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LINEARIZED GYRO-KINETIC EQUATION#

Peter J. Catto
Department of Mechanical and Aerospace Sciences

University of Rochester, Rochester, N.Y. 14627

Kang T. Tsang
Oak Ridge National Laboratory

‘_Oak Ridge, Tennessee 37830
ABSTRACT

An ordering of the linearized Fokker-Planck -equation is performed
in Vhich‘gyforadius corrections are retained to lowest order and -the
radial depehdence.appropriatg;for sheared-magneticAfields is treated
without resorting to a WKB technique.. This description is shown to
be necessary to obtain the proper radial dependence when the product’
of the poloidal wavenumber and the gyroradius is large‘(kp >> 1),

A like particle collision operator valid for arbitrary kp. also has
. been derived. 1In adqitiOn, neqciassiqal, drift, finite B (plasma
Apressure/magneticApressure), and unperturbed toroidal electric field

modifications are treated.

* This work was supported by the U. S. Energy Research and Development
‘Administration by contract E(11-1)-3497 at Rochester (P. J. Catto) and under
contract with Union Carbide Corporation at the Oak Ridge National Laboratory

(K. T. Tsang). P. J. Catto performed part of his research at Oak Ridge.
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INTRODUCTION

For a complete evaluation of the growth rates of drift instabilities
in sheared magnetic fields, finite gyroradius effects must be carefully
retained. In slab geometry finite gyroradius corrections can résult in

1-2 The addition of finite

destabilizing contributions to the. growth rate.
B (plasma pressure/magnetic pressure) results in considerable complication
even in slab geometry, and for a sheared magnetic field has only been

3-4 In addition, the

evaluated when the gyroradius correction is small.
extension of finite gyroradius effects to sheared toroidal geometry
(Tokamaks) may permit the coupling of a mode localized about a rational
surface to modes localized about adjacent rational surfaces. The coupling
is -expected to occur because the group velocity associated with one of these
localized modes is away from the rational surface and, at marginal stability,
the mode structure extends to distances where jon Landau damping occurs.1'4l
Present calculations which include finite gyroradius effects assume isolated
rational surfaces.?®
In order to treat arbitrary values of the product of poloidal wavenumber
k and the ion gyroradius P; in sheared magnetic fields, a generalization

7-8 4o employed. The technique °

of the technique of Rutherford and Frieman
retains gyroradius corrections in the lowest order equations for the linearized
distribution function. This same gyro-kinetic ordering is employed herein,
however, rather than treat the radial and poloidal wave variation via a WKB
or eikonal method, an explicit toroidal model with concentric magnetic surfaces

is treated. This model permits the toroidal variation to be Fourier decomposed

and the derivatives with respect to radial variation to be retained explicitly.



As a result, magnetic shear effécte can be properly freated. The result
for large kpi is in agreement with previous slab resu]tsf]o but differs
from the WKB treatment WhiEh is'shOWn to brdv{de only the local reshlt.

The gyro-kinetic formaiiem'alsb'pehmits neoclassheal; fihite B, and
unperturbed toroidal electric field E cohtr;hutions to be retained Thek
neoc]ass1ca1 correct1ons are shown to result in neg]1g1b1e mod1f1cat1ons
The gyro- k1net1c equat1on valid for # 0 and f1n1te B is der1ved

For comp]eteness, the kp modification of the 1on ion Fokker-P]anck
collision operator is cons1dered. The resu]t is qu1te comp]ex for arb1trary
kpi; however, for kp. >> 1 it can be reduced to a particularly simple form.

This gyro- k1net1c ordering could also be employed to determine the

gyrorad1us mod1f1cat1ons of MHD 1nstab111t1es



GYRO-KINETIC ORDERING AND EQUATIONS

Working in a toroidal geometry with circular, concentric’f1ux surfaces,
the unperturbed magnetic field may be wfitten as B = (BORO/R){§4-[e/q(r)]§};
with e = r/R , R = Ro(li-ecose), 6 and ¢ the poloidal and toroidal angle
variables, q the safety factor, and r the radial variable meésured‘froh the
center of the concentrié flux circles located at a distahce Ro from the
axis of symmetry. | 3

