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* LINEARIZED GYRO-KINETIC EQUATION 
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Department of Mechanical and Aerospace Sciences 
I ' • 

University o.f Rochester, Rochester, N.Y .. 14627-

Kang T. Tsang 

Oak Ridge National Laboratory 
. .. ·, 

Oak Ridge, Tennessee 37830 

ABSTRACT 

An ordering of .the linearized Fo~er-Planck equation is performed 

in which gyroradius corrections are retained to lowest order and·the 

radial dependence appropriat,e ·for sheared magnetic fields is. treate~ 

without resorting to a WKB technique. .This description is shown to 

be necessary' to obtain th.e I_>roper I_"adial dep.endence. when the product 

of the peloidal wavenumber and the gyroradius is large (kp >> 1) .. 

A like par~icle collisiQn operator valid for arbitrary kp also has 

. been derived. In addition, n~oclassical, drift, finite B (plasma 

pressure/magnetic pressure), and unperturbed toroidal electric field 

modifications are treated. 

·* This work was supported by the U. S. Energy Research and Development 

·Administration by' contract E(ll-1)-3497 at· Rochester (P: J. Catto) and under 

contr~ct.with Union Carbide Corporation at the Oa~ Ridg~ National Laboratory 

(K. T .. Tsang). P. J. 'catto.performed ·part of· his research at Oak Ridge. 
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INTRODUCTION 

For a complete evaluation of the growth rates of drift instabilities 

in sheared magnetic fields, finite gyroradius effects must be carefully 

retained. In slab geometry finite gyroradius corrections· can result in 

destabilizing contributions to the growth rate. 1-2 The addition of finite 

e (plasma pressure/magnetic pressur~) results in considerable complication 

even in slab geometry, and for a sheared magne~ic field has only been 

evaluated when the gyroradius correction is small~3 -4 In addition, the 

extension of finite gyroradius effects to sheared toroidal geometry 

(Tokamaks) may permit the coupling of a mode localized about a rational· 

surface to modes localized about adjacent rational surfaces. The coupling 

is ·expected to occur because the group velocity associated with one of these 

localized modes is away from the rational surface and, at marginal stability, 

the mode structure extends to distances where ion Landau damping occurs. 1-4. 

Present calculations which include finite gyroradius effects assume isolated 

rational surfaces. 4- 6 

In order to treat arbitrary values of the product of poloidal wavenumber 

k and the ion gyroradius pi in sheared magnetic fields, a generalization ·. 

of the technique of Rutherford and Frieman7-8 is employed. The technique · 

retains gyroradius corrections in the lowest ord~r equations for the linearized 

distribution function. This same gyro-kinetic ordering is employed herein, 

however, rather than treat the radial and poloidal wave variation via a WKB 

or eikonal method, an explicit toroidal model with concentric magnetic surfaces 

is treated. This m6del permits the toroidal variat~on to be Fourier decomposed 

and the derivatives with respect to radial variation to be retained explicitly. 

./ 
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As a result, magnetic shear effects can be properly treated. The result 

for large kpi is in agreement with previous slab results~ 10 but differs 
' . 

from the WKB treatment which is shown to provide only the local result. 

The gyro~kinetic formalism also permits neoclassical, finiteS, and 
. .· . . ~ 

unperturbed toroidal electric.field ~contributions to be retained. The 

neoclassical corrections are shown to result in negligible modifications. 

The gyro-kinetic equ.ation. valid for~; 0 and finiteS is derived. 

For completeness, the kp. modification of the ion-ion Fokker-Planck 
. . 1 . . . ' 

collision operator ~s considered. the result is quite complex for arbitrary 

kpi; however,for kpi >> 1 it can be reduced to a particu)arly simple form. 

This gyro-kinetic ordering ~auld also. be employed to determine the 

gyroradius modifications of MHD instabilities . 

