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SUMMARY

The optical analysis of a solar concentrator is usually carried out by means of computer
ray tracing, a microscopic method that provides an enormous amount of detailed
information but obscures functional relationships. This paper deseribes a macroscopic
approach that yields all the parameters needed for the optical design of line focus
parabolic troughs in closed analytical form, requiring only minimal computation.

The goal of the optical analysis developed in this report is to determine the flux at the
receiver as a function of concentrator configuration, receiver size, width of sun, and
optical errors (e.g., tracking, reflector contour). All causes of image spreading are
quantified as angular standard deviation. Ray tracing with a real reflector and a real sun
is shown to be equivalent to convoluting the angular acceptance function of a perfect
concentrator with an effective radiation source. This effective source, in turn, is
obtained by convoluting the distribution function of optical errors with the angular
profile of the sun. The problem is reduced to two dimensions by projecting the three-
dimensional motion of the sun on the plane normal to the tracking axis. In this frame the
apparent width of the sun inereases as 1/cos © with incidence angle ©.

A formula is derived for the optimal geometric concentration ratio, maximizing net
power output as a function of all relevant variables (all-day average insolation, optical
errors, effective transmittance-absorptance, heat loss, and concentrator configuration).
Graphical solution of this equation consists of finding the intersection between a univer-
sal eurve and a straight line representing a critical intensity ratio.

In the last section, which is written as a self-contained users guide, the results are
summarized and illustrated by specific examples.
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NOMENCLATURE

The optimization procedure proposed in this paper is based on typical all-day average
values of insolation. All-day averages are designated by angular brackets { >. A
subseript te under the bracket indicates that the average is taken over an operating
period from t, hours before until t, hours after solar noon. Subscripts i and L designate
angular variables measured parallel or transverse to the tracking axis.

Bgyn (©) Angular profile of sun (W/m?2 rad) for line focus geometry

Begr (©) Effective source (W/m2 rad) = convolution of solar profile Bg,;(©)
and distribution function E(©) of optical errors

C Geometric concentration ratio = ratio of aperture area over receiver
surface area (For example, a trough of aperture width D and receiver
tube diameter d has C = D/(wd).)

Co Optimal concentration ratio

D Aperture width

d Absorber diameter

E(O) Distribution function of optical errors (rad'l)

f(e) Angular acceptance funection = fraction of rays incident on aperture
at incidence angle © from optical axis that reach receiver

G(oC) Function used for optimizing C

Hj Daily total diffuse irradiation on horizontal surface (J/mz)

Hy, Daily total hemispherical irradiation on horizontal surface (3/m2)

H, Daily total extraterrestrial irradiation on horizontal surface (J/m,z)

L Beam component of solar irradiance (W/m?2) as measured by
pyrheliometer (also known as direet normal insolation)

<Ib cos ©) Day-long average beam irradiance on collector aperture (including
cosine factor)

I4 Diffuse component of solar irradiance, assumed to be isotropic

(W/m2)

Hemispherical irradiance on horizontal surface

xiii
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Solar constant = 1353 W/m?
Hh/Ho = clearness index

That portion of I, that would reach the receiver (W per m2 of
aperture area) if (p Ta) were equal to one

Cqjgg = heat loss (W/mz) per receiver surface area

(pra) g - Q)oss = Power output of collector (W per m?2 of aperture
area)

That portion of I, prevented from reaching receiver because of
shading of aperture by receiver

I4/Hg = conversion from irradiance to daily irradiation for the diffuse
component

I /Hy, = conversion from irradiance to daily irradiation for the
hemispherical component

Time of day (from solar noon)
Collector cutoff time

Sunset time

X +(___"L

(p 0
Contribution of shading term to critical intensity ratio

- Id) I, = eritieal intensity ratio

Absorptance of receiver
dip/Ip = intercept factor

Intercept factor if sun is approximated by Gaussian distribution

Intercept factor if collector is misaligned; that is, with its optical
axis pointing an angle ©, away from the sun

Deeclination
Qpet/ly = collector efficiency
Optical efficiency = (¢ T @)Y

Incidence angle

xiv
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Ocontour

Odisplacement
Ospecular

%optical

%sun

Otot

Incidence angle on horizontal surface
Geographic latitude

Rim-angle-dependent contribution of longitudinal mirror errors to
transverse beam spreading

Effective reflectance-transmittance-absorptance product of collector
rms angular deviation of contour from design direction

Equivalent rms angular spread which accounts for imperfect
placement of receiver

rms spread of reflected beam due to imperfect specularity of
reflector material

rms angular spread caused by all optical errors
rms angular width of sun in line focus geometry
Total rms beam spread

Transmittance of collector glazing, if any

Rim angle

Optimal rim angle

2 wt/T = hour angle

2 7t/ T = collector cutoff angle

2 mty/T = sunset hour angle
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SECTION 1.0

INTRODUCTION

Traditionally the optical analysis of solar concentrators has been carried out by means of
computer ray-trace programs [1-3]. Ray tracing is a microscopic method which can
provide an enormous amount of detailed information but obscures functional
relationships. Recognition of functional relationships is of utmost importance for the
development of simplified design procedures. This paper shows how all the relevant
parameters for the optical design of line focus solar concentrators can be obtained by a
simple macroscopic approach. It is shown in most cases that approximations are
permissible whereby all quantities of interest can be determined from a few graphs. This
paper deals explicitly with parabolic troughs, but much of the analysis is applicable to
other line focusing collectors as well.

Treatment of optical properties in isolation is justified because, to an excellent
approximation, the optical and the thermal behaviors of solar eollectors are independent
of each other.” In the optimization of the concentrator the thermal properties enter
only through a single parameter qp, the heat loss per unit receiver surface. In Section
2.0 the optical problem is reduced from three to two dimensions by projecting all rays
onto the plane normal to the tracking axis. In this frame the apparent size of the sun
increases with incidence angle 8 as 1/cos ©. The effect of longitudinal mirror errors on
this projection is evaluated; it increases with rim angle @ but even at @ =90° it is
small. In Section 3.0 ray tracing is shown to be equivalent to convoluting an effective
source function with the angular acceptance function of the concentrator. It is
convenient to calculate the angular acceptance function for perfect opties and to include
errors in the effective source. The effective source is obtained by convoluting the solar
profile with the distribution function of optical errors, and in most cases it can be
replaced by a Gaussian distribution. This step, henceforth referred to as Gaussian
approximation, is motivated by the central limit theorem of statistics.** It is attractive
because it reduces the number of independent parameters. The difference between the
intercept factors calculated with the real sun and with the Gaussian approximation is
evaluated in Section 4.0, using the eircumsolar data supplied by the Lawrence Berkeley
Laboratory [5]. Only for collectors with relatively low optical errors is the difference
significant. In Section 5.0 the optimal concentration ratio, i.e., the ratio of aperture to
receiver surface area, is caleulated for thermal collectors by maximizing the
efficiency. The optimum is broad enough to permit determination with the Gaussian
approximation in all cases of interest. The optimization procedure consists of finding the

*
Warming of the receiver enclosure by direct absorption of solar radiation can reduce heat
losses, but this effect can be treated as a shift in the optical efficiency (see Section 7.9
of Ref. 14) and we shall assume it to be included in the effective (010 product.

K%k
See, for example, Reference 4.
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intersection of a straight line, corresponding to a critieal intensity ratio, with a universal
curve. The optimal rim angle @ is shown to be in the range 90° to 120° for a parabolic
trough with cylindrical receiver and 45° to 60° for a flat receiver. Near the optimum
the efficiency is so insensitive to @ that the choice of rim angle can be based entirely on
other considerations, such as the structural strength and ease of manufacturing.

Readers who are not interested in the technical details are advised to proceed directly to
Section 6.0 where the results are summarized and illustrated by specific examples. First,
the optimal concentration ratio of a parabolie trough with eylindrical receiver and 90°
rim angle is caleculated for specified values of optical errors and heat loss. (The
optimization is based on a typical long-term average insolation value [6}, integrated over
time of day, as calculated in the Appendix.) The resulting peak and all-day average
efficiencies are then calculated. The sensitivity of the optimization to changes in
collector parameters and operating conditions is evaluated, particularly with regard to
circumsolar radiation.




TR-092

- /ra%\
S— al i@y
L \\\gl//

SECTION 2.0

TWO-DIMENSIONAL PROJECTION

For the following discussion it is convenient to choose a coordinate system in which the z
axis is placed along the tracking axis and the y axis along the axis of symmetry or optical
axis, as shown in Figure 2-1. ©| and ©,, are the projections of the incidence angle of the
sun on the x-y plane and on the y—z plane, respectively. With perfect tracking the
misalignment angle ©, vanishes and ©,, equals the incidence angle.

