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Analysis of the magnetized friction force *

A.V: Fedotov- T, BNL, Upton; NY 11973, USA
D.L. Bruhwiler; Tech-X, Boulder,.CO 80303, USA
A.O. Sidorin, JINR; Dubna,-Russia -

Abstract .

A’ comprehensive examination of theoretical ' models for ~+. . .
in this paper.

the friction.force, in.use by the. electron cooling:commu--
nity, was performed:: Here, we present our.insights-about .
the models gained as.a result of comparison between the -
friction-force formulas and ‘direct numerical simulations,.,
as-well as.studies of the cooling process as a whole:.

INTRODUCTION .

A theoretical calculation. of the -energy loss by-an-ion..
passing: through a cloud:of electrons in an external 'mag-: .
netic field has been extensively.studied by the plasma com-

munity (see, for example; recent Refs. [1; 2] and references -
therein).:A treatment is-typically done via two complemen- - - -
tary approaches: binary collision model and dielectriclin-. -

ear response treatment. . ..

In the presence of a finite-strength magnetic field,both - -
analytic approaches have.complications: The binary-colli- -

sion treatment does not provide a closed form solution any- .

more, because the relative motion: and the center-of mass...

motion are now coupled.. With some approximations, the-.

closed-form: expressions for the friction force can be ob--.-

tained [3, 4]. For arbitrary magnetic field strength,; numer--
ical simulations-are required.- In-the dielectric treatment,:

there exists-a closed form expression-for the. friction force, -

but:it requires numerical evaluation of multi-dimensional.-

integrals with strongly oscillatory integrands [5,6]. A prac---

tical expression, in the form of a one-dimensional integral, :...

is possible in the limit of a very strong magnetic field [7,8]..-.
A variety of theoretical models for the friction force have . -

been developed [3]-[10]." Unfortunately, the available ex-
pressions make . various approximations, and:the discrep-
ancy between theory and experiments can be large. -

In recent years, numerical simulations:have been used -

to-explore in detail the.collisions between ions:and mag--.

netized electrons for arbitrary magnetic field strengths [2]. -

However, to.the best of our knowledge, a systematic com-.
parison -with' the friction force formulas.used by.the elec-
tron cooling community has not been reported. :

Recently, we reported-numerical-studies [11]: with the: -
VORPAL code [12], which includes an algorithm-to:ex-.
plicitly resolve close binary collisions [13]: Validation of"

VORPAT results at least:for some limiting cases: with-nu-- -
merical.integration within the BETACOOL code [14] was:-

also presented [11]:...
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Following a previous report,'we explored various aspects -
of the magnetized cooling. Some insights-are summarized: -

MODELS AND LIMITATIONS .

For the parameters of the cooler discussed in this paper,
the dominant contribution comes from adiabatic collisions- -
of the magnetized type: In the limiting case of a very strong
magnetic field a practical expression for such adiabatic col-
lisions,.in the form of a one-dimensional integral; was'ob-
tained by Derbenev and Skrinsky [5, 7]: -
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=+(VL, V])-is the ion velocity, and-Us. =
V2 (V] — ve)? is the relative velocity of the ion and™:

where- V-

‘an electron “Larmor circle’; with the transverse.electron: . -

velocities  assumed :to. be: completely’ suppressed- (“adia--
batic” or “magnetized” collisions). The actual values of the
magnetic field and transverse rms electron:velocity spread
enter- only via.the .cutoff. parameters:under.the Coulomb ..
logarithm,: which-is defined:as-Las. = In(prmaz/04)-
Here, a minimum impact parameter of adiabatic collisions. .
A is defined as p2y, = -maz(pr, Ze2/mU3), where-
pr, =mcl,, 1 /(eB) is the radius of Larmor rotation.-
The function in:Eq. (1) has asymptotes iti the region-of .
small.(V <A, ):and large (V' > A, |).ion velocities;.
where A, is.the rms longitudinal spread of the electrons.: .

Such-asymptotic expressions 7, 9] are widely used for the .-

estimates of.the magnetized cooling force in various sce-
narios:

The asymptotic limits:of Eq. (1), while useful qualita-:.
tive guides, are not sufficient for the design of the electron . =
cooling system; where an accurate description of the fric--
tion force is needed for a-large range of relative velocities:
between the ions and eléctrons. Qur computational results: -
[11] showed that the use of such asymptotic limits to con-. -
struct:a friction force expression.to-cover-a full-range. of. -
relative velocities.[9] leads to a significant overestimate of
the force. This is the case even when the values of the mag-: .
netized. logarithm are significant. - For. example, -VORPAL ...
simulations, presented in Fig. 1, are done for the following..
parameters; . B=5T; time of interaction in.the beam frame- -

7: =0.4 ns, the rms velocity spreads of the electron.beam -
AeJ_ =4.2+10°m/s; A, =1.0- 10%'m/s, Z~79andthe
density of electrons in the beam frame n, = 2 - 105 m™3.