Employing the velocity variables y, E, and ¢ defihed by

u = vZ/28 E = %(v§‘+ vf) =-% v
v = v+ v, (Fcose + €sing) = v,i + v, = v,0 + v,V ,
g =ixt 4= v,
SRy la,s1 0
Wi TN e v %
B = B, fi=B8/B Q= ZeB/Mc

denoting the unperturbed and perturbed distribution functions by F and f,

and writing F = FM + FD as the sum of Maxwe]]iaﬁ FM and diamagnetic FD

contributions,
3
M 2
TF J exp[-ME/T(r)]

-n
1]

q = Fy(rE) = N(r)[zTr

-
n

D FD(rﬁesUaE’(b) = flz-y-xﬁ.VFM N

the linearized kinetic or Fokker-Planck equation may be written conveniently

by including gyrophase independent portion of F, FM’ inside vV to obtain
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Zef |

| F
af o-—a- __.M - i——pi
T + [vev-Q a¢][f * ¢] - Zev,dcos¢ ar[T]
Ze . a ¢ af | ()
e . . -
- G VOV Py lign+ b g5 = CUf)

where

Bl = - VoV + v, v (v, [A9R§.] - v,[F-vFAcos%

+ 8-Ve-fisin + (8-vr-n + reVe-n)sinécos¢]}

A ”~

b = vubevE-R - (vA/v, )RR + vu[F-v8-ficos?s

- E;ijﬁsin2¢ + (e-vesn - r-vren)singcos¢l

- v, [r-vr-ecos¢. - e-Ve-rsine]
In eq. (1), ®'is the perturbed electrostatic¢ potential, N and T are the
unperturbedlhymbef'denSﬁtyvénd3tembérdfure”of'the'specfes, and C{f} repre-
sents the 1iﬁeariied Fokker-Planck collision operator; the quantities e =
and ¢ are the magnitude of the chargesoh an electron and spééd‘of light,
while M and Z are the species mass and charge in units'of e (Z = -1 for
‘e1ectrbns);
Taking f and ¢ to be of the form
: [f}A [?(r,e,x)} ' : o . .l ,
' =1 . . | exp(-iwt + im® - i%g) , . -(2)
o é(r,0)

where the fast 6 dependence is explicitly indicated (m->> 1) and the
hatted quantities contain only slow 6 dependence, then neglecting the

distinction between R and Ro except under derivatives results in

. A

v[Q(r,8)exp(imo - i2z)] 2

s 2, afim, 1 3) s ity
exp(ime - ‘“C)[f-ar * 9{ Ty ae] E-RO]Q

123

r

-

exp(imo - ilc)[vf + VS]Q ,

(3]



with
D gians(m, e} L ad 2
Ve Larﬂ-e—ﬂé[r qRo] Trgrt ek
13 L 13 ar
- L A PR A g LML | - S N AP
Vs "0yt 155’-5[ qR0 ] =8 v 3t ik
and

.

m/r . ki = (m - ,Q,q)/QRO et

If the distinction between R and Ro is retajned, then in ofder to describe ,
perturbed electric fields that vanish at a rational sur%éc; (¢Cd[;§_= 0
along a closed field) a sum over po]oida]xwavenumbérs is required. This
complication is a limitation of the concentric magnetic surface model,

but could be removed by employing a more sophisticated coordinate system. '
For simplicity and ease of prgsentapion_the_concen?ric magnetic surfacé

1/2

model is employed with order € corrections neglected. Order € corrections,
which are associated with the distinction between trapped and circulating
particles, are retained. ' |

With the notation of eqs. (2) and (3), a gyro-kinetic ordering of eq. (1)
may be performed conveniently. This ordering proceeds by assuming that in
eq. (1) the [ggvf - Qa/a¢][? + (ZeFM$/T)] terms.dominate, rather than just
the Q3/9¢[F + (ZeFM$/T)] term of the more familiar drift-kinetic ordering.

Formally, the gyro-kinetic ordering corresponds to an expansion in the small

parameters |w/(Q5 znﬁ/a¢)| and

| vovQ/vev el

In order to obtain a particularly simple representation it is desirable
to retain certain small terms to lowest order. Expanding % and @ in powers
of the small parameters, fF>f+6f+...and 3>+ 63+ ... ; and retaining

these small terms, the lowest order equation is taken to be



LeF
~ A ~ . M > =
{[vlrpo§¢ + v esing]-ve - @ 5$ + v, cosé o }[f t——0¢l=0 ,

(4)
where L = (kv,/R)cos¢ and V* = v, /[1 + sing 3(v,/Q)/3r]. "The particular
virtue of this lowest order form is that the change of variab]es9