2.1 PROJECTION OF RAY-TRACE DIAGRAM

First, the law of specular reflection is stated in vector notation in terms of the following
unit veectors:

direction of incident ray,
direction of normal of reflector surface, and
direction of reflected ray.

i
n
r

All three vectors point away from the surface.
For given i and n the direction of the reflected ray is
F=-1+2(-nn. (2-1)

Next, a particular ray which hits the reflector with angle of incidence ©; is traced. The
projections 9l and ©, of the angles of incidence ©; and reflection ©, on the x-y
plane, shown 1nx1¥1gure 2- é are given by

cos O; (2-2a)

ixy = lxy Mgy =g *igny =i"n-in,
and

= A = + =PFr°*'f - -
rxy = Txy Mxy PNy ryny r"n-r,n,. (2-2b)

They are equal if n, vanishes. Thus, in any troughlike reflector aligned along the z axis,
all incident rays w1th the same x-y projection (plane of the paper in Fig. 2-2) are

represented by the same two-dimensional ray-trace diagram, no matter how large their
elevation ©,, from the x-y plane.

cos 6

Therefore, rays with the same x,y components but different z components need not be
traced separately. If a planar ray entering with i = (ix,i ,0) has been found to leave in
the direction § = (sx,sy,O), then a nonplanar ray entering with

o= (i, V-G i VIS T i), (2-3)

y VA

lé being arbitrary, has the same x-y projection and leaves with
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Figure 2-1. DEFINITION OF COORDINATES AND PROJECTED INCIDENCE ANGLES
(a)el AND (b)e” FOR TWO-DIMENSIONAL CONCENTRATORS.
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Figure 2-2. PROJECTED RAY-TRACE DIAGRAM FOR TROUGHLIKE REFLECTOR IS
INDEPENDENT OF ELEVATION OF INCIDENT RAY FROM x-y PLANE.
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§' = (sx v1 - (ié)z, Sy VvVl - (ié)z, 1&) (2-4)
This implies that in troughlike reflectors the ray-trace diagram and, in particular, the
focal length are independent of the elevation of the incident ray from the x-y plane [7].*

2.2 PROJECTION OF POSITION OF SUN

When a line focus concentrator is employed as a solar collector, the elevation of the sun
from the x-y plane does have an effect** on the width of the image on the receiver.
Within a two-dimensional analysis this can be explained by the following argument. In
the frame of the earth the sun moves in a circle, and it is this circular motion which
breaks the translational symmetry of a line focus reflector. This is shown schematically
in Figure 2-3. At noon the sun is in the x-y plane and the angular half-width Ag of the
solar disc (note Aj «1) is

Ag = (2-5)

e R

with r = radius of the solar disc and R = distance from the earth to the sun.

In the reference frame of the collector the apparent diurnal motion of the sun is a circle
of radius R around the earth; therefore, away from solar noon, the projected angular
half-width of the sun in the x-y plane is

N . (2-6)
S,Xy ny T cos 9y’
where ny is the projection
ny = R cos GH (2-7)

of the sun-to-earth distance on the x-y plane. This is the projected angular width which
must be used as input in the two-dimensional ray-trace diagram, and hence the width of
the solar image on the receiver varies as 1/cos ©,,. For a concentrator with east-west
axis, the effective angular width of the sun at four hours from noon will be twice as large
as at noon. For tracking polar-mounted concentrators, on the other hand, 8, equals the
solar declination §, and this effect can probably be neglected because cos 9 is always
larger than 0.92. For collectors with horizontal north-south tracking axes, however, this

*This contrasts with linear refractive concentrators for which the focal lengths change
with nonnormal incidence.

**In troughs of finite length there is an obvious additional effect which is design
dependent. This effect is the loss of radiation from the ends of the reflectors. It can be
minimized by using end reflectors, long troughs, or polar mounts.
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—=-=- Noon

As,xy

l Afternoon

Figure 2-3. POSITION OF SUN RELATIVE TO LINE FOCUS CONCENTRATOR AT NOON
AND IN MORNING OR AFTERNOON.
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image spread can cause serious problems at latitudes A far from the equator. Not only is
the image enlarged by a factor 1/cos( A +d), but the summer-to-winter variation yields
the widest image and hence the lowest intercept factor at a time when the insolation is
also at its minimum.

The variability of the projected solar size raises the question of which value should be
chosen as the basis for concentrator design. An all-day average of the standard deviation

Ogun» Weighted by the available beam insolation Iy, cos ©,|, appears reasonable:

te
dt I, (t) cos ©,, [ %sun,noon 2
b |\ —7—
9 --tc cos GH
Osun’ = T . (2-8)
c
L dt I (t) cos 9,

C

S eH(t) is the angle of incidence at time-of-day t, and the collector is assumed to
operate from t. hours before until tc hours after solar noon. Since it will become clear
shortly that oszun is rather insensitive to any details of the averaging procedure, the
next step is to consider equinox when 8, for the east-west case equals the hour angle

W= ——, T=24h,

and

We

dol, (w)/cosw
©@Eyp> = o ./t; b : (2-9)

we
/ dw I (®) cosw
0

The long-term average dependence of Ib(w)/Ib(O) on hour angle wis certainly bounded by
one and cos w(for a more precise analysis see the Appendix). Choosing t, =4 h as a
typical value we find

2 - 2 . _
<Osun> = 1,52 Usun,noon y With Ib(w) = Ib(o) eoS W (2-10)
and
<0'2 > = 1.41 02 ’ with I ((1)) =1 (0) cosz w (2_11)
sun sun,noon b b .

This leads to the recommendation of
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2 _ 2 _
Ssun’ = 15 9sun, noon (2-12)
as a reasonable rule for incorporating time-of-day effects into the projected size of the
sun for line focus collectors with east-west tracking axes.

2.3 PROJECTION OF OPTICAL ERRORS

In this section the effect of local contour errors in the mirror are treated first, followed
by a discussion of concentrator tracking errors. It is assumed that contour errors can be
analyzed as if they manifested themselves as rotations but not displacements of
elemental surface areas, giving rise to a rotation of the unit surface normal fi at a point
of reflection. The contour error can then be described in terms of two angular variables,
de and dw” , which lead to rotations of i in the planes perpendlcular and parallel to the
trough axis, respectively. As shown in Figure 2-4, do | = dw Lz and de are orthogonal to
n and to each other. The change in the unit normal is

dn = dn +dn), (2-13a)
= nxdd)l +nxdu3’H (2-13b)
= (ny dw, , -ny dw| , -dw), )s (2-13¢)

assuming f lies in the x-y plane. The change in the reflected ray is found by
differentiation of Eq. 2-1:

= o - dn)n + 2 - n)dn. (2-14)

The quantity sought is the change in the angle of reflection projected on the x-y plane,
de, Xy (Figure 2-2), or, for brevity, d®. Inverting the relation

dr =rx de (2-15)

produces the desired result:

r.dr_ - r_dr
do = —Y ’2( ’2( y (2-16)
(rx + ry)

Substituting the necessary components from Eqgs. 2-1 and 2-14, setting 1 =0, and
recognizing that i /1 = tan GH, one obtains the final result

de = 2dw, + 2ny tan O dw . (2-17)
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Figure 2-4. DEFINITION OF MIRROR CONTOUR ERROR ANGULAR VARIABLES d&)l’l AND dEI,

10
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If the distributions of mirror contour errors dw | and dwll are independent and described
respectively by standard deviations e,ontour 1 and Seontour|p the distribution in
projected angle will be deseribed by the variance

2 _, 2 2 .2 2 )
®" =4 %ontour) T My A Oy Coontour) (2-18)

The transverse angular spread resulting from longitudinal contour errors is seen to
depend on the time of day (via GH) and on the incidence point of radiation on the
aperture (via nx); a rigorous ray-trace analysis of a parabolic trough should be based on
Eq. 2-18. On the other hand, for the formalism developed in this paper it is desirable to
replace this equation with a single effective contour error which is averaged over
aperture and over time of day. Such averaging involves some approximation and
arbitrariness; however, the resulting error is negligible in view of the smallness2 of ni and
tan?2 9 5 We therefor'e2 propose the following simple rule: Replace n)z{ with <“x>aperture
and tan” ©) with &an® 9 day» &S listed in Table 2-1, to obtain an effective contour
error

2 2 2 2 2
= +
9contour,effective Ocontour | <r1x>aperture Ctan” 8> °contourH

(2-19)

The lack of perfect specularity of the reflector material [8] causes further beam

spreading with an rms width specular*

Table 2-1. QUANTITIES NEEDED FOR EVALUATION OF
TRANSVERSE EFFECTS OF LONGITUDINAL CONTOUR
ERRORS IN PARABOLIC TROUGH WITH EAST-WEST
TRACKING AXIS

Average Over Aperture Average Over Time of Day
n?
Rim Angle < x>aper ture Cutoff Time
t 2
) -1 - 0} c {tan wll)day
(degrees) 2 tan (@/2) (h)
0 0 0 0
30 0.023 3 0.2
45 0.052 4 0.5
60 0.093 5 0.9
75 0.147
90 0.215
105 0.297

120 0.395

11
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Conceptually, concentrator alignment and tracking errors must be handled differently
from mirror contour errors. Any given moment a concentrator is pointing in some
direction, albeit with a transverse angular errorA©|. It is only when an entire field of
concentrators or a long time average is considered that a distribution in tracking error is
obtained, described by a standard deviation o¢pgekine- Similarly, errors resulting from
displacement of the receiver can be characterized %y an equivalent angular standard
deviation %isplacement when averaged over a large collector field.

The total effective rms optical error o,..i.g; resulting from all of these effects is
obtained by adding quadratically the individual standard deviations:

“optical ~ * %eontour | * Ispecular * Mo (4 %contour || ¥ Ogpecular H)
2 2
* %displacement * Otracking, (2-20)
with
- 2 9 )
NO) = <nx>aperture {tan® o> day* (2-21)

For collectors in which reflector and receiver do not move as a unit, the term 6¢.qakin

must be multiplied by a factor of two; this is the case for Fresnel reflectors. Note also
that the rule (Eq. 2-20) for adding standard deviations holds regardless of the detailed
shape of the individual error distributions; in particular, they do not have to be Gaussian.

12
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SECTION 3.0

CALCULATION OF FLUX AT RECEIVER

3.1 EFFECTIVE SOURCE

In a real solar concentrator, rays are incident from a range of directions, covering the
solar disec and possibly the cirecumsolar region, and are reflected by an imperfect reflec-
tor surface that causes further angular dispersion. From the point of view of the
receiver it does not matter whether the angular deviation of a ray from the design direc-
tion originates at the radiation source or at the reflector. This is illustrated in Figure 3-
1. In Figure 3-1a a ray from a point source S strikes the reflector at a point R and would
reach point Q of the receiver if the reflector were perfect. A real reflector differs from
the design slope by an error g, and thus the reflected ray reaches the receiver at Q',
an angle 29510 e away from Q. The same reflected ray would have resulted from a
perfect reflector if the incident ray had come from S', an angle 26, . away from the
point source S, as shown in Figure 3-1b. In general the distribution of the slope errors is
nearly Gaussian, and the corresponding flux distribution at the receiver is indicated by
the curves in Figures 3-1a and b.

