B(x)+0-x(x)+ %e O F(z) — %iea(aﬂ)abab*aﬂqﬁ
%10 00, x" (") 0" — %0 00009, (6.92)

It turns out that a similar story can be told for the R-chiral field, using ®1(z, 6, 6%)
restricted to be independent of . Indeed we have

(I);rl(xa 97 9*) = {engei@-Qq)(x’ 0’ O)G_ig'Qe_ig'Qr

= 92791 (z,0,0)e 0 Qe 00 (6.93)

which is a type-I superfield built on ®'(z,0,0), whereas ®1(x,8,8%) was built on
®(2,0,0). In a sense, type-1 and type-II fields are conjugates of each other, and the
simplest description of an R-chiral field is via the conjugate of ®%(z,#):

Ofi(,0%) = &' () 40 X(a) + 30 0F(2). (6.94)
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X is of course an R-chiral (dotted spinor) field (see section 2.3).

We can now return to the question of representing the free Lagrangian (5.1) in
terms of superfields. A glance at (6.92) suggests that the desired terms may be
contained in the product

(z,0,0%). (6.95)

real

(@hu(z,6,67)" 0L

The essential point is that, in such a product, the field of highest dimension must
transform as a total derivative. In the expansion of ®i(z,0) = ®(z,0) this is the
coefficient of -6, namely the field F'. Similarly, in the product ®;(z, 8)®;(z,0) it is the
‘F-component’. In the case of the product (6.95) it is the coefficient of -0 86, which
is called the ‘D-component’ (the terminology is taken from the superfield formalism
for vector supermultiplets - see [42] chapter 3). Writing out the product (6.95), the
terms which contribute to the D-term are (dropping the subscripts on the component

fields)

1 1 1 -
—— P10 — — %P + —F'F)0-00-0 :

(1?00 — 15009 + I F] (6.96)
1. 1 -

+7ix 066 DX (") a0 — Zwa(a“)abaﬂxb*e 06 x (6.97)
1

—|—Z@gbwa(a“)ab@b*@c(al’)Cdﬁd*ayqb. (6.98)

The first two terms of (6.96) are equivalent to
1 o
+§a“¢faﬂ¢e 000 (6.99)
by partial integrations. The first term of (6.97) can be written as
1 -
—Zie-xe -005"0,x (6.100)

using the result of the Exercise above (6.24). The expression (6.100) can be further
reduced by using the formula

0-Xi

=y

Xj= 500X x; (6.101)
which is analogous to (6.58); (6.100) becomes

1 o
X" Dux 0600, (6.102)
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Similarly, the second term of (6.97) can be reduced to
Lo
—glaﬂxa x6-00-46. (6.103)

This is equivalent to (6.102) by a partial integration. Finally using (6.91) the term
(6.98) becomes

%aﬂa%& 00-90. (6.104)

Putting together the above results we see that indeed the free part of the W-7 La-
grangian can be written as

4 M oL

real * real

o (6.105)

The D-component of a superfield may be projected out by a Grassmann inte-
gration analogous to the one used in (6.74) to project the F-component. We define

(compare (6.73))
1

d* = —5df - df = 624", (6.106)
from which it follows (compare (6.72)) that
2l 4
/d 050-0=1. (6.107)

Then combining (6.72) and (6.107) and defining
d*0 = d*0d?, (6.108)

the free part of the W-7 Lagrangian may be written as
[atoo el

real * real”

(6.109)

It is time to consider other supermultiplets, in particular ones containing gauge
fields, with a view to supersymmetrizing the gauge interactions of the SM.
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Chapter 7

Vector (or gauge) supermultiplets

Having developed a certain amount of superfield formalism, it might seem sensible to
use it now to discuss supermultiplets containing vector (gauge) fields. But although
this is of course perfectly possible (see for example [42] chapter 3), it is actually fairly
complicated, and we prefer the ‘try it and see’ approach that we used in section 3.1,
which (as before) establishes the appropriate SUSY transformations more intuitively.
We begin with a simple example, a kind of vector analogue of the model of section

3.1.

7.1 The free Abelian gauge supermultiplet

Consider a simple massless U(1) gauge field A#(x), like that of the photon. The spin
of such a field is 1, but on-shell it contains only two (rather than three) degrees of
freedom, both transverse to the direction of propagation. As we saw in section 4.4, we
expect that SUSY will partner this field with a spin-1/2 field, also with two on-shell
degrees of freedom. Such a fermionic partner of a gauge field is called generically a
‘gaugino’. This one is a photino, and we’ll denote its field by A, and take it to be
L-type. Being in the same multiplet as the photon, it must have the same ‘internal’
quantum numbers as the photon, in particular it must be electrically neutral. So it
doesn’t have any coupling to the photon. The photino must also have the same mass
as the photon, namely zero. The Lagrangian is therefore just a sum of the Maxwell
term for the photon, and the appropriate free massless spinor term for the photino:

1
Loy == Fu P + iXa o, (7.1)

121
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where as usual F'* = g*A” — 0" A*. We now set about investigating what might be
the SUSY transformations between A* and A, such that the Lagrangian (7.1) (or the
corresponding Action) is invariant.

We anticipate that, as with the chiral supermultiplet, we shall not be able consis-
tently to ignore the off-shell degree of freedom of the gauge field - but we shall start
by doing so. First, consider 6;A*. This has to be a 4-vector, and also a real rather
than complex quantity, linear in £ and £*. We try (recalling the 4-vector combination
from section 2.2)

Se A" = 15X + Nare, (7.2)
where £ is also an L-type spinor, but has dimension M~/% as in (3.7). The spinor field
A has dimension M®/2 so (7.2) is consistent with A* having the desired dimension
M*,

What about 6¢A? This must presumably be proportional to A* - or better, since
A is gauge-invariant, to the gauge-invariant quantity F'*”, so we try

de A ~ EFHY. (7.3)
Since the dimension of F** is M?, we see that the dimensions already balance on
both sides of (7.3), so there is no need to introduce any derivatives. But we do need
to absorb the two Lorentz indices g and v on the RHS, and leave ourselves with
something transforming correctly as an L-type spinor. This can be neatly done by

recalling (section 2.2) that the quantity ¢”¢ transforms as an R-type spinor ¢, while
o transforms as an L-type spinor. So we try

ded = Co"a"¢F,,, (7.4)
where (' is a constant to be determined. Then we also have
S = C* €16 ot F,. (7.5)

Consider the SUSY variation of the Maxwell term in (7.1). Using the antisymme-
try of F'*” we have

1 1
8¢ <_Z wF“U> = —5Fu(0"6A" — 8"5¢A")
= —F,,0"5: A"
= —F, 06"\ + \6v¢). (7.6)

The variation of the spinor term is

(8 AT 0, N 4 IXT 570, (5e )
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=i(C*¢'6 0" F,,) o d,) +i1C N 670, (0457 EF,,). (7.7)

The € part of (7.6) must cancel the £ part of (7.7) (or else their sum must be expressible
as a total derivative), and the same is true of the ¢f parts. So consider the £T part of
(7.7). Tt is

iC*¢'6¥ o 5" F,,0,) = —iC 160" 5" F,,0,)\. (7.8)

Now the ¢’s are just Pauli matrices, together with the identity matrix, and we know
that products of two Pauli matrices will give either the identity matrix or a third
Pauli matrix. Hence products of three ¢’s as in (7.8) must be expressible as a linear
combination of ¢’s. The identity we need is

ghova’ = g"'at — ¢"e" + ¢"Pa" — 15y (7.9)
When (7.9) is inserted into (7.8), some simplifications occur. First, the term involving
ceeeg™... . F,, vanishes, because ¢g"” is symmetric in its indices while F},, is antisym-
metric. Next, we can do a partial integration to re-write F,,0,A as —(0,F,, )\ =
—(0,0,A, — 0,0,A,)\. The first of these two terms is symmetric under interchange
of p and p, and the second is symmetric under interchange of p and v. But they are
both contracted with €#?%, which is antisymmetric under the interchange of either of
these pairs of indices. Hence the term in € vanishes, and (7.8) becomes

—iC*¢VE,, [—av 0"\ + 540" )] (7.10)

In the second term here, interchange the indices p and v throughout, and then use
the antisymmetry of F,,: you find that the second term equals the first, so that this
‘€1 part of the variation of the fermionic part of £ is

ACET6" F,, 0"\, (7.11)

This will cancel the £ part of (7.6) if C' = i/2, and the £ part of (7.6) will then also

cancel. So the required SUSY transformations are (7.2) and

S\ = %ia“a”fFW, (7.12)

1
Sl = —515&”0“%. (7.13)

However, if we try to calculate (as in section 4.5) &,0¢ — d¢d,, as applied to the fields
A" and A, we shall find that consistent results are not obtained unless the free-field

equations of motion are assumed to hold, which is not satisfactory. Off-shell, A* has
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a third degree of freedom, and so we expect to have to introduce one more auxiliary
field, call it D(z), which is a real scalar field with one degree of freedom. We add to
L., the extra (non-propagating) term

1
Lp= 5D?. (7.14)

We now have to consider SUSY transformations including D.

First note that the dimension of D is M?, the same as for I'. This suggests that
D transforms in a similar way to F', as given by (4.109). However, D is a real field,
so we modify (4.109) by adding the hermitian conjugate term, arriving at

6D = —i(E'a"9,) — (0,))15"¢). (7.15)

As in the case of §¢F', this is also a total derivative. Analogously to (4.113) and
(4.115), we expect to modify (7.12) and (7.13) so as to include additional terms

SeA=ED, ST = €D, (7.16)

The variation of Lp is then
1
56 <§D2> = D&:D = —iD(Ele 9,0 — (9,0 To%¢), (7.17)

and the variation of the fermionic part of £, gets an additional contribution which
is

ie'6"9, D +iX1640,£D. (7.18)

The first term of (7.18) cancels the first term of (7.17), and the second terms also
cancel after either one has been integrated by parts.

7.2 Non-Abelian gauge supermultiplets

The preceding example is clearly unrealistic physically, but it will help us in guessing
the SUSY transformations in the physically relevant non-Abelian case. For definite-
ness, we'll mostly consider an SU(2) gauge theory, such as occurs in the electroweak
sector of the SM. We begin by recalling some necessary facts about non-Abelian gauge
theories.

For an SU(2) gauge theory, the Maxwell field strength tensor F,, of U(1) is gen-
eralized to (see for example [7] chapter 13)

Fo = 0,We —0,We — g WIW), (7.19)
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where a, 3 and 74 have the values 1,2 and 3, the gauge field W, = (Wj, Wi, WS) is an
SU(2) triplet (or ‘vector’, thinking of it in SO(3) terms), and g is the gauge coupling
constant. We are writing the SU(2) indices as superscripts rather than subscripts,
but this has no mathematical significance; rather, it is to avoid confusion, later, with
the spinor index of the gaugino field A2. Equation (7.19) can alternatively be written
in ‘vector’ notation as

F,,=0W,—0,W,—gW,xW,. (7.20)

If the gauge group was SU(3) there would be 8 gauge fields (gluons, in the QCD case),
and in general for SU(N) there are N* — 1. Gauge fields always belong to a particular
representation of the gauge group, namely the regular or adjoint one, which has as
many components as there are generators of the group: see pages 400-401 of [7].

An infinitesimal gauge transformation on the gauge fields W takes the form

Wi (x) = Wi (z) — 9ue”(x) — ge*eP (2)W) (), (7.21)

where we have here indicated the xz-dependence explicitly, to emphasize the fact that
this is a local transformation, in which the three infinitesimal parameters ¢*(z) depend
on z. In U(1) we would have only one such ¢(z), the second term in (7.21) would
be absent, and the field strength tensor F,, would be gauge-invariant. In SU(2), the
corresponding tensor (7.20) transforms by

Fi(z) = Fj,(z) — g™ (2) F], (2), (7.22)

which is nothing but the statement that F',, transforms as an SU(2) triplet. Note
that (7.22) involves no derivative of €(x), such as appears in (7.21), even though
the transformations being considered are local ones. This fact shows that the simple
generalization of the Maxwell Lagrangian in terms of F',,,

1 1
_ZFW - FY = —ZFEDFW", (7.23)
is invariant under local SU(2) transformations - i.e. is SU(2) gauge-invariant.

We now need to generalize the simple U(1) SUSY model of the previous subsection.
Clearly the first step is to introduce an SU(2) triplet of gauginos, A = (A', A%, A3), to
partner the triplet of gauge fields. Under an infinitesimal SU(2) gauge transformation,
A” transforms as in (7.22):

2 (z) = A (x) — g ()N (). (7.24)
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The gauginos are of course not gauge fields and so their transformation does not
include any derivative of €(x). So the straightforward generalization of (7.1) would

be
1 ot ua v
Ly = = Fo B + ixtzrg, a2, (7.25)

But although the first term of (7.25) is SU(2) gauge-invariant, the second is not,
because the gradient will act on the z-dependent parameters ¢”(z) in (7.24) to leave
uncancelled d,¢°(z) terms after the gauge transformation. The way to make this term
gauge-invariant is to replace the ordinary gradient in it by the appropriate covariant
derivalive - see [7] page 47, for instance. The general recipe is

9, = D,=0,+igT" . W, (7.26)

where the three matrices 7> o = 1,2,3, are of dimension 2t + 1 x 2t + 1 and
represent the generators of SU(2) when acting on a 2t + 1-component field, which is
in the representation of SU(2) characterized by the ‘isospin’ ¢ (see [7] section M.5).
In the present case, the A*’s belong in the triplet (¢ = 1) representation, for which
the three 3 x 3 matrices T(V* are given by (see [7] equation (M.70))

(e — ;0B
( )ﬁfy element 1™, (727)
Thus, in (7.25), we need to make the replacement

au)‘a - (Du)‘)a = aﬂ)\a + ig(T(l) : W,u)ozﬁ element)\ﬁ
= 9\ +ig(—i WA
= 0\ + g PWIN
= O\ — ge*WIN, (7.28)

With this replacement for d,A% in (7.25), the resulting Ly, is SU(2) gauge-invariant.

What about making it also invariant under SUSY transformations? From the
experience of the U(1) case in the previous subsection, we expect that we’ll need to
introduce the analogue of the auxiliary field D. In this case, we need a triplet of D’s,
D?, balancing the third off-shell degree of freedom for each W7. So our shot at a
SUSY- and gauge-invariant Lagrangian for an SU(2) gauge supermultiplet is

1 1
Lonuge = =7 Fo, P +1N10"(DA) + 5 DD, (7.29)

Confusion must be avoided as between the covariant derivative and the auxiliary field!
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What are reasonable guesses for the relevant SUSY transformations? We try the
obvious generalizations of the U(1) case:

5gw,uoz — gTa.u/\a_l_/\aTa-#f’

L. —v o o

JeA™ = 510“0 EF, +ED
5% = i€l (D) — (D)) (7.30)

note that in the last equation we have replaced the ‘0,” of (7.15) by ‘D,’, so as to
maintain gauge-invariance. This in fact works, just as it is! Quite remarkably, the
Action for (7.29) is invariant under the transformations (7.30), and (9,6 —d¢d,) can be
consistently applied to all the fields W7, A and D in this gauge supermultiplet. This
supersymmetric gauge theory therefore has two sorts of interactions: (i) the usual self-
interactions among the W fields as generated by the term (7.23); and (ii) interactions
between the W’s and the A’s generated by the covariant derivative coupling in (7.29).
We stress again that the supersymmetry requires the gaugino partners to belong to
the same representation of the gauge group as the gauge bosons themselves - i.e. to
the regular, or adjoint, representation.

We are getting closer to the MSSM at last. The next stage is to build Lagrangians
containing both chiral and gauge supermultiplets, in such a way that they (or the
Actions) are invariant under both SUSY and gauge transformations.

7.3 Combining chiral and gauge supermultiplets

We do this in two steps. First we introduce - via appropriate covariant derivatives
- the couplings of the gauge fields to the scalars and fermions (‘matter fields’) in
the chiral supermultiplets. This will account for the interactions between the gauge
fields of the vector supermultiplets and the matter fields of the chiral supermultiplets.
But there are also gaugino and D fields in the vector supermultiplets, and we need
to consider whether there are any possible renormalizable interactions between the
matter fields and gaugino and D fields, which are both gauge- and SUSY-invariant.
Including such interactions is the second step in the programme of combining the two
kinds of supermultiplets.

The essential points in such a construction are contained in the simplest case,
namely that of a single U(1) (Abelian) vector supermultiplet and a single free chiral
supermultiplet, the combination of which we shall now consider.
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7.3.1 Combining one U(1) vector supermultiplet and one free
chiral supermultiplet

The first step is accomplished by taking the Lagrangian of (5.1), for only a single
supermultiplet, replacing d, by D, where (compare (7.26))

D, =8, +iqA, (7.31)

where ¢ is the U(1) coupling constant (or charge), and adding on the Lagrangian for
the U(1) vector supermultiplet (i.e. (7.1) together with (7.14)). This produces the
Lagrangian

1 1
L= (D) (D"¢) +ix'o"D,x + FIF — 7 Fw "+ iXe"a,\ + 5D?. (7.32)

We now have to consider possible interactions between the matter fields ¢ and ¥y,
and the other fields A and D in the vector supermultiplet. Any such interaction terms
must certainly be Lorentz-invariant, renormalizable (i.e. have mass dimension less
than or equal to 4), and gauge-invariant. Given some terms with these characteristics,
we shall then have to examine whether we can include them in a SUSY-preserving
way.

Since the fields A and D are neutral, any gauge-invariant couplings between them
and the charged fields ¢ and y must involve neutral bilinear combinations of the latter
fields, namely ¢, Ty, xTé and xTy. These have mass dimension 2, 5/2, 5/2 and 3
respectively. They have to be coupled to the fields A and D which have dimension 3/2
and 2 respectively, so as to make quantities with dimension no greater than 4. This
rules out the bilinear x Ty, and allows just three possible Lorentz- and gauge-invariant
renormalizable couplings: (¢fx) - A, AT+ (xT¢), and ¢TéD. In the first of these the
Lorentz invariant is formed as the ‘-’ product of the L-type quantity ¢’y and the
L-type spinor ), while in the second it is formed as a ‘AT - y"-type product. We take
the sum of the first two couplings to obtain a Hermitian interaction, and arrive at
the possible allowed interaction terms

Aql(e'x) - A+ AT (x19)] + B D. (7.33)

The coefficients A and B are now to be determined by requiring that the complete
Lagrangian of (7.32) together with (7.33) is SUSY-invariant (note that for convenience
we have extracted an explicit factor of ¢ from A and B).

To implement this programme we need to specify the SUSY transformations of the
fields. At first sight, this seems straightforward enough: we use (7.2), (7.12), (7.13)
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and (7.15) for the fields in the vector supermultiplet, and we ‘covariantize’ the trans-
formations used for the chiral supermultiplet. For the latter, then, we provisionally
assume

Sep=E€-x, dex = —io"(io)ET Db+ EF,  §:F = —ifla"D,x, (7.34)

together with the analogous transformations for the Hermitian conjugate fields. As
we shall see, however, there is no choice we can make for A and B in (7.33) such
that the complete Lagrangian is invariant under these transformations. One may not
be too surprised by this: after all, the transformations for the chiral supermultiplet
were found for the case ¢ = 0, and it is quite possible, one might think, that one or
more of the transformations in (7.34) have to be modified by pieces proportional to
g. Indeed, we shall find that the transformation for F' does need to be so modified.
But there is a more important reason for the ‘failure’ to find a suitable A and B.
The transformations of (7.2), (7.12), (7.13) and (7.15), on the one hand, and those of
(7.34) on the other, certainly do ensure the SUSY-invariance of the gauge and chiral
parts of (7.32) respectively, in the limit ¢ = 0. But there is no a priorireason - at least
in our ‘brute-force’ approach - why the ‘¢’ parameter in one set of transformations
should be exactly the same as that in the other. Either ‘¢’ can be rescaled by a
constant multiple, and the relevant sub-Lagrangian will remain invariant. However,
when we combine the Lagrangians and include (7.33), for the case ¢ # 0, we shall
see that the requirement of overall SUSY-invariance fixes the relative scale of the two
‘¢’s’ (up to a sign), and without a rescaling in one or the other transformation we
cannot get a SUSY-invariant theory. For definiteness we shall keep the ‘¢ in (7.34)
unmodified, and introduce a real scale parameter a into the transformations for the
vector supermultiplet, so that they now become

se A" = a(fla") + Mahe) (7.35)
S\ = %(aﬂ&ug)FwagD (7.36)
SAt = —%(f*&”a“)FMy—l—afTD (7.37)
5D = —ai('6"9,\ — (0, N)5"€). (7.38)

Consider first the SUSY variation of the ‘A’ part of (7.33). This is

Aql(8ed)x - A+ &M (8ex) - A+ ¢Tx - (Je)
(@A) X+ AT (G ) + AT xT(8¢0)]- (7.39)
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Among these terms there are two which are linear in ¢ and D, arising from ¢!y - (¢ ))
and its Hermitian conjugate, namely

Aqlad'x - €D + aft - xTDg). (7.40)
Similarly, the variation of the ‘B’ part is

Bq[(8:8")pD + ¢1(5e4) D + ¢T(8: D)) = By[x"- £1¢D +
OTE XD + ¢ p(—ai) (€167 9,\ — (9, A1)a"€)]. (7.41)

The ‘D’ part of (7.41) will cancel the term (7.40) if (using x'- &0 = €. xT and
E-x=x-¢
Aa = —B. (7.42)

Next, note that the first and last terms of (7.39) produce the changes
Agxt- € x - A+ AT T e o], (7.43)

Meanwhile, there is a corresponding change coming from the variation of the term
—qxta”xA,, namely

—qx'o"x(8:A,) = —qaxTa"x(£15,0 + N5,.8). (7.44)

This can be simplified with the help of the following Exercise.

Exercise Show that

(XTo"x)(Ma,€) = 2(xT- AT)(x - €). (7.45)

So (7.44) becomes
—2qa[xT- €M x - A+ xT- AT x - 4], (7.46)

which will cancel (7.43) if (again using x - € = £ - x and xT- AT = AT yT)
A = 2a. (7.47)

So far, there is nothing to prevent us from choosing o = 1, say, in (7.42) and
(7.47). However, a constraint on « arises when we consider the variation of the
A" — ¢ interaction term in (7.32), namely

_iq5£(A#¢Taﬂ¢ - (6M¢)TA“¢). (7.48)



7.3. COMBINING CHIRAL AND GAUGE SUPERMULTIPLETS 131

The terms in 6 A* yield a change

igal(0,61) (€107 A + Ma"€)p — (€15 + Ma#€)610,4). (7.49)
A similar change arises from the terms Ag[é(d¢x) - A+ AT+ (exT) ] in (7.39), namely
Aqg[o'(—ic"i026T70,0) - A + AT+ 0,07 (—ioyiotd)]. (7.50)

The first spinor dot product is
e (—ioa)(—io"T)(—iog) A = i€Tah ), (7.51)

using (4.30). The second spinor product is the Hermitian conjugate of this, so that
(7.50) yields a change

Agild(9,0)E15" ) — (8,61 A€ (7.52)

Along with (7.49) and (7.52) we must also group the last two terms in (7.41), which
we write out again here for convenience

Bl (—ai) (1570, — (,X1)54€)], (7.53)
and integrate by parts to yield
aiBq{[(0,6")¢ + ¢'9,](£'"X) — [(8,0")¢ + 6" 0,g](A'5"€) . (7.54)

Consider now the terms involving the quantity £'a#) in (7.49), (7.52) and (7.54),
which are

iqa[(8,0")¢ — ¢19,8] + Aqid0.¢ + aiBq[(8,6")¢ + ¢1D,6). (7.55)
These will all cancel if the condition (7.47) holds, and if in addition
B=—1. (7.56)
From (7.47) and (7.42) it now follows that
ot =L (7.57)
2

We conclude that, as promised, the combined Lagrangian will not be SUSY-
invariant unless we modify the scale of the transformations of the gauge supermulti-
plet, relative to those of the chiral supermultiplet, by a non-trivial factor, which we
choose (in agreement with what seems to be the usual convention) to be

(7.58)
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With this choice, the coefficient A is determined to be
A=—V2, (7.59)

and our combined Lagrangian is fixed.

We have, of course, not given a complete analysis of all the terms in the SUSY
variation of our Lagrangian, an exercise we leave to the dedicated reader - who will
find that (with one more adjustment to the SUSY transformations) all the variations
do indeed vanish (after partial integrations in some cases, as usual). The need for
the adjustment appears when we consider the variation associated with the terms

Aq[éT(Sex) - X + AT+ (8exT) ] in (7.39), which includes the term
Aq[pTé - NF + X1 - €TFTg). (7.60)

This cannot be cancelled by any other variation, and we therefore have to modify the
transformation for /' and FT so as to generate a cancelling term from the variation
of F1F in the Lagrangian. This requires

6¢F = —/2¢)\T - €16 + previous transformation (7.61)

and

ST = —V/2¢€ - \¢T + previous transformation, (7.62)

where we have now inserted the known value of A.
In summary then, our SUSY-invariant combined chiral and U(1) gauge supermul-
tiplet Lagrangian is

1 1
L= (D) (D"¢) +ix'e"D,x + F1F — 7 F P+ iXtara, N + 502
—V24[(6"x) - A+ M- (x19)] - q8TéD. (7.63)

Note that the terms in the last line of (7.63) are interactions whose strengths are
fixed by SUSY to be proportional to the gauge coupling constant ¢, even though they
don’t have the form of ordinary gauge interactions; the terms coupling the photino A
to the matter fields may be thought of as arising from supersymmetrizing the usual
coupling of the gauge field to the matter fields.

