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Abstract 
 

The dynamic compaction of sand was investigated experimentally and 
computationally to stresses of 1.8 GPa. Experiments have been performed in the 
powder’s partial compaction regime at impact velocities of approximately 0.25, 0.5, 
and 0.75 km/s. The experiments utilized multiple velocity interferometry probes on 
the rear surface of a stepped target for an accurate measurement of shock velocity, 
and an impedance matching technique was used to deduce the shock Hugoniot state. 
Wave profiles were further examined for estimates of reshock states. Experimental 
results were used to fit parameters to the P-Lambda model for porous materials. For 
simple 1-D simulations, the P-Lambda model seems to capture some of the physics 
behind the compaction process very well, typically predicting the Hugoniot state to 
within 3%.  
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1. INTRODUCTION 
 
 
The dynamic behavior of sand and other granular ceramics is of fundamental importance to a 
variety of engineering applications. Examples include seismic coupling, planetary science 
applications, penetration, and the performance of ceramic armors. 
 
Although the behavior of sand has been studied extensively, its dynamic behavior remains poorly 
understood. High-quality experimental data are needed for computational simulations of 
dynamic events involving sand and also to improve our understanding of granular physics.    
 
Several models have been proposed to describe the dynamic compaction of porous materials. 
Among the most widely used is the P-α model [1]. While the model is relatively simple and 
largely empirical, it captures many of the important features of dynamic compaction, while 
requiring only a few material parameters which can be easily found or estimated. More recently, 
the P-α model has been generalized to accommodate multi-phase mixtures in the form of the P-λ 
model [2, 3]. Both models have been implemented in the CTH hydrocode, but calibration of the 
models for different materials has generally not been performed. 
 
In this report, we describe a series of experiments to measure the shock behavior of sand in the 
partially compacted region to stresses of 1.8 GPa.  These results are compared to shock data for 
sand from the literature.  The results of these experiments are used to obtain model parameters 
for the P-α and P-λ models for dry sand. 
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2. EXPERIMENTAL TECHNIQUE 
 

 
2.1. Material 
 
A variety of silica sand was used in this investigation. The measured average density of the 
samples was 1.57 g/cm3 or approximately 59% of full density. The sand’s morphology is 
illustrated in Figure 1. 
 

 
 

Figure 1. SEM image of untested sand powder. 
 
 
2.2. Configuration 
 
A special fixture, shown in Figure 2, was developed in order to provide an accurate measurement 
of shock velocity. The current fixture is a simplified version of one used previously for tungsten 
carbide powder experiments [4]. The fixture was designed to be used on a 102 mm bore light gas 
gun, which operates by the release of compressed gas and can achieve projectile velocities as 
high as 900 m/s. The fixture was machined from a block of PMMA (polymethyl methacrylate) 
using computer-controlled tooling. A polymer was used so that wave speeds in the fixture would 
be as low as possible to reduce effects due to edge release. Secondary considerations leading to 
the choice of PMMA include machinability and its compatibility with glue used to attach other 
pieces to the fixture. 
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Figure 2. Cross-section of the test fixture illustrating the use of two thicknesses to 
measure shock velocity (not to scale). 

 
A photograph of a completed fixture is shown in Figure 3. Its outer diameter was 89 mm, while 
the diameters of the first and second steps were 76 mm and 30 mm, respectively. The fixture 
thickness was 18 mm, and the steps, measured from the impact face of the fixture, were 3 to 3.5 
mm and 5.5 to 6 mm thick. Z-cut quartz or PMMA buffers, 8 mm in diameter and 0.5 or 1.0 mm 
thick, were glued in place at the appropriate levels, as shown in Figure 2. A fiber optic probe was 
centered at each buffer, and a velocity interferometer system for any reflector (VISAR) [5] was 
used to monitor the vapor deposited aluminum spots on the PMMA at the interface between the 
quartz and PMMA. Quartz and PMMA buffers were used in an attempt to measure the reshock 
and release states of the sand, respectively. The open part of the fixture was filled with sand and 
a 1.5 mm thick fused silica or 3 mm thick 6061-T6 aluminum cover plate was glued on as shown 
in Figure 2. A vent hole in the top of the cavity facilitated evacuation of the powder, while a 
filter made of porous alumina placed in the vent prevented powder from being sucked out of the 
fixture. Evacuation leads to settling of the powder, so the fixture was pre-evacuated and 
additional powder was added through a small screw hole. The density of the sample was 
calculated using the measured volume of the fixture cavity and mass of the powder. Based on the 
variation in sample densities, random errors in the density are estimated to be 2-3%. 
 