The angular distribution of radiation from a real source like the sun is given by the
functional dependence of brightness Bsource(ein) on incidence angle. Solar brightness
data is usually reported as radial distribution B, 4;01(©) in W/m® sr, © being measured
from the center of the solar dise. For line focus systems it is convenient to transform

the radial distribution to a linear one acecording to

- ® . _ 2 2
Blinear(ej_) "/_‘wdeli Boogial(®) Wwith®© -\jen +e7 .

In the remainder of this paper only the linear brightness function (in W/m2 rad) is
considered, and the subscripts for longitudinal and transverse are dropped.

If the mirror slope errors are characterized by a normalized distribution funetion
E(264,ne) in units of rad—l, then the reflected intensity in the direction © (measured
from the design direction) is

dB(e, ©;) =E© -6, )B

source@in) 9Ojp (3-1)

where (6 - ©;)/2 = eslope is the slope error and By, ...(©;)) dO;, is the intensity of

radiation coming from an angular region of width d©;  around ©;.. Integrating over d©;
produces the equivalent effective source:

0
Beff(e) =[£3(9 - Gin) Bsource(ein) dein‘ (3_2)

The limits of integration can be extended to infinity because in practice the distribution
will be negligible outside a range of a few degrees.

13
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Figure 3-1. EQUIVALENCE BETWEEN (a) IMPERFECT REFLECTOR WITH POINT SOURCE
AND (b) PERFECT REFLECTOR WITH SMEARED SOURCE.
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In a real collector there will be several statistically independent sources of optical
error: lack of perfect specularity [8], macroscopic surface deviations in position and
slope, displacement of the receiver, and tracking errors. Averaged over time and over
the entire collector or array of collectors, all of these errors can be assumed to be
approximately Gaussian.* Even if the distributions for individual optical errors are not
quite Gaussian, the central limit theorem of statistics [4] implies that the distribution
resulting from their convolution can be expected to be nearly Gaussian (at least as long
as the distribution is not dominated by a single non-Gaussian component). This is a most
reasonable assumption; it is supported by the limited data which are available [9], and it
is usually made in solar systems studies. The distribution function E of optical errors in
Eq. 3-2 should, of course, include the convolution of all relevant optical errors.

Since the convolution of two Gaussians with zero mean and standard deviations 6, and o4
is again a Gaussian distribution, with standard deviation given by 0? = 021 + G,, Sun and
mirror errors can be replaced by an effective source

o0
2
1 de' exp [ - o'
B ..(0) = f ——B_ .(6 -0').
eff Ooptical /Zm  J~oo 2 o2 sun
optical (3-3)

The standard deviation ooptica
Egs. 2-19, 2-20, and 2-21:

1 accounts for all optical errors and has been calculated in

2 2 2 2

Ooptical =4 O contour,effective * O specular,effective * 0 displacement
2
% tracking” (3-4)
For collectors in which the reflector and receiver do not move as a unit, otracking must

be multiplied by two.

In case the Gaussian model for the optical error is not acceptable, Eq. 3-3 must be
replaced by the convolution of the appropriate error distribution funetions. Certain
reflector materials (for example, alzac) are characterized by the sum of two Gaussian
distributions o.f rela'Eive weights R, and Ry and widths G,Specular 1 an-d Sspecular 2° This
type of material (which does not appear to be very practical for focusing solar collectors)
can be dealt with by replacing the single Gaussian distribution in Eq. 3-3 with a sum of
two Gaussie.m distributions with weights R; and R, and widths Toptical 1 and ¢ optical 2
{(corresponding to each of the two nonspecular components) [8,9].

*Tracking errors may differ from this model when the tracking system has a significant
tolerance band; for this case, a flat top with sloping shoulders may be more appropriate.

15
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3.2 ANGULAR ACCEPTANCE FUNCTION

In the framework of this paper, aberrations due to off-axis incidence on a perfect reflec-
tor are not included among errors but are accounted for by means of the angular
acceptance function.

The angular acceptance function f(©) is defined as the fraction of rays incident on the
collector aperture at an angle © (from the optieal axis) which reaches the receiver. This
function depends on the configuration of reflector and receiver. For example, an
untruncated compound parabolic concentrator (CPC) [7] of acceptance half angle 98 is
characterized by the angular acceptance funection

_ 1 for |6|<© -
fepc® = 1o for o >6 ; (3-5)

b
in other words, all rays within ©, are accepted, all rays outside are rejected.

For a parabolic trough of rim angle @ with cylindrical receiver, the angular acceptance
function is more complicated and can be calculated from the geometric relations in
Fig. 3-2a. The focal length is f; the aperture width, D; and the receiver tube diameter,
d. The geometric concentration C is

-_D _
C=—s - (3-6)

Light rays incident at point P =(x,y) of the reflector hit the receiver, provided their
angle of incidence © (measured from the optical axis) satisfies

ol < 8, with sin©, = q/2 - d . (3-T)

i s
V2 + (1 - ) Zf_1+(2—f—) ]

|6] =8, is the angle at which they reach the receiver tube tangentially. ©, decreases
with x. Therefore, with x =D/2, Eq. 3-7 yields the largest angle 6, for which all
incident rays are accepted. This angle ©,, which has sometimes been called the
acceptance half angle of a parabolic trough [ﬁ, can be written in terms of rim angle and
concentration as

. _sin® -
sin 91 =7e - (3-8)

For the angular acceptance function this implies that fpp cyl(e) =1 for |© < 8,. For
incidence angles larger than 0, but smaller than 69, given bir

. d
sin 8, = 5T’ (3-9)
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GEOMETRIC RELATIONS FOR THE CALCULATION OF THE ANGULAR
ACCEPTANCE FUNCTION.

Figure 3-2a.
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only the central section of the aperture is effective, from -xg to xg, with

=ofl—9 1/2 (3-10)
%o 3f sin © ’

and the angular acceptance equals 2xg/D. For angles larger than ©, only direct hits are
accepted, but this region will not be of interest in this paper. It is convenient to express
everything in terms of rim angle and concentration by means of the relation

D _ ] -
i tan 5 (3-11)

Neglecting complications or inaccuracies that may arise for very low concentrations,
very large incidence angles, or very small rim angles (cases which are not of interest for
solar energy applications), the angular acceptance function for the parabolic trough with
cylindrical receiver, rim angle @, and concentration C can be summarized as*

1 for |B] < 6;
fpr,eylindrica1(® = { cot % (%)— - 1>1/2 for ©; < | 6] < 6
0 for [B] > 8,
(3-12)
with
e, = %_(E:_(_D_ = 0, cosz(®/2) (3-8)
and
o = 2 ten(@/2) (3-13)

2 TC

C is assumed large enough (C > 3) to justify replacing sin © with © for | ol <6,.

For the parabolic trough with a flat one-sided receiver, the angular acceptance funection
can be derived in a similar manner. The result is

*The addition of a glass tube, placed concentrically around a tubular receiver, has no
effect on the angular aceeptance function [10].
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( sin @ cos @
1 for IGI < 91 = __.C—
t 0q(© =< cot 21 | (4 4 tan@/2 tn@/a]'? | tan@/al'/?
PT,flat-one-sided 2 oC o oC
_ 2 )
for Gl<19!<92~6tan5
0 for [©] >, . (3-14)

This funection is unaffected by the addition of a CPC second-stage concentrator of
acceptance half angle @ because such a CPC only prevents rays with | 9] >92 from
reaching the receiver.

For future reference we note that the angular acceptance function depends only on the
product CO, not on C and O separately. The angular acceptance functions are plotted
schematically in Figs. 3-2b and ¢ for the cylindrical and flat receivers.

1.0 | a i 1.0

| |
3

0.8 |\ | - 0.8 F
I I"\"l :

0.6 } ", | 0.6 F
| |

0.4 | Nl 0.4
| 5 |

0.2 r | HI - 0.2}
| \'

0.0 L > 0.0
2 A

Figure 3-2b. ANGULAR ACCEPTANCE FUNCTION  Figure 3-2c.

FOR ¢ = 90° TROUGH WITH
CYLINDRICAL RECEIVER
(SCHEMATIC).
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3.3 FLUX AT RECEIVER AND INTERCEPT FACTOR

The effective source funetion Bg¢p(©) of Eq. 3-3 gives the intensity of radiation (W/m?2
rad) coming from the direction ©; it accounts correctly for the shape of the sun and for
all optical errors. The angular acceptance function f(6) states how muech of this
radiation is transmitted to the receiver.* The total flux intercepted by the receiver is
obtained by multiplying these two functions and integrating over all incidence angles:

din =f de f(8) Bgr(O). (3-15)

—00

The receiver size enters through the concentration ratio C in the angular acceptance
function. ;

Dividing Eq. 3-15 by the total incident flux

I = f d® Bgy4(6), (3-16)

00
one obtains the intercept factor

Y ='/ de f(8) By¢s(O)/1, (3-17)

—e0

which is useful because it is independent of the intensity.

This formulation is equivalent to a detailed computer ray-trace program. It is much
simpler and faster, requiring at most a double integration. (A further integration may be
needed to convolute non-Gaussian optical errors.) The relevant parameters and their
interrelation are clearly identified. In many cases approximations can be made to the
point where the explicit result can be presented in graphical form. This is discussed in
the following section.

Time-of-day effects can be treated exactly by evaluating q;, of Eq. 3-15 for each hour of
the day using the projected sun shape discussed in Section 2.0. In most cases, however, a

single calculation with an effective average sun shape for the whole day (see Section 2.2)
is sufficiently accurate.