r' =r+ (v,/Q)sing, 8' =8, ¢' = ¢; u' = u, and E' = F applied to eq. (4)

results in
ZeF . '
. a A M ~ . ) _
TN [f + —=r—-¢]exp(1L); =
Consequently,
~ ZeFM N ,
f+——¢=g'exp(-il)
=g(r + % sin¢,8,u,E)exp(-iL) , - (8)

that is, g' is independent of ¢'.
o In obta1n1ng the next h1qher order equat1on from ea. (1), éha]T terms
are aga1n added in so that the transformat1on to the pr1med variables results
ina total ¢' derivative of 6F + (2eFM8$/T).v'In addition, the small terms
added in to 1owest erder must be corheeted for hy subtrecttng them out in'this
ohder The resu1t1ng equat1on is then mu1t1p11ed by @ exp(1L) and a gyro-

phase avcragc over thc Er1med gyrophase ¢' performed

The result is

. l 3 . _ '-V_i-bo" i} ..a . aL] . a ‘. aL
(3 1“’+[le BT +“[8—1I'1W +¢[ﬁ'1 _?5]

Q exp(iL)C{§" exp( L)}> = -<TM (Q-wI)@exp(iL)> -,



where

_ Mok, (M3
Wx = WOF. Br  MON ar\[] ¥ ”[T - ZH

danT/danN ;

3
1l

VfS-VVFD has been rewritten by employing

aF F
- o] M .9 | M
VFp =18 [g_ 5y - Mv,vsing ———ar [_T ]:l .

and

[®cosd - Q']sin¢vaf8] x 5%7 [8singexp(iL)]

has been employed, so that contributions from a(FM/T)/ar terms may be
safely neglected.

To evaluate the ¢' integrals in eq. (6) the in;egrands must~be expressed
in terms of the primed variables. Only the r dependence presents a problem;
however, the usual}assumption]-s‘that the gyroradius is small compared to
scale lengths and radial wave]engths permits any function 6f r, Q(r), to
be expanded about r' with the result fhat Q(r) = Q(r') + (r' -r)sQ/ar's--.

Evaluating the integrals in the first angular brackets on the left hand
side of eq. (6) by neglecting corrections of order.v‘/Qr compared to one
results in the familiar curvature and gradient B drifts plus the parallel
velocity correction. The curvature drift is recovered precisely (because it
contains no slow 6 dependence), while the gradient B drift and parallel
velocity correction are reproduced to within terms of order m'1. Again by
neglecting corrections of order v,/Qr the right hand side of eq. (6) can be

evaluated by retaining 326 /ar'Z

terms from the gyroradius expansion of
(w - wI)@ and employing <exp(iL)> = Jo(kv*/Q) and <sin2¢exp(iL)> =

(Q/kv‘)d](le/Q).



? )

As a result of the preceding, eq. (6) yields

2
. B V A ~,
-iw + [v, + %2 ne Vxn]n v+ nx[Q nevn + & ) VB]-Vf} g

(7)
ZeF .
1o M(w w* <<I>exp 1L)> .

4'<exp(1’L)C{§'exp(-1‘L)}> =

where n+Vxn = [3(e/q)/or] + (1/aR;) and

o .‘ ‘ R ‘. ' ‘ 826
Calrlexp(iL)Y = 3 (kv,/2)8(r') + 3, (kv, /%) gkg T

A

3% V12 . 2 825}

'VJ .
= J (kv,/Q){®(r) + = sinp =—— + —5 sin“¢
o' 4 [ Q ar * o2 arl
R I (kv /Q) md- 2% (8)
T 2kQ ;?

The latter form of eq. (8) follows upon changing from the prime variables back
to the unprimed variables. This final form for'<$exp(iL)> agrees with the

10 byt differs

result obtained from slab models in sheared magnetic fields
from the result obtainéd from é'WKB or eikonél treatment of the radial
variation of 8.8 Such WKB treatments give <§exp(iL)>> = Jo(klvl/ﬂ)a where
kf is often interpreted as k2-82/8r2. Consequently, the pfoper result is
obtained from a WKB treatment only in the local (shearless) limit.. Note also

that the factor exp(-ilL) in-eq. (5) results in additional Bessel functions

3

When ado(k‘v*/Q) is employed in‘the

preced1ng 1ntegra1 the result is Nexp( k2 T/92) (k2v$/92) which reduces to

when moments of f are- formed. In particular,

, . _ o : "
Jd3vFM <$exp(iL)> exp(-iL) = Nexp(—b)IO(b){ [1 - —JLnI J;}

22,2

where b = kv 70’ and vy = (T/M)1/2.
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2.2,52 _ - 22 2