The equation of motion for the field D is

D = qd'o. (7.64)

Since no derivatives of D enter, we may (as in the W-7Z case for F; and FZ»T, c.f.

equations (5.21) and (5.22)) eliminate the auxiliary field D from the Lagrangian by
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using (7.64). The effect of this is clearly to replace the two terms involving D in
(7.63) by the single term

(9 (7.65)
This is a ‘(¢T¢)? type of interaction, just as in the Higgs potential (1.4), but here
appearing with a coupling constant which is not an unknown parameter, but is deter-
mined by the gauge coupling g. In the next section we shall see that the same feature
persists in the more realistic non-Abelian case. Since the Higgs mass is (for a fixed
vev of the Higgs field) determined by the (¢'¢)? coupling - see (1.3) for example -
it follows that there is likely to be less arbitrariness in the mass of the Higgs in the
MSSM than in the SM. We shall see in chapter 10, when we examine the Higgs sector
of the MSSM, that this is indeed the case.

7.3.2 The non-Abelian case

Once again, we proceed in two steps. We start from the W-7Z Lagrangian for a
collection of chiral supermultiplets labelled by 7, and including the superpotential
terms:

ow 1 0*W
Fi_ ~—X:i "X h . .

0, 810" i + xTic" D, x: + FIFy +

into which we introduce the gauge couplings via the covariant derivatives

i = Dudi = 0u¢i +igA (T ¢); (7.67)

where g and Af are the gauge coupling constant and gauge fields (for example, g,
and gluon fields for QCD), and the T are the hermitian matrices representing the
generators of the gauge group in the representation to which, for given i, ¢; and y;
belong (for example, if ¢; and x; are SU(2) doublets, the T*’s would be the /2,
with o running from 1 to 3). Recall that SUSY requires that ¢;, x; and F; must all be
in the same representation of the relevant gauge group. Of course, if - as is the case
in the SM - some matter fields interact with more than one gauge field, then all the
gauge couplings must be included in the covariant derivatives. There is no covariant
derivative for the auxiliary fields Fj, because their ordinary derivatives don’t appear
in (7.66). To (7.68) we need to add the Lagrangian for the gauge supermultiplet(s),
equation (7.29), and then (in the second step) additional ‘mixed’ interactions as in

(7.33).
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We therefore need to construct all possible Lorentz- and gauge-invariant renor-
malizable interactions between the matter fields and the gaugino (A*) and auxiliary
(D*) fields, as in the U(1) case. We have the specific particle content of the SM in
mind, so we need only consider the cases in which the matter fields are either sin-
glets under the gauge group (for example, the R parts of quark and lepton fields),
or belong to the fundamental representation of the gauge group (that is, the triplet
for SU(3) and the doublet for SU(2)). For matter fields in singlet representations,
there is no possible gauge-invariant coupling between them and A* or D®, which are
in the regular representation. For matter fields in the fundamental representation,
however, we can form bilinear combinations of them which transform according to
the regular representation, and these bilinears can be ‘dotted’ into A* and D* to give
gauge singlets (i.e. gauge-invariant couplings). We must also arrange the couplings
to be Lorentz invariant, of course.

The bilinear combinations of the ¢; and y; which transform as the regular repre-
sentation are (see for example [7] sections 12.1.3 and 12.2)

SIT s, ST xi, XIT¢s, and xIT*x:, (7.69)

where for example T = 7% /2 in the case of SU(2), and where the 7, (o = 1,2, 3) are
usual the Pauli matrices used in the isospin context. These bilinears are the obvious
analogues of the ones considered in the U(1) case; in particular they have the same
dimension. Following the same reasoning, then, the allowed additional interaction
terms are

Agl(oITox:) - X + Xt (xIT*¢i)] + Bg(sIT*¢:) D, (7.70)

where A and B are coefficients to be determined by the requirement of SUSY-
invariance.

In fact, however, a consideration of the SUSY transformations in this case shows
that they are essentially the same as in the U(1) case (apart from straightforward
changes involving the matrices 7). The upshot is that, just as in the U(1) case, we
need to change the SUSY transformations of (7.30) by replacing ¢ by —£/+/2, and by

modifying the transformation of F; to
5§FZ»T = —\/2¢¢IT€ - \* + previous transformation, (7.71)

and similarly for d;F;. The coefficients A and B in (7.70) are then —v/2 and —1

respectively, as in the U(1) case, and the combined SUSY-invariant Lagrangian is

ﬁgauge + chiral = Egauge(equation (729))
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+LW_7, covariantized(€quation (7.66), with d, — D, as in (7.67) and (7.68))
—V2g[(dITx:) - X+ X1 (}[T7)] — (6] T ¢:) D™ (7.72)

We draw attention to an important consequence of the terms —v/2g[...] in (7.72),
for the case in which the chiral multiplets (¢;, x;) are the two Higgs supermultiplets
H, and Hy, containing higgs and higgsino fields (see Table 8.1 in the chapter that
follows). When the scalar Higgs fields H? and H§ acquire vevs, these terms will be
bilinear in the higgsino and gaugino fields, implying that mixing will occur among
these fields as a consequence of electroweak symmetry breaking. We shall discuss this
in section 11.2.

The equation of motion for the field D* is

D* = g3 (6lT76:), (7.73)

where the sum over i (labelling a given chiral supermultiplet) has been re-instated
explicitly. As before, we may eliminate these auxiliary fields from the Lagrangian by
using (7.73). The complete scalar potential (as in ‘L =T —V’) is then

V6,6)) = Wil + 5 5 3 3 k6l Ta6)(6]726)) (7.74)
G

o i

where in the summation we have recalled that more than one gauge group G will
enter, in general, given the SU(3)xSU(2)xU(1) structure of the SM, with different
couplings gg and generators Tq. The first term in (7.74) is called the ‘F-term’, for
obvious reasons; it is determined by the fermion mass terms M;; and Yukawa couplings
(see (5.19)). The second term is called the ‘D-term’; and is determined by the gauge
interactions. There is no room for any other scalar potential, independent of these
parameters appearing in other parts of the Lagrangian. It is worth emphasizing that
V is a sum of squares, and is hence always greater than or equal to zero for every
field configuration. We shall see in section 10.2 how the form of the D-term allows
an important bound to be put on the mass of the lightest Higgs boson in the MSSM.
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Chapter 8
The MSSM

8.1 Specification of the superpotential

We have now introduced all the interactions appearing in the MSSM, apart from
specifying the superpotential W. We already assigned the SM fields to supermultiplets
in sections 3.2 and 4.4 - let’s begin by reviewing those assignments once more.

All the SM fermions - i.e. the quarks and the leptons - have the property that
their L (‘x’) parts are SU(2);, doublets, while their R (‘¢0”) parts are SU(2)y, singlets.
So these weak gauge group properties suggest that we should treat the I and R parts
separately, rather than together as in a Dirac 4-component spinor. The basic ‘building
block’ is therefore the chiral supermultiplet, suitably ‘gauged’.

We developed chiral supermultiplets in terms of L-type spinors x: this is clearly
fine for ey, pup , ur,, dr,, etc., but what about eg, ug, etc. 7 These R-lype particle fields
can be accommodated within the ‘L-type’ convention for chiral supermultiplets by
regarding them as the charge conjugates of L-type antiparticle fields, which we use
instead. Charge conjugation was mentioned in section 2.3; see also section 20.5 of [7]
(but note that we are here using Cy = —ivy). If (as is often done) we denote the field
by the particle name, then we have eg = t.-, while ef = y.+. On the other hand, if
we regard ef, as the charge conjugate of ef, then (compare equation (2.94))

er = - = (ef)° = iO'QX’ZI. (8.1)

To remind ourselves of how this works (see also section 2.4), consider a Dirac mass
term for the electron:

TETE) =l oo 4 xIpe- = (io2x!T)Txe- + xILioax ]

137
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‘ Names ‘ spin 0 ‘ spin 1/2 ‘ SU(3)., SU(2)r,, U(1), ‘
squarks, quarks | @ | (@r,dL) (ur, dr,) 3, 2, 1/3
(x 3 families) or  (Xu,Xd)
U ﬁL = ﬂ;rpt ﬂL = (UR)C 3, 1, —4/3
or Xa = ¢y,
d | dy=db | dy = (dp) 3, 1, 2/3
or Xa = g
sleptons, leptons | L | (ZeL, €L) (Ver, €1.) 1, 2, -1
(x 3 families) or (Xue» Xe)
e EL = ETR éL = (GR)C 17 17 2
or Xe = V¢
higgs, higgsinos | H, | (Hf, H?) | (H}, HY) 1, 2, 1
Hq (Hgde_) (]:]gvgd_> 1, 2, -1

Table 8.1: Chiral supermultiplet fields in the MSSM.

= L (—io9)xe- + X ioax !}

= Xt Xem + XI- - xi (8.2)
So it’s all expressed in terms of x’s. It is also useful to note that
ql(e_)’YS\II(e_) = —Xet " Xe- T+ Xl— ' XZ+' (83)

The notation for the squark and slepton fields was explained in section 4.4, following
equation (4.97).

In Table 8.1 we list the chiral supermultiplets appearing in the MSSM (our y is
twice that of [46], following the convention of [7] chapter 22). Note that the ‘bar’ on
the fields in this Table is merely a label, signifying ‘antiparticle’, not (for example)
Dirac conjugation: thus y.- and xe+, for instance, now become y, and ys. The
subscript ; can be added to the names to signify the family index: for example,
Uy, = ur,Ugr, = cr,, usr, = tr,, and similarly for leptons. In Table 8.2, similarly, we
list the gauge supermultiplets of the MSSM. After electroweak symmetry breaking,
the W° and the B fields mix to produce the physical Z° and v fields, while the
corresponding ‘s’-fields mix to produce a zino (ZO) degenerate with the Z° and a
massless photino 4.

So, knowing the gauge groups, the particle content, and the gauge transformation
properties, all we need to do to specify any proposed model is to give the superpo-
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‘ Names ‘ spin 1/2 ‘ spin 1 ‘ SU(3)., SU(2)r, U(1), ‘
gluinos, gluons g g 8 1, 0
winos, W bosons | W* WO | W+, W0 1, 3, 0
bino, B boson B B 1, 1, 0

Table 8.2: Gauge supermultiplet fields in the MSSM.

tential W. The MSSM is specified by the choice
W =yiuQ; - Hy—yidiQ; - Ho — yJ&L; - Ha+ pH, - Ha. (8.4)

The fields appearing in (8.4) are the chiral superfields indicated under the ‘Names’
column of Table 8.1. In this formulation, we recall from section 6.4 that the F-
component of W is to be taken in the Lagrangian. We can alternatively think of
W as being the same function of the scalar fields in each chiral supermultiplet, as
explained in section 6.4. In that case, the W; of (5.17) and W;; of (5.8) generate
the interaction terms in the Lagrangian via (5.3). In either case, the y’s are 3 x 3
matrices in family (or generation) space, and are exactly the same Yukawa couplings
as those which enter the SM (see for example section 22.7 of [7]).! In particular, the
terms in (8.4) are all invariant under the SM gauge transformations. The ‘-’ notation
means that SU(2)-invariant coupling of two doublets;? also, colour indices have been
suppressed, so that ‘u;Q;’, for example, is really u,,()7, where the upstairs o = 1,2,3
is a colour 3 (triplet) index, and the downstairs « is a colour 3 (antitriplet) index.
These couplings give masses to the quarks and leptons when the Higgs fields H?
and HY acquire vacuum expectation values: there are no ‘Lagrangian’ masses for the
fermions, since these would explicitly break the SU(2);, gauge symmetry.

-

"However, we stress once again - see section 3.2 and footnote 1 of chapter 5, page XXX - that
whereas in the SM we can use one Higgs doublet and its charge conjugate doublet (see section 22.6 of
[7]), this is not allowed in SUSY, because W cannot depend on both a complex scalar field ¢ and its
Hermitian conjugate ¢! (which would appear in the charge conjugate via (3.40)). By convention, the
MSSM does not include Dirac-type neutrino mass terms, neutrino masses being generally regarded
as ‘beyond the SM’ physics.

?To take an elementary example: Consider the isospin part of the deuteron’s wavefunction. It

(1) .
has T = 0 - i.e. it is the SU(2)-invariant coupling of the two doublets N(1) = ( Z(l) ) , N3 =
(2)
< 2(2) ) . This I = 0 wavefunction is, as usual, %(p(l)n(z) —nMp), which (dropping the 1/1/2)
we may write as N(DWTirp N2 = N . N(2) Clearly this isospin-invariant coupling is basically the

same as the Lorentz-invariant spinor coupling ‘x(!) - (2’ (see (2.47) - (2.49)) , which is why we use
the same ‘-’ notation for both - we hope without causing confusion.
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In summary, then, al the cost of only one new parameter u, we have got an exactly
supersymmetric extension of the SM. This is, of course, not the same ‘u’ as appeared
in the Higgs potential of the SM, equation (1.4). We follow a common notation,
though others are in use which avoid this possible confusion.

[In parenthesis, we note a possibly confusing aspect of the labelling adopted for
the Higgs fields. In the conventional formulation of the SM, the Higgs field ¢ =

L+
( 9;0 ) generates mass for the ‘down’ quark, say, via a Yukawa interaction of the

form (suppressing family labels)

ga quodr + h.c. (8.5)

where ¢, = ( ZL ) In this case, the SU(2) dot product is simply q{qﬁ, which is
L

plainly invariant under g;, — Uqr,, ¢ — U¢d. Now q{qb = u£¢+ + d{qﬁo; so when ¢°

develops a vev, (8.5) contributes

ga(”)drdr + h.c. (8.6)

with a

+
which is a d-quark mass. Why, then, do we label our Higgs field ( [jﬁ
subscript ‘u’ rather than ‘d’? The point is that, in the SUSY version (8.4), the SU(2)
dot product involving the superfield H, is taken with the superfield () which has the
quantum numbers of the quark doublet ¢, rather than the antiquark doublet q{. If
we revert for the moment to the procedure of section 5.1, and write W just in terms

of the corresponding scalar fields, the first term in (8.4) is

yijﬁLi(ﬂLng - CZL]H:_) (87)
The first term here will, via (5.8) and (5.3), generate a term in the Lagrangian (c.f.
(5.45))

1 .
_§yu](XﬁLi " Xur, + Xuy, - XﬁLJ)HS + h.c.

=~y (Xaw, * Xup,) HY + h.c, (8.8)

When H? develops a (real) vacuum value v, (see section 10.1), this will become a
Dirac-type mass term for the u-quark (compare (8.2)):

_(muinﬁL,' * Xup,; T h-C-) (8.9)
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where 3
Myi; = Uuyf,]- (810)

Transforming to the basis which diagonalizes the mass matrices then leads to flavour
mixing exactly as in the SM (see section 22.7 of [7], for example).]

The fermion masses are evidently proportional to the relevant y parameter, so
since the top, bottom and tau are the heaviest fermions in the SM, it is sometimes
useful to consider an approximation in which the only non-zero y’s are

Yo =Y Y3 = Wby Yo = Yn (8.11)

Writing W now in terms of the scalar fields, and omitting the p term, this gives

W eyt (L HS — b H)] — yolbr (B Hy — buHS)] — yo e (omn HY — 7 HY)]. (8.12)

The minus signs in W have been chosen so that the terms ijtNL, beLIN)L and y, 71,7,
have the correct sign to generate mass terms for the top, bottom and tau when
(H®) # 0 and (HS) # 0. Note that ;L, b, and 71, could equally well have been written
as 15, IN)R and 7.

It is worth recalling that in such a SUSY theory, in addition to the Yukawa
couplings of the SM, which couple the Higgs fields to quarks and to leptons, there
must also be similar couplings between Higgsinos, squarks and quarks, and between
Higgsinos, sleptons and leptons (i.e. we change two ordinary particles into their
superpartners). There are also scalar quartic interactions with strength proportional
to y2, as noted in section 5.1, arising from the term ‘|W;|*’ in the scalar potential
(7.74). In addition, there are scalar quartic interactions proportional to the squares
of the gauge couplings g and ¢’ coming from the ‘D-term’ in (7.74). These include
quartic Higgs couplings such as are postulated in the SM, but now appearing with
coeflicients which are determined in terms of the parameters ¢ and ¢’ already present
in the model. The important phenomenological consequences of this will be discussed
in chapter 10.

Although there are no conventional mass terms in (8.4), there is one term which
is quadratic in the fields, the so-called ‘i term’, which is the SU(2)-invariant coupling
of the two different Higgs superfield doublets:

Wi(p term) = uH, - Hqa = p(Hu1 Hag — Huz Han) (8.13)

where the subscripts 1 and 2 denote the isospinor component. This is the only such
bilinear coupling of the Higgs fields allowed in W, because the other possibilities



142 CHAPTER 8. THE MSSM

H! - H, and H:g - Hy involve Hermitian conjugate fields, which would violate SUSY.
As always, we need the F-component of (8.13), which is (see (6.61))

pl(HIFy + Hy Ff — HOFS — HYFY) — (HY - Hy — HY - HY)], (8.14)

and we must include also the Hermitian conjugate of (8.14). The second term in
(8.14) will contribute to (off-diagonal) Higgsino mass terms. The first term has the
general form ‘W;F;” of section 5.1, and hence (see (5.22)) it leads to the following

term in the scalar potential, involving the Higgs fields:
P (HF1? + [Hy P+ [HY [P+ [HG ). (8.15)

But these terms all have the (positive) sign appropriate to a standard ‘m2¢'¢’ bosonic
mass term, not the negative sign needed for electroweak symmetry breaking via the
Higgs mechanism (recall the discussion following equation (1.4)). This means that our
SUSY-invariant Lagrangian cannot accommodate electroweak symmetry breaking.

Of course, SUSY itself - in the MSSM application we are considering - cannot
be an exact symmetry, since we’ve not yet observed the s-partners of the SM fields.
We shall discuss SUSY breaking briefly in chapter 9, but it is clear from the above
that some SUSY-breaking terms will be needed in the Higgs potential, in order to
allow electroweak symmetry breaking. This very fact even suggests that a common
mechanism might be responsible for both symmetry breakings.

The ‘u term’ actually poses something of a puzzle [53]. The parameter p should
presumably lie roughly in the range 100 GeV - 1 TeV, or else we’d need delicate can-
cellations between the positive |u|? terms in (8.15) and the negative SUSY-breaking
terms necessary for electroweak symmetry breaking (see a similar argument in sec-
tion 1.1). We saw in section 1.1 that the general ‘no fine-tuning’ argument suggested
that SUSY-breaking masses should not be much greater than 1 TeV. But the y term
doesn’t break SUSY! We are faced with an apparent difficulty: where does this low
scale for the SUSY-respecting parameter u come from? References to some proposed
solutions to this ‘x problem’ are given in [46] section 5.1, where some further discus-
sion is also given of the various interactions present in the MSSM; see also [47] section
4.2, and particularly the review of the y problem in [54].

8.2 The SM interactions in the MSSM

By now we seem to have travelled a long way from the Standard Model, and it may be
helpful, before continuing with features of the MSSM which go beyond the SM, to take



8.2. THE SM INTERACTIONS IN THE MSSM 143

a slight backwards detour and reassure ourselves that the familiar SM interactions
are indeed contained (in possibly unfamiliar notation) in the MSSM.

We start with the QCD interactions of the SM quarks and gluons. First of all, the
3- and 4-gluon interactions are as usual contained in the SU(3). field strength tensor
— 1 Fou 1 (cd. (7.29)), where the colour index ‘@’ runs from 1 to 8 - see for example
section 14.2.3 of [7]. Next, consider the SU(3). triplet of ‘up’ quarks, described by

the 4-component Dirac field
v, — ( Yu ) _ (8.16)

Xu
We shall not indicate the colour labels explicitly on the spinor fields. The covariant
derivative (7.68) is (see for example section 13.4 of [7])

1
D=0+ SigA- A, (8.17)

where g is the strong interaction coupling constant, and A, = (A1,, Az, .....Ag,) are
the 8 gluon fields. Then the gauge-kinetic term for the field x, yields the interaction

1
—§ng:rl5“)\ - A, Xu- (8.18)

In (8.18) the 3 x 3 A matrices act on the colour labels of y,, while the 2 x 2 &*
matrices act on the spinor labels. As regards the R-part v, we write it as the charge

conjugate of the L-type field for u (c.f. (2.93) and (2.94))

Y = Xg = 102X5 (8.19)

We now need the interaction term for the field y5. Antiquarks belong to the 3 repre-
sentation of SU(3), and the matrices representing the generators in this representation
are —A"/2 (see [7] page 21). Hence the QCD interaction term for the L.-chiral multi-
plet containing yy is

1 — *
— 59 X80 (=A7) - Ay (8.20)
We can rewrite (8.20) in terms of the field x& which appears in U, by inverting (8.19):
1 . et . D e I 5 . o~
—595(—102Xﬁ Wt (=A%) - A, (—ioaxE) = §ngﬁTaga“ag)\ - ALXT (8.21)

Now take the transpose of (8.21), remembering the minus sign from interchanging
fermion operators, and use (2.83) together with the fact that the A matrices are
Hermitian; this converts (8.21) to

1
—SONEITA L A, G (8.22)
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On the other hand, the QCD interaction for the Dirac field

XS
y, = [ X 8.93
(Xu) (3.23)
1S

1 = 1
—595\11117“)\ -AN, = —§gs[X%TJ“)\ CALXE 4 XTEMA A (8.24)

We see that (8.24) is recovered as the sum of (8.18) and (8.22).

It may be useful, in passing, to show the analogous steps in the Majorana for-
malism. As explained in section 2.5.1, we need two Majorana fields to represent the
degees of freedom in W,, namely

Wy = ( Xu = 192X ) (8.25)
Xu
and
i = ( 5o = o ) ’ (8:20)
so that

U, = PRUL + P03 (8.27)

Now, we already know from section 2.4 that a Weyl kinetic energy term of the form
x'i6#9,x is equivalent to the Majorana expression 1Wyiv*d, ¥y}, and similarly for

Wlic”d,4. Thus the QCD interactions for (8.25) and (8.26) are contained in

1. 1

5 DRI “D, R} + 5\1}&17“1)#%“. (8.28)
In evaluating (8.28) we must remember that although the R-part of \I/ﬁ“ and the
L-part of W} transform as 3’s of SU(3), the L-part of e and the R-part of WP
transform as 3’s. The interaction part of the first term of (8.28) is therefore

17 *
—Z\I/iiffy“[)\ CALPL— AT AL PR

1 — gt \* .
=——\Ifﬁ”( oA A, 0 )%

4 0 gl A,
1 . * M * ~
— _Z[XE(—IUQ)(—J“A - Ao + X:rla“)\ - Ay Xl (8.29)

Exercise
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Show that the first term of (8.29) is equal to the second, and hence that the
interaction part of the first term in (8.28) is

1 _
_§ngloﬂuA : A;LXU7 (830)
as in (8.18).
In a similar way the interaction part of the second term of (8.28) is just

1
—595%0“)\ - Ay, (8.31)

and we have again recovered the full (Dirac) QCD term (this time using ¢, rather
than x¢).

The electroweak interactions of the SM particles emerge very simply. The trilin-
ear and quadrilinear self-interactions of the weak gauge bosons are contained in the
SU(2);, x U(1), field strength tensors. Consider the interaction of the left-handed

electron-type doublet
Xv
¢ 8.32
(o) (5.2

with the SU(2) gauge field W*, which is given by

1 — XUe

—z9 (XDt W, ( / ) : (8.33)
Xe

Here the 7’s act in the two-dimensional ‘v, — €’ space, while ¢ acts on the spinor

components of y,, and x.. On the other hand, in 4-component Dirac notation the

interaction is

1

L v,
_§g(kllyeL\IleL)w7- W, ( \I’eLL ) (8.34)

U, = (1 _275) U, = ( f ) (8.35)

and similarly for ¥, . Now for any two Dirac fields ¥; and ¥, we have

_ 0 1 0 o# 0 _
Wor v Wy, = (Oxﬁ)( 1 0 ) ( J() ) ( ) = XEU“XL (8.36)

at X1

where

It is therefore clear that (8.33) is the same as (8.34).
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The U(1), covariant derivative takes the form

1
0, + §ig’nyB# on ‘L’ SU(2) doublets (8.37)

and |
0, + §ig’nyB# on ‘R’ SU(2) singlets, (8.38)

where for example y,. = —1 and yg. = —2. For the doublet (8.32), therefore, the
U(1), interaction is

1 - Ve
—§glyLe(XIeXDU“BM ( );e ) (8.39)
which is the same as the 4-component version
1 - v,
__g/yLe(\I}ueL\I}eL)VHBM ok . (840)
2 \I;eL

We replace the singlet 1. by x¢ as before. If we denote the y-value of xz by y1,s, we
have

Yr.e = —YRe- (841)
The U(1), interaction for xy is therefore

1 _
—59' (=yre)xlo" Buxe. (8.42)

Performing the same steps as in (8.20) - (8.22) we find that (8.42) is the same as

1
—§glyReX§U“BMX§ (8.43)
which is the correct interaction for the R-part of the electron field (2.93).
In the quark sector, electroweak interactions will be complicated by the usual
intergenerational mixing, but no new point of principle arises; the simple examples

we have considered are sufficient for our purpose. We now proceed to discuss one of
the key predictions of the MSSM.
8.3 Gauge coupling unification in the MSSM

As mentioned in section 1.2(b), the idea [55] that the three scale-dependent (‘running’)
SU(3)xSU(2)xU(1) gauge couplings of the SM should converge to a common value
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- or unify - at some very high energy scale does not, in fact, prove to be the case for
the SM itself, but it does work very convincingly in the MSSM [56]. The evolution of
the gauge couplings is determined by the numbers and types of the gauge and matter
multiplets present in the theory, which we have just now given for the MSSM; we can
therefore proceed to describe this celebrated result.