. i 
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GYRO-KINETIC ORDERING AND EQUATIONS 

Working in a toroidal geometry with circular, concentric flux surfaces, 

the unperturbed magnetic field may be written as~= (B
0
R

0
/RHi+ [E/q(r)Ji}; 

withE= r/R
0

, R = R
0

(1 +Ecosa.), e and z; the peloidal and toroidal angle 

variables, q the safety factor, and r the radial variable measured from the 

center of the concentric flux circles located at a distance R
0 

from the 

axis of symmetry. 

Employing the velocity variables ~' E, and ~ defined by 

1 2 2 1 2 
E = I( vII + v J. ) = 2 v 

"' " = V u_!! + V J.:!_! 

" " "' e = nxr 

B = ~~~ .5_ = ~/B n = ZeB/Mc 

denoting the unperturbed and perturbed distribution functions by F and f, 

and writing F = FM + FD as the sum of Maxwellian FM and diamagnetic FD 

contributions, 
3 

FM = FM(r,E) = N(r)[2n;(r)]
2 

exp[-ME/T(r)] 

FD = FD(r,e,~,E,~) = ~ vxn•VFM 

the linearized kinetic or Fokker-Planck equation may be written conveniently 

by including gyrophase independent portion of F, FM' inside v•V to obtain 
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~~ + ~·v-n l$l[f + z~M ~] - Zev"~cos$ lr[~] 
(1) 

Ze • af • af - - v~ • v F + J..l - + <P - = c { n M v D cJ..l c<f> 
:.' 

where 
• A A A A A A 2 

BJ..l =- v•VB + v"'v .. {v .. [!!_·V!!_·y"']- v.L[!:_·Vr.·ncos <P 

+ ~-v~·~sin2<P + (~·Vf·li + £·V~·n)sin¢>cos¢>]} 

A A A 2 A A A A A A 

:-: e·yr.·D_si.n <P : (~~V~·D_- r.·,V.!:_·D_)sin<Pcos~J 

- v [~·V~·icos¢>. ~ i·Vi·~sjn¢>] 
.1- -- - --

In eq. (1) ;·~ ·;5 the perturbed :electrostati·c potential·, N and T ·are the 

unperturbed number dens·; ty ·and :temperature. ·of the. species, and C{f} repre"" 

sents the lineariied Fokker-Pl~~ck cdll1~iri~ operator; the quantities ~ · 

and c are th.e magnitude of the charge. ··ori an electro~ and speed· of light, 

~hile M and Z are the species mass a~d charge in unit~·of e 1Z = -1 for 

electrons)·. 

Taking' f and ~ to be of· the· fc)rm 

[
f] [f(r,e,v)] · · = " .. --:- exp(-iwt + ·ime - i.tr;;) . , 
~ ~(r,e) 

where the fast e dependence is explicJtly indicated (m·>~ 1) ·and th~ 

hatted quantities contain only slew e dependence, then neglecting the 

distinction between R and R
0 

except under derivatives .results in 

·v[Q(r,e)exp(ime - Hr;;)] ::: exp(ime - Hr;;)[r 1._ + e(im· + ·l1._) - ar - r r ae " H]". - r;; -Q -R 
0 

. ( 2) 
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with 

(3) 

and 

ku = (m - R.q)/qR
0 

• · 

If the distinction between R and R
0 

is retained, then in order to describe , 

perturbed electric fields that vanish at. a rational surf~ce (~cd~·I = 0 

along a closed field) a ·sum o'ver poloidal wavenumbers is required. This 

complication is a limitation of the concentric maonetic surface model, 

but could be removed by employing a more sophisticated coo.rdinate system. 

For simplicity and ~ase of presentation the concentric magnetic surface . . ' 

model is employed with order E corrections ~eglected. Order El/ 2 corrections, 

which are associated with the distinction between trapped and circulating 

particles, are retained. 

With the notation of eqs. (2) and (3), a gyro-kinetic orderi~g of ~q. (1) 

may be performed conveniently. This order.ing proceed~ by assuming that in 

eq. (1) the [~·~f- na;a~][f + (ZeFM~/T)] terms. dominate, rather than just 

the na;a~[f + (ZeFM~/T)] term of the more fa~iliar drift-kinetic ordering. 