the proper result for klvT/Q < 1 if the mnemonic k& + (k° - 82/8r2)$

is emp]oyed.4

In appendix A, a fu]i electromagnetic derivation of the gyro-kinetic
equations is presented_whjch also retains an unperturbed.electric field
E, = Eog_and neoc]ass%ca]} Fy» contributions to F = Fy + Fy + Fy. The
vector potential A is written as A = A,fi +'A ¥ +-A.€ and no gauge s assumed.
Employing FN/FM << 1, the neoc]assQFal modifications are found to result
in only small corrections to the Maxwellian contribﬁtions.‘ As a résu1t,
eq. (5) is found to remain valid and eqs. (7) and (8) are replaced by

N

: _ 5o
{ iw + [v, + %? ne Vxn]n vt nx[v" ﬁ.vﬁ_+ %VB]-Vf

.

v

¥

i ~, C A, .
+ ﬁe_ VuE, %}g - <exp(1L)C{g exp(-1L)}>
‘ ;1ZeF . : . '
o iZe ¢ AT
= '- ——lw - w* = _T" 0 "]lJ [ ][‘D —C—A . | (9)
~ 2 2,\ 2~ SA . s
vy 96 - V& ' 3% Kvalr vy 3% _ Va e’ vy 2 Y
+grsine g+ ", ] J [9][2;& 2+'|<_T' c Ar]}
ZzezF

Y.
, M vV, 7 kv, vi, 9P vy A kv, ]
Y V"EO[TT A"JO{TTJ ) (Eﬁ'Tﬁr" _E_'Ar)dlfifq

By employing egs. (5) and (9) for drift waves in a sheared magnetic field
the extension of the finite B equations of references 3 and 4 to arbitrary
kv,/Q coulq be carried out by employing a Coulomb gauge for A in order to
eliminate Ae' A system of three coupled differential equations is obtained
from Poisson's equation and the parallel and E_components of Ampere's'1aw. The
generality of the subsequent reduction of these finite B equations to a system of
two coupled secoﬁd drder differential equations in % and A, cqu1d be checked.

Equation (5), and (7) - (8) or (9), pTus an appropriate collision operator
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are the basic equations that result from the gyro-kinetic ordering. In
Appendix B collision operators valid for arbitrary kv,/Q are obtained for

like and unlike particle collisions.

For collisions of electrons with ions a Lorentz or pitch angle operator,

eq. (B6), may be emp]o,yed.”"]2

Changing to u, EZ, ¢ variables and gyro-
averaging results in

24

) 4nZ%e N.&nA : 39" )
Cexp(iL)Cy; tgexp(-il)}) = —pa— Y 8- [uv" a_ueJ : (1)
| v

For the collisions of ions with electrons Cie ~ 0 may be employed because

1/2
Ci, ~ (me/Mi)

je C;; and the order m,/M, momentum corrections from C,  may

ii
be neglected. In obtaining: the gyro-éveraged collision operators the
distinction between the primed and unprimed variables may be 1gnofed.

Eq. (i]) does nor COnfa{h kv,/Q-corrections because only the perturbed
electron distribution function enters. For jon-ion encounters, however,
finite gyroradius corrections éaﬁ be éxtfeme]y'important fof kv,/Q >$'1.]3
Transforming the,first form of (B7) to u, E, ¢ and gyro;AVeraging, the like

particle collision oheratbr appropriate for arbitrary kv,/Q is found to be

<exp(iL){Cz{§'exp(-iL)} - Pyl

. 4 4 : A
4nZ ‘e 'NgnA Vi 0 39’
W{[EW(X) ¥(x)] 'E'_J[Uvu au]

a2, 3/2 .

+ 4E2¢(X)[%;%r + H’?ﬁ?} 2v 3[%%4 [Erf'(x)]g"

. E
CE [ere() - ’<x) B (Ere(n) - 3000)] | (12)
T2 v oz (Er LALT RO -

where x = v(M/2T)]/2, Erf, Erf', and ¥ are defined in appendix B; and from egs.