The couplings a3 and ay are defined by

as =gi/An,  ay = g*/4w (8.44)

where g is the SU(3). gauge coupling of QCD and g is that of the electroweak SU(2);,.
The definition of the third coupling a4 is a little more complicated. It obviously has
to be related in some way to ¢'*, where ¢’ is the gauge coupling of the U(1), of the

SM. The constants g and ¢' appear in the SU(2);, covariant derivative (see equation
(22.21) of [7] for example)

Dy, =0, +ig(r/2) - W, +id'(y/2)B,. (8.45)

The problem is that, strictly within the SM framework, the scale of ‘¢"” is arbitrary:
we could multiply the weak hypercharge generator y by an arbitrary constant ¢, and
divide ¢’ by ¢, and nothing would change. In contrast to this, the normalization of
whatever couplings multiply the three generators 7!, 72 and 73 in (8.45) is fixed by

the normalization of the 7’s:
w2 L 8.46

H(55) = 50 (8.46)
Since each generator is normalized to the same value, the same constant g must
multiply each one - no relative rescalings are possible. Within a ‘unified’ framework,
therefore, we hypothesize that some multiple of y, say Y = ¢(y/2), is one of the
generators of a larger group (SU(5) for instance), which also includes the generators
of SU(3). and SU(2)y,, all being subject to a common normalization condition; there is
then only one (unified) gauge coupling. The quarks and leptons of one family will all
belong to a single representation of the larger group, though this need not necessarily
be the fundamental representation. All that matters is that the generators all have a
common normalization. For example, we can demand the condition

Tr(c*(y/2)%) = Tr(ts)* (8.47)

say, where {3 is the third SU(2);, generator (any generator will give the same result),
and the Trace is over all states in the representation - here, u, d, v, and e~. The
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Traces are simply the sums of the squares of the eigenvalues. On the RHS of (8.47)
we obtain

1 1 11
L )44+ =2 4
3(4—|-4)—|-4—|-4 (8.48)

where the ‘3’ comes from colour, while on the LHS we find from Table 8.1

3 3 34 31 1 1 20
20 L0 2Ry 22 8.49
gtz Toty Tttty =5 (8.49)

c= \/g (8.50)

so that the correctly normalized generator is

Y = ﬁy/z (8.51)
ig’\/gY B,, (8.52)

indicating that the correctly normalized o is

It follows that

The B, term in (8.45) is then

(8.53)

Equation (8.53) can also be interpreted as a prediction for the weak angle fyw at

the unification scale: since gtan yw = ¢’ = 1/3/5¢; and g = ¢ at unification, we have

tan Ow = 1/3/5, or

3
sin? fw (unification scale) = g (8.54)

We are now ready to consider the running of the couplings a;. To one loop order,
the renormalization group equation (RGE) has the form (for an introduction, see

chapter 15 of [7] for example)
dOzZ' . bZ 2
a2
where ¢ = In(@Q) and @ is the ‘running’ energy scale, and the coefficients b; are de-
termined by the gauge group and the matter multiplets to which the gauge bosons

(8.55)
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couple. For SU(N) gauge theories with matter (scalars and fermions) in multiplets
belonging to the fundamental representation, we have (see [50] for example)
11 1 1

by = —N — —nf — —ng 8.56

N 3 3nf 671 ( )
where ng is the number of fermionic multiplets (counting the two chirality states
separately), and ng is the number of (complex) scalar multiplets, which couple to the
gauge bosons. For a U(1)y gauge theory in which the fermionic matter particles have
charges Yt and the scalars have charges Y5, the corresponding formula is

2 1
b= 2V Ly (3.57)
34 34
To examine unification, it is convenient to rewrite (8.55) as
d 1 b;
—(a ) = 2 8.58
o) = o (8.58)

which can be immediately integrated to give

07 (Q) = 07 (Qu) + 5 n(Q/Qo), (8.59)

where ()¢ is the scale at which running commences. We see that the inverse couplings
run linearly with In Q). (g is taken to be my, where the couplings are well measured.
‘Unification’ is then the hypothesis that, at some higher scale QQy = muy, the couplings
are equal:

ai(my) = az(mu) = az(mu) = avu. (8.60)

This implies that the three equations (8.59), for ¢ = 1,2, 3, become

b

o' = agl(mz)+§1n(mU/mz) (8.61)
b

ap' = agl(mz)—l—iln(mu/mz) (8.62)
b

aof' = al_l(mz)—l—iln(m[}/mz). (8.63)

Eliminating ay and In(my/myz) from these equations gives one condition relating the
measured constants afl(mz) and the calculated numbers b;, which is

az'(mz) — a3 ' (mz) by — b3

ay'(mz) — a7 ' (my) by — by

(8.64)
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Checking the truth of (8.64) is one simple way [57] of testing unification quantitatively

(at least, at this one-loop level).
Let’s call the LHS of (8.64) Beyp, and the RHS Byy,. For Beyp, we use the data

sin® Oy (mz) = 0.231 (8.65)
asz(mz) =0.119, or  a3'(mz) = 8.40 (8.66)
azl(mz) = 128. (8.67)

We are not going to bother with errors here, but the uncertainty in as(mgz) is about
2%, and that in sin?fw(mz) and aem(mz) is much less. Here aen is defined by
Qem = €%/4m where e = gsin fy. Hence

a3 (mz) = a_l(mz)sin® Ow(mz) = 29.6. (8.68)
Finally,
g% = ¢* tan® Oy (8.69)
and hence
~1 3 3 4 2
aj (mg) = ga (myz) = 5oz2 (myz) cot” Ow(mz) = 59.12. (8.70)
From these values we obtain
Bexp = 0.72. (8.71)
Now let’s look at Bi,. First, consider the SM. For SU(3). we have
1
bM =11 — J12=T (8.72)
For SU(2);, we have
22 1 19
M =" 4 — — = 8.73
and for U(1)y we have
23 13
M = =2 o> (/2 = 5 2D (3/2)° (8.74)
354 354
2 20 11 41
Hence, in the SM, the RHS of (8.64) gives
115
By = — = 0.528, (8.76)

218
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which is in very poor accord with (8.71).

What about the MSSM? Formula (8.56) must be modified to take account of the
fact that, in each SU(N), the gauge bosons are accompanied by gauginos in the regular
representation of the group. Their contribution to by is —2N/3. In addition, we have
to include the scalar partners of the quarks and of the leptons, in the fundamental
representations of SU(3) and SU(2); and we must not forget that we have two Higgs
doublets, both accompanied by Higgsinos, all in the fundamental representation of

SU(2). These changes give
pYSM =7 2 ém = 3, (8.77)

and

19 4 1 1 1
pMSSM _ 72 © "9 _ 9 _ _ — _1. :
A c 3o . ; (8.78)

It is interesting that the sign of by has been reversed. For BY5M  there is no contri-
bution from the gauge bosons or their fermionic partners. The left-handed fermions
contribute as in (8.74), and are each accompanied by corresponding scalars, so that

bll\/ISSM(

3
fermions and sfermions) = —510 = —06. (8.79)

The Higgs and Higginos contribute

3 1 3
bY55M(Higgs and Higgsinos) = —zd =5 (8.80)
In total, therefore,
33

pYSSM — - (8.81)

From (8.77), (8.78) and (8.81) we obtain [57]

5

BNESM = - =0.714 (8.82)

which is in excellent agreement with (8.71).

This has been by no means a ‘professional’ calculation. One should consider two-
loop corrections. Also, SUSY must be broken, presumably at a scale of order 1 TeV
or less, and the resulting mass differences between the particles and their s-partners
will lead to ‘threshold’ corrections. Similarly, the details of the theory at the high
scale (in particular, its breaking) may be expected to lead to (high energy) threshold
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Figure 8.1: (a) Failure of the SM couplings to unify. (b) Gauge coupling unification in
the MSSM. The blob represents model-dependent threshold corrections at the GU'T
scale. [Figure reprinted with permission from the review of Grand Unified Theories
by S. Raby, section 15 in The Review of Particle Physics, W. - M. Yao et al. Journal
of Physics G33 1-1232 (2006), page 175, IOP Publishing Limited.]
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corrections. A recent analysis by Pokorski [58] concludes that the present data are
in good agreement with the predictions of supersymmetric unification, for reasonable
estimates of such corrections. Figure 8.1, taken from Raby’s review of grand unified
theories [59], illustrates the situation.

Returning to (8.62) and (8.63), and inserting the values of a;'(mz) and ay ' (mz),
we can obtain an estimate of the unification scale my. We find

10m
In(muy/mgz) = g[ T (mgz) — a3 (mz)] ~ 33.1, (8.83)
which implies
my ~ 2.2 x 10"°GeV. (8.84)

The first estimates of my with essentially the field content of the MSSM were made
by Dimopoulos, Raby and Wilczek [60], Dimopoulos and Georgi [20] and Sakai [21];
see also Ibanez and Ross [61] and Einhorn and Jones [62].

Of course, one can make up any number of models yielding the experimental value
Bexp. But there is no denying that the prediction (8.82) is an unforced consequence
simply of the matter content of the MSSM, and agreement with (8.71) was clearly not
inevitable. It does seem to provide support both for the inclusion of supersymmetric
particles in the RGE, and for gauge unification.

8.4 R-parity

As stated in section 8.1, the ‘minimal’ supersymmetric extension of the SM is specified
by the choice (8.4) for the superpotential. There are, however, other gauge-invariant
and renormalizable terms which could also be included in the superpotential, namely

([46] section 5.2)

WAL:I = /\ZejkLZ . Ljék + /\gkljz . Q]Jk + /LZLLZ . Hu (885)

and o
Wag—1 = X3 ud;d,. (8.86)
The superfields Q; carry baryon number B = 1/3 and u, d carry B = —1/3, while L;
carries lepton number L =1 and € carries L. = —1. Hence the terms in (8.85) violate

lepton number conservation by one unit of I, and those in (8.86) violate baryon num-
ber conservation by one unit of B. Now, B- and L-violating processes have never been
seen experimentally. If both the couplings A, and Ap were present, the proton could
decay via channels such as et u*7° ... etc. The non-observance of such decays
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places strong limits on the strengths of such couplings, which would have to be ex-
traordinarily small (being renormalizable, the couplings are dimensionless, and there
is no natural suppression by a high scale such as would occur in a non-renormalizable
term). It is noteworthy that in the SM, there are no possible renormalizable terms in
the Lagrangian which violate B or L - this is indeed a nice bonus provided by the SM.
We could of course just impose B and L conservation as a principle, thus forbidding
(8.85) and (8.86). But in fact both are known to be violated by non-perturbative elec-
troweak effects, which are negligible at ordinary energies but which might be relevant
in the early universe. Neither B nor L can therefore be regarded as a fundamental
symmetry. Instead, an alternative symmetry is required, which forbids (8.85) and
(8.86), while allowing all the interactions of the MSSM.
This symmetry is called R-parity [33] [34], which is multiplicatively conserved,
and is defined by
R = (_)3B+L+25 (887)

where s is the spin of the particle. One quickly finds that R is +1 for all conven-
tional matter particles, and (because of the (—)** factor) -1 for all their s-partners
(‘sparticles’). Since the product of (—)?* is +1 for the particles involved in any in-
teraction vertex, by angular momentum conservation, it’s clear that both (8.85) and
(8.86) do not conserve R-parity, while the terms in (8.4) do. In fact, every interaction
vertex in (8.4) contains an even number of R = —1 sparticles, which has important
phenomenological consequences:

e The lightest sparticle (‘LSP’) is absolutely stable, and if electrically uncharged
it could be an attractive candidate for non-baryonic dark matter.

e The decay products of all other sparticles must contain an odd number of LSP’s.

e In accelerator experiments, sparticles can only be produced in pairs.

In the context of the MSSM, the LSP must lack electromagnetic and strong in-
teractions; otherwise, LSP’s surviving from the Big Bang era would have bound to
nuclei forming objects with highly unusual charge to mass ratios, but searches for such
exotics have excluded all models with stable charged or strongly interacting particles
unless their mass exceeds several TeV, which is unacceptably high for the LSP. An
important implication is that in collider experiments LSP’s will carry away energy
and momentum while escaping detection. Since all sparticles will decay into at least
one LSP (plus SM particles), and since in the MSSM sparticles are pair-produced, it
follows that at least 2mgo missing energy will be associated with each SUSY event,
where mo is the mass of the LSP (often taken to be a neutralino - see section 11.2).
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* machines, the total visible energy and momentum can be well measured, and

the beams have very small spread, so that the missing energy and momentum can

Inee

be well correlated with the energy and momentum of the LSP’s. In hadron colliders,
the distribution of energy and longitudinal momentum of the partons (i.e. quarks
and gluons) is very broad, so in practice only the missing transverse momentum (or
missing transverse energy F) is useful.

Further aspects of R-parity, and of R-parity violation, are discussed in [46], [47],
[48] and [49].
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Chapter 9

SUSY breaking

Since SUSY is manifestly not an exact symmetry of the known particle spectrum,
the issue of SUSY-breaking must be addressed before the MSSM can be applied
phenomenologically. We know only two ways in which a symmetry can be broken:
either (a) by explicit symmetry-breaking terms in the Lagrangian, or (b) by sponta-
neous symmetry breaking, such as occurs in the case of the chiral symmetry of QCD,
and is hypothesized to occur for the electroweak symmetry of the SM via the Higgs
mechanism. In the electroweak case, the introduction of explicit symmetry-breaking
(gauge non-invariant) mass terms for the fermions and massive gauge bosons would
spoil renormalizability, which is why in this case spontaneous symmetry breaking
(which preserves renormalizability) is preferred theoretically - and indeed is strongly
indicated by experiment, via the precision measurement of finite radiative correc-
tions. We shall give a brief introduction to spontaneous SUSY-breaking, since it
presents some novel features as compared, say, to the more ‘standard’ examples of
the spontaneous breaking of chiral symmetry in QCD, and of gauge symmetry in the
electroweak theory. But in fact there is no consensus on how ‘best’ to break SUSY
spontaneously, and in practice one is reduced to introducing explicit SUSY-breaking
terms as in approach (a) after all, which parametrize the low-energy effects of the un-
known breaking mechanism presumed (usually) to operate at some high mass scale.
We shall see in section 9.2 that these SUSY-breaking terms (which are gauge invariant
and super-renormalizable) are quite constrained by the requirement that they do not
re-introduce quadratic divergences which would spoil the SUSY solution to the SM
fine-tuning problem of section 1.1; nevertheless, over 100 parameters are needed to
characterize them.

157
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9.1 Breaking SUSY spontaneously

The fundamental requirement for a symmetry in field theory to be spontaneously
broken (see for example [7] Part 7) is that a field, which is not invariant under the
symmetry, should have a non-vanishing vacuum expectation value. That is, if the
field in question is denoted by ¢', then we require (0|¢'(x)|0) # 0. Since ¢’ is not
invariant, it must belong to a symmetry multiplet of some kind, along with other
fields, and it must be possible to express ¢’ as

¢'(z) =ilQ, o(z)] (9.1)

where () is a generator of the symmetry group, and ¢ is a suitable field in the multiplet
to which ¢’ belongs. So then we have

(01¢'10) = (Ofi[Q, 4]0) = (0liQed —i¢Q|0) # 0. (9-2)

Now the vacuum state |0) is usually assumed to be such that Q|0) = 0, since this
implies that |0) is invariant under the transformation generated by @. But if we take
@]0) = 0, we violate (9.2). Hence for spontaneous symmetry breaking we have to
assume Q]0) # 0.

It is tempting to infer, in the latter case, that the application of ) to a vacuum
state |0) gives, not zero, but another vacuum state |0)’, leading to the physically
suggestive idea of ‘degenerate vacua’. But this notion is not mathematically correct.
There are, in fact, only two alternatives: either @|0) = 0, or the state Q|0) has
infinite norm, and hence cannot be regarded as a legitimate state. A fuller discussion
is provided on pages 197-8 of [7], for example.

In the case of SUSY, there is a remarkable connection between the symmetry

generators (), QZ of chapter 3, and the Hamiltonian. The SUSY algebra (4.48) is
{Qm QZ} = (Jﬂ)abp,u- (93)
So we have

Q1Q1r + QIQI = (") P, = Po+ Ps
Q:Q1 + Q1Q2 = (0")P, = Po— Py, (9.4)

and consequently

=Py = (@@} + Q101 + Qa0 + 012, (9.5)
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where H is the Hamiltonian of the theory considered. Hence we find

O1H10) = S(01QQ1I0) + (0]Q1@u0) +..)
= CUQIODP + (@0 +...) (9.6

It follows that the vacuum energy of a SUSY-invariant theory is zero.

Now we may assume that the kinetic energy parts of the Hamiltonian density
do not contribute to the vacuum energy. On the other hand, the SUSY-invariant
potential energy density V is given by (7.74) (which could equally well be written in
terms of the auxiliary fields F; and D*). We remarked at the end of section 7.3 that
the form (7.74) implies that V is always greater than or equal to zero - and we now
see that V = 0 corresponds to the SUSY-invariant case.

For SUSY to be spontaneously broken, therefore, ¥ must have no SUSY-invariant
minimum: for, if it did, such a configuration would necessarily have zero energy,
and since this is the minimum value of ¥V, SUSY-breaking will simply not happen,
on energy grounds. In the spontaneously broken case, when some field develops a
non-zero vev, the minimum value of ¥V will be a positive constant, and the vacuum
energy will diverge. This is consistent with (9.6) and the infinite norm (in this case)
of Q.]0).

What kinds of field ¢' could have a non-zero value in the SUSY case? Returning
to (9.1), with @ now a SUSY generator, we consider all such possible commutation
relations, beginning with those for the chiral supermultiplet. The commutation rela-
tions of the ()’s with the fields are determined by the SUSY transformations which
are

56 = il6-Qudl =€ x
Sex = il6- Q] = —io¥ioat Db+ €F
5 F = l6-Q,F] = —i¢'a"d,x. (9.7)

Now Lorentz invariance implies that only scalar fields may acquire vevs, since only
such vevs are invariant under Lorentz transformations. Considering the terms on the
RHS of each of the three relations in (9.7), we see that the only possibility for a
symmetry-breaking vev is

(0] F|0) # 0. (9.8)
This is called ‘F-type SUSY breaking’, since it is the auxiliary field F' which acquires

a Vev.
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Recall now that in W-Z models, with superpotentials of the form (5.9) such as are
used in the MSSM, we had

aw\" 1
Fi=— (@¢,) = —(Mi;; + §yijk¢j¢k)T7 (9.9)
and V(¢) = |F;|?, which has an obvious minimum when all the ¢’s are zero. Hence

with this form of W, SUSY can’t be spontaneously broken. To get spontaneous
SUSY breaking, we must add a constant to Fj, that is a linear term in W (see
footnote 2 of chapter 5, page XXX). Even this is tricky, and it needs ingenuity to
produce a simple working model. One (due to O’Raifeartaigh [63]) employs three
chiral supermultiplets, and takes W to be

W =maoios + 9¢2(¢§ - MQ)a (9.10)

where m and ¢ may be chosen to be real and positive, and M is real. This produces

— P = mgs, —F] = g(¢5 — M?), —FJ = mey + 29625, (9.11)
Hence
V = |+ |+ |
= m?*gs]® + ¢*|¢5 — M| + |moy + 2929 (9.12)

The first two terms in (9.12) cannot both vanish at once, and so there is no possible
field configuration giving V = 0, which is the SUSY-preserving case. On the other
hand, the third term in (9.12) can always be made to vanish by a suitable choice of
¢1, given ¢y and ¢s. Hence to find the (SUSY-breaking) minimum of V it suffices to
examine just the first two terms of (9.12), which depend only on ¢5. Introducing the
real and imaginary parts of ¢3 via

¢s = (A+iB)/V2, (9.13)
these terms are
1 1 1
Vs = 5(m* = 20" M?)A* 4 S (m* + 20" M*) B + 2g* (A" + BY)" + g’ M. (9.14)

The details of the further analysis depend on the sign of the coefficient (m? —
2g* M?). We shall consider the case

m? > 2¢* M?; (9.15)
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the reader may pursue the alternative one (or consult section 7.2.2 of [49]). Assuming

(9.15) holds, Vs clearly has a (SUSY-breaking) minimum at
A=B=0 e ¢3=0, (9.16)
which implies from (9.12) that we also require
¢ = 0. (9.17)

Conditions (9.16) and (9.17) are interpreted as the corresponding vevs. Note, however,
that ¢y is left undetermined (a so-called ‘flat” direction in field space). This solution
therefore gives

(01F710) = (0][0) = 0, (9.18)

but
(0]F]0) = gM*. (9.19)

The minimum value of V is g2 M*, which is strictly positive, as expected. The param-
eter M does indeed have the dimensions of a mass: it can be understood as signifying
the scale of spontaneous SUSY breaking, via (0|FJ|0) # 0, much as the Higgs vev
sets the scale of electroweak symmetry breaking.

Now all the terms in W must be gauge-invariant, in particular the term linear in
¢ in (9.10). But there is no field in the SM which is itself gauge-invariant (i.e. all its
gauge quantum numbers are zero, often called a ‘gauge singlet’). Hence in the MSSM
we cannot have a linear term in W, and must look beyond this model if we want to
pursue this form of SUSY breaking.

Nevertheless, it is worth considering some further aspects of F-type SUSY break-
ing. We evidently have

0 # (0][Q, x(2)]]0) = D> _(0|Qn)(n|x(x)|0) — (Olx(x)In)(n|Q|0), (9.20)

n

where |n) is a complete set of states. It can be shown that (9.20) implies that there
must exist among the states |n) a massless state |§) which couples to the vacuum
via the generator @: (0|Q|g) # 0. This is the SUSY version of Goldstone’s theorem
- see for example section 17.4 of [7]. The theorem states that when a symmetry is
spontaneously broken, one or more massless particles must be present, which couple to
the vacuum via a symmetry generator. In the non-SUSY case, they are (Goldstone)
bosons; in the SUSY case, since the generators are fermionic, they are fermions -
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‘Goldstinos’.! You can check that the fermion spectrum in the above model contains
a massless field y; - it is in fact in a supermultiplet along with F,, the auxiliary
field which gained a vev, and the scalar field ¢,, where ¢; is the field direction along
which the potential is “flat’ - a situation analogous to that for the standard Goldstone
‘wine-bottle’ potential, where the massless mode is associated with excitations round
the flat rim of the bottle.

Exercise

Show that the mass spectrum of the O’Raifeartaigh model consists of (a) 6 real
scalar fields with tree-level squared masses 0, 0 (the real and imaginary parts of the
complex field ¢,) m?, m? (ditto for the complex field ¢;) and m? —2¢g* M? m*+ 24> M*
(the no longer degenerate real and imaginary parts of the complex field ¢3); (b) 3
L-type fermions with masses 0 (the Goldstino y3), m,m (linear combinations of the
fields x1 and x3). (Hint: for the scalar masses, take (¢2) = 0 for convenience, expand
the potential about the point ¢1 = ¢y = ¢3 = 0, and examine the quadratic terms.
For the fermions, the mass matrix of (5.22) is W3 = W3, = m, all other components
vanishing; diagonalize the mass term by introducing the linear combinations y_ =

(x1 — x3)/V2, x+ = (x1 + x3)/V2. See also [49] section 7.2.1.)

In the absence of SUSY breaking, a single massive chiral supermultiplet consists
(as in the W-Z model of chapter 5) of a complex scalar field (or equivalently two real
scalar fields) degenerate in mass with an L-type spin-1/2 field. It is interesting that in
the O’Raifeartaigh model the masses of the ‘3’ supermultiplet, after SUSY breaking,
obey the relation

(m? —2¢°M?) 4+ (m? 4+ 2¢° M?) = 2m* = 2m?_, (9.21)
which is evidently a generalization of the relation that would hold in the SUSY-
preserving case g = 0. Indeed, there is a general sum rule for the tree-level (mass)?
values of complex scalars and chiral fermions in theories with spontaneous SUSY

breaking [64]: ; ;
Z mrealscalars =2 Z mchiralfermions’ (922)

where it is understood that the sums are over sectors with the same electric charge,
colour charge, baryon number and lepton number. Unfortunately, (9.22) implies that
this kind of SUSY breaking cannot be phenomenologically viable, since it requires

'Note the (conventionally) different use of the -ino’ suffix here: the Goldstino is not the fermionic
superpartner of a scalar Goldstone mode, but is itself the (fermionic) Goldstone mode. In general,
the Goldstino is the fermionic component of the supermultiplet whose auxiliary field develops a vev.
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the existence of (for example) light scalar partners of the light SM fermions - and this
is excluded experimentally.

We also need to consider possible SUSY breaking via terms in a gauge supermul-
tiplet. This time the transformations are

W = il QW] = — (el 4 XTo%)

S = i[E Q.0 = —

1 wv e} 1 o
2z Tt gt
i Ta-lb o ozTa_,u
DA = (DuA)Te). (9.23)

Inspection of (9.23) shows that, as for the chiral supermultiplet, only the auxiliary
fields can have a non-zero vev:

(0] D*]0) # 0, (9.24)

which is called D-type symmetry breaking.