After fixture assembly was complete, it was glued into an aluminum target plate fit with velocity 
and tilt pins. Three shorting pins of varying height above the target were used to estimate the 
projectile velocity to within 0.5%. Similarly, four shorting pins just above the surface of the 
target were used to estimate projectile tilt. Projectile tilt was less than 2 mrad for all experiments. 
The target was then aligned and mounted onto the end of a single stage light gas gun. A 25 mm 
thick fused silica or 6061-T6 aluminum projectile was utilized for a symmetric impact with the 
fixture cover plate.  
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Figure 3. Photograph of assembled fixture and target plate. The outer diameter of the 
target plate is 158.75 mm. 
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3. EXPERIMENTAL RESULTS 
 
A total of six shock experiments were performed on dry sand. A summary of the experimental 
configurations is given in Table 1. Velocity histories from these shots are used to determine the 
shocked state of the sand. 
 

Table 1. Summary of Experimental Configurations 

Shot # 
Projectile 
Velocity 
(km/s) 

ρ00 (g/cc) Projectile 
Material 

Cover Plate 
Material 

Cover Plate 
Thickness 

(mm) 

Sand-11 0.263 1.54 Fused Silica Fused Silica 1.58 

Sand-21 0.500 1.56 Fused Silica Fused Silica 1.65 

Sand-31 0.699 1.53 Al Al 3.07 

Sand-4 0.257 1.59 Al Al 3.08 

Sand-5 0.503 1.56 Al Al 3.07 

Sand-6 0.752 1.61 Al Al 3.07 

 1 Shot did not contain PMMA buffer 
 
3.1. Velocity History Results 
 
Velocity histories were obtained for the buffer/PMMA interfaces shown in Figure 2. These 
results are illustrated by a detailed description of a typical experiment. First, the velocity pin data 
is examined and relative times for which the pins shorted can be compared with the relative 
heights of the pins to obtain an average projectile velocity. Next, tilt pins are used to calculate a 
least squares fit of arrival times in space, resulting in a correction time for each signal. The 
VISAR signals are correlated using a common digital fiducial and after correcting for tilt and 
time of impact, the profiles in Figure 4a are obtained. The PMMA signal arrives later because 
wave speeds are slower for PMMA. Figure 4b shows an overlay of all the profiles. In all 
experiments, the responses are terminated when edge release waves are expected to arrive. 
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Figure 4. Velocity histories from a typical experiment a) correlated to time of impact and 
b) shifted in time to overlay. Probes #1, #2, and #4 utilize a quartz buffer. 

 
3.2. Determination of the shock Hugoniot state 
 
The Hugoniot state for sand was determined using the measured VISAR profiles and impedance 
matching with the known properties of the impactor and cover plate. The midpoint of rise in the 
VISAR profiles were used to determine the shock velocity in the sand by measuring the arrival 
time of each profile measured through a quartz buffer (Probes #1, #2, and #4 in Figure 4). 
Ideally, the profiles measured at the same sample thickness should be identical. Experimental 
errors, however, produce differences in arrival times on the order of 100 ns. An average of these 
times gives the shock arrival time at the first fixture thickness. Comparing this time to the signal 
arrival of the second fixture thickness gives the shock transit time through the sand. The 
measured displacement through which the shock travels over this time yields an accurate 
measurement of the shock velocity in the sand.  
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Figure 5. Measured shock velocity as a function of a) impact velocity and b) sand 
Hugoniot particle velocity along with linear fits of the data. 