(B9),



81rZ4e4F znA(

Cexp(iLP, S - i lv..aﬁ['%i] [¢ Loy

+ v J%[ké ] Jd3v %% ¥(x)g"

3 - 3 Jg[%] [a S [erf(x) - zxm-(g)]} : (13)

For large kZT/MQZ, eqs. (12) and (13) simplify considerably so that for ijon-
ion collisions

4 4

R 4ﬂZ e N.LnA kZE B
<exp(iLv)Cﬁ{g;.exp(-iL)}> = - w. 3 [Erf - v - 5= (Erf - 3y)]
. 1 . .
2n24e4N nA 2
T - —_Mz—— —2- Erf(x)
v

The last step fof]ows by noting that to within factors of two

Erf - ¢ - (uB/2E)(Erf - ) = Erf. For k2T/MQ2 2 1 no similar simplification
is apparent. For trgpped particles a simplification results when the
orderings 3/8E ~ 1/E and 3/3u ~ 1/u/e are employed, where e is the inverse

aspect ratio. Then egs. (12) and (13) reduce to

<exp(1'L)C2{g'exp(-1'L)}> -

anz%e*Nann 325" |
|

V, 9
23 [Erf(x) - v(x)] B 5 [y, 2 ] + 4% (x) —7-
This form is appropriate for the collisions of trapped particles with particles

of the same species which are either trapped or circulating.
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DISCUSSION

By employing an ordering in which finite gyroradius corrections are
retained to lowest order in the linearized Fokker-Planck equation, a
description based on the notions of drift-kinetic theory is developed which
is appropriate in sheared magnetic fields. The equation that results from
this eroAKinEtic ordering is valid for an arbitrary ratio of poloidal
wavelength to gyroradius. The result agrees with previous slab resu]ts2
and indicates that WKB or eikoné]lgyro-kinetic treatments&'9 must be
employed with care for shedred magnetic fields. In addition, the full
e]ectrdmaghefic genéraTization of tﬁe gyﬁo-kinetic equation is obtained
_ with the unperturbed toroidal electric field modifications. NeocIassicaT
corrections to the unperturbed distribution function havé been fetained also,
but are shown to result in negligible corrections.

In order to obtain a liké;pérticle (ion-ion) collision operator valid
for arbitrary value of poloidal wavenumber times gyroradius, the appropriate
gyro-average of the Fokker-Planck collision operator is evaluated. The
resulting expression is rather involved, but for large values of the gyro-
radius over po]oida] wave]engthAis extremely simple. Other simplifications
of the like particle collision operator may q]éo be possible in certain limits;

an additional example appropriate for trapped particles is noted.
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APPENDIX A

Retaining the vector potential A, the neoclassical modification of the
unperturbed distribution function FN = FN(r,e,u,E), and the unperturbed

electric field E,=E z replaces eq. (1) by

o=
[f - fe A0 Fl+ [yv - Z{r - 52 Butry e F) - 2 al (o - %A}
t 00 M 3E N/ " MB u : "
aF F
Ze °'M A M
ol —a—g_ Vo - Zev,[dcos¢ - a s1n¢v V0] {—T—]
oF oF aF aFy)
Zevy _ N ~ Vi ze N, 1N _ Zev, w N
* N T Aev(e - AL+ T ove V[BE B au] ol el A B.[au]
+ Le (VAsv - veVA)-V F_ - Ze [V neVA*v, +v,-V(nv );A] ]—’ﬂ
Mc *'==— ="=""vD I R L I TT!
Z A f' . Z A . ~
+ 97 ZevE, %§-+ [l + §5 ZovaE,] %£-+ (6 + 55 & $E, ] = C{f} . (A1)

In obtaining eq. (A1), v.Fp from the text a.nd

aF oF
a vy TN ol IN oAl TN
vx(VxA)en =2 — = v, A, v V[B au] v v[——B _au]

1 3y
+ [vane V(v..A.,) +VuNeVAev, +v,+V(Nv,) A] TS

have been employed.
In addition to the small terms retained in eq. (4) it is now convenient

to retain certain neoclassical terms to lowest order, with the result that

{[V,Fcos¢ + v,Bsingl-v, - @ 2 et
-[ rcose + v,8sing] Ve - @ o % + v 1€0S¢ = } {f - N 3% (FM + FN)

N vy Zevy N a0y, n |
—a'u—(Q--c—An)}=-'WL'a—u—ﬂ'\7f((D-?A)EO. (A2)

]
Z,N
™| m
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Changing eq. (A2) to the primed variables results in