*f(0) is defined as a purely geometrical quantity. Absorption losses will be acecounted for
later by a multiplicative factor, the transmittance-reflectance-absorptance product
(P Ta),
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For collectors with eylindrical receivers the derivative of Y with respect to concentration
C can be used to calculate the distribution of incidence angles on the receiver. Consider
the radiation intercepted by a virtual receiver, smaller than the real receiver and
corresponding to a concentration é, placed inside the real receiver which has
concentration C. One can show that there is a one-to-one relationship,

cosB =V1-C%/62 cos @, (3-18)

between the incidence angle Bof a ray on the actual receiver surface and the
concentration C < C of the virtual receiver which the same ray would hit tangentially; ©
is the incidence angle of the ray on the collector aperture. From this it follows that the
unnormalized probability distribution of incidence angles B  on the receiver surface is
given by

3 sin BeosB d7Y(C)

C c:os2 2] dcC

r(.,e =- (3-19)

C
2
o

This point is of interest because the absorptance of most surfaces decreases at large
incidence angles. For example, if the absorptance a of a flat surface is given as a
function « (8) of incidence angle B, then the effective absorptance of this surface, when
used on a cylindrical absorber tube, is

/2
A d8 a(B) TI(B,6)

Aoff = 7P
_{ dg T( 8,0)

where O is the angle of incidence on the collector aperture.

’ (3-20)

For collectors with flat receivers the derivative of Y with respect to C yields the spatial
flux distribution on the receiver. The incidence angle distribution can be obtained from
the derivative of ¥ with respect to rim angle Q.

Thus far tracking errors have been assumed to be averaged over time, since the collector
is, on an average, aligned correctly. The effect of misalignment on the instantaneous
efficiency can also be calculated. If the optical axis of the collector points an angle ©;.
away from the design direction (ecenter of the source), the origin of the angular
acceptance function is shifted by ®, and the intercept factor is given by a
straightforward modification of Eq. 3-17:

Y (9_1_) =/ de’ f(e' - GL) Beff(e')/lb. (3—21)
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SECTION 4.0
APPROXIMATION OF SUN SHAPE BY GAUSSIAN DISTRIBUTION
When the optical errors are large compared to the width of the sun, Eq. 3-3 is insensitive

to details of the sun shape. In this case it is convenient to approximate the sun shape by
a Gaussian distribution:

I
b o2
B (@) = ——exp |- ——— (4-1)
sun,Gauss fo o 2
, %sun 27 206 5un
with the variance
a0
2 / o & B ©)
Osun = —uooo sun,real (4-2)
f de I%un,real )
—c0

of the real sun. (Note that oy;,... and o.54iq; for linear and radial brightness
distributions are related by %linear — %adial’Vv2 In this sense the sun appears to be
narrower for a line focus collector than for a point focus collector.)

The resulting effective source is also a Gaussian distribution:

B e = exp [~ ——— (4-3)
eff,Gauss NS 2
’ ot V2T 2940t
with width
- (.2 L2\ 12
Otot ~ ("optical c’sun) : (4-4)

The intercept factor Y is defined as the ratio of the flux reaching the receiver over the
incident beam irradiance I

% 1 o2
Y = doe f(ce) exp |———F5— . (4-5)
Gauss /:w dtot NT 3 9 G%ot

Since the angular acceptance is a function of CO only, Yg,,s depends only on the
product oy 4 C, not on C and o ot separately. For the parabolic trough the resulting
integrals do not seem to be expressible in closed form; YGauss N@s been evaluated
numeriecally and plotted versus o, .. C for several values of rim angle, for the eylindrical
receiver in Figure 4-la and for the flat one-sided receiver in Figure 4-1b.

To evaluate the error introduced by using the Gaussian sun instead of the real sun, the
intercept factor Y is compared in Figure 4~2a through ¢ as calculated with the measured
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solar profile (solid line) and as calculated with the corresponding Gaussian shape (dotted
line). A cylindrical receiver and 90° rim angle have been assumed. Curves are shown for
three error sizes, Ooptical = 5 10, and 20 mrad, and for three solar profiles,
corresponding to clear sky, haze, and heavy haze. These profiles are numbers 1, 11, and
16 of the standard circumsolar profiles provided by the Lawrence Berkeley Laboratory
[51. The insolation values and rms widths for the 16 profiles are listed in Table 4-1. The
broad sun shapes seem to be associated only with times when the beam component is so
low (I <500 W/m Z) that little energy can be collected; thus only the narrow and medium
shapes need to be considered [111. This suggests the use of an average intercept factor
for all circumsolar scans w1th high insolation. The unweighted average over scans one
through ten (I, >500 W/m?2 ) is plotted in Figure 4-2d, with the same notation as in
Figures 4-2a through c. The Gaussian sun shape (dashed line in Figure 4-2d) is based on
the standard deviation

%un,average = 4:1 mrad, (4-6)

which is the average of the standard deviations for scans one through ten. As for optical
errors, current plans [12] for advanced parabolic trough collectors suitable for mass
production call for a value of 6,51 @round 7 mrad. Whether greater optical accuracy
is ecompatible with the low cost requirements of solar applications remains uncertain.

Figures 4-2 a-d show that the Gaussian sun approximation is excellent for optical errors
beyond 20 mrad, regardless of sun shape. For narrow sun shapes the approximation is
good to 1%, even for the rather small optical error of 5 mrad. More detailed analysis
seems to be necessary for the case of intermediate solar widths and very good optical
quality o, optical <5 mrad.

In any case it is worth noting that the Gaussian approximation consistently
underestimates the radiation reaching the receiver for any practical value of C. Usually
C will be chosen such that on a clear day approximately 95% of the incident rays reach
the receiver; i.e., losses due to spillover amount to about 5%. (The Gaussian
approximation would overestimate the collected flux only if the concentration ratio were
much smaller than this value.) Therefore, a simple upper bound on the loss of
performance due to circumsolar radiation is obtained by considering the change in o,
caused by an increase in og,,. This is illustrated by the examples in Section 6.
Furthermore, the Gaussian approximation is useful for determining the optimal
concentration ratio, as shown in Section 5.0.
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Table 4-1. PARAMETERS FOR THE 16 STANDARD LBL CIRCUMSOLAR SCANS

Osun
Solar Ldisk I Linear
Data Times (4.80 mrad) (pyrheliometer) Circumsolar Geometry
Set  Date (h) Location (W/m?) (W/m?2) Ratio (mrad)
1 Aug. 7 11.72 Albuquer- 947.8 954 0.0082 2.7
1976 que
2 Aug. 25 9.36 Fort Hood 708.9 715 0.0100 2.7
1976
3 Nov. 20 11.22 Fort Hood 894.8 918 0.0270 2.5
1976
4 Nov. 22 14.89 Fort Hood 775.8 795 0.0290 3.5
1976
5 Dec. 14 11.29 Albuquer- 919.5 949 0.0345 3.2
1976 que
6 Dec. 29  15.45 Fort Hood 714.9 748 0.0571 4.9
1976
7 Jan. 25 9.34 Albuquer- 736.6 802 0.0888 4,2
1977 que
8 Dec. 29  14.00 Fort Hood 705.4 782 0.1061 4,3
1976
9 Deec. 14 12.92 Albuquer- 699.8 802 0.1461 6.1
1976 que
10 Jan. 25 10.79 Albuquer- 517.3 639 0.2042 5.7
1977 que
11 Dec. 14 10.21 Albuquer- 340.6 469 0.2938 7.2
1976 que
12 Dec. 29 13.64 Fort Hood 217.5 348 0.3990 8.1
1976
13 Jan. 25 9.88 Albuquer- 164.0 292 0.4708 10.0
1977 que
14 Dec. 29  10.39 Fort Hood 168.1 299 0.5260 15.0
1976
15 Dec. 29 12.74 Fort Hood 40.5 87 0.5870 13.0
1976
16 Jan. 25 12.78 Albuquer- 29.5 86 0.6920 13.0
1977 que
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SECTION 5.0

OPTIMAL CONCENTRATION RATIO

Concentration entails necessarily the loss of some diffuse and possibly the loss of some
circumsolar radiation. If maximization of absorbed energy were the goal, C =1 would be
chosen; however, in thermal collectors heat losses increase with receiver size and
therefore the optimal concentration ratio, the one maximizing delivered energy, will be
greater than one. In this section a formula is derived for determining the optimal
concentration ratio.*

Heat losses can be assumed to scale as 1/C:

(5-1)

This statement is exact if the aperture area is varied while the receiver size is kept
fixed. If the aperture is held constant, variation of receiver size may cause slight
deviations from the scaling rule (Eq. 5-1) because convective heat transfer may depend
weakly on absolute size. For the derivation of a general procedure for finding the
optimal concentration ratio, the scaling rule is the most reasonable choice.

In line focus collectors two additional effects should be considered: the collection of
diffuse sky radiation, and the shading of the aperture by the receiver. Typical levels of
diffuse radiation I range from 100 to 200 W/m2, and a fraction 1/C of this is collected
[7]s**

la
c -

94iffuse (5-2)

For example, with C =25, diffuse radiation amounts to 4 to 8 W/mz, which is small
compared to typical heat losses q; ., on the order of 100 W/mz, but it is not negligible.
Shading also scales with C; the portion of the beam irradiance I which is prevented from
reaching the receiver because of shading ean be written as

*Similar considerations apply to photovoltaic concentrators where, per unit area, receiver
cost is much higher than reflector cost. Here the optimal concentration ratio minimizes
cost for delivered energy.