At first sight, however, such a mechanism can’t operate in the MSSM, for which the
scalar potential is as given in (7.74). ‘F-type’ SUSY breaking comes from the first
term |W;|?, D-type from the second, and the latter clearly has a SUSY-preserving
minimum at V = 0 when all the fields vanish. But there is another possibility, rather
like the ‘linear term in W’ trick used for F-type breaking, which was discovered by
Fayet and Iliopoulos [65] for the U(1) gauge case. The auxiliary field D of a U(1) gauge
supermultiplet is gauge-invariant, and a term in the Lagrangian proportional to D is
SUSY-invariant too, since (see (7.38)) it transforms by a total derivative. Suppose,
then, that we add a term M?D, the Fayet-Iliopoulos term, to the Lagrangian (7.72).
The part involving D is now

1 |
Lp= M2D + 5D2 — gD Z eidl b, (9.25)

where ¢; are the U(1) charges of the scalar fields ¢; in units of g, the U(1) coupling
constant. Then the equation of motion for D is

D=-M*+¢) edlo (9.26)
The corresponding potential is now

Vo= S(-M* 4 g1 Y eisl)” (9.27)

k3
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Consider for simplicity the case of just one scalar field ¢, with charge eg;. If eg; > 0
there will be a SUSY-preserving solution, i.e. with Vp = 0, and (0|D|0) = 0, and
hence [(0]6|0)| = (M?/egy)'/2. This is actually a Higgs-type breaking of the U(1)
symmetry, and it will also generate a mass for the U(1) gauge field. On the other
hand, if eg; < 0, we find the SUSY-breaking solution Vp = $M* when (0| D|0) = —M*
and (0]¢|0) = 0, which is U(1)-preserving. In fact, we then have

1
ED:—§M4—|691|M2¢T¢—|—... (928)

showing that the ¢ field has a mass M(|eg:|)'/2. The gaugino field A and the gauge
field A* remain massless, and A can be interpreted as a Goldstino.

This mechanism can’t be used in the non-Abelian case, because no term of the
form M?D* can be gauge-invariant (it is in the adjoint representation, not a singlet).
Could we have D-term breaking in the U(1), sector of the MSSM? Unfortunately
not. What we want is a situation in which the scalar fields in (9.27) do not acquire
vevs (for example, because they have large mass terms in the superpotential), so that
the minimum of (9.27) forces D to have a non-zero (vacuum) value, thus breaking
SUSY. In the MSSM, however, the squark and slepton fields have no superpotential
mass terms, and so wouldn’t be prevented from acquiring vevs en route to minimizing
(9.27). But this would imply the breaking of any symmetry associated with quantum
numbers carried by these fields, for example colour, which is not acceptable.

One common viewpoint seems to be that spontaneous SUSY breaking could occur
in a sector that is weakly coupled to the chiral supermultiplets of the MSSM. For
example, it could be (a) via gravitational interactions - presumably at the Planck
scale, so that SUSY-breaking mass terms would enter as (the vev of an F- or D-type
field which has dimension M?, and is a singlet under the SM gauge group)/Mp, which
gives \/Evev) ~ 10" GeV, say; or (b) via electroweak gauge interactions. These
possibilities are discussed in [46] section 6. Recent reviews, embracing additional

SUSY-breaking mechanisms, are contained in [47] section 3, [48] chapters 12 and 13,
and [49] chapter 11.

9.2 Soft SUSY-breaking terms

In any case, however the necessary breaking of SUSY is effected, we can always look
for a parametrization of the SUSY-breaking terms which should be present at ‘low’
energies, and do phenomenology with them. It is a vital point that such phenomeno-
logical SUSY-breaking terms in the (now effective) Lagrangian should be ‘soft’, as the
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jargon has it - that is, they should have positive mass dimension, for example ‘M?¢?’,
‘M@*, *Mx - x’, etc. The reason is that such terms (which are super-renormalizable)
will not introduce new divergences into, for example, the relations between the di-
mensionless coupling constants which follow from SUSY, and which guarantee the
cancellation of quadratic divergences and hence the stability of the mass hierarchy,
which was one of the prime motivations for SUSY in the first place. As we saw in

section 1.1, a typical leading one-loop radiative correction to a scalar (mass)? is

2
om* ~ ()\scalar — Yfermion

JA? (9.29)

_ 2
= Yfermion’ and

the dependence on A becomes safely logarithmic. Suppose, on the other hand, that

where A is the high-energy cutoff. In SUSY we essentially have Agcajar

the dimensionless couplings Agcalar OF Gfermion themselves received divergent one-loop
corrections, arising from renormalizable (rather than super-renormalizable) SUSY-
breaking interactions.? Then Ascalar and Grermion Would differ by terms of order In A,
with the result that the mass shift (9.29) becomes very large indeed, once more.
In general, soft SUSY-breaking terms maintain the cancellations of quadratically
divergent radiative corrections to scalar (mass)? terms, to all orders in perturbation
theory [66]. This means that corrections dm? go like m2. ¢ In(A/msoft), Where mgof is
the typical mass scale of the soft SUSY-breaking terms. This is a stable shift in the
sense of the SM fine-tuning problem, provided of course that (as remarked in section
1.1) the new mass scale mgof is not much greater than 1 TeV, say. The origin of this
mass scale remains unexplained.

The forms of possible gauge invariant soft SUSY-breaking terms are quite limited.
They are as follows.

(a) Gaugino masses for each gauge group:

1 . . L.
—§(M3§a . f]a + MQWQ . Wa + MlB - B + hC) (930)

where in the first (gluino) term a runs from 1 to 8 and in the second (wino) term it
runs from 1 to 3, the dot here signifying the Lorentz invariant spinor product. The
fields §*, W* and B are all L-type spinors, in a slightly simpler notation than yja
etc. As in the case of the spinor field in the W-Z model (c.f. (5.41)), the gaugino

20ne example of such a renormalizable SUSY-breaking interaction would be the Standard Model
Yukawa interaction that generates mass for ‘up’ fermions and which involves the charge-conjugate
of the Higgs doublet that generates mass for the ‘down’ fermions. The argument being given here
implies that we do not want to generate ‘up’ masses this way, but rather via a second, independent,

Higgs field.
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masses are given by the absolute values |M;|. For simplicity, we shall assume that
the parameters M; are all real, which implies that they will not introduce any new
CP-violation. There is, however, no necessity for the M; to be positive, and we shall
discuss how to deal with the possibility of negative M; in section 11.1.1.

(b) Squark (mass)? terms:

2 At A 2 =t = 9 5t

uij

where ¢ and j are family labels, colour indices have been suppressed, and the first
term is an SU(2)-invariant dot product of scalars in the 2 and 2 representations; for
example,

Q- Qy=aler, +dl 3. (9.32)

We remind the reader that all fields ]N?LZ» can equally well be written as fgw
(c) Slepton (mass)?* terms:

—mi LY L — m el e (9.33)
(d) Higgs (mass)? terms:
—my HE - H, —m} HY - Hy — (bH, - Hq + h.c.) (9.34)
where the SU(2)p-invariant dot products are
HY-Hy=[HI |+ |H? (9.35)
and similarly for Hg - Hy, while
H,-Hy= H*H; — HOHC. (9.36)
(e) Triple scalar couplings®
—a¥u,Q; - Hy + aiﬁu@j -Hyq+a¥e;L; - Hy + h.c. (9.37)

The five (mass)® matrices are in general complex, but must be Hermitian so that
the Lagrangian is real. All the terms (9.30)-(9.37) manifestly break SUSY, since they

involve only the scalars and gauginos, and omit their respective superpartners.

3A further set of triple scalar couplings is also possible, namely —c% uriQ; ~HCT1 + céjc?u@j CHI +
céjéLiLj -H! +h.c.. However, these are generally omitted, because it turns out that they are either
absent or small in many models of SUSY-breaking: see [46] section 4, for example.
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On the other hand, it is important to emphasize that the terms (9.30) - (9.37)
do respect the SM gauge symmetries. The b term in (9.34) and the triple scalar
couplings in (9.37) have the same form as the ‘x’ and ‘Yukawa’ couplings in the
(gauge-invariant) superpotential (8.4), but here involving just the scalar fields, of
course. It is particularly noteworthy that gauge-invariant mass terms are possible
for all these superpartners, in marked contrast to the situation for the known SM
particles. Consider (9.30) for instance. The gluinos are in the regular (adjoint)
representation of a gauge group, like their gauge boson superpartners: for example, in
SU(2) the winos are in the ¢t = 1 (‘vector’) representation. In this representation, the
transformation matrices can be chosen to be real (the generators are pure imaginary,

(Ti(l))jk = —i€;j;), which means that they are orthogonal rather than unitary, just
like rotation matrices in ordinary 3-D space. Thus quantities of the form ‘W - W’
are invariant under SU(2) transformations, including local (i.e. gauge) ones since no
derivatives are involved; similarly for the gluinos and the bino. Coming to (9.31) and
(9.33), squark and slepton mass terms of this form are allowed if ¢ and j are family
indices, and the m?j’s are Hermitian matrices in family space, since under a gauge
transformation ¢; — Ud;, ¢; — Ud;, where UTU = 1, and the ¢’s stand for a squark
or slepton flavour multiplet. Higgs mass terms like —my; HIH, are of course present
in the SM already, and (as we saw in chapter 8 - see the remarks following equation
(8.15)) from the perspective of the MSSM we need to include such SUSY-violating
terms in order to have any chance of breaking electroweak symmetry spontaneously
(the parameter written as ‘mf; ’ can of course have either sign). The b term in (9.34)
is like the SUSY-invariant g term of (8.13), but it only involves the Higgs, not the
Higgsinos, and is hence SUSY-breaking. Mass terms for the Higgsinos themselves are
forbidden by gauge invariance, but the py-term of (8.13) is gauge invariant and does,
as noted after (8.14), contribute to off-diagonal Higgsino mass terms.

The upshot of these considerations is that mass terms which preserve electroweak
symmetry can be written down for all the so-far unobserved particles of the MSSM.
By contrast, of course, similar mass terms for the known particles of the SM would
all break electroweak symmetry explicitly, which is unacceptable (as leading to non-
renormalizability, or unitarity violations - see for example [7] sections 21.3, 21.4 and
22.6): the masses of the known SM particles must all arise via spontaneous breaking
of electroweak symmetry. Thus it could be argued that, from the viewpoint of the
MSSM, it is natural that the known particles have been found, since they are ‘light’,
with a scale associated with electroweak symmetry breaking. The masses of the undis-
covered particles, on the other hand, can be significantly higher.* As against this, it

4The Higgs is an interesting special case (taking it to be unobserved as yet). In the SM its mass
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must be repeated that electroweak symmetry breaking is not possible while preserving
SUSY: the Yukawa-like terms in (8.4) do respect SUSY, but will not generate fermion
masses unless some Higgs fields have a non-zero vev, and this won’t happen with a
potential of the form (7.74) (see also (8.15)); similarly, the gauge-invariant couplings
(7.67) are part of a SUSY-invariant theory, but the electroweak gauge boson masses
require a Higgs vev in (7.67). So some, at least, of the SUSY-breaking parameters
must have values not too far from the scale of electroweak symmetry breaking, if
we don’t want fine tuning. From this point of view, then, there seems no very clear
distinction between the scales of electroweak and of SUSY breaking.

Unfortunately, although the terms (9.30) - (9.37) are restricted in form, there are
nevertheless quite a lot of possible terms in total, when all the fields in the MSSM
are considered, and this implies very many new parameters. In fact, Dimopoulos
and Sutter [67] counted a total of 105 new parameters describing masses, mixing
angles and phases, after allowing for all allowed redefinitions of bases. It is worth
emphasizing that this massive increase in parameters is entirely to do with SUSY
breaking, the SUSY-invariant (but unphysical) MSSM Lagrangian having only one
new parameter (¢) with respect to the SM.

One may well be dismayed by such an apparently huge arbitrariness in the theory,
but this impression is in a sense misleading since extensive regions of parameter space
are in fact excluded phenomenologically. This is because generic values of most of
the new parameters allow flavour changing neutral current (FCNC) processes, or new
sources of CP violation, at levels which are excluded by experiment. For example, if

the matrix m% in (9.33) has a non-suppressed off-diagonal term such as

(3} et fir (9.38)

(in the basis in which the lepton masses are diagonal), then unacceptably large lepton
flavour changing (¢ — e) will be generated. We can, for instance, envisage a loop
diagram contributing to g — e + ~, in which the p first decays virtually (via its L-
component) to i, + bino through one of the couplings in (7.72), the fi1, then changing
to &, via (9.38), followed by &, re-combining with the bino to make an electron (L-
component), after emitting a photon. The upper limit on the branching ratio for
p—e+vyis 1.2 x 107", and our loop amplitude will be many orders of magnitude
larger than this, even for sleptons as heavy as 1 TeV. Similarly, the squark (mass)?
matrices are tightly constrained both as to flavour mixing and as to CP-violating

is arbitrary (though see footnote 3 of chapter 1, page XXX), but in the MSSM the lightest Higgs
particle is predicted to be no heavier than about 140 GeV (see section 10.2).
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complex phases by data on K° — K° mixing, D® — D° and B® — B° mixing, and the
decay b — sv. For a recent survey, with further references, see [47] section 5.

The existence of these strong constraints on the SUSY-breaking parameters at the
SM scale suggests that whatever the actual SUSY-breaking mechanism might be, it
should be such as to lead naturally to the suppression of such dangerous off-diagonal
terms. One framework which guarantees this is that of supergravity unification [68]
[69] [70], specifically the ‘minimal supergravity (mSUGRA)’ theory [69] [70], in which
the parameters (9.30) - (9.37) take a particularly simple form at the Planck scale:

M3 = M2 = M1 = m1/2; (939)

m: =mi=m?=m?=m=m1, (9.40)

where ‘1’ stands for the ur?it matrix indfamﬂ; space;
my, = mi, = mg; (9.41)
and
au = AoYu, a4 = Aoya, ac = Agye (9.42)

where the y matrices are those appearing in (8.4). Relations (9.40) imply that at
mp all squark and sleptons are degenerate in mass (independent of both flavour and
family, in fact) and so, in particular, squarks and sleptons with the same electroweak
quantum numbers can be freely transformed into each other by unitary transforma-
tions. All mixings can then be eliminated, apart from that originating via the triple
scalar terms. But conditions (9.42) ensure that only the squarks and sleptons of the
(more massive) third family can have large triple scalar couplings. If my /5, Ag and b
of (9.34) all have the same complex phase, the only CP-violating phase in the theory
will be the usual CKM one (leaving aside CP-violation in the neutrino sector). Some-
what weaker conditions than (9.39) - (9.42) would also suffice to accommodate the
phenomenological constraints. (For completeness, we mention other SUSY-breaking
mechanisms that have been proposed: gauge-mediated [71], gaugino-mediated [72]
and anomaly-mediated [73] symmetry breaking.)

We must now remember, of course, that if we use this kind of effective Lagrangian
to calculate quantities at the electroweak scale, in perturbation theory, the results
will involve logarithms of the form?®

In[(high scale, for example the unification scale my)/low scale my], (9.43)

®Expression (9.43) may be thought of in the context either of running the quantities ‘down’ in
scale - i.e. from a supposedly ‘fundamental’ high scale Qg ~ my to a low scale ~ myz; or - as in
(8.61) - (8.63) - of running ‘up’ from a low scale Qq ~ myz to a high scale ~ my (in order, perhaps,
to try and infer high-scale physics from weak-scale input). Either way, a crucial hypothesis is, of
course, that no new physics intervenes between ~ myz and ~ my.
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coming from loop diagrams, which can be large enough to invalidate perturbation
theory. As usual, such ‘large logarithms’ must be re-summed by the renormalization
group technique (see chapter 15 of [7] for example). This amounts to treating all cou-
plings and masses as running parameters, which evolve as the energy scale changes
according to RG equations, whose coefficients can be calculated perturbatively. Con-
ditions such as (9.39) - (9.42) are then interpreted as boundary conditions on the
parameters at the high scale.

This implies that after evolution to the SM scale the relations (9.39) - (9.42)
will no longer hold, in general. However, RG corrections due to gauge interactions
will not introduce flavour-mixing or CP-violating phases, while RG corrections due
to Yukawa interactions are quite small except for the third family. It seems to be
generally the case that if FCNC and CP-violating terms are suppressed at a high (),
then supersymmetric contributions to FCNC and CP-violating observables are not in
conflict with present bounds, though this may change as the bounds are improved.

9.3 RGE evolution of the parameters in the (softly
broken) MSSM

It is fair to say that the apparently successful gauge unification in the MSSM (section
8.3) encourages us to apply a similar RG analysis to the other MSSM couplings and
to the soft parameters (9.39) - (9.42). One-loop RGEs for the MSSM are given in [47]
Appendix C.6; see also [46] section 5.5.

A simple example is provided by the gaugino mass parameters M; (i = 1,2,3)
whose evolution (at 1-loop order) is determined by an equation very similar to (8.55)
for the running of the «;, namely

dM; b;
dt — _ﬂazMz- (944)

From (8.55) and (9.44) we obtain

rdaM; o, 1da (9.45)
a; di ‘o dt '
and hence
d

dt



9.3. RGEEVOLUTION OF THE PARAMETERS IN THE (SOFTLY BROKEN) MSSM171

It follows that the three ratios (M;/a;) are RG-scale independent at 1-loop order. In
mSUGRA-type models, then, we can write

MZ(Q) My

= , 9.47
a(Q)  ai(mp) (947)
and since all the a;’s are already unified below mp we obtain
M M. M.

a(Q)  a(Q)  a3(Q)

at any scale (), up to small 2-loop corrections and possible threshold effects at high
scales.

Applying (9.48) at ) = my we find

My(mz) = z:gz;m(mz) = gtanz Oy (mz) My (mz) ~ 0.5 My (mz) (9.49)
and
Ms(mz) = Zzgzzgm(mz) = %ag(mz)m(mz) ~ 3.5My(myz)  (9.50)

where we have used (8.65) - (8.67). Equations (9.49) and (9.50) may be summarized

as

Ms(mgz) : My(myg) @ My(mg) ~7:2: 1. (9.51)

This simple prediction is common to most supersymmetric phenomenology. It im-
plies that the gluino is expected to be heavier than the states associated with the
electroweak sector. (The latter are ‘neutralinos’, which are mixtures of the neutral
Higgsinos (H°, HY) and neutral gauginos (B, W?°), and ‘charginos’, which are mix-
tures of the charged Higgsinos (H;, Hy ) and winos (W*, W™); see sections 11.2 and
11.3.)

A second significant example concerns the running of the scalar masses. Here the
gauginos contribute to the RHS of ‘dm?/dt’ with a negative coefficient, which tends
to increase the mass as the scale () is lowered. On the other hand, the contributions
from fermion loops have the opposite sign, tending to decrease the mass at low scales.
The dominant such contribution is provided by top quark loops since y; is so much
larger than the other Yukawa couplings. If we retain only the top quark Yukawa

coupling, the I-loop evolution equations for mf; , mQQS and m%s are

dm%{u B SXt

6
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dm? X, 32 9
dth — [4_7; - EO@)M:? — 6oy M3 — Eale]/ll‘/r (9.53)
dm? 2X, 32 32
= oMy — fpoa Ml 4, (9.54)
where
Xy =2y (mfy, +md, +ml + AP) (9.55)

and we have used (9.42). In contrast, the corresponding equation for m%{d, to which
the top quark loop does not contribute, is

dm? 6

Since the quantity X is positive, its effect is always to decrease the appropriate
(mass)? parameter at low scales. From (9.52) - (9.54) we can see that, of the three
masses, mf; is (a) decreased the most because of the factor 3, and (b) increased the
least because the gluino contribution (which is larger than those of the other gauginos)
is absent. On the other hand, m%{d will always tend to increase at low scales. The
possibility then arises that mg; could run from a positive value at Qo ~ 10'® GeV
to a negative value at the electroweak scale, while all the other (mass)? parameters
of the scalar particles remain positive®. This can indeed happen, thanks to the large
value of the top quark mass (or equivalently the large value of y): see [74] [75] [76]
[77] [78] [79] [80]. Such a negative (mass)? value would tend to destabilize the point
HY = 0, providing a strong (though not conclusive - see section 10.1) indication that
this i1s the trigger for electroweak symmetry breaking. A representative example of
the effect is shown in figure 9.1 (taken from [80]).

The parameter y; in (9.52)-(9.54), and the other Yukawa couplings in (8.4), all
run too; consideration of the RGEs for these couplings provides some further inter-
esting results. If (for simplicity) we make the approximations that only third-family
couplings are significant, and ignore contributions from «; and a3, the 1-loop RGEs
for the parameters y;, yp and y, are

dy Yy 16

d—; = ﬁ (6y; + yp)/4m — gas] (9.57)
dys, Yb 16

T (6yp +yi +y2)/Am — gas] (9.58)
dy- Yr

SNegative values for the squark (mass)? parameters would have the undesirable consequence of
spontaneously breaking the colour SU(3).
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Figure 9.1: The running of the soft MSSM masses from the GUT scale to the elec-
troweak scale, for a sample choice of input parameters (see [80]). The three gaugino
masses M, M, and Ms are labelled by B, W and § respectively. Similarly, the squark
and slepton masses are labelled by the corresponding field label. The dashed lines
labelled Hyq and Hq4 represent the evolution of the masses my, and mp,. For conve-
nience, negative values of mf; are shown on this plot as negative values of my,: that

is, the figure shows sign(mg; ) \/|mf_ |. [ Figure reprinted with permission from G. L.
Kane et al., Phys. Rev. D49 page 6183 (1994). Copyright (1994) by the American
Physical Society.]
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As in equations (9.52) - (9.54) the Yukawa couplings and the gauge coupling oy enter
the RHS of (9.57) - (9.59) with opposite signs; the former tend to increase the y’s at
high scales, while a4 tends to reduce y; and yp,. It is then conceivable that, starting
at low scales with y; > yp, > y,, the three y’s might unify at or around my. Indeed,
there is some evidence that the condition yy(mu) = y,(muy), which arises naturally
in many GUT models, leads to good low-energy phenomenology [81] [82] [83] [84].

Further unification with y¢(muy) must be such as to be consistent with the known
top quark mass at low scales. To get a rough idea of how this works, we return to the
relation (8.10), and similar ones for myq;; and m.;;, which in the mass-diagonal basis
give

my mp m,

Ye = — Y= —" Yr =", (960)
Uy Va4 V4

where vq is the vev of the field HY. Tt is clear that the viability of y; &~ y, will depend
on the value of the additional parameter v,/vq (denoted by tan 3 - see section 10.1).
It seems that ‘Yukawa unification” at my may work in the parameter regime where
tan 3 & m¢/my, [85] [86] [87] [88] [89] [90] [91].

In the following chapter we shall discuss the Higgs sector of the MSSM where -
even without assumptions such as (9.39) - (9.42) - only a few parameters enter, and
one important prediction can be made: namely, an upper bound on the mass of the

lightest Higgs boson, which is well within reach of the LHC.



Chapter 10

The Higgs sector and electroweak
symmetry breaking in the MSSM

10.1 The scalar potential and the conditions for
electroweak symmetry breaking

We largely follow the treatment in Martin [46] section 7.1. The first task is to find the
potential for the scalar Higgs fields in the MSSM. As frequently emphasized, there
are two complex Higgs SU(2);, doublets which we are denoting by H, = (H}, HY)
which has weak hypercharge y = 1, and Hq = (HS, Hy) which has y = —1. The
classical (tree-level) potential for these scalar fields is made up of several terms. First,
quadratic terms arise from the SUSY-invariant (‘F-term’) contribution (8.15) which
involves the p parameter from (8.4), and also from SUSY-breaking terms of the type
(9.34). The latter two contributions are

mi, (| Hy "+ [H ") + mp, (1H3” + [Hi ), (10.1)

where despite appearances it must be remembered that the arbitrary parameters

‘mf;,” and ‘mf; " may have either sign, and

b(HIHy — H HY) + h.c. (10.2)

To these must be added the quartic SUSY-invariant ‘D-terms’ of (7.74), of the form
(Higgs)? (Higgs)?, which we need to evaluate for the electroweak sector of the MSSM.

There are two groups G, SU(2);, with coupling g and U(1), with coupling ¢'/2
(in the convention of [7] - see equation (22.21) of that reference). For the first, the
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matrices T are just 7% /2, and we must evaluate

S O(HY(r*/2)Hy + Hi(r" [2)Ha) (H(r* /2) Hy + Hi(r" /2) Ha)

= (HY(T/2)Hy) - (H}(T/2)Ha) + (Hi(7/2)Ha) - (H}(T/2)Ha)
+2(H(7/2)H) - (H(T/2)Ha). (10.3)

Hu:(Z),Hd:<;>, (10.4)

then brute force evaluation of the matrix and dot products in (10.3) yields the result

If we write

iﬂﬂd”+w%—04?+wﬂf+4ma+wfxfc+wﬁh (10.5)

so that the SU(2) contribution is (10.5) multiplied by g*/2. The U(1) contribution is

1 2

S/ /2 [HHy — HiHa]* = %[(lCElQ +[B1%) = (le]* + 1d]*)]". (10.6)
Re-writing (10.5) and (10.6) in the notation of the fields, and including the quadratic
pieces, the complete potential for the scalar fields in the MSSM is

V= (lpl* 4+ m ) HF 2+ [HJ?) + (|p)? + mi, ) (1Hg|* + |Hy |?) +

2 _I_ 12
(H* Hy — HOHS) + h.c] + (9879)

2
+%|HU+H§T + HOHTTP, (10.7)

(1HT "+ [H|* = [Hg* — [Hy [*)*

We prefer not to re-write (|u|* + mf;, ) and (|u|* + mf;,) as mi and m3, say, so as
to retain a memory of the fact that |u|* arises from a SUSY-invariant term, and
is necessarily positive, while mf; and mg; are SUSY-breaking and of either sign «a
priori.

We must now investigate whether - and if so under what conditions - this potential
can have a minimum which (like that of the simple Higgs potential (1.4) of the SM)
breaks the SU(2);, xU(1), electroweak symmetry down to U(1)em.