14000 - = the integral in Eq.. (1) can.be.evaluated analytically, and;-
12000} § without the non-logarithmic term; gives the following func- -
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ature, and which appears as a result of the linearized treat-
. ‘ . ment.. A functional-form- of:the force in-Eq.  (3).is-very ..
velocity, - . different fromva typical:functional behavior. of the friction «
force as well as behavior for the non-zero transverse ion--
Figure:1: Longitudinal component of the-force. [eV/m] vs- Velocities. - In' fact,+in some of the literature,"it is -argued: .
velocity [x105 m/s].. Asymptotic. expressions [9] - dot-- that sucha behavior at zero transverse.angle with the “en~ ..
dash line (gray); Eq. (1) without the non-logarithmic term - hanced” force values is an artifact due to a failure of the lin-.
- dash line (blue);-Eq..(4).--solid line (green); VORPAL . earized plasma approach to treat hard:collisions correctly, ..
results - dots. with error bars. . - and has nothing to:do-with the collective plasma-response:
[4]::Such arguments are based on numerical simulation of-
the non-linear plasma response.which does not produce the* -
The: fact: that: the asymptotic expressions.may-signifi- < . -“ghancement” observed in Fig. 1, when Eq. (1) or.Eq.-(3)-.
cantly overestimate the friction force in the vicinity of the . igysed. .
force maximum, as.shown in:Fig.. 1, is not surprising since
the validity. condition for the asymptotic-expressions is not..
satisfied  there. .. The use of Eq.- (1) instead of the asymp-:..
totic expression. helps to avoid strong overestimate:of the.
friction force:in the vicinity of the longitiidinal: spread:of--
the electrons.. However, the accuracy-of the expression.in -
Eq. (1) is-itself of a concern since it was obtained with sev-

‘Besides the doubts whether the limiting case for the zero -
transverse ion velocity inEq.. (3) can-be used:at all;: the:
force value in Eq. (3) vanishes:for the ion velocity equal to
44, or higher. The presence of the non-logarithmic term--
in Eq. (1) helps to get finite force values for zero transverse
ion velocities even at relative velocities much-higher than:: -
\ i ’ 5 ol the longitudinal velocity:spread of the electrons. However,
eral.approx1m?,t10ns; including an approximation of a very:: ;¢ e reported before [111, it does not provide correct scal--
strong magnetic field... - ing withi-the magnetized logarithm at zero angle. Also; the .

One of the- features of the integral in:Eq.. .(1) which  yge.of such a non-logarithmic term may be not even justi= -
comes as aresult of an assumption of strong magnetic field ™" o4 i many.cases.: -

is:that at zero transverse ion-velocities,. the friction: force ...
for-Vien >>: A, ||-goes to zero in the-absence:of the non-::
logarithmic term.+ Such ‘behavior is, -in-fact, expected for -
the asymptotic case of the infinite magnetic field, assuming:-
symmetric and complete collisions. .

‘The origin of this non-logarithmic term in Eq. (1) is due:
to collective plasma waves [5], [15], [17] In a typical low: -
energy cooler; plasma effects may, become-important (de- -
pending on the parameters) so that inclusion of aterm're-

. L i " sulting from the collective plasma oscillations may be jus- -
However, for ion velocities smaller or comparable fo the . yi60q." Byt for the high-energy: coolérs; the time of flight..
longitudinal velocity spreadof the.electrons, the integral: . je- 50 throughthe cooler in-the beam:frame becomes -
n Eq. (1'?'d°?SJn°t"g° tq~zero‘w.hen.the.vt?ansverse veloc-- extremely short due to the large relativistic factor, so that....
ity.of an-ion is zero'and results in the finite valuefor-the - g o ooc 0 impact parameter is determined by the finite - -
longlFudmal con1p opent oflthe.fo‘rce, as was pomte&i outby- interaction time rather than by-a dynamic Debye screening. - -
Pestrikov.[15].* This fact:is typically overlooked in-most - . . Our.numerical-studies,. presented: in. this paper, were -
of ‘the literature on eléctron.cooling.. In fact, the integral. .. done fbr the parameters o% the proposed RHI C coole,r oy =