**Since diffuse radiation is collected along the length of the receiver, this formula is quite
insensitive to anisotropy of sky radiation.
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_ %5
q = ET'I

shading b’ (5-3)

where Xg depends on the geometry.
An example is a parabolic trough with an aperture width of D = 200 em and & cylindrical

receiver of d = 2.5 em diameter, surrounded by a glass envelope of dglass =5 cm outer
diameter* for which

d - d
xsz_glvi;gi___zo,mg

c=-2_ =295 and
7d
_ 2 _ 2
Yshading - 11.25 W/m® if Ib = 900 W/m*.

The design goal is to maximize the net flux collected by the receiver:

Upet = (P T (qdiffusc ~ 9shading * 9in) = Y10ss
I Xo I ® q
-t |—3L - 5D 4f g0t B . (0)]- —=. (5-4)
C C ) eff C

The factor (P T1a) accounts for the effective transmittance and absorptance of the
collector, and f and By are the angular acceptance (Eq. 3-12) and effective source (Eq.
3-3), respectively. (Pt a§, I3, Xg» and qg, enter only in the combination

q
X =X  + —L 1) /1, (5-5)
(p T 0

which shall be referred to as critical intensity ratio.
The optimal concentration ratio C, is then found by setting the derivative of q, ¢ with

respect to C equal to zero:

dqnet
daC

=0 . (5-6)

C = Co

*Rays passing through the glass but missing the receiver on their first pass deviate so
much from the correct direction as to miss the receiver altogether.
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Even though for small values of Foptical the Gaussian approximation for the sun may
result in significant underprediction for the absorbed flux, it may be acceptable for
finding C, because the net power qp¢, being near its maximum, is a slowly varying
function of C. The Gaussian approximation is attractive because C, depends only on
(Oiot ©) and X and can therefore be obtained from a single graph. To test the validity of
this assumption, the exact value C0 exact IS determined for a wide range of parameters
for a real sun and the correspondmg C 0,Gauss for a Gaussian sun. The net power Apet
(for the real circumsolar profile) is then calculated for these two concentration values
and the results are compared. The discrepancy*

(real, G, )

real) - (real C

qnet(real’co,real)

net 0,Gauss

(5-7)

is shown in Table 5-1 for o .- =5, 10, 20 mrad; q; = 1000, 2000, . . ., 8000 W per m2
i optical L ;

of receiver surface; and three solar shapes (narrow, scan No. 1; wide, scan No. 11; very

wide, scan No. 16).

Table 5-1 shows not only the closeness of the approximation for C, provided by the
Gaussian sun shape, but also how much C, varies with sun shape. For narrow sun shapes
C0 Gauss approximates C0 real Within 4%, even for small optical errors; and the change
in qn t associated with such a change in C0 is less than a tenth of a percent and
negligible. Even for wide sun shapes the difference in dpet optimized for the real sun
and for the Gaussian sun is only a few percent.** The very wide sun shape has such a low
insolation level that the collectible energy is negligible, and for large oor high heat loss
no energy can be collected at all. More important is the fact that the difference
between C0 real 2nd Co Gauss for the narrow sun shape is of the same order of
magnitude as the change in Co between different sun shapes. Furthermore, the accuracy
of a determination of C, is llmlted by the uncertainty of Soptical’ typically on the order
of 10%. Therefore, C 0,Gauss’ 25 obtained by the Gaussian approximation for the narrow
sun shape, provides an excellent compromise for the optimal concentration value under
all reasonable operating conditions.

For a Gaussian sun of total flux Iy (in W/mz), the effective source is

I 2
@) = —2— exp (- 92
Otot V2T 2 Otot

(5-8)

Beff,Gauss

*In this comparison we have set Xg =0 =14 and (P T0) =1 because their precise values do
not matter.

**In going from a narrow to a wide sun shape, C can either increase or decrease; this
depends on the relative importance of reducing q,qq or enhancing Y.
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TABLE 5-1. OPTIMIZATION OF CONCENTRATION RATIO FOR REAL SUN AND FOR GAUSSIAN SUN2

S

Il

N
2

L

§

%

Scan #1 (narrow) Scan #11 (Wide) Scan #16 (Very Wide)
I, =954 W/m?% o, = 2.7 mrad L, = 469 W/m%; o =7.2 mrad I, =86 W/m%; o =13.0 mrad
ooptical
(mrad) 5 10 20 5 10 20 5 10
piA
(W/m2)
1000 0.14 [26.8 0.01 [18.4 0.01 [9.6 1.21  [21.0] 0.28 [16.3] 0.02 [10.9] 2.55 [25.6 0.66 [24.0]
885  |37.8 871 [16.5 825 |96 7T [24.3] 00 |17.2] 365 (110} B3I 349 35.2  [27.8
2000 0.29 [30.2 0.04 [18.8 0.01 [11.4] 4.23  [24.7) 0.85 [19.5 0.06 [13.6] 0.59 [48.3 0.11 [60.5
851 [31.5 815  [19.1 731 [11.4] 371 [30.8) 318|210 282 |13.3] 20.7 [56.4 85  [54.0)
4000 0.43  [34.9] 0.08 [22.3 002 [14.1] 8.41 [30.4] 1.31  [24.7] 0.08 [19.0] - — - —
792 (365 719 (22.6 574|142 36 [38.8 264 [27.0] 162 [19.5]
6000 0.57 [38.4] 0.09 [25.1 0.03 [16.7 9.80 [35.6 .32 [20.9 0.00 [27.5] - - - -
740 |40.2) 636  [25.6 415 (T6.8] %69  [45.6] 198 |[32.5 75 |27.5]
8000 0.64 [41.5] 0.14 [27.7 0.04 [19.5] 10.18 [40.5] 0.68 [36.5 0.02 [49.3] —_ = - -
692 [43.4 561  [28.2 335 (197 227 [5L.7] a1 |39 18 |[48.6]
8For each case the results are entered in the following form:
Inet (real ’Co,Gauss) ~ Ipet (real’co,real) CoLGauss.l
et (real ’Co,real Co,realJ

¢60-4.L
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Inserting this into Eq. 5-6 and taking the derivative with respeet to C produces the
condition for the optimal concentration ratio Cj as

dq q
net 1 L
0 = = + Xgl, - 1
¢ " @2 \(pra 5P °d
a [~ 'p o
¥ _"dc/ de £(e) exp |- s— |- (5-9)
o “tot V27 2 Otot

The integral is a function of (0¢,¢ C) only. It is convenient to define a function

G( ) - o0 4 [Twite —L __  exp[- €
Stot Otot (040t ©) oot VET 2 o2
o0 o tot

(5-10)

because in terms of G and the critical intensity ratio X of Eq. 5-5 the optimization
condition reads

Otot X = G044 Cp)e (5-11)

The funetion G has been evaluated numerically and is plotted versus o, C for different
rim angles in Figure 5-1a for a eylindrical receiver and in Figure 5-1b for a one-sided flat
receiver. To find the optimal concentration ratio C,, one draws a horizontal line
corresponding to the value of 6, ,, X; the intersection of this line with the curve has the
abscissa 0yqt Co.
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FOR DIFFERENT RIM ANGLES ¢ FOR A FLAT RECEIVER.
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SECTION 6.0

EXAMPLES/USERS GUIDE

Demonstrated in this section is how the formulas and graphs developed in this paper can
be used to design and optimize a parabolie trough concentrator, to calculate its thermal
performance, and to evaluate its sensitivity to circumsolar radiation. The optimization
is based on typical average insolation data [6] rather than on peak radiation at solar noon,
as discussed in the Appendix.

6.1 OPTIMIZATION PHILOSOPHY

The performance of any solar energy system improves if the collector efficiency is
increased, all other variables being constant. Therefore, the performance of the
collector should be maximized independent of the rest of the system if such a step does
not significantly increase the collector cost. The variables which affect collector
performance fall into several groups:

(1) operating conditions (insolation, tracking mode, operating temperature, flow
rate, ete.);

(2) properties of materials (reflectance, absorptance, etc.);

(3} receiver design parameters (absorber shape, width of gap between absorber
surface and glazing, ete.); and

(4) concentrator geometry (concentration ratio C and rim angle@).

The operating conditions may vary from installation to installation. On the other hand,
cost reduction by mass production requires a certain amount of standardization. Thus it
is preferable to design a solar collector which is approximately optimal for a range of
typical operating conditions rather than for a specific application. The examples in this
paper show that the optimum is sufficiently broad to permit much standardization
without significant performance penalty.

If several candidate materials are available, the optimal choice has to be made by
examining cost and performance for each case. As for the receiver design, one first has
to select the generic type (flat or cylindrical, evacuated or nonevacuated). For an
evacuated receiver a cylindrical absorber with a concentric glass envelope is probably
the most reasonable choice, and the spacing between the absorber and glass envelope
should be as small as is practical. For a nonevacuated receiver the spacing between
absorber surface and glazing will usually be optimized if the corresponding Raleigh
number is approximately 1500; in other words the spacing should be made as large as
possible without initiating econvection.
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Once the receiver (type and size) and the materials have been chosen, one has to address
the remaining set of variables, group (4). The concentration ratio C, i.e., the relative
size of aperture and receiver, is particularly important. As C is increased, the heat loss
per aperture decreases but so does the fraction of the incident solar radiation that is
intercepted by the receiver. At the optimal concentration ratio the ineremental heat
loss equals the ineremental loss of intercepted solar radiation. The optimization of C is
carried out most conveniently by keeping the receiver size fixed while varying the
aperture. Only a single number, the heat loss rate g; (in W/m?) per receiver surface
ares, is needed to characterize the thermal properties of the receiver.

For the optimization in this paper a standard set of operating conditions, variables in
group (1), is assumed as a starting point. The selection of values for the variables in
groups (2) and (3) is not addressed in this paper; rather a set of values is assumed as
input.

Once the variables in groups (1) to (3) have been chosen, the optimization of
concentration ratio and rim angle can be accomplished by the design procedure developed
in this paper. In practice the mathematical optimum is not alway the most desirable
design because certain components, e.g., reflector sheets, may be available only in
discrete sizes. Nonetheless, knowledge of the optimum is valuable as a guide in the
selection of a practical design.