We can use the gauge symmetry to simplify the algebra somewhat. As in the
SM (see for example sections 17.6 and 19.6 of [7]) we can reduce a possible vev of
one component of either H, or Hy to zero by an SU(2);, transformation. We choose
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H} =0 at the minimum of V. The conditions H} = 0 and 9V /OH} = 0 then imply
that, at the minimum of the potential, either

Hy =0 (10.8)

or

2
b+ %HgTHgT = 0. (10.9)

The second condition (10.9) implies that the b term in (10.7) becomes
g*|Hy " Hg? (10.10)

which is definitely positive, and unfavourable to symmetry-breaking. As we shall
see, condition (10.8) leads to a negative b-contribution. Accepting alternative (10.8)
then, it follows that neither H} nor HJ acquire a vev, which means (satisfactorily)
that electromagnetism is not spontaneously broken. We can now ignore the charged
components, and concentrate on the potential for the neutral fields which is

Vo = (lul* + mi ) HJ* + (|p)* + mp, )| Hg|*
2 1
—(bHOHS + h.c.) + %(WW — [HY*). (10.11)

This is perhaps an appropriate point to note that the coefficient of the quartic
term is not a free parameter, but is determined by the known electroweak couplings
((¢*> + ¢"*)/8 = 0.065). This is of course in marked contrast to the case of the SM,
where the coefficient A/4 in (1.4) is a free parameter. Recalling from (1.3) that, in
the SM, the mass of the Higgs boson is proportional to v/, for given Higgs vev, this
suggests that in the MSSM there should be a relatively light Higgs particle. As we
shall see, this is indeed the case, though the larger field content of the Higgs sector
in the MSSM makes the analysis more involved.

Consider now the b-term in (10.11), which is the only one that depends on the
phases of the fields. Without loss of generality, b may be taken to be real and positive,
any possible phase of b being absorbed into the relative phase of H? and HS. For
a minimum of V,, the product H?Hj must be real and positive too, which means
that (at the minimum) the vev’s of H? and HJ must have equal and opposite phases.
Since these fields have equal and opposite hypercharges, we can make a U(1), gauge
transformation to reduce both their phases to zero. All vev’s and couplings can
therefore be chosen to be real, which means that CP is not spontaneously broken by
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the 2-Higgs potential of the MSSM, any more than it is in the 1-Higgs potential of
the SM.!

The scalar potential now takes the more manageable form

o 2 2 2 2 2\ 2 (92 ‘|'9I2) 2 212
Vo = (1l +md)a? + (il + )y —2bey + 00 @2 ep 102)
where x = |HJ|,y = |HJ|; it depends on three parameters, |u|* + mg , |p|* + mi,

and b. We want to identify the conditions required for the stable minimum of V, to
occur at non-zero values of x and y. First note that, along the special (‘flat’) direction
x =y, the potential will be unbounded from below (no minimum) unless

2|ul* + miy, +mf, > 20> 0. (10.13)

Hence (|p|* +miy,) and (|p|*> +mf,) cannot both be negative. This implies, referring
to (10.12), that the point © = y = 0 cannot be a maximum of V,. If (|u|* + mf,)
and (|u|* 4 mi;,) are both positive, then the origin is a minimum (which would be an
unwanted symmetry-preserving solution) unless

(P +mi ) (> + mi,) <, (10.14)

which is the condition for the origin to be a saddle point. (10.14) is automatically
satisfied if either (|u|* + mf ) or (|u|> + mf, ) is negative.

The b-term favours electroweak symmetry breaking, but it is not required to be
non-zero. What can be said about mf; and mg ? A glance at conditions (10.13) and
(10.14) shows that they cannot both be satisfied if mf;, = mjf; , a condition that is
typically taken to hold at a high scale ~ 10'® GeV. However, the parameter mg; is,
in fact, the one whose renormalization group evolution can drive it to negative values
at the electroweak scale, as discussed at the end of the previous chapter (see figure
9.1). It is clear that a negative value of mf; will tend to help condition (10.14) to
be satisfied, but it is neither necessary nor sufficient (|| may be too large or b too
small). A ‘large’ negative value for mf;_is a significant factor, but it falls short of a
demonstration that electroweak symmetry breaking will occur via this mechanism.

Having established the conditions (10.13) and (10.14) required for |H?| and |HJ|

to have non-zero vevs, say v, and vgq respectively, we can now proceed to write down

!While this is true at tree level, CP symmetry could be broken significantly by radiative correc-
tions, specifically via loops involving third generation squarks [92]; this would imply that the three
neutral Higgs eigenstates would not have well defined CP quantum numbers (for the usual, CP
conserving, case, see comments following equation (10.96) below).
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the equations determining these vevs which follow from imposing the stationary con-
ditions

Vo Ve

9r oy 0. (10.15)
Performing the differentiations and setting x = v, and y = vq we obtain
1
(|N|2 + m%lu)vu = bug + 1(92 + 9’2)(1)(21 _ vﬁ)vu (1016)
1
(|l +mf, Jva = bo, — 1(92 + ¢ (v} — v2)va. (10.17)

One combination of v, and vq is fixed by experiment, since it determines the mass
of the W and 7 bosons, just as in the SM. The relevant terms in the electroweak
sector are

(D, Ho) (D" Hy) + (D, Ha) (D Hy) (10.18)
where (see equation (22.21) of [7])
D,=0,+ig(7/2) - W, +i(d'/2)yB,. (10.19)

The mass terms for the vector particles come (in unitary gauge) from inserting the

vevs for H, and Hgq, and defining

7" = (—g'B* + gWi) /(g + g*)'*. (10.20)

One finds
my = S(g g+ ) (10.21)
m?, = %f@ﬁ+v@. (10.22)

Hence (see equations (22.29)-(22.32) of [7])
2 2 1/2
(02 + v2)!/? = (@) = 174GeV. (10.23)
g
Equations (10.16) and (10.17) may now be written as

(|ul? + mf,) = beot B+ (my/2)cos23 (10.24)
(|,u|2—|—m12{d) = btan 8 — (m2/2) cos 23, (10.25)
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where

tan 3 = v, /vg. (10.26)

It is easy to check that (10.24) and (10.25) satisfy the necessary conditions (10.13)
and (10.14). We may use (10.24) and (10.25) to eliminate the parameters || and b
in favour of tan 3, but the phase of y is not determined. Because both v, and vq are
real and positive, the angle 3 lies between 0 and /2.

We are now ready to calculate the mass spectrum.

10.2 The tree-level masses of the scalar Higgs states
in the MSSM

In the SM, there are four real scalar degrees of freedom in the Higgs doublet (1.5);
after electroweak symmetry breaking (i.e. given a non-zero Higgs vev), three of them
become the longitudinal modes of the massive vector bosons W* and Z°, while the
fourth is the neutral Higgs boson of the SM, the mass of which is found by considering
quadratic deviations away from the symmetry-breaking minimum (see chapter 19 of
[7] for example). In the MSSM, there are 8 real scalar degrees of freedom. Three of
them are massless, and just as in the SM they get ‘swallowed’ by the W# and Z°.
The masses of the other five are again calculated by expanding the potential about
the minimum, up to second order in the fields. Though straightforward, the work is
complicated by the fact that the quadratic deviations are not diagonal in the fields, so
that some diagonalization has to be done before the physical masses can be extracted.
To illustrate the procedure, consider the Lagrangian

L1z = 0,010" b1 + 0,020" Py — V (1, $2), (10.27)

where V(¢1,¢2) has a minimum at ¢ = v1,¢2 = va. We expand V about the
minimum, retaining only quadratic terms, and discarding an irrelevant constant; this

yields
, , 1 0%V
L12,quad = 0,010" 1 + 0,20" g — §W(¢l — U1)2
@1
10%°V ) 0’V
_5875%(% — )" — 56195, (61 — v1)(d2 — v2) (10.28)

where the derivatives are evaluated at the minimum (vq,v2). Defining

b = \/§(¢1 — 1), by = \/§(¢2 — vg), (10.29)
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(10.28) can be written as
1 Y oap T 1 Y oau i 1~ =~ sq b1
£12,quad = 5(9#991(9 le + 58#9928 Oy — §(¢1 @2)M ~ s (1030)

where the (mass)? matrix M®! is given by

1 " "
M = (‘@ W?) (10.31)

T2\ WV VS
where o
"= . 10.32
‘/” a@zaqb] (U17U2) ( 0 3 )

The matrix M is real and symmetric, and can be diagonalized via an orthogonal
transformation of the form

¢+ \ [ cosa —sina ¢i1
( b ) B ( sina  cos o ) ( bs ) (10.33)

If the eigenvalues of M* are m% and m? , we see that in the new basis (10.30) becomes

1 1 1 1
L12,quad = §au¢+a“¢+ + 58;@—3%— - §(¢+)2m2+ - §(¢—)2m2_, (10.34)

from which it follows (via the equations of motion for ¢4 and ¢_) that m3 and m?
are the squared masses of the modes described by ¢4 and ¢_.

We apply this formalism first to the pair of fields (ImH?, ImH§). The part of our
scalar potential involving this pair is

Va = (lul* + mg, ) (ImH)* + (|u]* + my, ) (ImHg)* + 26(Tm Hy) (Tm Hy)

P o+ (2 (e — ()T (10.35

Evaluating the second derivatives at the minimum point, we find the elements of the
(mass)? matrix:

2 12
s +
M = a4y, + L)

: 7 (va—vd) = beot 3, (10.36)

where we have used (10.16), and similarly

Mi3 =b, My = btanf. (10.37)
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The eigenvalues of M*? are easily found to be
m2 =0, m’ = 2b/sin2. (10.38)
The eigenmode corresponding to the massless state is
V2[sin B(ImH?) — cos B(ImH])], (10.39)
and this will become the longitudinal state of the Z°. The orthogonal combination
V2[cos B(ImH?) + sin B(ImH])] (10.40)
is the field of a scalar particle ‘A%, with mass
mao = (2b/ sin 23)"/%. (10.41)

In discussing the parameter space of the Higgs sector of the MSSM, the pair of
parameters (b, tan (3) is usually replaced by the pair (mo,tan 3).

Next, consider the charged pair (H], Hd_T). In this case the relevant part of the
Lagrangian is

0%y HA H+
oftom+ "

Yy PV Y

otton; " Y oHFoH; " Y auitoH;!

Len,quaa = (0, HI) (0" HF) + (9, Hy ) (0" Hy ) —
HITHTT,  (10.42)

where we use (10.7) for V, and the derivatives are evaluated at H? = v,, H] =
va, Hf = Hy = 0. We write the potential terms as

u

— 3 Hj
gt ipne () (10.43)
d
where
. M A
M = ( oy ) (10.44)

with M4 = 0?V/OHTOHY etc. Performing the differentiations and evaluating the
results at the minimum, we obtain

242 2
M3 = ( beotf+ Fva b+ Fouva ) . (10.45)

ch = 2 2
h b+ %vuvd btan 3 + %vﬁ
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This matrix has eigenvalues 0 and m%v + mQAO. The massless state corresponds to the
superposition

Gt =sin BHF — cos ﬁHd_T, (10.46)

and it provides the longitudinal mode of the W+ boson. There is a similar state
G~ = (G*)T, which goes into the W~. The massive (orthogonal) state is

H* = cos BHF + sin BH; T, (10.47)

which has mass mu+ = (miy + mQAo)l/Q, and there is a similar state H~ = (H+)T.
Note that after diagonalization (10.42) becomes

(0,GYN(0"GY) + (OHN) (0" HY) — mi  HTTHT (10.48)

and the equation of motion for H* shows that mf is correctly identified with the
physical squared mass, without the various factors of 2 that appeared in our example
(10.28)-(10.34) of two neutral fields.

Finally, we consider the coupled pair (ReH? —v,, ReH] — v4), which is of the same
type as our example, and as the pair (ImH{,ImHY). The (mass)? matrix is

beot B+ m2sin®3  —b—1m2sin2p
sq VA 217
My = ( —b— %m% sin23  btan 3 + m%cos® 8 (10.49)
which has eigenvalues
1
mio = §{mio +m3 — [(m3%o + m2)? — 4m3em2 cos? 28]Y/%} (10.50)
and |
Mo = §{m2Ao + m2 + [(m3e + m2)? — 4miom2 cos? 23]'/%}. (10.51)

Equation (10.50) and (10.51) display the dependence of myo and mypo on the param-
eters mpo and (3. The corresponding eigenmodes will be given in section 10.4.

The crucial point now is that, whereas the masses m o, mygo and my+ are uncon-
strained (since they all grow as b/sin 8 which can in principle be arbitrarily large),
the mass myo is bounded from above. Let us write x = m3,, @ = m3; then

1
mio = 5{:1: +a—[(z 4 a)? — dax cos? 26]'/?}. (10.52)

It is easy to verify that this function has no stationary point for finite values of .

Further, for small = we find
mio & z cos® 213, (10.53)
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while for large =
mio — acos’ 23 — (a®/4z)sin® 473. (10.54)

Hence the maximum value of mi,, reached as m%, — oo, is a cos® 23; that is
mpo < my|cos 23| < my. (10.55)

Note that | cos 23| vanishes when tan 8 = 1, and is maximized for small or large tan (3
(B~ 0orm/2).
This is the promised upper bound on the mass of one of the neutral Higgs bosons

in the MSSM, and it is surely a remarkable result [93], [94]. The bound (10.55) has,

of course, already been exceeded by the current experimental lower bound [95]
my > 114.4 GeV (95% c.l.). (10.56)

Fortunately for the MSSM, the tree-level mass formulae derived above receive sig-
nificant 1-loop corrections, particularly in the case of the h®, whose mass is shifted
upwards, possibly by a substantial amount [96] [97] [98] [99]. One important contribu-
tion to mj, arises from the incomplete cancellation of top quark and top squark loops,
which would cancel in the exact SUSY limit (recall the paragraph following equation
(1.22)). The magnitude of this contribution depends on the top squark masses, which
we shall discuss in section 11.4. If, for simplicity, we neglect top squark mixing effects
(i.e. set the off-diagonal elements of the mass-squared matrix of (11.59) to zero), then
the inclusion of this contribution modifies the bound (10.55) to

Im?
mﬁo < m?2 t

< my + 27T2(U121 + U?{) ln(ms/mt) (10'57)

where m; is the top quark mass and m3 = %(mgl + mi) is the average of the squared
masses of the two top squarks. To get an idea of the orders of magnitude involved,
let us set mg = 500 GeV, together with m; = 174 GeV =(v? 4 v2)!/2. Then (10.57)

gives

mio < m2 + (70 GeV)? = ( 115 GeV)?. (10.58)

Evidently for this a priori not unreasonable value of the top squark mass parameter,
the (approximate) one-loop corrected squared mass m}, just clears the experimental
bound (10.56).

These simple considerations indicate that the shift in mi, required for consistency
with the bound (10.55) may be attributable to radiative corrections. But the shift
must be almost as large as the tree-level value, so that higher order effects cannot be
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neglected. More complete treatments (see for example [100] and [101]) show that the
inclusion of only the one-loop terms somewhat overestimates the true upper bound
on mi,. Equivalently, to reach a given value of mj, using the more complete calcu-
lation requires a larger value of mg. For example, if squark mixing is still relatively
small, then the bound (10.55) requires mg ~ 800-1200 GeV. This estimate is further
increased if a lower value of m; is used.

The magnitude of these radiative corrections is obviously very sensitive to the
value of my. It also depends on the quark mixing parameters. The latter may be
tuned so as to maximize myo for each value of mao and tan 3 (see [102] for example).
Typically, an increase of about 15 GeV in myo is produced, compared with the no-
mixing case. This, in turn, allows the bound (10.56) to be met for a smaller value of

mg: mg ~ 400-500 GeV.

It is natural to wonder how large mpo can become in the MSSM, keeping mg <
2 TeV say. A recent summary [103] which includes leading two-loop effects and
takes the average top squark squared mass to be (2TeV)?, concludes that in the
‘mps™ scenario [102], with my = 179.4 GeV, the bound (10.56) places no constraint
on tan 3, and predicts myo < 140 GeV (with an accuracy of a few GeV). This is still
an extremely interesting result. In the words of Drees [104]: “If experiments....fail to
find at least one Higgs boson [in this energy region], the MSSM can be completely
excluded, independent of the value of its 100 or so free parameters.”

In concluding this section, we should note that, while the bound (10.56) is gen-
erally accepted, alternative interpretations of the data do exist. Thus Drees has
suggested [105] that the 2.3 o excess of events around 98 GeV and the 1.7 o excess
around 115 GeV reported by the four LEP experiments [95] might actually be the h°
and H? respectively (see also footnote 4 below, page XXX). More recently, Dermigek
and Gunion have proposed [106] that the 98 GeV excess correlates well with there
being Higgs boson of that mass with SM-like ZZh® coupling, which decays dominantly
via h® — aa, where ‘a’ is a CP-odd Higgs boson of the kind present in the ‘next to
minimal supersymmetric standard model’ (NMSSM), and m, < 2my,. These authors
argue further that this scenario is phenomenologically viable for parameter choices
in the NMSSM which yield the lowest possible ‘fine-tuning ’. This is an appropriate
moment to take a small detour in that direction.
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10.3 The SM fine-tuning problem revisited, in the
MSSM

The foregoing discussion has provided estimates of the scale of mg required to ac-
commodate Higgs mass values in the range 115 - 140 GeV in the MSSM. At first
sight, the indicated superpartner range (500 GeV < mg < few TeV) seems pretty
much as anticipated from the qualitative account given in section 1.1 of how a super-
symmetric theory could solve the fine-tuning problem present in the SM. On further
reflection, however, this range of mg - particularly the upper end of it - may seem to
present something of a problem for the MSSM. For one thing, the natural parameter
for bosonic mass terms is (mass)?, and if indeed mg ~ 1 TeV then mg may be up
to two orders of magnitude larger than the weak scale (given by mZ or (v2 + v3)).
While certainly very far from the problem created by the scale of M2 or M3, this
relatively large scale of m2 consitutes - for many physicists - a ‘little fine-tuning prob-
lem’. Correspondingly, within the specific context of the MSSM, the indicated scale
of m# leads - in the view of many - to an ‘MSSM fine-tuning problem’. We shall give
a brief outline of these concerns.

Let’s begin by formulating more precisely the argument of section 1.1 regarding the
fine-tuning problem in the SM. The SM is viewed as an effective theory, valid below
some cut-off Agy. At one-loop order, the (mass)? parameter in the Higgs potential,
which we shall now call —u#, receives quadratically divergent contributions from
Higgs boson, gauge boson and (dominantly) top quark loops, giving a total shift [107]
17

Fal —1) = gz (M + ME + ME — 4m?) A2, (10.5)
where v = 246 GeV. The one-loop corrected physical value —pu phys 15 then — U phys =
— i + 8q(—pd), or equivalently

3
Hitphys = Hit — W(QM\%V + M7 + My — 4mg)Agy (10.60)
(compare equation (1.11)). If delicate cancellations between the two terms on the
RHS of (10.60) are to be avoided (i.e. no fine-tuning), then neither term should be
(say) one order of magnitude greater than the LHS. Now we saw in section 1.1 that
the natural scale of ppphys is of order v/2. Hence we require

3 2
— = (2M2 + MZ + ME — Am2)A%,| < 10%. (10.61)

167202
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These considerations imply that for My = 115 - 200 GeV,
Asm < 2 -3 TeV. (10.62)

This is the conventional estimate of the scale at which, to avoid fine-tuning, new
physics beyond the SM should appear.?

In any supersymmetric extension of the SM (provided SUSY is softly broken, see
section 9.2) such quadratic divergences disappear - and with them, this (acute) form
of the fine-tuning problem; this was, of course, the primary motivation for the MSSM,
as sketched in section 1.1. Nevertheless, there may still be quite large (logarithmic)
loop corrections to the tree-level parameters in the Higgs sector potential, which might
imply the necessity for some residual fine-tuning, albeit of a much milder degree.

Within the context of the softly-broken MSSM, one such ‘large logarithm’ arises
from the evolution of the parameter mf; , which is approximately given (to one-loop
order) by equation (9.52) together with (9.55). Assuming that the dominant mass
terms are those of the top squarks, we may further approximate (9.52) by

dm%lu ~ 12y7
162 S

where mg is, as before, the average of the two top squark squared masses. Thus, in

(10.63)

running down from a high scale Ay to the weak scale, mf; receives a contribution

3y2 Ay
If we take Ay ~ 10'~'® (as in an mSUGRA theory, see section 9.2), and y; & 1, then
the magnitude of (10.64) is of order 2 — 3m?.

Consider now equations (10.16) and (10.17) which express the minimization con-
ditions on the Higgs potential at tree-level. Eliminating the parameter ‘b’ and using

(10.21) and (10.26) we obtain

1, o . ™Mi, —miy, tan®
—my = — 4 10.65
For simplicity let’s consider the case of large tan 3, so that (10.65) becomes
1
§m% = — | —mf. (10.66)

ZHowever, if - as noted by Veltman [17] - My happens to lie close to the value that cancels
8q(—p%), namely My & 316 GeV, then Agy could consistently be much higher than (10.62). The
implications of such a value of My are discussed in [108], for example.
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In order to satisfy this minimization condition ‘naturally’ (no fine tuning) we may
demand that terms on the RHS of (10.66) are no more than an order of magnitude
larger than the LHS, analogously to (10.61). Applying this criterion to the shift
(10.64) in mf; , we find

mé < 10m3/(~ 5) (10.67)

which implies

mg < 150 GeV, say. (10.68)

Surprisingly, this is a substantially lower value than the one we arrived at for the ‘scale
of new physics” according to the previous SM argument, equation (10.62). Numeri-
cally, this is essentially because the large logarithm in (10.64), the strong coupling v,
and the factor 12 combine to compensate the usual loop factor 1/(167%).?

Returning to (10.68), it is clear that such a relatively low value of mg will prevent
mpo from meeting the experimental bound (10.56). In fact, a significant increase in ms
above the value (10.68) is required, because this quantity enters only logarithmically in
(10.57). On the other hand, m% enters linearly in the fine-tuning argument involving
dmg; . In short, within the context of the MSSM, fine-tuning gets exponentially worse
as mpo increases. If we take mg ~ 500 GeV as roughly the smallest value consistent
with (10.56), then the factor of 10 in (10.67) is replaced by about 150, suggesting
that the MSSM is already fine-tuned at the percent level; and the tuning becomes
rapidly more severe as mg is increased.

The foregoing discussion is intended to illustrate in simple terms the nature of
the preceived fine-tuning problem in the MSSM, and to give a rough idea of its
quantitative extent. In fact, concerns about fine-tuning in models which require
supersymmetry to be manifest not too far from the weak scale have been expressed
for some time, and there are now extensive sub-literatures analysing the problem in
detail, and proposing responses to it. Of course, there can be no absolute definition
of the amount of fine-tuning that is ‘acceptable’ (1 part in 10?7 in 1007 in 10007),
but - in the absence of new guidance from experiment - the relative amount of fine-
tuning has been widely invoked as a useful criterion for guiding the search for physics
beyond the SM, or for concentrating on certain regions of parameter space (c.f. [106],
for example). However, these developments lie beyond our scope.

3Recall that it was this term that was responsible for the mechanism of radiative electroweak
symmetry breaking via a significant and negative contribution to m%{u, as discussed in section 9.3,
following equation (9.56).
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10.4 Tree-level couplings of neutral Higgs bosons
to SM particles

The phenomenolgy of the Higgs-sector particles depends, of course, not only on their
masses but also on their couplings, which enter into production and decay processes.
In this section we shall derive some of the more important couplings of the neutral
Higgs states h?, H° and A° , for illustrative purposes.

First, note that after transforming to the mass-diagonal basis, the relation (8.10)
and similar ones for mg;; and me;; become

Muct = VulYuct (1069)
Mdsb = VdYdsb (10.70)
Me,pr = VdYe,u,r- (1071)

In this basis, the Yukawa couplings in the superpotential are therefore (making use

of (10.22))

mu,c,t . gmu,c,t

u,c = = 10.72
Yot Uy V2my sin 8 ( )
Mds,b gMdshb
sh = = = 10.73
dasb U4 V2mw cos 8 ( )
mevﬂfﬂ- gmeuuv’r
oy = = . 10.74
Ye,u, v V2mw cos 3 ( )

Relations (10.72) and (10.73) suggest that very rough upper and lower bounds may
be placed on tan by requiring that neither y; nor y, is non-perturbatively large.
For example, if tan 3 > 1 then y; < 1.4, and if tan 8 < 50 then y, < 1.25. Some
GUT models can unify the running values of y,yp, and y, at the unification scale;
this requires tan 3 & m¢/my, =~ 40, as noted at the end of section 9.3.

To find the couplings of the neutral MSSM Higgs bosons to fermions, we return
to the Yukawa couplings (8.8) (together with the analogous ones for yj and y¥), and
expand H? and HY about their vacuum values. In order to get the result in terms
of the physical fields h°, H°, however, we need to know how the latter are related to
ReH? and ReHY - that is, we require expressions for the eigenmodes of the (mass)?
matrix (10.49) corresponding to the eigenvalues mf, and mfp of (10.50) and (10.51).

We can write (10.49) as
1 _
(A—I—Bc As ) (10.75)

sq _
Mh’H 9 —As A — Be
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where A = (m3, + m3), B = (m3%, —m3), ¢ =cos23, s =sin23, and we have used
(10.41). Expression (10.75) is calculated in the basis (v/2(ReH? —v,), vV2(Re H§ —vq)).