Formally, the gyro-kinetic ordering corresponds to an expansion in the small 

parameters I w/ (na tn Q/a~) I and I~·~ sQ/~·\7 f61 .. 

. In ord~r to obtain a particularly simple representation it is desirable 

to retain certain small terms to lowest order. Expanding f and i in powers 

of the small parameters, f + f +of+ ... and~+~+ o~ + ... ; and retaining 

these small terms, the lowest order equation is taken to be 
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where L ~ (kv~/n)cos~ and ~~ = v~/[1 + sin~ a(v~;n);ar]. ·The particular 

virtue of this lowest order form is that the change of variables 9 

(4) 

r• = r + (v~/D)sin~, e• = e, ~· = ~, ~· = ~' and E1 = E applied to eq. (4) 

results in 

a j " ZeFM ,_ . . ·1 W l [f + -T- ~]exp( 1~)f = 0 

Consequently, 

,_ ZeFM ,_ 
f + -T- ~ = g•exp(-il) 

= ,g(r + v~ sin~'~'~'E)exp(-il) , (5) 

that is, g• is independent of ~·. 

In obta~ning the next higher order equation from eq. (1), small terms 

are again added in so t~at the transformation to the primed variables results 

i~ a tota'l ~· derivativeof.of+ (ZeFM<S¢/T). In addition, the small terms 

added in to lowest order must be corrected for by subtracting them out in this 

order. The r~~ulting equation is th~n ~ultiplied by n-1exp(il) and a gyro-
.. ' . ' 

pha5e average over the primed gyrophase ~· performed, 

21T 

< • > : ~ ' J d~ I ( o o o ) 
21T 
.. 0 .. 

The result is 

<. 1 I [ . v ~ . · aLJ · • [. a aLJ • r a aLJ 
0 -iw + y_·v5 - , ""'[" s1n<1> ae + ~ a~ - i a~ + ~ra~ -i a4) 

[;v"cos~ ~~ + (V"- vJcos~[a"r - i ~~JJl ) 9• (6) 

. 1' . 
- 'n exp(iL)C{g•exp(-iL)}) = - ( 



8 

where 

T _ kT aFM _ kT aN [ (ME 3J] 
w* = MQF M ar - MstN ar l + n T - 2 

n = d tn TId tn N 

Vf~·VvFD has been rewritten by employing 

Vo = {l-l[@ a:~- Mv,~sin$ :r r;J] 
and 

has been employed, so that contributions from a{FM/T)/ar terms may be 

safely neglected. 

To evaluate the ~· integrals in eq. {6) the integrands must be expressed 

in terms of the primed variables~ Only the r dependence presents a problem; 

however, the usual. assumption1-6. that the gyroradius is small compared to 

scale lengths and radial wavelengths permits any function of r, Q{r}, to 

be expanded about r• with the result that Q{r) = Q{r') + {r'- r)aQ/ar'···. 

Evaluating the integrals in the first angular brackets on the left hand 

side of eq. {6} by neglecting corrections of order v~/str compared to one 

results in the familiar curvature and gradient B drifts plus the parallel 

velocity correction. The curvature drift is recovered precisely {because it 

contains no slow e dependence), while the gradient B drift and parallel 

velocity correction are reproduced to within terms of order m-1. Again by 

neglecting corrections of order v~/nr the right hand ·side of eq. {6) can be 

evaluated by retaining a 2~ /ar• 2 terms from the gyroradius expansion of 

{w - w!)~ and employing <exp{il)> = J0 {kv~/S'2) and <sin 2~exp{il)> = 

(n/kv~)J 1 (kv 1/n}. 
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As a result of the preceding, eq. (6) yields 

(7) 

where ~·~xn = [a(e/q)/ar] + (l/qR
0

) and 

(8) 

The latter form of eq. (8) follows upon changing from the prime variables back 

to the unprimed variables. This final form for(~exp(il)) agrees with the 

result obtained from slab models in sheared magnetic fields 10 but differs 

from the result obtained from a WKB or eikonal treatment of the radial 

variation of ~. 8 Such WKB treatments give (~exp(il)) = J 0 (klv~/n)~ where 
. . 