6.2 COLLECTOR PARAMETERS

Consider a long east-west-mounted parabolic trough reflector with a cylindrical
receiver. The receiver has a selective coating and a glass envelope around it, as
appropriate for operation in the 200°C to 300°C range [13]. It is assumed that the
collector is characterized by the parameters listed in Table 6-1; they represent typical
values for state-of-the-art technology. The entries under the contributions to beam
spreading (optical error) are based on data reported by Sandia Laboratories for realistic
materials and fabrication techniques [12,13]. The reflectance (p = 0.85) is typical of
clean aluminum or dirty silver reflectors. The transmittance (t=0.88) and the
absorptance (a=0.94) are reasonable values when incidence angle effects are taken into
account [14,15]. The product (PTa@) will be reduced by dirt, but compensating
improvement with antireflection coatings is possible. Present operating experience is
insufficient to evaluate with confidence the effects of long-term environmental
degradation, but preliminary data [17,18] indicate that dirt on a reflector reduces the
specular reflectance by about 0.05 to 0.2 (depending on the cleaning cycle) with little
change in 6y .0 1ar- A Vvalue of 0.70 for the all-day average reflectance-transmittance-
absorptance product {(P T®@) appears to be realistic. In any case only the product, not
the individual factors, matters for the present purpose. At noon it will be higher and
PTa) son = 0.73 is assumed [14]; the change in (P T@) with incidence angle should be
measured, of course.

In many concentrating collectors part of the aperture is shaded by the receiver; this
effect can be accounted for by a shading correction (XS in this paper). In the case of a
cylindrical receiver with glazing, an equivalent correction is needed for that fraction of
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Table 6-1. COLLECTOR PARAMETERS

Parameter Value
"contourL 2.5 mrad
Scontour || 2.5 mrad
UspecularJ_ 2.0 mrad
Opecular,, 2.0 mrad
°traeking 2.0 mrad
%displacement 2.0 mrad

(Pt aPpy 0.70

(P T®) on 0.73

dg1ass 5.0 em

dabsorber 2.5 am

XS 0.318

ar, 2000 W/m?

the beam radiation incident on the aperture that passes through the glass envelope but
misses the receiver. Due to refraction* it deviates so much from the design direction
that it misses the receiver altogether on its return from the reflector. To find a typical
value of Xg for the present configuration, assume a receiver tube of 2.5-cm outer
diameter (dgpgorber); Surrounded by a glass tube of 5-em outer diameter (dgjg45). (With
reasonable glass thickness this leaves an air gap of 1.0 cm, approximater optimal in
terms of heat transfer because the corresponding Rayleigh number is just below the onset
of convection.) Xg is given by the formula

dglass ~ absorber

XS = (6-1)

Wdabsor ber

and takes the value 0.318 in the present case (the factor of # inserted for consistent
normalization to absorber surface area).

*Note parenthetically that refraction by a glass tube concentric with the absorber has no
other effect on any of the calculations of this paper, as shown in Reference 10.
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A crucial parameter is qp, the heat loss per unit absorber surface area*. It must be
interpreted as an average along the entire collector which is to be optimized. All the
thermal properties of the collector enter only through this parameter, and, for the
purpose of this paper, the detailed thermal properties are irrelevant; in particular, the
precise value of emissivity and heat extraction efficiency, and the temperature
nonuniformities are of no concern. The reader who is interested in calculating qy, is
referred to the standard techniques in the heat transfer literature.** A rough and simple
estimate for q; can be obtained by extrapolating the flat-plate top heat loss coefficient
in Fig. 7.4.4 of Reference 14. If collector test data are available, it is preferable to take
for qp, the measured heat loss per unit of aperture area, multiplied by the geometric
concentration ratio; such data have been reported, for example, in Reference 13. The
value qy = 2000 W/m2 in Table 6-1 is typical for the type of collector under
consideration.

6.3 CHOICE OF RIM ANGLE

For cylindrical receivers the rim angle @ will be in the range of 80° to 120°.
Figures 6-1a and b show the optimum to be so broad that the choice of rim angle can be
determined by other considerations such as mechanical strength and ease of manufac-
turing.

In the literature two simple arguments have been given for determining @,. One
argument is based on minimizing, for a given aperture area, the average path length from
reflector to receiver, and it yields @, = 120° [3l. The other argument [7,19] assumes
complete capture of all rays within a prescribed angular range and results in (Do = 90°,
Neither of these arguments accounts for the detailed angular distribution of the radiation
source, and hence it is not surprising that there is disagreement with the exact
optimization. For the following discussion a 90° rim angle is assumed as a practical
value.

6.4 OPTIMIZATION OF CONCENTRATION RATIO

The appropriate insolation values for optimization of the concentration ratio with
respect to all-day average performance are calculated in the Appendix. They depend on
incidence angle and hence on tracking mode, and they are listed in Table 6-2 for the most
important configurations. The all-day average quantities are designated by angular
brackets. They are based on an assumed operating time of 8 h/day. For other collection
periods they can be recalculated by the methods in the Appendix.

*The heat loss term qy, is defined with respect to receiver rather than aperture area
because conceptually this optimization procedure for the concentration ratio keeps the
receiver fixed while varying the aperture.

**See, for example, Reference 16.
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Table 6-2. TRACKING MODES AND ASSOCIATED SOLAR DATA

Tracking Mode

N-S Axis N-S Axis

E-W Axis Tilt = Latitude Horizontal at 35° N latitude
Solar Data Horizontal Polar Winter Equinox Summer
€0s ©p00n 1.0 cos § 0.52 0.82 0.98
%un,noon (mrad)® 4.1 4.3¢ 7.9 5.0 4.2
Ceos ) 0.77° 0.96¢ 0.63° 0.89° 0.999
(Osun> (mrad)? 5.0P 4.3 6.6° 4.6 4.2¢
I, ¢0s O, (W/m?) 865 830° 460 710 825
{3, cos 8> (W/m?) 665° 750¢:€ 490P 670° 7204
14,n00on (W/m?) 190 190 125 190 220
(1> (W/m?) 160P 140° 95b 140° 1609

8Average over typical sky conditions (eircumsolar seans 1 through 10 in Table 4-1).

bAll—daaly average based on 8 h/day.
CAll-day average based on 10 h/day.
dAll—day average based on 12 h/day.

€Includes all-year average of {cos §=0.96.
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The steps of the calculation are entered into the worksheet in Table 6-3. First one
computes the optical error derived in Section 2.0:

2 s o4 2 , 2
Ooptical contour Tspecular
2
+1(@) (4 UcontourH * Uspecular”)
2 2

* Otracking © Odisplacement ° (6-2)

The coefficient A (@) represents the rim-angle-dependent contribution of longitudinal
mirror errors to transverse beam spreading. It depends weakly on incidence angle and
hence on tracking mode. A(@) is given by Eq. 2-21 and Table 2-1. However, some
simplification is permissible because this term is so small that its precise variation with
@ has negligible influence on the choice of optimal concentration ratio and rim angle.
For the cases of greatest interest one can use the following approximation

0 for normal incidence
_ )0 for polar mount all-day average
M) =10 for @ < 45° for east-west tracking axis all-day average (6-3)
0.1 for 80° < @ < 110° for east-west tracking axis all-day average.

Hence, for the present example the all-day average optical error is as follows:

1.1 x (25 + 4) + 4 + 4 mrad?

2
{Ooptical’ BN
(6.3 mrad)?2. (6-4)

For the effective sun width the average Osun,noon,average ~ = 4.1 mrad over circumsolar
seans 1 through 10 (see Table 4-1) which appears to be representative of typical sky
conditions. It is to be enlarged according to Eq. 2-12 to account for time-of-day
variation:

<Osun’EW =V1+5 Ogun,noon,average = 3-0 mrad. (6-5)

The resulting total rms beam spread is given by

_ N 2 \1/2
CtotPEW ™ (< pt1ca1>E w' CsundE w) (6-6)
= 8.0 mrad.
The average critical intensity ratio is considered next:
x> L ay| /a o) (6-7)
= +| —— - cos . 6~-
Sy S/
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Table 6-3. OPTIMIZATION OF CONCENTRATION RATIO FOR PARABOLIC
TROUGH WITH EAST-WEST AXIS: WORKSHEET

Parameter Value Reference
ND) 0.1 Eq. 6-3
©optical EW) 6.3 mrad Eq. 6-2 and 6-4
OrotOEW 8.0 mrad Eq. 6-6
XOEwW 4.37 Eq. 6-1 and 6-8
O pw <XOpw = G0 totEW ©) 35.0 mrad Eq. 6-9
Otot’EW Co 218 mrad Fig. 5-la
Co 27.3 Eq. 6-11

When the necessary items from Tables 6-1 and 6-2 are entered, it is found that

- 2000 _ - -
<x>EW = 0.318 + [0_70 IBOJ/SGS = 4.37. (6-8)

If in Fig. 5-1a a straight line is drawn parallel to the abscissa (6, C axis), corresponding
to the ordinate value

<°tot>EW <X>EW = 35 mrad , (6-9)
this line intersects the @ = 90° curve at
Oyt C = 218 mrad . (6-10)

This is the product of (6 tot> gw and the optimal conecentration ratio C, for this
collector. Thus the optimal concentration ratio which maximizes all-day efficiency is

c = 218 mrad

= 27.3 6-11
o 8 mrad ( )

The efficiency has a broad maximum about C and it is rather insensitive to the exact
value of Co Therefore, a range of concentration values from 25 to 30 can be
recommended for this collector. Note that throughout this paper the geometric
concentration is defined as the ratio of aperture area over receiver surface area. For a
parabolic trough of aperture width D and absorber tube diameter dgp.,rheps the
concentration is therefore