 
A linear correlation between the calculated shock velocity, Us, and impact velocity, Vimpact, 
represents the data well over the range of these experiments, as shown in Figure 5a.  
 

a) 

b) 

a) b) 
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The best fit is given by  
 

 
(1) 

 
The shocked state after impact in the projectile and cover plate is determined from the symmetry 
condition for particle velocity, up = 0.5Vimpact, and the known Hugoniot of the material (fused 
silica or aluminum). When the shock wave passing through the cover plate reaches the sand, it 
releases to the Hugoniot for sand. The Hugoniot is constrained to lie on this release path and 
along a Rayleigh line from the origin with slope given by  

 
(2) 

 
where σ is the stress in the direction of shock propagation in the sand (positive in compression). 
This technique is illustrated graphically in Figure 6. The Rayleigh lines are based upon the initial 
densities given in Table 1 and the calculated shock velocity. 
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Figure 6. σ-up diagram illustrating impedance matching of an aluminum projectile 
impacting an aluminum cover plate and sand sample to determine the Hugoniot state of 
the sand. The intersection of the Rayleigh line with the corresponding aluminum release 

path determines the Hugoniot particle velocity and stress state of the sand.   
 
For aluminum, the Hugoniot data obtained by Wallace [6] from unsteady wave propagation in 
6061-T6 aluminum [7] are used. For stresses somewhat above the Hugoniot elastic limit (HEL) 
but below about 10 GPa, the data can be expressed extremely well using the quadratic form  

.V3125.08686.1U impacts +=

,U
u s00

p

ρ=
∆

σ∆
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(3) 

 
The unloading path of aluminum is constructed in the following manner. First, the Hugoniot 
described by Equation (3) is displaced downward by 4/3Y, where Y is the yield stress of 
aluminum. For Y, the value obtained during release experiments [8] on this material of 0.18 GPa 
is used. This value for Y represents a lower bound since the value at the HEL was found to be 
0.26 GPa. Initial unloading is assumed to be elastic at a slope given by Equation (2) with the 
wavespeed for an elastic precursor in aluminum of 6.5 km/s [6] used for Us. Elastic unloading is 
assumed to terminate when this line intersects the displaced curve from Equation (3), effectively 
assuming elastic-perfectly plastic unloading. This is known not to be entirely correct [8] but is 
sufficiently accurate for the current purposes.  
 
For the two fused silica experiments, the impedance matching is simplified. The Hugoniot data 
obtained by Barker [9] is estimated to be nonlinearly elastic to at least 6.5 GPa and may be 
expressed by the 4th order polynomial   
 

(4) 
 

In these experiments the stresses in the fused silica do not exceed 3 GPa, so the unloading may 
be assumed to be elastic, and is a direct reflection of the Hugoniot expressed in Equation (4) 
through the symmetric impact state. 
 
For all experiments in the current investigation, the intersection of the release path and the 
Rayleigh line for the sand occurs in the region of elastic unloading of the cover plate. Errors 
associated with impedance matching are estimated to be less than 2% in σ and up and are due 
primarily to the uncertainty in the Hugoniots over this regime. Once the particle velocity is 
determined, the Hugoniot density is calculated as 
 
 

 (5) 
 

 
where the subscript H denotes the Hugoniot state. 
 