Consequently, the proper result is 

obtained from a WKB treatment only·in the local (shearless) limit.· Note also 

that the factor exp{-il) in·eq. (5) results in additional Bessel functions 

when moments of? are·formed. In particular, 

I 3 · ) . ~· - [ a -J v~ a 2~ l d vFM(~exp(iL) exp{-il) = Nexp(-b)I 0 (b) ~ + 1 - atR.nJ 0 (b) rf ar2 ' 

where b = ~ 2vl/n2 and vT = .(T/M) 1/ 2 .~ When ~J0 (k,~.v,~./n) is e~ployed in the 

preceding integral the result is Nexp(-k~vi/n2 )r 0 (k~vi/n2 ) which reduces to 
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. 

the proper result for k~v~1n2 < 1 if the mnemonic k~~ ~ (k2 - a 2/ar2 )~ 

is employed. 4 

In appendix A, a full electromagnetic derivation of the gyro~kinetic 

equations is presented_which also retains an unperturbed.electric field 
"' 

~ = E~ and neoclassical, FN' contributions to F = FM + F0 + FN. The 

vector potential A is written as A = A .. n +-A r +·A.l_ and no gauge 'is assumed. 
- - Y"- o;:;-

Employing FN/F~1 << 1, the neoclass~cal modifications are found to result 

in only small corrections to the Maxwellian contributions. As a result, 

eq. (5) is found to remain valid and eqs. (7) and (8) are replaced by 

' ( 9) 

By employing eqs. (5) and (9) for drift waves in a sheared magnetic'field 

the extension of the finite a equations of references 3 and 4 to arbitrary 

kv~/n could be carried out by employing a Coulomb gauge for A in order to 

"' eliminate Ae. A system of three coupled differential equations is obtained 

from;Poisson's equation and the parallel and r components of Ampere's law. The 

generality of the subsequent reduction of these finite a equations to a system of 
A A 

two coupled second order differential equations in ~ and A .. could be checked. 

Equation (5), and (7) - (8) or (9), plus an appropriate collision operator 
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are the basic equations that result from the gyro-kinetic ordering. In 

Appendix B collision operators valid for arbitrary kv~/n are obtained for 

liKe and unlike particle collisions. 

For collisions of electrons with ions a ·Lorentz or pitch angle operator, 

eq. (B.6), may be employed. 11 - 12 Changing to lJ, E, ~variables and qyro-

averaging results in 

( 11 ) 

For the collisions of ions with electrons Cie ~ 0 may be employed because 

Cie- (~e/Mi) 1 1 2cii and the,order me/Mi momentum corrections from Ci~ may 

be neglected. In obtaining· the gyro-averaged collision operators the 

distinction between the primed and_u~primed variables may be ignored. 
. . 

Eq. (11) does nor contain kv~/n-corrections because only the-perturbed 

electron distribution function enters. For ion-ion encounters, however, 

finite gyroradiu~ corrections ~ari be ext~~mely· important fo~ kv~/n >> ·1. 13 

Transfo'r~i·n·g the first form of. (B7) t~ lJ, E, ~ and gyro~averaging, the 1 ike 

particle collision operator appropriate for arbitrary kv~/n is found to be 

4 4 l . • A 

. 41TZ ~ ~tnA [Erf(x)- 1jJ(x)] VB, ~lJVu adglJ'] 
M v 

2 . [ 2 r A 1] .3 ( M ) 3/2 
+ 4E 1jJ(x) aa:2 + i aagl-1 + 2v 2f [Er-r'(x)]g' 

2 : . l 
- -~~ [Erf(x) - 1jJ(x) - ~ (Erf(x) - 31jJ(x))] , ( 12) 

where x = v(M/2T) 112; Erf, Erf', and 1jJ are defined in appendix B; and from eqs. 