Let us denote the normalized eigenvectors of (10.75) by uy and ug where

uh:( cosa ) uH:(Sm“), (10.76)
—sina cos &

with eigenvalues mﬁo and m%{o respectively where

1
mﬁo == 5(14—0) (1077)
mi, = %(A+O), (10.78)

with C' = [A% — (A2 — B?)c?'2. The equation determining uy, is then

A+ Be —As Cos « B cos «
( —As A—Bc)(—sina)_(A_C)(_sina), (10.79)

which leads to

(C+ Bc)cosae = —Assina (10.80)
(=C'+ Be)sina = Ascosa. (10.81)

It is conventional to rewrite (10.80) and (10.81) more conveniently, as follows. Mul-
tiplying (10.80) by sina and (10.81) by cos a and then subtracting the results, we

obtain , ,
A
in2a = — A8 _ _(mao ¥ mg)

c (20 — ko) sin 23. (10.82)

Again, multiplying (10.80) by cos @ and (10.81) by sin & and adding the results gives

B 20 _ 2
cos 2o = ——v = —w cos 2(3. (10.83)
C (mio — mio)

Equations (10.82) and (10.83) serve to define the correct quadrant for the mixing angle
a, namely —7/2 < a < 0. Note that in the limit m3, > m7 we have sin 2a ~ —sin 23
and cos2a &~ — cos 23, and so

ar f—r/2 for mi, > m3. (10.84)
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The physical states are defined by
I cosa —sina ReH? — v,
(HO)—ﬂ(sina cos & )(Re]{g_vd)a (10.85)

which we can write as

1

ReH? = [v,+ 7§(cos ah® +sina H°)] (10.86)
1

ReH) = [va+ —=(—sinah’+ cosa H)]. (10.87)

V2
We also have, from (10.39) and (10.40),

1
ImH? = ﬁ(sinﬁ Hy + cos 3 A?) (10.88)
ImHY = L(—cosﬁHz + sin B A°) (10.89)

V2

where Hy is the massless field ‘swallowed’ by the Z°.
We can now derive the couplings to fermions. For example, the Yukawa coupling
(8.8) in the mass eigenstate basis, and for the third generation, is

—ye[xi - xe(ReHS +iTm HY) 4 X1 - X1 (ReH? —i1m HY)). (10.90)

Substituting (10.86) for ReH{, the ‘v,” part simply produces the Dirac mass m, via
(8.9), while the remaining part gives

m .
N \/§; (xiw - Xe + Xlr, - Xy ) (cos @ h® + sina H°)
gmg \ = cosa ,,  sinoa g
= — VAV h"+——H 10.91
<2mw) e (sinﬂ + sin 3 ) ’ ( )

where ‘W W’ is the four-component Dirac bilinear. The corresponding expression in

the SM would be just

_ <9mt ) T, 0, Hey, (10.92)

2mw

where Hgy is the SM Higgs boson. Equation (10.91) shows how the SM coupling is
modified in the MSSM. Simliarly, the coupling to the b quark is

_<gmb> \I’bq’b (_smozho_l_cosozHO)7 (10‘93)

2mw cos [3 cos 3
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which is to be compared with the SM coupling

- (gmb ) Wy, Wy, He (10.94)

mw

The coupling to the 7 lepton has the same form as (10.93), with the obvious replace-
ment of my, by m,. Finally the t-A° coupling is found by substituting (10.88) into
(10.90), with the result

.My t 1 1
_IU_(XEL * XtL — XtL XEL)E cos 3 A°

u

.y (29&) cot B Wyys W, A° (10.95)

myy
where we have used (8.3); and similarly the b-A® coupling is

i (ﬂ) tan B Uy Uy A°. (10.96)
mw
Incidentally, the 45 coupling in (10.95) and (10.96) shows that the A° is a pseudoscalar
boson (CP = —1), while the couplings (10.91) and (10.93) show that h® and H® are
scalars (CP=+1). Once again, the 7 — A° coupling is the same as (10.96), with my,
replaced by m.
The limit of large m o is interesting: in this case, a and 3 are related by (10.84),
which implies

sina &~ —cosf3 (10.97)
cosa & sinf. (10.98)

It then follows from (10.91) and (10.93) that in this limit the couplings of h® become
those of the SM Higgs, while the couplings of H® are the same as those of the A°.
For small m o and large tan 3 on the other hand, the h® couplings differ substantially
from the SM couplings, b-states being relatively enhanced and t-states being relatively
suppressed, while the H® couplings are independent of /3.

The couplings of the neutral Higgs bosons to the gauge bosons are determined by
the SU(2);,xU(1), gauge invariance, that is by the terms (10.18) with D, given by
(10.19). The terms involving Wi, Wi, ReH? and ReHY are easily found to be

2
%(W;Wm + W2 [(ReH?)? 4 (ReH3)?]. (10.99)
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Substituting (10.86) and (10.87), the v2 and v3 parts generate the W-boson (mass)?
term via (10.22), while trilinear W-W-(h? H®) couplings are generated when one of
the neutral Higgs fields is replaced by its vacuum value:

2

%(W;Wl“ + WZWQ“)\/i[Uu(cosaho + sina H%) 4+ vg(— sin a h® + cos a H?)]
gmw .
= T(ijl“ + W;WQ“)[sm(ﬁ —a)h® + cos(B — a) H°]. (10.100)

Similarly, the trilinear Z-Z-(h° H%) couplings are

Iy 7sin(B — a) h® + cos(3 — a) H°). (10.101)

2cos by "

Again, these are the same as the couplings of the SM Higgs to W and Z, but modified
by a factor sin(3 — «) for the h?, and a factor cos(3 — ) for the H%.* Once again,
there is a simple large mQAO limit:

sin(8—a) =1, cos(f—a)=0, (10.102)

showing that in this limit h® has SM couplings to gauge bosons, while the H decouples
from them entirely. At tree level, the A® has no coupling to pairs of gauge bosons.

There are also quadrilinear couplings which are generated when both neutral Higgs
fields are varying:

1
g[QQ(WjWI“ + WIW?) + (gcos Ow + ¢'sin Ow)* Z, Z*](h°* + H°? + A°?). (10.103)

Finally, there are trilinear couplings between the Z° and the neutral Higgs fields,
which involve derivatives of the latter:

%(g cos By + ¢’ sin vy )[cos(a — 3)(A°I*h° — ROD* A®)
—sin(a — B)(H 0" A° — A°9" H°)). (10.104)

Note that couplings of Z° to h®h®, H°H? and h°H? pairs are absent due to the assumed
CP invariance of the Higgs sector; CP allows Z° to couple to a scalar boson and a

4This is essential for the viability of Drees’s suggestion [105]: the excess of events near 98 GeV
amounts to about 10% of the signal for a SM Higgs with that mass, and hence interpreting it as the
h° requires that sin2(ﬂ —a) ~ 0.1. Tt then follows that ZH® production at LEP would occur with
nearly SM strength, if allowed kinematically. Hence the identification of the excess at around 115

GeV with the HO.
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pseudoscalar boson. The complete set of Higgs sector couplings, including those to
superpartners, is given in section 8.4.3 of [49].

We have seen that, in the MSSM, the mass of the h® state is expected to be smaller
than about 140 GeV. Consequently, the decays of the h® to tt, Z°Z° and W+W~ are
kinematically forbidden, as are (most probably) decays to superpartners. Since the
strength of the h® interaction with any field is proportional to the mass of that field,
the dominant decays will be to bb and 77 pairs. The partial widths for these channels
are easily calculated from (10.93), at tree level. Let the 4-momenta and spins of the
final state b and b be py,s; and pa, so. Then, borrowing formulae (12.7) and (12.10)
from chapter 12, we have (for 3 colours)

3 g¢*misin’a

I'(h® — bb) = P E |[u(p1, s1)v(pa, 52)|%, (10.105)

8mmi, 4miy cos?

5182

where p is the magnitude of the 3-momentum of the final state particles in the rest
frame of the h®. The spinor factor is

Tel(hs + )y — )] = 2mda(1 — dmd fmdy), (10.106)
and |
p=gmm(l— 4m3 fmio)'/2. (10.107)
Hence

- 3g°mi sin®* o
I(h° — bb) = MV—COM o (1 — 4m? /m2o)?/2 (10.108)
in agreement with (C.1b) of [49]. The partial width to 77 is given by an analogous
formula, without the factor of 3, so that the branching ratio of these two modes (at
tree level) is
I'(h® — bb) _ 3m{
I'(h° — 77) ~ m?

The partial width for H° — bb is given by (10.108) with sin a replaced by cos a, and
Mmpo by mpo.

~ 20. (10.109)

Exercise Show that
3g*mi tan® 8

32mmiy

I'(A° = bb) = mao (1 —4m2 /m36)"2. (10.110)

The widths of the MSSM Higgs bosons depend sensitively on tan 3. The produc-
tion rate at the LHC also depends on tan 3. The dominant production mechanism,
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as in the SM, is expected to be gluon fusion, proceeding via quark (or squark) loops.
In the SM case, the top quark loop dominates; in the MSSM, if tan 3 is large and
mao not too large, the bbh coupling is relatively enhanced, as noted after equation
(10.98), and the bottom quark loop becomes important. Searches for MSSM Higgs
bosons are reviewed by Igo-Kemenes in [59].
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Chapter 11

Sparticle masses in the MSSM

In the two final chapters, we shall give an introduction to the physics of the various
SUSY particle states - ‘sparticles’ - in the MSSM. The first step is to establish formulae
for the masses of the sparticles, which we do in the present chapter. In the following
one, we calculate some simple decay widths and production cross sections at tree level,
and also discuss very briefly some of the signatures that have been used in sparticle
searches, together with some search results. We also mention the idea of ‘benchmark
sets” of SUSY parameters.

As in the scalar Higgs sector, the discussion of sparticle masses is complicated
by mixing phenomena. In particular, after SU(2);,xU(1), breaking, mixing will in
general occur between any two (or more) fields which have the same colour, charge
and spin. We shall begin with the simplest case, that of gluinos, for which no mixing
occurs.

11.1 Gluinos

The gluino § is the only colour octet fermion, so - since SU(3).. is unbroken - it cannot
mix with any other MSSM particle, even if R-parity is violated. Its mass arises simply
from the soft SUSY-breaking gluino mass term in (9.30):

1
—§M3§a . f]a + h.c. (111)

where the colour index a runs from 1 to 8. The expression (11.1) is written in two-
component notation, but is easily translated to Majorana form, as usual:

1 . .
—5 MaU Uy (11.2)

197
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As noted after (9.30), even if we take M3 to be real, it need not be positive - that
is, of the sign to be conventionally associated with a mass term. The mass of the
physical particle is |Ms]. Suppose that Ms is negative, so that the mass term (11.1)
is

1 ~ ~a
—|—§|M3|g”“-g + h.c. (11.3)
The sign is easily reversed by a redefinition of the spinor field g°, for example
g" = —ig”, (11.4)

which will leave the kinetic energy term unchanged. In the equivalent Majorana
description, we have

Ga i09g™ io9ig™™* X ia
i = ( g ) - ( g ) = i " (11.5)
Hence, in the notation of Baer and Tata [49], we may generally allow for the possibility
of negative Majorana mass parameters by redefining the relevant field for the sparticle
p as i i

W > (i) 0, (1.6
where 05 = 0 if mp > 0, and 05 = 1 if my < 0. We have discussed the evolution of
M3 in section 9.3, in mSUGRA-type models.

11.2 Neutralinos

We consider next the sector consisting of the neutral higgsinos [:[3 and ]—Nfg, and the
neutral gauginos B (bino) and W° (wino) (see Tables 8.1 and 8.2). These are all
L-type spinor fields in our presentation (but they can equivalently be represented as
Majorana fields, as explained in section 2.3). In the absence of electroweak symmetry
breaking, the B and W fields would have masses given by just the soft SUSY-breaking
mass terms of (9.30):

1 S| . .

However, bilinear combinations of one of (B, WO) with one of (]—NIS, f{g) are generated
by the term ‘—+/2g[......] in (7.72), when the neutral scalar Higgs fields acquire a
vev. Such bilinear terms will, as in the Higgs sector, appear as non-zero off-diagonal
entries in the 4 x 4 mass matrix for the four fields B, W°, f]g, and F]g - that is, they
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will cause mixing. After the mass matrix is diagonalized, the resulting four neutral
mass eigenstates are called neutralinos, which we shall denote by X9 (i = 1,2,3,4),
with the convention that the masses are ordered as mgo < mgo < mg < mgo.

Consider for example the SU(2) contribution in (7.72) from the H supermultlplet
with o = 3,73 = 73/2, A% = W, which is

3 +
—V2g(HH Hﬂ*)% ( ZO ) WO+ hec. (11.8)

When the field H°" acquires a vev v, (which we have already chosen to be real),
expression (11.8) contains the piece

+\%UUHS WO+ hee., (11.9)

which we shall re-write as
1 L L
—5[— sin 3 cos mez](HS WO+ WO HS) + h.c., (11.10)

using (10.26) and (10.21), and the result of the first Exercise after (2.66). In a gauge-
eigenstate basis

G=1 "% |, (11.11)

this will contribute a mixing between the (2,4) and (4,2) components. Similarly, the
U(1) contribution from the H, supermultiplet, after electroweak symmetry breaking,
leads to the mixing term

!

T v H° B +hec. (11.12)

V2

1 L
= —§[sinﬁsin9WmZ](H3 B+ B-H)+h.c., (11.13)

which involves the (1,4) and (4,1) components. The SU(2) and U(1) contributions of
the Hy supermultiplet to such bilinear terms can be evaluated similarly.

In addition to this mixing caused by electroweak symmetry breaking, mixing be-
tween [:[3 and [:[g is induced by the SUSY-invariant ‘u term’ in (8.14), namely

1 - - N N
—5(—M)(H3 “H$+ HS - HY) 4 hec. (11.14)
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Putting all this together, mass terms involving the fields in G° can be written as

1 . N
—§G0TM(~;O G+ h.c. (11.15)
where
M1 0 —CpsSwmy, SpSwinz,
Méo _ 0 Mg CgCwmy, —SpgCwmyz : (1116)
—CgSwnyz CaCwmy, 0 — K
SpsSwing —SpgCwmyz, — K 0

with ¢g = cos 3,53 = sin 3, cw = cos Oy, and sw = sin Ow.

In general, the parameters My, M, and p can have arbitrary phases. Most anal-
yses, however, assume the ‘gaugino unification’ condition (9.47) which implies (9.49)
at the electroweak scale, so that one of M; and M, is fixed in terms of the other. A
redefinition of the phases of B and WP then allows us to make both M, and M, real
and positive. The entries proportional to my are real by virtue of the phase choices
made for the Higgs fields in section 10.1, which made v, and v4 both real. It is usual
to take p to be real, but the sign of p 1s unknown - and not fixed by Higgs-sector
physics (see the comment following equation (10.26)). The neutralino sector is then
determined by three real parameters, M; (or M;), tan 3 and p (as well as by my and
Oy, of course).

However, while the eigenvalues of Mz will now be real, there is no guarantee that
they will be positive. As for the gluinos, we allow for this by redefining the Majorana
fields for the neutralino mass eigenstates as

TS s (i) RO (11.17)

Whereﬂo—Olfm 2 >0, andﬁo—llfm w0 <0.

Clearly there is not a lot to be gamed by pursuing the algebra of this 4 x 4
mixing problem, in general. A simple special case is that in which the mz-dependent
terms in (11.16) are a relatively small perturbation on the other entries, which would
imply that the neutralinos Y9 and Y3 are close to the weak eigenstates bino and wino
respectively, with masses approximately equal to M; and M;, while the higgsinos are
mixed by the p entries to form (approximately) the combinations

1 1 (
V2 V2
'In the general case of complex M7, M5 and p, certain combinations of phases must be restricted
to avoid unacceptably large CP-violating effects [109].

HS = —(HS+ H®), and HS =—=(HS— HY), (11.18)
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each having mass ~ |u|.

Assuming it is the LSP, the lightest neutralino, X!, is an attractive candidate for
non-baryonic dark matter [110].? Taking account of the restricted range of Qcpmh?
consistent with the WMAP data, calculations show [111] [112] [113] that X{’s provide
the desired thermal relic density in certain quite well-defined regions in the space of
the mSUGRA parameters (1, mo, tan 3 and the sign of p; Ay was set to zero).
Dark matter is reviewed by Drees and Gerbier in [59].

11.3 Charginos

The charged analogues of neutralinos are called ‘charginos’: there are two positively
charged ones associated (before mixing) with (W+, H}), and two negatively charged
ones associated with (W‘, [:]d_) Mixing between [:]j and [:[d_ occurs via the p term
in (8.14). Also, as in the neutralino case, mixing between the charged gauginos and
higgsinos will occur via the ‘—v/2g[....]" term in (7.72) after electroweak symmetry
breaking. Consider for example the H, supermultiplet terms in (7.72) involving Wt
and W2, after the scalar Higgs H? has acquired a vev v,. These terms are

g 1 [:]j i1 2 [:]j 772
gt () e () e nas)

= —\%vuﬁlj (W' +iW?) + h.c. (11.20)
= —gu,Hf - W~ +h.c. (11.21)
— _%\/ﬁsﬁmw(ﬁj-ﬁ/— + W™ HY) +he (11.22)
The corresponding terms from the Hy supermultiplet are
—guaH7 - W+ +hec. (11.23)
— _%ﬂcﬁmw(ﬁ]g W+ Wt H7) +hee. (11.24)

If we define a gauge-eigenstate basis

gt = ( Zu: ) (11.25)

20ther possibilities exist. For example, in gauge-mediated SUSY breaking, the gravitino is nat-
urally the LSP. For this and other dark matter candidates within a softly-broken SUSY framework,
see [47] section 6.
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for the positively charged states, and similarly

g = ( Zd__ ) (11.26)

for the negatively charged states, then the chargino mass terms can be written as
1
=5l X" g7+ 97X g ] + hee, (11.27)

where

X = ( My V2spm ) . (11.28)

\/§c5mw U

Since XT # X (unless tan 8 = 1), two distinct 2 x 2 matrices are needed for the
diagonalization. Let us define the mass-eigenstate bases by

. S Xi

Xt o= Vgt xt= ( L ) (11.29)
X2

B

X~ = Ug, X —(~_), (11.30)
X2

where U and V are unitary. Then the second term in (11.27) becomes

1
—5)2_TU*XV_1 S (11.31)
and we require
uxv- = M0 11.32
N 0 mex |- (11.32)
X3

What about the first term in (11.27)7 It becomes
1
—§>(/+TV*XTUT S (11.33)

But since V*XTUT = (U*XV 1T it follows that the expression (11.33) is also diag-
onal, with the same eigenvalues m_ + and m, £.
Now note that the Hermitian conjugate of (11.32) gives

mr 0
VXIUT = ( SO ) . (11.34)
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Hence

_4|? 0
VXXV~ = VvXIUTU XV~ = ( ] ) , (11.35)

2
0 |m>2;t|

and we see that the positively charged states y* diagonalize XX. Similarly,

1|2 0
U'XX'UT = UXV-'VXIUT = ( ] ) , (11.36)

0 |m>g2i|2

and the negatively charged states Y~ diagonalize XX'. The eigenvalues of XX (or
XXT) are easily found to be

|m .+ |? 1 .
( X | = UM+ |+ 2mi ) F{ (MG + |+ 2mi ) — 4| Mo — iy sin 28],

|mg,§|2
(11.37)
It may be worth noting that, because X is diagonalized by the operation U*XV ™!,
rather than by VXV~ or U*XU", these eigenvalues are not the squares of the
eigenvalues of X.

The expression (11.37) is not particularly enlightening, but as in the neutralino
case it simplifies greatly if mw can be regarded as a perturbation. Taking M, and g
to be real, the eigenvalues are then given approximately by Mgk X M, and Mok R |
(the labelling assumes My < |p]). In this limit, we have the approximate degeneracies
Mo R mg, and Mk R Mo R M. In general, the physics is sensitive to the ratio

My /.

11.4 Squarks and sleptons

The scalar partners of the SM fermions form the largest collection of new particles
in the MSSM. Since separate partners are required for each chirality state of the
massive fermions, there are altogether 21 new fields (the neutrinos are treated as
massless here): four squark flavours and chiralities {ir,, ir, dr,, dr_and three slepton
flavours and chiralities 7.1, €1, ég in the first family, all repeated for the other two
families.® These are all (complex) scalar fields, and so the ‘I” and ‘R’ labels do not, of
course, here signify chirality, but are just labels showing which SM fermion they are

3In the more general family-index notation of section 9.2 (see equations (9.31), (9.33) and (9.37)),
‘Q1’ is the doublet (ﬂL,JL), ‘Qy is (v, 51), ‘Qs is (fL,EL), ‘4, is @R, ‘dy’ is dr (and similarly for

‘up 3" and ‘dy 3’), while ‘L1’ is (Per, €1,), ‘€1’ is e, etc.
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partnered with (and hence in particular what their SU(2)xU(1) quantum numbers
are - see Table 8.1).

In principle, any scalars with the same electric charge, R-parity and colour quan-
tum numbers can mix with each other, across families, via the soft SUSY-breaking
parameters in (9.31), (9.33) and (9.37). This would lead to a 6 x 6 mixing problem
for the u-type squark fields (i, @ir, ér,, ér, I1,, Ir), and for the d-type squarks and the
charged sleptons, and a 3 x 3 one for the sneutrinos. However, as we saw in section
9.2, phenomenological constraints imply that interfamily mixing among the SUSY
states must be very small. As before, therefore, we shall adopt the ‘mSUGRA’ form
of the soft parameters as given in equations (9.40) and (9.42), which guarantees the
suppression of unwanted interfamily mixing terms (though one must remember that
other, and more general, parametrizations are not excluded). As in the cases con-
sidered previously in this section, we shall also have to include various effects due to
electroweak symmetry breaking.

Consider first the soft SUSY-breaking (mass)? parameters of the sfermions (squarks
and sleptons) of the first two families. In the model of (9.40) they are all degener-
ate at the high (Planck?) scale. The RGE evolution down to the electroweak scale
is governed by equations of the same type as (9.53) and (9.54) but without the X
terms, since the Yukawa couplings are negligible for the first two families. Thus the
soft masses of the first and second families evolve by purely gauge interactions, which
(see the comment following equation (9.56)) tend to increase the masses at low scales.
Their evolution can be parametrized (following [46] equations (7.53) - (7.57)) by

A

ml%lL7C~1L - mgngL = mg + K3+ Ky + §A1 (11.38)
16

Mo =mi, = myt K+ K (11.39)

. 4
mi, =mi, = mot K 5k (11.40)
M, = Mo, = Mo + Ky + K, (11.41)
ng = mZR = mg +4K;. (11.42)

Here K35, Ky and K are the RGE contributions from SU(3), SU(2) and U(1) gauginos
respectively: all the chiral supermultiplets couple to the gauginos with the same
(‘universal’) gauge couplings. The different numerical coefficients in front of the K
terms are the squares of the y-values of each field (see Table 8.1), which enter into
the relevant loops (our y is twice that of [46]). All the K’s are positive, and are
roughly of the same order of magnitude as the gaugino (mass)® parameter m%/Q,
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but with K3 significantly greater than K3, which in turn is greater than K7 (this
is because of the relative sizes of the different gauge couplings at the weak scale:
g3 ~ 15,97 ~ 0.4,g9] ~ 0.2, see section 8.3). The large ‘K3’ contribution is likely
to be quite model-independent, and it is therefore reasonable to expect that squark
(mass)? values will be greater than slepton ones.

Equations (11.38) - (11.42) give the soft (mass)? parameters for the fourteen states
involved, in the first two families (we defer consideration of the third family for the
moment). In addition to these contributions, however, there are further terms to
be included which arise as a result of electroweak symmetry breaking. For the first
two families, the most important such contributions are those coming from SUSY-
invariant D-terms (see (7.74)) of the form (squark)?(higgs)? and (slepton)?(higgs)?,
after the scalar Higgs fields H? and HY have acquired vevs. Returning to equation
(7.73), the SU(2) contribution to D* is

o 4w T U b T D
D= statddy (5 )+ ey ()

€L,
T H+ _ T HO
+(HJTH3T)7< HL:? )Jr(hrgTHdT)7 ( HS )} (11.43)
Lt T U T D 1 1
S olald) Y ( § )+ by () - gttt ik (10

after symmetry breaking. When this is inserted into the Lagrangian term —%DQD",
pieces which are quadratic in the scalar fields - and are therefore (mass)? terms -
will come from cross terms between the ‘7®/2” and ‘4,3’ terms. These cross terms
are proportional to 7%/2, and therefore split apart the 7% = +1/2 weak isospin
components from the 7% = —1/2 components, but they are diagonal in the weak
eigenstate basis. Their contribution to the sfermion (mass)? matrix is therefore

1 1
+59° 2 5(vh—v)T° (11.45)
where T = 72/2. Similarly, the U(1) contribution to ‘D’ is
1+ =~ 1
Dy =g {3 5Nyl = 5(wi—vi)} (11.46)
f

after symmetry breaking, where the sum is over all sfermions (squarks and sleptons).
Expression (11.46) leads to the sfermion (mass)? term

1 1 .1

12 . T2 02
5672 (~5y) (03 = 02). (11.47



206 CHAPTER 11. SPARTICLE MASSES IN THE MSSM

Since y/2 = Q — T?, where @ is the electromagnetic charge, we can combine (11.45)
and (11.47) to give a total (mass)? contribution for each sfermion:

1
Ap = glea—vlle’ +9%)7° - g°C)]
= m3cos 2B[T° — sin® OwQ], (11.48)

using (10.21). As remarked earlier, Aj is diagonal in the weak eigenstate basis,
and the appropriate contributions simply have to be added to the RHS of equations
(11.38) - (11.42). It is interesting to note that the splitting between the doublet states

is predicted to be
_mgL + mf'iL = —mZeL + mgL = —cos 25m\2N, (11.49)

and similarly for the second family. On the assumption that tan 4 is most probably
greater than 1 (see the comments following equation (10.74)), the ‘down’ states are
heavier.