3.3. Shock Hugoniot state 
 
Hugoniot data for all experiments is given in Table 2. The linear correlation between Us and uH 
(Figure 5b) was found to be 

 
(6) 
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Table 2. Hugoniot results for sand experiments  

Shot # Us (km/s) uH (km/s) σH (GPa) ρH (g/cm3) 

Sand-1 0.79 0.24 0.29 2.22 

Sand-2 1.21 0.44 0.82 2.46 

Sand-3 1.56 0.59 1.42 2.49 

Sand-4 0.80 0.23 0.29 2.25 

Sand-5 1.31 0.43 0.88 2.35 

Sand-6 1.76 0.62 1.77 2.51 

 
Hugoniot states with the fit given by Equation (6) are plotted in the σ-ρ plane in Figure 7, along 
with a fit of the P-λ model [2, 10] using the experimental data in Table 2. The calculated 
constants for the model are pc = 115 MPa, and n = 0.3, relating to the ensemble strength on a 
cellular level, and homogeneity of the compaction transition, respectively. As shown, the P-λ 
model captures the response of sand well, typically within 3%, over the range of these 
experiments. A more detailed discussion of the P-λ model and these parameters is given in 
section 3.4. 
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Figure 7. Shock response of sand along with the Hugoniot of fully dense Z-Cut Quartz. A 

fit of the Hugoniot data along with the P-λ fit are also given.   
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For reference, the results obtained in these experiments were compared with five sets of data 
from previous shock experiments on dry sand. Lagunov and Stepanov  provide shock data on 
sand with an initial density of 1.66 g/cm3 [11]. Tsembelis et al. performed plate impact 
experiments on sand with a bulk density of 1.45 g/cm3 and grain sizes on the order of 0.15 mm 
[12]. The LLNL database contains shock data on sand with an initial density of 1.6 g/cm3 and 
grain sizes less than 1mm [13]. Finally, Dianov et al. provide shock data on four different 
morphologies of sand [14]. Two of these data sets are applicable to the current study and are 
utilized here, with initial densities of 1.49 and 1.29 g/cm3, and grain sizes of 0.07-0.14 and 0.07 
mm, respectively. As shown in Figure 8, the particle morphology and initial density seem to play 
large roles in the dynamic response of the sand. For very small grain sizes, it appears the 
response is much stiffer, which is not unexpected as smaller grains result in higher particle 
strengths. Data sets also agree well with each other for similar grain sizes in terms of the shape 
of the response. It should also be noted that differences in experimental techniques could also 
play a large role in the discrepancies between data sets. 
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Figure 8. Shock response of several varieties of sand along with the Hugoniot of fully 
dense Z-Cut Quartz.  

 
3.4. Determination of CTH P-λ model Parameters 
 
Upper and lower bounds, known as the Voigt and Reuss bounds, for the compaction of porous 
materials may be calculated using iso-strain and iso-pressure assumptions, respectively [2]. 
These bounds are only a function of the volume fractions and bulk moduli of the mixture 
components, and can easily be computed using quartz and vacuum as the constituents. The extent 
of the compaction can be defined in terms of the specific volume as a function of pressure, 
 

 (7) ( ) ( ) ( ) ( ),p1pp VRm νλ−+λν=ν
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where λ is a functional expression for the compaction extent, and νR and νV are the Reuss and 
Voigt bounds, respectively. A form of λ found to be applicable to a wide range of transformation 
processes in heterogeneous media [2] is proposed as, 
 

 (8) 
 

where pc and n are parameters relating to the ensemble strength on a cellular level, and 
homogeneity of the compaction transition, respectively [10]. An illustration of the development 
of the compaction curve is given in Figure 9a. 
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Figure 9. Development of P-λ mixture curves in a) theory and b) for the experimental data.
 