( B9), 
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+HE - ~~] J~[k~i] Jd3v ~ [Erf(x) - 2xErf' (x)]} • (13) 

For large k2T/M~i, eqs. (12) and (13) simplify considerably so that for ion-

ion collisions 

( exp( il.)Ci i {giexp(- il)}) 

- -

The last step follows by noting that to within factors of two 

Erf- ~- (~B/2E)(Erf- ~) ~ Erf. For k2T/Mn2 ~ 1 no similar simplification 

is apparent. For trapped particles a simplification results when the 

orderings a;aE- 1/E and a;a~ - l/~1£ are employed, where £ is the inverse 

aspect ratio. Then eqs. (12) and (13) reduce to 

This form is appropriate for the collisions of trapped particles with particles 

of the same species which are either trapped or circulating. 



13 

DISCUSSION 

By employing an ordering in which finite gyroradius corrections are 

retained to·lowest order in the linearized Fokker-Planck equatirin, a 

description based on the notions of dri'ft-kinetic theory is developed which 

is appropriate in sheared magnetic fields. The equation that results from 

this gyro-kinetic ordering is valid for an arbitrary ratio of poloidal 

wavelength to gyroradius. The result agrees with previous slab results 2 

and indicates that WKB or eikonal 9yro-kinetic treatments8- 9 must be 

employed with care for sheared magnetic fields. In addition, the full 

electromagnetic generalization of the gyro-kinetic equation is obtained 

with the unperturbed toroidal electric field modifications. Neoclassical 

corrections to the unperturbed distribution function have been retained also, 

but are shown to result in negligible corrections. 

In order to obtain a like.particle (ion-ion) collision operator valid 

for arbitrary value of poloidal wavenumber times gyroradius, the appropriate 

gyro-average of the Fokker-Planck collision operator is evaluated. The 

resulting expression is rather involved, but for large values of the gyro­

radius over poloidal wavelength is extremely simple. Other simplifications 

of the like particle collision operator may ~lso be possible in certain limits; 

an additional example appropriate for trapped particles is noted. 
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APPENDIX A 

Retaining the vector potential A, the neoclassical modification of the 

unperturbed distribution function FN = FN(r,e,~,E), and the unperturbed 

electric field~= E~ replaces eq. (1) by 

_.!_ [f- Ze A•'i/ F] + [v•'i/- Q _.!_J{f- Ze<l> _.!_(F + F ) - Ze aFN (<I> - ~A )} at Me - v - a<P M aE M N MB a~ · c .. 

Ze aFM " 1 . a [FMJ - MQ ar ~·V<I> - Zev4[<1>cos<j> - IT Sln<j>y_•'i/<1>] arT 

aF [aF aF J [aF J + Zev .. _N n•'i/(<1> _ .Y..!!_ A ) + Ze <l>v•'i/ _N + l_N _ Zev .. A v•'i/ l_N 
MB a~ - c .. M - aE B a~ Me .. _ B. a~ 

Ze Ze . " " 1 aFN 
+- (VA•v - v•VA)•'i/ F -- [v .. n•VA•v + v4•'i/(nv .. )·A]--Me - - - - v D Me - - - 1 - - - . B a~ 

+ le ~·vE ~ + [~ + Ze ~·v~E] df + [~ + ~ ~·~E] af = C{f} (Al) M - - o aE MB - - o a~ Mv ~ - - o a<j> 

In obtaining eq. (Al), VvFD from the text and 

aF [ aF J [ aF J " vII N 1 N v .. A.. N vx('i/xA)•n- -- = v .. A .. v•'i/-- - v•'i/ ----- - - B a~ - B a~ - B a~ 

have been employed. 

In addition to the small terms retained in eq. (4) it is now convenient 

to retain certain neoclassical terms to lowest order, with the result that 

{[v4rcos<J> + v~~sin<t>J·vf - n ;<I> + iv~cos<J> ~;} {~ - z~~ a~ (FM + FN) 

aF 
_ Ze _N (~_~A )} = 

MB a~ c .. 
aF 

_ Zev" _N n·" (~ _ ~A"' ) O MB . a~ - v f '!' c :: · (A2) 
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Changing eq. {A2) to the primed variables results in 

where again g' is independent of ~·. . . 