BFN N

3. zed 3 ﬁ§ (8 - %;-A") = g'exp(-iL) , (A3)

3z (Fy +FN)‘

where aga1n g is 1ndependent of ¢' _

The next order equation is obta1ned from eq. (A1)»in the same mannér
as the electrostatic case. Upon carrying out the primed gyrophase avefage
the resulting equation has the Teft hand side shown in eq. (9). Retaining

only terms that result in non-negligible contributions the right hand side

gives
iZe <{[ (Fyi#Fy ) E;;‘FE’M] 8+ 128 fove 2 [sa%(FwFNM@ -2 Ry) %—?%]
%%F—:‘-[(m v, v ) (8- A,)]+ 151°V[33FE‘“ +g BQZN] S ”"l‘v[]ﬁ aa—?']
- s Rv 4 2 [Veh-y - vev ATy FD} exp(iL)) =
%{[w% (FM+FN)-wI aaFEM , 12eh;/é.Eo _:_E [aFNH[@exphLD Yo R,9,]
+ il%le v,,EO,raiz (Fy * F }((Dexp iL) (A4)

T, 1) g e g,
F E B du. * 3F kc ar c- rl 1
1 BF

+ g— [w(<q)eXp(1L)> - Ve A\IIJO) + Joivll_ﬁ_.vs(a\) - % ﬁu)]

oF oF
2 9 |_N 2 _ Ve gryo (1IN
- Vld]l}b -B—Y‘[ﬁ] + (o - TA")W[EB—U]:”

From eqs. (A3) and (A4) the importance of the neoclassical terms can be
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estimated. Employing F\/Fy ~ (q/e)(vl/n)lN']aN/arl << 1 and noting that
the (w + i_’ri_-vs)(&; - v..c']ﬁ..) terms of (A4) can be combined with the terms
on the left hand side, the neoclassical terms are seen to result in small
corrections to the Maxwellian contributions. As a result, eq. (A3) reducéé

to eq. (5) and eq. (A4) becomes

A

. oF 3 :
iZe ) M ANEE i Vu Vo_e _ g
T )3r (@ - e[ Coexp(iL)y - ¢ Andg # (kc ar c Ar]‘]l
iz, %R,
¥ — Va —  Pexp(iL)) . (A5)

Expression (9) then follows by substituting eq. (8) into (AS5).
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APPENDIX B

The pitch angle scattering collision operator of Rosenbluth, Hazeltine,

and Hintonj]

and/or Rosenbluth, Ross and Kos'comar‘ov]2 can no longer be
safely employed because operations on the exp(-iL) in C{g'exp(-iL)} can
result in terms which must be retained for kv,/Q 2 1. As a result, an
appropriate collision operator will be derived by starting with the fu]f

Fokker-Planck oper*ator]4

dF  S'rig 1
dt = 2T Vv-{Vv-[?IVVVVG] _¢VVH}
coll
with

) M+ (3, F

H = H(y) = B [d o

V2H = - 47 M?"

v M

G = G(v) = Jd3v'|!_ v'|FE! (B1)
2. _ oM R,

V6 = phr M, V6 = - B1F

r o= (4nz%7 %M ann

where ¥ is the total (unpertUrbed'p1us perturbed) distribution function and
primes denoté the species integrated ovef all velocities. The sum is over
all primed species and must include 1like paktic]e collisions; &nA is the
Coulomb logarithm.

Linearizing by writing % = Fyg + h» where

Fup = Fyexp(-Zed/T) = Fy[1 - 5 ]

MB M
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h = a'exp(-iL) .

results in

cin} }j'exp[ Ze“’](r K+ P (v)F

M

14

SUITUK + P(v)F,] (82)
wifh

VL 1

K' = vv-{vv-[7 hvVvVG] - thH}

| : : 1/2]
_N M+ M) ( M

: i 4
. 1 1/2] 1/2 1/2 '
. T M T M
G =N {(v + ﬁrv)Erf V[TTJ J + &ﬁFJ Erf' { &ﬁri }} (83)
2 - 2
Erf(x) = dt exp (-t°)
rTi{X ;17-2' ([ Xp
x L
e () =~y gy | atew (1)) - 77 o)
0

where H and G have been evaluated using F), and v = |v|. The functional of

M

h', P'FM, js in general proportional to Vv-{vv-[%-F V9G] -F,VH withG

Mv'v M v

and H evaluated using h'; however, rather than use such a complicated form

is it convenient to employ a simpler P' determined by the conservation of |
momentum and energy constraints. The model of eq. (B2) may a]so]] be thought
of as somewhat similar to a Bhatnagar-Gross-Krook model in that the momentum
and energy removed by the K' term is replenished in a Maxwellian distribution

by the P'FM term.