The Hugoniot data in Table 2 can be used to obtain the P-λ model parameters, pc and n. Each 
Hugoniot density (specific volume) and corresponding pressure may be used to calculate λ with 
Equation  (7). Given the data points (p, λ), and the form of λ (Equation  (8)), a least squares fit of 
the parameters can be performed. 
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Figure 10. P-λ CTH model fit to the experimental data.  
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3.5. Determination of CTH P-α model Parameters 
 
The p-alpha model, originally proposed by Hermann [1], provides a simple model for the 
compaction of porous materials through the utilization of a distention function, α. This function 
describes the ratio between the density of the porous material at pressure and the initial density 
of the solid, α(p)=ρ(p)/ρm. While the distention function can be made to take a variety of forms, 
the most recent model implemented in the CTH hydrocode [15] is given by 
 

 
 (9) 

 
 
where α0=ρ00/ρm, pe is the elastic pressure at the onset of compaction, ps is the pressure at which 
full compaction is achieved, and n is an arbitrary scaling parameter. A least squares fit of the 
parameters given by the model in Equation (9), yields ps =1.13 GPa, pe =0.9 Mpa, and n=1.4. 
While these parameters appear, at first glance, to be reasonable, a plot of the fit function, shown 
in Figure 11, shows that the model does not represent the data well. In particular, the obtained 
compaction pressure is much lower than the data suggests. 
 

 
 

Figure 11. P-α CTH model fit to the experimental data.  
 
An alternative form of the distention equation, suggested by Grady [16],  

 
 (10) 

 
yields a best fit with the data with ps=3.63 GPa and η=13.6. As shown in Figure 12a, this power-
law model suggests a much more reasonable pressure of completion, and fits the data well. In an 
attempt to more accurately represent the data in CTH (Equation (9)), ps was taken from the 
power-law model, and pe was arbitrarily set to 0.01 GPa. The compaction curves are insensitive 
to the elastic pressure parameter, and have little effect on the results. The resulting CTH 
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compaction curves for varying values of n, given in Figure 12b, reinforce earlier sentiments that 
the CTH p-alpha model cannot accurately model the behavior of sand in these experiments. 
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Figure 12. P-α modified model fits to the experimental data.  

 
 
3.6. Off-Hugoniot State 
 
Following impact, a shock wave traverses the cover plate and enters the sand sample, shocking it 
to its Hugoniot state, as discussed in section 3.2. Once the shock wave reaches the buffer, 
interactions at this interface causes the compressed sand to jump to a new stress state. These 
experiments attempted to capture both the reshock and release behavior of the compressed sand 
by using high and low impedance buffers. Z-cut quartz was expected to reshock the compressed 
sand, while PMMA was thought to release it.  
 
The peak VISAR velocities determine the state of the shocked PMMA fixture. Impedance 
matching between the buffer and the fixture, in the case of the quartz buffer, gives the shocked 
state of the buffer. For the PMMA buffers, this is a trivial process. Since the particle velocity and 
longitudinal stress are continuous across the sand/buffer interface, these are known for the sand 
sample. An “inferred” off-Hugoniot velocity for the Lagrangian (undeformed) reference frame 
may then be calculated as 
 

 (11) 
 
 
where the subscript “H” denotes the Hugoniot state and the subscript “R” denotes the off-
Hugoniot state (either reshock or release). Similarly, the density in the off-Hugoniot state can be 
calculated as 
 

 (12) 
 
 
It should be noted that at lower impact velocities the arrival time of the peak VISAR velocity is 
very close to the expected arrival of the buffer edge release waves, which could result in a larger 
uncertainties in the measurements of the off-Hugoniot state. 
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Table 3. Off-Hugoniot results for sand experiments  

Shot # Buffer 
Material uR (km/s) σR (GPa) ρR (g/cm3) 