The next order equation is obtained from eq. (Al) in the same manner 

as the electrostatic case. Upon carrying out the primed gyrophase average 

the result~ng equat1on has ·the left hand side shown in eq. (9). Retaining 

only terms that result in non-negligible contributions the right hand side 

~ives 

1 aFN A v A A · [aFN 1 aFNJ iv A [1 aFNJ + - ~ -'!r ( w + i v n •IJ ) ( ~ - .:..J!. A ) ] + i ~v •IJ - + - - - _.. fl. v •\7 - -B ~ .. _ s c II - ()E B df.l c .. _ B df.l 

- ~ ~·IJ F + l [IJf~·v - v•IJfA]·IJ F0} exp(il)) = c- v c -- - - v 

(A4) 

1 aFN A v .. A J ) J . A (" v .. 11- )J + 8-a- [w((~exp(il)) - c " 0 + 
0

1V .. .!!_·IJ
5 
~- c Mu 

l,.l 

From eqs. (A3) and (A4) the importance of the neoclassical terms can be 
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estimated. Employing FN/FM- (q/E)(v~/n)IN- 1 aN;arl << 1 and noting that 
A A -lA 

the (w + i.!!_·V's)(4>- v .. c A .. ) terms of (A4) can be combined with the terms 

on the left hand side, the neoclassical· terms are seen to result in small 

corrections to the Maxwellian contributions. As a result, eq. (A3) reduces 

to eq. (5) and eq. (A4) becomes 

iZe 1 aFM ( . T)[ <" ( "L)) _ .Y.!!.. A J + (v~ aAe iv.1 A )J M aE . w - w* 4>exp 1 c II 0 kc ar - -c- r 1 

iZeE a
2

FM l 
+ M 0 v .. - 2 ( ~exp(il)) 

aE 
(A5) 

Expression (9) then follows by substituting eq. (8) into (AS). 

. 
u 
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APPENDIX B 

The pitch angle scattering collision operator of Rosenbluth, Hazeltine, 

and Hinton11 and/or Rosenbluth, Ross and Kostomarov12 can no longer be 

safely employed because operations on the exp(-il) in C{g'exp(-il)} can 

result in terms which must be retained for kv~/n ~ 1. As a result, an 

appropriate collision operator will be derived by starting with the full 

Fokker-Planck operator14 

with 

M + M' 
M' 

'i/ 2G 2M' 
v = M + M' H ' 

( Bl ) 

where ~ is the total (unperturbed plus perturbed) distribution function and 

primes denote the species integrated over all velocities. The sum is over 

all primed species and must include like particle collisions; inA is the 

Coulomb logarithm. 

Linearizing by writing~= FMB + h, where 
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h = g'exp(-il) , 

results in 

(82) 

with 

= ~ ( M +" M I ) . [ (1t..) 1 I 2] H v M , E rf v 2T , 

f T' [ (M' )1/2] G = N'((v + M'v)Erf v zrr + (L)l/2 , [ (~)1/2]} 2M' Erf v 2T' 
(83) 

X 

Erf(x) = --Jrz J dt exp ( -t2) 
1T 0 

X 

2 d I 2 2 2 Erf' (x) = 1T112 Ox dt exp (-t ) = l72 exp(-x ) 
0 1T 

where Hand G have been evaluated using FM and v = 1~1· The functional of 

h', P'FM, is in general proportional to Vv·{Vv·[} FMVvVvG]- FMVvH. with G 

and H evaluated using h'; however, rather than use such a complicated form 

is it convenient to employ a simpler P' determined by the conservation of 

momentum and energy constraints. The model of eq. (82) may also11 be thought 

of as somewhat similar to a 8hatnagar-Gross-Krook model in that the momentum 

and energy removed by the K' term is replenished in a Maxwellian distribution 

by the P'FM term. 

Employing the properties of G and H listed in eqs. (81), K' may be 

• 



•, 

.· 
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rewritten as 

For~~ = F~1' G and Hare functions· of v only, as indicated in eqs. (B3). 

As a result·K 1 may be rewritten once again as 

K 1 = {tii- 3y_y_J aG M 
1 
H .Y_.Y_l : 

I 3 av + M + M I 2 . 'iJ v 'iJ vh 
2v v . 