_ D
C = 7g

— (6-12)
absorber
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For an absorber tube diameter d = 2.5 em, the optimal aperture width is

absorber

D= C0 T dabsorber = 214 cm. (6-13)

6.5 CALCULATION OF INTERCEPT FACTOR AND OPERATING EFFICIENCY

To calculate the efficiency it is important to know the intercept factor Y. It is defined
as the fraction of the rays incident on the aperture that are intercepted by the receiver,*

y- Jin , (6-14)
Iy

and depends on 0.,,ti.5), Sun shape, and concentration ratio C. The intercept factor is
plotted versus 1/C for several values of %pticg) aNd for several sun shapes in Figure 4-
2. Of particular interest is Figure 4-2d for the effective average sun shape. The solid
lines give the result for the real sun shapes while the dotted lines are based on a Gaussian
sun with the same rms width as the real sun. The assumption of a Gaussian sun shape has
the advantage of reducing Y to a function of the quantity (o, C), thus facilitating
graphical representation, as in Figure 4-1. The closeness of the solid and dotted lines in
Figure 4-2 in the region of interest, i.e., C <30, implies that the error in Y resulting from
the Gaussian approximation is at most 1%. For example, if Ooptica]l = 10 mrad, the exact
result for C =25 and for the average sun shape, as indicated by the solid line in
Figure 4-24, is

Yreal = 0-920, (6-15a)
The dotted line in Figure 4-2d (or equivalently Figure 4-1a) corresponding to the Gaussian
approximation yields

YGauss = 0-915- (6-15b)

These numbers for the intercept factor are derived from Figure 4-2d and hence represent
average values. The instantaneous intercept factor for extremely clear sky conditions at
solar noon can be obtained in the same manner from Figure 4-2a for the narrow sun shape
(eircumsolar sean number 1 of Table 4-1).

In this section the efficiency

qnet

I

n= (6-16)

*Yis defined as a purely geometric quantity without regard to absorption or shading.
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is calculated for peak and for all-day average conditions. The steps of the calculation
are entered in the worksheet of Table 6-4. The efficiency can be expressed in terms of
(pt a), Y’ X, al'ld C by

N= (p t @) ( - —}é—) . (6-17)

The product 1, = (Pta) ¥ is called optical efficiency. To evaluate the all-day average
operating efficiency (M), the parameters in Eq. 6-17 are based on the average sun shape

and the average insolation level I cos ©)py = 665 W/mz, as in Section 6.3. With the
resulting values

(Pra) e = 0.70,

YDEW = 0.965 (read from Figure 4-la, with {044t >C = 218 mrad)
C0 = 27.3, and
KD = 4.37,

. .k
the average efficiency is

<
<Tl>EW = P T aPyy ((Y)EN - %) = 0.563. (6-18)

*The only effect which has not been included is the spillover of radiation from collector
ends in relatively short collectors. This end effect is installation-dependent and
negligible for well-designed large collector fields. For short collectors (for example, test

modules without end reflectors) this effeet must be included by multiplying the intercept
factor Y in Eq. 6-17 by an additional factor

2
I‘=1-—£(1+D tan ©,
! 4812

where f = focal length, f= trough length, D = trough width, and © = incidence angle. This
is disecussed in Ref. 23.
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Table 6-4. CALCULATION OF EFFICIENCY FOR COLLECTOR
OPTIMIZED ACCORDING TO TABLE 6-3: WORKSHEET
Parameter Value Reference
Co 27.3 Eq. 6-11
Pradpw 0.70 Table 6-1
Ctot’EW Co 218 mrad Bq. 6-10
ew 0.965 Fig. 4-1a
X pw 4.37 Eq. 6-8
Mew 0.563 Eq. 6-18
UtOt,ﬂOOI’l 6.85 mrad Eq 6-19
otot,noon CO 187 mrad
Ynoon 0.982 Fig. 4-la
Xnoon 3.40 Eq. 6-20
(P19 son 0.73 Table 6-1
Mhoon 0.63 Eq. 6-21
For extremely clear sky (narrow sun shape) and a typical peak insolation value Ib peak of
865 W/mz, the results for this collector are ’
Ssun,narrow,noon - 2.7 mrad, fram Table 4-1, data set #1;
_ ( 2 + o2 /2 _ )
Otot,noon ~ °0ptical "sun,narrow,noon = 6.85 mrad; (6-19
Ynoon = 0-982, from Fig. 4-2a;
and
Xhoon = 0.318 +(m - 191}/865 = 3.40. (6-20)
0.7
The peak efficiency is
Xnoon
Mhoon = (p )noon Yhoon ~ G = 0.63. (6-21)
o

for this collector.
This completes the caleulations of optimal concentration ratio and operating efficiency.

Next we consider the sensitivity of these results to changes in collector parameters and
changes in operating conditions.
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6.6 SENSITIVITY OF OPTIMIZATION TO CHANGES IN COLLECTOR PARAMETERS

Once a collector has been optimized for operation at a certain temperature, the
deviation from optimal performance at different temperatures can be calculated.
Optimization of concentration ratio is assumed for a heat loss parameter q = 2000
W/m?2 as above, and the efflclency of this collector' at lower or higher temperatures
corresponding to qp, = 1000 W/m?2 and qy, = 3000 W/m? is then calculated.

These efficiencies are compared with those resulting from correct optimization for the
new heat loss levels. Table 6-5 lists the respective efficiencies and concentration ratios
for several values of the beam spread oy, calculated by using the Gaussian
approximation.

The central column with qp, = 2000 W/m contains only one entry: M(C =..) =.. For

the other two heat loss levels the top line lists for C as optimized at q7, = 2000 W/m ,
and the bottom line lists N(C'") with C' optimized for the new heat loss level.

Again the optimum is rather broad. For example, if a concentrator withg, tical =10
mrad is optimized for operation at a temperature corresponding to a heat loss qy, = 2000
W/m2 , it will perform with n=0.6109 at half the heat loss. If it is optlmlzed for
operation at qp, = 1000 W/m2 instead, the efficiency will be 1 =0.6156, a gain of only
half a percentage point. Therefore, it makes sense to market a single collector for a
fairly wide range of operating temperatures and insolation levels rather than to try to
optimize for each new application.

Table 6-5. SENSITIVITY OF OPTIMIZATION TO CHANGE IN
HEAT LOSS PARAMETER qy,

qr, (W/m2)
Otot 1000 2000 3000
(mrad)

5 N(C = 37.92) = 0.6507 N(C = 37.92) = 0.6156 N(C = 37.92) = 0.5804
WC' = 33.15) = 0.6530 N(C' = 41.55) = 0.5820

10 N(C = 22.32) = 0.6109 1(C = 22.32) = 0.5511 N(C = 22.32) = 0.4913
N(C'=18.97) = 0.6156 N(C' = 25.01) = 0.4948

20 N(C =13.75) = 0.5412 N(C = 13.75) = 0.4442 N(C = 13.75) = 0.3472
N(C'=11.17) = 0.5512 N(C'=16.10) = 0.3547

6.7 SENSITIVITY TO CIRCUMSOLAR RADIATION

The variation in efficiency with changing levels of circumsolar radiation can be
evaluated by means of Figure 4-2. Only the intercept factor needs to be considered.
Some examples are listed in Table 6-6. For each value of Ooptical and C, three numbers
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Table 6-6. SENSITIVITY TO CIRCUMSOLAR RADIATION, EXACT CALCULATION
AND GAUSSIAN APPROXIMATION. INTERCEPT FACTOR Y AS
FUNCTION OF 0,pricar, AND C (FOR @ = 90°)2

Concentration Ratio C

Goptlcal 10 25 40

1.0 (1.0) 0.99  (0.99) 0.94 (0.92)

5 1.0 (1.0) 0.99  (0.99) 0.96  (0.96)

1.0 (1.0) 0.95 (0.95) 0.88  (0.82)

1.0 (1.0) 0.92  (0.92) 0.76  (0.74)

10 1.0 (1.0) 0.93  (0.93) 0.77  (0.77)
1.0 (1.0) 0.89  (0.87) 0.72  (0.67)

0.97 (0.97) 0.67  (0.67) 0.47  (0.46)

20 0.97 (0.97) 0.67  (0.867) 0.47  (0.47)
0.96 (0.96) 0.66  (0.65) 0.46  (0.45)

8Each en try contains

Yaverage,real (Yaverage,G auss)
1, real ", Gauss)
Yll,real (Yll,Gauss)

for the average over circumsolar scans 1 through 10, for sean 1, and for scan 11 of
Table 4-1.
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are given (plus three more in parentheses). The first states the intercept factor averaged
over circumsolar scans 1 through 10 which seems to correspond to normal operating
conditions. (The scan numbers refer to the standard circumsolar profiles in Table 4-1.)
The second entry corresponds to the narrow sun shape, sean 1, and the last entry to the
wide sun shape, scan 11. The adjacent numbers in parentheses are obtained with the
Gaussian approximation for the sun shape.

The following conelusions can be drawn. For concentration below 10 or for large optical
eITOTS, Ontica] 2 20 mrad, the collector performance is practically insensitive to
circumsolar radiation under normal operating conditions, and the Gaussian approximation
is quite acceptable for calculating the intercept factor. For the important case of
concentrations around 25 and optieal errors in the 5- to 10-mrad range, the intercept
factor variation appears to be fairly small, about + 1%, under normal conditions.

For the wider circumsolar scans the intercept decreases significantly, for example, by
4% for scan 11, but whether this is important in practice can only be decided when more
information becomes available about the frequency distribution of the standard
circumsolar profiles listed in Table 4-1.