Sand-1 Quartz 0.125 2.15 2.25 

Sand-2 Quartz 0.2 3.4 2.57 

Sand-3 Quartz 0.26 4.6 2.7 

Quartz 0.09 1.45 2.32 
Sand-4 

PMMA 0.165 0.6 2.3 

Sand-5 Quartz 0.2 3.6 2.43 

Quartz 0.32 5.94 2.63 
Sand-6 

PMMA 0.61 2.45 2.49 

 
The calculated off-Hugoniot states are given in Table 3, and a comparison with Table 2 will 
quickly show that all of the measured off-Hugoniot stresses are greater than the Hugoniot stress 
state, meaning the compressed sand was reshocked regardless of the buffer material. This can 
also be seen in Figure 4, where all of the measured waveforms exhibit a reshock response. This 
behavior may be attributed to the low density of sand. Previous work [4] focused on experiments 
with similar shock velocities, but higher densities, producing much steeper Rayleigh lines. All of 
the experiments in this work, however, result in Rayleigh lines lying below both the PMMA and 
the Z-cut quartz Hugoniots, making a reshock the only observed off-Hugoniot state for this 
configuration. A plot of the calculated reshock states is given in Figure 13. In most cases, the 
measured reshock states lie above the Hugoniot, as was the case for WC powder [4]. This 
suggests that the material is able to behave in a stiffer manner after being shocked. 
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Figure 13. Hugoniot and Reshock states attained by the sand. 
 
 
3.7. Strain Rate 
 
In previous experiments [4], an interesting scaling relationship between stress and strain rate has 
been observed for steady waves in granular materials. Here, we examine the relationship 
between these quantities in the current experiments. The rise times of the waves are determined 
in the following manner. A line is constructed through the finite rise portion of waveform with a 
slope equal to the particle velocity history above the Hugoniot elastic limit (HEL) (see Figure 4). 
The times at which this line intersects horizontal lines representing the HEL and initial average 
peak value of the interface velocity are found. The difference between these times is taken to be 
the rise time of the wave. Strains are calculated through the correlation of initial and Hugoniot 
densities as shown in Equation (13), where ε is engineering strain (positive in compression). 
 

(13) 
 
For several fully dense solids, an empirical relationship has been found between strain rate and 
stress, of the form 
 

(14) 
 
where n is found  to be approximately 4 [17]. If a similar relationship is assumed to hold for 
sand, a value of approximately 1 is found for the exponent, n. Similar analysis on ceramic 
powders produced values for n of 1.0 and 1.2 for TiO2 [18] and WC [4], respectively. 
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Figure 14. Empirical relationship between strain rate and stress for several granular 
materials.   
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4. DISCUSSION AND CONCLUSIONS 
 
The dynamic compaction of 59% dense dry sand has been measured to 1.8 GPa. The 
experiments were conducted for several states of partial compaction using a novel experimental 
configuration in which the velocity of the compaction waves and the known response of the 
impactor and cover plate provide high quality Hugoniot data and time resolved measurements of 
material behavior. Experimental uncertainties in this configuration are estimated to be 3-3.6% in 
σh and 2.5-2.7 in ρh. In addition to the shocked state, a reshock state was also determined from 
the measured VISAR velocity. While several new sources of error fall into the reshock 
calculation, the reshock states are consistently somewhat stiffer than the initial dynamic 
compaction response, suggesting some sort of elastic behavior upon reloading. The time resolved 
material response was also examined to obtain initial compaction wave rise times and strain 
rates. The empirical relationship between strain rate and stress ( ε& ~ σ1) was found to be much 
different from that of fully dense materials ( ε& ~ σ4), but consistent with other ceramic powders. 
The data obtained in these experiments were also compared to other results from the literature. 
While the qualitative response of other data sets is similar to the current data, differences in 
initial densities, grain sizes, and experimental techniques may have prevented a better 
correlation. 
 
The current data set was also used to obtain parameters for computational modeling efforts in 
CTH using the P-α and P-λ models. The P-λ model parameters found to best fit the data is an 
ensemble cellular strength, pc, of 115 MPa and a homogeneity of compaction, n, of 0.3. These 
parameters fit the experimental data extremely well, typically to within 3%. This simple model 
however, does not have an elastic reloading behavior built in, and reloading is constrained along 
the calculated Hugoniot.  The current form of the P-α model in CTH, on the other hand, was 
unable to accurately represent the shock response of the sand.  Instead, an alternate distention 
equation in the form of a power-law was found to fit the data very well. Implementation of this 
form of the equation should be considered for a more robust form of the P-α model. 
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