(B4) 

where I is the unit dyadic. 
= 

To simplify K1 further, spherical velocity variables v = IY.I, a, and ~ 

defined with. respect to~ = B.B_ are employed: The angles a and ~ are the 
-1 ' 

pitch angle tan (v~/v .. ) and the gyrophase, respectively; the unit vectors 

form a right handed orthogonal system in which .vx~ = ,i. Because of the 
' ' 

form of eq. ( B4) , on 1 y terms in .2_.2_ , & ~ , and ii need be retained when 

forming 'iJ 'iJvh; all other terms give zero when double dotted into v v and v ' 
l = v v + ~~ + ii . Carrying out the transforma.tion to spherical velocity 

variables results in 

Kl = _l_3 ~G l-·1_ ~ (sina ~h) + 12 a2h2l + 4n MMI FMI h 
2V oV S1na oa oa sin a a~ 

(85) 

[ M I H 1 aGJ a (1 a h) [ M I H + M I - M aHll ah 
+ M + M' - v oV v av v av + r~ + M I M I + M v av. v av . 

At this point is it convenient to consider unlike and like particle 

collisions separately. In part~cul~r, for the collisions of electrons with 

ions a Lorentz collision operator will be employed. As a result, collisions 

of electrons with ions will automatically conserve number and energy, and the 
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electrons may transfer as much momentum to the ions as they wish. 

Consequently, for these·electron-ion collisions the p• of eq. (82) is zero 

to the order of interest. In addition, for the collisions of ions with 

elec~rons Cie = 0 may be employed because Cie- (me/Mi) 112cii' 

For the collisions of electrons (M ~-me, Z ~ -1, T ~ Te, h ~he) with 

ions (N• ~ Ni\ M1 ~ Mi' z• ~ Zi' r• ~ Ti' FM_~ FMi)' H = _N 1 /V, oH/ov ~ -N 1 /v2 

and aG/av ~ N1 may be employed to obtain the Lorentz gas collision operator 

(p• ~ 0) 

[s ina aa:eJ + 1 2 a 2h2e] 
sin a acp 

where mass ratio corrections are neglected. From the form of eq. (86), 

conservation of number and energy are apparent. 

For like particle collisions, employing the expressions for G and H 

rr·uu1 e4s. (B3} allows eq. {BS) to be written as 

C -· P F = Nr3 [Erf(x) - llJ(x)] [-.1- .1_ (sina ah) + l a
2
h] 

R. R. M 2v s 1 na aa aa s i n2a acp2 
. . . . 

+ Nr [~(x) :v[~ ~~) + Erf(x) "7 ~~ + 2[:r) 312
hErf' (xil 

-
= Nr3 [Erf(x)- llJ{x)] [silna aaa (sina ~~) + 12 a2~] 

2v sin (). acp 

+ Nr .1_ {vlll(x) 2.b_ + [Erf(x) - 21lJ(x)]h - v ollljvx) h} v2 av av 

(86) 

(87) 

where x = v(M/2T) 112 and llJ(x) = (l/2x2)[Erf(x) - xErf•(x)]. The second form 

of equation (87} follows by noting that 
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.}v [v alj!a(:)J- aav [Erf(x)- 21j!(x)] + 2 xv
3 

Erf'(x): o. 

This latter form of eq. '(B7)' can then be rewritten in a form more convenient 

for determining conserv~tion properties, namely, 

Ct ~ PlM = Vy { 2nz4::NtnA [vv[ [Erf(x) - ljl(x)] ~] 

+ ~[ a"v {v[31/J(x) - Erf(x)]h} + Bil/J(x )h l]} (88) 

In this form conserva'tion of number is automatic, and PR. is determined from 

c~nservation of momentum and energy. Taking P1 = Y."E.R. + ).R.[(Mv2/2T) ·- ~], 
Pt and ).R. are determined from conservation of momentum and energy, respectively, 

dv.2_1j!(x)h f 
3 . . 

(B9) 

4 4 
). = BwZ e R-nA J d3v _vh [Erf(x)- 2xErf'(x}] 

R. 3MT 
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