]13ne fe% egc)l ;rﬁ:l?; }[’;I]Hi);oncizzﬁre::}:?rig?:)agrﬁg:zegﬁi; 107)'with the time of flight through'thé interaction region- -
typically " (in the beam frame) smaller than the plasma period, so that. ..

obtained using the binary-collision approach: This appears - . ' hmi ; PR
to'be not accurate;.as'it was.pointed out.in-Ref. [16]: The ..« Invour case S?Ch a non-logarithmic term should be omitted
L .. . . from Eq: (1).
expression in'Eq. (1) was actually obtained using: the di- - AR o
To avoid limitations. of the models- described -above an -

electric linear plasma response technique [5]. .. T v ;
Such a behavior for the  zero transverse ion. velocity. empirical'model for-the force was introduced by Parkhom-.

(transverse angle with-respect to.the magnetic-field.lines chuk [10]:
# =-0)is of special-interest.- For Gaussian distribution-of .- o 4 r }
the electrons. - .. 13-“=»«_‘74Z e*neLy. L ).

me (V2+ A2 )32
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F(we) Verlg :‘exp ( - 2A2 ) @ where A, ry.is the effective. velocity-spread' of the‘elec-



trons.- The Coulomb logarithm in Eq: (4):is given'by

5
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For the special:case of zero transverse ion- velocity, as.

in Fig.»1, we find.that Bq: (4) is in remarkable agreement .-
with.our simulation results using the VORPAL codé.. This

is shown in Fig:-2, where the solid:curve correspondsto.

Eq:. (4).with: Aeefy .=~ A, and:the points with error:.
bars are-the . VORPAL results.--An agreement observed is: .
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Figure 2: Longitudinal component of the force [eV/m] vs -

velocity [x 102 m/s] for zero transverse angle 6 =. 0 with-

respect to the magnetic field lines. VORPAL results: dots ..

‘with error bars; Eq. (4) - solid line..
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Figure 3: Longitudinal component of the force [eV/m] vs ...
velocity-[x10% m/s] for. 6. =-45 degrees:-Eq. (1)-without: -
the non-logarithmic term - dash line (blue); Eq. (4) - solid - -
line (green)...
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not unreasonable, because -Eq. (4) was: obtained through*. . -

a systematic parametric fitting of the longitudinal friction .

force measurements from experiments with ion beams that*
were already.cooled and'so had small transverse velocity
spread: .

However; for the design.of-future high-energy eléctron. -

Figure- 4:-Longitudinal component of the force [eV/m].vs.- -
velocity [ x 10% m/s] for §:="60 degrees.- Eq." (1) without -
the non-logarithmic term - dash line (blue); Eq. (4) - solids -
line (green).-.

coolers;-it is extremely-important to-have an-accurate de- " -

scription of the friction force for the initial state of the ion-

beam; when the transverse velocities are-still large.. THus;::
it is important to have an accurate description of the longi-..
tudinal friction force as.a function of the angle between the ..

ion velocity vector and the magnetic field lines.-.

For the ion motion along the magnetic field:lines (6. -=-:
0)-Eq.~(1) clearly.overestimated-the force values obtained..
with the VORPAL simulations; as well as the one predicted -

by the empirical formula in Eq. (4). For all other:angles

(6.5 :0), the functional dependence in Eq...(1) is:closerto: .

the expected one and is in reasonable agreement with-the:

dependence in Eq..(4), which is shown in Figs. 3 and 4 for:. -
the:f.=45-and #'= 60 degrees angles with respect to the.."

direction of the magnetic field, respectively.

Unfortunately,Eq.” (4) - does not provide anisotropic be- -
havior of the friction force expected in the presence of the.
strongsmagnetic field.-. For relative  velocities. larger than:.
the ‘longitudinal spread of the electrons,-this model over- -
estimates the friction force:for some angles, while under-. -

estimating it-for others, compared to the VORPAL results-
[18)."

However,: direct' numerical computation of the friction
force show.weak dependence on angle. .This.was demon-- -
strated by.Parkhomchuk using simulations with'the zero-: -
temperature electrons [10]. For finite temperature of the
electrons our: simulations  show even weaker-dependence.. .
on angle than for the case of the zero-temperature electrons:
[18].- Such-alimitation of Eq. (4) is expected to average out - -
since for-the net cooling power one needs to average over: - -
all-particle amplitudes and-phases.. .