Sfermion (mass)? terms are also generated by SUSY-invariant F-terms, after sym-
metry breaking - that is, terms in the Lagrangian of the form

2

_ ‘aw (11.50)

I

for every scalar field ¢; (see equations (5.19) and (5.22)); for these purposes we regard
W of (8.4) as being written in terms of the scalar fields, as in section 5.1. Remem-
bering that the Yukawa couplings are proportional to the associated fermion masses
(see (8.10) and (10.69) - (10.71)), we see that on the scale expected for the masses of
the sfermions, only terms involving the Yukawas of the third family can contribute
significantly. Thus to a very good approximation we can write

W = ytflt{(fLHl? — ZN)LH:) — ybi);r:{({LHd_ — ZN)LH(?) — yT’ZN'A(I;TLHd_ — ’TN'LH(?)
V(i Hy — O (1.51)
as in (8.12) (with i, replaced by i} etc.) and (8.13). Then we have, for example,

2
=~y HY? — —yiolilin, = —m{il i, (11.52)

) ‘aw
ot

after H acquires the vev v,. The L-type top squark (‘stop’) therefore gets a (mass)?

term equal to the top quark (mass)®. There will be an identical term for the R-type
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stop squark, coming from —|dW/d41|%. Similarly, there will be (mass)? terms m? for
br, and br, and m? for 7, and 7r, though these are probably negligible in this context.

We also need to consider derivatives of W with respect to the Higgs fields. For
example, we have

2
= —|ydhin, — pHI* = —|ydhin — pval? (11.53)

ow
DH?

after symmetry breaking. The expression (11.53) contains the off-diagonal bilinear
term

,Lwdyt(flgtNL + tNHR) = pumy cot B(fﬁtNL + tNIttNR) (11.54)
which mixes the R and L fields. Similarly, —|0W /0 HJ|* contains the mixing terms

ump tan ﬁ(?)ﬁlN)L + IN)IJEIN)R) (11.55)

and
pm tan B(77r, + 7 w). (11.56)

Finally, bilinear terms can also arise directly from the soft triple scalar couplings
(9.37), after the scalar Higgs fields acquire vevs. Assuming the conditions (9.42), and
retaining only the third family contribution as before, the relevant terms from (9.37)
are

—Aoytvu({L{L + ZT{{R) = —Aomt(lﬁR{L + £££R>a (1157)

together with similar IN)R — BL and 7 — 71, mixing terms.

Putting all this together, then, the (mass)® values for the squarks and sleptons of
the first two families are given by the expressions (11.38) - (11.42), together with the
relevant contribution A; of (11.48). For the third family, we discuss the {, b and 7
sectors separately. The (mass)? term for the top squarks is

~aime (1), (11.58)
lr
where , ,
VI G R, mg(AO _2/“0“8) : (11.59)
m( Ao — p cot 3) mi +mi+ A
with

1 2
Ag, = (5 ~3 sin® Oy )m, cos 23 (11.60)
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and

2
Ag.. = —3 sin® fywms, cos 23. (11.61)

R

Here m?LI)L and m%R are given approximately by (9.53) and (9.54) respectively. In
contrast to the corresponding equations for the first two families, the X; term is now
present, and will tend to reduce the running masses of t, and tr at low scales (the
second more than the first), relative to those of the corresponding states in the first
two families; on the other hand, the m? term tends to work in the other direction.

The real symmetric matrix M? can be diagonalized by the orthogonal transfor-

1 [ cosbfy —sinb, i1, _
( 1y ) o ( sinf, cos b, g |’ (11.62)
: and mé, with m%l < mg .
value of my in the off-diagonal positions in (11.59), mixing effects in the stop sector are
likely to be substantial, and will probably result in the mass of the lighter stop, mg,,
being significantly smaller than the mass of any other squark. Of course, the mixing

effect must not become too large, or else m%l is driven to negative values, which would

mation

2 2

the eigenvalues are denoted by m Because of the large

imply (as in the electroweak Higgs case) a spontaneous breaking of colour symmetry.
This requirement places a bound on the magnitude of the unknown parameter Ag,
which cannot be much greater than m; .

Turning now to the b sector, the (mass)? matrix is

M2 [ Mg, Te+ Ag, mb(Ao — prtan ) (11.63)
b mp(Ag — prtan 3) m%R+m%—|-AaR )
with -
AaL = (—§—|— gsin2 HW)m% cos 2(3 (11.64)
and |
A = gsin2 Owms cos 23. (11.65)

Here, since X; enters into the evolution of the mass of br, but not of br, we expect
that the running mass of bg will be much the same as those of dg and Sg, but that
my, may be less than my and ms, . Similarly, the (mass)® matrix in the 7 sector is

UrL,TL

M2 =
m; (Ao — ptan 3) m%R +m? 4+ Az

7

( m2 A T m72' + AéL mT(AO - Iutan /8) ) (11 66)
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with

1
Ag, = (—5 + sin? Oy )m3, cos 23 (11.67)

and ]
Ag, = gsin2 Owms, cos 2[3. (11.68)

Mixing effects in the b and 7 sectors depend on how large tan 3 is (see the off-
diagonal terms in (11.63) and (11.66)). It seems that for tan 3 less than about 5(7),
mixing effects will not be large, so that the masses of br, 7 and 71, will all be ap-
proximately degenerate with the corresponding states in the first two families, while
br, will be lighter than dy, and §,. For larger values of tan 3, strong mixing may take
place, as in the stop sector. In this case, b; and 7, may be significantly lighter than
their analogues in the first two families (also, 7,1, may be lighter than e, and ,1,).
Neutralinos and charginos will then decay predominantly to taus and staus.
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Chapter 12

Some simple tree-level calculations

in the MSSM

To complete our introduction to the physics of sparticles in the MSSM, we now
present some calculations of sparticle decay widths and production cross sections.
We work at tree-level only, with the choice of unitary gauge in the gauge sectors,
where only physical fields appear (see for example [7] sections 19.5 and 19.6). We
shall see how the interactions written down in chapters 7 and 8 in rather abstract
and compressed notation translate into more physical expressions, and there will be
further opportunities to practise using Majorana spinors. However, since we shall
only be considering a limited number of particular processes, we shall not derive
general Feynman rules for Majorana particles (they can be found in [45], [47], [114]
and [115], for example); instead, the matrix elements which arise will be directly
evaluated by the elementary ‘reduction’ procedure, as described in section 6.3.1 of
[15], for example. Our results will be compared with those quoted in the book by
Baer and Tata [49], which conveniently contains a compendium of tree-level formulae
for sparticle decay widths and production cross sections. Representative calculations
of cross sections for sparticle production at hadron colliders may be found in [116].
Experimental methods for measuring superparticle masses and cross sections at the
LHC are summarized in [117].

12.1 Sparticle decays

The gluino decays g — utr, and g — tt,

We consider first (figure 12.1) the decay of a gluino g of mass ms(= mg), 4-momentum

211
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Figure 12.1: Lowest-order diagram for the decay g — ufir,.

ks, spin s3 and colour label ¢, to a quark u of mass m(= m,), 4-momentum k;, spin
51 and colour label ¢y, and an anti-squark 1y, of mass ma(= mﬁL), 4-momentum k, and
colour label ¢;. We assume that the decay is kinematically allowed. Squark mixing
may be neglected for this first generation final state; we shall include it for § — t t;.

The gluino, quark and squark fields are denoted by the L-spinors g, y, and the
complex scalar 4y, respectively. The relevant interaction is contained in (7.72), namely

a | A
—V20.§ T-XL@(/\ )apliLs, (12.1)

where the colour indices are such that a runs from 1 to 8 and a, 3 run from 1 to 3. We
note that the strength of the interaction is determined by the QCD coupling constant
gs- In calculating the decay rate it is convenient to make use of the trace techniques
for spin sums which are familiar from SM physics. We therefore begin by converting
(12.1) to 4-component form - Dirac (V) for the quark field, Majorana (Wy) for the
gluino. We have

gt oxt, =t 9t = U PRI from (2.116)
= (RO B
= (PLW,,)" B9 from (8.27)
= U, PrYY;. (12.2)

We can allow for the possibility that the gluino mass parameter Mz of (11.1) is
negative by replacing U{; by (ivs5)% W{;, as discussed in section 11.1.1. Then (12.2)
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becomes ~

(1)% W, PRUS, (12.3)
using Prvs = Pr. This refinement will only be relevant when we include squark
mixing.

To lowest order in g, the decay amplitude is then

_ _ ~ 1
_i\/igs(i)b)’2 <u7 klv 51, €15 ﬁLa k27 CQ| / d4$ \I;Ua(‘r)PR\IIi/{II(x)_

2/\35%13(1’)@ ks, s3,c3).

(12.4)
The matrix element may be evaluated by ‘reducing’ the particles in the initial and
final states. For example,

<11 k1781761|q}ua( )

— AV T RAYRT
0|cus1u1 kl \/QEIQ/ 27‘[‘ \/mz u,s’c! u S)wa(c )6
o (K 0(K ") (e 7]
= <0|ﬂ(k1,31)w;(c1)eikl'r using (2.129); (12.5)

here w(¢) is the 3-component colour wavefunction for a colour triplet with colour label
¢’. Proceeding in the same way for the other two fields, (12.4) reduces to

Vg () 5k, 51) Pru(ks, 55)0 (cs) (wT(cl)%)\aw(CQ)) (2 ) 6% (ky + ks — k)
= (2m)*' 6% (ky + kg — k3)iM (12.6)

where Q,(c3) (a=1,2,...8) is the colour wavefunction for the gluino, and iM is the
invariant amplitude for the process.
The decay rate (partial width) is given by (see equation (6.59) of [15])

L Py Py
2, (27 )P2E,, (21)°2E,,

r— ) / §4(ky + ky — ks ) [M]? (12.7)

where | M]? is the result of averaging over initial spins and colours, and summing over
final spins and colours:

= Y LY MP (12.8)

€1,C2,€3 51 52

The colour factor is evaluated in problem 14.4 of [7], and is equal to 1/2. The spinor

part is
1[5 ) (S5 k)
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=50 [(52) (5 m)

SES

1 1
= qTrlksk] = ks ko = 5(771:2)) +mi —mj). (12.9)

Finally, the phase space integral is (see equation (6.64) of [15])

1
2E3

Ak, R P |
(27)32Fy, (2m)32E),  8mm2

27'(' /54 kl + k‘g k‘g) k(ml,mg,mg) (1210)

where k is the magnitude of the 3-momentum of the final state particles 1,2 in the
rest frame of the decaying particle 3:

k(my,ma, m3) = [m] + mj + ms — 2m?m3 — 2mim?2 — 2mim?]/2ma. (12.11)

In the present case, m; = m,, my = mg, and ms = m;. So we find

N . o m?  mi
F(g — uuL) = Z (1 + m—lgl - m;) k‘(mu,muL,mg), (1212)
g g

in agreement with formula (B.1a) of [49]. If, for the sake of illustration, we take
k ~ 100 GeV,as ~ 0.1, then the partial width for this mode is I' ~ few GeV, with a
corresponding lifetime of order 10=%s
We turn now to the decay g — tt1 We recall that the fields {; 2 which correspond
to the mass eigenstates are given in terms of the unmixed fields #r 1, by (11.62). In
addition to the amplitude for -
g — ttp,, (12.13)

we therefore also need the amplitude for
§ — tin. (12.14)
The interaction responsible for (12.13) is simply (12.1) with ‘u’ replaced by ‘t’
1 . e = S L
—V2g,5"" - XIQ§(,\a)aﬁtLﬁ S Vg (i) ey, PR S (X)aslLs, (12.15)
and the component for producing a El is

—V2g.(1) %W, PrUI ~ (/\a)aac089ttlg (12.16)
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For (12.14), we note that the field f;r)h creates the scalar partner of the weak singlet
quark and destroys the scalar partner of the weak singlet antiquark. So, in the
notation of sections 8.1 and 8.2, tNIT;,L and y; form a chiral multiplet, which belongs to
the 3 representation of SU(3).. The term in (7.72) responsible for the decay (12.14)
is then

.1 . a
~V2gudRa5 (=X )asXes - 5" (12.17)
We now convert the spinors to 4-component form. We have

Xig - 9" = Ui ALY, (12.18)

as usual, where we recall from (8.19) that

Xi = —iogty, (12.19)
so that ‘ ‘ ‘
q;Xf — IO-QXE - 102(_‘102)¢t = ¢t — \I;d)t’ 1220
= (T § (12.20
using (8.26). Hence
o 1 _
WP, = (PrUY) B = (Pat,) = W,R, (12.21)

where we have used (8.27). The interaction (12.17) can then be written as

| o y
Vgl (A7), (=) F s PGS, (12.22)

where we have included the phase factor to allow for negative M3, and used Prvs =
—P;,. The component for producing a t; is

—V2gs(= sin by 10) = (= A") 5 (—1) 5 W5 LWL (12.23)

DO | —

The matrix element of (12.23) can be evaluated as before, in (12.4) - (12.6).
Consider in particular the colour part, which is

Wa(€2)(—=A")apws(cr) (12.24)

where ¢y, ¢ are the colour labels of the quark and anti-squark. Since the w’s are not
operators, (12.24) can equally be written as

wg(cl)(—/\”)ﬁawa(g) = —wT(cl)/\”‘w(cQ), (12.25)
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where we have used the Hermiticity of the A’s. We see that this is now the same as
the colour factor for (12.6), and hence for (12.16), but with a minus sign.

Putting all this together, we find that the amplitude for the decay g — tt; takes
the same form as the left hand side of (12.6), but with the replacement

u(ky, 31)(i)6gPRu(k3, s3) — u(ky, 31)[(i)6ng cos By + (—i)ggPL sin O ]u(ks, s3)
ﬂ(k‘l,sl)[A—l— B75]U(k‘3783), (1226)

where
1 . (9" 1 . 6,. .
A= 5(1) &cosl, + 5(—1) & sin 6, (12.27)
1 1
B = §(i)€g cos By — 5(—1)63 sin &;.
The spinor trace is then

%Tr[(A + Bys) (ks + ms)(—B s + A™)(F; + ma)]

= AR + 1B 4 — ) + (AP~ [BPmms, (12.28)
and | |
|A|? + |B|? = 5 |A]? — |B]? = (—)"’é§ sin 26;. (12.29)
The partial width I'(g — ta) is then given by (12.12), but with the replacement
2 m2 2 m2
(1 + “;) — (1 + “;) +2(—)"% sin 26, —, (12.30)

in agreement with formula (B.1b) of [49].

There are of course many such two-body modes: these channels may be repeated
for all the other flavours. If all such two-body decays to squarks are kinematically
forbidden, the dominant gluino decay would be via a virtual squark, which then decays
weakly to charginos and neutralinos (we saw earlier, in section 9.3, that most models
assume that the gluino mass is significantly greater than that of the neutralinos and
charginos).

12.1.1 The neutralino decays y! — iy, and Y} — tt;

We consider the decay (figure 12.2) of a neutralino {{ of mass ms(= mgo), 4-
momentum ks and spin s3, to an anti-quark u of mass my(= m,), 4-momentum
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Figure 12.2: Lowest-order diagram for the decay ¢ — utr,.

k1, spin s; and colour ¢, and a squark 1y, of mass mq(= mg, ), 4-momentum kq, and
colour ¢;. The process is similar to the first gluino decay considered in the previous
subsection, and as in that case we shall neglect squark mixing in this first generation
process. By the same token, we shall only consider the W° and B components of the
neutralinos, neglecting the coupling to their higgsino components which arises from
the first generation Yukawa coupling in the superpotential.

The relevant interaction is contained in the electroweak part of (7.72), namely

1 ~ "

il (WO LBy 12.31
LW T B) X (12.31)

where a sum over the colour indices of the quark and squark fields is understood.

We re-write the gauge-eigenstate fields G° of (11.11) in terms of the mass-eigenstate

fields x° by

GO =Vy° (12.32)
where V is an orthogonal matrix, so that
B=Y Vgl and W°=3 Vol (12.33)
Then (12.31) becomes
1 g

—Eﬂi ;(QVWW + 3 Va)X5 * Xu

1 . q B0 =50
7§u£a Z(QVWOZ' + gvéi)(_l) SN P e, (12.34)
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where in the second line we have re-instated the colour indices, which are summed
over a = 1 to 3, and included the phase factor (11.17) to take care of negative mass
eigenvalues, using vs P, = — ..

The amplitude for the decay of the ith neutralino state is then obtained as in
(12.4) - (12.6), and we find the result

(27’(’)454(](?1 + k‘g — k‘g)lAl%??j(kg, Sg)PL’U(kl, Sl)wT(Cg)aw(Cl)a (1235)

where | .
<0 - N g

AY = —(—1) % (gV g + =

u \/5( 1) (g Wi —I_ 3

For the decay rate, the spinor trace is very similar to (12.9), and yields the same

Vi) (12.36)

answer:

1 1
5 2 [vlks, s3) Pro(k, 1) = §(m§ +mi —mj). (12.37)

51,53

The colour factor is

> lwf(e2)w(en)]® =3, (12.38)

C1,C2

since wi(ey)w(e1) = 6.y, - The phase space factor is as in (12.10), and the partial rate
is obtained as

B N 3 <0 m? mlgl
R i) = o A (14 28 = P ks, (120
x? x?

in agreement with formula (B.66) of [49].
The calculation of the partial width for Y9 — tt; is complicated both by squark

mixing, as discussed for g§ — t%l, and by the inclusion of higgsino components.
To include squark mixing, we require the amplitude for both

Xy — tig, (12.40)

and
Xy — tir. (12.41)
The W9 — B part of the interaction responsible for (12.40) is of course the same as

(12.31), with ‘u’ replaced by ‘t’. For (12.41), only B contributes, and the relevant
interaction is

14,4 p
— gL UE Py, (12.42)

/33
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For the ith neutralino mass-eigenstate field, the required interaction, so far, is then
0 =50 . L0 - 50
I ATRUS P, + 1L, BYUY PRy, (12.43)

where 4
pe_ L4,
u \/539

The relevant part of the superpotential is

() V.. (12.44)

W =y dLiLHO ... (12.45)

where EIT% could alternatively be written as #1,. The resultant Yukawa couplings to the
higgsino fields are

o ~ . ~ N
—yel i HY - X = —yelh Vo, X9+ Xe = —telh, Ve, (1) VUM P, (12.46)
and
~ =0

_ ~ = _ ~ oo = %0
_yttiHu "Xt —yttivﬁgi X? "Xt = _yttiavﬁgi (i) % U3 PrVsa, (12.47)

using manipulations similar to those in (12.17) - (12.22). Combining (12.46) and

(12.47) with (12.43), and retaining the ¢; component only, we arrive at the interaction
g
tiaVai [a + b75]Via (12.48)
where
1 X7 N : 0 N
a = §[COS et(Aﬁt — yt(l) Xq Vﬁgi) + sin gt(_B§Z + yt(—l) X, Vﬁgi)] (12‘49)

and

6 0.0

1 . =0 . -0 -0 .
b= S[=sinb(By +ye(—1) % Vigg;) — cos Ou( Ay +ye(i) Vi)l (12.50)
The decay amplitude is then the same as (12.35), but with
v(ks, 53) AX PLo(ky, s1) (12.51)

replaced by
6(k3,33)(a—|—675)v(k1,51). (1252)
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The spinor trace calculation is similar to that in (12.28), and the partial width is
found to be

o 3
P = 1) = g {lal [(metmge)* —mi |+ [P [(mi—mgo)* —mi [}k (me, mi, ;mgo)

(12.53)
in agreement with formula (B.65) of [49].

Exercise: The squark decay t; — ty?

The interaction responsible for this decay is closely related to that for 9 — tt; -
in fact, it is the Hermitian conjugate of (12.48), namely

10U eala® — birs] W (12.54)

Assuming that the decay is kinematically allowed, m¢, > m¢ + myo, show that

Al lmd, —(metms 1+ b md, —(mo—rm2o P h(me, msg. i, )

(12.55)
in agreement with formula (B.39) of [49].

12.1.2 The neutralino decay Y} — ‘)29 + 70

We recall that the Z° field is given by the linear combination (10.20). Since B* has
weak hypercharge equal to zero, it does not couple to the corresponding gaugino field
B. On the other hand, the coupling of the SU(2)1, gauge fields W* to the gaugino
triplet W is given by (7.28). Because of the antisymmetry of the e symbol, it is
clear that W4 couples only to W' and W2, not to W°. Hence the couplings of Z° to
neutralinos arise only via their higgsino components.

The SU(2);,x U(1), gauge interactions of the two higgsino doublets are given by
the terms (in two-component notation)

PG (197--W 1B ( :j)
9 12 15 0

g J 3
+i(Hy H G (1§T-Wﬂ —lgBﬂ) ( H;i ) (12.56)
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Figure 12.3: Lowest-order diagram for the decay ¢ — ){? + 7°.

In converting to Majorana form via (2.120), we must remember that while the L-parts

of the doublets . )
A Hy
R I g s (12.57)

transform as a 2-dimensional representation of SU(2)r,, the R-parts transform as a 2
(see for example (8.25) - (8.29)). The parts of (12.56) involving the neutral higgsinos
then become

1 — 770 70 7111'0 I:'IO
_Z(gz _I_g/2)1/2[q;ﬁu7u,y5q;ﬁu — Uyt ys Uyt ] 2. (12.58)

Finally, converting to the neutralino mass-eigenstate fields and including the phase
factors of (11.17), we obtain the interaction for X — x9 4 Z° as

— 0 O_0+0_0+1 _ 30
Wi Wi () ™5 Wi 2, (12.59)
where
1 . 620 . 6)20
M/ij = Z(92 _I_g/2)1/2(_1) J(l) i(VHgiVﬁgj — VﬁgiVng). (1260)

We denote (see figure 12.3) the mass, 4-momentum and spin of the decaying x?
by mi(= m)%?)7 ki and s;, of the final X? by m;(= mi‘j)v k; and s;, and the mass,
4-momentum and polarization of the Z° by myz, k and \. Evaluating the appropriate
matrix element of (12.59), we obtain the decay amplitude

8.0+00+1

12m)* 5 (ki — Ky — B)Wau(ky, sy (vs) 5 5 ulks, s:)eu(k, N). (12.61)
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For the decay rate we need to evaluate the contraction
N =N"P,, (12.62)
where (see for example equation (19.19) of [7])

P%“‘ = Z eﬂ(k7 /\)ezt(ka /\) = —Guv + kgku/m% (1263)
A

and

v 1 _ 6>~<Q+6>~<0+1 _ 6>~<Q+6>~<0+1 y
N#o= S [y () Y (=) Y A ]
1 n B0 050 v
= 5Tl +mi)y" (ki + (=) ™ mi)y”]
G_04+0_0
= (KPR 4 RKE — g h k) — (=) B2 mmy. (12.64)

Performing the contraction (12.62) yields the result

(m2o —mi)? —my f_0+06.
N = mfz? + ng A — mx%J +6(—) %N mgomsgo. (12.65)
The decay rate is then
. . 1
F(X? — X? —|— ZO) = 87Tm)220 |T/V2-j|2Nk(m)23, myz, mi?) (1266)

This differs from formula (B.61b) of [49] by a factor of 4.

12.2 Sparticle production processes

12.2.1 Squark pair production in qq collisions

We begin by considering the process

q192 — qiLd2R (12.67)

where q; and qy are non-identical quarks, belonging in practice to the first or second
generation. The relevant Feynman diagram is shown in figure 12.4. The momenta,
spins and colour labels of the quarks are py, s1, ¢; and py, 89, ¢z, and the momenta and



12.2. SPARTICLE PRODUCTION PROCESSES 223

Figure 12.4: Lowest-order diagram for the process qiqs — qi1L.q2R-

colour labels of the squarks are ky, ¢} and ks, ¢,. The interaction which produces the
i1, is the Hermitian conjugate of (12.15), namely

T
Lir, = —V2g.(—1)% B PLoA" g (12.68)
Similarly, s is produced by the Hermitian conjugate of (12.22), namely
ot zia La
Lo = +V29.(1)% G, Wi PR X" g, (12.69)
The amplitude for figure 12.4 is then
<Q1L7k176/1§612R7k270/2|/d4$d4yT[i£1L($)i£2R(Zy)]|Q17P1,31701;QQ,P2782,02>- (12.70)

After reducing the particles in the initial and final states, this becomes

. P /\b
242 / d*zdy e‘(kl'”m'y_pl'I_pQ'y)wT(c’l)?w(cl)wT(c’Q)Ew(cz) %

(OIT 10, (@) U3, (D10) Pragup(prs s1) Prosius(pa, s2), (12.71)

where we have indicated the spinor indices explicitly. We use (2.144) to write the
spinor part as

8 C Srey(x — y) Prapts(pr, 51) Prysus(pa, 52)
= 5 (C'Pru(pr, 1))" Se(x — y) Pru(pa, 52).- (12.72)
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Now
2

(CPu)" =u"PCT =0CTRCT = 0P, (CT) = o, (12.73)
where we have used C'vs = v5C, and equations (2.133) and (2.142). Writing Sp(z —y)
in terms of its Fourier transform (2.138) allows us to perform the integrals over = and
y, and we obtain the amplitude

i(27r)454(p1 + P2 — kl — kz)./\/tqgl (1274)
where
L P AT A 1
./ngl = —295 Wy ?wl LUQ/?LUQ U(pl, Sl)PL mPRU(pQ, 82). (1275)

For the cross section, we require the modulus squared of the amplitude, summed
over final state colours and averaged over intial state colours and spins, which we
denote by |M4|?. For the colour part, we note that

A AP 1 1
> wT(cll)?w(cl)wT(cl)?w(c’I) = ZTI‘/\”)\E’ = 55‘16, (12.76)

PR |
C1,Cq

and hence the colour factor is

11 2
— Nt = 2 12.77
49 %‘: 9 ( )
The spinor factor is
1 1
177y Db PL(ky — o+ mg) Prpa PL(Fy — Po + mg) Pr]
1 1. R R
= [—(t— m?lL)(t — méR) — st (12.78)

(f — m3)? 4

where we are using the ‘hatted” Mandelstam variables (conventional in parton kine-
matics) defined by

§=(m ‘|‘P2)2 = (ki ‘|‘k2)27 i = (p1 — k1)2 = (p2 — k2)27 U= (p1— k2)2 = (p2 — k1)2-

(12.79)
The differential cross section in the centre of mass system is given in terms of | M qg|?
by (see for example [15] section 6.3.4)

do 1 P

- = |2
0= I 1ot Ml (12.80)
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where W = V/§, and p, p’ are the magnitudes of the initial and final state momenta,
in the CM system. The kinematics is simplified if we neglect the quark masses, and
assume the final squarks have equal mass. Then

di = Wp'dcosf = WpldQ/Q’/T, p= W/Z (12.81)
Putting all this together, we arrive at
do 2ma? [— (t — m~ )(t — mg D 4]
< — qiL2r) = 12.82
a7 (9192 = Qind2r) 932 (t — g)2 ( )
in agreement with formula (A.7d) of [49].
Exercise Show that the cross section for qiqy — q1,qar, 1s
do 2ra?  mis
- — qindzL) = . £ 12.83
17 (9192 = A1r.der) 9 (t — mé)Q ( )

in agreement with formula (A.7e) of [49].