6.8 OPERATION WITH NORTH-SOUTH AXIS

Calculation of yearly energy delivery [20,21,22] shows that in midlatitudes (A =~ 35°) an
aperture tracking about the horizontal north-south axis receives approximately 15% more
energy than one tracking about the east-west axis. Polar axis tracking approaches within
4% the radiation availability of a two-axis tracker, surpassing the horizontal east-west
axis by about 30%. Despite its higher collection potential, the polar axis mount generally
is believed to be impractical for large installations because of problems with wind
loading and plumbing. Polar mount may, however, be desirable for small installations
with relatively short collector modules, for example, for home heating.

The horizontal north-south axis suffers from large seasonal variation in output, resulting
from variation not only of insolation but also of optical efficiency at low incidence
angles. In order to get a quantitative assessment of these effects, it is useful to evaluate
the performance of the collector discussed above if it is operated with a horizontal
north-south instead of east-west axis. For its concentration ratio C, = 27.3 is assumed,
as optimized for east-west orientation. Table 6-7 lists all the steps of the calculations
for the winter and summer solstices, in addition to the calculation for equinox.

The second to the last line of Table 6-7 shows that the intercept factor is fairly constant
around 0.97 during spring and summer but drops to 0.926 at the winter solstice. This
factor, coupled with a decreased (P T @) product and lower beam insolation per aperture,
leads to a significant drop in average operating efficiency from about 0.60 during the
summer period to 0.50 at the winter solstice. Whether such low efficiency at a period of
low available insolation is acceptable depends on the load profile for each particular
application. This situation does not change if the collector is optimized specifically for
north-south orientation rather than for east-west orientation as we have assumed.
Repeating the optimization procedure for the north-south orientation (see Table 6-4) it is
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found that the optimal concentration ratios differ only insignificantly: 26.6 for winter,
27.5 for equinox, and 27.7 for summer solstice. Therefore, a single concentration ratio in
the range of 25 to 30 is optimal regardless of the orientation of the tracking axis.

Table 6-7. CALCULATION OF EFFICIENCY OF COLLECTOR WITH C = 27.3
(OPTIMIZED FOR EAST-WEST AXIS) IF OPERATED WITH
HORIZONTAL NORTH-SOUTH AXIS

Parameter Value Reference
Winter Equinox Summer
AP apyg 0.70 0.73 0.73 Table 6-1
<Gsun>NS (mrad) 6.6 4.6 4.2 Table 6-2
A(9) 0.34 0.06 0 Eq. 2-21
| GopticalNs (mrad) 6.85 6.22 6.10 Eq. 6-2
G ot’Ng (mrad) 9.51 7.75 7.38 Eq. 6-6
I, cos& g (W/m?) 490 670 | 720 Table 6-2
Uns (W/m?) 95 140 160 Table 6-2
{Ons 5.95 4.21 3.89 Eq. 6-7
©op’Ng C (mrad) 260 212 201 Fig. 5-la
| Mus 0.926 0.966 0.971 Fig. 4-1a
Mg 0.50 0.59 0.61 Eq. 6-18
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APPENDIX

TYPICAL INSOLATION VALUES
FOR USE IN OPTIMIZATION

Optimization of concentrating collectors requires the input of the available solar
radiation. Since a collector should perform well for a wide range of weather conditions,
an exact optimization involves integration of collector output over insolation data for a
long time period. Exact determination of rim angle and concentration ratio, however, is
not necessary because the optimum is rather broad. Therefore, one can base the
optimization on a single insolation value and sun shape, representing the average over
typical operating conditions; i.e., the central eight to ten hours of a clear day.

The difference between such a simplified procedure and an exact optimization involves
the replacement of the average of a product by the product of averages. A schematic
example shows why such a procedure should be an excellent approximation in many solar
energy calculations. Two sinusoidally varying terms are considered:

¥y =2 +b; cos <2—777rl - 51) (A-1)
and
yy = 8, * by cos (3% - 2) : (A-2)

The time average of the produet y1¥q Over one period is

¥y = pp [1 +<§%) <;22_) cos (§; - 62)1' . (A-3)

The difference between (y;yy> and {y|xyq> is at most (bby)/(ayay). For example, if the
relative magnitude of the oscillations about the average is bj/a; = 0.1 = bg/ay, then the
difference is at most 1%. If the frequencies differ, if the terms are out of phase, or if b,
and b, represent random fluctuations uncorrelated with each other, the difference will
be very small or vanish altogether.

One could expand the exact long-term average qpat oxget INtO & sum over multiple
products similar to Eq. A-3. Some of the time variations of insolation and temperature
are periodic (daily, yearly) while others are nearly random (elouds). The amplitudes of
the variations are sufficiently small, typically less than 20%, and the terms are
sufficiently uncorrelated to justify the approximation

d1YY = YpI-
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To determine the appropriate average level of solar radiation, the Liu and Jordan
correlations in the improved version recently published can be used [6]. The fundamental
correlation parameter of this insolation model is the clearness index Ky, defined as the
ratio of terrestrial (Hy) over extraterrestrial (Hg) daily hemispherical irradiation on a
horizontal surface:

K =i (A-4)

It is convenient to express time-of-day t and sunset time tg as hour angles in radians
from solar noon:

W= T ’ (A_S)
2 7Tts
Wy = = arcecos (-tan § tan 1) , (A-6)

where T = length of day = 86,400 s, A =latitude, and 8= solar declination. The conversion
between average irradiance I (W/m?2) and daily irradiation H (J/m2) is given by

In =rp Hy (A-7)
for the hemispherical component, and by

Iy=rq Hg (A-8)
for the diffuse component, all measured on the horizontal surface. The factors ryand ry

have been determined empirically. They are functions of time-of-day wand of time of
year (through wg) and are well represented by the following expressions:

COS w - COS ws
rg = I ) (A-9)
Sin u)S - (US cos ws

and

r =(a+b eos wky, (A-10)
with

a = 0.409 + 0.5016 sin(wg - 1.047)
and

b = 0.6609 - 0.4767 sin(wg - 1.047). (A-11)
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The beam irradiance at normal incidence is given by

I, = ———— (I -1g) , (A-12)

cos Gh

where
cos Oy, = cos A cos § (cosw- cos ws) (A-13)

is the cosine of the incidence angle on the horizontal surface. In terms of K}, and H, Eq.
A-12 can be written as

Hy

. | i
Ib_coseh (a+bcosw Hh)rthHo, (A-14)

a form which is useful because the ratio H;/Hy of diffuse over hemispherical irradiation
is well correlated with K, (see Eq. 6 and Figure la of Reference 6). The extraterrestrial
irradiation H, is given by

H, = % I, cos A cos d (sin wg = Wg €OS W), (A-15)

where I, = solar constant =1353 W/m2. This formula neglects the seasonal variation
(+3%) of the effective solar constant because only the year-round average is of interest.

Combining Egs. A-9 and A-13 with Eq. A-15, most terms cancel, resulting in the simple
expression

Hy

Ib = (a +b cos w —Eh—> Kh Io' (A-16)

The analogous result for diffuse irradiance is

I4 = cos § (gthlo). (A-17)

For present purposes I; can be assumed to be isotropic and the brightness of ground and
sky can be equated; hence, Eq. A-17 gives the diffuse irradiance on both the horizontal
surface and the collector aperture for all tracking modes.

The yearly irradiation average is closely represented by its value at equinox, when

d = 0 = cos wy,
a = 0.6598, and (A-18)
b = 0.4226.
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Since concentrating collectors will operate only during periods of fairly high insolation, it
is appropriate to take

K}, = 0.75, (A-19)

corresponding to clear days. The associated ratio of diffuse to hemispherical irradiation

— = 0.23. (A-20)
At equinox the incidence angle © on a collector with an east-west tracking axis equals
the hour angle w; hence, the product of beam irradiance and the cosine factor is

I (W) cos w = cos w (0.4298 + 0.4226 cos w) I K,. (A-21)
At solar noon,® = w = 0 and we find a typical peak beam irradiance of

Ip,noon = 865 W/mZ. (A-22)

Averaging Eq. A-21 over an operating period 2t, yields

)
_ 1 e
= — I w -
I, cos 9>m’wc wcj; dw I (w) cos (A-23)
with
) Zvrtc
W, T °

The result is

q1,, cos e>E,g,wc = [0.4298 (coswp,  + 0.4226 <coszw>wc] N (A-24)
with
sinw
{eos w = (A-25)
(r.)c wc
and
cosS w sin w
2 1,1 ( c c)
CoS“w =— + = (A-26)
< >wc 2 2 wc H
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which are listed in Table A-1 for various values of Wa-

Table A-1. AVERAGE OF COSINE FACTORS FOR COLLECTOR WITH
EAST-WEST TRACKING AXIS

t, (h)
2 3 4 5 6
W, (degrees) 30 45 60 75 90
sin w,
{eos w> t = 0.955 0.900 0.827 0.738 0.637
c Wa
1 cos W, sin w,
<eos2y> ¢ TEt 0.914  0.818  0.707  0.596 0.500
c 2 2 we

Taking t, = 4 h as a typical cutoff time,

(1, cos B)gy = 665 W/m? (A-27)
is the average clear-day beam insolation per aperture area of a collector with an east-
west tracking axis. This is not to be taken as an exact number; a range from 630 to 700

w/ m2 is reasonable.

The analogous results for the diffuse irradiance at equinox are

H
_ _d _
Id-coskcosw HhKhIO (A-28)

and

H
_ d -
<Id>‘*’c = cos A (cos “’>w i, K 1) (A-29)

c
On a clear day, for A = 35°, this becomes

- 2
Id,noon =190 W/m
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and

Iy = 414 =160 W/m2. (A-30)

c

For a polar-mounted tracking collector the incidence angle © equals the declination & at
all times. To obtain an average yearly value of the beam insolation, Eq. A-16 is
evaluated at equinox but cos © is replaced by its year-round average

{eos & = <{eos §> =0.96. (A-31)
With a cutoff time t, = 4 h and K}, = 0.75, this yields

<Ib>polar, t,=4h = 760 W/m2,
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