Employing the properties of G and H listed in eqs. (B1), K' may be
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rewritten as

o M- M Moo
K'-§VVGVVh+M.+MVHVh+41rM.‘hFM.
For €' = F.,, G and H are functions-of v only, as indicated in eqs. (B3).
As a result K' may be rewritten once again as
o MR MY, mw XYoo
.2v3 vV M+ M ;?’ V'V
M'-M]BH [
+M' r’lva—XVh+4ﬂM' FMh ) (84)

where 1 is the unit dyadic.
To simplify K' further, spherical velocity variables v = |v|, a, and ¢

defined wfthkrespect td B

B, = Bﬁ_aré employed. The angles a and ¢ are the

pitch angle tan'](vl/v") and the gyrophase, respectively; the unit vectors
form a right handed orthogonal system in which gxg = . Because of the

form of eq. (B4), only terms in YU, Ga, and $ need be retained when

variables results in

C_ 1 6§ 1 8 3h 1 3%h M
K= oy3 AV {sina o [s1na aa] Y } vhmgr F

+[M'H _l__iﬁJv 1h +{M'H +M'-M\/8H]1_§b_
M+ 0 v 3V Bviv v M+ M M ¢«M° Jv]vav’®

At this point is it convenient to consider unlike and 1ike particle
collisions separately. In particular, for the collisions of electrons with

ions a Lorentz collision operator will be employed. As a result, collisions

of electrons with jons will automatica]]y conserve number and energy, and the
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electrons may transfer as much momentum to the ions as they wish.
Consequently, for these electron-ion collisions the P' of eq. (B2) is zero

to the order of interest. In addition, for the collisions of ions with

1/2
Csse

For the collisions of electrons (M > Mys Z+-1, T~ Te, h - he) with

e]ec?rons Cie = 0 may be employed because Cie ~ (me/Mi)

jons (N' » Ni\ M' > Mi’ 7' -+ Zi’ T' +_Ti, FM_+ FMi)’ H = N'/v, 3H/3v = -N'/v2
and 9G/ov =~ N' may be employed to obtain the Lorentz gas collision operator

(P' > 0)

2nz%en, SLnA,: : a [ ahe] : azhe} 56)
C.= —— -— [5ina + . B6
ei m§v3 sina 20 da sinza 3¢2 A

where mass ratio corrections are negTected. From the form of'eq. (B6),
conservation of number and energy are apparent.
For like particle collisions, employing the expressions for G and H

Frum eys. (B3) allows eq. (B5) to be written as

: 2
, _NT 1 3 ah 1 3%h
Co = PoFy = 23 [Erf(x) - w(%)] {5735'55 [s1ﬁa Sa] + ;;;?;-EEEJ
3/2 :
+ NT [w(x) 2 [l g—h] + Erf(x) _Zi*l N z[zM—T} hErf' (x)]
NT ‘ 1 3 oh 1. aéh (87)
- 05 LErf() - b)) [Sm (st 3+ - —_3¢2J

+‘g?'§i-{vw( X) v 8h + [Erf(x) - 2¢(x)]h - v §%§%l h} ,

1/2

where x = v(M/2T) and ¢(x) = (1/2x2)[Erf(X) - xErf'(x)]. The second form

of equation (B7) follows by noting that:
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' 3
2 |v ]2 et - 2p00T + 2 X Erfr(0) =0

This latter form of eq. (B7) can then be rewritten in a form more convenient

for determining conservation properties, namely,

4 4
C, - PQFM =9, {_212_;2'\_&"_/_\. [vv([Erf(x) - v(x)] ;’}}
v 3 . ' _— 2 ' ' o
+ —2[—37 {v[3y(x) - Erf(x)Ih} + 8x w(x)h]” - (B8)
: | .

In this form conservation of number is automatic, and Pl'is'determined from
conservation of momentum and energy. Taking Pi = vep, + Xl[(MVZ/ZT).; %J,

'pz and Az are determined from conservation of momentumnand energy, respectively,

44

T o
(B9)
snzetann [ L3 h ) '
>‘JL e J d°v v [Erf(x) - 2xErf'(x)] .
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