A new complication arises when we consider the analogous calculations for the
case in which the initial state quarks are identical, q; = qa, for example

4 — rdr. (12.84)

There is now a ‘direct” amplitude of the form (12.75), corresponding to figure 12.4,
which is obtained straightforwardly as
A ¢

W1 Wy —Wo

5 5 Pru(pa, s9)(—i)%%.  (12.85)

A/tgé) - 2952 wir, @(phsl)PL

1
b1 —pr —my
In addition, to ensure antisymmetry for identical fermions, we must subtract from
this the ‘exchange’ amplitude, corresponding to the diagram of figure 12.5, g;ven by
the interchanges p; <+ pg, 1 ¢ s9,¢1 ¢ ¢, so that the total amplitude is A/l
where
¢ ¢ 1

M) = 22wl Ty wl, S B(pa, s0) Ph——————— Pru(pr, s1)(—1)2%.  (12.86

Y qq gs 1 2 2 2 2 1 (p27 2) Lkl _}éQ _mg L (p17 1)( ) ( )
This result can, of course, also be obtained by evaluating the matrix element of the
relevant interaction. The cross section will therefore involve the sum of three terms:
the square of the direct amplitude

d
M, (12.87)
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Figure 12.5: Lowest-order exchange diagram for the process qq — qrqr.

the square of the exchange amplitude

M2, (12.88)
and the interference term
2Re[M P M. (12.89)

The part of the cross section arising from (12.87) is given by (12.83) as before, and
the part from (12.88) is the same but with { replaced by #; we must also remember
to include an overall factor of 1/2 due to identical particles in the final state.

The evaluation of the interference contribution is more involved. Consider first
the colour factor, which (apart from the averaging factor 1/9) is

¢ AP ¢ AP

E wI,—wlwI ?wglw; ?W?W%’?Wll

C1,C2,C] 4Ch,a,b 2
1 T b b 1 b b
= — Wy A" AN N Wy = —ZTr(/\“/\ A% A ) (12.90)
16 b 16 "
Now we have
APAT = N*AP — 2if,p\° (12.91)

where the coefficients f,;. are as usual the structure constants of SU(3). The part of
(12.90) not involving the fs is then

Te I /2)(/2)] ST 2)(0/2)] = (5 )T = 163 (12.92)
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where [5 is the unit 3x3 matrix. In (12.92) we have used the fact that 3-,[(A*/2)(A*/2)]
is the Casimir operator Cy of SU(3) (see [7] section M.5), having the value 4/3 I3 in
the representation 3. The remaining part of (12.90) is

% i e
E Z fbacTr(/\b/\a)‘b) - E Z fbacTr([/\ba A ]/\L)

a,b,c a,b,c

= —% Z fbacfbadTI'()\d)\c> = —i Z fbacfbac- (1293)

a,b,c,d a,b,c

To evaluate the product of fs, we note that the generators of SU(3) in the represen-
tation 8 are given by (see [7] equation (12.84))

a

(), = ~ifu, (12.94)

and that the value of (5 in this representation is 3/g, where Ig is the unit 8 x 8 matrix,
so that
(G (GF)) oy = 24, (12.95)
a,b,c
Hence

Z fabcfabc - 247 (1296)
a,b,c
and expression (12.93) is equal to -6. Combining this result with (12.92), we find that
(12.90) equals -2/3.
The spinor part of the interference term (12.89) is

1 1

_E(P1,s1)PL—k1 s ~PLu(Pz,32)12(101,51)PR—&1 = m~PRU(p2’82)’ (12.97)
g

— my
which has to be summed over s; and s, (with a factor of 1/4 for the spin average). As
it stands, (12.97) is not in a suitable form for using the standard Trace techniques:
first of all, spinors referring to the same spin and momenta variables need to be
adjacent to each other, and secondly we need expressions of the form uu and vv, not
vu and uv. To deal with the first difficulty, we write out (12.97) including all the
spinor labels explicitly, and rearrange it as

—0a(p1, s1)ur(p1,51)(Pr) s (W) (Pr)urv-(p2, S2) X

(i)

(P} o (12.98)
V8

us(pz, 2) (P )sy
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‘" denotes the transpose. We now use

where
Va(p1,s1) = C’;Fgug(pl,sl), and  v.(p2,s2) = Crytiy(p2, 52) (12.99)

from (2.133), which enables the spin-averaged expression to be written as

1 T 1
fr — P2 — mg FrCp: B (F1 — pr — mg)

where we have used 73 = 75, and taken the quarks to be massless. We now note that

1
—ZTr{CT]élPR =P} (12.100)

Cy, =—vC and CCT=1, (12.101)

so that (12.100) becomes

m;
_ : Tr[pups P
4t — m2) (i — m2) iz
m23
= & 12.102
4t — mg)( — mg) ( )

Remembering now the factor of 2 in (12.89), the result (12.83) (and the corresponding
one with { replaced by @), and the overall factor of 1/2, we find that the cross section
for qq — qrqr is

49 10 = duin) = mogmg [ 11 2/3 (12.103)
g7 49 = aude) = == (i—m2)? " (a—m2)? ([ —m2)(a—md) 10:

in agreement with formula (A.7i) of [49]. Similar manipulations are presented in

Appendix E of [45].

Exercise Show that the interference term vanishes (in the limit of vanishing quark
mass) for the case qq — qr,qr, and hence that the cross section is

do L oma? [[—(f—m2 )l —m2 ) =3l [—(4—m2)(&—m2)—3a
—A(qq — quR) = A2S [ ( Q%)( - qR) ] + [ ( qf)( 2 QqR) ]
di 938 (I — m2)? (i — m2)

(12.104)

in agreement with formula (A.7j) of [49].
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The expressions for the cross sections of squark (or gluino) production in qq col-
lisions are very similar to those obtained from standard QCD tree graphs (see for
example [7] section 14.3); the main qualitative difference is that the propagator fac-
tor =2 for the massless gluon is replaced by (f — m2)~? for the massive gluino (and

g
similarly for the t@-channel terms). For an order of magnitude estimate, we may set

27Toz§

g ~

T 250 fb (12.105)
for ay ~ 0.15 and v/ = 5TeV. The initial state quarks are, of course, constituents of
hadrons, and so these parton-level cross sections must be convoluted with appropriate
parton distribution functions to obtain the cross sections for physical production
processes in hadron-hadron collisions; see, for example, [118]. As an illustration of
the predictions, we show in figure 12.6 (taken from [49]) the cross sections for squark
and gluino production at the CERN LHC pp collider. For m; and mg less than about
1 TeV, and an integrated luminosity of 10 fb™!, one expects some thousands of g, q
events at the LHC.
We now turn to sparticle production via electroweak interactions.

12.2.2 Slepton and sneutrino pair production in qg collisions

We consider first the production of a charged slepton in association with its sneutrino
partner

di — Ipor, (12.106)

proceeding via W™ -exchange in the $-channel, as shown in figure 12.7. The 4-
momenta and spins of the d and u quarks are p;,s; and py, so, and the 4-momenta
of the slepton and sneutrino are k; and ky; colour labels are suppressed. The SM
interaction at the first vertex is contained in the quark analogue of (8.34), and is

g —
EqW = _ﬁ%dwuLvﬂkdeWu (12107)

where (see for example [7] equation (22.25))
W, = (Wi, —iWa,)/V2 (12.108)

is the field which destroys the W™ or creates the W=, and V4 is the appropriate
element of the CKM matrix. The interaction at the sparticle vertex is contained in
the SU(2) gauge invariant kinetic term (see (7.67))

(D, (D 65,) (12.109)
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Figure 12.6: Cross sections for squark and gluino production at the CERN LHC pp
collider for mg = mg (solid) and for mg = 2mj (dashed). [Figure reprinted with
permission from Weak Scale Supersymmetry by H. Baer and X. Tata (Cambridge,
Cambridge University Press, 2006), page 318.]
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Figure 12.7: Lowest-order diagram for the process dui — 11,0,

where

N oy
G = ( ’Z’LL ) . and D, =0, +igg W, (12.110)
The relevant term is

9 e N~
Lwa = —ﬁl(lia o, — (011, )W (12.111)

Note that (12.111) is the same as the Hermitian conjugate of (12.107) with the
fermionic current replaced by the corresponding bosonic one, and with V,q — 1.
The amplitude for figure 12.7 is then

<TL,k1;5L,k2|/d4xd4yT[i/3qW(a:)i/3Wsl(y)]|d,p1,sl;ﬁ,p2,52>. (12.112)

The reduction of the final state sleptons leads to a factor i(k5 —&Y) from the derivatives
in Ly, and (12.112) becomes

(277')454(})1 + P2 — kl - k?)iMchsl (12113)
where

2 2
g _ —Guv + k kl//mW
Mo = G boatpsap o) (2

) (ky —kY) (12.114)
and k = k; + k3 = p; + pa. The term

v(pa, s2)Y" Puu(pr, 1)k = v(p2, s2) (b1 + p2) Pu(pr, s1) (12.115)
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Figure 12.8: Z° exchange diagram for the process ui — 7,7.

vanishes in the massless quark limit. The spinor factor in the cross section is

1 1
1o Blp2 (ke — k) P Pr(ke — k1)l = o Telpa(K2 — )P (Fz — )]
1 .
= g(tﬁ — mim?], (12.116)
where i = (p — k1)%, 4 = (p1 — k2)?, and the factor of 1/3 comes from the colour
average. The cross section is then

do B G*|Vaal? 1

. i= 2 2.2
4 (du — Ipop) = 102757 (3 = m3, )2 £ miTE, (ta — mILmﬂL) (12.117)

in agreement with equation (A.14) of [49], setting V,a to unity.
An analogous neutral current process is

il — 7 7 (12.118)

proceeding via 7Z° exchange in the § channel, as shown in figure 12.8. We take the
4-momenta and spins of the u and u to be py, s; and py, s3, and the 4-momenta of the
71 and 7, to be ki, ky. The SM interaction at the quark vertex is!

Loz = —\Tlu[auﬂy“ + Buy 5] Va7, (12.119)

1Our notation here is slightly different from that of [49]: they write ea, and €3, for our a,, and
Bu, and our 7, field is the negative of theirs.
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where (see for example [7] equations (22.53) and (22.54))

_ 9
12 cos Bw

g

— 8sin% 6 = — )
(3 —8sin“bw), f Teos O

(12.120)

Oy

At the stau vertex, we need the SU(2)xU(1) gauge invariant kinetic term for the
L-doublet:

% 1
¢:=( ") with D, =0, +ige W, — ~¢B,, (12.121)
L 2 2
and also for the R-singlet 7q with
D,=0,—i¢'B,. (12.122)
The 71, interaction comes out to be
—Jjhe()Z, (12.123)
where
o (L) = gf(i7 0”51, 4 h.c.) (12.124)
and p
I = —1/2 + sin® fw). 12.12
= (12 4 sin? ) (12.125)

Note that the coupling strength (12.125) is exactly the same as the one for 7s in the
SM (see for example equations (22.38) and (22.39) of [7]); once again, the bosonic
current here replaces the fermionic one. Similarly, the 7g interaction is

—J%e(TR) Zy (12.126)
where
Jhc(fr) = gR(iT"Fr + h.c.) (12.127)
and (equation (22.40) of [7])
g = —L—sin® . (12.128)
cos Bw

We now convert (12.123) and (12.126) to the mass-basis fields 7; and 7 using the
analogue of (11.62) with 6; replaced by 6.. The required interaction is then

Lg: =i, sin 20, (7107 + 710"%,) Z, + h.c., (12.129)
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where

g
= . 12.130
b 4 cos O ( )

Proceeding as before, the amplitude for the process (12.118) is

(2”)454@1 +po — by — ky)iMyzsz (12.131)
where
) _ Ak, + Bk
Muzz = B;sin 20,0(pa, s2)7v* (o + Buys)u(p1, S1)§ — ;ﬂ:‘% n imQ;FZ (12.132)
and

In the limit of massless quarks, we find

v(pz, 82)7" (e + Buys)u(pr, s1)(Ak1y, + Bkay) = 20(ps, s2)k2 (o + Buys)u(pr, s1).
(12.134)

The resulting spinor factor in the cross section is

1 1 R
ﬁTf[ﬁz%z(au + Buvs)pr(au — Buys) k2] = 6(04121 + B3 (fa — mZ m?), (12.135)

and we obtain

do 1

- 1
= (Ufl — ~1’7N'2) = -
dt 24352

(= m3)y + milg

oy 2 92
tu — m_;lm_;z)

(12.136)

B%sin’® 20, (a? + B2)

in agreement with (A.15b) of [49].

_|_

12.2.3 Stop and stau pair production in eTe™ collisions

Hadron colliders are suitable for broad searches for new physics, by virtue of their
high beam energy and relatively large sparticle production cross sections. However,
if sparticles are found at the LHC (for example), precision studies of their properties
will be best undertaken with a TeV scale ete™ collider, operating with polarizable
beams. Here we shall consider just two simple processes:

eﬂ'eﬁ —>7~'1’;~'2 (12137)

and -
Feg — ity (12.138)
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Figure 12.9: Z° exchange diagram for the process ef ey — 71 75.

Figure 12.9 shows the Feynman diagram for (12.137). We take the 4-momentum
and spin of the e™ to be p1, s1, and those of the et to be py, s9; the 4-momenta of the
71 and 79 are k; and k;. The SM interaction at the electron vertex is

Loz = —Ve[acy" + Bev" 5]V Z, (12.139)
where (see for example (22.41) and (22.42) of [7])

Ge = g0 gldsin by — 1), o= T i (12.140)
The stau vertex has been given in (12.129). The amplitude is
(2m)*6% (p1 + p2 — k1 — k2)iMezs (12.141)
where
Mezz = 37510 20,0(pa, s2)7" (e + Bevs) Pru(p1, $1) Ak + Bhay (12.142)

s —mi +imyly,

where A and B are given in (12.133), and s = (p1 + p2)*. The projection operator
Pr has been inserted before the initial state electron spinor; this selects out the R
polarization state in the limit in which the electron mass is neglected. In this limit,

and using v5 Pr = Pgr, we find (as in (12.134))
1

./Me F = 2 e e/MT i 2977 9 P ’ 1 ‘
. (e + Be) B sin 20,0 (pa, $2)f2 Pru(p 31)3 —m2 +imzl'y

(12.143)
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For the cross section, we now formally sum over initial spins rather than average
them: the operator Pr eliminates the unwanted states. The Trace factor is then

Tr[pokz Prppr Pukz] = (tu — m2 m2) (12.144)
where ¢ = (p; — k1)? and u = (p; — k2)?, and the cross section is

do -
E(efeﬁ — T1Tg) =

ma? sin® 20, 1 .
7 cost by (s g pogrg ) (1)

In this case, the order of magnitude of the cross section is
o~ a’/s~20fb (12.146)

for \/E =1 TeV.

Exercise: stop pair production in e*e~ collisions
Show that the Z-stop interaction is

Ly = ifBsin20,(110"1, + 150"11)Z, + h.c. (12.147)

where p
- _ 12.148
ﬁt 4 cos GVV ’ ( )

and hence that the cross section is

do
dr (ef

3ma? sin? 26, 1 .

R lils) = tu —m2m2). 12.149
R it2) 4s? cos? By (s —m3)? + m%F%( u = m3ms,) ( )

This agrees with (A.21c) of [49] after transforming the variable ¢ to z = cos § where
0 is the angle between the initial e~ and the final t; in the centre of mass system (see

(12.81)).

12.3 Signatures and searches

Our introductory treatment would be incomplete without even a brief discussion of
the extensive experimental searches for sparticles which have been made, and of some
characteristic signatures by which sparticle production events might be distinguished
from backgrounds due to SM processes.
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(i) Gluinos
A useful signature for gluino pair (§g) production is the like-sign dilepton signal [119]
[120] [121]. This arises if the gluino decays with a significant branching ratio to
hadrons plus a chargino, which then decays to lepton + v + X%. Since the gluino
is indifferent to electric charge, the single lepton from each g decay will carry either
charge with equal probability. Hence many events should contain two like-sign leptons
(plus jets plus 7). This has a low SM background, because in the SM isolated lepton
pairs come from WTW~, Drell-Yan or tt production, all of which give opposite sign
dileptons. Like-sign dilepton events can also arise from §§ and G production.

CDF [122] reported no candidate events for like-sign dilepton pairs. Other searches
based simply on dileptons (not required to be like-sign) plus two jets plus £, [123]
[124] reported no sign of any excess events. Results were expressed in terms of exclu-
sion contours for mSUGRA parameters.

(ii) Neutralinos and charginos
As an illustration of possible signatures for neutralino and chargino production (at
hadron colliders, for example), we mention the trilepton signal [125] [126] [127] [128]
[129] [130], which arises from the production

pp (or pp) — XiX5+ X (12.150)

followed by the decays
X o (12.151)
Xy — UXY. (12.152)

Here the two LSPs in the final state carry away 2mgo of missing energy, which is
observed as missing transverse energy, K, (see section 8.4). In addition, there are
three energetic, isolated leptons, and little jet activity. The expected SM background
is small. Using the data sample collected from the 1992-3 run of the Fermilab Teva-
tron, DO [131] and CDF [132] reported no candidate trilepton events after applying
all selection criteria; the expected background was roughly 2 + 1 events. Upper limits
on the product of the cross section times the branching ratio (single trilepton mode)
were set, for various regions in the space of MSSM parameters. Later searches using
the data sample from the 1994-5 run [133] [134] were similarly negative.
(iii) Squarks and sleptons

At ete™ colliders the t; pair production cross section depends on the mixing angle
f;; for example, the contribution from 7 exchange actually vanishes when cos?§; =
% sin? fw [135]. In contrast, t;’s are pair-produced in hadron colliders with no mixing-
angle dependence. Which decay modes of the t; dominate depends on the masses of
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charginos and sleptons. For example, if m;, lies below all chargino and slepton masses,
then the dominant decay is
t; = c+ %Y, (12.153)

which proceeds through loops (a FCNC transition). If m; > mgs,
tp —b+x* (12.154)

is the main mode, with Y* then decaying to Ivx?. DO reported on a search for such
light stops [136]; their signal was two acollinear jets plus £ (they did not attempt to
identify flavour). Improved bounds on the mass of the lighter stop were obtained by
CDF [137] using a vertex detector to tag c- and b-quark jets. More recent searches are
reported in [138] and [139]. The bounds depend sensitively on the (assumed) mass of
the neutralino ¥!; data is presented in the form of excluded regions in a mgo — my
plot.

The search for a light b1 decaying to b+ {? is similar to that for t; — ¢+ 9. DO
[140] tagged b-jets through semi-leptonic decays to muons. They observed 5 candidate

1

events consistent with the final state bb+# 1, as compared to an estimated background
of 6.0+ 1.3 events from tt and W and Z production; results were presented in the
form of an excluded region in the (mi?’ my, ) plane. Improved bounds were obtained
in the CDF experiment [137].

Searches for SUSY particles are reviewed by Schmitt in [59], including in particular
searches at LEP, which we have not discussed. Chapter 15 of [48] and chapter 15 of
[49] also provide substantial reviews. In rough terms, the present status is that there
is ‘little room for SUSY particles lighter than my.” (Schmitt, in [59].) With all LEP
data analysed, and if there is still no signal from the Tevatron collaborations, it will
be left to the LHC to provide definitive tests.

12.4 Benchmarks for SUSY searches

Assuming degeneracy between the first two families of sfermions, there are 25 distinct
masses for the undiscovered states of the MSSM: 7 squarks and sleptons in the first
two families, 7 in the third family, 4 Higgs states, 4 neutralinos, 2 charginos and 1
gluino. Many details of the phenomenology to be expected (production cross sections,
decay branching ratios) will obviously depend on the precise ordering of these masses.
These in turn depend, in the general MSSM, on a very large number (over 100) of
parameters characterizing the soft SUSY-breaking terms, as noted in section 9.2. Any
kind of representative sampling of such a vast parameter space is clearly out of the
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question. On the other hand, in order (for example) to use simulations to assess the
prospects for detecting and measuring these new particles at different accelerators,
some consistent model must be adopted [141]. This is because, very often, a promising
SUSY signal in one channel, which has a small SM background, actually turns out
to have a large background from other SUSY production and decay processes. Faced
with this situation, it seems necessary to reduce drastically the size of the parameter
space, by adopting one of the more restricted models for SUSY breaking, such as
the mSUGRA one. Such models typically have only three or four parameters; for
instance, in mSUGRA they are, as we have seen, mg, my/2, Ao, tan 3, and the sign of
7

But a complete sampling of even a 3- or 4-dimensional parameter space, in order
(say) to simulate experimental signatures within a detector, is beyond present capa-
bilities. This is why such studies are performed only for certain specific points in
parameter space, or in some cases along certain lines. Such parameter sets are called
‘benchmark sets’.

Various choices of benchmark have been proposed. To a certain extent, which
one is likely to be useful depends on what is being investigated. For example, the
‘m***-scenario’ [102] referred to in section 10.2 is suitable for setting conservative
bounds on tan # and muo, on the basis of the non-observation of the lightest Higgs
state. Another approach is to require that the benchmark points used for studying
collider phenomenology should be compatible with various experimental constraints
- for example [142] the LEP searches for SUSY particles and for the Higgs boson, the
precisely measured value of the anomalous magnetic moment of the muon, the decay
b — sv, and (on the assumption that ¥ is the LSP) the relic density Qitl)hQ. The
authors of [142] worked within the mSUGRA model, taking Ag = 0 and considering
13 benchmark points (subject to these constraints) in the space of the remaining
parameters (mq, mq /o, tan 3, sign p). A more recent study [143] updates the analysis
in the light of the more precise dark matter bounds provided by the WMAP data.

One possible drawback with this approach is that minor modifications to the
SUSY-breaking model might significantly alter the cosmological bounds, or the rate
for b — s+, while having little effect on the collider phenomenology; thus important
regions of parameter space might be excluded prematurely. In any case, it is clearly
desirable to formulate benchmarks for other possibilities for SUSY-breaking, in par-
ticular. The ‘Snowmass Points and Slopes’ (SPS) [144] are a set of benchmark points
and lines in parameter space, which include seven mSUGRA-type scenarios, two
gauge-mediated symmetry-breaking scenarios (it should be noted that here the LSP
is the gravitino), and one anomaly-mediated symmetry-breaking scenario. Another
study [145] concentrates on models which imply that at least some superpartners are
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Figure 12.10: The SUSY particle spectra for the benchmark points corresponding
to the parameter values SPS la (equation (12.155)) and SPS 2 (equation (12.156)).
[From B. C. Allanach et al., Fur. Phys. J. C25 figure 1, page 118 (2002), reprinted

with the permission of Springer Science and Business Media.]

light enough to be detectable at the Tevatron (for 2 fb~! integrated luminosity); such
models are apparently common among effective field theories derived from the weakly
coupled heterotic string.

The last two references conveniently provide diagrams or Tables showing the SUSY
particle spectrum (i.e. the 25 masses) for each of the benchmark points. They are, in
fact, significantly different. For example, figure 12.10 (taken from [144]) shows two
sparticle spectra corresponding to the parameter values

SPS la: mo = 100 GeV,my/; = 250 GeV, Ay = —100 GeV,tan 3 =10, >0
(12.155)

and
SPS 2 :mg = 1450 GeV,my/5 = 300 GeV, Ay = 0,tan 3 = 10,z > 0. (12.156)

Such spectra may themselves be regarded as the benchmarks, rather than the values
of the high-scale parameters which led to them. If and when sparticles are discovered,
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their masses and other properties may provide a window into the physics of SUSY-
breaking. However, as emphasized in section 9.4 of [47], there are in principle not
enough observables at hadron colliders to determine all the parameters of the soft
SUSY breaking Lagrangian; for this, data from a future ete™ collider will be required.
Ultimately, if supersymmetry is realized near the weak scale in Nature, high pre-
cision data in the sparticle sector will become available. A correspondingly precise
theoretical analysis will require the inclusion of higher-order corrections, for which
a well-defined theoretical framework is needed; one - the Supersymmetry Parame-
ter Analysis Convention (SPA) - has already been proposed [146]. Such efforts have
the ambitious aim of reconstructing the fundamental supersymmetric theory, and its
breaking mechanism, from the data - as and when that may be forthcoming.
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