DEPENDENCE ON THE MAGNETIC
FIELD VALUES -

An important property of the magnetized.friction force
is its. dependence:on the strength of the magnetic field in- -

“the cooling.section~In many experimental measurements,

it:was.reported that no increase of the friction:force with . .
the magnetic field increase is actually observed: However;
with an accurate set-up of the measurements and with well-
aligned ionsand’ electron:beams- the logarithmic -increase -
with ‘the magnetic field ‘strengthis. recovered [16];:[19]; : .



[20]."

Similar. ambiguous. dependence -on.the strength-of the:

magnetic:field is also reported in cooling simulation [2],
[10].:Note, that even in the report where empirical expres- -
sion.in.Eq.. (4)-is advocated; which should provide loga- -
rithmic increase in the force values with the magnetic field,:
the numeric results:reported show a reduction-in:the fric-

tion force as the strength of the magnetic field is increased,

which is.due to'the assumption-of the zero-temperature:-
electrons; - Such:a disagreement-between Eq. (4) and:nu-.
merical simulations is confiising unléss an explanation of a+
behavior observed is provided.-: .-

In.our.simulations:with' the zero-temperature electrons -.-
we confirmed-such:a.dependence on-the magnetic field,:
which is shown in Fig. 5:-We also. find that the reason for..
such:‘abnormal’behavior are the fast collisions.: The max-
imum impact parameters in such collisions is limited not by -
the Larmor radius.but by the time of the collision. An in-
teraction time in such a collision increases linearly with the -
decrease of the magnetic field, which results in such a de--

pendence of the friction force on the magnetic field strength .
at small transverse angles with respect to-the magnetic field .

lines.” To confirm this.we plot analytic-expression for the-.

force keeping asymptotics for both the magnetized and fast -

collisions [7, 9] and setting the transverse velocity. spread.
of the electrons to zero. Resulting curves in Fig. 6 clearly-
show the behavior observed in direct numerical simulations :
using- VORPAL (Fig..5).....

Similar. dependence occurs even for the finite tempera-.
ture-electrons when one- considers relative velocity much:
higher than the thermal velocity of the electrons..
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Figure 5: Longitudinal force:[eV/m].vs angle [rad]:for-ion

velocity of V.= 3-10° m/s, and zero-temperature electrons. . -

VORPAL results:- dots with error bars'- B=5T, dots without - -
error bars - B=1T, open-circles - B=0.1T. ™

However, for .the-ion velocities smaller:than .the trans- -

verse .velocity-spread:ofthe -electrons .(V: <« A, 1) the-
contribution from the fast collisions is strongly reduced-as..

F ~ 1/(AZ,). Such.condition occurs very quickly in-a -

typical:low-energy cooler and is,-in fact, a typical starting..

condition for the high-energy cooler, for example RHIC-II. -
[21];.where initial-rms. velocity.of .ions. before:cooling -is -+
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Figure 6:.Longitudinal force [eV/m].vs angle [rad] for ion-.
velocity of V = 3-10% m/s; and zero-temperature electrons. ..

Dérbenev—Slq*insky.—Meshkov asymptotics [9] results:. blue . -
(solid) line --B=5T, pink (dash) curve'- B=1T,. red (dash: .

dot) curve - B=0.1T.

significantly:smaller than the transverse velocity. spread of. -
the magnetized electron beam.: .

As a result; for.such.a condition in the.cooler, for the .
transverse velocity spread-ofithe electrons-higher than the
ion velocity, our simulations confirm that the friction force -
increases logaritimically with the increase of the magnetic -

field strength.: Such‘dependence is expected for the mag--
“netized cooling,- and is -confirmed by’ the measurements: ..

[19, 16; 20]. This.dependence is shown in.Fig..7,, where
we plot Eq. (4) and results of 'VORPAL simulations. -
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Figure 7. Longitudinal. friction.- force [eV/m]. for- -
(Vion,|j» Vion,L) . = (8 - 10%0) m/s :vs magnetic: field"

B [T}, -for :the finite temperature electron beam.with. -
(AS 5 Ae, 1)=(1 - 1051 - 107):m/s.: Solid curve- Bq: (4);:
dots with error bars - VORPAL results.-.

The finite values of the longitudinal friction force at zero-
transverse angles with respect to- the magnetic-field lines .

observed in our.simulations (Figs: 1, 2,.7), in the absence -

of collective plasma . effects, are attributed-to incomplete- -

electron-ion collisions.-- We also.find that.this simulated. -

finite longitudinal forcescales with-the magnetized loga-.-
rithm; with maximum impact parameter- p;;q, determined
by the finite interaction time [11; 18]
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